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Abstract. In 1962 Eells and N. Kuiper provided manifolds admitting the Morse function with exactly
three critical points. They shown that the dimension n of such manifolds takes the values 2,4, 8 and 16,
and the critical points of the Morse function have indices 0, /2 and n. Later these manifolds were called
projective-like. In 2013 E.V.Zhuzhoma and V.S. Medvedev obtained a topological classification of
gradient flows of such Morse function. In particular, they proved that all such flows on four-dimensional
manifolds are topologically equivalent that means that there is only one projective-like manifold of
dimension four (that is not true for higher dimension). In this paper, we study the relationship between
the numbers of equilibrium states of various indices of a gradient-like flow on the projective-like
manifold of dimension four. We also provide an algorithm of realization such flows with the given
numbers of equilibrium states of different indices.

Keywords: gradient-like flow, heteroclinic curves, topological classification, projective-like manifolds.

1. Introduction and Statement of Results

Let M™ be a smooth closed connected manifold of dimension n. Recall that a flow
fton M™ is called Morse-Smale if its non-wandering set 2 belongs to a finite set
of hyperbolic equilibrium states and closed trajectories, and invariant manifolds of
different equilibrium states and closed trajectories have only transversal intersection.
A Morse-Smale flow without closed trajectories is called gradient-like. S. Smale in [1]
showed that for an arbitrary manifold M™ there exists a Morse function (a smooth
function whose critical points are non-generated) defined on M™, and it is possible to
choose a metric on M"™ such that the gradient flow of the Morse function will be a

gradient-like flow. Hence, gradient-like flows exist on all manifolds.

!This work was supported by the Russian Science Foundation under grant 17-11-01041, except
the proof of Theorem 1 which was performed with support of the Laboratory of Dynamical Systems
and Applications NRU HSE, of the Ministry of science and higher education of the RF grant ag. Ne
075-15-2019-1931.
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130 E. GUREVICH, A. CHERNOV, A.IVANOV

Recall that the sets

Wy ={geM": lim fq) —p}, Wy ={geM": lim f"(q) = p}
are called stable and unstable manifolds of an equilibrium state p correspondingly.

According to |2, Theorem 2.3], if there is a gradient-like flow f* on a manifold M™
then M"™ is a disjoint union of stable manifolds of all points from € and for any
point p € 4 its stable and unstable manifolds are smoothly embedded open balls.
Dimension dim W' of the unstable manifold of the point p is called a Morse index
of p. It follows from hyperbolicity of the point p that dim W) € {0,1,...,n} and
dim W + dim W} = n. An equilibrium p such that dim W3 = 0 (dim W} = n) is
called a sink (a source), and an equilibrium p such that dim W} € (0,n) is called a
saddle point.

It follows from the observation above that for any gradient-like flow f* the set 2
contains at least one source and one sink. If the set Qs is exhausted by these two
points, then the ambient manifold M™ is a sphere, and all such flows are topologically
equivalent. According to [9] any gradient-like flow has an energy function — a Morse
function decreasing along non-singular trajectories of f! such that the set of critical
points of f coincides with the set €24:. Then the question of an existing of gradient-like
flows with non-wandering set consisting of exactly three equilibrium states is reduced to
the problem of existing of Morse function with exactly three critical points. Manifolds
admitting such Morse function were studied in [7]. In particular, there was proven that
the dimension of these manifolds takes the values n € {2,4,8,16} and the indices of

n
)9
Gradient-like flows with non-wandering set consisting of exactly three points were

the critical points equal 0, %, n. For n = 2 this manifold is the projective plane.
studied in [3], [4]. In these papers manifolds admitting such flows were called projective-
like manifolds. 1t was also proved that for n = 4 all flows on a projective-like
manifold which non-wandering set consists of exactly three hyperbolic equilibrium
states are topologically equivalent. Hence, all four-dimensional projective-like manifolds
are homeomorphic. This fact is not true in case n > 4, since, due to [7], in each
dimension 8, 16 there exist projective-like manifolds with different homotopy types.

In this paper, we do the first step to solution of a problem of topological classification
of gradient-like flows on projective-like manifolds with arbitrary number of equilibria.
Namely, we study a structure of a non-wandering set of gradient-like flows on a
projective-like manifold of dimension four and provide an algorithm of a realization
of such flows for given number of equilibria of different Morse indices.

For gradient-like flow f* on a four-dimensional manifold denote by [+ the number of

sink and source equilibrium states, by Ay — the number of saddle equilibrium states of
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ON REALIZATION OF GRADIENT-LIKE FLOWS 131

Morse index two, and by ks the number of saddle equilibrium states of Morse indices
one and three.

Main results of the paper are following.

Theorem 1. Let f' be a gradient-like flow on the four-dimensional projective-like
manifold M*. Then lye—kp+hpe = 3. If for any two different saddle equilibria p,q €
the intersection Wy N W' is empty then hp = 1.

Theorem 2. Let | > 2, k # 0, h > 1 be integers such that | — k + h = 3. Then
there is a gradient-like flow f' on the four-dimensional projective-like manifold such

that lft = l,k’ft = k, hft = h.

2. The Structure of non-wandering set of gradient-like flows on
four-dimensional projective-like manifolds

This section is devoted to the proof of Theorem 1.

2.1. Auxiliary results

Let us recall that a sphere S* is the manifold homeomorphic to the standard sphere
SF = {(z1,...,241) C R* af + -+ 23, = 1}, a ball (an open ball) B" is the
manifold homeomorphic to the standard ball (the interior of the standard ball) B" =
{(z1,...,2,) CR" 224 -+ 4+ 22 < 1}

The sphere ¥* topologically embedded in a topological manifold M™ (1 < k < n—1)
is called locally flat if for any point z € X* there exists a neighborhood U, C M™ and
a homeomorphism ¢, : U, — R" such that ¢, (X* N U,) = R* C R". If the sphere X is
not flat at a point z, then the point z is called the point of wildness and the sphere ¥*
is called wild.

The statement below follows from [2, Theorem 2.3].
Statement 1. Let f' be a gradient-like flow on a closed manifold M™. Then

M= U Wi= U WY

pGth pEth

2. for any point p € Qg the manifold W' is a smooth submanifold of M™;
3. for any point p € Qy: and any connected component Ly of set W'\ p the closure

cl Iy of I satisfy the equality cl I} \ (I; Up) = U Wi
qeQ s WENILFAD
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132 E. GUREVICH, A. CHERNOV, A.IVANOV

Item 1 of the Statement 1 and the fact that an unstable manifold of a hyperbolic
equilibrium state p is a ball of dimension ind, € {0,...,4} lead to the fact that the set
Qe of any gradient-like flow f* contains at least one source and one sink. Indeed, in
the absence of sinks (or sources), a manifold M" of dimension n would be represented
as a finite union of smoothly embedded balls of smaller dimension that is impossible.

Everywhere below we suppose that f* is a gradient-like flow on projective-like
manifold M*.

Denote by Qlj}t the set of all equilibrium states of the flow f! which have the
dimension of the unstable manifold equal to i € {0,1,2,3,4} and by |Q?t| the capacity
of the set [Qpl. Put lye = [Q4] 4+ [Qpl, kpe = Q4| + [Q%], and by = [QF]. Tt
follows from [7] that Euler characteristic x(M*) of M* is 3. Then due to Poincare-Hopf
Theorem we have

lft — hft + /{th = 3. (2.1)

It immediately follows from Equation (2.1) that if the set Q, U Q3, is empty then
the set {24+ consists of exactly three equilibrium states: a source, a sink, and a saddle
with a Morse index two.

Let p,q € {1y are saddle points such that W, N W2 # (). Then the intersection

W; N W;L is called heteroclinic intersection.

Lemma 1. Let a flow f' has no heteroclinic intersections, and p € Q% (p € Q3,).
Then the closure cl W (cIlW}') of stable (unstable) manifolds W (W}') of the point p
is a locally flat sphere of dimension 3 that divides the manifold M* into two connected

components.

Proof. Assume that the set Q}t is non-empty and prove the lemma for an arbitrary
point p € Q}, (the proof for the point p € Q' Uis carried out similarly). It follows
from item 3 of Statement 1 that for any point p € Q}t the closure ¢/ W of its stable
manifold W is the union of the manifold W itself and a source equilibrium state .
Therefore cl W is a sphere of dimension (n — 1). Due to item 2 of Statement 1 the
sphere cl W} is smooth (and, therefore it is locally flat) at all points of W. According
to [8, St 3A.6| a sphere S"~! embedded in a manifold M™ of dimension n > 4 is either
locally flat at each point or has more than a countable number of wildness points?.
Hence, ¢l W is a locally flat sphere.

Let us show that the sphere c/ W, divides the manifold M 4 into two connected
components. Since, by virtue of [7], the fundamental group m (M*) is trivial then M*

2In the paper [8] it is noted that this statement is a consequence of results of A. V. Chernavsky
and R. Kirby obtained independently in 1968. Earlier, in 1963, J. Cantrell proved the following: if the
sphere S"~1 C S™, n > 4, is wild and B is a set of points such that S"~! is locally flat in each point
of the set S™~1\ B, then the set B consists of more than one point (see [6]).
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ON REALIZATION OF GRADIENT-LIKE FLOWS 133

is orientable. By [5, Theorem 3] a locally flat sphere S"~! in an orientable manifold M™
(n > 3) is cylindrically embedded, which means that there is a closed neighborhood
V C M" of a sphere S" ! and a homeomorphism h: S ! x [-1,1] — V such that
h(S"~' x {0}) = S™ ' Therefore there is a neighborhood V, of the sphere cl W},
which is divided by the sphere c/ W, into two connected components. Choose points
x,y that belong to different connected components V,, \ ¢/ W, and connect them with
a smooth arc [, C V, that intersects the sphere c/ IV, at the only one point. If ¢l W}
does not divide M*, then there is an arc b, C M*\ cl W, connecting the points z,y.
By construction, the intersection index of the arc A, = [, U b, and the sphere cl W is
1 or —1 (depending on the choice of orientations). On the other hand, since 7, _;(M?)
is trivial, it is not difficult to choose a sphere S"~! C M*\ ), homotopic to the sphere
cl W,. Since the intersection index is a homotopy invariant, the intersection index of
the sphere S~ ! and the arc A\, must be equal 1, but since S ' N\, = 0, it equals
to zero. This contradiction proves that the sphere ¢/ W divides the manifold M 4 into
two connected components. O]

Remind that the set A is called an attractor of a flow f! if there is a closed
neighborhood (a trapping neighborhood) V- C M™ such that all trajectories of the
flow f* intersect its boundary OV transversally, and A = () f*(V'). The set R is called

a repeller of the flow f* if it is an attractor for the flow fz?
Set
p- U wme- U ow
pEQ(}tUQ}t PeﬂfctUQitUQ‘}t

Lemma 2. If f' has no heteroclinic intersections then the set As is a connected

attractor with a trapping neighborhood diffeomorphic to the ball.

Proof. Tt follows from [1, 9| that there is a Morse function ¢: M* — [0,4] such that
the set of critical points of ¢ coincides with the set Q:, ¢(p) = ind(p) for any p € Qye,
and ¢(f*(z)) < ¢(z) for any point ¢ Q(f*) and ¢ > 0. Let us show that the set
V = 1([0;1,5]) is a trapping neighborhood for Aj:.

It follows from the definition that Ay C V. Since Ay is invariant then Ay C

N f1(V). Let us prove that Apr = (1) f*(V). Assume the opposite. Then there is a point

£>0 £>0

z e () f{(V)\ Ap. Statement 1 implies that there is an equilibrium state p € Q¢ such
>0

that € W' Since the set tDO J1(V) is closed and invariant then p € too FHV)N\ Afe,
which is impossible, since the set V' does not contain equilibrium states other than

those which belong to Af.. Therefore, Ay = () fY(V) and Ay is an attractor.
£>0

ISSN 0203-3755 /Turammueckue cucremsr, 2020, Tom 10(38), Ne2



134 E. GUREVICH, A. CHERNOV, A.IVANOV

Let us prove that the trapping neighborhood V' is connected. Then A; will be
connected as the intersection of connected compact nested sets. Assume that V is
disconnected, that is it can be represented as a union of two disjoint non-empty

invariant subsets Ey, Ey. Then the union |J W = J f*(E1 U E) is disconnected.
pEAft teR

Due to Statement 1, M* = |J WS U Ry, then M*\ Ry = |J W5, so M™\ Ry is
disconnected. On the other hand, since the dimension of the set R; does not greater

than one, then Ry does not divide M*, therefore the set M*\ Ry« is connected. This
contradiction proves that V' and Ay« are connected.

To prove that V is a ball let us prove that Ay does not contain subsets
homeomorphic to a circle. Assume the opposite: let ¢ C Ay be a simple closed curve.
It follows from Items 1,3 of Statement 1 that the set Ay \ Q) is a finite set of arcs
lying in the disjoint union of stable manifolds of sink equilibria. Therefore there is an
equilibrium state p € Q}t such that p € c¢. Due to Lemma 2, the set ¢l IV, divides the
ambient manifold M* in two connected components. Therefore cl W, also divides the
curve ¢, so there is a point x € ¢ N cl W, different from p. The point x cannot be a
source, since Ay does not contain sources by construction. The point x cannot be a
sink or since z € W \ p and only non-wandering point in W, is p. Hence, x belongs to
a one-dimensional unstable manifold of some point ¢ € Q;t, but we supposed that f*
has no heteroclinic intersections, so we get a contradiction.

Thus the set Ay can be represented as a connected graph without cycles, whose
vertices are sink points and edges are one-dimensional unstable manifolds of saddle
points. Then [Q%,| =[]+ 1. It follows from Morse theory that the set V' is a smooth
subset of M* obtained from the disjoint union of [Q},| balls by gluing [}, | handles of

index 1. Using induction one can easy prove that V' is a ball. O
Set th = U W, . Considering /7% and applying the Lemma 2 one can get
pGQ?tUQ‘;t

that Ry is a connected attractor for f~* (hence, it is a repeller for f*) with a trapping
neighborhood W diffeomorphic to the ball. This observation and Lemma 2 immediately
lead to the following statement.

Corollary 1. In assumption of Lemma 2 there are smoothly embedded balls V,W C M*
such that:

1. Ap CV, Ry C W;

2. trajectories of the flow f' are transversal to the boundaries of the balls V,W and

are oriented out of the interior of W to the interior of V;
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ON REALIZATION OF GRADIENT-LIKE FLOWS 135

3. the non-wandering set of the flow f restricted on the set M*\ (V UW) consists

of the equilibrium states of index 2.

2.2. Proof of Theorem 1

Remind that a connected sum of smooth orientable connected manifolds M7, M3
is the manifold M{'tM3 obtained as follows. Let B} C M}, By C M3 be two balls.
Then the manifold M"4MJ is the result of gluing manifolds M7} \ B}), M2} \ By by
a reversing the natural orientation diffeomorphism h: 0B} — 0BY. According to [10,
Lemm 2.1|, the connected sum operation is defined the unique (up to diffeomorphism)
manifold and does not depend on the choice of balls and a gluing homeomorphism.

Proof of Theorem 1. Suppose that a gradient-like flow f! on the projective-
like manifold M* has no heteroclinic intersections. Let us show that the set of saddle
equilibrium states of the flow f! contains exactly one equilibrium state whose Morse
index equals two. Then the equality l;+ — by = 2 will immediately follow from Hopf-
Poincare formula 2.1.

Let W,V C M* be balls described in Corollary 1. Then M* \ int (W U V) is
the manifold with boundary consisting of two (n — 1)-spheres. Let B, B” be two
standart balls enriched by vector fields # = z, £ = —x correspondingly. Glue balls
B",B" to M*\ int (W U V) with reversing the natural orientation diffeomorphism
p: OB} UOB" — OW U IV, denote by M* the resulting manifold and by ot B U
B" U M*\ int (W UV) — M?* the natural projection. It is possible to choose the
diffeomorphism ¢ in such a way that it induce on M* a gradient-like flow ft such
that ft]MAL\mt wuvy = T Y aravine (wuv) and the restrictions fthgi, ftgn are topologically
equivalent to dilatation and contraction correspondingly. So, non-wandering set of the
flow f' consists exectly of one source, one sink, and \Q?f| saddles of index 2. The
operation of gluing balls is equivalent to taking a connected sum with two spheres, so
the manifold M* is diffeomorphic to the original manifold M*. Then, due to Poincare-
Hopf formula 2.1, |Q?t| = 1. The Theorem 1 is proven.

3. Realization of gradient-like flows on four-dimensional
projective-like manifolds

This section is devoted to the proof of the Theorem 2. Let [ > 2, k>0 and h > 1
be integers such that | — k + h = 3.

We are going to construct a gradient-like flow f* such that the number [ of sink
and source equilibrium states of f* equals [, the number hf of saddle equilibrium states
of Morse index two equals h, and the number k: of saddle equilibrium states of Morse

index different from two equals k.
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136 E. GUREVICH, A. CHERNOV, A.IVANOV

To construct the desired flow we define below auxiliary flows ¢%, g4 on the projective-
like manifold M* and the sphere S*, respectively, with the following properties:

1. the non-wandering set of the flows ¢! consists exactly of one source, (kK — h + 1)

saddles of Morse index one, one saddle of Morse index two and (k — h + 2) sinks;

2. the non-wandering set of the flows ¢! consists exactly of one sink, one source,
(h — 1) saddles of Morse index one and (h — 1) saddles of Morse index two.

Choose the balls B ¢ M*, By C S* that intersect with the sets Qe Qe exactly
at one point: the sink and source respectively, lying in the interior of the balls B, Bj.
We form a connected sum of manifolds M*, S* by cutting out the interiors of the
balls B}, B and gluing the resulting manifolds by a diffeomorphism to induce on the
manifold M*4S* a gradient-like flow f! such that the non-wandering set of the flows
/! consists exactly of | = 3 + k — h sinks and sources, k saddles of the index 1, and
h saddle of the index 2 (see, for example [14]). The connected sum operation with a
sphere does not change the topological type of the manifold, so the manifold M*§S* is
the projective-like manifold, so f! is the desired flow.

3.1. Construction of the flow ¢!

Let us describe the buiding of the flow ¢} step by step.

Step 1. Realization of a gradient-like flow g§ whose non-wandering set consists of
exactly three equilibria: a source, a sink and a saddle of Morse index two.

Let us define the flow f} on the handle H}! = B* x B*~* of the index k € {0, ..., 4}
by the following system of differential equations

t=ux,0 B

y=-yyeBr

A non-wandering set of the flow ff consists of a single equilibrium state O which
Morse index is k. For k > 0 trajectories of the flow ff having non-empty intersection
with the foot F} = OB* x B** of H} intersect the foot transversally and directed
outside of H}.

First, we are going to obtain a projective-like manifold M* by sequentially gluing
to the handle Hy the handles Hy and Hj. After the gluing handles, the flows f{, fi, ft
will induce on M* the desired flow gf.

The foot Fy} = S* x B? is a solid torus whose core S! x {O} (here O — the center
of the ball B?) belongs to the unstable separatrix of the saddle equilibrium state of the
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ON REALIZATION OF GRADIENT-LIKE FLOWS 137

flow fi. Remark that OH; = S®. Let ¢ € S* be a node (a simple closed curve), N, is its
closed neighborhood, and P, = S? \ int N.

Let us denote by X, a manifold with a boundary obtained by gluing the handle
Hy to the handle Hj by means a diffeomorphism ¢: Fyf — N,. We are going to glue
the handle Hj to X and obtain a closed manifold, then the boundary of X must
be diffecomorphic to the sphere S®. For this purpose we should choose the gluing
diffeomorphism ¢: Fy — 0Hg and the node c.

As the gluing diffeomorphism ¢: F;} — N, is a solid torus diffeomorphism, it maps
the meridian of Fy to the meridian of N.. But the meridian of Fy is the longitude
of solid torus OHy \ int F;'. So, the gluing operation is a nontrivial surgery. By virtue
of [11, Theorem 1|, no nontrivial surgery along a nontrivial node will give a sphere. It
follows that the knot ¢ must be the boundary of a 2-disk in S3. Hence, P, is the solid
torus. Let ¢ send the longitude of N, to the curve of homotopy type (1,1) in ON..
Then, due to [12], 90X will be the sphere.

Now we are able to glue the handle H} to X by an arbitrary orientation reversing
diffeomorphism : OH; — 0X. As a result, we get a closed manifold M* carrying
a gradient-like flow ¢! whose non-wandering set consist of exactly three equilibrium
states. Hence, M* is the projective-like manifold.

Step 2. A realization of a gradient-like flow ht on the sphere S* whose non-
wandering set consists of exactly one source, k saddles of index 1, and k + 1 sink.

Define a gradient-like flow 1! on the sphere S*, which has a non-wandering set
consisting of exactly one source, k saddles of index 1, and k + 1 sinks.

We construct k copies of the sphere Si, ..., S} each of which carries the flow !,
i € {1,...,k} whose non-wandering set consists of exactly one source «;, one saddle
o; of index 1, and two sinks w;",w; . To do this, we glue one handle of index 1 to two
handles of index 0 to get the ball carrying a gradient-like flow whose trajectories are
transversal to the boundary of the ball and the non-wandering set consists of two sinks
and one saddle. Then we glue the handle Hj to the obtained manifold. As a result, we
get the desired flow .

Select a ball B} C S} (B; C Sy) that intersect the set Q1 () exactly at one point
which is the sink w]™ (the source ay) lying in the interior of the ball Bf(By). We define a
connected sum of spheres S}, S3 by cutting out the interiors of balls B}, B3 and gluing
the resulting manifolds with the boundary by an orientation-inverting diffeomorphism
hig: OB} — 0Bj such that hyo(W2) N W = (. The gluing operation induce a
gradient-like flow t{ , without heteroclinic intersection on the connected sum S{#S5.
Set St, = S1£55. The non-wandering set of the flow 4}, consists of one source, two

saddles of index 1, and three sinks. Similarly, we form a connected sum of the spheres
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Si, and S5, and so on. After k steps, we get the desired flow )"

Step 3.Construction of the desired flow gt

Let us consider the projective-like manifold M* carrying the flows g} defined on the
Step 1 and the sphere S* carrying the flow h! defined on the Step 2. As it described
above, it is possible to construct the connected sum M*45* and induce the desired flow
gt on the M*45%.

3.2. Construction of the flow ¢}

Let us construct an auxiliary gradient-like flows 7' on the sphere S* whose non-
wandering set consists exactly on one source, one sink, and two saddles of Morse index
one and two respectively. In [13] it is proved that the intersection of invariant manifolds
of these two saddles is non-empty and consists of finite number of non-compact curves
(trajectories) that are called heteroclinic curves. Then we take (h — 1) > 1 copies of
spheres with carrying such flows and construct the connected sum of the spheres as it
described above. As a result we obtain the desired flow gb.

To construct a flow 1’ let us construct a mainfold M; by gluing the hande H; to
the hand H, by meanse of an arbitrary smooth embedding g: S° x B* — S3. Then
d M; is homeomorphic to S? x S! and flows f{, ff induce on M; a gradient-like flow 7}
whose non-wandering set consists of exactly two equilibria: a source w and a saddle oy
of Morse index one.

Set Sstl = W3 NOM,. By construction S 2, is the 2-sphere which does not bounds any
ball in 9M;. Then there is a homeomorphism 6: S x St — M such that 0(S*x {z}) =
S2, x €S'. Set ¢ = 0(z xS'), z € §? and denote by N. C d M; a tubular neighborhood
of the node c. Let p: S* x B2 — N, be a diffeomorphism such that u(S' x {O}) = <.
Denote by M; a manifold obtained by gluing the handle Hy to M; by means of p. The
boundary of My is the result of gluing two solid tori dH, \ int (S' x B?) and M, \ int N,
by means of the diffeomorphism 7|siys: that sends a longitude of OHy \ int (S* x B?)
to the meridian of the solid torus ON;. Hence OM; is 3—sphere. More over, due to [15,
Theorems 3.30., 3.34], the manifold M, is diffeomorphic to the ball Hy.

Glue M, and the hand H} to get the sphere S* and the desired gradient-like flow 7’
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On a stable arc connecting Palis

diffeomorphisms on a surface!
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Abstract. In this paper, a class of gradient-like diffeomorphisms f on a closed orientable surface is
considered, under the assumption that all non-wandering points of f are fixed and have a positive
orientation type. The main result is a construction of a stable arc joining two such diffeomorphisms.
The diffeomorphisms under the consideration are Palis diffeomorphisms, who highlights their as only
surface diffeomorphisms included in topological flows. By S. Newhouse, M. Peixoto, and J. Fleitas
result, all Morse-Smale flows on a given manifold are joined by a stable arc. However, this fact cannot
be used directly to construct an arc between cascades, since Palis diffeomorphisms are included only
in the topological flow. An idea of a stable arc construction between Palis diffeomorphisms is based on
the construction of a bifurcation-free arc joining a Palis diffeomorphism with a diffeomorphism that
is a one-time shift of a generic gradient flow of a Morse function.

Keywords: gradient-like diffeomorphism, stable arc, saddle-node bifurcation.
1. Introduction and formulation of results

The problem of the existence of an arc with no more than a countable (finite)
number of bifurcations connecting structurally stable systems (Morse-Smale systems)
on manifolds is on the list of fifty Palis-Pugh problems [14] under number 33.

In 1976, S. Newhouse, J. Palis, F. Takens [7| introduced the concept of a stable
arc connecting two structurally stable systems on a manifold. Such an arc does not
change its quality properties with a small perturbation. In the same year, S. Newhouse
and M. Peixoto [9] proved the existence of a simple arc (containing only elementary
bifurcations) between any two Morse-Smale flows. It follows from the result of
G. Fleitas [3] that a simple arc constructed by Newhouse and Peixoto can always

be replaced by a stable one [8].

IThe construction of a stable arc was supported by RSF (Grant No. 17-11-01041), the construction
of a Morse energy function was supported by Laboratory of Dynamical Systems and Applications NRU
HSE, by Ministry of Science and Higher Education of the Russian Federation (ag. 075-15-2019-1931)
and by Foundation for the Advancement of Theoretical Physics and Mathematics “BASIS” (project
19-7-1-15-1).
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For Morse-Smale diffeomorphisms given on manifolds of any dimension, examples
of systems that cannot be connected by a stable arc are known. Obstruction appear
already for orientation-preserving diffeomorphisms of the circle S, which are connected
by a stable arc only if the rotation numbers coincide [10]. Beginning with dimension
two, additional obstruction appear to the existence of stable arcs between isotopic
diffeomorphisms. They are associated with the existence of periodic points [1], [11],
heteroclinic intersections [6].

Recall that a diffeomorphism f is gradient-like if its non-wandering set {2; consists
of a finite number of hyperbolic points and the invariant manifolds of different saddle
points do not intersect (the diffeomorphism f has no heteroclinic intersections). In
this paper, we consider the class G(M?) of gradient-like diffeomorphisms f on a closed
orientable surface M?, under the assumption that all non-wandering points are fixed
and have positive orientation type. The main result of this work is the proof of the

following theorem.

Theorem 1. Any diffeomorphisms f, f' € G(M?) can be connected by a stable arc with

a finite number of generically unfolding non-critical saddle-node bifurcations.

The proof of this result is based on the construction of an arc without bifurcations
connecting the diffeomorphism f € G(M?) with the diffeomorphism ¢; € G(M?),
which is a one-time shift of a generic gradient flow of some Morse function. By virtue
of the works [9], [3], [8], any two such flows are connected by an arc with a finite number
of saddle-node bifurcations.

2. Proof of the main result

In this section, we outline the proof of theorem 1 with references to the statements
that will be proved in the following sections. Let us first give the necessary definitions.

Consider a family of diffeomorphisms (an arc) ¢; : M — M, t € [0,1]. An arc @, is
called smooth, if map F : M x [0,1] — M, defined by the formula F(x,t) = ¢(z) is
smooth.

A smooth arc ¢, is called a smooth product of smooth arcs ¢; and 1); such that

T 70 < t < 99 .
d1 = 1y, if @, = Prrtt) ) 2 riae 7 : [0,1] — [0, 1] is a smooth monotone
¢2T(t)71> 2 <t < 17
map such that 7(¢) = 0 for 0 <t < 3 and 7(¢) = 1 for 2 < ¢ < 1. We will write

Oy = Pg * Yy

Following [8], an arc ¢, is called stable if it is an inner point of the equivalence class

with respect to the following relation: two arcs ¢y, ¢, are called conjugate if there are
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N
el

Fig. 1. Saddle-node bifurcation

homeomorphisms % : [0,1] — [0,1], Hy : M — M such that Hypy = ), H.t € [0,1]
and H,; continuously depend on ¢.

In [8] also established that the arc {¢;}, consisting of diffeomorphisms with a finite
limit set, is stable iff all its points are structurally stable diffeomorphisms with the
exception of a finite number of bifurcation points, ¢3,,7 = 1,..., ¢ such that ¢,:

1) has no cycles;

2) has a unique non-hyperbolic periodic orbit, which is a non-critical saddle-node
or flip;

3) the invariant manifolds of all periodic points of the diffeomorphismeyy, intersect
transversally;

4) the transition through ¢, is a generically unfolded saddle-node or period
doubling bifurcation, wherein the saddle-node point is non-critical.

Recall the definition of generically unfolding non-critical saddle-node bifurcations
for the case of a fixed saddle-node. An arc {¢;} € Q unfolds generically through a
saddle-node bifurcation ¢, (Fig. 1), if in some neighborhood of the nonhyperbolic
point (p, b;) the arc ¢; is conjugate to

Ci(T1, Ty oo T lany s Totnyy - - > Tp) =
- T4 tr,
(a:l+o,5x§+t,12x2,...,ﬂanu, x;* ; )
where (z1,...,7,) € R", |z;| < 1/2, || < 1/10.

In the local coordinates (1, ..., ,,t) the bifurcation occurs at time ¢ = 0 and the
origin O € R" is a saddle-node point. The axis Oz, is called a central manifold W§,
the half-space {(x1,29,...,2,) € R* : 21 > 0, To4p, = -+ = z,, = 0} is the unstable
manifold W, half-space {(x1,x2,...,2,) € R" 1 27 <0, 9 = -+ = T14p, = 0} is the

stable manifold W§ of the point O.

If p is a saddle-nodal point of the diffeomorphism ¢, , then there exists a unique ¢, -
invariant foliation F,J* with smooth leaves such that W, is a leave of this foliation [5].
F3* is called a strongly stable foliation (Fig. 2). A similar strongly unstable foliation is
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denoted by Fj*. A point p is called s-critical, if there exists some hyperbolic periodic
point ¢q such that W non-transversally intersect some leaf of the foliation F}*; u-
criticality is defined similarly. Point p is called

- semi-critical if it is either s- or wu-critical;

- bi-critical if it is s- and w-critical;

- non-critical if it is not semi-critical.

[9

W) 'Nj FUU /qu

Fig. 2. Strongly stable and unstable foliations

Let f, f’ € G(M?). Let us prove that the diffeomorphisms f, f' are connected by a
stable arc ¢; : M? — M2t € [0,1], whose diffeomorphisms are gradient-like except for

a finite number of generically unfolding non-critical saddle-node bifurcations.

Proof. In section 4 we construct an arc without bifurcations I'y;, which connects the
diffeomorphism f € G(M?) with a diffeomorphism ¢; € G(M?) being a one-time map
of a generic gradient flow ¢7 of some Morse function. According to [9], [3], [8] any
two such flows ¢7, ¢ are connected by an arc I'yr 4r = {77,t € [0,1]} with a finite
number of saddle-node bifurcations. Denote by ¢1, ¢2, v; the one-time shift of the flows

T, 05,7 respectively. By construction, the arc 'y, 4,+ = {7, t € [0,1]} connects the
diffeomorphisms ¢; and ¢2. Then the desired arc is ¢, =I'y; Iy bt X Lpay O

3. An energy function for canonical diffeomorphisms of the
class G(M?)

Let us give necessary definitions, following to [2], [4], for example.
If M™ is a smooth n-manifold and ® : M™ — R is a C"-smooth (r > 2) function

then a point p € M™ is critical for ® if grad ®(p) = 0, that is g—fl(p) == %(p) =0
in local coordinates x1,...,x, of the point p. A point p is called a non-degenerate if

%9
O0x;0x;

the matrix of the second derivatives (Hessian matriz) ( ) |, is non-degenerate,
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otherwise the point p is called a degenerate. A function ® is called a Morse function if
all its critical points are non-degenerate.

A diffeomorphism f : M™ — M™ is called a Morse-Smale diffeomorphism if

1) the non-wandering set €2 is finite and hyperbolic;

2) for every two distinct periodic points p, ¢ the manifolds W, W intersect
transversally.

A continuous function ® : M™ — R is called Lyapunov function for a Morse-Smale
diffeomorphism f : M™ — M™ if

1) @(f(x)) < ®(x) for every x ¢ Qy;

2) ©(f(z)) = ®(x) for every z € Q.

A Lyapunov function ® : M"™ — R for a Morse-Smale diffeomorphism f : M"™ — M™
is called a Morse-Lyapunov function if every periodic point p is a non-degenerate
maximum (minimum) of the restriction of ® to the unstable (stable) manifold W
(W) Morse-Lyapunov function & is called an energy function for Morse-Smale
diffeomorphism f if the set of critical points of ® coincides with the set ;.

D. Pixton [15] proved the existence of an energy function for any Morse-Smale
diffeomorphism given on a smooth closed two-dimensional manifold. However, for
gradient-like surface diffeomorphisms we need an energy function with more subtle
properties. In more detail.

Let f € G(M?). Denote by Q,, ¢ € {0,1,2} the set of fixed points p of the
diffeomorphism f such that dim W' = ¢. Let L, be a frame of saddle separatrices
going to the node p, denote k, their number. Denote L, C R? a frame of rays Iy, ..., I,
which in polar coordinates (p, ) has a form [; = {(p,0) € R? : = 6;}, 6; € [0, 27).

A diffeomorphism f € G(M?) is called a canonical if every fixed point p of a
diffeomorphism f has a local chart (U,,,) such that p € U,,1,(p) = O and

1) Gy ay) = (b, y) for p € D,

o fiby (x,y) = (52, 2y) for p € O,
Upf iy (2, y) = (22,2y) for p € O
2) ¢,(L,) C Ly, for any nodal point p.
Denote by Go(M?) C G(M?) a class of all canonical diffeomorphisms.

Theorem 2. For any diffeomorphism g € Go(M?) there is an energy function ®, whose
level lines intersect every saddle separatrices at most one point.

Proof. We split the construction into steps.

Step 1. Construction of local energy functions in the neighborhood of
fixed points.

Define functions 6, : R* —» R, ¢ € {0, 1,2} by the formulas:
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Oo(z,y) = —2% — %, O1(z,y) = 1 + 22 — y? and Oy(x,y) = 2 + 22 + 2.
Then, in the neighborhood U, of p € ), a local energy function ®, : U, — R is
defined by the formula
o, = 0,0,

It follows from the definition of a canonical diffeomorphism that the level lines of local
energy functions intersect every saddle separatrices at most one point.

Step 2. Confluece of local level lines in the neighborhoods of sinks and
saddles.

Denote by ®, a function composed by the functions ®,,p € Q,. Let U, = |J U,
PEQy

and Lo = |J L,. We choose ¢ € (0,1/2) so that ®;([0,2z¢]) C Up. Let

pEflo
S, = @51 (r), r € [0,2¢].
We choose €, € (0,20/4) so that ®;'([1 — e1,2e1]) N Uy # . Let
N, =0 (1+7), r € [—e,e1].

By construction, every connected component of the set S, transversally intersects
the set Lg, and for each separatrix [ C L, the intersection [ N S, is either empty or
consists of exactly one point. According to A-lemma [13], there exists £ € N, such
that ., C g7%(®;'([0,20/2]), the intersection g~*(S.,) N g is transversal and each
connected component of the set ¥ \ 21 contains exactly one point of this intersection.
Since ®; is an energy function for the diffeomorphism g with the set €2; of critical
points, then ®;(g7 (2o \ Q1)) > ®1(X) = 1. According to this inequality and the
transversality of the intersection g=%(S.,) N 3o, there is e € (0,&;) such that:

(1) the intersection g=*(S., 1) N X, r € [—¢, €| is transversal, and each connected
component of the set 3y \ €; contains exactly one point of this intersection and each
connected component of the set 3, \ 1, r # 0 contains exactly two points of this

intersection;
(2) for K. = U 9%Squ), T = U %, E. = K.NT. the inequality

re[—e,e] r€[—e,e]

®1(g'(E.)) > 1+ ¢ holds.

Let P, = g *(®;'([0,e0+7])), H, = &7 ([l —&1,1+7)), Q, = P,UH,, r € [—¢&;¢].
Without loss of generality we assume @, smooth, since one always makes it so by an
arbitrarily small smoothing of the corners.

Step 3. Construction of energy functions on the set () _..

By construction P. C ()_. and each connected component of the set Ly intersects
OP. and 0@Q)_. at exactly one point. According to annulus hypothesis K = Q_. \ int P.
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Fig. 3. Illustration for step 2

is diffeomorphic to S' x [0, 1]. Let us construct for g an energy function @ _: Q_. —
[0,1 — €], the level lines of which intersect the saddle separatrices at most one point.
Consider two possibilities:

1) 0Q_.Ng"d(P.) =0 for any n € N;

2) there exists n € N such that 0Q_. N g d(P.) # 0 .

In the case 1), denote by m the smallest of the natural number for which ¢"(Q_.) C
int P.. If m = 1 (Fig. 4), then we define a diffeomorphism v, : K — S' x [0,1] so
that v, (0P.) = S' x {0}, v, (0Q_.) = S' x {1} and each connected component of
the intersection v, (K N Lg) has the form {s;} x [0,1]. Define the function Ogi o1 :
Stx[0,1] — [0, 1] by the formula Og1j9 1(s, #) =  and the function p : [0,1] — [e,1—¢]
by the formula p(x) = (1 —2¢)x +¢. Let ®x = poOgiygiov, : K = [,1 —¢]. Then
the required function ®; _ has a form

(I)Oaxeps;

Pa-.(o) = Oy z € K.
Since g(Q_.) C int P., the constructed function is energy.
If m > 1 (Fig. 5), then the required function ®¢, _ is constructed on the set g' = (F)
as ®gg™ ! and is defined similarly to the case m = 1 on the annulus Q_. \ int g™ (F.).
In the case 2), without loss of generality we assume 0()_. is transversal to the set
U ¢ ™(0P:). Then the set J = 0Q_. N |J g ™(9F:) is finite. We now show the way

n>0 n>0
to decrease the number of the points in the intersection by an isotopic modification

of P. while providing that it remains the energy function on it. From the condition of
intersection transversality and homotopy of curves 0P, 0Q_. 3 W§ '\ Qo, the sum of
the intersection indices of points in the set J is zero. Thus, the set J contains an even

number of points. Then, since the set J is finite, among them there is a pair of points
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Fig. 4. m=1. Fig. 5. m>1.

J1,J2 € g "(0F:) for some n such that they bound the arc § C 9Q _., the interior of
which does not contain points of the set J. Denote by d C ¢g~"(9F.) an arc bounded
by the points ji, j» such that the closed curve 6 U d bounds a 2-disc D C (W§, \ Qo).
There are two possibilities for the disk D: (a) ¢"(D) C P. (Fig. 6) and (b) ¢"(D) C
g ' (P.) (Fig. 7). Define P! to be cl(P.\ ¢"(D)) in the case (a) and define it to be
cl(P. U g"(D)) in the case (b). Then g(P.) C P! C P. in the case (a) and P. C P! C
g '(P.) in the case (b). In both cases there is a smoothing P. of the set P! such that
g(P.) C int P. C P. in the case (a) and we have P. C int P. C g~ (P.) in the case (b)
and the cardinality of the set J = 9Q_. N |J ¢~ ™(dP.) is less than the cardinality of

n>0
the set J.

Fig. 6.

Fig. 7.
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Let us show how to construct for g an energy function ®5 with the level line OP..
In the case (a), on the set g(P.) energy function ®; is defined, to the annulus P.\ g(P:)
this function is continued similarly to the case 1). In the case (b), on the set P. energy
function @ is defined, to the annulus ¢~ '(P.) \ P. this function is continued similarly
to the case 1). We will repeat the described process until the set J becomes empty,
after which we construct the desired function according to the algorithm of the case
1).

Step 4.Construction of energy functions on the set (..

On the set ()_. there exists an energy function ®¢ _ such that &g _(0Q_.) = 1—c¢.
Define on the set Q. a function ¢, : Q. — R by the formula:

(I)QS (I) _ (I)Q_g (:L‘)7 ifz €@
147, if x € 0Q,.

We now check that @, is an energy function for g. Represent the set Q). as the
union of subsets with mutually disjoint interiors: Q. = AU B U C, where A = Q_,
B=K\Q .and C =Q.\(P.UQ_.). By construction ®, [4+ = ®, |4, the function
®,_|5 has no critical points and ®,,_|c = ®1|c. We now check that the function ®,_
decreases along the trajectories. If x € A then g(z) € A and @, (g9()) < @, (z)
because ®, is an energy function for g. If x € B then ®,_(z) > 1 — . Due to the
choice of ¢, g(z) € A and, therefore, ®,_(g(z)) < 1—¢, whence @, (g(x)) < @, (v). If
x € C then from the condition (2) of the choice of € either g(x) € A and the decrease
can be proved similarly to the case x € B, or g(x) € C and the decrease follows from
the fact that &, is a Lyapunov function.

Step 5. Construction of energy functions on M?

The set of sources )y is an attractor for the diffeomorphism ¢~!. Then the energy
function on the set M?\ Q. is constructed similarly to Step 3. O]

4. Construction of the arc I'y;

In this section we construct an arc without bifurcations I'¢;, which joins the
diffeomorphism f € G(M?) with a diffeomorphism ¢; € G(M?), which is the one-
time shift of a generic gradient flow ¢} of some Morse function.

Proof. According to [11] there is an arc 1); without bifurcations connecting ff € G(M?)
with some diffeomorphism g € Gy. By theorem 2 for the diffeomorphism g € G there
exists an energy function ®, whose inverse gradient vector field generates a gradient-
like flow ¢%. Consider ¢y = (b} and construct an arc without bifurcations connecting
g with ¢f. Throughout what follows we will use the notation of section 3. Recall that

Ly = |J L, is the set of the unstable separatrices of the diffeomorphism g. Denote by
PEQ0
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L4 the set of the unstable separatrices of the diffeomorphism ¢;. By construction, the
sets Ly and L4 coincide outside the set );_.. Define the diffeomorphism ¢y : Q- —
(Q1_. such that:

— Co =id on 9Q1_;

~ Co(LoN0Q,) = LyNOQ, for r € [0;1 —¢].

By construction, the diffeomorphism (j is isotopic to the identity by means of some
isotopy (o, which is identity on 0Q;_.. Moreover, (, sends the unstable separatrices
of the diffeomorphism g into the unstable separatrices of the diffeomorphism ¢;. The
isotopy Coy @ M%\ Q1yc — M?\ Q14. is constructed in a similar way, it transforms
the stable separatrices of the diffeomorphism ¢ into the stable separatrices of the
diffeomorphism ¢;. Thus, on the manifold M? it is correctly defined an isotopy

Cou(z), if 2 € Q1_¢;
Et<x> = €, if v € Q1+6 \ Ql—s;
€27t($), lf xr € M2 \ Ql_l’_a.

Then the arc y; = Z,9=; ' connects the diffeomorphism g with some diffeomorphism
gr € G, the closures of the invariant saddle manifolds of which coincide with
the analogous manifolds of the diffeomorphism ¢;. According to [12, Lemmas 6.2,
6.3|, the diffeomorphism gy is connected by an arc & without bifurcations with the
diffeomorphism ¢;. Then the required arc I'y; has a form:

Ff,t =y * X * &t
UJ
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JlokajibHbIe OudypKaluy 1 r100aJIbHbIIA
aTTPAKTOP IMEPUOANYECKON KpaeBOol 3a/1a4u
[Jig BapUAIlIOHHOTO ypaBHEHUS
I'unzbypra-Jlangay’
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Amnnoranusi. PaccmarpuBaercs nepuojmdeckast KpaeBast 3a/1a49a, JJIsl JIBYX BePCUil HeJIMHEHHOTO 9BO-
JIIOIIMOHHOTO YPaBHEHUsI, I3BECTHOIO 110 Ha3BaHueM ‘‘Bapuanuonuoe ypasuenne ['unzbypra-Jlanmay”.
s KitaccraecKoit BEPCUH 9TOT0 YPABHEHU ST M3y I€HBI BOIIPOCHI O CYIIIECTBOBAHUY U CBOWCTBAX JIOKAJIb-
HBIX aTTpakTopoB. [IpuBeeHbl JOCTATOUHBIE YCIOBUSI CYIIIECTBOBAHUSI OJHOMOJIOBBIX COCTOSIHUIT paB-
HOBeCHsI, a TaKKe JaH 0TBeT 00 MX YCTOWIUBOCTH U JIOKAJIBHBIX OM(dypKaIusx. AHAIN3 9TUX BOIIPOCOB
HCITOJIB3YET TAKWE METOJbI TEOPUHU [IUHAMUIECKIX CHCTEM KAaK METOJI MHTEIPAJBbHBIX MHOI000pa3mii u
HOPMAaJIbHBIX (hopM. PaccMoTpena Takske mepuojuveckasi KpaeBasi 3ajada JiJisi HeJIOKAJbHOTO Bapu-
aHTa BapUAIMOHHOIO ypaBHeHusi [ mH30ypra-Jlanmgay. /lokasaHbl T€OpEMBI O CYIIECTBOBAHUY IJIAIKUAX
JI00AJIBHBIX PEITeHul U rI06aIHLHOr0 aTTPAKTOPa, Y KOTOPOTO OMpeJie/ieHa ero CTPYKTypa U pa3Mep-
HocTh. OGOCHOBaHUE TUX TEOPEM OCHOBAHO Ha CJIEAYIOIIEM Pe3yJbTaTe: IOJIyUeHbl ABHbIE (TOYHbBIE)
dOpMyJIBI JIJTsi BCEX PeIlleHnil Hava IbHO-KPAEBO 33191 B BUJIE CXOJISIIITUXCS (DYHKITHOHAJBHBIX PSIJIOB

OT JIBYX IT€PEMEHHBIX.
KuroueBbie ciioBa: Bapuarmonnoe ypasaenue | nn3dypra-Jlanmay, nesokaabHOe ypaBHEHHE, yCTON-

9UBOCTD, JIOKAJIbHBIE OndypKaum, rI006aIbHBI ATTPAKTOP.

Local Bifurcations and Global Attractor of a Periodic
Boundary Value Problem for the Ginzburg-Landau
Variational Equation

A. N. Kulikov, D. A Kulikov
P.G. Demidov Yaroslavl State University, Yaroslavl 150003.

Abstract. An periodic boundary value problem is considered for two versions of a mnonlinear
evolutionary equation known as the “Ginzburg-Landau variational equation”. For the classical version
of this equation, questions about the existence and properties of local attractors are studied. Sufficient
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conditions for the existence of single-mode equilibrium states are given, and an answer is given about
their stability and local bifurcations. In the analysis of these questions such methods of the theory
of dynamical systems as the method of integral manifolds and normal forms are used. A periodic
boundary value problem for a nonlocal version of the Ginzburg-Landau variational equation is also
considered. A theorem on the existence of global smooth solutions is proved, as well as a theorem on the
existence of a global attractor, for which their structure and dimension are determined. Justification of
these theorems is based on the following result: explicit (exact) formulas are obtained for all solutions
of the initial-boundary value problem in the form of converging functional series in two variables.

Keywords: Ginzburg-Landau variational equation, stability, local bifurcations, global attractor.

MSC 2010: 37L10, 37L25
1. BBenenue

YpaBHeHHUe JJI KOMILIEKCHO3HAUHOH dyHKIwn u(t, x) = ui(t, ) + iug(t, ) Buga
uy = u — (14 ic)ulul® + (d + ib)uyy, (1)

M3BECTHO TI0J] HA3BAHUEM Komnaekchoe ypasuenue Lunsbypea-Jlanday (6], 7], 8], [9],
[12], [14], [16], [20]. DTo ypaBmenue, ero obobmienust u MOAUMUKAINNA UIPAIOT 3HA-
YUTEJIbHYIO POJIb B HeJmHeiHol dusnke. B o63ope [6] npusesen mmpokuii crekTp
HPWIOXKEHUIA, TJIe UCIIONIb3yeTcs 3T0 ypasHenne. Cpei HUX MOXKHO Ha3BaTh TUIPOJIU-
HAMUKY, TEOPHUIO CBEPXIIPOBOIUMOCTH, HEJUHEHHYIO ONTUKY U MHOTHE JIpyrue. 37eCh
b,d,cc R, d>0,b*+d*#0.
Ecmun ¢ = b = 0,d > 0, To sror BapuanT ypasterust (1), T.e. nuddepernnaabaoe
ypaBHEeHHue
g = u — u|u)? + dig, (2)

U3BECTHO TIOJT HAa3BAaHUEM  BGPUAUUOHHOE KOMNAEKCHOe ypasHenue [unabypea-
Jlanday (3], [6], [13]. D10 HazBaHme OTpaKaeT B HEKOTOPOIl CTEIIEHN METO/ BHIBO/IA 9TO-
ro ypasuenus (cM. [6]) kak HEOOXOAUMOTO YCJIOBUs IKCTpeMyMa (byHKIMOHAA “IHEP-
run’ . YpasHenue (2) cBOMM HOsIBJIEHUEM 00sI3aHO TEOPUHU KOHJIEHCUPOBAHHBIX cpejl. B
5TOM pasjesie GU3HKH /7T Hero UCIOIL3YI0T WHOTIA APyTroe HasBaHue: ‘i — momenn”
TEOPUY KOHJIEHCHPOBAHHBIX cpejl. YpasHeHue (2) B busmke dalie BCEro paccMaTpHBa-

10T BMECTE € NePHOJINUECKUMI KPAEBBIMU YCIOBUAMU
u(t,z + 2m) = u(t, ). (3)

PasencTBo nepuojia Besimaune 27 JOCTUrACTCst IEPEHOPMUPOBKOI  — yx. B mepsoii
qacTu paboThl Oy/IeT ONMcaHa TUHAMUKA PElieHuil KpaeBoil 3agaqn (2), (3).
Cpemr Mo uUIIPOBAHHBIX BAPDHAHTOB BAPUAIIMOHHOIO KOMILJIEKCHOTO YDaBHEHUST

[M'unzbypra-Jlangay MOXKHO OTMETUTD CJIEJIyIOINIee YpaBHEHHUE:

Uy = U+ dig, — uV, (4)
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2
1
rie V =V(u) = o / lu|*dz (u = u(t, z)). Ono mogBmIoCH B pabotax [10],[11],[15],[19]
0

B CBSI3U C U3YUEHHEM TaKOro sBjieHus kKak deppomarunerusMm. Heckosibko mHasi Bep-
CHsI HEJIOKAJIbHOTO ypaBHeHus OblLta npejyioxkena B [17]. Besyciosro, cymectByioT u
uHble 0606IeHnsT 1 MO IUKAIN ypaBHeHus (2), HO B JAHHON paboTe OyiyT u3yIeHbl
Kpaesble 3aja4n (2), (3) u (4), (3), KoTopble, KaK y’Ke 0TMEYAJIOCh, HCIOIb3YIOTCA BO

MHOrux pasjenax dusukn. [loguepkaem, aro d > 0.

2. TpagnnmoHHBI BaprMaHT BapUAIMOHHOTO yYpPaBHEHUS
I'mu3oypra-Jlangay

B nanHOM pasjesie usyunm Kpaesyto 3aa4dy (2), (3). HamomumM Xopotio u3BecTHbIi

dakt. Ecan kpaesyto 3amady (2), (3) 10HOJIHATH HAYATIBHBIM YCIOBHEM

u(0,2) = f(x), (5)

TO IIPU COOTBETCTBYIOIIEM BBIOOpE MPOCTPAHCTBA HAYAJILHBIX YCJIOBUN MOYKHO yTBEP-
KJIATh, YTO HavaJbHO-KpaeBas 3agada (2), (3), (5) KOpPEKTHO paspermMma, ecjm
t € [0,%o], e ty — HEKOTOpasi MOJOXKHUTEIbHAS HOCTOsiHHAs Besmuanna [7],[8], Ho sTH
paboThI He rapAHTUPYIOT, KOHEUHO, TTI00AJbHYIO PA3PEIINMOCTD [IPU BCEX TTOJIOXKUTEb-
HBIX © 1 JII00BIX f(x).

Bwmecte ¢ ypaBHeHHEM (2) pACCMOTPHM €My COIPSIKEHHOE ypaBHEHUE
— 2 du
U = U — alul” + dlyy,

rje u(t, ) no nepeMenHoii x umeet repuos 2. Ecoin renepb JOMHOXKUTE ypaBHeHue (2)
Ha T, & CONPAKEHHOEe — Ha U U IIPOUHTErPUPOBATH 00€ TACTH MOJTY IMBIINXCS PABCHCTB
1o nepemennoit x or 0 10 27, a 3aTeM UX CJIOKUTH, TO TIOJIYIUM

2 2 2 2 2

/utﬂdx + /Htud:c =2 / uudr — 2/uﬂ|u!2dx + d/(umﬂ + Uypu)dr =
0 0 0 0 0

2 2 27
=2 /|u]2da:—/\u|4da: —2d/uxﬂxd:c.
0 0 0
2 27 2 2
OrmeTnM, 91O /uzﬂxdx = / |ug|*dz > 0, a (/ lu|?dx)* < 27r/ lu|*dz (nepasencrso
0 0 0

0
Komu-Bynsikosekoro). I[Tosromy

2m 2m 2m

d 1

a/|u|2da: <2 /|u\2dx—%(/|u]2dx)2 <0,
0 0 0
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2m
ecyn / lul*dz > 27. WUrak, pemenna kpaepoit sajauam (2), (3) yOuBator mpm

0
[[ullf ,(0.20) > 2. B MHBIX TepyMuHax Hojyuaem, 4o Kpaesas sajada (2), (3) jmcenna-

TUBHA B CMBICJIe HOPMBI IpocTpancTBa Hy, T.e. mpocTpaHcTBa MepUOINIecKuX (HOyHK-
uit, npuHaIeskamux npocrpanctsy Lo (0, 27), ecom x € (0, 27).
HernocpeicTBEHHOM MOJICTAHOBKOl MOYKHO IIPOBEPHUTD, 4TO KpaeBas 3ajada (2), (3)

nmMeeT OJHOMEPHDBIE ceMericTBa HEHYJIEBBIX COCTOAHUNA PaBHOBECHUA

S (Vm) U (2, @) = N exp(imz + ip,y,), (6)

e N, > 0, a ¢, — npousBojbHad JeficTBUTe/IbHAA TOCcTOogHHAA. B dazoBoM mpo-

crpaHcTBe perennuii popmyra (6) 3a1aeT OKPYKHOCTD PAJILYCA 1), C EHTPOM B HYJIE.
Benuuuna n,, onpejensercsa u3 ypaBHeHUs

1 —dm?—n? =0

Te. Ny = V1 —dm2, ecim, koreuno, 1 — dm? > 0. B pesyibrare mosydaem, d9To
m? < 1/d, u, creposarenbno, m = 0,+1,...,+n, rae n = [\/W], ecin \/m ¢ N
(MHOKECTBY HATYpAIbHBIX duce) wian n = [\/1/d] — 1, ecm 1/1/d € N (moguepkuem,
qro n = 0, ec;m y/1/d < 1). Hepes [b] obo3Hauena nesrast gactb b € R.

s ananmmsa yecrodIMBOCTH COCTOSTHUI paBHOBeCcHsl ceMeicTBa Sy, () yaA00HO 1

1e/1eCO00Pa3HO MOJIOKUTH
u(t, x) = Ny exp(ime + i) [1 + w(t, x)]. (7)
B pesyabrare 3amennt (7) mocse nmpeobpa3oBanuii MOIydaeM KPAeByIo 3aady Jisl
dbyukun w(t, x)
wy = —nZ(w + W) — N2 [20W + w? + ww|*] + dw,, + 2dimw,, (8)
w(t,z +27) = w(t, x), (9)

y KOTOPOIl CJIe/IyeT U3yIUTh YCTOWIMBOCTD HYJI€BOTO perterud. J[1s 9Toro, Kak 00bI1HO,

paccMOTPUM JIMHEAPU30BAHHBIN BapuaHT Kpaepoii 3a1a4an (8), (9):
w; = —n2 (W + W) + dwg, + 2dima,, (10)
w(t,x +2m) = w(t, ). (11)

B pab6otre [3] 6bui0 J0Ka3aHO yTBEpXKJEHHE O TOM, 4TO pemieHue (6) ¢ HOMEpoOM m

yCTOfI‘II/IBO7 €CJIA CIIpaBe/JIMBO HEPABEHCTBO

2
d<d, =—F—7-
m
6m2 —1’
rme m = £1,...,+n, a pemenue ¢ HomepoM m = ( yCcTONYUBO IIPU BCEX 3HAYEHUAX

napaMeTpoB. B 910l ke cTaThe ObLIO JIOKA3AHO YTBEPKICHUE.
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Teopema 1. Kpaesaa zadaua (2), (3) umeem 2n + 1 cemeticms 00nomodosviz cocmo-

Anutl pasHosecus
Sin(Om) + um (T, ©m) = Nmexp(imz + ipy,), em € R, m=0,£1,...,+n,

2de seaununa n Oviaa onpedesena paree, a Ny, = /1 — dm?.
Kaoicdoe pewenue us cemeticmsa Sy, (@m) yemotiuuso, eciu cnpasediuso HEpaset-
emeo d < dy, (dy, = 2/(6m? — 1)) u neycmotivueco, ecau d > dy,.

Ormerum, ato tpu d = d,, peanundyercs KPUTHIECKUi CIydail TPeXKpPaTHOrO Hy-
JIEBOI'O COOCTBEHHOTO 3HAYEHUs CIIeKTpa ycroitunBoctu. [loguepkuem, aro ipu d = d,,

JIMHENHBIN quddepeHnnajIbHbIi olrepaTop
Av = =02 (v + D) + dvg, + 2dimv,,

rje v = v(x) yIOBAETBOPSAET IIEPUOANIECKUM KPaeBbIM ycaoBuaM v(z + 27) = v(x),
UMeeT TPEXKPaTHOe HyJIeBOe COOCTBEHHOE 3HAYUEHUE, OTBevYaloIiee COOCTBEHHBIM (DYHK-

st (M. [3])
eo(r) =1, e1(x) = cosx — 2imsinz, ex(x) = sinx + 2im cos x.
Tam ke OBLIO TTOKA3aHO, YTO IPH
d=d,(1+ey/2),ye Rm==1,...,4n

U3 COCTOSIHUI paBHOBecHsI ceMeicTBa S, (¢n,) Kpaesoil 3amaqdu (2), (3) mpu v < 0
pOXKIaeTcs JBYMEpHOE HHBapuaHTHOe MHOrOOOpasue Ms(€, ¢y, ), 3aII0JHEHHOE COCTOSI-
HUSIMU paBHOBecHst. Bce 9Tu cOCTOsTHIST pABHOBECHST HEYCTOWIMBDI. /{1 HUX 10Ty YeHbl

ACUMIITOTHICCKIE (DOPMYJIBI

U (t, 7, €) = Up (7, €) = N exp(imz + iy, [1 + &Y2a,,[cos(z + 1) — 2imsin(z + ¥, )]+
+ea? [qo + q1 cos(2x + 2¢,,) + iqe sin(2z + 29,,)] + 0(5)] ,

4m? +3 1 — 4m? m(4m? — 1)
= =

©msVm € R.
B pabote [3] HallJeHbl COCTOAHNS PABHOBECUA, OTJINYHLIC OT YK€ YKa3aHHbIX BBIIIIE,

KOTOphbIE 6y,ZLeM Ha3bIBaTbh COCTOAHUAMU PaBHOBECHUA TPETHLEI'O THUIIA:
u=u(x) = ppsn(dnz, k),
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riae k € (0,1) — mapamerp simnTHYeckoro cunyca sn(y, k),

vV 2k 1

m — 75m: :
Ny ) NN

Benmuuny k,, BeiOupaem Kak npunaiexkamuii narepsaiy (0, 1) KopeHb ypaBHEHUS

w/2

1 2 Y
= ,
mvd T / 1 — k2sin’y
Y KOTOPOTO CyHIECTBYET TOJILKO OJHO pemenne k = k,, = k,,(d) npu dm? < 1.

Bce cocrosinns paBHOBECHS TPETHETO TUIIA HEYCTOWYHUBDI.

3. Ilepuouyieckasi KpaeBas 3ajava JIJisi HEJIOKAJIHBHOTO
ypaBHenusi I'mas0ypra-Jlangay

B manHOM pasjesie Gyjer paccMoTpeHa Kpaeag sajada (4), (3). Dror Bapuant
KpaeBoii 3aJiauu, B OTJIM4Yne OT Kpaesoii 3a1aun (2), (3), panee ne usyuascsa. Kpaesas
sazada (4), (3) mMeer HyseBoe pelleHHe, KOTOPOE, KOHEYHO, HEyCTONUMBO, TaK Kak

CIIEKTP YCTOIYIMBOCTH JIMHEAPU30BAHHO KpaeBoit 3amaqu (4), (3):
U = U+ dUgy, u(t,z + 2m) = u(t, )

COJIEP2KUT COOCTBEHHOE 3HadeHne \g = 1 > 0.

Pemenne xpaepoit 3agaqu (4), (3) MoxKHO HpejcTaBuTh B Bujie psga Pypbe

2w

u(t,z) = Z u,(t) exp(inz), u,(t) = % /u(t,x) exp(—inz)dr,n = 0,+£1, ...

n=—00 0
B pesysbrare jjist u,(t) moyduM cucTeMy U3 CYeTHOrO Yncjia OOBIKHOBEHHBIX udde-

PEHIIMAJIBHBIX yPAaBHEHUIL:

ul, = (1 —dn®)u, —u,V(u), (12)
rie u, = uy,(t), V(u) = Z |lug|?. Tloceamss dbopmMyiia BeITeKaeT u3 pasencTsa Ilap-

k=—00
cesasisg. Cucremy nuddepeniuaabHbx ypaBHeHuii (12) MOXKHO JOMOJHUTH HAYAIBHbI-

MU yCJIOBUAMUA

un(0) = fu,n € Z, (13)

27
rie f, = %/f(x) exp(—inz)dz.
0
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B srom pasnene Gygem canrtarh, uro f(z) € Hg. Yepes Hy, o6o3HaummM, Kak 06bI4-
HO, MPOCTPAHCTBO 27 TEPHOAMIECKNX (PYHKIMH, /Il KOTOPBIX CIIPABEJIABO BKJIIOYE-
une f(z) € WA[0,27], ecm x € [0, 2] (W5[0,27] — npocrpancrso Cobosea). Ciie-
JIOBATEJILHO, TIOC/IEI0BATEILHOCTD { fi} npunagrexkur Hy 4 — auckperHoMy aHasory

npoctpanctBa Hy. B wactnocTu, cxomdarcsd psijibl

o0
Z n?|f.l% p=01,.. .k
Samevarnue 1. Ecmm k = 0 (pacemarpuBaercss Hy), Torma pedb mier o mpocTpas-

crBe nepuoandeckux yuknuii npu x € (0, 27), npunasexkanmx Ly (0, 27). Hakonerr,

Ho,q = lo — npocrpaHcTBO 1I0CIE10BATEIbHOCTEH {ax}, k = 0,+1,+2... ;g KOTOPHIX
oo
CXOJIUTCH P g lax|?.
k=—o0

Ilomoxkum

Uy = Up(t) = 1o (t) exp(ip,(t)) = rexp(ivy), (14)
fn=pn GXP(Z'%), Pns¥n € R,

rje sHadeHnst GbyHKIWi @, (), 7,(t) € R, u, kpome roro, r, > 0.
B pesymnbrare 3amen (14) Bmecro 3amadn Kommu (12), (13) nosyumm aBe HOBBIE

saaun Ko

Ty = AnTp — Ty Z 72, an =1 —dn? (15)
k=—0c0

7 (0) = pp,n =0,+£1,. .. (16)

o =0,0,(0) =1,,n=0,+1, ... (17)

Bamaua Kormm (17) umeer pemenne @, (t) = 1,. CiieroBaTesibHO, ColepKaTEIbHBIM
MOMEHTOB sIBJISIETCSI TOJILKO aHasm3 Kpaesoii 3amaan (15), (16).

Byznem npesnonarars caadania, ato a, # 0 (d # 1/s?). Pacemorpum jBa ypaBHeHUst
u3 cucreMbl (15). OHO U3 HUX € IPOM3BOJILHBIM HOMEPOM S # 0, & BTOpoe ¢ HOMEPOM

n = 0, T.e. ypaBHeHU

rio=asrs —rV(r), ro = agro — roV (r).

Ecim Telepb IepBoe U3 HUX JOMHOXKHTBL Ha Tg, a BTOPOC Ha T's U BbIYECCTH IIOYJICHHO,

TO HOJIy9UM PAaBEHCTBO 1irg — rirs = (as — ag)rsTo U 1moce npeobpasoBanmii

s\’ T 9
(—) = (as — ap)—, as — ag = —ds”,
To To
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re 75(0) = ps, ro(0) = po. OTKyIa HAXOAUM, YTO

rs(t) = Boro(t) exp(—ds?t), B, = %_

CretoBaTesbHO,

Vir) = TO(;) Z p? exp(—2ds*t) = TO—(t)W(t), W(t) = Z p? exp(—2ds*t),

Po P(Q)

S=—00 S=—00

rie W (t) — uzBectnas dynkius nepementoro t. [logaepkuem, 9o psiji B mpaBoil 4acTu
rocjietHeit opMYyJIbl CXOAUTCS ITPU BCEX HEOTPUIATEIbHBIX ¢, €CJI, KOHETHO, TI0CJIe/I0-
BaTeJILHOCTD {ps} € ly. Bosee Toro, dyukimst W (t) npu Beex ¢ > 0 mmeer Ipon3BOHbIE
I060T0 TIOpsAIKa, T.K. pajsl ama W (t) mw W) () :

o0

o
Z p? exp(—2ds*t), Z p2(—2ds*)™ exp(—2dst)
s§=—00 s§=—00
[PU BCEX HATYPAIBHBIX M U t > ty CXOAATCS paBHOMEPHO (g - 100ast HOIOKUTeIbHAST
HOCTOSTHHASA ).
B pesysbrare moaydaeM, 9To HYHKIW 7o(t) MOXKET ObITH OIlIpe/ie/ieHa KaK PEIeHre

caeyronieit 3agaan Korru:

7“() =Ty — r%WO(t), 70(0) = po,

1 o0
riae Wy(t) = P Z p2 exp(—2dn’t).

0

n=—oo

Ypasaenue jist 7 (t) — 910 ypaBHeHne BepHyILIH, 9TO O3BOJISET HANTH 79 B SBHOM

BH/IE:
exp(?) — P
TO(t) = pOTS(t)’ S(t) = Z a—(eXp (2ant) — 1)
CieoBaTesIbHO,

ra(t) = ppXRL@nD)
V14 S (t)
Oynknus S(t) obiagaer CaeyONIMMI CBOHCTBAMMT:
1. S(t) > 0 upm Beex t, S(0) =0,S5(t) > 0, ecom t > 0;
2. Tlpu t > 0 dysxmusa S(t) umeer npoussojnbie Jjoboro nopsjka (S(t) €
C>(0,00)). IIpoBepka mocrarouno cranjgapraa. Bo-nepBbix, npu ¢t > 0 ciipaBejjimBo
uepasencTBo (exp(2a,t) — 1)/a, > 0. Bo-BropsIx,

S'(t) =2 Z P2 exp(2ant), S"(t) = 4 Z P2 a, exp(2a,t)

n=—oo n=—oo
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unput >ty > 0, rae tg — aobast MOJOKUTEIbHAsT TTOCTOTHHASI, PAIbI B IIPABOil YacTH
OCICTHUX (DOPMYJT PABHOMEPHO CXOAATCS. AHAJIOTMIHO JTOKA3BIBAEM, UTO CYIIECTBYIOT
Ipou3Bo/IHbIe S(t) I060r0 MopsiKa.

Beun pazobpan obmmmii cydaii, Korjga Ipeaoiarajsoch, 9ro p, 7 0,ar # 0 npu
JIIOOBIX TesTbiX k. /IBa 0cOOBIX citydad ciiejyeT pa300paTh OTIEIbHO.

[Iycrs ps = 0 mpu kKakoM-TO s € Z, 10 r4(t) = 0, a B dopmyJte st S(t) orcyrcTByer
ciaraeMoe ¢ 3TuM HoMepoM. [lepeiiem Ko Bropomy ocobomy Cirydalo.

Ecau d — Takas mocrosinmas, 4to a, = 0 mpu mexkoropoMm p : (a—, = 0), Te.
d = 1/p*, To mensierca dopmyna aia S(t). B nociemnem ciydae nojaydaem, 4To

0 2

Dn,
S(t) = Z a—(exp(2ant) -1+ 2(p§ + ,Oz,p)t-
n=—oo,n#p,~p

Boseparumest K KomiiekcHoit gopme 3amcn, T.e. K 3agade Komm (12), (13). Io-

JiydaeM, 9TO

_ . exp(agt)  , exp(axt)
Hakomern, perenne kpaesoii 3agaqn (4), (3)
u(t,x) = \/%S(t) k:Z:OO pr exp (1) exp(agt) exp(ikz)
win .
u(t,z) = ! Z frexp(axt) exp(ikx), (19)

VI+S@) =

€CJIM BCIIOMHUTD, 4TO fr = pi exp(it)y,). CupaBeyinBo ciiejiyomiee yTBepK JIeHHe.

Teopema 2. [Tycmo f(z) € H (kK =0,1,2...).
1. Tozda Pyrxyus u(t,z) € C®, ecaut > 0 (t >ty > 0).
2. ©opmyaa (19) onpedeasem pewenue u(t,z) navarvro-kpaesot 3adavwu (4), (3),

(5), daa xomopozo tli:%l u(t,z) = f(x). Omom npedea caedyem nonumamv 6 cmovicie
—0+

HopmoL npocmparcmea Hy.

Samevarnue 2. Kpaesas 3amada (4), (3) JeMOHCTpHpYeT Bce CBOMCTBA, XapaKTEPHbIE

JUTs Tapabosinyecknx ypasHenuii (cM. onpejesenust u3 [2],[4]).

Bossparumcst reneps K anaan3y kpaepoit 3ajgaun (4), (3), mis KOTopoii MbI TOJIBKO
9TO TI0KA3aJIM CYIIECTBOBAHUE DElIeHns pu Beex ¢ > 0, T.e. CylecTBOBaHue 1100aIb-
HOTO peIleHus HadaIbHO-KpaeBoil 3ajadn (4), (3), (5).

[TepeiijieM K ciejyromeMy BOIPOCY IPH aHaju3e Kpaesoil 3ajaun (4), (3): 910 BoO-

IPOC O IIOBEJIEHUU €€ PEeIIeHuid 1Ipu { — 0O.
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Teopema 3. Kpaesas zadaua (4), (3) umeem odnonapamempuueckoe cemeticmeo co-

cmoanuti pashosecus Ag
u(t, z) = uo(x) = exp(igo), o € R,
a MaKsce N MPETnaPaMempuieckus cemeticms cocmosnull pasnosecus Ay, :
u(t, ) = Um () = Ny exp(ima + ipp,) + Nm exp(—ima + ip_p,),

2de Omy P—m — NPOU3BOALHDLE deticmeumenvrsie NOCMOAHHDLE, Mm, T—m — HEOMPUUQA-

MEABHBLE MOCTNOAHHDLE, &/L.FL Komopuvlx CanGGd/LUSO paseHcmeo
2 2 _
nm + T/—m = Q-

Onu cywecmsyiom npu mex HOMEPAT M, —m, 0L KOMOPHT G, = 1 — dm? > 0,

m.e.m=1,...,n, 2den = [\/1/d], ecru/1/d ¢ N un =[\/1/d]—1, ecau /1/d € N.

[Tycrs {0} — myseBoe cocrostaue pasaosecus. [lomoxum A = {0} J Ao U Am, te
m=1

n 6bLT0 onpenesieHo panee (cymma | J A, orcyrersyer, ecan n = 0). CupaBeymBo
m=1

YTBEPKICHHE.
Teopema 4. Unsapuanmmoe mroscecmeo A — 2400a4bHb1l ammparmop 0as pewerut

kpaesoti 3adavwu (4), (3).

HamomHuuM, 9T0 HHBApHAHTHOE MHOKECTBO A siBjIsiercs TI00aIbHBIM aTTPaKTOPOM,
eCJIM BCe pellleHrs KPAeBoii 3a/1a41 ¢ Ha4aIbHBIMU YCJIOBUSAME, KOTOPbIE He [IPUHA,IJIe-
JKaT WHBAPUAHTHOMY MHOYKECTBY A C TeueHHeM BPEMEHU MPHUOJIMKAIOTCA K HEMY.

CupaBeIJIMBOCTb TEOPEMbI 2 TPOBEPSIETCsI MIOJICTAHOBKOI YKa3aHHBIX DEIlIeHUil B
kpaesyo 3agady (4), (3) (cm. dopmymy (19)) 1 aHATIOIHIHO TPOBEPSIETCST CIPABEJIJI-
BOCTb TEOPEMBI 3.

st nokazaresibeTBa TeOpEMbI 4 HEOOXOAMMO JIOKA3aTh, 9TO PEIIeHIe KPaeBoil 3a-
maan (4), (3) ¢ Tedenuem Bpemenu npudsmKaoTcs K A. B ¢Boro odepe/ib, MHOKeCTBO A
cocTouT n+ 2 HecsizaHHBIX KoMoHeHT: {0} u Ag, A1, ..., A,. CiaenoBaresbHO, HEOOXO-
JIIMO TIOKa3aTh, YTO Jroboe pertenue u(t,x) ¢ A ¢ TedeHHeM BpeMeHU MPHOJINKAETCs
K OJIHOM U3 yKa3aHHBIX KOMIOHEHT U IIPOBEPKa JIAHHOTO CBOWCTBa KpaeBoii 3ajaun (4),
(3) Moxker OBITH CBeJIeHA K JJOKA3ATeIbCTBY TPEX YTBEPIKICHHUIA.

Pacemorpum Beromoraresibayio cucremy auddepeHnuaababx ypaBaenuii (12) u
nycrb fo # 0 (po # 0), e fo — koaddunuent psna Oypbe byukun f(x), a pg = | fol.

Toryia cpaBeyInBO yTBEPK ICHHE.

JIemma 1. lim |u,,(t)| =0, ecau m = £1,..., a lim |up(t)| = 1.
t—o00 l—o0
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Yreepxaenue lim |ug(t)| = 1 cBoauTcs K mpoBepKe MpejieIbHOIO PaBeHCTBa
t—o0

t
lim py— P
t—oo 1+ S(t)

K. [ug(t)] = ro(t), aro(t) = Po%
exp(t) Po

S0 VED

. C apyroit ¢cTOpOHbI

o0

e K(t) = exp(—2t) + z—%(l — exp(—2t)) + Z %(exp(—Qdmzt) — exp(—2t)).

0 m=oomat0 m
fAcno, aro tli)r?o K(t) = p/ag = p (ap = 1). OTMeTnM, 9TO KazKIblil 4JIeH PAaBHOMEPHO
CXOJIAIIEroCs Psijla CTPEMUTCS K HYJIIO P ¢ — 00.

Kpowme Toro, mpu m # 0 dbyuxims

Pm 2
[um ()] = ri(t) = — exp(—dm“t)ry(t)
Po
U, CJIeJ0BaTeILHO, IpU ¢ — 00 MMeeT Hy/eBoil mnpexen. U3 jmemmbr 1, ecrecTBeHHO,
BBITEKAET, YTO TAKUM 00pa30M BhIOpaHHBIE pellenus Kpaepoii 3aiaaun (4), (3)

o0

u(t, r) = Z ug(t) exp(ikx), up(t) = fk%

k=—o00

IpUOINKAIOTCA K UKy Aj.

PaccmoTpuMm Terneps BTOpoit BapuaHT BbIOOPa HavdabHBIX ycaoBuit. [lycTs

fo = 07' . 'afi(l—l) = 07
wo |fil? + | f_i|*> # 0, rye narypasbhoe uncio | < n. tax, cipaBejIdBo yTBEp:K ICHHE.
Pt

i+ P2
u tlim lu(t)| = 0, 2de |k| > .
—00

2
ag, lim |u_;(t)|* = Pt a_;,, aq=a_;=1—d?
t—o00

Jdemma 2. lim |y (2)* = =
=00 i+ P2

JlokazaTeabeTBO JIEMMBI 2 HCHOJIB3YyeT TO OOCTOATENbCTBO, UTO YCIOBHE fi =
0,..., frq—1) = 0 Breuer ToxmecrBa up(t) = 0,...,urg-_1) = 0. Iloce yero Bbrumc-
JITIOTCS. COOTBETCTBYIOIIHE IIPEJIEIbl IPAKTUIECKH TeM XKe CII0COO0M, KOTOPBIi ObLI

HCIIOJIb30OBaH IIPU JOKa3aTE/JIbCTBE JIEMMbI 1.

Jlemma 3. Ilycmo k > n. Tozda

tli}f& ULk (t) = 0.
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JleficTBUTE/IHHO,

(1)) = 2O (),
V14 5(t)
HO TIpU 3TUX k cIpaBeyinBo HepaBeHCTBO aj < 0. Jlemma jokazana.

U3 jieMMBbI 2 BBITEKAET, UTO BCE pellleHus KpaeBoil 3a1auu (4), (3), ec/iu BbIIOTHEHbI
YCJIOBUSI JIEMMBI 2 NPUOIMZKAIOTCA K WHBAPUAHTHOMY MHOIOOOpasuio A;.

N3 pemmbr 3, B dWacTHOCTH, BbITeKaer cienyiomiee. llyers fo = 0, fy =
0,..., fae—1y = 0(k > n). Torma up(t) = 0,us1(t) = 0,...,urk—1) = 0 n, cresmo-
BaTeJIbHO, tlgg} um(t) = 0 mpu Becex m. IlocieaHee o3HAYAET, YTO COOTBETCTBYIOIIHE
perriernst Kpaesoii 3a1a4au (4), (3) ctpemsaTes K HyJ0, ecn t — 00.

HemocpeicTBeHHBIM CJIEICTBEEM TeOpeMbl 3 OyJeT yTBEPXKJIEHHE O TOM, 9T0 Ag —
JIOKAJIbHBIN aTTPaKTOP, & OCTABIINECs] KOMIIOHEHTHI TJI00AJbHOIO arrpakropa A, T.e.
Ay, Ag, ..., Ay, {0} ceqyioBble mEBapHaHTHBIE MHOTOOOPA3US B CMBIC/IE KIACCHIECKOTO
olpeJie/ieHnsl yCTOWINBOCTH MHBAPUAHTHBIX MHOTOOOPA3Hii.

HeitcrBurensro, nycrs u(0,z) = f(x), rue dyuxmusa f(x) 6auska K nukiay Ag.
Torma, |fo| # 0, T.e. pg # 0. I3 Teopemsl 4 u jjeMMbl 1 BBITEKAET, YTO TaKOE pEIIeHUe
npubJImKaeTcst K MUKy Ay U OH yCTOUYUB.

[Iycrs Teneps u(0,z) = fi(x), rue dyukiws f;(z) 6mM3Ka K TpeXMEPHOMY HHBApPH-
aaTHOMY MHOroO6pasuio A;. [Tpu srom cpenn dbyukimit fi(x) MOKHO B3ATh TaKytO, ITO

™
1
o fi(z)dxr = 6, vne 0 # 0, HO TeM He MeHee § — JIOCTATOYHO MaJiasi MOJIOKUTEIbHAST
s

—T

nocrosinHas. Ho ongars ke, u3 Teopembl 4 u jiemMbl 1 BeiTekaet, uto dyukms u;(t, )
coorBercTByIOas fi(x), Takzke npubsmkaercs K Ay, Ho He K A; u He K {0}.
Ecii B39Th MOAIIPOCTPAHCTBO IPOCTPAHCTBA HAYAJIBHBIX YCJIOBUIA, BBIIETIEHHOE Pa~

BCHCTBaMU
fo :O7f:|:1 :07"'afi(l—1) :07 [ Snv

TO pereHusi KpaeBoil 3agaun (4), (3) ¢ HaYAJbHBIMU YCJOBUSIMHU, JIJIsT KOTOPBIX
|fil> + |f=]* # 0 ¢ Teyennem Bpemenu npubmmkatores kK A;. MoxHO ckazaTh, 4TO
TPeXMepHOe MHBapHaHTHOe MHOTOooOpaszme A; “ycmoBHo” ycroitumBo. HamomunMm, wT0

ueycroitunBocts {0} BBITEKAaET U3 JMHEHHOrO aHadM3a Kpaecsoil 3amaan (4), (3).

4. 3aKJ/I04eHue

B crarbe paccMoTpeHbI JiBe BepCUU BapHaIllMOHHOIO ypaBHeHus ['mu30ypra-J/lanmay
C TIEPUOJINICCKUMU KPACBBIMU YCJIOBUSIMU.
Pesysnprarhl  aHagm3a TPaJUIMOHHOTO BapWaHTa BapPHUAIMOHHOIO YpPaBHEHUS

F'unsbypra-Jlangay mokaszasm, aro kpaeas 3ajada (2), (3) mpu J0CTATOYHO MaJIOM
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d mMeeT HeKOTOpOe KOJMYECTBO OJHOMOJOBBLIX COCTOSHHIl PaBHOBECHUS, YACTh KOTO-
PBIX ACUMITOTUIECKN YCTONINBaA. AHAIN3 BOSHUKAIOMMX OUdYPKAIMOHHBIX 3a/1a4 110
Kaszaj, 9To JjId Kpaesoil 3ajaun (2), (3) XxapakKTepHbI KECTKHUE JIOKPUTHUECKHE O-
dypramun. OHE TPUBOIAT K 00Pa30BaHUIO B OKPECTHOCTH OJHOMOJIOBBIX COCTOSTHMIA
paBHOBeCHs JIBYMEPHBIX CE€JIJIOBBIX MHBAPUAHTHBIX MHOI00Opasnii, chopMUPOBAHHBIX
POCTPAHCTBEHHO HEOHOPOIHBIMU PENIEHUSMU, HEyCTONIMBBIME TTATTEPHAMHU.

B paborax |7], [8] 611 uzyden Bompoc o CymecTBOBAHUN TJIOBATBHOIO ATTPAKTOPA
JUIst Kpaesoit 3ajaqn (2), (3). 13 pesysbraToB 3Tux paboT BBITEKAET, YTO II00aTHHBII
aTTPAKTOP CYIIECTBYET, HO I[P CYIIECTBEHHBIX orpaHmdeHusax. OH CyIIecTByeT JIJIst
periennii ¢ HavaabHBIME yesaoBugMmu, npuaapiexkamummu CP(R). Kpowme toro, B 91X
paboTax MCIOJIb30BAH METOJI, KOTOPBIA He MO3BOJISIET OIPEIETUTh CTPYKTYPY TI06a/ b
HOI'O aTTPaKTOpa U €ro pa3MepHOCTh. BO3MOXKHA JIUIIL ONEHKA PA3MEPHOCTH TI00A/b-
HOT'O aTTpaKTopa.

Unas curyarys peajn3oBaHa MpH aHaau3e Kpaesoil 3agaan (4), (3) s HesloKa b-
HOTO BapWaHTa BapualMoHHOro ypaBHeHnus ['muzOypra-/lanmay. B sTom ciyuae rio-
GaJILHBIH aTTPAKTOP U IJI0OAJbHBIE PENIeHUsT CYINECTBYIOT IIPH JII0O0M BBIOOPE HEepuo-
nmaeckux byuknuii f(x) € Ly(0,27). Crpykrypa riobaibsHOro arrpakTopa J0CTaTod-
Ha, IIPOCTa — 3TO COBOKYIIHOCTH COCTOAHMII PABHOBECHS, B TOM HUHCJIC, HEOIHOPOIHBIX.
[Tpu sToM rI06asbHBINA aTTpaKTOp pasbuBaercs Ha n + 2 KOMIOHEHTHI, rje n = [1/1/d]
wim n = [y/1/d] — 1 u pasmepHocTh ux paBHa 1 Win 3, ecju HE CYUTATH HYJIEBOE

cocTostnue pasHoBecus. HarmoMunM, 910
dim(Ag) =1, dim(Ax) =3, k=1,...,n,

rie n = [\/1/d], eciu \/1/d ¢ N wmu n = [\/1/d] — 1, ecxm \/1/d € N.

YMeCTHO OTMETHUTD, 9TO B OOJIBIIMHCTBE PabOoT, IJie U3yJasIiCsd BOIIPOC O CYIIECTBOBA-
HUU [JI00aJIbHBIX aTTPAKTOPOB JJIsi H3BECTHBIX 9BOJIIOIUOHHBIX YPABHEHUI NN CHCTEM,
KaK IIPABUJIO, IIPUBO/IIIIACH JIUIITH OIEHKA €ro pa3MepHoCTH (cM, HanpuMmep, [1], [5],[18],

a TaKkKe JINTEPATyPHbIE CCBLIKKU B 9TUX paboTax).
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006 acuMOTOTHMYECKOIl YCTONYNBOCTU
IIePEBEPHYTOr0 MasITHIKA C TPEHUEM
11 ABYKPATHBIM 3alla3JIbIBaHINEM B MeXaHU3Me

obparHoii csa3u. I'

M. B. MyJsioKoB

[TepMmckmit TOCYIAPCTBEHHBIN HAIMOHAJIBHBINA UCCIEI0BATETHCKIN YHUBEPCUTET,
[TepMcKuit HAIMOHAJIBHBINA UCCIEI0BATEIHLCKII TOJUTEXHUYECKIH yHuBepcuTeT, [TepMmb
614990. E-mail: Mulykoff@gmail.com

Awnnoramus. Paccmorpena juHeiiHasi aBTOHOMHAsI MOJIEJb [TEPEBEPHYTOIO IIJIOCKOIO MASTHUKA C
JIBOMHBIM 3alla3/IbIBAHUEM B MeXaHU3Me O0PaTHOM CBsA3M U jAeMiidupyiomneit cuoit. Beanaunsr 3amas-
JBIBAHAN COOTHOCATCH KakK ofuH K nByM. Ha koadduimenTs Mogen HaJ0KeHbl HEKOTOPhIE OTDAHI-
YeHUsl, TIPU YCJIOBUM COOJIIOJEHNS KOTOPBIX MOJIy9YeHbl HEOOXOIUMBIE U JIOCTATOYHBIE YCJIOBUSI ACHMII-
TOTUYIECKOM ycTONInBOCTU MOjiesin. Kpurepuit yCTONINBOCTH JIAH B T€OMETPUIECKON U AHAJTUTUIECKOM

dopmax.

KiroueBble cisioBa: nepeBEPHYTHIN MasTHUK, nuddepeHInajlbHble YPAaBHEHNs C 3alla3/bIBAHUEM,

ACUMIITOTHUYIECKaA yCTOfI‘{HBOCTb.

On asymptotic stability of inverted pendulum with
friction and with double delay in feedback. I

M. V. Mulyukov
Perm State National Research University, Perm 614990,
Perm National Research Polytechnic Unversity, Perm 614990.

Abstract. The linear autonomous model of inverted pendulum with delayed feedback and friction
force is considered. There are two terms with delay: the magnitude of the largest delay is twice as large
as the least one. The model is considered under some condition on its coefficients. The necessary and
sufficient conditions of asymptotic stability of this model are obtained under this coefficient condition.
The investigation is based on development of D-subdivision for two-parametric differential equations.
The stability domain is described analytically and represented geometrically. The results obtained can
be useful for investigations of local asymptotic stability of non-linear models of inverted pendulum
with double delay in feedback and with friction force.

'Pa6ora BBIIONHEHA TIpH GUHAHCOBOH moxaep:kke PODI, rpant Ne 18-01-00928
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BBenenue

Crabusmsaln nepeBEpHyTOro MasgTHIKA — 3a/1a9a, eCTeCTBeHHO BO3HUKAIONIAS BO
MHOT'MX IIPpUKJIaJHbIX HayKaX, MHTEpECHa U C TeOpeTI/IquKOﬁ TOYKH 3pEHUA.

Hanbosiee m3BeCTHBIM peIIeHHEM 3TOI 3aJla9u CJIYXKUT METOJI CTaOWIN3aIund I10-
CpeJCTBOM BePTUKaJIbHBIX KOJIe6aHHI7'I OCHOBaHU . BHepBbIe 9TOT METO/ 6b1ﬂ CTpOro
obocrnoBan H. H. Boros6ossim 2] (mo-Bugumomy, emé B 1942) n HAMVISAAHO TPOJIEMOH-
crpuposan I1. JI. Kamureit [3] 8 1951.

Hpyroii criocob crabuim3npoBaTh KosiebaHust IEPEBEPHYTOIO MasgTHUKA BOJIM3H BEp-
TUKaJIbHOI'O IIOJIO2KEHUA PaBHOBECUA COCTOUT B YIIPDAaBJIEHUHU B BUIE O6pa,THOI71 CBA31.
VupasJisioniasi Cijia MOXKeT pearnpoBaTh Ha U3MEHEHU B yIJie OTKJIOHEHUS U YIJIOBO

CKOPOCTH Kak MrHOBeHHO [10|, Tak 1 ¢ HEKOTOPBIM 3ala3/bIBAaHUEM.

Puc. 1. Cxema 06paTHOTO MasiTHUKA

[Ho-Bummomy, G. Stepan 1mepBbIM TIPEJIOKU M UCCIIEIOBA Ha YCTONIUBOCTH MO-
JIeJIb, YIUTHIBAIOILYIO 3alla3/bIBAHIE B MEXaHU3Me OOPATHON CBA3U MEPEBEPHYTOTO Ma-
arauka [19]. Jluneapuszanust 1ot Moje nNpUBOAUT K judOepeHIuaIbLHOMy ypaBs-
HEHUIO BTOPOT'O MOPSIKA C OJJHUM OCTOSHHBIM COCPEJIOTOYEHHBIM 3alta3/ibiBanueM. B
HACTOAIINI MOMEHT HanboJIee AaKTUBHO 9Ta UJIes] PA3BUBACTCA B HECKOJILKUX HAITPABJIC-
HUsIX: JIH00 u3yderne shdekTa HeTMHEHHOCTH (KaK [PABUIIO, UMEET MECTO YIIPABJIEHIe
¢ nepekjouenueM) (15, 16, 17|, 6o yenoxkHeHre 1 nojApoOHOe U3ydeHue JIMHEHHBIX
mozeseit [4, 5, 6, 11, 13, 18].
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Ha pucynke 1 m300pakéH nepeBEpHYTHINT MagTHUK Ha TeJIeXKKe, K KOTOPOil 1pu-
JioxkeHa cuya F'. BooOie roBopst, BeJIMYIuHA 3TOM CHJIBI MOYKET IIPEICTABIATH CODOI
bYHKIHOHAT KAK OT yIIa HAKJIOHA #, TaK U OT YIVIOBOH CKOpOCTH 6.

Hacrosimas pabora mpojokaer ucciegoBanue [6], B KOTOPOil paccMaTpHBaeTCsI
caydail, Korja JimHeapu3alus GyHKIIMOHAIA ? BOJIN3M HYJIEBOI'O IOJIOYKEHUsI PaBHO-
BeCHsi UMeeT BU/I:

F(t) = —kn(t — ) — koO(t — 2h),

rie ki, ko € Ru h > 0.

B ornmunm ot ykazaHHO#l cTaTbU B HACTOAINEH PabOTe YIUTHIBACTCA CHUJIA TPEHUS
B IMapHUpPE, TPOMOPIUOHAIbHAS YIJI0OBON CKOPOCTH 6. O6o3HAIM gepe3 o > 0 Koa(h-
PUIUEHT TPOMOPIUOHATBHOCTH 3TOM CHJIBI.

O6o3HaINM YaCTOTY COOCTBEHHBIX KOJIeDaHUil MasTHUKA depe3 w > (.

OcnoBnas 3ajia4a — HafiTH KPUTEPHUIl ACHMITOTHICCKON YCTONIMBOCTI MOJIE/IN Ma-
SATHUKA, JITHEAPU30BaHHON BOJIN3U BEPTUKAJIBHOIO TOJIOYKCHUS PABHOBECHUSI, B TEPMHU-
Hax MapamMeTpoB 3aja4u: w, g, h, ki, k.

3HaK BeJIMUUHLL w4+ ky OKa3LIBAET BJIMSHEE Ha CTPYKTYPY 00/IaCTH YCTONYUBOCTH 1
Ha, JIOKA3aTe/IbCTBO TEOPEMbI 00 YCTONYUBOCTU MOJIEJIH, IIO9TOMY UCC/IEIOBAHUE MOJIC/IH
pa3buTo Ha JBE YACTU B 3aBUCUMOCTH OT 3HaKa ITOH BeJWduHbI. B HacTosdmeil craThe

paccMOTpeH ciydvail, Korjia JIaHHBIN ITapaMeTp He OTpUIaTe e .
1. Monenb

Paccmorpum ypaBHenue
0(t) — w?0(t) + ob(t) + k10(t — h) + ka0(t — 2h) = 0, (1)

e w,o,h > 0wu ki, ks € R.

Jl1st KOpPEKTHO# TTOCTAHOBKHM 3a/1a"u TPe0yeTCsi BBECTU CyMMUPYEMYIO HAYAJIHHY IO
dbyuximo ¢ Tak, aro 0(§) = ¥(§) upu £ € (—h,0). Torma pemenne ypasuenns (1)
CYIIECTBYET W €JIMHCTBECHHO B IPOCTPAHCTBE (PYHKIUI € JIOKAJIHHO abCOIOTHO Helpe-
PBIBHBIMHU TTPOU3BOIHBIMU.

Moy acuMIITOTHYECKOH yeTORYNBOCTBIO ypaBHenus (1) GyueM HOHUMATH CTpeMJie-
HUe K HYJIIO €r0 PEeIIeHs BMeCTe C IIPOU3BO/IHOM IIPH JII0OOH CyMMUPYEMOil HadaIbHOM
dbyukIwm 1) u 066X HavaabHbIX HaHHbX 2(0), £(0) € R. Kak ussectHO, acummnrornde-
CKas YCTOWYMBOCTb SKBUBAJIEHTHA IKCIIOHEHIINAIBHON U, CJI€/I0BATEIHLHO, SKBUBAJIEHT-
Ha PAaCIOJIOKEHUIO B OTPUIATEIbHON IOJIYIIOCKOCTH BCeX KOPHEU Tapaxmepucmuye-

ckotli pyrnxyuu P, KoTopas B JJaHHOM CIydae MMeeT B
d(z) = 22—t oz4 ke + ke 2 eC. (2)
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PaccMOTPUM Zaparkmepucmuveckoe ypaenerue B BUe
2?e* +xchz+ B+ (shz + pze” =0, (3)

Ypasuernus (3) u ®(z/h) = 0 umeer oIMHAKOBLIN HAOOD KOPHEHl B KOMIIJIEKCHOI

IIJIOCKOCTH, €CJIN IIOJIO2KHUTD
X:h2(k2_w2)> QZ_hQ(w2+k2)7 @:hzkla N:hU

Hamnee 6ynem nccienoBath ypaBHeHne (3) B MPEANOIOKEHUN HE3ABHCHMOCTH €r0
koaddurmerToB. OHaKO, B 00IEM CjIydae MOCTPOUTH 00JIACTh YCTOWIUBOCTHA B TIPO-
CTPAHCTBE YETHIPEX TTAPAMETPOB — JOCTATOYHO CJIOYKHAA 3a/1a9a, TO9TOMY HUZKe OyIyT
HAJIOXKEHDbI TPU ONPAHUYEHUS.

Bo-niepBoix, 6yieM cuntarh, 9To p > 0. Bo-BTopnix, ¥ + ¢ < 0. B Tpernux, ¢ < 0.

I[lepBble Ba yC/IOBHA 9KBUBAJICHTHBI Hepasenctsam ho > 0 u w? > 0. Ouesumno,
9TU YCJIOBUS HE OTPAHMYIMBAIOT OOIIHOCTD 3a/Ia4U.

TpeTbe ycioBHe SKBUBAJEHTHO HepaBeHCTBY w’ + ko > 0. JlaHHOe HepaBeHCTBO
HE BBITEKAET U3 MOCTAHOBKM 3ajadu. Takum oOpas3oM, JaHHOE HEPABEHCTBO sIBJISETCS
CYIIECTBEHHBIM OrpaHmdeHneM obmuocTn 3agaan. Coaydait w? + ky < 0 J072KeH OBITH

PaccMOTPEH OTJIETBHO.

Teopema. ITycmo x +( < 0 < p u ¢ < 0. Toeda 6ce xopru ypasrernua (3) umerom
OMPUYAMEALHDIE GEULLCTNEEHHBLE YACTNU 6 MOM U MOALKO MOM CAYYAE, €CAU GOINOA-

HANOMCA HEPABEHCTNEA.!

X+ 8>0, (4)
(+p>0, (5)
xcosn + B < n?cosn + punsinmn, (6)

ede 1 — eduncmeennoili KOpeHs YpasHEeHUA

pnetgn =n*—¢ (7)
u3 unmepsana (0,).

Jlokasamenvcmeso. Tlpu hUKCMPOBAHHBIX 3HAYEHUSAX TAPAMETPOB ( U [ ypaBHeHuUe (3)

UMEET BIIT:
xf1(2) + Bfa(2) + fo(2) =0, (8)

rae fi(z) = chz, fo(z) = L u fo(z) = 2°€* + (shz + pze®.
YpaBHeHUE BUjIa

r1f1(z) + r2f2(2) + fo(2) = 0, (9)
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rje 11,79 € R HasbiBaeTCs d6ynapamempuyieckum Tapaxkmepucmuieckum YpacHEHUEM.
[TpoBesiém ucciiesioBanne ypasHerust (8) B COOTBETCTBUM ¢ METOJUKON, U3JIOKEHHON B
pabore [7].

O6osnaanm F(z,11,1m9) = r1fi(2) + rafa(z) + fo(z). Hna xpatkocru, dyHKIHO
F(-,71,72) GyJeM Ha3biBaTh Ycmoliuueol, ecii Bee eé KOPHHU JIEZKAT CJIeBa 0T MHUMOI
ocw.

Byzem mcKaTh B IPOCTpaHCTBE MApaMeTPOB T'1,T; MHOXKECTBO TOYEK, HA3BIBACMOE
00.4aCMBI0 YCMOTUUBOCMU, KOTOPBIM COOTBETCTBYIOT yeTOluuBbie byukimu F (-, ry, rs).
[Tpuna IesKHOCTh TOUKH { X, 5} 9T0il 06/1aCTH SKBUBAJIEHTHA TOMY, YTO [IPU 33 [aHHBIX
sHaueHUAX ( U [t BCe KOPHU ypaBHEHHUs (8) JIezKaT CjieBa OT MHUMOMN OCH.

Baeném obosnauenud:

A(p) = Imfi(—ip) f2(iv),  wi(p) = Imfo(iv) f2(—ip),

uz () = Imfo(—ip) fr(i), = {uy,uz}.
Torna
u(p) = ((¢ = ¢*)sinp + pp cos p) {1, — cos p}.

Heorpurnaresibabie KOpHU cucTeMbl ypaBHeHUH U(p) = 0 HA3BIBAIOTCS YaACTMOMAMU.
O603HAYNM YIIOPsIZIOUEHHOE TI0 BO3PACTAHUIO MHOXKECTBO 4acToT 1epes3 {6}, rae n €
Nu{0}.

Kaxk noit wacrore 6,, coorBeTcTBYET IpsiMas L,,, KOTOpas OIMUCHIBAETCS yPaBHEHIEM
F(Z&m T, 7”2) =0.

Jlerko Bugeth, uto0 A(p) = 0 u u(p) # 0, ciaegoBaresnbHO, ypaBHeHne (8) mpes-
CTaBJIAET CODON J8YNAPAMEMPUYECKOE TAPAKMEPUCTNUYECKOE YPABHEHUE MPEMBELO PO-
da |7, c. 97|. g ypaBHeHHUiT 9TOr0 THIA YHCIO KOPHE ¢ MOJOKUTEIHHON BelecTBeH-
HO¥ 9acThbIO B IIJIOCKOCTH ITApaMeTPOB MEHSETCsl TOJLKO IPU IIEPEXOJie depes3 MPsMble
L,,, nostomy obsactu D-pasdOuenus npeacTaBisgioT COOOM BBILYKJIbIe MHOTOYIOJIbHMU-
Ki (OrpaHNYEHHbIEC UM HEOTPAHUIEHHBI). DTOT GaKT CYIECTBEHHO YIIPOIAeT aHAJIN3
U3MEHEHHUs 00JIACTH YCTONYUBOCTH IIPU U3MEHEHUU MTapaMeTpoB j u (.

Jlerko BujieTh, 9To npu JI0ObIX ( u pu uMeeM Oy = 0, ciaemoBaTenbHO, paMas L
OIIMCHIBAETCS ypaBHEHHEeM 11 + 19 = 0.

Eciu n > 1, To ypaBuenue mnpsamoit L, umMeeT BHUI;:
rycos B, + ro = pb, sin b, + 03 cosb,,.
Aanee 6ydem noaazamo, wmo p > 0.
B paccmarpuBaemom ciaydae ypashenue u(y) = 0 S5KBUBAJIEHTHO yPaBHEHUIO
poctgp = * —C. (10)
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[Iycrs n > 1. Torga 6,, — kopenb ypasrenus (10) u3 unTeppasa

(7‘1’(71 — 1),7m), ecom ¢ + p >0,
(mn,m(n+1)), ecam ¢+ p < 0.

Ecau u/(6,,) # 0, To 0603HaIMM depe3 H,, TOJIYIIIIOCKOCTD, YOBIETBOPSIOIIAs Hepa-
BCHCTBY

F(il,11,79) fo(—i0)d, (6,) > 0. (11)

[Ipsamas L,, peauT IJI0CKOCTH Ha JIBE MOJIYILJIOCKOCTH. 3aMeTuM, 9To H, —3Ta Ta
U3 9TUX IOJIYILJIOCKOCTEH, JIJIT KOTOPO# IIpU Tepexojie Yepe3 MpsaMyio L,,, KOJTM9IeCcTBO
KOpHEH ¢ HEOTPUIATEAbHON BEIICCTBEHHON 4aCThIO YMEHbIIIACTCH.

Nmeem
fa(—ip)ui (@) = —(24 p)psing + (¢ + p — °) cos p.

B cuy ypasuenus (10) umeem:

_ , 20,, sin’ 6,, + 1u(6,, — sin @ cos b,
Fo—i0,)0d,(6,) = — il 005 bn)

sin b, (12)

Bamernm, 9To npu JOOOM HATYPAJBLHOM 1 IUCJIUTENb B BhpaykeHnn (12) mosroxu-

TEJIEH, MTOITOMY HOJIYIIJIOCKOCTD H,, OIPE/IeIeHa U OIMUCHIBACTCA HEPABEHCTBOM:
(1 cos B, + 19 — 02 cos b, — ub, sinb,) sinb,, < 0. (13)
Ecmu ¢ 4+ p # 0, To nosytockocts Hy orpejiesieHa u 3a/1aéTcsi HEPABEHCTBOM
(C+p)(r1+r2) > 0.

O6osnadaum Dy, = (), Hn.
UssectHo |7, c. 101, Caencrsue 4.1], uro ecau Dy # (), 1o mbo Dy siByisiercst obJia-

CTHIO YCTOWYIMBOCTH, JINOO 00/IACTH YCTOWYUBOCTH ITyCTa.
Janee 6ydem noaazamo, umo ¢ < 0.

[Tokaxkem, uto nipu ¢ + p < 0 06/1aCcTh YCTOWYMBOCTHU ITyCTA.
B pabore [8, c. 2060, Teopema 4| pacemarpusaercs gacTHblil ciydaii ypasaenus (3)
npu x¥ = 0. B wactnoctu, nokazano, 4ro ycjaosue ( + g > 0 gBiagercd HeoOXOIUMbIM

JIJIS TOTO, 9TOOBI BCe KOPHH YPaBHEHUS
22"+ B+ (shz+ pze =0
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nexau cyeBa or MEIMON ocu. CienoBaresnbHo, dyuknusa F(-,0, 5) Heycroitunsa npu
mobom B € Ru (4 p < 0. Touku, COTBETCTBYIOIINE TOMY YPABHEHHIO, IIPUHAIJIEKAT
BEPTUKAJILHO OCH.

B cuny ¢ < 0 umeem ctg 6, > 0 (npu n > 1), ciegosarensuo, ub, tgo, + 62 > 0, o
ecTh Havdaa0 kKoopauHar O npuHaIIeKuT D;.

Kpowme Toro, Touka O NpuHaIIEKUT MPAMOi Lo, TTOSTOMY MOXKEM BOCIIOJIb30BATh-
csl BTOPBIM IIyHKTOM cJiejictBust 4.3 paborer |7, ¢. 101], coriacHo Koropomy 006J1acTh
YCTORYMBOCTHU IIyCTa, €CAU CYIIECTBYET HpsMasl, Hpoxoisdiias depe3 Touky O, HO He
coBnaJamomas ¢ Ly Takas, 9T0 B JiI000i Touke 1ol mpsmMoil dbyakims F(-, 11, 79) He
SIBJISICTCS YCTOWYINBOM. DTUM YCJIOBUAM yJIOBJIETBOPAET BEpTHKAJIbHAS 0Chb. Takum 00-

pazoMm, pu ¢ + p < 0 06JacTh yCTORIMBOCTH ypaBHeHust (3) mycra.
Aanee 6ydem nosazamo, wmo ¢ + > 0.

Bo-niepBbix, ormernm, aro coryiacao pabore |8, c. 2068, Teopema 5| obsacts ycroii-
YMBOCTH He IycTa (HalllyTcst 3HaYeHus X Takue, 9To ypasHenue F'(y, 0, ) Oymer ycroii-
YHUBBIM).

Ilpu 71 = 79 = 0 u n > 0 mepasencrso (13) npumer Bug: 0 < wb, tgh, + 62,
KOTOpOe, 04eBU/IHO, ciipaBe/iinBo. CjenoBaTe/IbHO, HAYAJIO KOOP/IMHAT PUHAJIEKUT
nostyriockoctu H,, npu jodom n > 1. B To ke camoe Bpemd Ha4aJI0 KOOD/IMHAT
NPUHAICKUT psAMOit Ly, TakuM obpazom, Dy He IycTa u, CJIe0BATEIBHO, SIB/ISCTCS
00J1aCTBIO YCTOWIMBOCTH.

Ob6osznaunum 1epe3 L* mpamyio 11 = —(, a depe3 H* — HOJYILIOCKOCTh, PACIIOJIO-
JKEHHYIO JIeBee JaHHOU IIPAMOI.

O6o3HaunM TOUKY Tepecedenus npsambix Lo u Ly depe3 A; Touky nepecedenus Ly
u L* —uepe3 B; Ttouky nepeceuenuss Ly u L* —uepe3 C'. Haitiém KoopuHATHI 9TUX

TOYEK.

Nnmeem A(—gu(ﬁl), gu(Gl)) , TJIe

[sin g + pcos
(1 — cosp)

gulp) =

B(—(,¢), C(=¢ pbsinby + (¢ + 67) cosby).

Ha pucynke 2 ob6osnauen tpeyrosbauk ABC. Beprukaibhas npsimasi L* orpanu-
YMBaeT PACCMATPUBAEMYIO MOJIYILIOCKOCTh (CJIEBA).

I[Ipu ( — —p touka B crpemurcesa Kk Touke C, mosromy B 1ockoct ( + pu = 0
tpeyroibHuk ABC BBIPOXKIAETCA B OTPE30K, HO 1pu ( + p > 0 JaHHBIH TPEyTOJIh-
HUK MMeeT HEeIyCTYI0 BHYTPEHHOCTH, KOTOpas, KaK MbI [TOKaXKeM HUKe, COBIIAJIAeT C
obstactbio Dy N H*.
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Lo
L,
B
A
g
Puc. 2. Ceuenue obiacts ycroitausocru ypasaenus (3) upu ( = —2 u p = 4

QaKTUIECKN, YTBEPKIECHUE TEOPEMbI CBEJIOCh K TOMY, UTOOBI JIOKa3aTh, YTO Bep-

mHbl Tpeyrosbanka ABC npunajyiexkut H,, npu jgrobom n > 1.

[Tokarkem, aro Touka A npunajiexut H, upu jgrodom n > 1. [1o onpegeneruto 31o

9KBUBaJICHTHO HEPABEHCTBY'!

_ gu(01) 2
g.(01) + cost, < 05 + b, tg0,. (14)

[Ipeobpasyem uepasencTso (14):

(=gu(61) = ¢) + (gu(&) L ) < —(+ 02— b, ctgb,. (15)

cosf, sinf, cosb,

B cuity roro, uto 6,, — Kopeub ypasHenus (7), npaBast 4acTh HepaBeHcTBa (15) pas-
Ha HYJIIO.
Bocmosp3oBaBimcs Tem, 9To ¢ — KopeHb ypasHeHust (7), HOTyIuM

0, 1 —cost,
—g,(01) —(=———7—1{6:(1 0 —F— | <.
9u(01) = ¢ 1 —cost, ( {1+ cosu) + p sin 6, )
Hauee,
0, 24+2p 1
. > = — max g,(p),
| sin 6, i 1 o€[0,7]

CIIeZI0BATEIBHO, (16, > g,(01)sinb,. JoMHOXKHB JIeByI0 U IPaBYIO YaCTh HEPABEHCTBA

Ha ctg 6, moaygaem
gu(01) 16y,

— — < 0.
cosf, sind, cosb,
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Urak, BbIpazkeHue, cToslee cjeBa B HepaBeHcTBe (14), oTpurarenbHo, CJe10Ba-
o0
TeJIbHO, HePaBeHCTBO BepHO. Takum obpasoM, Touka A npuxaiiekut [\ H,.
[Tokaxkem, uTo Touka B mpunajjiexut H, mpu jgwodom n = 1. Ing sToro neobxo-

JAUMO M JOCTATOYHO IMTOKa3aTh BBLIIIOJITHCHNA HEPaBCHCTBA.

1
02 + pb,, tg b, > (— — 1> )
cos 6,

Bocnomsayemes (7):

16, 1
> ¢l 2—

cosB,,sin b, cos b,

YennnMm JAaHHOE€ HEPABEHCTBO, BOCIIOJIb30BABIINCHL TE€M, YTO [ > |C|

0, > 9 1
cos B, sind, cosf,

CupapeJIMBOCTD OC/IEJIHEr0 HEPABEHCTBA BHITEKAET U3 OLEHKH
w > ‘simp(l — 2(:osg0)|,

CIIpaBeJJINBOI JJId (o > T.

[Tokazkem, aro Touka C' npuHaIekuT H,, npu jgodom n > 1.

Samerum, aTo ecau Obl Touka C' He NpUHAJJIEXKATA FH, TPH HEKOTOPOM YTETHOM
n, TO U TOYKa B He mpuHajyIexKa a 3Toi moaymaockoctn. CrenoBaTe/bHO, OCTa8TCsT
paccMoOTpeTh CIydail, Korja n — HeYETHOe IHUC/I0, OOJIbINee €INHUIII.

Touka nepecedenus mpsamMoit L,, ¢ OCbIO OPJAUHAT UMeEET KOOP/IUHATY:

ro = \/QiﬂLHQQ%_CQ-

OTH 3HaYECHUs MOHOTOHHO pacTyT C BO3paCTaHHuEM 7.

Touka nepecedenus L, ¢ npamoit Ly nmeer adbCIuccy:

62 cos 6, 0, sind,
5 COS U + b, SIn <.

r =
cosf, — 1

CnentoBaTeibHO, ipsiMble L, n L, mepecekaroTcs B 1eTBEPTOM KBaJIpaHTe, a Touka C'
NPUHAJICKUT IIEPBOMY UM BTOPOMY KBaJIpaHTy. Takum o6pa3om, Teopema MOJTHOCTHIO

JIOKa3aHa. ]

O6o3unaquns £ = 1/h 1 npoBeist 0OPATHYIO 3aMEHY, TOJLy UM CJIEYIONIee YTBEPK Ie-

HHUe:
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Caeactsue. ITycmv w? + ko > 0.
Tozda das mozo, wmobw, ypasnenue (1) Oviao acumnmomuuecku Yecmotuuebim,

HEe0OTOOUMO U AOCTNAMOYHO, YMOOBL BVINOAHALUCY CACOYIOWUE HEPAGEHCTNEA.!
2
w” < k‘l + k’g,

o > h(w? + ky),
_ @)tk
LR (@ )

ede & — eduncmeentvill Kopens YpasHeHUus

EHw 4k

h& = arcctg e
o

3akJro4eHue

B macrodmieit crarbe IPOBEIEHO YACTHYHOE UCC/IEIOBAHUE YCTOWYMBOCTU MOJIETN
MEPEBEPHYTOTO IJIOCKOIO MAATHUKA C TPEHUEM B CJIydae, KOrja B MeXaHu3Me 00paTHO
CBSI3U MMeeTCsl JIBYKPATHOE COCPEIOTOYEHHOEe MTOCTOSTHHOE 3aIla3/IbIBAHIE.

st coydast, Korja KoahUIMeHTs ypaBHeHus (3) YIOBIETBOPSIOT HEPABEHCTBY
w? 4+ ky > 0, mocTpoeH KpuTepuii acCUMIOTOTHYECKOl yeroitunsoctu. Kpurtepuit nan B

HarJIsSIIHOW MeoOMeTPUIecKol 1 aHAJIUTUYIECKON dopmax.

ABTOp BBIpazkaeT 0JIArOJJAPHOCTD PEIEeH3EHTY 3a BHUMATE/IHHOE IMPOYTEHNEe PYKO-
[ACA U 3aMeYaHusl, CIIocOOCTBOBABIINE YJIYUIIEHUIO M3JI0KeHUs. KpomMe Toro, aBTop

IpuUu3HaTeJIEH PEHEH3CHTY 3a MHTEPECHOE OCBCIIECHUEC I/ICTOpI/I‘IGCKI/IIU/I YaCTH BOIIPOCa.
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Amnnoramnusa. B pabore usydaercs 3amada 0 cBOOOIHBIX KOJEDAHUSX TEJa, IaCTUIHO 3AIIOJTHEHHOTO
MJIeaJIbHOM OJHOPOJHON KMJIKOCTBIO, O JIEHCTBUEM YIIpyrojeMidupyrliero ycrpoiicrsa. lokaza-
HO, UTO WCCJeyeMas 3aJlada UMeeT JIMCKPETHBIN CIEeKTD, JIOKAJN30BAHHBI B BEPTUKAILHON MOJIOCE,
UCCJIeIOBAHA aCUMIITOTHKA crieKTpa. Jlokaszana teopema o H6asucHocTu mo Abeso-JInackomy cucrembr

KOPHEBBIX 3JIEMEHTOB 3aJIa9H.
KuroueBbie ciioBa: uieasbHas KUIKOCTh, yHOPYTOAeMIpupyromee yCcTpOHCTBO, CHEKTP, Oa3mc

Ab6ena-JInnckoro.

A Problem on the Normal Oscillations of a Body
Partially Filled with an Ideal Homogeneous Fluid
under the Action of an Elastic Damping Device

K. V. Forduk
V.I. Vernadsky Crimean Federal University, Simferopol 295007.

Abstract. We investigate a problem on normal oscillations of a body partially filled with an ideal
homogeneous fluid under the action of an elastic damping device. We prove that the problem has a
discrete spectrum localized in a vertical strip. The asymptotic behavior of the spectrum is investigated.
The theorem on the Abel-Lidsky basis property of root elements of the problem is proven.
Keywords: ideal fluid, elastic damping device, spectrum, basis of Abel-Lidsky.
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BBenenue

B pa6OTe uccJjie1yercd 3ajlada O HOPpMaJIbHbIX KOJIeOaHUAX TeJla, 9aCTUYIHO 3allOJI-

HEHHOT'O UJIeaJIbHOM OJTHOPOTHOM XKUJIKOCTBIO IO/ JIHICTBUEM YIIPYT0IeMII(PUPYIOIIETO
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ycTpoiicTBa. dTa 3agada mnoctasjeHa mnpodeccopom H. /1. KomageBckum, mosryaeHHbre
paHee pe3yJbTaThbl O CUJIbHOU Pa3pellnMOCTU COOTBETCTBYIOIIEH HaYaIbHO-KPAaeBOil 3a-

Jladu oyOJIMKOBaHbl B paborax |7, 8].

1. ITocTanoBka HaYaJIbHO-KPaeBOil 3aJa4n

PaccmoTpuM OTKPBITBHIN COCYI, YACTHYHO 3alOJTHEHHBIN OJIHOPOJIHON WJIea/TbHOI
JKIJIKOCTBIO IJIOTHOCTH p > (), KOTOpas B COCTOSHHUN HOKOdA 3aHuMaeT obaacTsb ) C R?
co c¢BobomHOM Tpanuteit I m TBep0it crenkoit S. B coctostiun mokost rpanuity [’ caura-
€M FOPU30HTAJILHON MPAMOI. 3a CUeT HAJUYUS JABYX IIPYKUH, IPUKPEILJIEHHBIX K TBEP-
JI0i CTeHKe cocy/la, KaK II0Ka3aHo Ha pUC. 1, 1 HEIIOJBUKHONI NOPU30HTAIBLHON TBEP/I0it
[HOBEPXHOCTH, B3aUMOICHCTBYIONIE cO AHOM cOCyJaM, Ha TeJIO JCHCTBYIOT YIPyrue u

JIEMII(PUPYIOITUE CHJTBI.

1 1

I
Q0
S
> —>—
0 Xq O(l) x{l)

Puc. 1. Cxema rujipoMexaHnIecKoOil CHCTEMBI

ﬂﬂﬂ OIIMCaHNA MaJIbIX ,ZLBI/I}KGHI/Iﬁ CUCTEMBI BBE€JIEM HEIIOJABHU2KHYIO CUCTEMY KOOD-

muaar Oz ¢ opTaMu €, j = 1,2, Tak, 9TOOBI TEJIO COBEPIIAJIO JBHZKCHUA BJOIb
1) (1
ocu Oxy. Kpome Toro, BBeJIeM MOJBUKHYIO CUCTEMY KOOPIHHAT O(l)xl( )xg( ), ZKeCT-
o 1 .
KO CBsi3aHHYIO ¢ TesioM. OpThl MOJBMXKHON CHCTeMbl 0003HAYNM Yepe3 ej( ), =12
1 .
j( ), Bynem uccienoBath MaJsible KosiebaHus yKa3aHHON I'MIpOMeXaH!-

YeCKOM CUCTEMBI TI0JT JeficTBUEM BHEITHEN CUIbl f, 1 rpaBUTAIIMOHHOIO TOJIA — g€y, TJIe

ITpu arom e; = e

g — YCKOpeHHe CBOOOIHOTO Ia/ICHHS.

B mporecce mMasibIx JIBUZKEHHH Tea paccMOTpuM x(t)e; — BEKTOD IepeMeIeHust
Tesia, ©(t)e; — BEKTOp CKOpOCTH Tesia, I(t)e; — BEeKTOp YCKOPEHHsI TeJia.

O6ozmaunm wepes u(t,z()) — moe OTHOCHTENBHBIX CKOPOCTEH YACTHI K-

KocTH. Torja abcosioTHasi CKOPOCTh KUJIKOCTU OyJIET OIPEJIe/IAThCA BbhIPaXKeHUEM
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u(t,z W) + i(t)e;.
[Iycrs ((t, xl(l)) (xl(l) € I') — dyukuus, onucbiBaolas MaJjble OTKJIOHEHUS CBOOO/I-
Hoit rpamuie! I'(t) BIosH e2(1) OTHOCHTEJIbHO paBHOBecHOIl npsamoit ', onucbiBaemoit

ypaBHEHUEM .:E2(1) = b, o opmyire:
bt (e =2, <L

Ncnonb3ys Bropoit 3akon Hbiorona, 3ammieM ypaBHEHHE JIBUKEHUSA Tejla C YKUJI-

KOCTDbIO:

0
m:'zfel—l—p/a—?dQ%—(kg—l—k%)xel—i—aiel = k2zge, +kizie, +f,+ N(t)ey—gme,, (1.1)
Q

rJe m = My, + My — Macca Tesa ¢ XKHJIKOCTBIO (M, — Macca Tella, My — Macca KUJI-
koctu), N(t)e; — peakmust omnopsl, neifcTByiomasa na cucremy, ki — xoaddurment
YKECTKOCTH JIeBOil TPy KUHbI, k} — K0a(DDUIUEHT KECTKOCTH IPABON HPY>KUHBL, Tg —
3aJIAHHBIA 3aKOH JIBUKCHUS JICBOU CTEHKHU, X1 — 38JaHHBIA 3aKOH JBUXKCHUA NPaABOU
creHKH, o > 0 — K03 DUIMEHT TPEHUs JTHA COCYIa O TOPU3OHTAJILHYIO OIIOPY.
Manble aBUKEHUSA WJI€a/IbHON OJTHOPOIHON KUJIKOCTH ONUCHIBAIOTCH JIMTHEAPU30-

BaHHBIM ypaBHeHueM iijiepa:

ou
p (E + éﬁel(l)) +Vp=pf;, divu=0 (8Q), (1.2)
rae p = p(t,a:(l)) — OTKJIOHEHUE JIaBJIEHUsI B »KUJIKOCTH B IPOIECCEe JBUXKEHUSI OT

pasHoBectoro gasienus, a £y = (¢, x(l)) — CcHUJa, JeUCTByIOIad Ha KUJIKOCTbD.

['paHMYHBIME yCJIOBUAMU B PACCMATPUBAEMON 3a/lade SIBISIOTCS YCJIOBUE HEIIPOTE-
KaHUs UJIEAJBHON YKUJKOCTH Ha TBEP/IOil cTeHKe S, a TakKe JTMHAMUYECKUe, KIHeMa-
THYECKHUE YCJIOBUS Ha rpanuiie I' m ycjaoBue coxpanenusi o0beMa KUJIKOCTU COOTBET-
CTBEHHO:

u,=u-n=0 (mas), p=pg¢( (mal),

% :u-e2(1) (ma I, /Cdfz(), (1.3)

31ech N — eaUHUYHAS BHEIIHAs HOpMash K rpanure O0f):= S UTI. Ha rpanune I,
1
0YEeBUJIHO, OY/ET BBIIIOJTHEHO COOTHOIIEHHE N = e2( ),

HavasibHble yc/ioBUS UMEIOT BUJ,
2(0) =2 #(0)=z', u(0,zM)=u’@="M), ¢0,2{")=¢" (1.4)

Taxum obpaszoMm, IoJiHas MOCTAHOBKA, MCCJIEyeMOil Hada/IbHO-KpaeBOil 3aa4un Cco-

crout B pemtennu ypasHenuit (1.1)-(1.2) ¢ kpaeBbIMU U HaUaIBHBIME ycaoBusiME (1.3)-
(1.4).
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Teopema 1. Bydem cuwumamo, wmo nocmasaennas sadava (1.1)-(1.4) umeem xaaccu-
ueckoe pewenue — k020a 6ce PYHKUUL 6 YPAGHEHUAT, 2PAHUMHBIT U HAYAAOHYIT YCAO-

BUAL HENPEPULIGHDL OTMHOCUINEADHO CE0UT NEPEMEHHDILT. Toz20a moosicdecmaeo

1d
r
= —ai?+ (fb-el)i—l-p/ff-udQ—l—k‘ga:Oj;—Fk%xlj; (1‘5)
Q

npedcmasasem coboti 3axoH 06aAAHCA NOAHOT IHEP2UU UCCALOYeMOTE 2UIPOMETAHUYE-

cKoll cucmemol, 3anucarnutl 6 duggepenyuarvroti gopme.

Samenanue 1. B coornomennn (1.5) cieBa B GUIypHBIX CKOOKAX CTOAT YABOCHHBIC K-
HETHYECKad W IMOTEHIMaJIbHas SHEPIUU CUCTEMBI, & CIIpaBa — MOIIHOCTD CHJIbI TPECHUS

1 MOIIHOCTDb BHEIIHMX CUJI, ﬂeﬁCTByIOLHHX Ha CHUCTEMY.

2. Bei0op dpyHKIIMOHAJIBHBIX ITPpOCTPaHCTB. IIpoekTupoBanue
ypaBHEHUs IBUXKEHUS >KUIKOCTU

U3 zakona (1.5) ciemyer, 910 Jijisl ONUCAHUS JBUZKEHUS THJIPOCUCTEMBI CJIE/IYyeT
IIPUBJIEYb K PACCMOTPEHUIO TaKne (PYHKITNOHAJIBHBIE TTPOCTPAHCTBA, JIJIsT KOTOPBIX TOJIe
CKOpOCTEl U JaBJIeHUE IIPUBEYT B JIIOOOH MOMEHT BpEeMEHU K KOHEUHON KUHETUIECKOMN
U HOTEHIINAIbHON SHEeprusiM cucteMbl. [lepeiiieM K 1oapoObHOMY pacCMOTPEHUIO ITOIO
BOIIPOCa U BBEJEM COOTBETCTBYIOIIUE IIPOCTPAHCTBA U UX IIOJAIPOCTPAHCTBA.

Beenem ruisbeproBo mpocTpancTBO Lo (§)) BEKTOPHBIX IMOJIEH €O CKAJSIPHBIM IIPO-

u3BezenueM u KBaJpaTOM HOPMbI

(0, V)Ly(2) Z/u(ﬂf(l))-V(ﬂf“))dQ, lallL, @) 1=/Iu(fﬁ(1))l2d§2.
Q Q

Kak m3BecTHO, IPUMEHUTEIBHO K JaHHON 3ajaue, mpocTpancTBo Liy(€)) mmeer oproro-

HaJIbHOE pasjioxkenue (cM., Hampumep, |6, ctp. 106])
Ly(©2) = Jo(Q2) ® Gu,s(2) © Gor(92), (2.1)

e
Jo(Q):={veLy V) :divv=0 (8Q), v-n=0 (na 0Q)}

— HOJIIPOCTPAHCTBO COJIEHOW/IaJIbHBIX oJieit ¢ HYHGBOﬁ HOpM&JIbHOfI COCT&BJIHIOHL@IZ

Ha rpanuie OS2,

Grs(Q) ={u=VeeLy(Q): Ad=0 (), g—i:O (ma S), /q)dl—‘:()}
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3A/TAYA O HOPMAJIBHBIX KOJIEBAHUAX TEJIA 183

— IHOAIIPOCTPaHCTBO IIOTECHIINAJIBHBIX I'NAPMOHNYIECKUX HOHefI, JJIgd KOTOPBIX HOPMaJIb-

Has IIPOU3BO/IHAS ITOTEHIUAIA ODpalaeTcs B HOJIb Ha S,
Gor(Q)={w=VUeLyQ):¥=0 (nal)}

— TOJIPOCTPAHCTBO MOTEHIINAIBHBIX TOJIeil, Y KOTOPBIX IMOTEHITUAIBI 00PAIalOTC B
HOJIb Ha rpanure 1.
Jastee, mjist obecriedeHnsT KOHEIHOCTH TOTEHITUAIBHON SHEPIUH CUCTEMbI, OTBEYAIO-

et OTKJIOHEHUIO ( JIBUKYIIEHCA IPaHUIIbl, BBEJIEM ITPOCTPAHCTBO

Lop = {g € Ly(I) : /Cdl“ - 0},
I

KOTOpOE sIBJIAeTC NOAnpPOCTPpancTBOM Lo(I'), opTOroHabHbIM eJIUHUIHON (DYHKIHN
1F = ]-|F

Takum obpazowm, jajiee B Ucc/eLyeMoi mpobJjieMe BEeKTOPHBIE U CKAJISIPHBIE I10JIS
OyaeM cunTaTh (PYHKIUAMU TEPEMEHHON ¢ cO 3HAYEHUSIMU B COOTBETCTBYIOIINX BBE-
JICHHBIX BBIIIIE IPOCTPAHCTBAX U IOJIPOCTPAHCTBAX.

B cuity mocraHoBKM 3aja4u 11oJie CKOpocTu U(t) JM0JKHO NPUHAJIEKATH IPU JIHO-
6om t > 0 nomupocrpanctsy Jo(€2) & Gy s(€2), a mose rpauenToB AaBICHHN — MOJ-
upoctpaacTBy Gy s(€2) @ Gor(Q2).

Beenewm coracuo passoxenuio (2.1) oproupoexrtopst Iy, Py g, Por mpocrpancrsa
L5(Q2) ma ero mogmpocrpamcrsa Jo(2), G s(€2), Gor(£):

Py Lo() = Jo(Q), Pus:La(Q) = Grs(Q), Por:La(Q) — Gor(Q).
By,ZLeM Pa3bICKUBATDH IIOJIE CKOpOCTeﬁ KNJIKOCTHU B BHIE
u=v+Ve velyQ), VI&eG,sQ),
a IpaJueHT 110J14 JaBJICHUI B CJAEAYIOIEeM BUJIE:
Vp=Vp+VV¥, VpeG,s(Q), VVeGyr(Q). (2.2)

[Torenmman p, B cuty (2.2) u quHamudeckoro coornornenus u3 (1.3), sBiagercs pe-

IIeHneM 33/1a49u 3apeMObl Jiyis ypaBHenus Jlamiaca:

.
Ap=0 (8Q), - =0 (mas), p=pgC (ual).
n
Bynem cumrarh, d9ro rpanmia obsacti {2 JmnmumieBa. Torjga  M3BECTHO

(em. |6, crp.45-46 |), uro Takas 3ajada HMeET €IMHCTBEHHOE cJiaboe pereHue
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184 K.B. DOPIYK

Vp = pgQC € Gps(§2), ecam BbIIONHEHO ycsoBue ( € Hl/2 HY?(T)N Loy, rre
HY2(I') — npocrpancrso Cobosesa-Ci1060emKoro ¢ JIpoGHBIM HHIEKCOM (cM. |3,
crp. 71-79]).

IIpumenum opronpoekTopst Fy, P, g, Py r K J1eBoil 1 IpaBoil yacTaM ypaBHeHHA JBU-

xkennst xkugxocern (1.2). [Moxyunm Tpu coornormennst

dv
(dt + iPye! )) = pPRufy, (2.3)
AV
p (7 + Py ge)’ )) + pgQC = pPh sty, (2.4)
piPyrel) + VU = pPyrf;. (2.5)

U3 coornorennit (2.3) u (2.5) HaiijileM BUXPEBYIO COCTABJISIONLYIO MOJIS CKOPOCTH V U
qacTh JUHAMIIECKOTo JgaBienust ¥, ecym OyeT usBecTHo cMerierue . [loaromy mastee
GyJieM paccMaTpuBaTh TOJBKO cooTHorenue (2.4).

CrupoekTupyeM ypaBHeHUE JBUXKEHHsI Tesla ¢ KUJIKOCThio (1.1) Ha opThl €] u ey,

TTOJIYIUM CJIETYIOTTNE CBIA3U

d
mi—i—p/ <dltl e1> dQ + (k§ + kD) x + ai = kizg + kiz, + £, - e, (2.6)

d
p/(d—ltl-eQ) dQ =1, -es+ N(t) — gm. (2.7)
Q

Ces3b (2.7) maer dopmyity st Haxoxaerust N (1), ecu OyjieT U3BECTHO OJIE CKO-
pocreit )kujakoctu u. IIpeobpasyem unTerpasbaoe ciaaraemoe B (2.6). C yuerom pac-

CYZKJIeHWH, UCIOIB30BAHHBIX IIPU BBIBOJIE cooTHOIIeHust (1.5), HaiiaeMm, 4To

du d d
- e d)= dt V(b-ef”dﬂ%—a/v ell)dQ—
Q
d
/vq> dQ+d/v-Vxl(1)dQ:
Q
4 [vo. M+ i/(div(x(l)v) — zMdivv) a0-"2 /v<b eV da.
dt dt ! ! dt !
Q Q
Orciona u u3 (2.6) Terepb HailjeM, ITo
d
mi + - P,V + (k3 4+ kD) x + ai = kizg + klzy + 1, - ey. (2.8)

31eck oneparop P, onpesesen 1o dpopmysie

P,V ;zp/vq>-ef”d9, P,: Grs(Q) = C.

Q
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3A/TAYA O HOPMAJIBHBIX KOJIEBAHUAX TEJIA 185

Brejsiem onepatop ciiejia vy, Ha rpanure [’ ciaemgyronmm odpasoMm:

oo

(1)
’an® = V@ . 82 5
on |

Tn - Gms(Q) — LQI.
Pacemorpum cucremy ypasuenwuit (2.4) n (2.8):

d .

P2V + piPysel’ + pgQC = pPusfy. (2.9)
d .

mi + 2 BV + (kg + &)z + ai = kjzo + ko, + £, - er.

Cucremy (2.9) sanumiem B Bujie JuddepeHuajbHO-01epaTOPHOro YpaBHEHUS IEPBOTo

HOPSIJIKA
pl pPusel’ \ d [ Vo (o0 ve \
P, ml dt T 0 ol x

pgQ 0 ¢ - pPy sty 0
+ 2 2 - + 2 2 ’
0 (k(] + kl)] T fb - e ]COJIO —+ 1{511'1
KOTOpOE C yd4eToM 0003HAYCHUIA:

| p9Q 0 _
By = ( 0 (R4 ) , D(B) =DQ)®C,

(1)
Cl — p] pPhSel ’ P1 — 00 ’
P, ml 0 I
| pPusty o 0
fl"( f,- e ) f2'_<k3xo+k§x1 ’
. 3 Zp = ’
T x

d
01% + OZP121 + 31222 = f1 + fg. (210)

PaCCMOTpI/IM cucreMy H3 JABYX OY€BUIHBIX CBsI3ell

N
kS
I

IIpuMeT BUI

/e
P9 = Pg 1V,
dx )
(kg + kf)a = (kg + k).

Cucremy (2.11) 3amumem B Bujie auddepeHnuaabLHo-0IepaTOpHOro YpaBHEHUs IePBO-

(2.11)

'O IIOPAJIKa

pgl 0 d [ ¢ —PGVn 0 Ve [0
0 G2+ )a\e )T 00— i ) o)
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186 K.B. DOPIYK

KOTOPOE C YYE€TOM BBEJICHHBIX BbIllle 0003HAYUEHUN U 0003HAYCHUIT

O pgl 0
70 (BR4R)I )

B L= y D B — D n C,
. ( 0 4%+@ﬂ> (Ba) = Dlow) &
IIpuMeET BUI p
CQ% + B2121 =0. (212)

Takum obpazom, UCXO/HAS HAYAJIbHO-KpaeBas 3a/1ada O MAaJIbIX JBUXKEHUSX TeJa,
YACTUYHO 3all0JTHEHHOTO WJCAJHHON YKUIKOCTBIO, TOJ, JEeHCTBUEM YHPYIUX W JIEMII-
dbupyromux cui, TpuBoUTCA K TuddepeHimaibHo-oepaTopHbiM ypaBaernsaM (2.10),
(2.12) ¢ coOTBETCTBYOIMUMU HAYATbHBIMU yeJaoBHAME. VTak, nMeeM clieflyoniyo 3a-
naay Komm:

dz
Clc?—tl‘i‘OéPlZl—i‘Blz@:fl‘i‘f% (2.13)
" )
OQd_; -+ B2121 = O,
21(0) = (Prsu’;z')7, 2(0) = (¢°;2°)7, (2.14)

rJe CUMBOJIOM T 00O3HAUYEeHa Ollepalisi TPAHCIIOHUPOBAHMUSI.
Cucremy muddepenimanbabix ypapaenuii (2.13) u Hadasbubie yeioBus (2.14) MoxK-
HO KOPOTKO 3amucarh B Buje 3aja41u Kommu jyist uddbepeHnnanibLHoro-onepaTopHoro
YPaBHEHHUs [IEPBOTO MOPSJIKA B THILOEPTOBOM IIpocTpancTse H:
dz _
C% + (P +iB)z = f, 2(0) = (21(0), 22(0))", (2.15)

e

zi=(21;2) €H = (Gps(Q)®C) @ (Lor ®C), f:=(f1+ f»0),

0 —1B19

C:= diag(C’l, CQ), B:= < —@'B21 0

> , P:= diag(Pl,O).

Bes jokazaresbcTBa mpuUBEIEM JIEMMY O CBOCTBaX OIEPATOPHBIX KO(huimeH-
ToB B (2.15).

Jlemma 1. Hwmerom mecmo caedyrowsue ceoticmea onepamoprol kodpduyuenmos:

1. Onepamop B asasemcea camoconpagicernvim na D(B) = D(Bay) @ D(Bia).

2. Onepamop P oepanuven u Heompuyamener 6 2usbbepmosom npocmpancmee H.

3. Onepamopras mampuya C ABAAEMCA 02PUHUMEHHBIM NOAOHCUMEADHO ONpedenet-
HOLM onepamopom 6 H.
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3A/TAYA O HOPMAJIBHBIX KOJIEBAHUAX TEJIA 187

B paGore |7] npuBouTest TeOpeMa 0 CUIBHOI Pa3permmMocTi HauabHO-KPAeBoii 3a-
naan. ChopMmyupyem onpe/iesienne cuibHoro pemenns 3agaan (1.1)-(1.4) u npusegem
TEOPEMBI O PA3PEIIUMOCTH ONEPATOPHOIO YPABHEHUs M UCXOJHOM HAYAIBHO-KPAeBOii
3a/1a4H.

Onpepnenenue 1. Cuavrowm pewernuem HadaabHO-Kpaesoit 3a1aqan (1.1)-(1.4) HazoBem
takoe noste u(t) u dyuxiwpn p(t), ((t), ma xkoropeix byskmms z(t) = (VO; ;¢ )"
aBJIsieTcs perrenneM 3aa4u Komm (2.15).

Bynem rooputh, uro samada Komm (2.15) umeer pernenne z(t) Ha mosyocu

R, :=[0;400), eciiu Bee ciaraemble B ypaBHeHun u3 (2.15) gBJISIIOTCS HEMPEPHIBHBIMU

dbyHKIWsAMY ¢ €O 3HaUEHUAME B H, BBIIIOJIHEHO ypaBHeHue u3 (2.15) npu jobom ¢ € R,

1 HauasbHoe yciaosue z(0) = 2°.

Teopema 2. [Tycmv 6vinosHenv, YCA08UA
2(0) e D(B), fe€C'(Ry;H).
Tozda 3adaua (2.15) umeem eduncmeennoe pewerue.

Onmpasich Ha TeopeMy 2, MOJIY9EeHO YTBEPXKJIeHre 00 OJHO3HATHON pa3pernMocTi

HCXO/HO HavdasbHo-Kpaesoit 3asaqdu (1.1)-(1.4) ma mosmyocu R,
Teopema 3. [lycmov vinosrens, YCao68UA
Pusw’ € D(va), ¢*€D(Q) = Hy”,
f, € C'(Ry;C?%), f;e C'(Ry;La(Q)).

Tozda 3adava (1.1)-(1.4) umeem eduncmeennoe cusvhoe pelerue.

3. 3agada 0 HOpMAaJIbHBIX KOJIeOaHNSIX, OCHOBHBIE CBOMCTBA
CIeKTpa

Byuem uckarb pemenue 0JHOPOIHOM 3a0a491l O HOPMAJILHBIX KOJICOAHUAX TeJla, da-
CTUYHO 3aII0JTHEHHOI'O OJIHOPOJIHOM YKUIKOCTBIO IO JIeHCTBUEM YIIPYTOAeMIIUPYIOIIe-
ro yerpoiictsa (2.15) B Buze z(t) = ze ™ X € C. B pesynbTate npmjeM K cieyiomeit

CIIEKTPaJbHOU 3a/a49€¢
—XCz+ (aP+iB)z2=0, z=/(z1;22)" € D(B) C H. (3.1)

Bammmrem crekTpagbHyo 3a1ady (3.1), ¢ yueroM BBEeIEHHBIX BBbIIIE 00O3HAUEHNIT,
B BHJIE CHCTEMBI JIByX ypPaBHEHUN B TI'MJILOEPTOBBIX IMpPOCTpaHCTBaX Hi u Ho, TJIC

7‘[1 = Gh’s(Q) D Cn Hg = LQ,F S¥) C:

—)\0121 + OéPl,Zl + 31222 = 0,

(3.2)
—ACa29 + Bo121 = 0.
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Jlemma 2. Yucao A = 0 ne asaaemes cobcmeennvim 3Havenuem cnekmpasonot 3a0a-
wu (3.2).

Jloxasamenvcmeo. logcraum suadenme A\ = 0 B cucremy (3.2). 113 Broporo ypasue-

HUSA CHUCTEMBI TTOJTyInM, 9T0 Boyzy = 0. Torma

Vo =0, Vo =0, .
? ]‘ZZ o — — 5= (Ve =0.  (33)
0 + 1 l" — ()7 j’: — 07

C yduerom (3.3) u3 nepBoro ypasHeHusi cucteMbl (3.2) mosyunm Bipzo = 0, oTKyaa

cJIeJIyeT, ITO

pgQ¢ =0, ¢=0,
—

= 2= (Gx) =0.
(k3 + k)x =0, r =0,

Takum obpasom, nmpu A =0 3azada (3.2) mMeer TOJBKO TPHUBUAJILHOE peIle-
Hre z = (z1; 22)" = 0. CienoBarenbHo, A = 0 He ABIAETCS COOCTBEHHBIM 3HAUCHUEM 3a-
ngaan (3.2). O

13 Broporo ypaBHeHusi cucTeMbl (3.2) BbIDA3UM 3JEMEHT 2y U MOJCTABUM €ro B

[epBoe ypaBHEHUE CUCTEMbI, Oy/leM UMeTh
NCiz1 — AaPiz — B1oCy ' By 2y = 0. (3.4)
Omnpenenum oneparop Cg 1o dpopmyire
Cp = —B12Cy'By, D(Cp) = {z € D(Ba1): C5' Bz € D(Biy)}.

) 1/2
OcymecTBuM B crieKTpasibHOil 3a1ade (3.4) 3ameny C' B/ 21 =: u U puMeHnM K (3.4)
~1/2 . ; y
ciesa oneparop Cp /2 B pesy/IbTaTe IPHIEM K CIeIYIONIEil OCHOBHON CIEKTPAJIbHOIL

3ajiade B TUJILOEPTOBOM IpocTpancTBe Hi:
L(Nu = (I — X aV;y + N Va)u =0, (3.5)
rie Vi = Cp PPCEY?, vy = O P CrC

Jlemma 3. Onepamop Cg camoconpasicer u nosodtcumenvro onpedesern 6 Hy, a one-

pamop Cgl KOMNAKMEN.

CHpaBe,ZLJII/IBa cJIeJIyrolnas TeopeMa O JIOKAJIN3allul U JUCKPETHOCTU CIIEKTPa 3a/la-

an (3.5).
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Teopema 4. Hmerom mecmo caedyrousue ymeeporcoenus.:

1. Cnexmp 3adawu (3.5) cummempuyer OMHOCUMENBHO BEUELCMEEHHOT OCU.

2. Badaua (3.5) umeem duckpemmwiii cnexkmp ¢ 603MOAHCHOT nNpedesvholl moukol 6
beckoreuHocmu.

3. Cnexmp 3adayu (3.5) aesrcum 6 noaoce

0<Rer< 2
C

2de c >0 — GEPTHAA 2PAHD BCEXL KOHCMAHIN, KOMOPHBIE MO2Y CIMOATMDb 6 HEPABEHCINGE

noaoscumenvroti onpedeaerrocmu onepamopa Cf.

Zloxazameavcmeo. JlokazaTebCTBO IPOBEJIEM B HECKOJIBKO IIIArOB.
1. st toKa3aTesbCTBa MEPBOrO yTBEPXKIEHHs JOCTATOYHO JoKazaTh (cm. |10,

crp. 174]), aro my4uok L(\) camoconpsizkeH, TO €CTh
(L))" = L),
B cuny camoconpsizkerHocTu omeparopos Cf, C;/ 2, P, nmeem
(L))" =1 =XaVy + X2Vy =1 — XaVi + M\Vy = L(\).

2. JIng nokasaTesbCTBa JUCKPETHOCTH CHEKTPa JOCTATOYHO IPOBEPUTH, ITO dpe-
rOJILMOB I1y4OK (3.5) siBJIsIeTCsI HEIPEPBIBHO 0OPATUMBIM XOTs Obl B 0j1HO# TOuKe (M. |6,

crp. 74 |). JeitcrBuresnbho, npu A = —1 onepatop
L(-1)=1+4aVi+V;

SIBJIIETCS  [IOJIOYKUTEJILHO OIPEJIeSIEHHBIM U, CJIeI0BaTe]bHO, MMeeT OI'DAHUYEeHHBII
obparubrii. [Tockonbky dpearosbmosa oneparop-byukimsa L(A) umeer 0coGEHHOCTH
TOJILKO B OECKOHEYHO YJIAJIEHHON TOYKE, TO €€ CIIEKTP JUCKPETEH ¢ BO3MOXKHON IIpe-
JIEeILHON TOYKON HAKOIIEHNS B OECKOHETHOCTH.

3. HokaxkeMm, uro crekTp 3ajadn (3.5) JexuT B yKasaHHOH mosoce. [TockoabKy
CIIEKTD 3a/Ia"U JUCKPETEH, JJOKA3bIBAEMOE CBOWCTBO HYKHO MPOBEPUTD JIJIsT COOCTBEH-
HBIX 3HadUeHuit 3a1aan (3.5). [lycrs A, u — cobcTBeHHOE 3HAUEHME U OTBEYAIOIIHI €My
COOCTBEHHBIN 3JIEMEHT. YMHOXKHUM Iy9oK (3.5) cKajIsipHO Ha u B mpocTpaHcTBe Hip,

OyeM uMeTb
(L(/\)U, u)")"h = (u’ U’)Hl - )‘a/(‘/ll% u)'Hl + >‘2<‘/2u7 u)Hl = 0.
[Tosryennoe BbIpaKeHue pa3ieiuM Ha A, Oy UM

5\ 2
2 v, + A, = o (36)
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Boijessist B (3.6) BelecTBeHHYO 4acTh, HaleM, ITO

[ull3,

1/2 1/2
Re\ - WHW/ ull3, | = allViull3,.
Orcrosia ceyer oreHKa
1/2 1/2
o< Ron—  cViPulld, ol ViPul,
- [ull3, VR, Vo ?ul2,
’)\|2 2 U Hi
Ca(PC P, O P, ollC Pl a
- _ _ — _ - 9
(C1C5"Pu, O Pu)y, — elC P, ©
e ¢ > (0 — TouHasg HMKHss I'palb oneparopa Cf. ]

4. O6 acuMIITOTUKE CIIEKTpa U GA3MCHOCTH IO
Abenro-JIngckoMy cucTeMbl KOPHEBBIX 3JIEMEHTOB

Teopema 5. Cnexmpaavras sadaua (3.5) umeem 6 obaacmu {0 < ReX < ac™'} dee
6eMEU COOCMEENHBLT 3HAYEHUT ¢ acumMnmomurod

. o\~
AED — 4y (—) EV2(1+0(1))  (k — o0).
qgm

Jloxazamenvcmeo. Tlepenmmem 3anaay (3.5) B BuIE

-1 1/2
I g A AY2C,
LNu:= ; —% o) CpAvz (),

rjie

A=(Qra) ", Crai=p" g7 2 (R + K372 Py sl Coyi=p 27 2 (R + k) 2P,
Banuiiem crekTpasbhyio 3agady (4.1) B BUje cuCTEMbI:

U + )\29_1AU1 + )\2A1/2012U2 =0,

A Nm (4.2)
- A0,y A2 ———u, =0
Us En k%UQ + 21 up + e k%U2 )
U3 BTOPOIO ypaBHeHUsi cucTeMbl (4.2) HahijaeMm uy:
A2 (k2 + k2
= Ro+k) o quzy, (4.3)

CN2m— Ao+ k2 + k2
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[MoxcraBiisst Boipazkerue (4.3) B mepBoe ypaBHeHue cucreMbl (4.2), HOTydnM 3a/ady

JJ1d 9JIEMEHTa Uq .

M (kS + k7)
Nm — Ao + k2 + k3

{I —+ >\2g_1A — A1/2012021A1/2}U1 = O,

KOTOpas II0CJIE€ BbIJIEJICHUA U3 COOTBeTCTBYIOHIeﬁ ,ILpO6I/I HGHOﬂ JacCTu, IPpUMET BUJL

m2 m3 m2

{1 . <(k§ +E)?  o*(k+ kD) Aa(kE+ kD)

_ da(kg + K (@ = 2m(k§ + kT)) — o (kg + k7)? + m(kg + k)’
m3(AN2m — Ao+ k3 + k?)

+ A2 <g1A kg + kl 0~ L A2 ,Cy AV? )}m =0. (4.4)

>A1/2012021A1/2+

C yderoMm onpeneseHns onepaTopa F,, BBIYACINIM OIePaToOp

1 (1) _

- - Op P (@
012021 (k‘2 k2>Ph7gel Pp = g(k‘g T k‘%) ( , €1 )Gms(Q)Ph’Sel =
 plPrseV 2, ) ( Prsel! > Psel) _
- 2 2
g(ks + ki) 1Pse("llcy s/ ans@ [ Prsel” e, s

PHPh,Sel )HGh,S(Q)
gkg + k1)

rie orneparop P omnpenensiercs hopMyJoii:

L P}hsel(l) Ph Se (1)
P=1- D ) (4.5)
I1PnseMlan s/ cns@ || Prser les@

Orpesiesium orrepaTop

g(kg + k?) PHPhSe1 HGhSQ)P

K =1- 012021:[—

(4.6)

m

Hokazkem, aro onepatop K u3 (4.6) M0JI0KUTETIBHO ONpeIesieH. 3aMeTuM, 9TO MMe-

€T MECTO OIlCHKa

1 1 1
1Puse 13, < )2, = / eMPda = |9,
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C yderoM 5Toit OIEHKH Teleph HaiigeM, aro s jgoboro VO € Gy, s(€)

P
(KV®,V)g, y@) = (VO,V®)g, s — —||Ph,sef”||éh,sm)<Pv<b,vq>>ch,3<m —
(1 1P e ”uGhSm)(PW VO)g, o+ (I = PIVE, Vd)g, sy >
> (1 - %Kﬂ) (qu)a VCD)Gh,S(Q) + (([ - P)VCI)> Vq))Gh,S(Q) =

my

> ( - E) {(PV®, V), . + (I — P)V®,V®)g, o)} =

m
= ( - #) (V(I)’ V(I))Gh,s(ﬂ)

C yderom BBesieHHBIX B (4.5), (4.6) onepaTopos, cieKTpasbHas 3aada (4.4) mpumer

BUI

m2g

1)2

2 2

{I LA Qg il G <k§ + 12— da-
qg m
A

a(a?—2m(ki + ki) —a®(k§ + k) + m(k + k2)*\
- AVPPAYV2 Suy = 0. (4.
m(Vm — o+ kg + k2) w=0 (47

Omnpenenum omepatop B 1o cieaytorreit popmyire:
B =g 'AV2AV? — (g_l/QKl/QAl/Q)*(g_l/QKl/QAl/Q).

[To Teopeme o mossipHoM passoxkeruu (cM. [5, crp.419-420 |) cymiecTByer dacTHIHO

M30MeTpUIHbI onteparop U Takoii, 94To
gTV2KYAYZ — gBY2 U2 A2 Y2 BLRpE
Torma
AV2 — GU2RL2 =12 — Y212 B2, (4.8)

Ilepenmmmem 3anaay (4.7) B BUIC

IMNup =0, I\ :=1+NB+G\), (4.9)
e
G(\):= Au(N\)AVEPAY?,
PHPhSel ||Gh5 K+k o
HA) = m2g ( X am

Com(2m = Mtk + k) mANm — da + k2 + k2)

o® — 2ma(k2 + k) m(k3 + k?)* — o?(kE + k%))
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Jnsa  gmoboro  Kak  yrogHo — MaJsioro € > (0 omnpeJiesiuM  CEKTOPBI
AF={\: |arg\£7/2| <e, —m<argh<7} Jaa samaun  (4.9) uposepum
BoinosiHerne yesosuit jemmbl M. B. Opasosa (cm. [11, crp. 412, memma 3 |). dokazxem,
aro ecn A € A u A # (o \/a2 —4m(k3 + k%)) /(2m), To

T(A) := (I = ABY))'\G\)(I +ABY*)™ — 0 npu A — oo. (4.10)

C wucronpzoBanmem  dopmyiasr  (4.8) m sgemmbr 3.3 u3 crareu  A. C. Mapkyca,

B. 1. Manaesa (cum. [9, crp. 399 |) Haitgem, uro

ITOI = AN (I = ABY?)~ AV PAY(I 4 ABY?) 7| =
= M\ g(I — /\B1/2)—1Bl/2U*K—1/2PK—1/2U<] + /\Bl/2>—1B1/2|| <
< gV = ABY2) ' BY2| - [U* K~ PE-V2U|| - ||(I + ABY?) " BV?|| <
< Ag|pW)[IA " max {1; || (1 + )\Bl/2)_1H} -max {1; ||(1 — )\Bl/Q)_lH}X
x |U*K2PK2U|| = O(]A| ),

orkyna caeayer (4.10).
s nmpumenenus ykazauuoit jemmbl M. B. OpazoBa ocrajioch mokasarb, UTO OIre-
parop B nMeeT CTENeHHYIO0 aCUMIITOTUKY COOCTBEHHBIX 3HAYEHUN. SAIIUIIEM OIEePaTOP

B B BUJie pa3HOCTH JIBYX OIEPATOPOB:

(1)
(Qvn)t B Pl Pn,s€ ||éh,s((z)
g gm

B= (Qya) P P(Qa) V2.

AcuMITOTHKa COBCTBEHHBIX 3HadeHmit omeparopa ¢ ' (Q7,) ' ciemyer u3 o6zopa
M. III. Bupmana, M. 3. Conomska (cM. [4, crp. 28 |) u umeer Bu

-1
n I _
M ((QVT)> _ % E(1 4 0(1) (k= oo).
Bgexem oneparophr
(1)12
Q) ! pllPrser &, @ B B
T, ::< g) Ty = ™ h,s( )(Q%) UQP(Q%) 1/2

DTH onepaTopbl HEOTPUIIATEIBHBI, ITOITOMY HX S-UHCJ/Ia COBIAIAIOT ¢ UX COOCTBEHHBI-
mu 3HadeHussMu. Ormepatop 15 sIBJIsT€TCST OJHOMEDPHBIM, ITO3TOMY BCE €ro COOCTBEHHBIE
3HAYCHUSA, 33 UCK/IIOUYEHUEM OJHOTO, paBHBI HY/0. TakuMm oOpaszoM, nMeem
) = M\ (T, —|F|kf11 1 k
sp(Th) = M(Th) = — k(1 +0(1)) (kF— 00),
g7T
—1
se(Th) = M(T3) = o(k™)  (k — o0).
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Torna usz reopembl Ku @anb (cm. |1, meknusa 8, ciencrue 4 |) ciemyer, 9to

Mm:Mm_ngﬁwumm)w%wy (4.11)

Taxum o6paszom, 1o temme M. B. OpaszoBa n yTBepKIeHUIO 3 B TeopeMe 4 0Ty IaeM,
4TO MecieyeMast cliekTpaibaas 3a1ada (3.5) nmeer B nosoce {0 < Re A < ac™!} nse

BETBU CO6CTB€HHI)IX 3HAYEHU CO CJIe YoM aCUMIITOTUIECKHUM IIOBEACHUEM:
AED — i V2(B)(1+0(1)  (k — o0).
Orciona u u3 (4.11) cuemyer dopmyra u3 hbOpMyJIUPOBKI TEOPEMBI. O

Teopema 6. Cucmema xopresvx ssemenmos 3adauu (3.1) obpasyem 6azuc Abens-

Jludckozo co ckobkamu 6 2uavbepmosom npocmparcmee H nopsadka 5 > 1.
Jlokasameavcmso. Tlpeobpasyem criekrpasibhyio 3ai1a4dy (3.1) K BuiLy
(CT'B— aiC™'P — (—=iA)I)z = 0.
Ocy1ecTBUM 3aMeHy CIEKTPAJIBLHOTO MapaMeTpa —iA =: i, MOJIYIUM 3aJ1ady
(C_IB — aiC'P — ,u])z =0.
O6o3HaIUM OrepaTopbl
A=Ag+ A, Ay:=C'B, A :=—aiC'P. (4.12)

YKaxkeM CBOHCTBa BBeJeHHBIX B (4.12) olepaTropoB B SHEPreTUYECKOM IIPOCTPAHCTBE
‘Hc oneparopa C. Oneparop Ay ABJISIETCA CaMOCOIPIZKEHHBIM OIIepaTopoM B He ¢ Jiuc-

KPETHBIM CIIEKTPOM C aCUMIITOTHUKON

1T

—1/2
gﬁ) K214 0(1) (kK — o0). (4.13)

es) ==

Omneparop A; sIBJisieTcss OrpaHMYeHHBIM OLEpaTopoM B mpocrpaHcTBe He . Orciona
caegyer, uro oneparop A Ay ¢ orpannuen B He npu g = 0:

| ALAG e = [[ ALl < o0.

U3 (4.13) u reopembr 6.2.4 (cm. |2, crp. 106 |), KoTopas pacupocTpaHsgeTcs Ha CJIy-
yaii, Korja coOCTBeHHBIC 3HAUEHHUs omeparopa Ay UMEIOT JBe TOYKHM HAKOILICHHs 100,
HoJiy4aeM, 9TO CHCTEMa KOPHEBBIX JIEMEHTOB CIeKTpaJbHON 3ajaun (3.1) obpasyer

bazuc Abens-JIngckoro co ckobKamu mopsiiKa (3, Tiie

B> = o—(1-9=2-(1-0 -1
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Onpenenenne nonsarus 6asuca Abess-JIngacKkoro BecbMa IpOMO3JIKO 1 3/1eCh He IIPH-
BojiuTcd. C 9TUM METOJIOM CYMMHUPOBaHHUs 110 KOPHEBBIM 3JIEMEHTaM MOYKHO ITOIPOOHO

O3HAKOMUTLCsI, Hapumep, B |2, crp. 106 |. O

3akJro4eHue

B pabote uccienyerca 3aja4da 0 HOpMaJbHBIX KOJEOAHUIX TeJia, YACTUIHO 3aI10JI-
HEHHOT'O MJIeaJIbHON OJHOPOIHON »KMJIKOCTBIO IO/ IeHCTBUEM YIIPYTOAeMII(PUPYIONIETrO
ycTpoiicTBa. /lokazaHo, UTO CIEKTp U3ydaeMoil 3a/[adu PacoI0:KeH B HEKOTOPOil Bep-
THKAJIBHON I10JI0Ce, JUCKPETEH, U CUMMETPHIEH OTHOCUTEIbHO JIeHCTBUTEILHON OCH.
Haitnena dopmyna acuMITOTHIecKOro pacipe/ie/ieHnsi coOCTBeHHBIX 3HadeHuit. Jloka-
3aHO, UTO CHUCTEMa KOPHEBBIX 3JIEMEHTOB paccMaTpUBaeMoil 3ajadn obpasyer Oas3mc
Abeng-JInmckoro co ckobkamu mopsaka 5 > 1.

ABrop 6iiarogapeH peneH3eHTy 3a IeHHbIe 3aMeYaHUs, IO3BOJIUBIINE YJIYUIIUTD

Ka4d9eCTBO CTaTbU.
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O ABHN2KECHHNN TA2KEJIOI'O TBEPAOI'O TeJIa

C HEeMOJABMKHOI TOYKOIT!
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Amnnoramnusa. B 1890 roxy memerkuii maremaTuk u MexaHuk B. I'ecc ykazas HOBBIIT YaCTHBIN CIIydail
MHTErPUPYEMOCTH ypaBHeHuil Jitsiepa — Ilyaccona JBuKeHns TS2KEIOrO TBEPJIOTO TeJja C HEIlO/IBUXK-
noit Toukoit. B 1892 romy II. A. HekpacoB mokaszaj, 9To pelleHre 3aa9i O JIBHXKEHHH TsI¥KeJIOTO
TBEPOrO TeJIa C HEMOIBMKHON TOYKOH IpU yCaoBUsAX [ecca CBOAUTCHA K WHTErPUPOBAHUIO JIMHEHHOTO
YPaBHEHUS BTOPOTO MOPsJIKA C MepeMeHHbIMU Kodddurnmenramu. B pabore man BBIBOII COOTBETCTBY-
IOIEr0 yPaBHEHUSI BTOPOTO MOPSIJIKA W MTOKA3aHO, KaK HPUBECTH K0P UIINEHTHI 3TOI0 YPaBHEHUS K
BH/Iy PAIMOHAJHHBIX (DYHKINI. 3aTeM Ipu MOMOIH ajropurMa KoBadnda mcciemyercst BOnpoc o Cy-
IIIECTBOBAHWY JINYBUJLIEBBIX PEIIEHUl ¥ COOTBETCTBYIOIIErO JIMHEHHOTO YPABHEHUS BTOPOTO MOPSIIKA.
[TokazaHo, YTO JMYBHUILIEBHI PEIIEHIST MOTYT CYIIECTBOBATD JIUIIb B JIBYX CJIydasX: B CJIydae, COOTBET-
cTByIOMIEM ciydaro JlarpaHrka JBHKEHUSI TBEPJIOTO Tejla ¢ HENOJBUKHON TOYKON M B CJIydae, KOTJa

IIOCTOfAHHAsS MHTerpaJa o eil paBHa HYJIIO.
KuarodeBble ciioBa: TsrKeToe TBEPOE TENO ¢ HEMOABMXKHON TOUKOI; caydait [ecca; muyBUIeBbI

pemenust; ajgroputm Kopaumda.
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Abstract. In 1890 German mathematician and physicist W. Hess found new special case of
integrability of Euler — Poisson equations of motion of a heavy rigid body with a fixed point. In
1892 P. A. Nekrasov proved that the solution of the problem of motion of a heavy rigid body with a
fixed point under Hess conditions reduces to integrating the second order linear differential equation.
In this paper the corresponding linear differential equation is derived and its coefficients are presented
in the rational form. Using the Kovacic algorithm, we proved that the liouvillian solutions of the
corresponding second order linear differential equation exists only in the case, when the moving rigid
body is the Lagrange top, or in the case when the constant of the area integral is zero.

Keywords: rigid body with a fixed point, Hess case, Liouvillian solutions, Kovacic algorithm.

MSC 2010: 70E17; 70E40; 34A30
1. YpaBuenus ditnepa — Ilyaccona. Ciy4uait I'ecca.

PaccMoTpuM ABMIKEHHE TBEPIOIO Tejla ¢ OMHOM 3aKpelieHHON Toukoir O B OIHO-
POJIHOM I10JI€ CUJI TsizKecTu. BBejeM noaBrKHYIO cucreMy KoopauHar QX TaZs, OCU KO-
TOPOIi COBITAIAIOT C IJIABHBIMU OCSIMU 3JLIAIICOUIa WHeprun Teja st Toukn O. Ilycrs
M — macca Tesa, g — ycKopeHne cBoOOIHOTO majieHust, Ay, Ay, A3 — MOMEHTHI HHEPIH
TeJia orHOCUTEIbHO oceit Ox1, Oxy, Ox3 COOTBETCTBEHHO; W1, Wa, W3, V1, V2, V3 U X1, T2,
xr3 — npoeknun Ha ocu Ox1, Oxy u Ox3 BeKTOpa MIHOBEHHOI yIJIOBOI CKOPOCTH TejIa
W, eJIMTHUYHOI'O BEKTOPA Y, HAIIPABJIEHHOI'O 110 BEPTUKAJIU BBEPX, U PaINyca — BEKTOPa
r = OG 1eHTpa Macc TeJa.

VpaBHeHUs ABUKEHHUS TeJia IOJYyIrUM U3 TeopeMbl 00 M3MEHEeHHH KUHEeTHIECKOrO

MoMeHTa. B cucreme kKoopmuaar Q12923 9TH YpaBHEHHS 3aIlIUCHIBAIOTCSA B BUJIE:

Arin + (As — Ag) wows = Mg (1372 — T273) ,
Agog + (A — Az) wiwz = Mg (2173 — 2371)
Agwg + (A — Ay) wiwy = Mg (z271 — 2172) ;
(1.1)
Y1 = WaYe — W3,
Y2 = W1Y3 — W1,
Y3 = Way1 — W1Ya-

NsBecTHO, uTO JIjIsi pelieHust ypapHeHuit Jityiepa — [lyaccona gocrarouno HaiTu
JeThIpe HE3aBUCUMBIX IepBbIX MHTerpasa cucreMbl (1.1). Ilpu robbix 3HaueHnsIX ma-
pamerpoB Aq, As, Az, 1, To, T3 M3BECTHBI TPU HE3aBHCHMBIX IIEPBBIX MHTEI'DPAJIOB

cucrembl (1.1) — uHTErpas sHEPrun

1
H= B (Arwi + Agws + Agw3) + Mg (2171 + 972 + 2373) = E,
WHTErpaJl IIoIaIei

K = Ay + Asways + Aswsys = k
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" reoMeTpUIeCcKuil WHTerpaJ
2 2 2
v+ =1

B 1890 roxy B. T'ecc mokasas [1], 9o npu BBIIOJIHEHUN YCJIOBHI
w3 =0, Ay(As— A)as=A(Ay— A3)a], Ay > Az > A, (1.2)
ypasaenus (1.1) 1omyckaoT 9acTHDIH 9€TBEPTHI HHTErPas, HMEIOMNil BII:
Ajwixy + Asworxy = 0.

JleranbHoe aHajuTHYECKOe WUCCae/oBaHue pernenns [ecca ObLIO  BBIIOJIHEHO
I1. A. HekpacosbiM |2, 3]. On mpuBest 3a/1ady K WHTEIPUPOBAHUIO JTHHEHHOTO udde-
PEHITHAIFHOTO YPaBHEHUSI BTOPOTO TOPSIIKA C JBOSIKOIIEPUOINIECKUMI KOMILITEKCHBIMI
KO3 puImeHTaMu 1 1MoKas3aJi, YTo pelieHns B ciaydae [ecca dBsioTcs, BOOOIIE roBops,
neogaozHadnbiMu. [1. A. HekpacoB u3yunii anaJimTuaecKie CBOMNCTBA Oy Y€HHOTO JIU-
Heitnoro auddepennnaabLHOr0 YpaBHEHUsI U BbISBUJI OCHOBHBIE CBOWCTBA TPAEKTOPHUIL
Ha cdepe [lyaccona. Takxke I1. A. Hekpacosbim |2, 3] 6b1710 mMOKa3aHO, 9TO IPU BBIIOJ-
HeHUU ycjioBmit l'ecca u TIpU JIOTIOJTHUTEIHHOM YCIOBUU PABEHCTBA, HYJIIO TOCTOSHHOMN
UHTerpaJa miona/eil ypasnenus ditnepa — [lyaccona mHTerpupyiorcs B SJIUITHYE-
CKUX (DYHKIINAAX.

[TockosbKy periienne 3a/1a4u O JBUZKEHUHU TsI¥KeJI0r0 TBEPIOro TeJia ¢ HellOABUKHOM
TOYKOM B ciiydae ['ecca cBOAUTCS K MHTEIPUPOBAHUIO JIUHEHHOTO quddepeHIinabHOro
yPaBHEHHS BTOPOT'O MOPSIIKa, TO MOYKHO ITIOCTABUTDH 33/1a9y O CYIIECTBOBAHUH Y COOT-
BETCTBYIOIIETO JIMHEHHOro JuddepeHnnaabHOro ypaBHeHusl Pelennii, UMeIoux aHa-
JINTUYECKOE TIPEJICTABICHUE B BUJE JTUYBUJLIEBLIX dyHKInit. Kak u3secrHo, jnyBuLie-
BbI (DYHKIIUU CTPOATCS TOCIEIOBATEIHHO U3 PAIMOHAIBHBIX (DYHKITUI C UCIIOTH30BAHNU-
eM aJIredpanvIecKux oreparuii, HeolpeIeIEHHOINO NHTETPUPOBAHIS U B3ATHUS SKCIIOHEH-
ThI 3aJIAHHOTO Bbipaxkenus [4]. Pertenue juneiinoro quddepeHimagibHoro ypaBHe st
BTOPOTI'O TIOPsIJIKA, BbIpaXKalolleecs depe3 JIMYBUJLIEBb (PYHKIINU, HAOO0JIee TOTHO CO-
OTBETCTBYET MOHATHUIO “peIlleHne B 3aMKHYTOI (hopme” mim “perieHne B KBaIparypax .
Jlns HAXOXKIeHWs JIMYBUJIJIEBBIX DelreHnit y juHeiiHoro muddepeHnnaabHoro ypas-
HEHUs BTOPOr'O MOPSIKAa MOYKHO BOCIIOJIB30BAThCd TaK Ha3bIBAEMbBIM ajaropurmom Ko-
Baunva [4], MO3BOJISIONMM HAXOJUTH B SIBHOM BHJE COOTBETCTBYIOIIUE DElleHus Ui
JIOKa3aTh UX OTCyTcTBHE. JjIst TOro, 9T00bI BOCIIOIB30BATHCS STUM AJTOPUTMOM, HEOO-
XOJIUMO, UTOOBI KO DUIIMEHTHI JIUHEHHOTO JInddepeHITnaIbHOIO ypaBHEHUA BTOPOTO
opsiJika OBLIN PAIMOHATBHBIME (DYHKIUAMI HE3ABUCUMON TIePEeMEHHOIA.

Hxke nokazano, Kak moJiyduTh JimHeiiHoe auddepennuaibHoe ypaBHEHIE BTOPOTO
opsiJika B ciaydae l'ecca m Kak MPUBECTU €ro K YPABHEHUIO C PAIMOHAJILHBIMU KOI(D-

durmenTaMun.
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2. lIpuBenenne K 0OJHOMY JIMHEMHOMY ypPaBHEHUIO BTOPOTO
nopsaka. OCHOBHOIT pe3yJIbTaT.

BBG,ZLQM HOBBbIE 00O3HAUCHU

x1 . )
COSQ = ——— sin o =

2 2’ 2 2’
\ T1 + x5 Vv x]+ x5

1 HOBbLIC II€peMEHHbIC

Ly = Ajwicosa+ Aswsesina, Lo = Aswycosa — Ajwrsina, Lz = Aszws,

V1 ="71COSQ+ Yasinq, Vo= Jpcosa—yiSine, V3 ="3.

B nepemennbix Ly, Lo, L3, 11, o, V3 cucrema ypasaenuii ditiepa — [Tyaccona (1.1)
IPUMET BHJT;
Ly = —bLyLs,
(a —¢) LiLo + bLy L3 + 3T,
Ly=—(a—c)LiLy+bL? —bL3 — 1T,

[\
I

(2.1)
1 = cLavy — (cLa + bLy) vs,
vy = —cLsvy + (aly 4 bLs) v,
vy = (bLy + cLo) vy — (aly + bLs) vs.
3nech 0603HaYEeHO

At + Ay (A1 — Ag) 2129 1 \/7

Y100BI 0OHAPYKUTH JOMOTHUTEIbHBIN ITEPBBI NHTErPaJl, CYIIeCTBYIONIUI B CIydae
[ecca, 10CTATOYHO PACCMOTPETH TOJIBKO [IEPBOE YPaBHEHUE TIOJIy 9eHHOI cucTeMbl (2.1).
B sToMm ypaBHeHnn npasag 4acTb paBHA CaMOil lepeMeHHol L1, yMHOXKEHHBII Ha Orpa-
HUYEHHBIH 110 MOy TI0 Ko durimenT —bLg. B ¢BA3u ¢ 3TUM, ecjin B HAYaJILHBI MOMEHT

Bpemenu BesmmauHa Ly = 0, TO U B J1000I MOMEHT BPEMEHHU OKAXKeTCsl, UTO
L, =0. (2.2)

NuBapuanrHoe muoroobpasue (2.2) Bmecte ¢ yeaosusmu (1.2) u onpejessier ciydait
lecca. IIpu BbImoIHEHNN BCeX 9TUX yCJIOBUI ypaBHeHus (2.1) 3aMeTHO ylIpONIAOTCs 1

IIPUHUMAIOT BUI:

LQ = bL2L3 + V3F, Lg = —bL% — I/QP,
(2.3)

Dl = CL31/2 - CLQVg, 1)2 = bL2V3 - CL3V1, l./3 = CLQI/l - bLQVQ.
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Cucrema ypaprernuii (2.3) J0IycKaeT cyiejiyioliue epBble HHTerPaJIbL:

c
2

Samerum, 4To ciay4dail b = (0 cooTBeTCTBYyeT MHTErpUpyeMOMy cjydaio Jlarpamxa.

(L3+L3) +Tvy =E; Lova+ Lavs=k;  vf +vj +vj =1. (2.4)

Brojist 6e3pasmephble mepeMeHHbIe U TapaMeTphb

r r T
: \fcy’ ’ \[ Ve

b FE c
1 C7 F ) 1 F
3anuiieM cucreMy ypasHenuii (2.3) u nepsbie unterpasst (2.4) B 6e3pazmepHoii popme

dy dz

—= =dyyz — = = —dyy?

dr 1Y= Vs, dr 1Y~ + e,

d d d

il R 2Vy — Y3, & dyyvs — zuvy, W Yy — dyyvs, (2.5)
dr dr dr

Y2+ 22

+ 11 = h, yvo + 213 = ky.

U3 cucrembl ypasHeHuit (2.5) MOXKHO MOJIYYUTh CIEYIONAE YPABHEHST

d 2 2 ) ) 2
(y +z>:_ 2+ 22) 1_<y ;Lz _h)]_%
dz dy

dr \ 2
yo-—r=—dy (v* + 22) — ki

Bresiem Teneps mosisipHble KOOPJAMHATHL £ U (0 110 (hOPMYJIaM:

Y =2TCosp, 2z =xsinep.

Torna jya ornpejie/ieHUsd BEJIUYUH T U ¢ MBI TIOJIYY9aeM CJIEJIYIONLYIO CUCTEMY JBYX

b depeHImaIbHbIX ypaBHEHUI

dx x? 2
S Y

dyp
2 9%
m dr

= —dya?® cos p — ky.
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202 B.C.BAP/IIH, A. C. KVJIEIIIOB

U3 570it crcTeMbl HAXOANM 3aBUCHMOCTL ¢ = ¢ (x), KoTopas oupejessercs -

depeHIaIbHBIM YPaBHEHHEM

dp dix3 cos o + ki

&= T
x x2[1—(——h)]—k%
2

BaMeTuM, 9To Ipu Iepexojie or cucteMbl (2.6) K ypaBHeHuo (2.7) Mbl HCKJTIOUAEM

(2.7)

U3 PacCMOTpEHUd cydail x = const, TO eCTb y2 + 2% = const wm v; = const. Mex1y
TeM, y TAZKeJIOro TBepJOro Teja ¢ HEellOABUZKHOI TOUKoil B ciydae Iecca cymmecTByioT
cTalMoHapHbIe JBUKEHUS, JJId KOTOPBIX V) = V) = const (cM., nanpumep, [5]).

HpI/I IIOMOIIIN 3aMECHDbI

¥
—tg =
w=1tgg
ypasHeHwue (2.7) IpUBOJANUTCS K ypaBHEHUIO PuUKKaT:
dw
= 2.8
dl.fE?) — kl . d1x3 + k‘l

fr=-

fo= :
z? ? z? ?
2, |2? |1 — ?—h —k? 2, |2? |1 — ?—h — k?

U3 obmeit Teopun puddepeHnnaibHbIX ypaBHenuii ussectao (cM. [6]), uro ecin

obrriee ypasuenne Pukkaru numeer Buj (2.8), TO 3aMEHOII IIEPEMEHHBIX BUJA

w(o) = e (~ [ fow)w o) ar)

JIAHHOE ypaBHEHUE MPUBOJIUTCA K JIUHEHHOMY TuddepeHnnaabHOMy YPaBHEHUIO BTO-
poro mopsiiKa

d? d
de_xZ - ( U + f1f2) + fofsu (2.9)
WJIN, eCJIN PA3JIe/INTh Ha fo:
d? 1 d

BameTnM, ITO 1epexos oT ypasHenns (2.9) K ypasaennio (2.10) BO3MOXKEH TOJIBKO B
TOM citydae, Korja fo # 0. YesoBue fo = 0 ¢ y9éToM TOTO, 9TO & # const, paBHOCUIBHO

OJIHOBPEMEHHOMY BbLIIIOJIHEHUIO YCJIOBI/Iﬁ
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B nampneiitem 6ygem cuntath, 9to fo # 0. OkoHUaTenbHO, auddepeHnuaabHoe
ypaBHEHIe BTOPOTO TOPsIIKa, K PEIIeHII0 KOTOPOI'O CBOJINTCS PelleHne 3aa49u O JIBU-
JKEHHUH TSXKeJI0r0 TBEPJOro Tejla ¢ HEllOJBUXKHONI TOYKOi B ciydae [ecca, mmeer BUI:

@)™ (@) u—0 (2.11)
— ta(xr)— r)u =0, :
dz? dx
. dll’g — 4k1:r;6 — 4d1 (h2 — 1) $5 + 12k1h$4 — 8k%d1$3 — 8k1 (h2 — 1) .%'2 — 4]@%
B z (26 — 4hat + 4 (h2 — 1) 22 + 4k3) (di23 — ky) ’

(dll'g + kl) (dll’3 — ]{?1)
22 (26 — 4hat + 4 (h? — 1) 22 + 4k3)’

a(z)

b(z) =

[Tpumenenue muddepenimansaomy ypasaennto (2.11) amropurma Kosaunaa [4]
IPUBOJIUT K CJICJYIOIIEMY Pe3y/IbTaTy.

Teopema 1. Jluysuaresv, pewenus 6 3adaue 0 deusiceHuu meepdozo Mmesd ¢ Heno-
deusicrotli moukot 6 cayuae Tecca cywecmeyrom moavko ecau di = 0 (cayuat Jlazpan-

orca) uau ecau ky = 0 (nocmosannan unmezpana naowsadets pasna HYyA0).
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1. BBenenue

Bomnpocsl, cBsi3aHHbIE € €IMHCTBEHHOCTBIO PENeHn il 6ECKOHEIHBIX CHCTEM JTMHEHHBIX
ypaBHEHUI, KaK IPaBUJIO, IPEJACTABISIOT HHTEPEC C MaTeMAaTUIECKON TOYKU 3PEHU.
ECHI/I B T€OpHHN KOHCYHBLIX MaTpPHUIl U KOHEYHBLIX CHUCTEM JIMHENHBIX aJ[Fe6pqueCKI/IX
yPaBHEHHUIT OCHOBHYIO POJIb UTPAIOT ONPEJIEJUTEIH, TO B TeOPUH GECKOHEUHbBIX MATPUIL
U CHCTEM X POJIb B 3HAYUTEIbHOM cTerennu Tepsiercs [4]. B ¢Basu ¢ aruM, uccremnosa-
HU€e CyIIEeCTBOBAHNSL U €[MHCTBEHHOCTH OPAHUYEHHOIO PeIleHnsT GECKOHEUHBIX CHCTEM
JIMHENHBIX aHFe6paI/IquKI/IX ypaBHeHI/Iﬁ OCHOBBIBa€CTCA Ha MHMCCJICIOBaHUN CXOAMMOCTU
MeTOJIa TI0CJIE/IOBATE/IbHBIX PUOIMKEHNI B HEKOTOPOM (PYHKITMOHAJILHOM ITPOCTPAH-
cTBe TocseioBaTesbrocTeit 2], (3.

B gacrHOCTH, BIIOJTHE pery/sgpHble O6CKOHETHBIE CUCTEMBbI

oo
zm:Zanzn—l—Bm, m=1,2,...

n=1

JJId KOTOPBLIX IIO OIIpe/Je/ICHUIO BepHa OIlCHKa

n=1

pu p > 0 u g060T0 HOMEpa M, MOXKHO PacCMaTpPUBaTh KaK (DYHKITMOHAJIBHBIE YpaB-
HeHUsI B IPOCTPAHCTBE OMPAHUYEHHBIX TOCeI0BaTebHoCcTel (. B [2] mokazano cy-
IIIECTBOBAHNE €JIMHCTBEHHOIO OTPAHUYEHHOI'O PEIeHus il BIOJIHE PEryJsipHBIX Oec-
KOHEYHBIX CUCTEM IPU YCJIOBUU OTPAHUYCHHOCTU CBOOOIHBIX WieHOB. OUeBUJIHO, UTO
OJIHOPOJIHAS BIIOJIHE PEryJisipHas cucreMa OyJerT UMeTh JIUIb HyJIeBoe (TPHUBHAILHOE)
perienre. Ecim ycoBus perysisipHOCTH BBIIOJHSIOTCS, HAYMHAST ¢ HEKOTOPOIO HOMeEPa
Npg, TO OECKOHEUHYIO CUCTEMY HAa3bIBAIOT KBa3uperysaspHoit. Borpoc o cyiecTsoBanmm
OIPAHIYEHHOIO PEIICHNS y KBA3UPETyJISPHOil GECKOHETHOl CrCTeMbI CBOJUTCA |3] K mc-
CJICJTOBAHUIO KOHEYHON JTMHEHHO# crucTeMbl ¢ KO3 dUImenTaMu, BIPaKEHHBIMI Yepe3
peleHnsi BCIIOMOTATE/TLHBIX PEryJIAPHBIX OECKOHEYHBIX CUCTEM C OJIMHAKOBOI MaTpH-
el ¥ pa3InIHbIMU CBOOOIHBIMU WieHaMu. Takum oOpas3oM, MCCIIeIOBAHNE CYIIEeCTBO-
BaHUs OIPAHUYEHHOI'O PEIeHUsl Y KBAa3UPEry/IsapPHOl OECKOHEYHON CUCTEMBI COTJIACHO
HOJIXO/Y [3] CBOUTCS K MCCIIEIOBAHUIO COBOKYIIHOCTH PETYJISIPHBIX OECKOHEUHBIX CH-
CTEM M OJIHOM KOHEYHO! CHUCTEeMbl JIMHEHHBIX YPaBHEHUN.

Mmuorwue 3aja4u MaTeMaTHIecKOl (PpU3MKN Ha COOCTBEHHBIC 3HAYCHUS, B YACTHOCTHU
3aJIa9M TEOPUU YIPYTOCTH Ha ONpejesieHne COOCTBEHHBIX YacTOT KOJIeOaHU U KPUTHU-
YECKHUX CUJI, MOTYT OBITH IPUBEJIEHBI K OJIHOPOIHBIM OECKOHETHBIM CHCTEMaM € KO-

dburmenramu M,,,,(A), KOTOpble HEJMHEHHO 3aBUCAT OT HapaMerpa. Takme cHCTeMSI,

ISSN 0203-3755 /Turammaeckue cucremsr, 2020, Tom 10(38), Ne2



JIOCTATOYHBIU TPU3HAK EJIMHCTBEHHOCTU TPUBUAJIBHOI'O PEIIEHUST 207

OYEBUHO, He MOTYT OBITh BIIOJIHE PEry/IsIPHBIMU Ha BCEM JHAIla30HE M3MEHEHUsI rmapa-
MeTpa A, TaK KaK Ha COOCTBEHHBIX 3HAYCHUIX KPACBOI 38/1a41 UMEETC HETPUBUAIHLHOE
peleHne OJHOPOIHON OeCKOHEUHOM cucTeMbl. Kak mpaBuiio, BOIIPOC 00 €InHCTBEHHO-
CTU pereHnst OECKOHETHBIX CUCTEM B TPAKTUYCCKUX MTPUJIOZKEHUSIX OTIEIBHO HE UCCIIe-
ayercs (mampumep [6]), TAHHBIA BBIBOJ 3a4aCTyO J€IaeTCs HA OCHOBAHUU HEKOTOPBIX
AIIPUOPHBIX COOOPAYKEHUI, OTHOCAIIUXCA K (DOpMe pelleHns UCCIelyeMoil KpaeBoil 3a-
nagu. ajee cucrema OOBITHO PEIyIUPYETCS B KOHEUHYIO, OIPEIEINTe b KOTOPOil 1
JlaeT JUCIEePCUOHHOE YpaBHEHHE JJIsi PHUOJJINKEHHOI'O OIpPEeIe/IeHIsT COOCTBEHHBIX -
ceJl KpaeBoi 3aj1a4u.

B craTbe pasBuBaercs moIxoj1, paHee mpeJIcTaBaeHHbll B paborax [7], [8] 06 ompee-
JIEHUU COOCTBEHHBIX YaCTOT KOJeOaHUI yIPYyTUX TeJl HA OCHOBE aHAJM3a COOTBETCTBY-
IOIIUX KPaeBbIM 3aadaM OeCKOHEUHBIX cucTeM. B yacTHOCTH, OBLIO 3aMEYEHO, ITO BO3-
HUKAIOIIHE B KPAeBbIX 3a/ladaX TEOPUU YIIPYTOCTH OJIHOPO/IHbIE OECKOHETHBIE CUCTEMbI
SIBJISIIOTCSL TAKOBbIMHU, 9TO p > 0 1 Becex HOMepoB m > Ngi. C yderom sToro daxra
dopMysIIpyeTcs U JI0Ka3bIBAETCs JOCTATOYHBIN TPU3HAK CYIECTBOBAHUS €THHCTBEH-
HOTO OIPAHWYEHHOT'O PEIeHNs y KBa3upery/asapHoit cucreMbl. Ha mpakTuke jgaHHBIN
IIPU3HAK IT03BOJIIET HAWTHU MaJjible HHTEPBAJIbl U3MEHEHUA A, I'JIe BO3MOXKHO HETPUBH-
aJIbHOE pelieHne OECKOHEIHOM CUCTEMbI, U KaK CJIeJICTBHUE, IIPUCYTCTBYET COOCTBEHHA
gactora. TakuMm 0O6pa3oM, MpeJICTaBICHHbBIC HIZKE JTIOCTATOYHBIEC YCJIOBUS €/IMHCTBEHHO-
CTHU OJIHOPOJIHOIM KBa3UPEryJsipHOil OECKOHETHO# CUCTeMbl JIMHEHHBIX ajredpaniecKux
ypaBHEHUI, MIpeJjIaraeTcs, IJIaBHBIM 00Pa30M, UCIOIb30BaTh KaK 3(MPEKTUBHBIN HH-

CTPYMEHT PE€IIEHUA KPaeBbIX 3a/la4 MaTeMaTH4IeCKOMI CbI/IBI/IKI/I.

2. OcHOBHOI1 pe3yabTaT

PacemorpuM 6€CKOHEUHYIO CUCTEMY JIMHEHHBIX aJrebpandecKux ypaBHEHUH BUIA
(o)
Zm = E Mynzn, m=12 ... (2.1)
n=1

KOTOpas YJIOBJIETBOPAET YCJIOBUAM KBA3UPETYIAPHOCTH ITPU HEKOTOPHIX p > 0 1 Np:

Sm=3 | My, <00, m=1,2,.. Ng (2.2)
n=1
Sm =Y |Myu| <1—p, m=Ng+1,Np+2,... (2.3)
n=1

[Ipennaraercsa cieyionas TeopeMa.
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Teopema 1. Beckoneunan cucmema aunetinot anrzebpauseckus ypasnenud (2.1), ydo-
BAEMBOPAIOWLAA YCAOBUAM KBa3upeyaiprocmu (2.2)-(2.8), bydem umemv eduncmeer-
HOE MPUBUAALHOE PEULEHUE, eCAU NPU Hexkomopom nomepe N cywecmeyem obpammas
MAMPUG {cmi}ﬁﬂ.:l K mampuie {dpmn — an}ﬁxm:l (Omn — cumsoave Kponexepa) u
CNPacedAu6a oUeHKa

N N 0 _ S
Ty=1- max Y el | Si— Y | Ml +1nf— 0 (24)
=1 n=

j=1,2,...N
Z | M|

2de 0 < 6 < p.

Jloxazameavcmeo. Pacemorpum niepebie N ypaBHeHuit 6eckonednoii cucremsr (2.1)

N 00
-y MynZn= Y MuwZ, m=12... N (2.5)
n=N+1

KOTOpbI€, COIVIACHO YCJIOBHUIO TE€OPEMBI, ITIO3BOJIAIOT ABHO BBLIPA3UTL IIEPBbIE€ HEU3BECT-
HbI€e B BU/JIE
N o0
= E Cmi E MmZ'n,y m = 1, 2, . ,N (26)
i=1 n=N+1
HO,ILCT&HOBK& (26) B YpaBHEHUA (21) npu m > N Ja€T BO3MO2KHOCTD UCKJIIOYUTD IIEP-
BbI€ HEU3BECTHBIC U3 CHUCTEMbI U 3alluCaTb CUCTEMY OTHOCHUTEJ/IbHO OCTaBHINXCA HEU3-

BECTHDBIX Z N1, ZN42, - - -

0o N
Zm= Y |\ My + Y Myje;iM | Z,, m=N+1,N+2,... (27
n=N+1 ij=1

Ncnonb3yst paBeHcTBO

[ N
n=N+1 n=1

OIIEHUM PEryJIsiPHOCTD GECKOHETHOI cucTeMbl (2.7) cieyomumM o0pa3oM

00 N
S,]X = Z M, + Z My jcii My, | <
n=N+1 ,j=1
Z Ian|+Z!MmJIZICﬂ Z | Min|  (2.9)
n=N+1 n=N+1
N N N N
= S = > M| + Y M| el ([ Si =D IMi| |, m=N+1LN+2,...
n=1 j=1 =1 n=1
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Ob6o3HAINB J/TsT KPATKOCTH

1<j<N £

N N
Ev = max > il | Si— ) [ Myl (2.10)
1=1 n=1

MO2KHO 3alliCaThb OLEHKY PETYIAPHOCTHU CUCTEMbBI B BUE
N
n=1

Hasee, anrebpamdaecku mpeodbpasyem (2.11) rakum 06pa3om, 4ToOBI YCJIOBUE TEOPEMBI

(2.4) obecrieanBaJio BIIOJIHE PETYJISIPHOCTH GECKOHEUHOIT cucreMbl (2.7)

al 1-60-5, | &
S = (L=E&N)Y Myl =1=0— [ 1 =&y + ———| D [ M| (212)
n=1 Zlme"‘ n=1

HeiicTBUTEIbHO, 0003HAYNB

1-0-5,

- : (2.13)
> Myl

19N = inf
m>N

HoJIydaeM, 4To yeaosue (2.4) rapaHTUPYyeT BIOJIHE PEryJspPHOCTD JAHHONW CHCTEMBbI

N
N
SN<1—0—(1—Ex+0n3) Y [Myn| <10 (2.14)
n=1
CJIeILOBaTeJIbHO, OeckoHedHad CUCTEMa (27) nMeeT CAUMHCTBCHHOC OI'PaHMYCHHOC
penienne, KOTopoe ABJIA€TCA TPUBUAJIbLHBIM B CUJIY OJJHOPOAHOCTH CUCTEMBI. O‘{eBI/I,ILHO,

u3 paBeHCTBa (2.6) ciiejyerT paBeHCTBO HYJIIO TIEPBBIX HEN3BECTHBIX. [

3. IIpujioxkeHne K HaXO0XKAEHUIO COOCTBEHHBIX YaCTOT
KoJieO0aHMil MJIaCTUHBI

VYpasuenune 2Kepmen-Jlarpan:ka, oIHMCBHIBaIOIIee MaJible IOIEPEYHbIE KOJeOaHUS

YIPYTOil n30TpoIHOM miactusbl |z| < a, |y| < b HOCTOSTHHO TOJIMHBL A MMeeT BU/

0w
riae w(z,y,t) — momepedHblil mporud CpeMHHOM MIOCKOCTH IJIACTHHBL, A = 8‘9—; +
53—;2 — JByMepHbIil onepaTop Jlammaca; D = % — usrubnas (IUINHIPUIecKas)
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JKECTKOCTD ILTACTUHBI, ¥ — Kodddurment [lyaccona, F — momyns FOura, p — ynenbHast

IJIOTHOCTD HA €JINHUILY ILJIOMIA/IN [JIACTHHBI, { — BPEMs .
Bajiada 00 orpeie/IeHII COOCTBEHHBIX 9acTOT 1 (POPM KOJIeDaHUii IIACTHHBI CO CBO-
GOHBIMU KPasiMI CBOJIUTCH K OIIpeiesiennto poruba Wz, y) (rapMOHIIeCKHi MHOXK -
—iwt

TeJb € 3/1eCh U Jlajiee OIyIIeH) 1 COOCTBEHHON YacTOThI O = phw? /D w3 oxHOpOI-

HOU KpaeBOU 3318491

AAW — QW =0 (32)
C T'PAHUYHBIME YCJIOBUSMMU: , )
A ,,%;V _o, (3.3)
%Hz—y)%:o, = +a, (3.4)
8;;/ + Va;;/ =0, (3.5)
a;);fﬂz_y)%:o, — (3.6)

Ob6iee pemienne nuddepeHnnaabHOro ypaBaenus (3.2) MOXKHO MOCTPOUTH B BH/IE
cyMMBbI pertenuit jyist osoc x| < a u |y| < b B dopMe TPUNOHOMETPUIECKUX DsIJIOB
IpHY [OMOIIY pas3Jie/IeHld IIepeMeHHBIX. 1Ipu ToM BLIOMpaeM pelieHue TakKuM obpa-
30M, YTOOBI TOXK/JECTBEHHO YJOBJIETBOPUTH I'paHudHble ycaous (3.3),(3.5) u umernb
JIOCTATOYHBI IPOU3BOJ JI BBINOJHECHHA OCTABIIMXCA JIBYX TPAHUYHBLIX yCI0BUil. B
YaCTHOCTH, JJI CUMMETPUYIHBIX KOJIeOaHUA 110 06erM KOOPAMHATHBIM OCSAM, (DYHKIUS

rporuba mMeeT BUJ

W b:co cos Qy B ch Qy ayo [ cos Qx B ch Qx (3.7)
Q \sinQb  shQb Q \sinQa shQa '
+b Z (=12, Ay, b, ) cos apr + a Z (—=1)"y, A, a, B,) cos Buy;
n=1 n=1

rje 0bo3HAYEHO v, = TTn/a, (5, = mn/b;

E2+0%—-(2-v)€ ch/& — Q% {2—92—(2—1/)52.Ch\/§2+Q2z.

A= w/E—mn | JEr shyErom
Bleng - EFE Qe b /E 0 E2-2-(2-v)e sh /P T:

22 ch /€2 — Q2h VE+ Q2 ch /€2 + 02h

[Toacranoska (3.7) B rpanuunbsle yciosus (3.4), (3.6) ¢ mocieayromum passioxe-

HUEM BXOAAMUX (DYHKIHI B TPUTOHOMETPUYECKHE PsiJibl TIO3BOJISET U3 PABEHCTBA IIPU
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6a3MCHBIX (DYHKIUAX MOJTYIATH OJHOPOIHYIO OECKOHETHYIO CUCTEMY JIMHEITHBIX aared-

panvuecKux ypaBHEHUN OTHOCUTEIbHO HEU3BECTHBIX KOI(DDUINEHTOB.

Ty

2v 1 + aQ(ctg aQ + cth aQ)yy = 2v0° 5 3.8
° ( & )yo Z plnp2n ( )
b (ctg bQ + cth bQ)ag + 2wy = 20Q° Z 7 y’; : (3.9)
In42n

ZA02((1 — v)2a2 32, + vQY) 4vQtg
As(Bm,a) = non Ty ; 3.10
(b 0) ; (a2 + ¢t (a2 + 63, BB (3.10)

L A02((1 —v)%a2 32 +vQY) 4y,
TmAg(ay,, b) = e Yn + 3.11
V=2 R R Y A, O

(m=1,2,...)

rae pr, = an — Q% p3, = ap + Q% qf, = B — Q% @3, = B + Q%

Ag(z,h) =h (((1 — v+ ) cthvz2 + Q2%h — (L= v)2" — ) cthvz? — Q%) :

22+QZ 22_Q2

Jls1 meceioBanus perysipHOCTH (KBa3sUPEryIsipHOCTH) cucTeMsl (3.8) - (3.11) nc-
IIOJIb3yeM 3HAUEHHs H3BECTHBIX PAJIOB |5, KOTOPbIE MO3BOISIOT AHAJIUTHIECKH IPOCY M-

MHPOBATb PAIbI

bQ 0 11 1\ 0%
n=1
rae Ny = [Qb/7] + 1
a2 0 11 1 D
Sy = 5, lctgQa + cthQal| + -+ Q 221 = (@ - E) - (ctgQla + cthQa)

riae Ny = [Qa/7] + 1

N3 2202 4 4
1 1—-v)a + Q) 1 1 412
SQm+1 - — (492 E ( ) nﬂm ( — )+ 5 5

|As(Bim, @) (07 + ¢3,,) 0%+ ainl X+ i) 4inl G

n=1

(1) ) (& _ 2L> (@ — (1 - )%, 52) (% - i)) ;

qim Aim q2m Qom
Sz = 1 102 i (1—v)%a2, B2 +vQ! < 1 B 1 >+ 4Ot
m = —
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Tabmmra 1. Jlokaauzarust cOOCTBEHHBIX 3HAYEHUIN TIACTUHBI {2,

N 2 4 8 8]

Q| 2,254 — 2,261 | 2,256 — 2,259 | 2,257 — 2,258 | 2,257
Qo | 2,438 — 2,448 | 2,441 — 2,446 | 2,442 — 2,444 | 2,443
Qs | 4,046 — 4,057 | 4,047 — 4,055 | 4,049 — 4,053 | 4,051

bethpy,,b 1 bcthpo,,b 1
+HQ v —(1-v)’pi,ai,) ( S )— Q' — (1 = v)*p30m) ( - ))
Pim Pim Pom Pom

0\ ? 2 b0\ 2 b\ 2
Ny = || max [0, (a—) —(9> (—) —(—) Y
T b T a

Beiparkenus S, J0MyCKarOT OMHAKOBYIO aCUMIITOTHIECKYIO OTEHKY JIJI YeTHBIX U

rue

HEYEeTHbIX HOMEPOB

“L0@1/m), m— o

3.12
3+ v ( )

Sm(Q) = Z |an(Q)| =

[Mockonbky koaddurment Ilyaccona moxker npunumarh 3HadeHus v < 0,5, To u3
oreHoK (3.12) curemyer, 4o Beerja Haiimercss HeKOTOpBIid HOMep Ng, uto npu m > Ng
GecKOHEeUHAasT CHCTeMa YIOBJIETBOPSIET YCJIOBUIO (2.3), TO eCTh SBJISIETCs] KBA3UPEryJIsip-
Hoii. TIpoBepsisi jajiee ycjioBue IpeJIOzKeHHON TeopeMbl (2.4) Ha JuarasoHe YacTor,
MOXKHO HAWTH WHTEPBAJ PACIOJIOXKEHUsI COOCTBEHHOI 1acTOThI. YBeaundenueM N yia-
€TCs CYy3UTh MHTEPBAJ HACTOJBKO, YTO C HEKOTOPOW TOYHOCTHIO TOJIyYaeM 3HAYCHUE
coOCTBeHHOM YacTOThl. Tabymia 1 JieMOHCTPUPYET JIOKAJIU3AIUIO IEPBOil COOCTBEH-
HOM 9acTOThI JIsd KBaJIpaTHOW IacTuHbl npu v = (,225. BameTuMm, 4TO y:Ke IpH
N = 2 ynaercd HalTH 3HAYEHUE MEPBLIX COOCTBEHHBIX YaCTOT C Y/IOBJIETBOPHUTEILHOM
JIJIS TTPAKTUYECKUX IeJIell TOYHOCTRIO. B mocseaeM cTo/io1e TabuIbl IpeIcTaBIeHbI

3HaYEHMsI COOCTBEHHBIX YaCTOT, HalileHHbIe cortacHo MeTojy Puria [9)].

4. HpI/IJIO}KeHI/Ie K HaXO02KJACHNIO KPUTNYECKHUX CIJI
YCTOI71“II/IBOCTI/I IIJIaCTNHBI

Amnajiormaso pobsieme coOCTBEHHBIX KOJIeOaHMIT TOHKOM IIJIACTUHBI, TIPe I I0YKEeHHaST
TeopeMa MOKeT OBITh UCTI0JIb30BaHa JJIs JIPYTOil 3a1a91 Ha COOCTBEHHbIE 3HAYEHU TEO-
pun mwiactuH. PaccMoTpuM 3a/1a4y 0 CTATHYECKON yCTONYNBOCTH 3aIleMJIEHHON TOHKOI

wractuebl || < a, |y| < b HOCTOSHHOM TOMIUHBL h, PABHOMEDHO CXKATON YCUIASIMU
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N, n N, B miockocru mractunel. Corsacuo 1] dyeknms mporuba w(z,y) Zo/KHA
VZOBJICTBOPATH JTMHEAPU30BAHHOMY YPABHEHHIO YCTOIIMBOCTH:
0w 0w

DANW + Ny 4+ Ny = 0. (4.1)

Ha I'paHune IjaaCcTUuHBI r 3a/laHbl YCJIOBUA 2KECTKOI'O 3alleMJICHUA:

ow

= = 4.2
5| =0 (42)

wlp = 0;

e D — nuimHIpuydecKas XKeCTKOCTD ILIACTHHBI.
Pemenne nuddepennumanbaoro ypanenus (4.1) MOXKHO TOJYYUTh, AHAJIOIHIHO
IPEJIBIIYIIEMY PA3/Ie/Iy, METOIOM pas3jiefeHus mepeMeHubx. C y4eToM CHMMETPUHN pe-

IIIEHUS 110 00EUM KoopauHaTaM IIOJIydaeM:

- Chpl nY ChpQ nY
= An hp1 0 : - : n
w ; chpq, ( b cpand COS T+

hq, , hqs ,,
(C Dnt _ 142, x) cos Bpy. (4.3)

+ B, chq; ,a
Z @, chgi,a  chgypa

n=1

rae o, = (n—1/2)w/a, B, = (n—1/2)7/b; P1.n, P2n, Q1.1 2.0 — KOPHH XapaKTEPHCTH-
veckux ypasuenuit ((Q = N,/D; P = N,/D):

pl,nZ\/a2—£+\/Q—Pa2+%2, Q1n:\/ﬁ2—g—|—\/P—Q)ﬁgL+Q_2
pz,nZ\/ - —\/Q P2+ 5, qon = \/52 4 P Q)b+

[Toncraiss pemene (4.3) B KpaeBble yeaoBus (4.2) mosrydaem OHOPOIHY O GECKOHE -

HYIO CUCTEMY JIMHEWHBIX aJreOparmdecKux ypaBHEHUI OTHOCUTE/IHLHO KOI(MDMUINEHTOB

A,, By:

o0

2c
X2 = n Y, 4.4
DIy o o (44

= 20,
Y AV = X, 45
DI R (45)

(m=1,2...)

n+1

e X, = D% (g2, — @3.,)chaqina, Yy = A,¢ (P}, — P3,,)chpnb,

Afn _ Q1,mthq1,ma - q2,mthq2,ma_ A%n _ pl,mthpl,mb - p2,mthp2,mb
a ﬂm(q%,m - q%,m) 7 b am(p%,m - p%,m)
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Tabmuma 2. Jlokamuzamuss KpUTAIECKUX CUJ TJIACTUAHDI

N 4 10 20 30 50
Untepsax | 2,456 — | 2,507 — | 2,515 — | 2,517 — | 2,518 —
aa (b/7)2Q | 2,586 | 2,530 | 2,522 | 2,520 | 2,518

Bammmiem cucremy (4.4)-(4.5) B kanonmdeckoii popme

Zm =Y Myn(P,Q)z, m=12,... (4.6)

n=1

0003HAYUB 29,1 = Xm, Zom = Y.
Ouenum peryasgpHocTb (2.3) JAHHON CHCTEMblI NP MOMOINU JuraMMa OyHKIUH
¥(2):
0 (3-+0m) (3 + 2m) 4y (3 — 2in) — y (3 - )
b (W (5+ ") — (5 + 722m) + o (5 — "Bm) — w0 (5 — *22m)

Jastee, mepexojist K mpeesy, moJaydaeM JJjist Jo0bIX 3HadeHuit P u Q):

SQm—l =

SQm =

2
lim S, = —.
T

Orkyna ciemyer, uro cucrema (4.6) yaoBiaerBopsierT yciaoBusiM (2.3), HAYMHAS C
HEKOTOPOro m > Np, TO €CTh ABJISIETCS KBa3UPEryIapHOIl.

[TpoBepum ycrosue (2.4) mpeJIOKEHHON TeopeMbl JIIs JaHHO# cucTeMbl. B Tab-
JIIEe 2 TpeJICTaBIeHbl WHTEPBAJIBI I KPUTUIECKOH CHIbI () B Cilydae OJHOOCHOIO
cxkaTHsi KBaJpaTHoil miactudbl P = 0 (a = b) 1pu pa3myHbIX 3HAYCHUSX [TapaMeTpa
TeopeMbl V.

U3 laHubix Tab/IMIbL CllejlyeT, 9To KpuTuieckoe snadenue Qo = 2,518(w/b)2. B [1]
naetcs snadenue Qp = 2,517 (7/b)?, Koropoe OTIIMUHO coryTacyeTcst ¢ HailJIeHHbIM 3Ha-

yeHueM.
5. 3akJrrouedue

B crarbe dopMmysnpyeTcst n JOKa3bIBaeTCS TeOpeMa €/IMHCTBEHHOCTH TPUBUATIHLHOTO
peIleHrs OHOPO/IHON KBa3UPEryIspHOil OECKOHEYHON CHUCTEeMbI JIMHEHHBIX ajredpan-

yeckux ypasHenwuii. [IpejicraBiienabie puMephl MOKA3bIBAIOT, YTO IIPOBEPKA YCJIOBUS

ISSN 0203-3755 /Turammaeckue cucremsr, 2020, Tom 10(38), Ne2



JIOCTATOYHBIU ITPU3HAK EJJMHCTBEHHOCTU TPUBUAJIBHOI'O PEIIIEHUST 215

T > 0 103BOJIAET € BBICOKOH TOYHOCTHIO HANTH COOCTBEHHOE 3HAYEHHE (COOCTBEHHYIO
YACTOTY WJIM BEJHIHHY KPUTHIECKON CHIIBI) KPaeBOil 3a7adn 6e3 UHCIEHHOrO pelle-
HHUA OCCKOHEYHON CHUCTEMBI, OIUPAACH JIUIIb Ha aHAJIUTHIECKOE CYyMMHUPOBAHHE DI0B

B YCJOBHUSX PEryJsdPHOCTU U IIPOBEPKY YCJAOBUS PEIJI0XKEHHONH TE€OPEMBI.

ABTOp 6JIaFO,ZLapI/IT PELEH3CHTAa 3a 1IOJIE3HbIE 3aME€YaHud, CIIOCODOCTBOBABIIIAE yiyq-

MIEeHNIO U3JIOZKCHUA.
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O HyJEeBBLIX CHEKTpax XapaKTepPUCTUK

KoJiebssemoctu CepreeBa ypaBHeHHs Jdiijiepa

A.X.Cram, A. A. AnnaxepasHa, A. E. ApruceBuy,
H. A. Jlo6ona

Kagkaszckuit MmaTemMaTudeckuii eHTP,
A npireiickmit TocymapeTBennblit yansepcuret, Maiikon 385000,
E-mail: aidamir.stash@gmail.com, alinaallakhverdyan@mail.ru,

cokolovangela@rambler.ru, n-loboda@yandez.ru

Awnunoranus. B nannol pabore nccieayoTcs pa3IndHble PA3HOBUIHOCTH OKa3aTeseil KoaebaeMoCTr
(BepxHUe WM HUXKHUE, CUIbHBIE nin caabeie) n yactor Cepreea 3HAKOB, HyJleil 1 KOpHeil HeHyJie-
BBIX DEIIeHU JTUHEHHBIX OJIHOPOAHBIX JuddepeHITNaIbHBIX YPABHEHIII C HEIIPEPHIBHBIMUA U OI'DAHU-
YEeHHBIMU Ha MOJIOZKUTEIHHOI mosryocu Kodddurmentamu. 3BeCTHO, 9TO CHEKTPHI BCEX MEPEINCIIeH-
HBIX XapakTepucTuk Kojedaemoctu Cepreesa (T.e. HX MHOXKECTBA 3HAUCHUI HA HEHYJIEBBIX PEIICHUAX )
YPaBHEHUIl 70 BTOPOIO IMOPSIJIKA COCTOSIT U3 OJHOIO 3Ha4YeHusl, a ciekTpbl dactor Cepreesa ypaBHe-
HUIl BbIIIIE BTOPOI'O IIOP#A/IKa IIPUHAIJIEKAT KJIACCY CYCJIMHCKUX MHOXKECTB HEOTPUIATE/IbHOI II0JIyOCH
paCIIIpPEeHHON YNCIOBON mpsaMoil. B aBTOHOMHOM cirydae m3ydaeMble CIEKTPhI TECHO CBS3aHBI C MHO-
2KECTBOM KOPHEIl COOTBETCBYIOIIETO XapPaKTEPUCTUYIECKOTI'O yPAaBHEHNUS, & HEKOTOPhIE U3 HUX JlazKe MO-
IyT JOCTUTATh MOIHOCTH KOHTHHYYMAa. B HacTOsAIIEll cTaThe JOKA3aHO, YTO CIEKTPHI XapaKTEPUCTUK

kostebiemoctu CepreeBa ypaBHEHUS DMjI€pa COCTOAT U3 OJHOTO HYJIEBOIO 3HAYCHIUSI.
KitoueBbie cioBa: nuddepeHiuaibHble ypaBHEHUsI, KOJIe0JIeMOCTh, IiC/Io HyJel, yacTota Cepree-

Ba, IIOKa3aTeJIb KOJI€0JIEMOCTH.

On zero spectra of Sergeyev oscillation characteristic
of the Euler’s equation

A.Kh. Stash, A. A. Allahverdyan, A.E Artisevich, N. A. Loboda
Caucasus Mathematical Center, Adyghe State University, Maikop 385000.

Abstract. In this paper, we study various types of exponents of oscillation (upper or lower, strong or
weak) and Sergeyev’s frequencies of signs, zeros and roots of non-zero solutions of linear homogeneous
differential equations with continuous coefficients bounded on the positive semi-axis. It is known that
the spectra of all the listed Sergeyev oscillation characteristic (i.e their number of values for non-zero
solutions) of the equations up to the second order consist of one value, and the spectra Sergeyev’s
frequencies equations of order greater than two belong to the class of Suslin sets on the nonnegative
half-line of the extended real line. In the autonomous case, the spectra under study are closely related
to the set of roots of the corresponding characteristic polynomial, and some of them can reach the
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cardinality of the continuum. In this article, it is proved that the spectra of Sergeyev oscillation
characteristic of the Euler’s equation consist of one zero value.

Keywords: differential equations, oscillation, number of zeros, exponents of oscillation, Sergeev’s
frequencies.

MSC 2010: 34A35
BBenenue

B pa6orax 1. H. Cepreesa |6, 7, 8] Ha 1oty ipsiMoii BBOIUJINCH 1 HCCIIEIOBATIACH Pas3-
JINYHBIE XapPaKTEPUCTUKH JIAITYHOBCKOTO THUIIA HEHYJIEBBIX PeIleHuil TuHeHbIX udde-
PEHITHAJIBHBIX YPABHEHUN M CUCTEM. DTHU XapaKTEePUCTUKU OTBEYalOT 3a K0J1e0JIeMOCTh
u Gusryzkaemoctsb perienns. B 2015 rogy B crarbe |9] ObuM cHCTEMATH3MPOBAHbLI BCE
BBesennble V. H. CepreeBbiM XapaKTepUCTUKHI JIAITYHOBCKOI'O THIIA, YTO IIPUBEJIO K U3-
MEHEHWIO Ha3BAHUI HEKOTOPBHIX M3 HUX. B YacTHOCTHU, MMOJIHBbIE U BEKTOPHBIE YaCTOTHI
IepeNMEHOBAHbl COOTBETCTBEHHO B CUJIbHBIE M cjabble ToKazarean Kojebdbiemoctu. B
paborax |1, 2, 3] xapakTepucrudeckue dactorsl [6] 6bun HazBaubl wacmomamu Cepee-
esa.

Jlannas pabora TMOCBSIEHA U3YYEHUIO CIIEKTPOB XapPaKTEPUCTHUK KOJIEOJIEMOCTU
Cepreesa ypaBHeHust Jitjiepa. Pertennst TuHEHHBIX OHOPO/IHBIX YpaBHEHUI IEPBOTO
nopsiika Ha R, He uMmeror Hyseii (B CHIy TeOpeMbl CyIeCTBOBAHUS ¥ €MHCTBEHHO-
CTH), TOTOMY 3HAYEHUsI BCEX XapaKTepUCTUK KojebjaeMocTu paBHbl HY/0. CHekTp
KaxKJI0i M3 XapaKTEePUCTUK KOJeOJIEMOCTH yPaBHEHHUsI BTOPOTO IOPSIIKA COCTOUT W3
ozHOro 3HaveHusd (8], a crekTpsl yacror CepreeBa ypaBHEHUIl BBIIIE BTOPOTO MOPsIIKA
NPUHAJIEZKAT KJIACCY CYCJTMHCKUX MHOXKECTB HEOTPUIIATE/ILHOM ITOJIyOCH PACIITMPEHHOM
YHCJIOBOfT IpsAMOit [3)].

N3 obmiero Kypca anddepeHIma bibiX YPaBHEHUI U3BECTHO, UTO YpaBHEHHE Dii-
Jiepa CBOJIUTCA K aBTOHOMHOMY ypasHeHHio [14]. CrekTpbl nmokasaresteii KosebaeMocTn
ABTOHOMHOT'O YPaBHEHUS N-TO MOPAJKA COCTOAT He DoJjiee YeM U3 N Pa3IUIHbIX 3HaYe-
muit [8, 10, 11, 12, 13|, a cnekrpbr yacror CepreeBa yCTPOEHBI CJIOKHEE U TIOJHOCTHIO
He UCCJIEJIOBAHbL: JIJIs YPABHEHUI TPEThEro Mmopsijika OHU BCerjia KOoHedHbl [6], a st
YPaBHEHUH YeTBEPTOTO MOPs/IKA MOI'YT UMETh MOIIHOCTH KOHTUHYyMa [4].

B macrosieit pabore ycTaHOBIEHO, 9TO Ha MHOXKECTBE PEIeHnil ypaBHEeHNSA Jiljepa

BCe XapakTepuctuku Kosebsemoctu CepreeBa paBHbI HYJIIO.
1. OcHoBHBIE 0003HAYECHUA U orpeaeJjieHnAd

JIs1 3a1TaHHOTO HATYPAIBHOTO 1 PACCMOTPUM MHOXKeCTBO £" JIMHEHHBIX OTHOPO/I-

HBbIX ypaBHeHI/IfI N-Tro IIopdaKa
v+ a )y + a0+ an(t)y =0, ¢ € Ry = [05400),
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3a/1aBaeMbIX OTPAHUYCHHLIMI HEIPEPBIBHBIMU (DyHKITHAMEA
J— . n
a=(ay,...,a,): Ry = R

C KOTOPBIMHU B JIaJIbHEeIeM 1 OyJIeM OTOXKJIECTBJIATH camMu ypaBHeHus. depe3 L™ 0bo-

3HAYMM II0JIMHOYKECTBO MHOXKecTBa £, cocTosdlnee u3 ypaBHeHUil Ditaepa:
(pt+@)"y™ + ar(pt + )"y 4 ana (pt+ Q)+ any =0, p.q > 0.

MHOXKeCcTBO BCeX HEHYJIEBBIX DeleHuii ypabHenuss a € E" obosnauum depes S.(a).
Jatee, 3B€3/109KOi CHU3Y Oy/ieM IoMedaTh JII000e JIMHEHHOE TPOCTPAHCTBO, B KOTOPOM
BBIKOJIOT HYJIb. [lomoxkum

St = S.(a).

acén

Onpenenenue 1 (|6|). Ckaxkem, 9To B TOUKe t > () IPOUCXOIUT CMPO2AA CMEHG 3HAKA
Y
dyukun y € S, ecau B Jit000I OKPECTHOCTU ITON TOUKHU (DYHKIMSA Y IPUHUMACT KaK

IIOJIOZKHTEJIbHBIE, TaK U OTPpUIlaTC/IbHBIC 3HAYCHMA.

Onpepenenne 2 ([6]). Jas momenta ¢ > 0 u dynknun y € SI' BBeJeM cJeyoline
0003HAYEHUS:

v~ (y,t) — 4ucio Touek ee cmpozoli cmenvl 3haka Ha npomexyTke (0,t];

VO(y,t) — umeno ee nyaet na npomexytke (0, ];

vt (y,t) — aucno ee kopred (T.e. Hys€li ¢ y9eTOM UX KPAMHOCMU) HA TPOMEXKYTKE

(0, 4].

Hanee, nas Bektopa m € R? u ektop-byukmum Yy = (y, 7,...,y" V) sBemem
obo3madenne l/y(yam7t) = l/y(<¢y7m>7t)7 rae vy € {_)07 +}7 <¢y<)7m> — CKaJldpHOe
IIpousBeJacHuC.

Onpepenenne 3 (|1, 2, 6]). Beprnue (nuorcrue) wacmomu Cepzeesa 3nakos, nyaet i
kopret moboro pererns y € 8P npu 7 € {—, 0, +} coorBeTcTBeHHO 33 1a1UM HOPMY-
JaMu

24 — T Ty ol = i Ty

(y) = lim —v7(y,t) (y)= lm —v7(y,t) | .

t—+oo { t—+o0
B cayuae coBnajennst kakoii-mbo Bepxueil acrorsl Cepreesa pereHusi i ¢ OJHO-

UMEHHOIN HYzKHeil OyjeM HasbBaTh ee mownol u obosHadarh 17 (y). Eciu monosnu-
TeJIbHO elnle Bhinongercs pasenctso v (y) = 1¥(y) = v (y), To wacrorsr Cepreesa —

abCcoNOMHBMU.
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Onpepesienne 4 (|7, 8, 9|). Beprrue (Huscrue) cusvholl U caabvlll NOKA3aMeAU KO-

aebaemocmu 3nakos, wyaet u xopred dyuxkiuu y € S npu v € {—,0,+} coorser-

CTBEHHO 3a/[aiuM GopMy/IaMu
?)(y) = inf lim zzﬂ(y m,t) (7)(y) = inf lim ZV”’(y m,t)
mER? t—+o0 t y 110y . meRY 5 1o s 110y )

7(y) = lim inf Elﬂ(y,m,t) (Dg(y)z lim inf zlﬂ(y,m,t)).

t—-+oo meR? ¢ t 5+ oo MERT

B ciydae coBnajieHus CHIBHOIO WJIM CJIAOOI0 BEPXHErO IOKa3aTe/ s KOJ1ebJIeMOCTH

pemenud Yy ¢ OAHOMMEHHBIM HU2KHUM 6y,ILeM Ha3bIBATDL €0 MOoYHbLM U 0003HAYATD V;y (’y)

win v) (y).
2. Bcmiomorarenbubie (paKThI

N3 chopmymnpoBaHHBIX ONPE/IE/ICHII BHITEKAIOT

Samevwarue 1. g moboro y € S UMEIOT MECTO CJI/IYIONUE COOTHOIICHUST
o5 (y) < vly) <03 (y), 7 (y) < 0ly) < o (y),

v (y) <n(y) <vf(y), uo(y) <wlly) <vd(y),
v (y) <y) <0T(y), v (y) < 00(y) < T (y).

Samevarue 2. Tng mobeix y € S uy € {—,0,+} crpaBeiuBbl HEpaBeHCTBA

77 (y).

IN

vl(y) <od(y) <0'(y), vl(y) < vl(y)

U3 nokasaresnbeTsa JeMMbl 6 [6] ciemyer cripaBeinBoCTh

JIemma 1. Jlas moboti dynrkyuu y € S enpasedauso nepaserncmeo v () > vt (y).

Onpepesenne 5 ([5]). s sagannbix muokects M u F' = {f : R, — M} nazosem
dyukmuio A @ F' — R ocmamounod, eciu s y1obbix dyukiuit f, g € F', yaoBieTBo-
psiforux xoTst 6l jyist ojgHoro tg € Ry yemosuio f(t) = g(t) upu Beex t > tg, umeer

MecTo paBeHCTBO A(f) = A(g).
3 nokasaresnbersa eMMbl 8 [6] coemyer

JIemma 2. @ynryus 0t : 8" — Ry asasemcs ocmamounot.

Bamevanue 3. CBoicTBO OCTATOUHOCTH (DYHKIMOHAA U1 TI03BOJISIET IPOU3BOIUTD T10I-

cUeT KOJIMUecTBa KopHeil He Ha R, a Ha JIIOOOM €ro MoIMHOMXKECTBE [tg, +00).
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3. ®opmMyInpPOBKa U JOKA3aTeJILCTBO OCHOBHOT'O Pe3yJibTaTa

Teopema. Jlaa a060z20 pewenusn y € S.(a) awbozo ypasnenus a € L' 6vinoanena

UENOUKA PABHEHCING

oxazamesvemeo. 1. Pukcupyem Mpou3BoJIbHOE ypaBHeHue a € L™ 1 IPUBEJIEM ero K
ypaBaeruto b € £" ¢ MOCTOTHHBIMU KO3 PUITMEHTAME ¢ TOMOIIBIO 3aMeHbI pt + ¢ = €.

Breimummem Bce KopHU Mg, ..., A\, XapaKTEpUCTUYECKOTO MHOIOYJIEHA, COOTBETCTBY-
IOINEro JIAHHOMY YPaBHEHUIO b, YIIOPSI0YNB UX 10 HECTPOT'OMY BO3PACTAHWIO MOLyJICH
UX MHUMBIX JacTell, a B KaKJI0il rpyIiie KOpHeil ¢ paBHBIMU MHUMBIMI YaCTAMEI — €IIle
U 110 HECTPOT'OMY BO3PACTAHUIO UX JACHCTBUTEALHBIX YaCTew.

B coorBercTBUM € TIOJIYyYEHHBIM CIIMCKOM KOPHEH BBIIUINEM CTaHIApPTHYIO dyHIa-
MEHTAJIbHYIO crcTeMy pertternii [14] caeayronmm 06pa3om: KazKIoMy JefCTBUTETLHOMY
KOPHIO A, BCTPEYAIOIIEMYyCsi B CIIUCKEe POBHO k pa3, IMOCTaBUM B COOTBETCTBHE HAOOD

dyHKINT B CTAPbIX T€PEMEHHBIX

(pt+q)", (pt +q)* In(pt +q), ..., (pt +¢)* " (pt + q),

a KaxK/J10i1 Irape KOMILJIEKCHO COIIPSI2KEHHBIX KOpHeit A = atif (f > 0), Bcrpedaomnieiicst

B CIIMCKE KOPHEl POBHO k pa3, IOCTABUM B COOTBETCTBHE HAOOD (DYHKIIHIT

(pt +q)* cos(BIn(pt + q)), (pt + q)* sin(BIn(pt + q)), .. .,
o (pt 4 @) cos(BIn(pt + q)) In" " (pt + q), (pt + ¢)*sin(BIn(pt + ¢)) In" " (pt + q).

B wurore mojayduM yIOpPAJOYEHHBIH CIHHUCOK Y1,...,Y, € Si(a) Geckonedno-
nuddepenrupyembix byukmuit. CremgoBare/ibHO, 0bIee pelrienne ypasuenus a € L"
uMeeTr BUIA Y = C1Yy + *+* + CpYn, TIE C1, ..., Cyp — IPOU3BOJILHBIE IIOCTOAHHBIE.

Bribepem 1pousBoJibHOE peleHne
y:Cryr+cr+1yr+1+"'+cjyj> 1 Sréjén (31)

2. Ilycrs A\; € R. Torga, nauunad ¢ J0OCTATOYHO OOJIBIIONO MOMEHTa BPEMEHH,
dyHKIMS y He uMeeT HyJseil U, cjaeJ0BaTeIbHO, UMEeT JIUIIb KOHETHOe TUCI0 HyJIel Ha
nosiyocu Ry u moromy v+ (y) = 0.

3. Teneps npennosozkum, aro \; € C. Torma B pemternnn (3.1) BbIIeINM IVIABHYIO

qJaCTb, IIpeJACTaBUB €I'0 B BUE

y(t) = (pt + q)* In* (pt + q) (A1 cos(By In(pt +q) +71) + . ..
++o+ Ayeos(BIn(pt + q) + 7)) + (1)
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rae
kZO, A17"‘7Al?é07 Oé7717"'7’yl€R7 /61>ﬂ2>"'>ﬁl7

(ecom B; = 0, 0 y; = 0), & OCTATOK Y COJIEPIKUT T€ CJIaraeMble JMHEHHOI KoMOuHAIMH,
Y KOTOPBIX MOKa3aTesb crenenn (pt + ¢) aubo cTrporo MeHbllle YUCIa o, JIH00 PaBeH .
B nociiennem corydae nokaszaresisb crenenu In(pt 4+ ¢) crporo mensbiie k.

A. Ecmm I =1 u f; = 0, o rmasHas gacts umeer sug Ay (pt + ¢)* In*(pt + q), cre-
noBateabo, Gyukims (3.1) npu gocTaTodHo GOJIBIKMX ¢ OT/IE/ICHA OT HYJIs, a 3HAUIT,
BBIIIOJIHEHO paBeHcTBo v (y) = 0.

B. IIpu £, > 0 BBeseM B paccmoTpenue (byHKIUIO

y(t)
(pt + q)*In"(pt + q)

2(t) = = Ajcos(Biln(pt+¢q) +m) + ...

©(t)
(pt + q)* In"(pt +q)

<o+ Ajcos(B In(pt + q) + ) +
[Tpoussojnyto (byHKIUK 2 S-TO MOPSJIKA MPEJICTABUM B BUJIE

29 () = p*(pt + q) (B By cos(B In(pt + q) + y1.6) + - .-

pl(t) )@
(pt+q) " (pt+q))

-+ 4 B} Bycos(B In(pt + q) + .s)) + (

Oynkiun v (u,t) u v*(v,t) SKkBUBATIEHTHBI TIpH { — 400 U JOCTATOYHO GOJIBIIIOM

3HAYEHUM S, KAKOBBIM U OyJeM ero B JajbHEIeM cauTaTh, IJe

v(t) = cos(f1 In(pt + q) + 71,

(pt +q)*2(t)

u(t) =

=cos(frIn(pt +q) + 11.5) + - ..

péB; By
3B, @wa( o(t) )@
w4 ———cos(B In(pt + q) + vi.s) + .
°B, (Bn(pt +q) + 7.) BB \(pt + q)* Inf (pt + q)

JleiicTBUTEIHLHO, 171 JIOCTATOYHO OOJIBINTUX 3HAYECHUN apryMeHTa BCe HY/I (DyHKITUN
U ABJIAIOTCS TOYKAMU CMEHBI 3HAKA, IIOCKOJIBKY B ITOCJIEIHEN CyMMe BCe ciaraemble Co
BTOPOIO 1O [-0e MaJibl [0 MOJYJIIO pu Beex ¢ > (0 u3-3a Masoctu Beaudubl (5;/51)%,
a TocJIe/IHee caaraeMoe CTPEMUTCS K HYJIO TIPpH ¢ — —+00.

4. Cobupas 1oJIyIeHHbIe JJAHHBIE U YIUTBIBas BCIIOMOraTeIbHbIe (haKThl HACTOSAIIEH

paboThI, OyJIeM UMETh HEIMOYKY COOTHOIIEHMT
v (y) =0 (20) = v (u) < 0T (u®)) = 0t (z) = 0T (v) =
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— T {/31 In(pt + q) + 71,5 + W/Q]
= lim — =
t—+oo T
. In(pt . 2 In(pt
_ T _(51 n(pt +q) + ., +7T/): i P+
t—+oo ¢ T t——+o0 t
rie [d] — nenas gacts gnciaa d. OTcioga creayer 3aKI09eHIe TEOPEMBL. ]

ABTOpBI BhIpazKkatoT riybokyo Osarogapaocts mmpodeccopy M. H. Cepreesy 3a 06-

Cy KJIeHue Pe3yJIbTaTOB JJaHHOW PabOTHI.

Crucok OUTUPYyEMbIX NCTOIYHUKOB

1. Bapabaros E. A., Botideaesunw A. C. K teopun uacror CepreeBa HyJieil, 3HAKOB U KOpHEIt
pemrenuit auHelHbIX muddepennnanbabix ypapuennii. 1. duddepennnanbabie ypaBHe-
Hust. 52, Ne10, 1302-1320 (2016).

Barabanov E. A., Voidelevich A. S. Remark on the theory of Sergeev frequencies of zeros,
signs and roots for solution of linear differential equation.l. Differential equation, 52. no
10, 1249-1267 (2016).

2.  Bwxos B. B. O 6sposckoii kinaccudukanun dacror Cepreepa HyJeil W KOpHeH peIlleHnin
smHeitHbIx nuddepennuanbubix ypapuennit. Jluddepennnanbabie ypauenus. 52, Ne 4,
419-425 (2016).

Bykov V. V. On the Baire classification of Sergeev frequencies of zeros and roots of solution
of linear differential equation. Differential equation, 52. no 4, 413-420 (2016).
3. Botideaesuu A. C. O cunexkrpax gacror Cepreesa JUHEHHBIX qud HepeHInaIbHbIX ypaBHe-

nuii. 2Kypuan Besopycckoro roc. yu-ta. Maremaruka. Uuadopmaruka. Ne 1, 28-32 (2019).

Voidelevich A.S. On spectra of upper Sergeev frequencies of linear differential equation.
Journal of the Belarusian State University. Mathematics and Informatics, no 1, 28-32
(2019).

4. Topuuxut A. FO., Qucenxo T. H. XapakTepucTuieckKue IacToThl HyJell CyMMBI JIBYX TOP-
MoHmnueckux kosebanuii. Juddepennuanbusie ypasuenus. 48, Ne 4, 479-485 (2012).

Goritskii A. Y., Fisenko T. N. Characteristic frequencies of zero of a sum of two harmonik
oscillations. Differential equation, 48. no 4, 486-493 (2012).

5. Cepeees Y. H. K Teopun nokazareeit JIsmyHosa JuHeRHbIX crucTeM g PepeHInaIbHbIX
ypasuenuii. Tpyzbl cemunapa um. U. I ITerposckoro. 9, 111-166 (1983).
Sergeev . N. A contribution to the theory of Lyapunov exponents for linear systems of
differential equations. Journal of Mathematical Sciences, 33, no. 6, 1245-1292 (1986).

6. Cepeees Y. H. Onpenienienrie n CBOMCTBA XapaKTEPUCTUIECKUX YACTOT JTMHEHHOTO ypaBHe-

nust. Tpyaer Cemunapa um. W. T'. Tlerposckoro. 25, 249-294 (2006).

Sergeev [. N. Definition and properties of characteristic frequencies of a linear equation.
Journal of Mathematical Sciences, 135, no.1, 2764-2793 (2006).

ISSN 0203-3755 /Turammaeckue cucremsr, 2020, Tom 10(38), Ne2



10.

11.

12.

13.

O HYJIEBBIX CIIEKTPAX XAPAKTEPUCTUK KOJIEBJIEMOCTHU 223

Cepeees 1. H. OmupejiesieHne MOJHBIX YaCTOT peIleHuil jguHeitHoro ypasHeHus. ludde-

peHImasbHble ypaHenusi. 44, Ne 11. 1577 (2008).

SergeevI.N. Definition of full frequencies of solutions of the linear equation.
Differentsial’'nye uravneniya, 44, no. 11. 1577 (2008) (in Russian).
Cepeees M. H. XapaKTepHCTUKH KOJI€OJIEMOCTH U OJIy?KIaeMOCTH PEIIeHuH JIMHEHHOM

nuddepentmanbuoit cucrembl. Vzsectuss PAH. Cepust maremarundeckast. 76, Ne 1, 149-
172 (2012).

SergeevI. N. Oscillation and wandering characteristics of solutions of a linear differential
systems.Izvestiya: Mathematics, 76, no. 1, 139-162 (2012).
Cepzees U. H. TloyHblii HabOpP COOTHOINEHUN MEKJIy IOKa3aTeIsIMU KOJIEOJIEMOCTH, Bpa-

maemMocTu u OJ1yzKmaeMocTu pertenunii nuddepeniuaibubix cucreMm. zsectus Nucruryra
mareMaruku u nadopmarukn Yial'V. 2 (46), 171-183 (2015).

Sergeev I. N. The complete set of relations between the oscillation, rotation and wandering
indicators of solutions of differential systems. Izvestiya Instituta Matematiki i Informatiki
Udmurtskogo Gosudarstvennogo Universiteta, 2 (46), 171-183 (2015) (in Russian).

Bbypraxos J[. C., Hou C. B. CoBliaieHne MOJHON 1 BEKTOPHOI YaCTOT PEIleHnii JTuHEHHOM

aroHoMHOIt cucrembl. Tpyuer Cemunapa um. U. . Tlerposckoro. 30, 75-93 (2014).

Burlakov D. S., Tsoii S. V. Coincidence of complete and vector frequencies of solutions of a
linear autonomous system. Journal of Mathematical Sciences, 210, no. 2, 155-167 (2015).
Cmaw A. X. CsoiicTBa IOJHLIX U BEKTOPHLIX YaCTOT 3HAKA PEIIeHHil JTUHEHHBIX aBTO-

HOMHBIX Juddepennuaabubix ypasuenuii. Jluddepen. ypasuenns. 50, Ne 10. 1418-1422
(2014).

Stash A. Kh. Properties of complete and vector sign frequencies of solutions of linear
autonomous differential equations. Differential Equations, 50, no. 10, 1418-1422 (2014).

Cmaw A. X. CpolicTBa MOJHBIX W BEKTOPHBIX YaCTOT HECTPOI'MX 3HAKOB W KOpHEH pe-
IIEHUH JIMHEWHBIX OJIHOPOJIHBIX aBTOHOMHBIX JnddepeHInaabubiX ypaBHeHuii. BecTHuk

Aspireiickoro rocyapersenaoro yuusepcurera. Cepusi 4: EcrecrBenHO-MaTeMaTHIecKne
u TexHuveckue Hayku. 3 (166), 18-22 (2015).

Stash A. Kh. Properties of full and vector frequencies of lax signs and roots of
solutions of linear homogenous autonomous differential equations.Vestnik Adygeiskogo
gosudarstvennogo universiteta. Seriya 4: Estestvenno—matematicheskie i tekhnicheskie
nauki, 3 (166), 18-22 (2015) (in Russian).

Cmaw A. X. CpoiicTBa moKazaTeseil KoJeOJIEMOCTH PeNeHuil JIMHEHHBIX aBTOHOMHBIX
nuddepeniuanbabix cucreM // Bectauk Yamyprekoro yausepcurera. Maremaruka. Me-
xaHuka. Kommnboorepabie Hayku. 2019. T.29. Beim. 4. C. 558-568.

Stash A. Kh. Properties of exponents of oscillation of linear autonomous differential system
solutions. Vestnik Udmurtskogo Universiteta. Matematika. Mekhanika. Komp’yuternye
Nauki, vol. 29, issue 4, 558-568 (2019)(in Russian).

ISSN 0203-3755 /Iurammaeckue cucremsr, 2020, Tom 10(38), Ne2



224 A.X. CTAIII, A. A. AJTUVTAXBEP/ISIH, A. E. APTUCEBIY, H. A. TOBOJIA

14. Quaunnos A. @. Beenenne B Teopuio auddepeHuaabubiX ypasuenuit. M.: Eauropuan
YPCC, 2004.
Filippov A. F. Vvedenie v teoriyu differentsial’'nyh uravnenii. Moscow: Editorial URS,
2004. (in Russian)

Hoayuena 20.06.2020

[Tonmmucano B nmeyars 03.06.2020. dopmat 60x84/8.
Yen. meu. 1. 11,16. Tupax 25 sk3. 3aka3z Ne HIT/*** becrnarso.
JlaTa BeIXOza B cBET **.**.2021.
Otneuatado B M3maTenbCkoM qoMe
OI'AOY BO «K®Y um. B. U. Bepnanckoro»
295051, r. Cumdepornoinb, Oyi. Jlenuna, 5/7

ISSN 0203-3755 /Innamuaeckue cucrempl, 2020, Tom 10(38), Ne2



Dinamicheskie sistemy
(Dynamical Systems)

Volume 10(38) no.2

2020

Table of Contents

E. GUREVICH, A. CHERNOV, A.IVANOV. On Realization of Gradient-like Flows

on the Four-dimensional Projective-like Manifold
E.NOZDRINOVA. On a stable arc connecting Palis diffeomorphisms on a surface

A.N.KULIKOV, D. A KULIKOV. Local Bifurcations and Global Attractor of a
Periodic Boundary Value Problem for the Ginzburg-Landau Variational Equation

M. V.MULYUKOV. On asymptotic stability of inverted pendulum with friction
and with double delay in feedback. I

K. V.FORDUK. A Problem on the Normal Oscillations of a Body Partially Filled
with an Ideal Homogeneous Fluid under the Action of an Elastic Damping Device

B.S.BARDIN, A.S. KULESHOV. Application of the Kovacic Algorithm for the
Investigation of Motion of a Heavy Rigid Body with a Fixed Point in the Hess

Case

S.0.PAPKOV. A Sufficient Criterion for the Uniqueness of the Trivial Solution

of the Homogeneous Quasi-regular Infinite System of Linear Equations

A.KH.STASH, A. A. ALLAHVERDYAN, A. EARTISEVICH, N. A. LOBODA. On

zero spectra of Sergeyev oscillation characteristic of the Euler’s equation

129
140

151

166

179

197

205

216



JInmHaMuieckKne CUCTEMbI

Tom 10(38) Ne2

2020

Conepkanue

E. GUREVICH, A. CHERNOV, A.IVANOV. On Realization of Gradient-like Flows
on the Four-dimensional Projective-like Manifold

E. NOZDRINOVA. On a stable arc connecting Palis diffeomorphisms on a surface
A.H.KYJINMKOB, . A. KVJIMKOB. JlokayibHbie OudgypKamuu u riodbaibHbIN aT-

TPAKTOP MEPUONIECKON KPAEBOH 331841 JIJIsT BADUAIIMOHHOIO ypaBHeHus: | nH36ypra-
Jlarmay
M. B. MVJIIOKOB. O6 acuMnToTu4eckoil ycTONIMBOCTH IEPEBEPHYTOIO MasTHU-

Ka C TpeHueM 1 JIBYKPaTHBIM 3alla3JbIBaHUEM B MEXaHU3ME O6paTHOI7I cBsa3n. 1

K.B. ®OPAVK. 3agada 0 HOpMaJIbHBIX KOJEOAHUIX Tesa, YJACTHIHO 3aII0THEHHO-
ro uaeaJbHON OIHOPOIHON »KUIKOCTHIO, IO/ JeACTBUEM yIPYTOAeMII(PUPYIOIIErO

YCTPOHUCTBA

b.C.BAP/IVH, A.C.KVYJIEIIIOB. Ilpumenenue anropurma Kopaunmua st mc-
caenoBanus ciaydas ecca B 3a/ate 0 ABUKEHUHN TIKEJTOTO TBEPIOTO TeJa ¢ HEello-

JBUXKHOI TOYKON

C. O.ITAIIKOB. [TocTaTo4unblii TpU3HAK €IMHCTBEHHOCTH TPUBUAJILHOTO PEITEHUS

OJIHOPOJTHOI KBa3UPETyJISPHON OECKOHEYHON CHCTEMbI JIMHEHHBIX YPABHEHUI

A.X.CTAII, A. A AJIJTAXBEPIIAH, A.E.APTUCEBUY, H.A.JIOBOJIA. O

HYJIEBBIX CIIEKTPax XapakTepuctuk koJiebsemoctu CepreeBa ypaBHeHUs Jiljiepa

129
140

151

166

179

197

205

216



