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Abstract. In 1962 Eells and N. Kuiper provided manifolds admitting the Morse function with exactly
three critical points. They shown that the dimension n of such manifolds takes the values 2,4, 8 and 16,
and the critical points of the Morse function have indices 0, /2 and n. Later these manifolds were called
projective-like. In 2013 E.V.Zhuzhoma and V.S. Medvedev obtained a topological classification of
gradient flows of such Morse function. In particular, they proved that all such flows on four-dimensional
manifolds are topologically equivalent that means that there is only one projective-like manifold of
dimension four (that is not true for higher dimension). In this paper, we study the relationship between
the numbers of equilibrium states of various indices of a gradient-like flow on the projective-like
manifold of dimension four. We also provide an algorithm of realization such flows with the given
numbers of equilibrium states of different indices.
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1. Introduction and Statement of Results

Let M™ be a smooth closed connected manifold of dimension n. Recall that a flow
fton M™ is called Morse-Smale if its non-wandering set 2 belongs to a finite set
of hyperbolic equilibrium states and closed trajectories, and invariant manifolds of
different equilibrium states and closed trajectories have only transversal intersection.
A Morse-Smale flow without closed trajectories is called gradient-like. S. Smale in [1]
showed that for an arbitrary manifold M™ there exists a Morse function (a smooth
function whose critical points are non-generated) defined on M™, and it is possible to
choose a metric on M"™ such that the gradient flow of the Morse function will be a

gradient-like flow. Hence, gradient-like flows exist on all manifolds.
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the proof of Theorem 1 which was performed with support of the Laboratory of Dynamical Systems
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130 E. GUREVICH, A. CHERNOV, A.IVANOV

Recall that the sets

Wy ={geM": lim fq) —p}, Wy ={geM": lim f"(q) = p}
are called stable and unstable manifolds of an equilibrium state p correspondingly.

According to |2, Theorem 2.3], if there is a gradient-like flow f* on a manifold M™
then M"™ is a disjoint union of stable manifolds of all points from € and for any
point p € 4 its stable and unstable manifolds are smoothly embedded open balls.
Dimension dim W' of the unstable manifold of the point p is called a Morse index
of p. It follows from hyperbolicity of the point p that dim W) € {0,1,...,n} and
dim W + dim W} = n. An equilibrium p such that dim W3 = 0 (dim W} = n) is
called a sink (a source), and an equilibrium p such that dim W} € (0,n) is called a
saddle point.

It follows from the observation above that for any gradient-like flow f* the set 2
contains at least one source and one sink. If the set Qs is exhausted by these two
points, then the ambient manifold M™ is a sphere, and all such flows are topologically
equivalent. According to [9] any gradient-like flow has an energy function — a Morse
function decreasing along non-singular trajectories of f! such that the set of critical
points of f coincides with the set €24:. Then the question of an existing of gradient-like
flows with non-wandering set consisting of exactly three equilibrium states is reduced to
the problem of existing of Morse function with exactly three critical points. Manifolds
admitting such Morse function were studied in [7]. In particular, there was proven that
the dimension of these manifolds takes the values n € {2,4,8,16} and the indices of

n
)9
Gradient-like flows with non-wandering set consisting of exactly three points were

the critical points equal 0, %, n. For n = 2 this manifold is the projective plane.
studied in [3], [4]. In these papers manifolds admitting such flows were called projective-
like manifolds. 1t was also proved that for n = 4 all flows on a projective-like
manifold which non-wandering set consists of exactly three hyperbolic equilibrium
states are topologically equivalent. Hence, all four-dimensional projective-like manifolds
are homeomorphic. This fact is not true in case n > 4, since, due to [7], in each
dimension 8, 16 there exist projective-like manifolds with different homotopy types.

In this paper, we do the first step to solution of a problem of topological classification
of gradient-like flows on projective-like manifolds with arbitrary number of equilibria.
Namely, we study a structure of a non-wandering set of gradient-like flows on a
projective-like manifold of dimension four and provide an algorithm of a realization
of such flows for given number of equilibria of different Morse indices.

For gradient-like flow f* on a four-dimensional manifold denote by [+ the number of

sink and source equilibrium states, by Ay — the number of saddle equilibrium states of
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ON REALIZATION OF GRADIENT-LIKE FLOWS 131

Morse index two, and by ks the number of saddle equilibrium states of Morse indices
one and three.

Main results of the paper are following.

Theorem 1. Let f' be a gradient-like flow on the four-dimensional projective-like
manifold M*. Then lye—kp+hpe = 3. If for any two different saddle equilibria p,q €
the intersection Wy N W' is empty then hp = 1.

Theorem 2. Let | > 2, k # 0, h > 1 be integers such that | — k + h = 3. Then
there is a gradient-like flow f' on the four-dimensional projective-like manifold such

that lft = l,k’ft = k, hft = h.

2. The Structure of non-wandering set of gradient-like flows on
four-dimensional projective-like manifolds

This section is devoted to the proof of Theorem 1.

2.1. Auxiliary results

Let us recall that a sphere S* is the manifold homeomorphic to the standard sphere
SF = {(z1,...,241) C R* af + -+ 23, = 1}, a ball (an open ball) B" is the
manifold homeomorphic to the standard ball (the interior of the standard ball) B" =
{(z1,...,2,) CR" 224 -+ 4+ 22 < 1}

The sphere ¥* topologically embedded in a topological manifold M™ (1 < k < n—1)
is called locally flat if for any point z € X* there exists a neighborhood U, C M™ and
a homeomorphism ¢, : U, — R" such that ¢, (X* N U,) = R* C R". If the sphere X is
not flat at a point z, then the point z is called the point of wildness and the sphere ¥*
is called wild.

The statement below follows from [2, Theorem 2.3].
Statement 1. Let f' be a gradient-like flow on a closed manifold M™. Then

M= U Wi= U WY

pGth pEth

2. for any point p € Qg the manifold W' is a smooth submanifold of M™;
3. for any point p € Qy: and any connected component Ly of set W'\ p the closure

cl Iy of I satisfy the equality cl I} \ (I; Up) = U Wi
qeQ s WENILFAD
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Item 1 of the Statement 1 and the fact that an unstable manifold of a hyperbolic
equilibrium state p is a ball of dimension ind, € {0,...,4} lead to the fact that the set
Qe of any gradient-like flow f* contains at least one source and one sink. Indeed, in
the absence of sinks (or sources), a manifold M" of dimension n would be represented
as a finite union of smoothly embedded balls of smaller dimension that is impossible.

Everywhere below we suppose that f* is a gradient-like flow on projective-like
manifold M*.

Denote by Qlj}t the set of all equilibrium states of the flow f! which have the
dimension of the unstable manifold equal to i € {0,1,2,3,4} and by |Q?t| the capacity
of the set [Qpl. Put lye = [Q4] 4+ [Qpl, kpe = Q4| + [Q%], and by = [QF]. Tt
follows from [7] that Euler characteristic x(M*) of M* is 3. Then due to Poincare-Hopf
Theorem we have

lft — hft + /{th = 3. (2.1)

It immediately follows from Equation (2.1) that if the set Q, U Q3, is empty then
the set {24+ consists of exactly three equilibrium states: a source, a sink, and a saddle
with a Morse index two.

Let p,q € {1y are saddle points such that W, N W2 # (). Then the intersection

W; N W;L is called heteroclinic intersection.

Lemma 1. Let a flow f' has no heteroclinic intersections, and p € Q% (p € Q3,).
Then the closure cl W (cIlW}') of stable (unstable) manifolds W (W}') of the point p
is a locally flat sphere of dimension 3 that divides the manifold M* into two connected

components.

Proof. Assume that the set Q}t is non-empty and prove the lemma for an arbitrary
point p € Q}, (the proof for the point p € Q' Uis carried out similarly). It follows
from item 3 of Statement 1 that for any point p € Q}t the closure ¢/ W of its stable
manifold W is the union of the manifold W itself and a source equilibrium state .
Therefore cl W is a sphere of dimension (n — 1). Due to item 2 of Statement 1 the
sphere cl W} is smooth (and, therefore it is locally flat) at all points of W. According
to [8, St 3A.6| a sphere S"~! embedded in a manifold M™ of dimension n > 4 is either
locally flat at each point or has more than a countable number of wildness points?.
Hence, ¢l W is a locally flat sphere.

Let us show that the sphere c/ W, divides the manifold M 4 into two connected
components. Since, by virtue of [7], the fundamental group m (M*) is trivial then M*

2In the paper [8] it is noted that this statement is a consequence of results of A. V. Chernavsky
and R. Kirby obtained independently in 1968. Earlier, in 1963, J. Cantrell proved the following: if the
sphere S"~1 C S™, n > 4, is wild and B is a set of points such that S"~! is locally flat in each point
of the set S™~1\ B, then the set B consists of more than one point (see [6]).
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ON REALIZATION OF GRADIENT-LIKE FLOWS 133

is orientable. By [5, Theorem 3] a locally flat sphere S"~! in an orientable manifold M™
(n > 3) is cylindrically embedded, which means that there is a closed neighborhood
V C M" of a sphere S" ! and a homeomorphism h: S ! x [-1,1] — V such that
h(S"~' x {0}) = S™ ' Therefore there is a neighborhood V, of the sphere cl W},
which is divided by the sphere c/ W, into two connected components. Choose points
x,y that belong to different connected components V,, \ ¢/ W, and connect them with
a smooth arc [, C V, that intersects the sphere c/ IV, at the only one point. If ¢l W}
does not divide M*, then there is an arc b, C M*\ cl W, connecting the points z,y.
By construction, the intersection index of the arc A, = [, U b, and the sphere cl W is
1 or —1 (depending on the choice of orientations). On the other hand, since 7, _;(M?)
is trivial, it is not difficult to choose a sphere S"~! C M*\ ), homotopic to the sphere
cl W,. Since the intersection index is a homotopy invariant, the intersection index of
the sphere S~ ! and the arc A\, must be equal 1, but since S ' N\, = 0, it equals
to zero. This contradiction proves that the sphere ¢/ W divides the manifold M 4 into
two connected components. O]

Remind that the set A is called an attractor of a flow f! if there is a closed
neighborhood (a trapping neighborhood) V- C M™ such that all trajectories of the
flow f* intersect its boundary OV transversally, and A = () f*(V'). The set R is called

a repeller of the flow f* if it is an attractor for the flow fz?
Set
p- U wme- U ow
pEQ(}tUQ}t PeﬂfctUQitUQ‘}t

Lemma 2. If f' has no heteroclinic intersections then the set As is a connected

attractor with a trapping neighborhood diffeomorphic to the ball.

Proof. Tt follows from [1, 9| that there is a Morse function ¢: M* — [0,4] such that
the set of critical points of ¢ coincides with the set Q:, ¢(p) = ind(p) for any p € Qye,
and ¢(f*(z)) < ¢(z) for any point ¢ Q(f*) and ¢ > 0. Let us show that the set
V = 1([0;1,5]) is a trapping neighborhood for Aj:.

It follows from the definition that Ay C V. Since Ay is invariant then Ay C

N f1(V). Let us prove that Apr = (1) f*(V). Assume the opposite. Then there is a point

£>0 £>0

z e () f{(V)\ Ap. Statement 1 implies that there is an equilibrium state p € Q¢ such
>0

that € W' Since the set tDO J1(V) is closed and invariant then p € too FHV)N\ Afe,
which is impossible, since the set V' does not contain equilibrium states other than

those which belong to Af.. Therefore, Ay = () fY(V) and Ay is an attractor.
£>0
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Let us prove that the trapping neighborhood V' is connected. Then A; will be
connected as the intersection of connected compact nested sets. Assume that V is
disconnected, that is it can be represented as a union of two disjoint non-empty

invariant subsets Ey, Ey. Then the union |J W = J f*(E1 U E) is disconnected.
pEAft teR

Due to Statement 1, M* = |J WS U Ry, then M*\ Ry = |J W5, so M™\ Ry is
disconnected. On the other hand, since the dimension of the set R; does not greater

than one, then Ry does not divide M*, therefore the set M*\ Ry« is connected. This
contradiction proves that V' and Ay« are connected.

To prove that V is a ball let us prove that Ay does not contain subsets
homeomorphic to a circle. Assume the opposite: let ¢ C Ay be a simple closed curve.
It follows from Items 1,3 of Statement 1 that the set Ay \ Q) is a finite set of arcs
lying in the disjoint union of stable manifolds of sink equilibria. Therefore there is an
equilibrium state p € Q}t such that p € c¢. Due to Lemma 2, the set ¢l IV, divides the
ambient manifold M* in two connected components. Therefore cl W, also divides the
curve ¢, so there is a point x € ¢ N cl W, different from p. The point x cannot be a
source, since Ay does not contain sources by construction. The point x cannot be a
sink or since z € W \ p and only non-wandering point in W, is p. Hence, x belongs to
a one-dimensional unstable manifold of some point ¢ € Q;t, but we supposed that f*
has no heteroclinic intersections, so we get a contradiction.

Thus the set Ay can be represented as a connected graph without cycles, whose
vertices are sink points and edges are one-dimensional unstable manifolds of saddle
points. Then [Q%,| =[]+ 1. It follows from Morse theory that the set V' is a smooth
subset of M* obtained from the disjoint union of [Q},| balls by gluing [}, | handles of

index 1. Using induction one can easy prove that V' is a ball. O
Set th = U W, . Considering /7% and applying the Lemma 2 one can get
pGQ?tUQ‘;t

that Ry is a connected attractor for f~* (hence, it is a repeller for f*) with a trapping
neighborhood W diffeomorphic to the ball. This observation and Lemma 2 immediately
lead to the following statement.

Corollary 1. In assumption of Lemma 2 there are smoothly embedded balls V,W C M*
such that:

1. Ap CV, Ry C W;

2. trajectories of the flow f' are transversal to the boundaries of the balls V,W and

are oriented out of the interior of W to the interior of V;
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3. the non-wandering set of the flow f restricted on the set M*\ (V UW) consists

of the equilibrium states of index 2.

2.2. Proof of Theorem 1

Remind that a connected sum of smooth orientable connected manifolds M7, M3
is the manifold M{'tM3 obtained as follows. Let B} C M}, By C M3 be two balls.
Then the manifold M"4MJ is the result of gluing manifolds M7} \ B}), M2} \ By by
a reversing the natural orientation diffeomorphism h: 0B} — 0BY. According to [10,
Lemm 2.1|, the connected sum operation is defined the unique (up to diffeomorphism)
manifold and does not depend on the choice of balls and a gluing homeomorphism.

Proof of Theorem 1. Suppose that a gradient-like flow f! on the projective-
like manifold M* has no heteroclinic intersections. Let us show that the set of saddle
equilibrium states of the flow f! contains exactly one equilibrium state whose Morse
index equals two. Then the equality l;+ — by = 2 will immediately follow from Hopf-
Poincare formula 2.1.

Let W,V C M* be balls described in Corollary 1. Then M* \ int (W U V) is
the manifold with boundary consisting of two (n — 1)-spheres. Let B, B” be two
standart balls enriched by vector fields # = z, £ = —x correspondingly. Glue balls
B",B" to M*\ int (W U V) with reversing the natural orientation diffeomorphism
p: OB} UOB" — OW U IV, denote by M* the resulting manifold and by ot B U
B" U M*\ int (W UV) — M?* the natural projection. It is possible to choose the
diffeomorphism ¢ in such a way that it induce on M* a gradient-like flow ft such
that ft]MAL\mt wuvy = T Y aravine (wuv) and the restrictions fthgi, ftgn are topologically
equivalent to dilatation and contraction correspondingly. So, non-wandering set of the
flow f' consists exectly of one source, one sink, and \Q?f| saddles of index 2. The
operation of gluing balls is equivalent to taking a connected sum with two spheres, so
the manifold M* is diffeomorphic to the original manifold M*. Then, due to Poincare-
Hopf formula 2.1, |Q?t| = 1. The Theorem 1 is proven.

3. Realization of gradient-like flows on four-dimensional
projective-like manifolds

This section is devoted to the proof of the Theorem 2. Let [ > 2, k>0 and h > 1
be integers such that | — k + h = 3.

We are going to construct a gradient-like flow f* such that the number [ of sink
and source equilibrium states of f* equals [, the number hf of saddle equilibrium states
of Morse index two equals h, and the number k: of saddle equilibrium states of Morse

index different from two equals k.
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To construct the desired flow we define below auxiliary flows ¢%, g4 on the projective-
like manifold M* and the sphere S*, respectively, with the following properties:

1. the non-wandering set of the flows ¢! consists exactly of one source, (kK — h + 1)

saddles of Morse index one, one saddle of Morse index two and (k — h + 2) sinks;

2. the non-wandering set of the flows ¢! consists exactly of one sink, one source,
(h — 1) saddles of Morse index one and (h — 1) saddles of Morse index two.

Choose the balls B ¢ M*, By C S* that intersect with the sets Qe Qe exactly
at one point: the sink and source respectively, lying in the interior of the balls B, Bj.
We form a connected sum of manifolds M*, S* by cutting out the interiors of the
balls B}, B and gluing the resulting manifolds by a diffeomorphism to induce on the
manifold M*4S* a gradient-like flow f! such that the non-wandering set of the flows
/! consists exactly of | = 3 + k — h sinks and sources, k saddles of the index 1, and
h saddle of the index 2 (see, for example [14]). The connected sum operation with a
sphere does not change the topological type of the manifold, so the manifold M*§S* is
the projective-like manifold, so f! is the desired flow.

3.1. Construction of the flow ¢!

Let us describe the buiding of the flow ¢} step by step.

Step 1. Realization of a gradient-like flow g§ whose non-wandering set consists of
exactly three equilibria: a source, a sink and a saddle of Morse index two.

Let us define the flow f} on the handle H}! = B* x B*~* of the index k € {0, ..., 4}
by the following system of differential equations

t=ux,0 B

y=-yyeBr

A non-wandering set of the flow ff consists of a single equilibrium state O which
Morse index is k. For k > 0 trajectories of the flow ff having non-empty intersection
with the foot F} = OB* x B** of H} intersect the foot transversally and directed
outside of H}.

First, we are going to obtain a projective-like manifold M* by sequentially gluing
to the handle Hy the handles Hy and Hj. After the gluing handles, the flows f{, fi, ft
will induce on M* the desired flow gf.

The foot Fy} = S* x B? is a solid torus whose core S! x {O} (here O — the center
of the ball B?) belongs to the unstable separatrix of the saddle equilibrium state of the
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flow fi. Remark that OH; = S®. Let ¢ € S* be a node (a simple closed curve), N, is its
closed neighborhood, and P, = S? \ int N.

Let us denote by X, a manifold with a boundary obtained by gluing the handle
Hy to the handle Hj by means a diffeomorphism ¢: Fyf — N,. We are going to glue
the handle Hj to X and obtain a closed manifold, then the boundary of X must
be diffecomorphic to the sphere S®. For this purpose we should choose the gluing
diffeomorphism ¢: Fy — 0Hg and the node c.

As the gluing diffeomorphism ¢: F;} — N, is a solid torus diffeomorphism, it maps
the meridian of Fy to the meridian of N.. But the meridian of Fy is the longitude
of solid torus OHy \ int F;'. So, the gluing operation is a nontrivial surgery. By virtue
of [11, Theorem 1|, no nontrivial surgery along a nontrivial node will give a sphere. It
follows that the knot ¢ must be the boundary of a 2-disk in S3. Hence, P, is the solid
torus. Let ¢ send the longitude of N, to the curve of homotopy type (1,1) in ON..
Then, due to [12], 90X will be the sphere.

Now we are able to glue the handle H} to X by an arbitrary orientation reversing
diffeomorphism : OH; — 0X. As a result, we get a closed manifold M* carrying
a gradient-like flow ¢! whose non-wandering set consist of exactly three equilibrium
states. Hence, M* is the projective-like manifold.

Step 2. A realization of a gradient-like flow ht on the sphere S* whose non-
wandering set consists of exactly one source, k saddles of index 1, and k + 1 sink.

Define a gradient-like flow 1! on the sphere S*, which has a non-wandering set
consisting of exactly one source, k saddles of index 1, and k + 1 sinks.

We construct k copies of the sphere Si, ..., S} each of which carries the flow !,
i € {1,...,k} whose non-wandering set consists of exactly one source «;, one saddle
o; of index 1, and two sinks w;",w; . To do this, we glue one handle of index 1 to two
handles of index 0 to get the ball carrying a gradient-like flow whose trajectories are
transversal to the boundary of the ball and the non-wandering set consists of two sinks
and one saddle. Then we glue the handle Hj to the obtained manifold. As a result, we
get the desired flow .

Select a ball B} C S} (B; C Sy) that intersect the set Q1 () exactly at one point
which is the sink w]™ (the source ay) lying in the interior of the ball Bf(By). We define a
connected sum of spheres S}, S3 by cutting out the interiors of balls B}, B3 and gluing
the resulting manifolds with the boundary by an orientation-inverting diffeomorphism
hig: OB} — 0Bj such that hyo(W2) N W = (. The gluing operation induce a
gradient-like flow t{ , without heteroclinic intersection on the connected sum S{#S5.
Set St, = S1£55. The non-wandering set of the flow 4}, consists of one source, two

saddles of index 1, and three sinks. Similarly, we form a connected sum of the spheres
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Si, and S5, and so on. After k steps, we get the desired flow )"

Step 3.Construction of the desired flow gt

Let us consider the projective-like manifold M* carrying the flows g} defined on the
Step 1 and the sphere S* carrying the flow h! defined on the Step 2. As it described
above, it is possible to construct the connected sum M*45* and induce the desired flow
gt on the M*45%.

3.2. Construction of the flow ¢}

Let us construct an auxiliary gradient-like flows 7' on the sphere S* whose non-
wandering set consists exactly on one source, one sink, and two saddles of Morse index
one and two respectively. In [13] it is proved that the intersection of invariant manifolds
of these two saddles is non-empty and consists of finite number of non-compact curves
(trajectories) that are called heteroclinic curves. Then we take (h — 1) > 1 copies of
spheres with carrying such flows and construct the connected sum of the spheres as it
described above. As a result we obtain the desired flow gb.

To construct a flow 1’ let us construct a mainfold M; by gluing the hande H; to
the hand H, by meanse of an arbitrary smooth embedding g: S° x B* — S3. Then
d M; is homeomorphic to S? x S! and flows f{, ff induce on M; a gradient-like flow 7}
whose non-wandering set consists of exactly two equilibria: a source w and a saddle oy
of Morse index one.

Set Sstl = W3 NOM,. By construction S 2, is the 2-sphere which does not bounds any
ball in 9M;. Then there is a homeomorphism 6: S x St — M such that 0(S*x {z}) =
S2, x €S'. Set ¢ = 0(z xS'), z € §? and denote by N. C d M; a tubular neighborhood
of the node c. Let p: S* x B2 — N, be a diffeomorphism such that u(S' x {O}) = <.
Denote by M; a manifold obtained by gluing the handle Hy to M; by means of p. The
boundary of My is the result of gluing two solid tori dH, \ int (S' x B?) and M, \ int N,
by means of the diffeomorphism 7|siys: that sends a longitude of OHy \ int (S* x B?)
to the meridian of the solid torus ON;. Hence OM; is 3—sphere. More over, due to [15,
Theorems 3.30., 3.34], the manifold M, is diffeomorphic to the ball Hy.

Glue M, and the hand H} to get the sphere S* and the desired gradient-like flow 7’
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