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K npobieme maabix KojiebaHUii CICTEMBI
113 JIBYX BA3KOYIIPYIUX 2KMJIKOCTEI],
3aM0JTHAIONINX HENOABMXKHBII COCY/],
(MozesbHas 3a1a4a)

H. /1. KonaueBckmuii

Kpwivckuit denepanbuniit yausepcurer uMm. B. 1. Bepuaackoro,
Cumdepononn 295007. E-mail: kopachevskyQ@list.ru

Awnnoramnusi. B pabore usyuaercsi cKaJisipHasl 3aJ1a4a COIPSI?KEHNsI, MOJLyJIUPYIOIIasi IpobJeMy Ma-
JIBIX KOJIEDAHUI JIBYX BSI3KOYIIPYIHX YKUJIKOCTEH, 3aIlOJIHSIONIX HEMOABUXKHBINA cocy. Vcciepyercs
HaYaJIbHO-KpaeBasl 3ajada U MeTOJaMU TEOPHUHU IOJIYTDPYIII JOKA3bIBAETCH TEeOPeMa O ee OHO3HATHOM
DPa3penmMoCTu Ha JIIOOOM KOHEYHOM OTPe3Ke BpeMeHH. BO3HUKAIoNAs IPU ITOM COOTBETCTBYIOIIAS
CHeKTpajbHasl MpodJIeMa Jjisi HOPMAJIbHBIX KOJIEOAHUN CHCTEMbI MCCJIELyeTCsl METOJAMU CIEKTPAJIb-
HOIt Teopun ornepaTop-byHkuuii (onepaTopHbix myaKkoB). [loxyueHHBIH OMepaTOpPHBI ITyI0K 0600IIaeT
Kak u3BecTHBIN oneparopublil myuok C. I Kpefina (kosebanus BS3KOM XKUJIKOCTH B COCY/IE), TaK U IIy-
YOK, BO3HUKAIONIUN B 33/1a9€ O MaJIbIX JIBIKEHUSIX BI3KOYIIPYTO# XKUIKOCTU B YACTUIHO 3aII0JJTHEHHOM
cocyne. Paccmorpen Takyke nmpumep AByMEPHON 33,1891, JOIIYCKAIOIIEH pa3/ie/ieHue TePEMEHHBIX, 1 Ha,
9TOI OCHOBE MCCJIEIOBAH 00Jiee MOIPOOHO CHEKTP HOPMAJIBHBIX JIBUXKEHUH THIPOCUCTEM.

KurouyeBbie ciioBa: Bs3KOympyras KUJIKOCTb, THIPOJUHAMUYECKAS CHCTEMA, OPTOIPOEKTOD,

OHepaTOpHO-,HI/I(l)(bepeHL[I/IaJH)HOQ YpaBHEHUE, 3aa9a I(OH_H/I7 CIIEKTpaJibHagd 3aJa49a

Normal oscillations of hydrosystem of two viscoelastic
fluids in stationary container (a model problem)

N. D. Kopachevsky
V.I. Vernadsky Crimean Federal University, Simferopol 295007.

Abstract. In the paper, we consider a problem on small motions and normal oscillations of two
viscoelastic fluids in a stationary container. One of models of such fluids is Oldroid’s model. It is
described, for example, in the book Eirich, F. R. Rheology. Theory and Applications. N.-Y.: Academic
Press, 1956. It is important to notice that the present paper is devoted to the study of the scalar
model problem. Also it should be noted that the present paper based on the previous author’s works
together with Azizov, T. Ya., Orlova L. D., Krein, S. G. Namely, problem on small movements of one or
two viscoelastic fluid for generalized Oldroid’s model and normal oscillations of a viscoelastic fluid in an
open container were investigated in these papers. The aim of this paper is to use an operator approach
of mentioned works, to prove the theorem on correct solvability for the scalar model initial boundary-
value problem generated by a problem of small motions of two viscoelastic fluids in a stationary

!Pabora BBLITOMHEHA TIPM YACTHYHON MOJyIepKKe rpanTa Poccmiickoro mayunoro domma (16-11-
10125 ” Oneparopuble ypaBHeHUS B (DYHKIIMOHAIBHBIX IPOCTPAHCTBAX U IPUJIOXKEHUST K HEJTMHEITHOMY
aHau3y”, BBIIOJIHIEMOr0 B BOPOHEXKCKOM TOCYHUBEPCUTETE).
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214 H. JI. KOITAYEBCKHIT

container and to get properties of eigenvalues and eigenelements of corresponding spectral problem.
This paper is organized as follows. In section 1 we describe a model of viscoelastic fluid, formulate
mathematical statement of the problem: linearized equations of movements, stickiness condition,
kinematic and dynamic conditions. Further, in this section we receive the law of full energy balance
and choose the functional spaces generated by the problem. For applying of method of orthogonal
projection we need to get orthogonal projector on corresponding space. The law of action of this
projector we receive in this section. In section 2 we make transition to operator equation by using
orthogonal projector received in section 1. Further, we solve some auxiliary problems and obtain the
Cauchy problem for the system of integro-differential equation in some Hilbert space. Then we make
transition to a system of differential equation. This system can be rewrite as operator differential
equation in the sum of Hilbert spaces. Properties of main operator of this problem are studied in this
section. The existence and uniqueness theorems for final operator differential equation as for original
initial-boundary-value problem based on factorization, closure and accretivity property of operator
matrix. Finally, in this section we consider the spectral problem on normal oscillations corresponding
to the evolution problem. This means that external forces equal to zero and dependence by time for
the unknown function has the form e~**. Here we obtain the spectral problem for operator pencil
and study main properties of it. Section 3 is devoted to investigating of model spectral problem in
rectangular domain. The more detailed properties of eigenvalues are obtained here.

Keywords: viscoelastic fluid, hydrodynamic system, orthogonal projector, operator differential
equation, Cauchy problem, spectral problem

MSC 2010: 76D05, 35Q30, 39A14, 39B42

1. ITocTanoBKa cKaJagpPHOII MOAEJbHOI 3a1a4n

1.1. BBenenue

OnHuME M3 TEepBBIX PaboT, CBA3AHHBIX C HPUMEHEHHEM MeTOI0B (DyHKIMOHAIb-
HOrO aHaJIn3a K HCCJICJIOBAHUIO IPOOIEMbl MAJIbIX JBUMKCHUI M HOPMAJbHBIX KOJIE-
GaHuii BA3KOYIPYTOi »KUJKOCTU B TACTUIHO 3AIIOTHEHHOM COCYJIE, SABJIAIOTCA pabo-
ter A. 1. Mustocnasekoro (em. [8, 16, 17]). B mux st 0606mmennoit momgesnn Ouiipoii-
ta (m > 1) npuMeHEH ollepaTOPHbIil TOIX0/I, PA3BUBAIONINI TOCTPOEHHUST, TPOBEIEHHDIE
panee C. I Kpeiinom u ero yuenuxkamu (cm. |5, 6]), a taxxke ([3, 15]) npumenureasao K
3aJ1a9e O MAJIbIX KOJIEOAHUAX BI3KON KUJIKOCTH B YACTUIHO 3AIIOJTHEHHOM COCYJIE JIU-
60 cucTeMbl U3 HecMelnBaonmxes Kuakocrein. Cirydaii MOJIHOrO 3aI10IHEHUS TTIOJIOCTH
BSI3KOYTIPYTOii 2KUIKOCTH paccMoTpeH B [12], a Takzke B |2]. Bapuant nHauaabHo-KpaeBoit
31440 I COCY/Ia, 3all0JHEHHOTO ABYMsI HECMENINBAIOIINMUCS BI3KOYIPYTUMUA K1~
koctsimu, u3yden B [14]. Tam xe cdhopmupoBana crekTpaibHas pobaeMa B 3ajade O
HOPMAaJIbHBIX KOJIEDAHUSIX MUPOCUCTEMBI, KOTOpast IIPUBEJIEHa K UCCIISJOBAHUIO Ollepa-
TOPHOTO IytKa, obobmaroriero n3sectubiii mydok C.I'. Kpeiina.

B nannoit pabore n3ydaercs Moje/IbHas CIEKTpa/bHas 3ajada, o0Jaalonas Bee-
ME OCOOGEHHOCTAMU BEKTOPHOMN IIPOOJIEMBI O HOPMAJIbHBIX KOJIEOAHNUIX CUCTEMBI U3 JIBYX
BA3BKOYIIPYIUX >KUJIKOCTEH, 3aII0IHSIONMX TPOU3BOILHBIN COCYI, & TaKyKe ee JaCTHBII
caydail (1ByMepHast mpobsiemMa B MPsiMOYTOJIBHOM cocy/ie). [yt mpon3BOIBHOTO cocy/Ta
u3ydeHa HadaJbHO-KpaeBas 3aJa4a U IOoJIydeHa CIeKTpajbHas MpodjeMa JJis olepa-
TopHOTrO Iy4Ka, obobmaomias mydok C.I. Kpeitna. /lamee uzydaercs cooTBETCTBYIO-
mas CleKTpajbHad 3aJada B YIOMSHYTOM YaCTHOM CJIydae, JOIyCKAIoIeM pasJiese-
HUE IIEPEMEHHBIX. XapaKTePUCTUIECKOE yPaBHEHHUE 3aJa9l II03BOJISIeT IIPOBOIUTEL €&
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K IIPOBJIEME MAJIBIX KOJIEBAHUU CUCTEMBI U3 JIBYX KIJIKOCTEHN 215

nccyieoBaHne rpaduyeckn ¢ MCIOJIb30BAHUEM ACHUMIITOTHYECKIX MeTO/0B. B mtore
MOJIeJIbHAs 3aJiada MO3BOJISIET BBIJIBUHYTH I'MIIOTE3Y O CTPYKTYPE CIEKTPa B BEKTOD-
HOHM TMIPOJMHAMUYECKON 3ajilade B ciydae, KOIJIa COCY/L 3all0JIHEH JBYMs WIu OoJiee
HECMETTUBAIONTMMHUCS KU TKOCTSIMU.

1.2. IIpeaBapuTesibHasg MOCTAHOBKA IMPOOJIEMbI

Bynem cuurtarh, 910 JiBe BA3KOYNPYTHUX KUJIKOCTH Mojean OJpoiita 3amo/HsIoT
cocyn € C R® u B cocTogHIT paBHOBECHH O] JCHCTBIEM TPABUTAIIMOHHOTO IO/ 3a-
HuMaT objacti {2y u {2y COOTBETCTBEHHO C IOPU3OHTAJIbLHON rpaHuiei pasmena .
OboznaunMm gepe3 S; u Sy Te dacTu rpaHuibl 0f) , KOTOpBIE MPUMBIKAIOT K TEPBO 1
BTOPOil KMJIKOCTSIM COOTBETCTBEHHO.

Beenem mexkaproBy cucremy koopgaunat OxiToxs TakuM 0Opas3oM, 9Todbl ock Oxg
ObLlIa HAIpABJIEHA BBEPX, T.€. IPOTHUB JEHCTBHSA OJHOPOHOIO I'PABUTAIIMOHHOTO ITOJIS,
a Hadasio KoopauHat O Haxommiaoch Ha ['. Torma yckopeHume rpaBUTAIMOHHOTO ITOJIS
g = —geé3, g >0, a B COCTOAHNN MOKOs II0JIE JIABJIEHUI B YKUIKOCTAX BBIPAXKAIOTCSI 110
3akoHaM Apxumesa;

Por(x3) = po — prgrs, k=1,2, (1.1)

rje pr > 0 — HOCTOsHHBIE [UIOTHOCTH YKUJKOCTEH, & Py — JAaBJICHUE HA TPAHUIE pPas3-
nena I'.

[IpuBenénm Tereph MOCTAHOBKY 3a/a9i O MAJIbIX JBIZKEHHUSIX CHCTEMBI U3 JIBYX Bsi3-
KOyTpyrux kuakocreit mogemn Ouapoiita (cm.[14]). Tlyers i (t, ) — mosis Masbx cko-
pocreii, a p(t, x) — OTKJIOHeHUs OJIell JaB/ieHnii OT UX paBHOBECHBIX 3Hadenuii (1.1).
[Tosaraem, 4TO Ha IHAPOCHCTEMY JIOMOIHATEILHO K IPABUTAIMOHHOMY JeficTByeT Ma-
JIoe 110J1e BHEIIHUX CHJI f f (t x), v € Q.

Toryma smHEApU30BAHHBIE YDABHEHUs JBUXKEHUs JKHUJKOCTEH HMEIOT CJIeLyoIuii
BUT:

. (1.2)
Ue(t,z) = Up(t,z) + oy, [ e PG (s, 2)ds =: Lox(t)idy, k=1,2,
0

rae pr > 0 — auHaMudecKue BA3KOCTH Kujgkocreit, ay > 0, fp > 0 — xosddunn-
eHTBI, XapaKTePU3yIoliue CBOMCTBA BASKOYyNpyrocTn sKujkocreil mogemn Oupoiira,
fk = f lo,, K =1,2, a A — Tpéxmepuslit oneparop Jlamraca.

Jlis BSIBKMX >KUJIKOCTEl, KaK M3BECTHO, Ha TBEPJBIX CTEHKAaX Sy COCYa JIOJIXKHbI
BBIIOJIHATLCS YCJIOBUSI IPUIUIIAHUS, T.€.

’Jk = 6 (Ha Sk), k= 1,2, (13)
a Ha rpanute [ — ycJioBUs HEIPEPHIBHOCTH TIOJIEH CKOPOCTEi:
Uy (t, ) = ts(t,x), v €. (1.4)

ISSN 0203-3755 /lunamuaeckue cucrempr, 2019, Tom 9(37), Ne3



216 H. JI. KOITAYEBCKHIT

[IycTp
T3 = C(tvx)a rel, (15)

— BEPTHKaJIbHOE OTKJIOHCHMNE I'PaHUIIBI pa3/acjia MEXK/Y 2KHJIKOCTAMHN B IIPpOIECCEe Ma-
JIBIX ;[BI/I}KGHI/H“/I CHUCTEMBI. TOF):[‘a ma I’ JOJIZKHO BBITIOJTHATBCA KMHEMaTHUYI€CKOE YyCJIOBUE

9q
ot

a CUMBOJIOM 7p 0bo3HaYeHA orepanud B3ATH:A HOpMaJIbHOIL/'I KOMIIOHEHTBI II0JIA CKO-

—

= Uy - T = Yp Uy = Uz - 1T =: YpoUs, (1.6)

pocTu. 3aMeTUM TakK:Ke, UTO U3 YCJIOBHUsI COXPaHEHHs O0bEMa KarxKI0H M3 »KMIKOCTH
HMEEM CBS3b

¢dl' = 0. (1.7)
/

Cdopmymupyem Tenepb guHaMudeckue ycjioBud Ha I'. OHM cOCTOAT B TOM, UTO Ha
JBUZKYIIEHACA TpaHulle pasjesa KUJIKOCTE BEKTOPHOE IOJIe HAIPAXKEHUNA IPU Iepe-
XOJIe M3 OJIHOW KUJIKOCTH K JIPYTOil M3MEHsIeTCsl HellpepbiBHO. JImHeapusalus 3TOro
YCJIOBHASA W €70 CHOC Ha [’ MPpWBOINT K CJEIYIONIMM COOTHOIEHNAM: Ha ' KacaTerbHbIE
HANPAXKEHAA U3MEHAIOTCA HEIPEPBIBHO, a HOPMAaJIbHOE HAIPAKECHNE (T.e. BJOJIb OCH
Ox3 ) KOMIICHCHPYETCsl I'PABUTAIIMOHHBIM CKAIKOM saByiennii. Vimeem

M17j3(771) = ,usz:z(Uz), Uy = Io,k(t)ﬁm k=1,2, j=1,2;

(1.8)
[—=p1 4 pa733(01)] — [=p2 + pa33(02)] = —g(p1 — p2)¢ (ma IT').
31ecn 5 5
- U Uy .
@) =S 2 193 1.9
T]l(u) axl ax] j ( )

— YJBOEHHBIl TeH30p cKopocTeil Jedopmanuii B KUJIKOCTH ¢ 1oJieM ckopocreii (i, x),
a Iy (t) — 3akon meiicrBus namsatu B mogean Osapoiira (em. (1.2)).

Hakower, jist uckombix (yukmit iy (t, ), pr(t,z), k = 1,2, u (¢, r) HEOOXOAUMO
elne 3aJ1aTh HAYaJIbHbIE YCJIOBUSI:

i (0,2) = @x), € U, k=1,2; @(x)=u3(x), z€T;

(1.10)
¢(0,2) =¢°(x), z €T
1.3. ®opmysmpoBKa MOAEJbHOU HAYaJIbHO-KPAa€BOU M CHEKTPAaJJIbHOM
3a/1a4u
Omnmpasicb Ha mnocraHoBky 3agadn (1.2) — (1.10), chopmyimpyeMm MOJeIbHYTO

HaJaIbHO- -KPAEBYIO 3389y O MaJjIbIX JIBUKEHUSIX CUCTEMBI U3 JBYX BI3KOYIPYTUX
JKIJIKOCTEH, 3aII0HAIomux ooaacts ) C R3, paséuryio na jase gactu O u €y, Kax 310
ObL10 omrcano Boime B 11 1.2. [Ipu aToM Bocmob3yeMcst CJIeAYIOMUMEI YITPOIIAIOITAMH
IPEAIIOJIOZKEHUAMMU.
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K IIPOBJIEME MAJIBIX KOJIEBAHUU CUCTEMBI U3 JIBYX KIJIKOCTEHN 217

1. Bekrophble mosisi ckopocteil i (t, ) 3aMeHsieM CKaJsIPHBIMU MOJAME Ug(t, ),
x € Q, k = 1,2, nons nasienunii py(t,x) canraeM TOXKIECTBEHHO PABHBIME HYJIIO, a
YCJIOBUSI COJIEHOUIAJIbHOCTU OTOPACHIBAEM.

2. Kunemarnaeckne ycaosus (1.6) 3amerseM aHAJOIMYHBIME COOTHOIICHHSIMI C
U = ug Ha I

3. B munammaeckux yciaosusx (1.8), (1.9) yciaoBue paBeHcTBa KacaTeTbHBIX HAIIPS-
JKEHUH HYJII0 0TOpachiBaeM, a HOpMaJIbHbIE HAIPsIZKeHUs: Ha |’ 3aMeHsieM IPOU3BO/IHbI-
MU OT Uy (t, z) mo BHenHeil HopMmasn K ().

Torma npu Tex ke 0003HAUEHUX JJIsi OCTAJBHBIX [apaMeTpoB U (byHKIUi TPUXO-
JUM K CJCIYIONEA HaYaJIbHO-KPAaeBOM 3a/1a4e:

pkﬁ = upAvg + prfr (B Qk), k=1,2, (111)
t
vp(t, x) = ug(t,z) + ozk/eﬁ’“(ts)uk(s,x)ds = Ipp(t)ug, k=1,2, (1.12)
0
ur(t,z) =0 (ma Sg), k=1,2, (1.13)
0
a—i =u; =: YU = us =: Yous (ual), (1.14)
/CdF =0, (1.15)
r
v ov ..
Mla—nl - M2a—n2 = —g(p1 —p2)¢ (mal), ii=e3 (1.16)
up(0,2) = up(z), v € Y, k=1,2; ¢(0,7) =), v€T. (1.17)

Jlajiee OyjileM pacCMaTpUBATh TaKKe 3aJla9y O HOPMAJILHBIX JIBUXKEHUAX, T.€. O Pe-
MIEHUSX OJTHOPOJTHON HavdaIbHO-Kpaesoii mpobsemst (1.11) — (1.17), 3aBucamux or t mo
9KCIOHECHINATBHOMY 3aKOHY:

ug(t, x) = exp(=At)ug(x), © € Qx, k=1,2,
(1.18)
((t,z) = exp(=At)((x), z €T, A eC.

[Ipu sTOM BOCIOJIB3yeMCsT CJeICTBUSIMU U3 cooTHomternit (1.12) s Mojenn BA3KO-
yupyroit xujgakoctu Oipoiita:

ow
6_tk = Ofiﬂuk — Brwy, w(0) =0,

s ‘ (1.19)
wy = /e_ﬁ’“(t_s)uk(s,x)ds, k=1,2.

0
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218 H. JI. KOITAYEBCKHIT

Torpma st ammuTygabX QyHKIWA uk(x), k = 1,2, ((x), a TakkKe aMIUIATYIHBIX
dbyuxmit wg(z), k = 1,2, orBevaromux cBazam (1.19), Bo3HHKaeT ciejyrommasi Criek-
TpaJibHas 3aJiada:

g = A (uy, + ap*wy), A€ C,
\ws. = 1/2 —
—AWE = O U — Bk’wka )a YRS Qk) k= ]-727

up =0 (ma Si), k=1,2, wp =0 (ma S), k=1,2, (1.20)

—)\C = U] = U2 (Ha F), /CdF = 0,
r

0 0

Ml% <U1 + 0431[/2101) - M28—n (UZ + a;/2w2> = —g(pr — p2)¢ (ma 1), i = é.

Hanee 3amaay (1.11) — (1.17), a Takzke 3azgaay (1.20) Gyaem uccsie1oBaTh METOAMH
DYHKIMOHAILHOIO aHAIN3a ¥ CIEKTPAJIbLHON TEOPUH OIEPATOPHBLIX IIyYKOB C HCIOJIb-
3oBaHueM 00001meéHHON (hopMmysbl ['puna g oreparopa Jlamraca, IpuciocodIeHHOM
K M3YYEHUIO KPAeBbIX 3a/a4d B 00JIACTIX C JIUIIIAIEBON I'DaHUTIE.

1.4. O dopmysne I'puna ajisa oneparopa Jlansiaca

[Tycrs €2 C R™ — obactb ¢ rpanuteit 0S), pasburoit Ha j1Ba Kycka S u ['. Brejem
IpocTpaHcTBO pyHKIMN H 1(9) C HOPMOM, 9KBUBAJICHTHON CTaHJIAPTHOM:

2

. ;:/|vu|2dsz+ /udF | (1.21)
Q

T
g noanpocrpancrsa Hi(Q) dynkimit uz H(€2), y KOTOPBIX BLIIOJHEHO yCJIOBUE

/udF — 0, (1.22)

r

nMeeM

Julfyy oy = [ 1Vafas, (1.23)
Q

T.€. KBaJIpaT HOPMbI COBIAJaeT ¢ mHTerpajgom upuxie.
Bsejiem jrasiee moinpocTpaHcTBO H& 5() dyuxmmit, obparmaiomuxcs B Hy/Ib Ha S:

Hy () == {ue Hi(Q) : uls=0}. (1.24)

Bynem cunrars, uro rpannna dS2 obaactu ) mnimuiesa, npudeMm ee Kycku S u I, Ha Ko-
TOpBIe OHa pa3buTa, TakzKe Jummuiessl. Torna, kak u3secTHo (cM. [14]), coren dyHKIwI
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us H'(Q), seranciennniit na 0, mpuHaiexkuT npoctpanctBy HY2(0Q) C Ly(09).
Boutee Toro, dpynkium Ha ero Kyckax, 3ajannbie Ha [' 1 S, Tak:Ke mpuHAIE)KAT COOT-
sercTBytonM rpoctpanctsam HY2(T) uw HY/2(S) coorsercrrenno (cu. [1]).

Beesiem B HE(Q) MuozKecTBO QyHKIHIT, KOTOPBIE 06/13/1a10T CJIe/LyIOIM CBOHCTBOM:
UX CJIEJIBI YrU € Hll/ N Lo 1 TPOJIOIZKUMBI HyZIEM Ha Kycok S B Kmacce H/2(9Q). O60-
3HAMIM COOTBETCTBYIONmee MHOKecTBO n3 HA(Q) cumsonom HE(Q), a coBokymmocts
crenoB Ha I' — depes f[%/ ?. Toryia OKA3BIBACTCS, UTO MMEET MECTO OCHAIICHIC IPO-
crparctBa Lor = Lo(I') © {1r} B BuzE

0 G Loy e (HY?) = o', (1.25)

771/2 —-1/2
IIPX 3TOM JJId 3JIEMCHTOB ¢ € Hr/ nY € Hp / BbIpazKeHue (@, 1), . ABIACTCHA
nosryTopasuneiinoit bopmoit B Lo r:

[0 0 ar] < il gore - 18l v (1.26)

Baech (@, 1)1, — 3ambikanne bopMsl (¢, 1)1, . := [ @dl, 3amanH0E HA TIAIKHAX
r
DYHKIUAX, 0 COOTBETCTBYIOMUM HOPMAM.

OxkasbiBaercs, Jist PYHKIUN 13 ﬁ%(Q) uMeeT MeCTo ceyomas gopmysta I'puHa
nuist oneparopa Jlammaca (em. [1]):

Ju
(nau)Hés(Q) = <77: _AU>L2(Q) + <7F77, 8_> )
’ "/ La(n) (1.27)
e H.'?.

~ ou
—Au € (HLQ))*, yrn € HY?, — )

on

[lepeitém Terepb K coorBercTByonM dopmyaam ['puna s 3agaqun (1.11) —
(1.17). Cuuraem, uro obmactu € C R™, k = 1,2, umeror JUIIIAIEBI TPaHUIBL O),
COCTOSIIIME U3 JIMIITHIEBbIX KycKos Sy, u I' coorsercrsento, k = 1,2. Beeaém muoxKe-
crBa Hj g (%) C Hy g, (), a Taxeke maboper map dymximmii ) = (n1;72) 1 u = (uy; us),

Nie, U € H& S, (), k = 1,2. g rakux HAOOPOB OMPEIETIUM CKAJISPHBIE TIPOU3BEICHUST

2

(7, ) Ly(0) = Zpk(nk, Uk ) Ly () (1.28)
k=1
2
(0 u) iy = Zﬂk(ﬁmuk)z{g’sk(gk)- (1.29)
K—1

Torga okaseiBaerca (cu. [1]), uTo st Takux HAOOPOB HMEET MECTO CJIEILYIOIIAst
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220 H. JI. KOITAYEBCKHIT

obobmennas dopmysta ['puna:

2

2
Guk
(?7, U) AII‘(Q) = Z<nk7 _:ukAuk>L2(Qk) + Z <7knk’ /Lka_nk> 7
Ly r

k=1 k=1
i 77 1.30
nou € HEg(Q), e = me [r€ HY?, k=1,2, (1.30)
uy, —1/2
— e H. " k=12,
ank r

KOTOpas Jiajiee OYJIeT UCIOIb30BaThCH.

1.5. 3akoH GaJjiaHCa IIOJIHONM SHEPTUNn

Byznem cumrars, uro HadaapbHO-Kpaesas 3ajada (1.11) — (1.17) numeer Kraccudeckoe
pelenHue, T.e. BCe 33/[aHHble 1 HCKOMbIE (QYHKITIN, & TAKZKE UX TPOU3BO/IHBIE, BXOJISAIINC
B YDABHEHUS U KPAEBbIe YCJIOBHs, sIBJISIIOTCS HEIPEPBIBHBIME (DYHKIIUSAME CBOUX II€pe-
MenHbIX. Torma, ucnons3yst obobmentbie Gopmysl ['puma st oneparopa Jlammaca B
obmactsax g, k = 1,2, MOXKHO yCTAHOBHUTD, UTO JIJIs KJIACCHIECKOTO PEICHUS 3a/1adn
HMEET MECTO CJIC/IYIOIIee TOXKIECTBO:

2

1d
35 8 o [ lunPdsh+ oG — po) [ 1cPar { =
k=1 T

A ; (1.31)
—= > [ Vo Vg du+ 3 [ S ds
k=1 O k=1 Q.

DTO TOXKJECTBO — 3aKOH OaJjiaHca IOJTHOW SHEPTHU CUCTEeMbI B jud depeHnnaabHOi
dbopme. Ono mokas3bIBaeT, 9TO U3MEHEHNE TTOJIHON SHEPIUN UCCIIEAyeMOil CHCTEMBI 00y~
CJIOBJIEHO MOIIHOCTBIO JIICCUIIATHBHBIX M BHEITHUX CHJI, JCHCTBYIOMINX HA CHCTEMY.

ToxecrBo (1.31) mokasbiBaeT TakKe, 4TO JIJIsi UCKOMBIX OOBEKTOB CJIeJlyeT Bbl-
6uparb mapel GyHKIUl v = (u;; Us) U3 TPOCTPAHCTBA ﬁol,s,r(ﬂ) C ﬁ3,5(9)7 KOTOpO€
OIPEJIETACTCS CIEYIONIM 00PA30M:

~

I?T&SI(Q) = {u = (ur;up) € Hyg(Q) : muy :=w |p=uy [p=: 72u2} . (1.32)

ITpocrpancrso Hj g (€2) maorso B mpocrpancrse Ly(Q) (cm. (1.28)), Tak kak oHO B
Ka9eCTBe IO/IIPOCTPAHCTBA COIEPAKUT MHOXKECTBO

HS(Q) = H&(QQ@H&(QQ) = {U = (Ul;UQ) S ﬁ(%’S(Q) LU = 0 (Ha 8Qk), k= 1,2} .
(1.33)
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Jlemma 1. Hmeem mecmo caedyrouwsee opmozoHasbHOE PA3A0HCEHUE:

Hy 5(9) = Hy 50() © Hy(9), (1.34)
HNQ) = {u = (ug;ug) € ]:fés(Q) s —pAug =0 (6 ), k=1,2,
ou ou L (1.35)
u =0 (na Sy), ula—nl — uza—nz =0 (nal),m= 63} )

Jloxazameavcmeo. Ouo ocuoano ua dopmyste I'puna (1.30) mus obacreit ) u s, a
Takuke Ha onpejeenun (1.32). O

Onmpasics wa (1.33) — (1.35), mosryunm 3aKoH JefCTBUS OPTOIPOEKTOPA
Pr: Hg(Q) — Hgp(Q). (1.36)
[Tycts (ug;us) € ]TI(%’S(Q). Torna

Py (ug;ug) = (ug;u) — (v1;v2),

re (vy;v9) € i 1(Q2) — Takoii s;ement, KoTopbiii B cuity (1.32) yI0BI€TBOPAET YCJIOBHIO

Y11 — Y11 = 72Uz — Y22,
T.€. JIJISL ICKOMOIO ¥ = (v1;V2) € i 1(Q) Bosuukaer zamaua conpsokenus (cu. (1.35))

—pAv =0 (B Q), vy =0 (ma Sk), k=1,2;

YV — Yol = YU — Yoo =: ¢ (Ha I'), (1.37)
ov ov .
#18_711 = 'u28_n2 = ¢ (mal), 7 =és

31ech p — 3ajianHasd QYHKIUs, a ¢ — HEU3BECTHA.
Bynewm cuurars, uro dyHKIMS ¢ U3BeCTHA, U BHIPA3UM Uepe3 Hee (PyHKIUIO . DTO
MOZKHO CJI€JIaTh, PACCMATPHUBAs CJIa00€e PEeIleHne BCIIOMOraTeIbHbIX 3a/1at

—/LkA’Uk =0 (B Qk), Vg = 0 (Ha Sk),

9
Uk (ma D), k=12, i) = & = .

vy, (1.38)
Mk On.

[Ipu k = 1 ompenennm Ha ocHoBe dopmyisl ['puna Buga (1.27) mis obmactu

ciaboe perrerne 3aaun (1.38) ToKIeCTBOM

o)y o = ), 0 Vi € Hy 5, (). (1.39)

HeobxomMbIM 1 JTOCTATOYHBIM YCJIOBUEM PA3PEIIMMOCTH 3TOM 3a/1a4U ABJISETCH YCJIO-
BUE

be HV? = (ﬁ§/2)*. (1.40)
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Torma sra 3a/a1a uMeeT eIUNHCTBEHHOE cjIaboe pelleHne
v = Vi, Vi € L(HR % HE g (). (1.41)

AHaIOrHIHBIM 06PA30M TI0JIyUaeM, 4TO Caboe pelieHre BTOPoil BCIOMOraTeibHO
sajaun (1.38) ompejessieTcs: U3 TOXKIECTBA

M2(7727U2)H3752(92) = (Y272, _sz,r , Vi € H&,SQ(QQ)7 (1.42)
1 II09TOMY - e e
M2V = Vé(-'@b), ‘/2 € ﬁ(HF 1H0,S2 (Qz)) (143)

Teneps u3 nepsoro yciaosus Ha [ u3 (1.37) mosyunm cBsi3b
N1 = Y202 = (ug NV + g e Ve)es ¢ = mun — Yaus. (1.44)
O 1HAKO MOXKHO ITPOBEPUTH, 9TO OIEPATOD

e A N T P (Tl G R T (1.45)

*
. —1/2 1/2 . 7T71/2
orpaHHYeHHO JeficTByeT u3 H. 2 = (H F/ > Ha Bcé H. F/ . [Tosromy 1o Teopeme Banaxa

CYIIECTBYET OT'PAaHUYEHHBII OOpaTHBII orepaTop
(U Cy+ 13" Cy) L e L (ﬁ;/% H;1/2> . (1.46)
Jlemma 2. Opmonpoexmop Py : I/:}(}S(Q) — ﬁ§7S7F(Q) deticmeyem no 3akony

Py(ug;up) = (ur;ug) — {py ' Va(py 'Cr + py ' Co) ™ H(maus — yaus);

_ _ _ 1.47
— iy Va(p 'Cy + g 1 Cy) o — 72u2)} ’ ( )

ede Vi u Vo — onepamopor 6cnomozamenvror 3aday (1.38).
2. IIpumeHeHnEe onepaToOpHOro I10AX0/1a

2.1. BcnomMmorarejbHbIe KpaeBble 3a1a4u

Bynem cumrars, 4ro HavajgbHO-KpaeBas 3ajada (1.11) — (1.17) umeer pemenune
u = (u1;ug), aBusitoieecs PyHKIMEH epeMeHHON ¢ CO 3HAYEHUSIME B IIPOCTPAHCTBE
Hj ¢ (), i moyunm ypaBHEeHHE, KOTOPOMY JO0JKHO YIOBICTBOPATH 3TO DEIICHIE.

C 9101 11eJIbIO TIepenuIieM ypaBHeHne B obacTsx 2y u {2y B Buie Iap COOTHOITEHMIA:

2
(Wb = ot + i 1)

k=1
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Barem mpejcTaBuM perieHre u = (U1; Ug) 38891 B BUJE CyMMBI DEIIeHuil JBYX BCIIO-
MOTATEeILHBIX TPOOJIEM:

u = (u;us) = wy + we =: (wy1;wia) + (War; waa). (2.2)

[lepBasi mpobJieMa COOTBETCTBYET HEOJHOPOIHLIM YpaBHEHUSIM B 0bOyacTax (2,
k = 1,2, a Bropast — HEOJIHOPOJHBIM KPAEBBIM YCJIOBHSIM.
it 11epBoii IpOOJIEMBI IMEEM:

t
ou ) 2 B (t—s
(bt =~ {n Gt i we= wkan [

k=1

wiy |s,= 0, wiz [5,= 0, 1w = ywiz (ma ),

8w11 8w12

t on T on

=0 (mal), 7 =es.
(2.3)
J1st Bropoit mpobyieMbl COOTBETCTBEHHO OJTYdaeM:
{_,U/kAUJQk}izl == 0, Way, |Sk: 0, k= 1,2,
V1w = Yawaz =: ¢ (Ha I), (2.4)

,Ula;;jl - ma;);g = —g(p1 = p2)¢ =1 ¢ (wa 1), 7

Pacemorpum cHavasa BOIIpoc O CyIIECTBOBAHUM CJIabOro perneHns 3ajaqu (2.4) u
€ro IMpeJjcTaBjIeHne yepe3 3a/iannyio pyuknuo ¢. Ecan dynkiusa ¢ n3sectna, To 3a/ia-
Ja (2.4) pacnajiaercs Ha JiBe He3aBuCHMbIe 3a1aun Jlupuxiie st ypaBaenus Jlamiaca.

€3.

IIpu aTOM [JIsI 3JIEMEHTOB Way, € Hol, s (Q4) caenpt dbyukiumit va I, T.€. 971€MEHTBI Y, Wy,

rrl/2
JOJIZKHBI IIpDUHa/IJIC2KAaTh ITPOCTPAaHCTBY HF/ , 1 TOI'la JOJIZKHO BBITIOJIHATBHCA Heobxo-
JAUMO€E yCJIOBUE DA3PEHIMMOCTH

© = Y1Wa1 = Y2Wa2 € ffé/z, (2.5)

KOTOPOE SIBJISIETCS U JIOCTATOTHBIM JIsl KazkKJIOi M3 pacrajaiomuxcsa 3a1ad. Tak Kak
MEZKJLy ciefiamu rapmonmdecknx ymxmmit w3 Hj g (Q) n camumu byHKImsvu mve-
eTCsl B3aUMHO OJTHO3HAYHOE COOTBeTCTBHE, TO (cM. [1]) mMmeeM cBs3m

war, = A o, At € LOHY? Hig (), k=1,2. (2.6)

YuanteiBas eme coornomenus (1.41), (1.43) (em. takxke (1.38)), n3 guHAMEYECKOrO
yesoBust Ha ' B (2.4) IpuUXoauM K COOTHOIIECHUIO

(O + 1Cs g =¥, Co=mVi € £ (H ), k=120 (27)

Baech oneparop fu1Cy Ty paCy 1 ocyrmecTBiiser B3aMMHO OJHO3HAYMHOE COOTBETCTBHE

T71/2 -1/2
mexiy Hp'™ n Hp ' u gpnderca orpanndennbiM oneparopoM. IlosTomy 1o Teopeme

Banaxa cymectByeT orpaHnydenHblii 0OpaTHBIN OlepaTop:

= (O + 1m0y )M, (G + Gy )t e L (Hl“_l/2§ ﬁ%”) k=12, (238)
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JIemma 3. Badawa  (2.4)  umeem  eduncmeenwnoe — caaboe  peuweHue
Wy = (way; Waz) € Hy ¢1() mozda u moavro mozda, kozda 6vmoaneno ycaosue

¢eH (2.9)
U Mo peweHue umeem 6’1,6(9

(wor;wan) = (37 'Oy + paCy ) My 33 (i Oyt + oGy ) 1) =

=—g(p1 — p2) (37 (i CT" + G ) G A (Ot 4+ 12C3 ) 7)) =0 —glpr — /Zz)VC),
2.10

Ver (H;W; ﬁ&S’F(Q)) . (2.11)

PaccemoTpuMm Terepb BOIIPOC O CYIIECTBOBAHUU C/1aOOI0 pelIeHus epBOil BCIioMora-
TeJIbHON 3ajia4n, T.e. 3a1aun (2.3), ¢ yuerom jiemmbl 3. [Ipu srom nonagoburcs dop-

mysia I'puna (1.30), mpucnocobiieHHas K ONpeJIe/eHI0 0000IEHHOTO DeIleHnsl 38,1~
qu (2.3).

Onpepenenne 1. Hazosém 0600mEHEBIM perieHneM 3aja4u (2.3) Takyo dhyHKIHIO

cO 3HAYEHUAMHU B mpocTpancTBe Hi ¢ 1(€2), 1g KOTOpOil BBIIOIHEHO TOXKIECTBO, CJie-
aytomiee u3 (1.30), a TakzKe u3 ypaBHEHHI U KPaeBbIX yCJI0BHi 3amaun (2.3):

du1 d’LLQ
1) 54 — Rt
(. 1)y ¢ o (77’ dt  di )L2<m 0 Fea@): (2.13)

Vi€ Hisr (), f=1{fiti_s € La(S).

3/1ech BBIparKeHme

~ d
ft) = _E(ul +u2) + f (2.14)
cunraercst GyHKIMeR nepeMeHHo ¢ co 3HadeHusMu B Lo(2) (1 moromy 5 SaMeHCHO
Ha a) Ecaun, B 9acTHOCTH, BBIIIOJIHEHO YCJIOBHE
f(t) € C(0.T]; Ly(9)), (2.15)

TO, KAK U3BECTHO U3 TEOPHUH CJIaOBIX U 0DODIIEHHBIX PEIIEHU KPAeBbIX 3a/1at, 0000IIEeH-
Hoe perenne wi(t) 3amaun (2.3) cymiecTByer, eJUHCTBEHHO U SIBJISETCS] HEIPEPBIBHOIL

byukmeit nepemennoii ¢ co snadenuavu B Hy ¢ ().
Boree Toro, Tax kak (Hj gp(Q); Le(?)) — rmmsbeproBa mapa HPOCTPAHCTB, TO B

chopMUPOBAHHBIX yCI0BHsIX w1 (t) — HenpepbiBHast (byHKIWMsI ¢ co 3HadeHusMu B D(A),
rie A — omeparop rmib0epTOBOil Haphl U

D(A) € D(A"?) = H} 41(Q) GG La(Q), R(A) = Ly(). (2.16)
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2.2. Ilepexox kK 3az1aue Konm s qudpdepeHnma bHOTO ypaBHEHUS
B I'MJIbOEPTOBOM IIPOCTPAHCTBE

Ommpasich Ha TOXKIeCTBO (2.13), Moy unm uHTErpo-auddepeHnuagibLHOe COOTHOIIE-
HEE, KOTOPOMY JIOJIZKHO YJIOBJIETBOPSITh CUJIbHOE IO TIEPEMEHHOf ¢ perenne mpobiie-
mbl (1.11) — (1.17). IlpenBapurensro ormernm ciemytormuii dakt: Tak Kak B (2.13)
n e ﬁ&,s,r(ﬂ)a to Pinp=mn, tae P = ﬁés(ﬂ) — ﬁ&,sm(Q) — OPTONPOEKTOD (CM. JIeM-
My 2). Kpome Toro, kak yzke yrnomsnyTto Beiie (cM. (2.16)), npu yerosun (2.15) cupa-
BEJIJIUBBI COOTHOIIEHUS

(g @ = Py @ = 0 Pron)gy o) =

T2, 41/ i (2.17)
= (A", AP (t)) o) = (0, APrwi(t)) 1,0, V0 € Hy gp(92).
Orcroma ciefyer, 9To TOXK1ecTBO (2.13) paBHOCHIBLHO CBSI3U
~ d

dt

KOTOpas MMeeT MecTo B mpocrpanctse Lo(§2). 3aech A — omeparop rumn6eproBoil
napbl (f[& sr(Q); La(Q)), P — ynoMaHyTbIf BbITIE OPTOIPOEKTOD, w1 () —0bobmenHoe
peliierne nepBoii BeroMorareabHoi 3a1a9u (M. (2.3)), a wy(t) — 0b6obIIeHHOE pereH e
BTOPOii KpaeBoii BcromMoraTesibHOl 3a1aan (em. (2.4)).

[IpuBejieHHbIE PACCYKIIEHUS IPUBOJAT K CJIEJLYIOIIEMY BBIBOJLY.

Teopema 1. Hcxoonas navarvno-kpaesas 3adava (1.11) — (1.17) pasnocuavra sadaue
Kowwu

du ~
E = —APl(]O(t)ul) + f(t), W= Wy + Wy = ]O(t)(u1 + Ug),
d ~
Lo(t)uy = wy = —g(p1 — p2)VC, d_i = NUr = YU =Y, /CdF =0,
t o T (2.19)
In(t)u := ¢ ug(t) + ak/exp(—ﬁk(t — 5))ug(s)ds :
0 k=1
u(0) = u’, ¢(0) = ¢,
pacemampusaemots oan uckomor Gynryud u(t) = uq(t) + us(t) co snavenusmu 6
Hj or() u C(t) co snauenusmu 6 Lyp. O

[Tpeobpasyem 3agaqy (2.19), ceeag eé k 3asgade Ko Jyisi cucteMbl OOBIKHOBEH-
HBIX JuddepeHnnaabHbIX YPaBHEHNN B HEKOTOPOM T'MJIBOEPTOBOM IIpocTpaHcTBe. U3
IIEPBOT'O YpaBHEHUS NMeeM

~ d -
A‘ld—? + Piy(t)uy = ALF (D),
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a BTOpOe ypaBHEHUE JIa€T CBA3b
Wy = P11U2 = Pllg(t)UQ = —g(p1 — pQ)VC

CxitasibIBast JieBble U IIpaBble YacTH, OJIyYaeM HAYaJbHYIO 33129y JIJI CUCTEMbBI U3
unrerpoguddeperuaibHoro n auddepennnaabLHOr0 ypaBHeHU:

;1'—1(31_1; + Puo(tu+g(pr — p2)VE=AT1f, u(0) =, (2.20)
%—%:o, ¢(0) =¢". |

DTy cuCTeMy, B CBOIO OUYepesb, MOYKHO MPUBECTH K 3ajade Komm s cucre-
MbI OOBIKHOBEHHBIX JTH(hdepeHnnaabHbIX YPpaBHEHHH cie Iy oM oopaszoM. Mcmomb3ys
cBst3b Mexkaty u(t) mw w(t) (em. (2.19)), BBEAEM emié ofHy HCKOMYIO (DYHKIHIO

; 2
2(t) = ai/z/exp(—ﬁk(t — 5))ug(s) ds . 2(0)=0. (2.21)
0 k=1
Torya GyjieM uMerh CBsI3b
dz 2
= oy — Bz, at? = {04/,1/2}]{:1 ., B= {Bk}izl , (2.22)

u BMecTo (2.20), (2.21) Bosnukaer 3a1a4a Ko, Kotopasi B BEKTOPHO-MaTPpUIHOI hop-
Me IIePelUChLIBACTCS B BH/IE

Al 00 g [t I Pia'’? g(pr — p)V\ [u Alf

0 T of—|=|+ —a'?p, B 0 zl=( 0 |,

0o o 1) ®\¢ 5 0 0 ¢ ¢
(2.23)

u(0) =u?,  2(0)=0, ¢(0)="

DTy 3a7ady mpeodbpa3yeM jajee K BHUY, YIOOHOMY JIJIsT JTaTbHEHIIero nccie0BaHus.
Tak Kak 1o npeanosiokenuto u(t) sipjsiercst byHKIMEH epeMenHoii ¢ co 3HaYeHuIMU
B Hj o () = D(AY?), 10 2(t) — dbyHKIMA t CO 3HATCHUAMY B Hj4(Q) = D(AY?), rne

A — oneparop ruapbepTOBOil AL (]TI(% 5(£2); Lo(£2)). Otcrona caeyer, 9To
2(t) = AV2(8),

rie Y(t) — dyukius nepementoii ¢ co 3naderusgMu B Lo(€).
Torya BMecto (2.22) BOSHUKAET CBA3b

@ (am29) = 2P — A7, 0(0) =0 (2.24)
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u B3aMmeH (2.23) mpuxoanM K 3ajate

AT 0 0\ 4 fu I Piat2A7Y2 g(py — pa)V\ [u ALy

0 I 0f—|¢]+ — A2 2 Py I 0 v]l=1 0

0 0 I ¢ —5 0 0 ¢ 0
(2.25)

u(0) =u",  ¥(0)=0, ¢(0)=¢"

Baech npu BeiBojie (2.25) ucnosb3oBan TOT dakT, 4To u(t) — DYHKIMS TepeMeHHO
t co 3HAYEHUAMU B I/-j01757r(§2), a Y(t) — dyuknus t co sHauenusmu B Lo(2); Torma
npasasi 9acthb B (2.24) — dyHKIus t O 3HAYCHUSAME B ﬁéS(Q) = D(AY?) u moTomy K
obenm gacTam (2.24) MOKHO IpEMeHuTH onepaTop A'/2.

OcymectBuM B (2.25) CJIeIYIONIYIO 3aMEHY:

n(t) = (9(pr — p2))2¢(t) =:b¢, b >0, (2.26)

1 npuMeHnM K obenm dactsam oneparop diag(A; I; I) (sra oneparust fgajee GyieT onpas-
nana). B urore Bosnukaer 3amada Kormn Buja

d (¢
7 (G
n
A2 g 0 I ﬁl/QPlal/QA*1/2 b(/’p/zv) A1 0 o\/u
= 0 I 0] —AY2a2PA~1/? 6 0 0 I 0w
0 0 I _b@j—lﬂ) 0 0 0 0 I/\n
/
=(0]), w0)=u" ¥(0)=0, n0)=7" (227)
0

KOTOpas U SBJISETCS OCHOBHOM IPU JaJIbHeHIIeM n3yYeHun Ipo0JIeMbl.

2.3. UccaenoBanue Ha4YaJIbHO-KPaeBOUl 3a/1a9u

[Tepeiiziém K paceMoTpernio 3ajauu (2.27), IpejBapuTeIbHO U3yUUB CBOWCTBA Olle-
PATOPHBIX KO3(MDPUIIMEHTOB €€ OIepPaATOPHOH MATPUIIHI.

Jlemma 4. Onepamopuwt
AP M2AT2 L Ly(Q) = Ly(Q),  AV2QVPPATVR: Ly(Q) = Ly(Q)  (2.28)

02PaGHUYEHDL U 63AUMHO CONPANHCEHDL.
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228 H. JI. KOITAYEBCKHIT

Jlokasamenvcmso. OrpaHUYeHHOCTb ITUX OMEPATOPOB MPOBEPSIETCST HEIOCPEICTBEH-
HO, €CJIH 3aMCTUTh, YTO B 9THX I[POM3BEJCHUSX OINEPATOPOB KAaKJBIH COMHOMKI-
TeTb OrPaHUYeH W3 OJIHOTO NPOCTpaHCTBa B Jjpyroe. B wacthocTh, AA_I/ €
L(L(Q); Hys(), a'? € L(Hys(Q);Hos(), P € L(H;s(Q): Hygp(),
A2 L(ﬁ&,S’F(Q);LQ(Q)), M OTCIOZA CJIEyeT OTPAaHUYEHHOCTH MEPBOTO U3 ONepa-
TopoB B (2.28). /ljist BTOporo npoBepka aHaJIOrMIHA.

[IpoBepuM Terepb CBORCTBO B3AUMHOIH CONPSIKEHHOCTH TUX onepaTopos. s Jiro-
ObIX u, v € Lo(§2) nmeenm

<"11/2P1a1/21471/2u, U)LQ(Q) _ (ﬁ1/2pla1/2A71/2u’ 12(1/21171/21)),:2(9) _
= (P! PATPu, AT o) g gy = (@ PAT P, PLAT )

0,51 Hj () —

_ (1471/2u7 al/zpl’zfl/%)ﬁé,g(ﬁ) = (u, A1/2a1/2plgfl/2v)L2(Q). (2.29)
(31ech pH BBIBOJIE OBLIN HCIIOJIB30BAHBI CBONCTBA

(u> U)ﬁ&s(Q) = (A1/2u7 Al/zv)I&(Q)? (’LL, U)ﬁ%,S,F(Q) = (A1/2u7 Al/zv)I&(Q)?

a Takuxe ToT dakt, uto a/? camoconpsxén B Hl ¢(12).) O

OTmeTnM emmé oJiHO BasKHOe CBOMCTBO MAaTpHIHBIX Kodbdurmentos B (2.27).

Jlemma 5. Onepamopot
FATV2: Ly(Q) = Lop, AY2V @ Lyr — Ly(Q) (2.30)
63AGUMHO CONPANHCEHDBL U KOMNAKIMHDL.
Jloxazameavcmeo. IlokaxkeM, 9TO IMEIOT MECTO CBOMCTBa
ATV € £(Ly(Q): HY?), AY2V e L(HY% Ly(9Q)), (2.31)
OTKyILa B CI/I.Hy KOMITAKTHOCTHU BJIOXKEHUI

Y’ G Loy GG Hy'? (2.32)

(o reopeme lambspmo, cm.[14], n HA O0CHOBE 00X CBOCTB OCHAIIEHHBIX THILOEPTO-
BBIX IIPOCTPAHCTB) CJIeaytoT cBojicTsa (2.30).

B camom gesie, A2 € L(Ly(Q); ﬁ&s,r(Q))v ay e E(ﬁ&S’F(Q); H}*). Ananornuno
mveem V€ L(Hy % Hl g1 (9)) (em. (2.11)), AY2 € L(HY ¢ 1(Q); La(R)).

JlokazkeM Terepb CBOHCTBO B3aMMHOIT conpsizkéHHOCTH orteparopoB u3 (2.30). [Tycrs
u € PA[&,S’F(Q) — pelenue BCroMoraTesIbHoit 3agaan (2.4) upu ¢ = ¢ € Hp 2 Torna
u=V(e ﬁol,s,r(ﬂ) (em. (2.10), (2.11)), m ecaim n € ﬁ&svr(Q), TO

(777 u)ﬁl

0,5,I

@ — M1 / Vi - Vuy d€y + ILLQ/VT]Q Vg dfly =
Q]_ QQ

3u2

8U1 ~
=< Vlnl,ula—nl >, T < ’727727/!28—712 > Lo =<1,C >Lyy -
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Bcenomunast, uto

(777 u)ﬁ[é’ (Q) = <A1/2777 A1/2U)L2(Q)7

s,

[OJIy9aeM IIpU 1) = ;171/2% W € Ly(Q2), ToxK1€CTBO
(0, A2V ) ) =< FA Y2, C >p,., YV € Ly(Q), V¢ € Hy /2. (2.33)

Bnauut, oneparopsl AY2V u JA~Y? 3auMuO CONpsKEHBI. ]

Ommpasich Ha JieMMbl 2.2 1 2.3, epeiiaéM Terepb K BOIPOCY O pa3peIrmMOCTH 3a-
naan (2.27).

Jlemma 6. Onepamopras mampuuya

Ao = T512T0T 712, (2.34)
I A2 Pl 2ATYR p(AVRY)
Jo = —A1/2a1/iP1fT_1/2 B 0 o Tqpe = diag(g1/2;f; I,
—byATY? 0 0
(2.35)

3adanmnas 1a obaacmu onpedeseHus
D(A) = {y = (u,1,n)" € La(Q) & Lo(Q) & Loy =: Ly :  AY?u € Ly(),
A2y A2 Pat 2 ATV + b A2V € D(AY?)Y, (2.36)

ABAACNCA AKKpeMueHotl 6 npocmparncmee Lo u deticmeyem 6 amom npocmpancmee no
3aK0HY

g1/2<g1/2u + g1/2P1a1/2§_1/2¢ + b@g—l/z)*n)
Aoy = — A2 2P AT+ By , Yy €D(A). (2.37)
—byA Y2y

Zloxazameavcmeso. JlocTaTodHO POBEPUTH, UTO BBIIIOJIHEHO CBOMCTBO
Re(\j()y7y)L2 Z Oa Vy € L27 (238)

TaK KaK OKafiMJIsiomue MHOKHUTeIH J 12 B (2.34) obmamator cBoiictBoM (Jii2)" =
J51/2, a Jo — orpanuden B L. meem

Re(Joy,y)r, = Ref{||ull],q) + (AV2Pia A7 2 ) pya) + D((FAT2) 0, 1) py0)—
— (AP PLAT P ) ) + (B, ) o) — BAA™Pu ), } =
= |Jull?, @ + 187, > 0. (2.39)

3J1ech 1IpU BBIBOJIE UCIOJIB30BaHbI yTBEPXKIeHUs jJeMM 2.2 u 2.3, 0]
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230 H./I. KOIIAYEBCKUI

BBeném Tenepnb onepaTopHyo MATPHIILI
Jo = Jo+aPs, Ps:=diag(0;0;1), a > 0. (2.40)

U3 cBoiictsa (2.39) u onpeenennit (2.34)-(2.36) mosydaem, 910, BO-IEPBBIX, OLEPATOP
J. PaBHOMEPHO aKKPETUBEH, T.€.

Re(Jay y)ra = llulli, + 18"*¢1L, ) + allnlli, . > cllyli,, >0, (2.41)
a BO-BTOPBIX, OIlEpaTOP
Ay = jgl/zjajguza D(Aa) = D(AO)’ (2'42)

SABJIIeTCA MaKCUMAaJIbHBIM PaBHOMEPHO aKKPETUBHBIM OTEPATOPOM, TaK KaK OH PaBeH
IIPOU3BEJICHUIO OIEPATOPOB, KaXKJIbIil M3 KOTOPBIX UMEET OTPpaHUYCHHBIH OOpaTHBIM.
[TosToMy ero obJiacTh 3HAYEHMIT

R(A,) = D(A;") = Lo, (2.43)
T.e. COBITaJIaeT CO BCEeM IpocTpaHcTBOM. IIpu sToMm
Iél _IélQ5_1 —IélQa_l
ja_l _ ﬁ—lQ*Iél 5—1] _ B_lQ*]élQﬁ_l _6—1Q*](51Q1a—1 , (2.44)
QiR QUGB o —aQilp! Qua™!

Io:=1+QB'Q+Qa'Q}, I<Ig=1IeL(L()
Q= gl/2plal/2A—l/2’ QF = 141/2041/2]3111—1/27
Q1 == bFAV?)* = b(A2Y
Qi = bFA),

CM. JIEMMBI 2.2-2.4,

A= (Tne) (T (Tae) ™ (Tage) ™" = diag(A% 1), (2.46)

Teopema 2. [Tycmv 6 navasvno-kpaesot sadave (2.27) 6binoanenv, Yeaosus

o (2.45)

u € D(A) € D(AY) = By 41 (0). w(0) =0 =0, o7
A1/2,,0 + bﬁgfl/z)*no c 2)(111/2)7 :
feCH[0;T]; La(R)), Ly := Ly(Q) & Ly(Q) & Lo (2.48)

Tozda 3adava (2.27) umeem eduncmeennoe cusvnoe pewenue y(t) = (u(t); ¥ (t);n(t))7,
m.e.

y(t) € C([0; T); D(AL)) N CH[0; T); Ly), (2.49)

6HINMONHEHO YPAaBHEHUE
Y e —(AumaPy)y+ (@007, V€ (07, (2.50)

U HAYaABHOE YCAOBUE
y(0) = 9% := (u%;0;7°)" € D(A,). (2.51)
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Jlokasamenvcmso. Tak kak A, SBIIS€TCS MAKCHMAJIBHBIM DABHOMEPHO aKKPETHBHBIM
oreparopoM, 10 A, — aP3 — MaKCHMAaJbHBII AKKPETUBHBIN OIEpaTop, a TOrja 3a/a-
va (2.27) nepenmcbiBaercs B Buje 3agadn Komm (2.50), (2.51) B npocrpancrse L.
[Tosromy omeparop —(A, — aP3) gBJIsIeTCS T€HEPATOPOM CKUMAIOIIEH MOy IPYIIIIbI,
neiicrByiomieit B Ly. Orcioga u u3 [4, ¢.166] mosywaem, 1ro 3amata (2.50), (2.51) umeer
eJINHCTBEHHOE CUJIbHOE (10 TIePEMEHHO ¢) pellleHne, T.e. BBINOJHEHbI cBoiicTBa (2.49)
u coorHomennd (2.50), (2.51). O

Bameuarnue 1. Ecia n° = 0, To uz (2.47) nojydaeMm J0CTaTOUHOE YCJIOBHE CYIIECTBO-
BaHUS W €JMHCTBEHHOCTH pellenus 3ajad (2.27), oTBevaroliee B MOJIEJIbHOI pobiiemMe
(1.11)-(1.17) myseBOMY OTKJIOHEHHIO I'DAHUIIBI Pa3JIesa KIUJIKOCTEl:

°=0, u’eD(A)c Hign(Q). O (2.52)

Samevarue 2. U3 dopmynsr (2.44) u npencrapiennii (2.42), (2.43) ciemyer, 9aro st
cusibHOTO perenust dbyuknus 7)(t) € C([0;T]; Lor), u Torja moreHnua bHas SHEPrust
SBJISIETCS HEIPEPBIBHOIL 110 ¢ dyHKImeii na orpeske [0; 7. O

Teopema 3. /lasa cuavnozo pewenua y(t) zadavu (2.27) svinoanenvr 3akon basanca
noanol snepeun 6 caedyrouwets dugddepenyuanvrots gopme (cpasn. c. (1.31)):

1d
5= { Il + 9o = p)IICIE,, | =

= —Re(v(t), u(t)) ;. (@) + Re(F(), ult)) ragey, ¥t € [0:7) (2.53)

Jlokasamenvcmso. Tlycrs y(t) = (u(t); ¥ (t);n(t))” — cunbroe pemmenne 3agaan (2.27),
T.€. BBIIOJIHEHBI BCE YPABHEHMsI 9TON 3aJa4M M KarKJ0e CjlaraeMoe sBJIsieTcs Helpe-
PBIBHOI (byHKIMEH ¢ O 3HAYEHUAIME B COOTBETCTBYIONIEM IIPOCTPAHCTBE. BepHémMcs oT
sajaun (2.27) xk upobsieme (2.20) ucnosib3ys mpoMexkyTodnbie hopmyiibt (2.25)-(2.21).

YMHOXKHUM CKaJIsIpHO 00€e dacTu repsoro ypasaerus (2.20) cupasa Ha dyHKIHO (1)
B IIPOCTPAHCTBE f[& sr(82), Gyaem mmeTh cooTHOMmEHNE

~ du ~
(A lav“)ﬁé,s,r(Q)Jr(Pl[O(t)“aU)HO{S’F(Q)JFQ(M—M)(VC?U)ﬁg,sm(n) = (A" fu)m or (@)

0,

du du

~ .
Benomunast, aro (A E’u)ﬁé,s,r(ﬁ) = (E’ U) [4(0), & TaKxKe cBasu V™ =7 (emma
2.3) u yu = d¢/dt, mosyanm

du dg
(%) Lo ol o) 901 = (¢ a) — (0

Yuuozkenue ciesa na u € H} ¢ () 1aéT KOMILIEKCHO CONPSZKEHHOE BBIPAXKEHUE, U
U3 9TUX JBYX COOTHOIIEHUI CjiejlyeT 3aKoH Oajanca (2.53). O
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Tpebosanns na dbyskmuio f(t) B 3amade (2.27) MOXKHO OCJIa0HTb, €CIM BMECTO
(2.34)-(2.35) ucnosb3oBaTh B MCCIEyeMOil pobiieMe ApyTyio (HhaKTOPU3AIMIO Ollepa-
TopHoit Marpuisl Ay u3 (2.27).

Teopema 4. IIycmo 6 3adave Kowu (2.27) evnoanerno, ycaosus (2.47) emecmo (2.48)
— yeaosue

f(t) € C°([0;T); Ly()), 0<d6<1. (2.54)
Toryia Ta 3a1a49a UMeET eIMHCTBEHHOE CHJIbHOE pellieHue co cBofictamu (2.49).

Jloxazamesvemeo. OHo ocHOBaHO Ha (aKTOPU3AIUU OIEPATOPHON MaTpuiel Ay n3
(2.37) no ILypy-Ppobernycy:

121“ AVI/QQ Z1/2Q1

Ag= | —@42 3 0 — (2.55)
—QiATY2 0 0
I 0 0 A 0 0 I A-12Q A-12Q,
—Q ATV T 0|0 B+QQ Q@i |0 I 0 . (2.56)
—QiATV2 0 1) \0  QiQ  QiQi) \0 0 I
O

Q= ;1“1/2]31041/21471/27 Q, = bﬁ;lllﬁ)*,

(em. memmbl 2.2 1 2.3. o cBoiicTBax Q u (Q1).
C yuérom (2.55) 3amaqa (2.27) cBomurcs K 3a1ade Komn Buia

dy

Yo (T~ F)AT By (5007, )=y, (257)
( 0 00
Fio=| QA2 0 0|, Fo=Ffe6.(ly),
QiA7Y2 0 0 (2.58)
e +
\AOQ = dlag(A, Aoo), AOO (ﬁ Q%Q glg ) = ASO
Baech Agy — MATPUYHBIA OrpaHMYEHHBIH HEOTPUIATEILHBIA OepaTop:
(T ob? SN ON L) =00 Qe+ Quill o2 0, ¥(win) € La(@)Lar.
(2.59)
OcymectBuM B (2.57) 3aMeHy MCKOMOI DyHKIIUH
(T + F2)g(t) =: w(t). (2.60)
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Torna mias w(t) Bosaukaer 3amada Kormm

Cfl_j = —(J — F)(JT — F1)Aw + (T — F2)(f;0;0)7,  w(0) = w’, (2.61)
rae yuareno, uro (J + Fp) ' =T — Fo.

Tak kak Agg sIBJISIETCS CAMOCONPSZKEHHBIM HEOTPHUIIATEIbHBIM OlIEPATOPOM (CM.
(2.58), (2.59)), To (—Agy) — reHepaTop aHAJIUTUICCKON IMOJYIPYIIIbI CKUMAIOIIIX
OIIepaToOpPOB, AEHCTBYIONUX B IIpocTpancTBe Lo. [lockombky oneparopsr Ji, k = 1,2, —
KOMIIAKTHBIE, TO ypaBHenue (2.61) sBisiercs abCcTpaKTHBIM MapabOJNIeCKUM U JIJI €10
CUJIBHON Pa3pernMocT Tpebyercs BiosHenne yeaosuii (2.47) u (2.54). Onupasich Ha
5TOT (haKT M BO3BpAIasch K UCXOaHOI 3amade Ko (2.27), mpuxouM K BBIBOJLY, UTO
9Ta 3aJlaua UMeeT eJIMHCTBEHHOe CUujibHOe perienue Ha orpeske [0; T1. [

2.4. BuiBoa ypaBHEeHUsI CHEKTPAJIbHON MPOOJIeMbI

PaccmorpuM Terrepb MOCTAHOBKY 38,1841 O MAJIBIX HOPMAJIBHBIX JIBUKEHUSIX UCCIIe-
JLyeMOii MOJIEJIBHOI TIPOBJIEMBI, T. €. O PEIeHUsIX OJIHOPOIHOI 3a1a4u (2.27), 3aBUCAIIIX
OT { TI0 3aKOHY

(u(@); ¥ (t);n(t)" = (w;¢;n)Texp(=At), AeC, (2.62)

rjie A — KOMILIEKCHBI JleKpeMeHT 3aryxanus, a (u;1;n)” — UCKOMBIH aMIIATYIHBII
9JIEMEHT.

Onupasich Ha 3aKoH JjiBuKenus (2.37) omeparopHoii MaTpuribl Ag, Ui aMILTATY/I-
HBIX 3JIEMEHTOB TIOJIyvdaeM CIIEKTPAJIbLHYIO 3a/1ady

AV (AVu 4+ QU+ Qun) = M,
—Q AVu+ By = M), (2.63)
—ngl/Qu = A\n.

[IpoBepum cuadgasia, aro npu A = 0 9Ta 3a/1a9a UMeeT JIUIIb TPUBUAILHOE PEIleHHe,
T.€. U3 COOTHOITIEHUTH

AV A2+ QU+ Qi) =0, By = Q AY?u, QAVPu=0  (2.64)

crepyer, uro u = 0,190 = 0,7 = 0. B camom jiesie, yMHOXKUM CKaJisipHo B Lo (2) obe
4acTU 1epBoro ypasHenusi (2.64) Ha w; UCHOJIB3Ys TaKyKe OCTAJbHBIE COOTHOIIEHWUS,
OyJeM uMeThb

(Zl/Qu, gl/Qu)LQ(Q) + (ZI/Q(QB—IQ*)ZI/QU’ ZI/QU>L2(Q) =

=%, o FIPBTPQIAE, =0, (2.65)
OSF( ) 0,S,I"

()

oTkyna caeayet, uro u = 0, a moromy u ¢ = 0,Q1n = 0.
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Hakoser, n3 mocseauero pasenctsa nmeeM (JA™Y/2)*n = 0, u Torga npn mo60M
n € Ly(Q2) Oymer

(ﬁv (//?A_l/Q)*T/)Lz(Q) = (?A_l/Qﬁv n)LQ,F = 0.

Tak KaK COBOKYITHOCTB daeMenToB {7VA™Y27 1 1) € Ly(Q)} mpoberaer Bcé mpocTpancTBO
Y L —0
r, wiotHoe B Lo, nosydaeM, aro n = 0.
Eciu emé A€o (), Te. A # B, A # P2, To B cucreme ypashenuii (2.63) MOXKHO
UCKJIIOUUTD [EPEMEHHBIE 1) U 1) U HOJIYIUTh OJHO COOTHOIICHHE JJIsi HCKOMOI'O OOBEKTa
u. B uTore nmeeM CIEKTpasIbHYIO 32129y

u—+ AT2Q(B — NI TTQF Ay — %Z—I/QQIQ*;ZWU =AM . (2.66)
Ecnm 31ech cienath 3aMeny
Ay = g e Ly(Q), (2.67)
TO IPUXOJIUM K CIIEKTPAJILHON ITPodIeMe

LN ¢ = +Q(B—A)T'Q = AT = 2\'QiQ})p = 0 (2.68)

JIJIs oliepaTopHoro mydka (omeparop-gynkmnuu) L(\), meiictBytomniero B Ly(€).

Basada (2.68) 06061aeT COOTBETCTBYIONLYIO TPOOJIEMbI JIJIs OIIEPATOPHOIO MyYKa
C.I'. Kpeiina, Korja 1moJiocTh {2 ObLIa 9acTUIHO 3aII0JIHEHA, JIUIIb OJHONW BSI3KON »KUJI-
KOCTBIO, T.e. po = 0,0 = 0,1 = 0,0 = 0, a Tak:Ke BapuaHT, KOIJla YKUJIKOCTU B
IIOJIOCTH BA3KHE, HO He Bazkoynpyrue: ap = 0, ap = 0.

[Tospobroe ucciieoBanne mpobdiaeMbl (2.68) — 910 U ecTh JajbHellIas 1eJb pac-
CMOTPEHMI UCXOIHON MOJEIbHON 381a91 O HOPMAaJIbHBIX KOJIeOAHUAX CUCTEMBbI U3 JIBYX
BSI3KOYIIPYTUX KUIKOCTEH B coCy/Ie.

2.5. O6miue cBoiicTBa CIIEKTpa

[TpuBeém obrmme cBOWCTBA PEIIeHUil ClIeKTpaJIbHON 3aga4n (2.68), HeKOTOpbIe U3
KOTOPBIX JIETKO BBIBOJIATCH.

1°. Crexrp 3aja4n (2.68) pacrosioKeH CAMMETPUIHO OTHOCUTEIBHO BEIeCTBEHHON
ocH.

HeitcrBurensno, oneparopiblii my<dok L(\) u3 (2.68) aBisiercst caMOCONPIKEHHDIM,
T.€. BDBIIIOJIHEHO CBOMCTBa

(LA)" = L), (2.69)

TaK KakK OIlepaTopHble KO3(hMUINEHTH! YPaBHEHIA caMoconpszkénnble. OTcrona u cire-
JlyeT CBOMCTBO CUMMETPUHU CIIEKTDA.

2°. CobcrBennble 3HadeHns A 3a/a49u (2.68) pacrosioxKeHbl B IPABOIl HOJIYILIIOCKO-
CTH:

ReA > 0. (2.70)
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B camom nene, ji1g coOCTBEHHOTO 3HAYEHUS A U COOTBETCTBYIOIIETO eMy COOCTBEH-
HOTO 3j1eMeHTa (p # () UMeeT COOTHOIIEHNE

(LA, ) = 0. (2.71)

Orcro/1a, BRIMUC/IsAST BEIIECTBEHHYIO 9aCTh, MIPUXOIUM K (hopMyIIe

ReA= (18— AN Q @) + N @il + 1A 6P )llel” + 18"2(5 ~ D@ o)),
(2.72)
OTKy/Ia U CJIedyeT cBoitcTso (2.70).
3°. CrekTp 3a7a41 JTUCKPETEH ¢ BO3MOXKHBIMU TIPeJIeIbHBIMI TodKaMu A = 0, \ =
00, A = Bk, k = 1,2, a Takke ToUKaMu A1 U Ay, 0 < 1 < A\ < fa < Ay (upu ycsosun,
a0 51 < (). Ilpu 910M TOUKE A; 1 Ag SIBIAIOTCS HYJIAMU CKAJISPHON QyHKIHN
o a9
TA) :=Ti(A) + To(A) = (1 + 2—) + pe(1 + ). (2.73)
ﬁl - A /82 — A
DTO CBOWCTBO BBISICHEHO B IIPOIECCE IMOJYUYEHHsT ACUMITOTHICCKUX (POPMYJT JIJIst
BeTBeil COOCTBEHHBIX 3HAUEHUIH, OTBedaonux TodkaM A = 0, A = +o00, A = Ay (k = 1, 2),
Ha OCHOBE TOXKJIECTBA

2 2
o —
S 5 [ Vue Vord - AY e [t (o - 3! fwrrar =0,
k=1 K & k=1 G 2
(2.74)
u = (ur;us) € Hy (), Vo = (v1;02) € Hy 50(9).
(2.75)
I[Ipu BBIBOJIE CoOTHOMICHUS (2.74) UCIIOIL30BAHBI CBSA3H
u = (ur;uz) = 2_1/2% v = (vi;v2) = 121_1/27]7 (2.76)
a TakxKe TOT PaKT, ITO
(675 2
(QB—=AD)T'Q 0.0y = ({5k — )\} u,v) =
k=1 H&,S(Q)
2
(673 =
o | \Pe A 3
k

Ormernm TakzKe, 9TO TOUKH [ U [y He ABIAIOTC IPECIBHBIMIE It BeTBeil COOCTBEH-
HBIX 3HadeHuit 3aaqn (2.68).

4°. Tlpusegém Terepb 6e3 JIOKA3ATEIbCTBA ACUMITOTHYCCKHE (DOPMYJIbI JJist BET-
Beil COOCTBEHHBIX 3HAYEHHUil, OTBEYAOIMNX IpeJebHBIM TodkaM A = 0,A = 400,

ISSN 0203-3755 /lunamuaeckue cucrempr, 2019, Tom 9(37), Ne3



236 H./I. KOIIAYEBCKUI

a TaKyKe TOYKaM A; U Ag. ODTH De3y/bTaThl IOJIYYEHBI C IIOMOIILIO TEOPEMBI 00
aCHMIITOTHKE COOCTBEHHBIX 3HAYCHHN ONEPATOPHBIX IYYKOB U CBA3aHBI ¢ paboraMm
A.C.Mapkyca u B.I1. Manaesa (cM. [7]), a Takzke Ha OCHOBE ACHUMIITOTHYECKUX (HOP-
MyJI JIJ1s1 COOCTBEHHBIX 3HAYUCHUIT BADUAIIMOHHBIX 3a/1ad MaTeMaTHIecKoil (hpusuku (ImKo-
aa M. 1. Bupmana u M. 3. Cosomsika, cM., Hampumep, [13]).

1) TIpeaenbuoii Touke A = +00 OTBEYAET BETBb {)\g.oo)}]?‘il KOHEYHOKPATHBIX COO-

o o) .
CTBEHHbIX SHaA4YCHUM; Y CJIa /\5 ), J € N, ABJIAIOTCA IIOCJIEA0BaTC/IbHBIMU MUHUMYMaMA
BapnanyOHHOI'O OTHOIICHUN A

2 2
ZMk/‘VUMQ d% | / Zpk/]uklzdﬁk ,u=(u3up) € Hy g p(Q). (2.78)
k=1 k=1

Qp Qp

Orcrofa BH/IHO, 9TO CHJIBI BA3KOYNIPYTOCTH HE BIIMSIOT HA ACUMITOTHKY COOCTBEHHBIX
3HAYEHU )\goo) npu j — o0o. CooTBercrByioliue HOpMaJIbHbIe KOJI€OaHUS OTBEYAIOT
BHYTPEHHIM JIICCHNATHBHBIM BOJIHAM, KaK U B 3aja4e O KOJeOaHUAX JBYX OOBITHBIX
BSIBKUX 2KHJIKOCTEH.

2) Ilpenenpuoit Touke A\ = 0 oTBeYaeT BETBb {)\go)}‘;‘;l KOHEYHOKPATHBIX COOCTBEH-

. (0
HBIX 3HAYEHUIA )\g- ), ABJISIONINXCS TI0C/IeI0BATETbHBIMU MAKCUMYMaMHU BAPUAIIMOHHOI'O
orHomenus 3a a4 CTeK/ioBa:

~

2
9(p1 — p2) / un?dU | /Y [ (1+awB ™) Mk/ [Vurl? dS. |, w = (ursuz) € Hy g p(Q).
T k=1 O

(2.79)

Orciofa ciiejlyer, 9TO BS3KOYIPYTHe CHUJIbI B YKHJIKOCTSAX CYIIECTBEHHO BJIMSIOT Ha

ACUMIITOTUKY CO6CTB€HHI)IX 3HaYEeHU IIOI'paHUYIHBbIX BOJIH, CBA3aHHBIX C KOJIe6aHI/IH—
MU TPAHUIBI PA3JIe/Ia MEXKJIY KUJKOCTAMU.

3) Ecau nosocts 3amosiHeHa He JBYMs, a YaCTUYHO JIAIIb OJHON YKHJIKOCTBIO

(p2 = 0,u2 = 0), TO UMeeTCss TOJBKO OJ[HA KOHEYHAasl MpejiejibHasg Touka A; > 0,

sipJistionasicst HysaéM dyukrun Ti(A) (em. (2.73)). B stom ciaydae coorBercrBytoiias

" 1
BETBb COOCTBEHHBIX 3HAYEHUIT {)\5 )};"’:1 UMEET aCUMIITOTHYCCKOE IIOBEICHHE

MY =M+ o] (= o0), (2.80)

(1)

e 8]- — I1ocJjie10BaTe/IbHble MaKCUMYMbI BapUalluOHHOI'O OTHOIIIEeHUA 3a a9 CTe(ba—

Ha:

(Alpl/]u1|2d§21+gp1)\11/|u1]2dF)/(a1(61—)\1)2p1/|Vu1|2dQl), (2.81)
ol r 2

U € ]/—\I(%,Sl (Ql), 1+ Ozl(ﬂl — /\1)_1 =0.

Od4eBUIHO, UYTO B 3TOM CJIydae BI3KOYIPYTUe CUJIbI, JeHCTBYIONINE B KUJIKOCTH, 3aII0JI-
HetoIIe 001acTh §21, IPUBOJAT K IOSABICHUIO 9TOI BETBU COOCTBEHHBIX 3HAYUEHMIA.
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4) Ecnu cocy;i 3a1motHeH JIByMsl BSI3KOYIIPYTHMHA KUKOCTSIMU, TO KOHETHBIX MOJIO-
JKUTEJIBHBIX IIPEJIEJIbHBIX TOYCK CIIeKTpPa JIBe:

TM\e) =0, k=12, [ <A <f2< A< 00. (2.82)

(em. (2.73)). Ilpm sTOM acmMITOTHYECKOE MOBEJCHIE BETBEil COOCTBEHHBIX 3HAYCHMIA
k ;
{/\5 )}j’il, k = 1,2, naiiileHHOe 3BPUCTUICCKUM CIIOCOOOM, UMEET BUJL

A = A+ ePL 4 o(D)] (G- 00). (2.83)

(k)

rje ;' — IOC/Ie/I0BaTe/IbHbIe MAKCUMYMbl BAPUAIIMOHHOIO OTHOIICHU 3a/1a 1 Creda-

Ha:
2 2

N (Do [ ) (o= A [P | /3 @B =20 e [ (9
m=1 Q, T m=1 o

w=(up;us) € Hy 5p(Q), k=1,2. (2.84)

Bujmo, 4To crieKTp NMOBEPXHOCTHO-BHYTPEHHHX BOJIH, OTBEYAIONINX ITPEICTbHBIM
TOYKAM A1 U Ay, IOPOXKJIACTCA JEHCTBUEM CHUJI BI3KOYIIPYTOCTH, JEHCTBYIONNUX B 00J1a-
crax (U u (29 U B OKPECTHOCTH I'PaHUILI pa3jesia I

3. Il.1ockas 3aJa4a, JOIIYyCKalolllasd pa3de/ieHue IlepeMeHHbIX

3.1. MoaenbHas crieKTpajibHas MpobJjeMa B IMIPAMOYTOJIbHOI obJiacTu

s yrounenns xapakTepa CIeKTpa B HCCJIe/lyeMOil 1podsieMe PacCMOTPUM JIBYMep-
HBIII YaCTHBII ciydail, Korga obgactsb 2 C R? apasercs OPAMOYTOJBHOM, & TPaHUIla
pazzgena ' — orpesok Bermecrsennoit ocnm: I' = {(z;0) : 0 < z < 7}, HmKHaAA KUJI-
KOCTH 3aHnMaer obmactsb 2 = {(z,y) : 0 <z <, —a; <y < 0}, a Bepxuas —
obmactb Qs ;= {(z,y): 0 <z <7, 0<y<as}, cm. puc.l

B srom ciyuae crekrpasibhaast npobiaema (1.20) dbopmymupyercs cieayomum 00-
pa3oM. [[JIT MCKOMBIX aMILTUTYIHBIX (PYHKIUH U, U Wy, N = 1,2, 1 ( JOJKHBI OBITH
BBITIOJTHEHBI CJIEJIYIONIIE YPABHEHWST U KPAeBbIe YCIOBHUS:

—pr1Auy = p A(ug + 041/2?”1) (B Qy), ul(oay) = u(m,y) = ui(, —al) =0,

—p2Aug = MzA(Uz + a;/ng) (B Qz)y Uz(Oa y) = U2(7T, ?J) = Uz(fa @2) =0,

—Aw; = 04}/2“1 = Biwr (B ), —dwy = 04;/21/& — Bowy (B (L), (3.1)
0? 0?
—X =u; =uy (mal), A::w 8—y2, reC,

0 0
g, ayPwy) — Hag (2 + ay*ws) = —g(pr — pa)¢  (ma T).
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N s
S, Q, S, g=-gé,
ol T i .
S, Q, S,
o 3

Puc. 1.

Dra 3a/a4ua JIOMYCKAET pPas3e/ieHne MEPEMEHHBIX C MCIOJb30BAHNEM PAa3JIOKEHUST UC-
KOMBIX yHKImit B pagsl Pypoe no cucreme {sinkz}p® . Torma mpu A # 0, A # B,

n = 1,2, umeem

ur(z,y) = viy)sinkz, wup(r,y) =Y va(y)sinka,
o k=1 k=1 (3.2)
() =) Gesinka,  wa(z,y) = ay*(By — A) Hun(z,y), n=1,2.
k=1

3.2. IlonyyeHne xapaKTepUCTUYECKOTO YPaBHEHUS 3a/1a4u
Uckmovas nepemernsie wy,(x,y) u ((x), upuxoanm K mpobiieme

—Auy =6 (Nuy, 51 (N) == pr g (1 + 3 o )\)71 (B ),
-

a
—Duy = G(Nug,  G2(N) := padpay (14 3 - )\)_1 (B 22), (3.3)
y —
up =0 (ma S1) wup =0 (ma Sy), wu; =uy (nal),
(03] 8u1 (6%) 6u2 1
(1+ 3, _)\)Ml ay (1+ 5, _)\>M2 oy 9(p1 — p2)A" uy (ma I')

Ucnonb3yst npejcrapierne (3.2) jig perienus, nosaydaeM Juist GyHKuil vig(y) u

vo(y), k € N, coornorenns

d2
— U1k — (kQ — 61()\)>U1k = 07 —a <Y< O, vlk(—al) = 0,

dy?
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d2
dy?

OTcroga cieayer, 9To

Vol — (k’2 — 52()\))U2k = 0, 0< y < ag, ng(ag) = 0. (34)

vik(y) = i sh(yv/k* — 61 (A\)(y + a1)),

Vo (y) = car sh(v/k2 — 2(N)(y — ag)), (3.5)

e Cpp, n = 1,2, k € N — nHabop nmocTogHHBIX.
JL1s1 Moty denust CBsI3ei MeXK Iy HUMHU UCIIOJIb3yeM KHHEMAaTHIeCKOe U JUHAMIIeCKOe
yesoBusg Ha I u3 (3.3). I3 KuHeMaTu4ecKoro ycJoBus MOJIyIaeM CBS3b

Clk Sh( kQ — (51()\)&1) + Cof Sh( k2 — 52(/\)@2) = O, (36)
a JUHaMHWYIeCKOe yCJIOBHE ,HaéT COOTHOIIIEHUE

(1+ (B — A) " uv/k? — 01(A) ch(y/k? — a1 Clk—
—(I+a(fe - A)*l)uz\//fz A) ch \/k2 A)az)cay = (3.7)
=g(pr —p) X! sh( k2 51(/\)a1)clk.
[IpupaBHUBas HYJIO ONPEJIEIUTE/b CUCTEMbBI JIMHEHHBIX OJHOPOJIHBIX YDABHEHUI

(3.6),(3.7), mpuXOIUM K XapaKTEePUCTUICCKOMY YPABHEHUIO /Il HAXOXKICHHsT COOCTBEH-
HBIX 3HAYEHUT A crieKTpaJsbHOi 3ajgaqan (3.1):

o sh(y/k? —d1(N)ar) sh(y/k? —da(N)az) | _
dt( O hOV ) 0, k€N, (3.8)
AN = 1+ar(Bi—=A) " un/k? — 61(N) ch(y/k? — )—g(p1—p2) A" 'sh(y/ k2 — 61(N)
fo(A) == (1 + aa(B2 — ,UQ\/kQ A) ch(v/k2 — 85(N)ag). (3.9)

Ono npeobpasyercst K BULY
(1+ (B — N Hprv/E2 — 61 (N) cth(y/k2 — 81(N)ar)+
+(1 + (B — ) D) g/ k2 ()\) cth(v/k2 — 05(N)ag) = (3.10)
=g(p1 — 02))\ ' keN,

€CJIA 1IPU IIOJIOZKUTEJIbHBIX A IIOJAKOPEHHDBIE BbIPazKCHUW A I1IOJIO2KUTEJIbHDBI, 1 K BUJTY

(14 ar(Br — A) D/ (N) — k2ctg(y/o1(N) — k2ay)+
+(1 + az(Bo — N par/02(A) — k2 ctg(\/d2(N) — k2ay) = (3.11)
=g(p1 — PQ))\_l, k eN,

€CJIN 9TU BBIPAXKEHUsI OTPUIATE/THHBI.
B wacrHOCTH, [T OJHON KUJIKOCTH, Korja py = 0, pg = 0, uz (3.10) nosyuaem
ypaBHEHUE

(1+a1(Br — A DV E2 — 61(N) cth(yv/k2 — 61(Nar) = gm A", k €N, (3.12)
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a u3 ypasuenns (3.11) — coorHomeHne

(14 a1 (B1 — N D /61(\) — k2ctg(y/61(N) — k2ay) = gp A, k€N, (3.13)

Pacemorpum, onmpasics Ha ypasterus (3.10)-(3.13), acuMOTOTHKY pereHuit 3Tux
YyDABHEHUH, OTBEYAIOIIUX MOMPAHUYHBIM MOBEPXHOCTHBIM BojiHaMm (A — (), a Takke
JICCUIIATUBHBIM BHYTPEHHUM BoJHAM (A — 00). JIjisi IOrpaHUYIHBIX TTOBEPXHOCTHBIX
Bost 13 (3.10),(3.12) npuxonum K dopmysam

M = [g(p1 — po) /(1 (1 + nBrY) + pia(1 + By )1+ 0(1)) (k — 00)  (3.14)

(11BE KUJIKOCTH) U COOTBETCTBEHHO

A = [gp1 /i (1 + a1 Bk + o(1)) (k — oo) (3.15)

JIUTst OJTHOM KuIKOCTH (cpaBH. ¢ (2.79)).
J171s1 BHYTPEHHUX JIICCHIIATUBHBIX BOIH (A — 00) u3 (3.11),(3.13) mosyaaem acuMi-
TOTHYIECKHE COOTHOIIEHNST

m\/ﬂmflA — k? Ctg(\/pluIIA — k2ay)+p\/ papis ' A — k2 ctg(y/ papiy 1A — K2ag) =0, k € N,

(3.16)

(2 KHJKOCTH) ¥ COOTBETCTBEHHO

i/ pip A — k2etg(\/ pip A — k2a;) =0, k€N (3.17)

JIJISI OJTHOM KM IKOCTH.
B wactHocTH, u3 (3.17) IpUXOAUM K BBIBOJLY, YTO JJIsl OJJHON KUJIKOCTH aCHMIITO-
TUKa BHYTPEHHUX BOJIH TAKOBAa!

Mo = mpr KA (1 +0(1)) (k= o), (3.18)

AG) = g B 4 () m = P14 o(1) (m00) kEN,  (319)

cpasauTe ¢ (2.78). g aByx kujgkocTeil acumnroruka HaxogutTes u3 (3.17) u nmeer
BU, 000HbIH dopmynam (3.18),(3.19).

[aee, Ipu BBIYUCICHUN ACHMITOTHYECKOIO IOBEJEHUS COOCTBEHHBIX 3HAYEHUIT
BSI3KOYIIPYTHX BOJIH 3aMeTuM, 4To B 3ajadax Credana (2.81) u (2.84) raBHblil wiien
ACHMITOTHUKH OILIpeJIeJIAeTCsA IIOBEPXHOCTHBIMU BOJIHAMU, T.€. BaPUAIIMOHHBIMU COOTHO-
IIEHNAMHI

gpAT! / s 2T /o (By — M) ~2pan / Vg [2d0] (3.20)
Fl Q1

(115t OJTHOM PKHMJIKOCTH) M COOTBETCTBEHHO

2
ol —pg)m/ 2T/ S [ (B — m—?um/ V240, n=1,2 (3.21)
r — O
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(nutst By X Kujgkocreii). Boraucienns Ha 9Toit OCHOBe MPUBOIAT K hopMyJiam

8(1): gp1 g -1 7.-1 0 0 .
V= P L eD)] (k0 322

(1St OJTHOM YKUJIKOCTH) U

2
E](:) 9( pl — p2) Z u QMm) kT 14+0(1)] (k—o0), n=1,2, (3.23)

n m= 1

(ny1st ABYX 2KUJIKOCTE]H ).
3.3. O cTpyKType crieKTpa B r'iJIpoANHAMIYECKOil pobiieme

Omnupasich Ha 06IIHe PACCMOTPEHHsT MOJIEIBHOM ClieKTpasbHoit 3aaqdu (cM.(2.68)),
a Takxke mpuMepa (3.1), MOKHO ¢jie1aTh IPEJIOIOKEeHNe O CBORCTBAX PeIleHnil criek-
TPaJIbHOI 11pobJIeMbI, OTBEYAIONIell HaYaIbHO-KPAaeBOil IUIPOINHAMUYECKO Tpodieme
(1.2)-(1.10) o MaJbIX IBHXKEHUSAX JBYX BA3KOYNPYTruX Kujkocreil B cocyse. Chopmy-
JINPYEM 9TH BBIBOJIBI.

1. CrrekTp ruIpoIMHAMIIECKON CIIEKTPAIBHOM 3a/1a91 JTUCKPETEH M UMEeT IeThIpe
npeJieTbHble TOUKU:

A=0, )\:-i—oo, A=\(n=1,2),
T(A) = (1 + =
ﬁl - 62 - )\n

2. llpenenbHoit ToUuKe A = +00 OTBEYAET BETBb MOJIOKUTEIBHBIX COOCTBEHHBIX 3HA-
TeHuit )\g-oo), MTOPOKTAIONINX BHYTPEHHNE JTUCCUTIATUBHBIE KAK YTOJIHO OBICTPO 3aTyXa-
IOIUEe BOJTHBI, TPUYEM CHJIbI BA3KOYIPYTOCTH ACUMIITOTHYECKH Ha BJIUAIOT Ha JIEKpe-
MEHTBI 3aTyXaHUsd STUX BOJIH.

3. Hpeﬂ,eﬂbHOﬁ Touke A = () oTBevYaeT BETBb IOJIOKUTE/JHHBIX COOCTBEHHDBIX 3HA-
qeHuit {)\ 2.1, MIOPOKIAIONIMX [OBEPXHOCTHBIE MOTPAHIMIHBIE KAK YTOJHO MEJJICHHO
3aTYXAIOIINEe BOJIHBI, IPUIEM CHJIBI BI3KOYIIPYTOCTH CYIECTBEHHO BJIMSIIOT Ha JIEKpe-
MEHTBI 3aTyXaHNUs STUX BOJIH.

4. Toukam /\ Al 1 A = )y OTBEYAET CIEKTP IMOBEPXHOCTHO-BHYTPEHHUX BOJIH
{)\5-1) jd {)\ 321, COCTOSAIMI U3 MOJIOKUTETLHBIX COOCTBEHHBIX 3HAYCHUIL )\En) =

)—i—,ug(l—l— ——)=0,n=1,2.

A1+ 5§-n), 0< 55- — +0 (j = ), 0 < A} < Ay < 00. CuJibl BI3KOYIPYTOCTH BJIUSIOT
Ha JIEKPEMEHTBI 3aTyXaHUsA ITUX BOJIH.

5. CekTp rujpoMHAMUIECKON CHEKTPAILHON 381891 PACIOIOKEH CUMMETPHIHO
OTHOCHTEJIbHO BEIECTBEHHOM OCH M MOXKeT MMeTb He 00Jiee KOHEYHOI'O UHC/Ia HeBe-
IECTBEHHBIX COOCTBEHHBIX 3HAYeHWH (KoebaTe/bHble aCHMIITOTUIECKH 3aTyXAIOIIIe
HOPMAJIbHbBIE JIBUZKEHUS CHCTEMbBI BSI3KOYIIPYTUX KUJIKOCTEN ).

Agrop Gmaromapur 1. A. 3akopy 3a BHEMaHEE K paboTe U MoJIe3HbIe 00CY K ICHMUSI.
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AHaIuTU4YecKne u 9ucjieHHble MeTOAbI
penieHnud TuIepCUuHTyJIdPHbIX NHTErPaJIbHbIX
ypaBHEHU

. B. Boiikos

[TenzeHnckuii rocy/1apCTBEHHBIN YHUBEPCUTET,
[Tenza 440026. E-mail: i.v.boykov@gmail.com

Awnnoranus. B crarbe jaH KpaTKuit 0630p paboT, MOCBSIIEHHBIX AHAJIUTHIECKUM U IUCJIEHHBIM METO-
JIaM PEIIeHNs TUIIEPCUHYIISIPHBIX WHTErPAJIbHBIX ypaBHEHUiT. PaccMaTpiBaioTCst THIIEPCHHTYISPHBIE
MHTErpaJIbHble YPABHEHHS Ha 3aMKHYTBHIX 1 PA30MKHYTHIX KOHTYDaX HHTEIDHPOBAHMUS, TOJIHIHIIEPCHH-
IyJISIPHbIE X MHOTOMEDPHBIE TUIIEPCUHTY/ISIPHBIE HHTErpaibHble ypasHenus. OCHOBHOE BHIMAHNE Y/Ie/IsI-
eTcsl IPUOIIMYKEHHBIM METOJIAM DEIeHHsI OJIHOMEPHBIX MUIIEPCUHTYIISIPHBIX HHTErPAJIBHBIX yPABHEHMUIT
[IEPBOTO U BTOPOT'O POJia ¢ 0COOEHHOCTSIMU BTOPOTO MOPsijia. PaccMaTpiBalOTCst TUIIEPCUHT YIS PHBIE HH-
TerpaJibHble ypaBHEHHsl IIEPBOIO PoJia, OIpe/ieJeHHble Ha cerMeHTe [—1, 1], pereHus: KOTOPBIX UMEIT
sug x(t) = (1 —t2)F20(t), (1 —1t)/(14+1))F2p(t), rne @(t)— rnaaxas dynxmus. Pacemarpusaior-
sl TMIEPCHUHTYJIIPHBIE HHTErDAJIbHBIE YPABHEHUsI BTOPOrO POJiA, OUpe/IeIeHHble Ha cermente [—1, 1],
JUIsl PeIleHusi KOTOPBIX CTPOUTC CIUIAiH-KOJUIOKAIMOHHDIN METO/| CO CIIAHHAME [EePBOrO HOPAIKA.
OTesibHBI Pa3/es NOCBSIIEeH NPUOINKEHHBIM METO/IAM PeIleHNs] THIEePCHHTYJISPHBIX HHTErPAJIbHBIX
yDPABHEHUIl Ha 3aMKHYTBIX KOHTYDaX.

Kirouesnlie cioBa: TUIIEPpCUHTYJIAPDHBIEC NHTEI'DaJIbHbIE YDaBHEHN A, METO/L KOJIJIOK&I_[I/II‘/'I7 METO/I MeXa-

HUYECKUX KBa/IpaTyp, UTEPAIMOHHBIE METO/IbI.

Analytical and numerical methods for solving
hypersingular integral equations

I. V. Boykov

Penza State University e-mail: i.v.boykov@gmail.com.

Abstract. The article gives a brief overview of works devoted to analytical and numerical
methods for solving hypersingular integral equations. Hypersingular integral equations on closed
and open integration loops, polyhypersingular and multidimensional hypersingular integral equations
are considered. The main attention is paid to approximate methods for solving one-dimensional
hypersingular integral equations of the first and second kinds with singularities of the second order.
We consider hypersingular integral equations of the first kind defined on the segment [—1, 1], whose
solutions have the form z(t) = (1 — t2)*2p(t), ((1 —t)/(1 + t))*/2p(t), where ¢(t) is a smooth
function. Hypersingular integral equations of the second kind, defined on the segment [—1,1], are
considered. For solution of its the spline-collocation method with first-order splines is constructed. A
separate section is devoted to approximate methods for solving hypersingular integral equations on
closed circuits.

Keywords: hypersingular integral equations, collocation method, mechanical quadrature method,
iterative methods.

MSC 2010: 65R20
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BBenenue

Teopusi CUHTYJISIDHBIX HHTETPAJIbHBIX YPABHEHUI, 3aPO/IUBINACS B HAYA IE TPOIILIO-
ro Beka B Tpynax . 'mabbepra u A. [lyankape, B Teuenne nocseyomux mouru 100 et
nepexkuBaeT OypHoe pasButue. [lo-Bujimmomy, 3T0 B IEPBYIO 0Y€pE/ib CBA3aHO C MHOT'O-
YUCJICHHBIMU TPUJIOKEHUSIMU CUHTYJISIPHBIX UHTEIPAJbHBIX YPaBHEHUN U KpaeBoil 3a-
naan Pumana B busnke, MeXaHUKe U TeXHUKE. XOPOIIO U3BECTEH CIIEKTD IPUMEHEHUSI
CHUHTYJIIPHBIX MHTEIPAJIbHBIX YPABHEHUN B MEXaHHKE M TEXHUKE: T€OPHUsl YIPYTOCTH,
TEPMOYIPYTOCTH, a’POIUHAMIUKA; CHHTY/ISIPHbIE WHTEIDAJIbHbIE YPABHEHUS SBJISIIOTCSI
OJIHM U3 OCHOBHBIX aIlllapaTOB MATEMATUIECKOTO MOJICIMPOBAHUSA 3a/1a9 SJICKTPOIH-
HAMUKH.

He menee mmporn obactu mpuMeHeHNsT KpaeBoit 3a1adn Pumana u CHHTYJISTPHBIX
UHTEIPAJIbHbIX YpaBHEHUII B (DU3MKE: KBAHTOBAs TEOPUs IOJIA, TeOpusi OJU3KOTO U
JTaJIbHETro B3auMOJICHCTBHS, TEOPHUS COJTUTOHOB.

NuTepecHo OTMETHUTD, ITO BBEJIEHHOE IPUMEPHO B TOXKE BPeMsl MOHSTHE TUIIEPCUH-
IyJSIPHOTO WHTerpasa |43 B TedeHme JOJINOro BpeMEHH HE HAXOJMJIO MPAKTHIECKO-
ro npuMenenns. CuTyalnus pe3Ko M3MEHU/IACh B KOHIE COPOKOBBIX T'OJOB IIPOIILIOrO
BeKa, KOrjia ObLI0 OOHAPYKEHO [28], 4T0 TUIepCHHIYISPHBbIE NHTErPAJIbHBIE yPaBHEe-
aust (I'IY) sgBistiorest He3aMEHUMBIM MATEMATHICCKUM alllapaToM IPU MOJEJIUPOBa-
HUU 3a/1a9 adpojnHaMukn. Hadmaass ¢ 9T0ro MOMeHTa, KPYT 3a/1ad, K PEIIeHnI0 KOTO-
poix npusjekaiorcea 'Y, nensmenno pacmupsiercs. B nacrosiiee Bpems ['TY naxojsr
IIIIPOKOE TIPUMEHEHHUE IPU MOJICTUPOBAHUY 3a/1a9 adPOJIMHAMUKH, JIEKTPOJINHAMUKH,
MHUKPOJIEKTPOHUKHU, Te0O(DU3UKU, ATOMHOI U s/IepHOI (DU3UKHU U PsAJia APYTUX 0bIacTei
ecTecTBO3HAHUS 1 TeXHUKH. OTMeTnM TakxkKe, uro K 'Y npuBojgaT MCK/IIOInTE IbHBIE
caydan KpaeBoit 3ajaun Pumana, kotopas, Hapsly ¢ 3ajadeit Pumana-I'ninbepra, na-
XOJUT Bee GoJIbIliee IPUMEHeHNe B PA3InIHbIX obaacTsx dbusnkn [31].

O/ 1HAKO BBIYUC/ICHUE CHHTYJISPHBIX U TUIIEPCUHTYISPHBIX WHTETPAJIOB, & TaK¥Ke Pe-
IIIeHNEe CHHTY/ISIPHBIX U THIEPCUHTYIAPHBIX HHTEIPAJIBHBIX YPaBHEHUIT BOZMOYKHO JIUIIh
B UCKJIIOUUTEJILHBIX CJIydadX U OCHOBHBIM alllapaToM B IPUKJIAJIHBIX 3ajadax siBJis-
IOTCS YUCJIEHHBIE METOJIbI.

B Hacrosiiiee BpeMst J0CTATOTHO XOPOIIIO UCCIIEI0BAHBI TPUOITMKEHHBIE METO/IbI BbI-
YUCJIEHUsT CUHTYJISIPDHBIX ¥ THIIEPCUHTYJISIPHBIX uHTerpasos (6], [7] u MoxkHO cunmraTh
3aBEPIIEHHBIMI MHOT'E HAITPABJICHUS B UNC/IEHHOM PEIeHUN CHHTY/ISIPHBIX HHTETIPAJIb-
ubIxX ypasrennii [21], [20], [47], [24], [49], |5].

CoBepIlleHHO WHasl CUTyalldsl CJIOXKWJIach B HAIPABJIEHUN, CBSI3aHHOM C HPUOJIN-
>KeHHbIME MeTojiaMu pertterus ['TY. ExxeroiHo myOnKyoTes JecATKA cTaTeil, OCBs-
IIEHHBIX ITOCTPOEHUIO BBIYUCIUTE/IBHBIX CXeM I pas3udHbIx KiaccoB 'Y, oana-
KO aBTOPY HE U3BECTHBI PAbOTHI, MOCBAIICHHBIE 0030Py U CPABHUTEIHLHOMY aHAJIUA3Y
[IOJIY9€HHBIX K HACTOSIIEMY BPeMeHH pe3ysbTaToB. llpeacraBisgercs HEOOXOMUMBIM 1
CBOEBPEMEHHBIM JIaTh 0030p OCHOBHBIX HAIPABJIECHUN B YUCICHHBIX METOJIaX PEITCHUS
'Y, BbIIeIMB Te U3 HUX, JIJIT KOTOPBIX CYIIECTBYET CTPOroe 000CHOBaHUE, U ITPOBECTU
CPaBHUTEIbHBIN aHaIN3 MIPUOIMKEHHBIX METOJI0B 1 aJropuTmoB. [loa crporum oboc-
HoBauueM, cieiays JI. B. Kanroposuuay [22], H. C. Baxsasosy |3|, B. B. sanosy [21],
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IIo/Ipa3yMeBaeTCA UCCJIEIJOBaHUE yCTOfI‘{I/IBOCTI/I penrennd, 10Ka3aTeJIbCTBO CXOJIUMOCTHU
HpI/I6III/I}KeHHOI‘O penaiennd K TOYHOMY, IIOJIydE€HUE OIECHOK BE/JIMYUHBI IIOI'DEITHOCTHU U
CKOPOCTHU CXOJIUMOCTH.

1. Kiaccel dyHKNnNit 1 0603HavYeHUs

B srom paszese onucaHbl Kjaacchl (yHKIMIA, MCIOAb3yeMble B cTaThe. IlycTh 7
— eJIMHUYHAST OKPYZKHOCTDb € IEHTPOM B HadaJle KOODIMHAT KOMILIEKCHOI IIJIOCKOCTH.
[ycte A = [a,b] nmm A = .

Onpepenenne 1. Kinace dyukiuit lenbaepa H,(M; A), 0 < a < 1, cocTout u3 3a/1aH-
Hblx Ha A dynkuumit f(x), y1oBIeTBOPAIONIIX BO BceX TOYKAx &' 1 2" 9T0ro MHOXKECTBA
uepasencrsy |f(2') — f(2")| < M|z’ — 2"|*, M > 0.

B ciyuae, Korjia 13 TEKCTA sICHO HA KAKOM MHOYKECTBE PACCMATPHBAIOTCS DYHKIINH,
Bmecto H,(M; A) 6ynem tmcars H,(M). Dro 3aMedanne OTHOCHTCA U K OCTAJILHBIM
KJtaccaM (byHKITUIA.

Omnpepesenne 2. Kiacc W (M; A) cocrour u3 dyHKumit, 33 janublx Ha A, IMEIO-
IUX HEIpPEPbIBHbIE HPOU3BOAHBIE JI0 (7 — 1)-ro mopsijika BKJIIOYUTEIBHO U KYCOTHO-
HEIPEPHIBHYIO IIPOU3BOJHYIO 7'-I'0 HOPSJIKA, YJOBJIETBODSIONLYIO HA STOM MHOXKECTBE
nepasenctsy |f)(z)] < M.

Onpenenenne 3. Kimacc W"H,(M; A) cocrout u3 dyuknuii f(x) npuHaiiekammx
kraccy W"(M; A) n ynosrersopsiomux gonoaanTeabroMy yeaosmio fU)(x) € Hy(M).

[Tyctb L = 71 X9, 1J1€ 7Y; — €IMHUYHASA OKPYKHOCTD C HEHTPOM B HAYAJI€ KOOPMHAT
Ha IIJIOCKOCTH KOMILJIEKCHOMI mepeMeHHoit z;, ¢ = 1,2. [Iycre D = [aq, by] X [ag, be] nim

D = L.

Onpenenenne 4. Yepes H, (D) obo3Hauen Kiacc onpejieeHHbX Ha D yHKImit
f(z,y) Takux, aro mis jawobbix Touek (z',y') u (2", y") uz D |f(2',y) — f(2",y")| <
wi (| —2"|) +wa|y —y"|), riie wi(0) n we(o) — 3amanHbIe MOIYIN HellpepbiBHOCTH. B
caydasx, korja w;(z) = M;z® (i = 1,2), ucnonssyercs obosnauenne Hy,,q, (M, D),
rie M = max(My, Ms).

Ounpenesienne 5. Yepes W™ (M,D), 0< M <oo, ob6o3HaueH KJacc
oupeneneHubx  Ha D dynkuuit  f(r,%2), UMEIOMUX YaCTHBIE IIPOU3BOJI-
mpie 1) (zy my) = 0Nt f(xy,20) /020 00 (0 <wv; <71yi=1,2), upn-
wes [ fU D (@ w)llewy < M, | fU (@1, 0)lloy < M, j=0,1,. = 1,
’|f(i7r2)(0,$2)||c([)) S M, 1= 0, ]., e, — 1.

IIyctes A = [a,b] mm A = ~. Ilycrs f(x) — dyukuns, onpenenennas na A. Hepes
H(f,a), 0 < a <1, 0603HaunM DYHKIHOHAT

H(f, Oé) _ sup |f(l‘1) — f($2)| )

1‘175502,:01,502614 |I1 - x2|a
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2. OnpeneneHns TUIIEPCUHTYJIIPHBIX WHTETPAJIOB

A(t) dt

(b— typra Y

Onpenenenune 6. ([43],[2]) IIycrs A(t) € WP(M). Uurerpan Buga /

a
neiaom p u 0 < o < 1 onpeziensier Besmauny (“KOHEUHYIO 9acTh’) PACCMATPUBAEMOTO

UHTerpaJja Kak ImpeJiesl Ipu £ — b cyMMbl

] A(t) dt B(x)

(b—typre " (b—aprat’

a

Baech B(x) — mobas dbyHKIMsI, Ha KOTOPYIO HAJIATAIOTCS J[BA YCIOBUSL:

a) PacCMaTPUBAEMBbIl IPEJIEN CyNIECTBYET;
6) B(x) € WP.

Josiroe BpeMsl 9TU MHTErpasibl Ha3bIBAJINCH UHTerpasiamu Ajamapa. B nacrosiee
BpEMsi UX HA3BIBAIOT TUIEPCUHIYIISIPHBIMUA HHTETDAJIAMHI.

Samevarnue. B xuure [1] 7K. Amamap yBIeKaTeIbHO PACCKA3BIBACT O PA3IMIHBIX
CTOPOHAX TBOPYECKOI'O MPOINECCA IPU PENIeHnH MATeMATHIeCKUX IIPOOJIEM U, B 4aCT-
HOCTH, ocTaHaBuBaeTcs (c. 104) Ha OTKPBITHM UM IHIEPCHHIYJISPHBIX HHTEIPAJIOB.

b
Oupepnenenne 7. ([32]) Ilycrs ¢(t) € WP(M). Unrerpanom [ pldr << b B

(tr—c)P?
CMBICJIE€ TJIaBHOT'O 3HAYECHUA KOH_H/I—AI[‘aIVIapa Ha3bIBaCTCA IIPEJIeJI:

cC—v

[e5-m| [ 225 [R5

riae £(v) — Hekoropast (DYHKIWsI, BbIOpaHHAs Tak, IYTOOBI YKA3aHHBI MpeJIes1 CyIie-
CTBOBAJI.

B KOHIIEBbBIX TOYKaX a U b FHHepCHHFy.HﬂprIfI nHrerpaJi MozxKeT 6bITI) OoIIpeJgesieHn
CJIEJIYIONUM 0Opa30M.

Ha3bIBaCTCA IIPEAE/I

p(r)dr
(T—a)P

b
Oupepnesenne 8. Ilycrs ¢(t) € WP. Unrerpanom [

b b
onar _ [ e o
a/ (r—ap o ! (r—ap o

+&(v) ol

rie £(v) — HeKoTOpasi (PYHKIHs, MMEoIasi HelPePbIBHbIE TPOU3BOIHbBIE J10 (p — 1)-r0
HopsiJIKa, yJoBjeTsopstomue yciaoputo Junu-JIunmmna; £ (v) — HekoTopast DyHKIWs,
y0oBJIeTBOpstomiast yeaosuio Jlunu-Jlunmuna B okpecraoctu ot Hysst. Oyuxiwn &(v)
u &1(v) BBIOUpAIOTCS TaK, YTOOBI YKA3AHHBIN [IPEJIE CyIIECTBOBAL.
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3. AnajmTndeckue MeTOAbl penieHns TUIEePCUHTYISIPHBIX
VHTETrpaJIbHbIX YpPaBHEHUI

B Teopun CUHIYJISPHBIX MHTEIPAJLHBIX YPABHEHUH M3BECTHO HECKOJIBKO KJIACCOB
YyPaBHEHHUIT, KOTOPbIE Pa3pENINMbl B 3aMKHYTOM BHjIE (B BHJIE aHAJMTUIECKOTO BbIPa-
kenwst). [loMrMO XapakTepUCTUIEeCKUX YPABHEHU, TAKUE KJIACCHI OIMCAHBI B CTATHE
C.I'. Camko [30] u B monorpadun ®.J1. I'axosa [19].

HecmoTpst Ha HEKOTOPYIO aHAJIOIHMIO MEZKJLy CUHI'YJIAPHBIMU U THIEPCUHTYJITPHBIME
UHTErpaJibHBIMUA YPABHEHUSIMU B HACTOSIIIEE BPEMsl UMEETCsl TOJBKO HECKOJIBKO pas-
PO3HEHHBIX Pe3y/IbTATOB, MOCBAIIEHHBIX AHATUTHIECKIM METOJIaM DEIeHKs] TIIePCUH-
I'YJIPHBIX MHTErPAJIbHBIX YPABHEHUIA.

PaceMoTpuM runepCcuuryisipHoe MHTerpaabHoe ypaBHEeHue

1 / x(T) B
Az = ;_[ de =f(t), - 1<t<l1. (3.1)

B npemmnonoxkenun, 9To pelieHne UIeTcd B Kjacce (pYHKIMI, oOpallaroninxcs B
Hy/Ib Ha KOHIAX cermenta [—1, 1], B pabore [46] (cm. Takzke [45]) mpeacraBieno Todnoe
pemenne 'Y (3.1):

:%jﬂﬂn

B pa6ore [27] mosyueno rounoe pemmenue ['Y (3.1) B ciryuasix, Korja npaBas 9acTb
MOzKeT ObITh HemHTerpupyemoit dyukiwmeit f(t) = ¢/(t — q), —1 < g < 1, win jgesbra
dbyukuumeit f(t) =46(t—q), -1 <q< 1.

HeobGxomMocTh B perieHnn TaKnX ypaBHEHHUH BOSHUKACT B 3a/a9aX a9POIMHAMUKH
C YCTPOHCTBOM OTCOCA BHEITHErO MOTOKa [24| 1 pu pacdere XapaKTepUCTHK TPOBOJIOY-
HBIX aHTeHH [26].

Pemenue ypasuenns (1) mmercs B Kiaacce dynkumit (—1) = z(1) = 0. Ilycrs
.f(t) = (t - q)ila t,q € (_17 1)

Herpyao Bujiersb, uro ypasaerue (3.1) SKBUBAJIEHTHO CJIEJYIOMIEMY YDABHEHUIO

1
/
1
_l/x (T)dT = ; tvq S (_17 1)7

7 T—1 t—q
-1

T—1

(A= —p)ye| "

1
¢ ponosHuTebHbIM yeaosueM [ o/ (7)dT = 0.
21
U3 cBoiicTB jeabra-DyHKIUN ¥ H3BECTHOIO CBONCTBA THIIEPCHHIYIISIDHBIX HHTErPa-
JI0B

D dr = —(n+ DU, #), t € (—1,1),

T —1)?

(/ﬁT?U
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cieyer, 9To perterneM ypasrenus (3.1) 6yzer dyukmusa x'(t) = —mwo(t — q) — (1 —
t2)~Y/2 nepsoobpasnas a1 KoTopoit mact x(t) = arcsint + msgn(q — t)/2. 3mech nc-
IIOJIB30BAHO CJIe/IyIolee onpejenenue |27| peibra-dbyHKImn

‘ 0,1 <q,
/ S()S(r —q)dr =4 Lp(g). t=q, q € (—1,1)
—1 w<q)> t > Q-

B pa6orax [8], [35] mpocsiexkuBaercst cBA3b MeXK/Ly TUIIEPCUHTYJISPHBIMUA U TOJIATH-
HEPCUHTYIAPHBIMEI HHTEIDATBHBIME YPABHEHUSIMU C OJIHOJ CTOPOHBI M OOBIKHOBEHHbI-
mu g depeHnnagbHbIMI YPABHEHUSIMU U YPABHEHUSIMU B YaCTHBIX IIPOM3BOJHBIX C
JAPYroil CTOPOHHL.

Pacemorpum juts onpenenennoctu 'Y

a@ﬂﬂ+ﬂﬂ/(dﬂ dr = f(t), p=2.3,..., (3.2)

i T — )P
Y

rae y — IVIQJAKUQA 3aMKHYTBIA KOHTYDP B IJIOCKOCTH KOMILJIEKCHOU IIPEMEHHOM.

O603naunm yepe3 D1 (D ™) BHYTPeHHIO (BHEIIHIOW) 00JIACTH JIOCKOCTH 2 OTHOCHU-
TeJLHO KOHTYpa 7. Uepes DT o6o3naunm 3aMbikanue obgactu DT, O6o3naunM uepes
G OTKpPBITYIO 00s1acTh, Takyo, uro DT C G,

IIycre dynkuum a(t), b(t), f(t) asrsorces anammtudeckuMu B obsmactu G. Bymem
HCKaTh pelenne ypapuenus (3.2) B Kiacce DYHKIHH, YIOBJIETBOPSIIONINX CJIE/TYOITIM
YCJIOBUSIM:

1) dyukuun spisorest aHaauTHdecKuMu B DT

2) yHKIMH HENPEPBIBHO MIPOJIOJIZKAIOTCS, BMECTE € MIPOM3BOJHBIME JI0 P — 1 OpsiJI-
Ka, Ha KOHTYD 7,

3) dyuxuuu ynosaersopsior yeiosuio x(t) € WPLH (M, ), t € 7.

[Tpu 31X ycioBusax ypapHeHue (3.2) SKBUBAJIEHTHO CJIEJLYIOMIEMY

b(t) 1 [2PY(7)
(p—1)! E[ T—1

a(t)x(t) +

dr = f(t). (3.3)

U3 ycioBuit, HAKIaIbIBAEMbIX Ha UCKOMOe pererne x(t) ciejyer, 9To

1 =1 (7
e T—1
v
u, cjejoBaTe/bHO, ypaBHenue (3.3) TpancdopMupyeTcss B 0ObIKHOBEHHOE T depeH-

IraJIbHOE ypaBHEHHUE

b(t) dr?

o) + () = ) (3.4
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AHaornIHeIM 00pPa30M UCCICAYIOTCS JINHETHBIE YDABHEHUS BHUIA

a(D)2(t) + - / Wt 1)) o 1 / k(t, P)a(r)dr = F(8),

i (T —1t)p i
o v

a TaKxKe HeJIMHEHHbIE YpaBHEHUA BUJIA

e T

wi ) (r—t)P T—1
v g

[pU yCJIOBUH, 4TO KOI(DQUIMEHTRI, IPaBble YaCTH U sijipa ypaBHeHuii (1o obenM mepe-
MEHHBIM) SIBJAIOTCs (DYHKITUAME, aHATUTUIeCKUMI B (.

s pemennst ypasaenuii Buja (3.4) NPUMEHSIIOTCSI aHAJIMTUIECKUE W YUCJICHHBIE
MeTOJIbI perteHud uddepeHnuaabHbIX yPaBHEHUIA.

OTmeTnM, 9TO TOJUTHIIEPCUHTYJIIPHBIE WHTErpabHbIE YPaBHEHUsT CBOJATCA K
YPaBHEHHUSAM B YACTHBIX TPOU3BOJIHBIX. PaccMOTpUM OUTUIIEPCHHTYISIPHOE UHTErPasb-
HOE ypaBHEHUe

&(tl, tg).ﬁlf(tl, tg) -+

b(tl,.t2> / LU(Tl, tg) dTl 4 C(tl,.t2> / x(tl,Tg)
Tl (7'1 — tl) e (7'2 — tg)p
72

t,t x (71, 72)dT1dT:
= // i i~ (). (k) € (nx). (35)
1

—t1)P(12 — ta)P

Y1 o2

e v = Y1 X VYo, — IVIQJIKUIl 3aMKHYTBHI KOHTYD B IUIOCKOCTH Z2;, © = 1, 2.

Ob6oznaunm gepes G obmactb G X Go, tie G; — 3aMKHYyTasi OrpaHrIeHHass 00/1acTh
B IJIOCKOCTH 2; TaKasi, 94To 7y; JexkutT BayTpu G;, i = 1,2. B [8], [35] mokaszauno, uro ecim
ypasHenue (3.5) umeer pemenne x*(t1,ty) anamurudeckoe B obsactu G, 10 DyHKIMA
x*(t1,ty) TakxKe sgBisiercs perreHneM T depeHIaIbHOIO yPaBHEHHsT

b(tl, t2) 8p_1x(t1, tg) C(th tg) 8p_1x(t1, tQ)
(p—11 ot (p—11) oar!

d(ti,ts) O*P72x(ty,ts)
= f(t1,%2), (T1,%2) € X Ya).
- D o tag /0 (ht) € )

&(tl, tg).ﬁlf(tl, tg) -+

s obocHoBaHUS Iepexoja OT OUTIMIIEPCUHTYJISPHBIX HWHTEI'PAJbHBIX YPaBHEHU
K JuddepeHnaaibHbIM YPABHEHUSIM HUCIOJIb3YI0TCs anajgorn ¢opmy1 Coxorkoro-
[Inemensa g KpaTHbIX UHTErpaJjos Tuma Kormm.
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4. YpaBHeHHUs II€PBOrO PoJa

HaI/I6OJ'H)H_I€FO Pa3BUTHA B HacCTOdlIee BpeMed I10JIYyYdUJIn HpI/I6.HI/I?KeHHbIe METOAbI
pemterust 'Y nepsoro poja

Ko = Av + He = %/%+/h(t,7)x(7)d7:f(t), l<t<l, (A1)

[PU PA3JIMYHBIX TPEJNOJIOKEHusIX 0 Tiajgrkoctun yukuuii h(t, ) u f(t). dua perre-
nus ypasaenns (4.1) nmpesyioxkKenbl pa3JIndHble METO/IbL: METO/L MOMEHTOB, METOJ[ OPTO-
rOHAJILHBIX HOJIMHOMOB, YUCJICHHO-AHAJIUTUYICCKUIT METOJI, METOJ] KOJUIOKAIIUU, METOI
MeXaHUYICeCKHX KBaJpaTyp.

Ps1 pe3ysibTaToB, MOy 9€HHBIX JJTsi IPUOJINZKEHHOTO perterns ypasHenust (4.1) 6bur
HO3/IHee MepPeHeceH Ha COCTABHBIC 0COOLIC ypaBHEHUS

1
an—l—wa%—ch%—szg ﬂdT—l—
7r_/1(7'—t)2
1 ( ) 1 1
b | 2l ve [ a()n|r —tldr + [ ht,7)a(r)dr = f(1). (4.2)
J e /

[Ipn mocTpoeHN# BBIYUCIUTENBHBIX CXeM IPEJIoJaraeTcs, 4ro ypasaerue (4.1)
AMeEET PeIleHne OJHOTO U3 CJIECYIONNX BUJIOB

z(t) = (1= )5 20(t),  a(t) = (1—1)/(1+ 1) 20(t),

rie (t) — raagkas OYHKIHS.

PacemorpuMm KaxKapIil cirydaii B OTJIEIbHOCTH.

[Iycre x(t) = v/1 — t2¢(t). Baauasne npusejem ussecrroe [37| yTBepzKieHue o pas-
penmmocTn ypasaenus (4.1). O6oznauum 4depes Ly , IpoCTPaHCTBO BYHKIMI CyMMU-
pyeMbIX B KBaJpare ¢ BecoM p(t). CkassipHoe npoussefenue B Ly , BBoAUTCs GOPMyIIOit

1
(u,v), = [ p(T)u(r)v(7)dr. Gepes Lj , 0603Har M HOATPOCTPAICTBO B Ly 5, COCTOSIIECE
“1

us dyukiumit z(t), yposnersopsiomux yeaosuio . (k + 1)%(x, ¢,) < 00, @, = \/gUn,
k=0

co ckangpubiM nponssetenneM (u,v); = y. (K + 1)2(u, px),(v, pr),. 3mecs U, — mo-

sunom Yebbimesa Broporo poja. Hopma B npocrpancrse Lj , 33/1a€TCs BbIparXkKeHIeM
o

|z]* = > (k4 1)*(z, ¢r)%. B pabore [37] nokasamo, uro ecmm N(A) = 0 (N(A) —

HyJIEBOE TIOJIIPOCTPAHCTBO orieparopa A), To ypasHenue (4.1) ojHO3HAYHO pa3penmmo

u oneparop K € [Lj ,, Ly,] Henpepsisuo obparmm.
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[lepeiigem K ommcaHnio TPUOIUKEHHBIX METOHOB. OIHUM U3 MEPBBIX OBLT METO/I
lanepkuna [37]. IIpubnuxennoe penienne ypasrenus (4.1) uimercs B Buje

k=0

ko3bdunuentst {af }}_, HAXOAATCH U3 CHCTEMBI

(Kzp, — f,0),=0,7=0,1,...,n. (4.4)

Ucnonszyst dopmyiy AU, = —(n + 1)U, cucremy (4.4) MOXKHO 3amucaTh B BUJIE

n

Z—(k+ oy —|—Za2(ngk,gpj)p =(f,¢j),j=0,1,...,n.

k=0 k=0
B npeanonoxenun, uro h(t,7) € W ([0,1)*) u f € W"([0,1]), r > 3, mokazano
CJIEJLYIOIIee YTBEPIK ICHNE.

Teopema 1. ([37]|) IIpu docmamouno 6oavwur n cucmema ypasrernud (4.4) umeem
eduncmeennoe pewenue Tl u cnpasedausa ouenka ||r* — xk || = O(n~"1?), 2de x*—
pewenue ypasnerun (4.1).

OcranoBuMmcst Ha MeToje KoJutokaruit. [Tpubmzkennoe pemenne ypapaenns (4.1)
umercd B Bujie (4.3); Ko3bDOUIUERTHI ) OIPe/IEIAIOTC U3 CHCTEMDI

(Kzp— f)y, =0, k=0,1,...,n, (4.5)

rae {tg}r_, mymu momuHoMa Uy, .

B pa6ore [36], B npeanonoxkennu uro dbyHKIws h(t, T) HenpepbIBHAsI, JJOKa3aHa OJI-
HOBHAYHAS PA3PENIMMOCTh CUCTEMbI ypaBHeHui (4.5) 1 cxojuMocThb & K * B MeTpuKe
npocrpancTsa Ly ,. 31ech x* u o), — pemenns ypasaenuii (4.1) u (4.5), coOTBEeTCTBEHHO.

B [37] mokazano 6osiee cuibHOE yTBEPIKICHIE.

Teopema 2. (|37]) Ilycmow h(t,7) € W™ ([-1,1)%), f € W"([-1,1]), r > 3. Tozda
cucmema (4.5) 00nosnanumo paspewuma npu JOCMAMONHO BOADVWUT N U CNPAGEIAUCA
ouyenxa ||v* — 2% |l = O(n™"72).

HucIeHHO-aHAIUTUIECKUIT MeTOJI, TpeJIoXKeHHbIii B pabore [40| mias pererust
ypasuenus (4.2) npu b = 0 3aKJII09a€TCs B CJIEIYIONIEM.

O6parumocts omneparopa A Ha Kiacce pemenuii x(t) = /1 — t2p(t) mossossier
npeobpaszosarh (4.1) B ypaBHenue Opearoabma

az(t) + c(A ' La)(t) + (A~ Hx)(t) = A7 f. (4.6)

Anmpokcumariust pereHust SToro ypaBHEHUs UIIETCs B Bujie (DYHKIIUN
e 2
A1) = mok(t), t) =/ —V1 — 12U, (t).
T (1) ;awk() riie ok (t) — (t)
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Cucrema dyukimit ¢ (t) obpasyer B mpoctpancTBe H 4 cO CKAJISPHBIM TPOU3BEICHIEM
[Ons ©m] = (Apn, ©m) = Opm OpTOHOPMAaTBHBIH Oazuc. [logcrasiss x, B (4.6) noxydaem
GECKOHEUHYIO CHCTeMy ypPaBHEHHI

aoy’ —|—cZaZLkl +ZQZHM =fi,l=1,2,...,
k=1 k=1

KOTOpas PEIraeTcsi METOI0M Pe/LyKITHH.
B pabore [25] uccsemyercst B kiacce 06001eHHbIX (DYHKIUI ypaBHEeHIEe

2 27
@ %d7+ i /m(a) ctg
= 2
0

g — S
d
g dot

47 sin
0

2 2

+§/:c(a)ln i d0+/h(570)5€(0)d‘7:f(5)7 (4.7)

0
rje a,b, ¢ — KoucTauThl, h(s, o), f(s) — rnajgkue dynkuuu. Pemenne ypasrenust (4.7)

umerca Ha MuOkecTBe H dbymkumit u(s) taknx, uro ||ully = (Y a*a(n)[})Y? <
nez

sin

oo, n =max(l,|n|).
Baech u(s) — 2m-nepuoantdeckast 06o0IeHHasT DYHKIHST

27
1

uls) = S alme™, i) = 5 [ u(sheods = (us). e ).
nez g 0
Ckasstproe npoussejienne 5 H? sBojures opmyioit (u,v) = S n*i(n)d(n).
nez
UccieioBanne CleKTpasibHBIX CBOHCTB OCOOBIX OIIEPATOPOB, BXOJSIIUX B ypaBHe-

Hre (4.7), IPUBOAUT K COOTHOIIEHUSIM

2m
1 0= o f —isign(n)e™, n=+1,42,.. .,
%/lnsm e da—{ 92 n=0
0
rje
1, n>0,
sign(n) = 0,n=0,
—1,n<0;

1 ) — .
— /em” ctg c 5 “do = —isign(n)e™, n =0, +1, £2;
0

27 .

1 mao .

— / i—da = —nsign(n)e™, n=0,4+1,£2 ....
0
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DTU COOTHOIIEHWs TO3BOJISIOT 3AIMCATb DPEIIEHUs] YACTHBIX CJIyYaeB ypaBHE-
ung (4.7) B oM Buje. Ilosoxm

.Z'(S) _ Zi(n) zns Zf zns'
nez nez

[Iycts a = 1, h(t,7) = 0. Torma

z(s) = _&6105 + Z (—sign(n))&ems.

2¢In 2 T n+ib+ £
[Iyctb a = 0,b = 1, h(t,7) = 0. Torna
x(s) = 5ol 2 + Z ( &gn(n))i n %

neZ, n#0

B obmem ciydae ypasrenne (4.7) pemaercs MeToJoM MOMeHTOB. B pabore [25]
IIOJIYY€HbI OIIEHKHU IMOTI'PEHTHOCTHU.
B pabore [42] nocrpoen mpub/IvzKeHHbIA METOJI PEelleH s yPaBHEHsT

= sm§ Lo = f(s), s € (0,27) (4.9

upu jonosaureasaoM yestosun [ f(o)do = 0.
0

Bponarcsa ase cucreMsl y3ios t, = 27k/n, k = 0,1,...,n, u t = t,_, + h/2,
k=1,2,...,n, h = 7 /n. [lpubimKeHHoe pellieHre UIIETCs B BUJIE KYCOIHO-TIOCTOSTHHOM
dyHKIIT

Za ) 17t€ [ti—lati}a
will), 2it) = 0 ¢ € [0, 20 \[ts_1, 1.
Koaddunuenrsr {;}r; HAXOAATCA U3 cUCTEMBI ypaBHEHUI

~

Won_’_%z <Ctg£k%tl_6tg£k7$> al:f<tk)7 k:1727"”n’
=1

, (4.9)
Z o = 07
=1

TAC Yon = %kz: f(fk)ha h = 2777
=1

B [42] nokasano, uto ecam perenue x* ypaBHeHus (4.8) NPUHAIERKUT KJIACCY
bynxumit W3 H,[0, 27, To, npu gocraTouno GoJbIuX n, cucteMa ypasHenuit (4.9) of-
HOBHATHO PA3PENIMa I CHPaBe/ITHBA ONeHKA Max |z*(t;) — 2 ()] < Ch2.

<i<n
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B pabore [23] ypasaenue (4.8) perajoch METOJOM JUCKPETHBIX BHXPEIi.

Jlnsa npubnuzkennoro pemtenus ['MIY mepBoro pojia mpuMeHsieTcss METOJ TOMOTO-
[I1ii, KOTOPBII BOCXOJIUT K KjaccudeckuMm paboraMm Jlesepbe, Ilyankape, Bepuimreiina.
DTOMY METO/Ly IOCBSIIEHO OOJIBIIOE YUCIO0 TEOPETUICCKUX U IIPUKJ/IAIHBIX padoT. ITo-
JpOOHBINH 0630p MeTojia puBe/ieH B [48].

[Tpumenuresbao Kk TUY Meron romoromnuii 3ak/ouaercs B cieyomem [41]. Pac-
CMOTPUM ypaBHEHUE

Kz = ag(Az)(t) + a(t)(Sz)(t) + (Hz)(t) = f(t), (4.10)

B KOTOPOM HCITIOJIb30BAHbI 0003HAYCHNUSI, BBEJICHHbIC DU ONUCAHUN ypaBHeHHs (4.2).
Baech x(t) = V1 — t2¢(t), e ¢(t) — nemsBectHas Gynknus. Broxurcsa ypasaenne

H*(z,p) = (1 = p)(ao(Az) — fo) + plao(Az) + a(t)(Sz) + (Hz) — f) = 0,

rae p — mapamerp, 0 < p < 1. Ilpu p = 0 nocsejnee ypaBHEHUE BBIPOXKIAETCS B
ypaBaenne agAr — fo = 0, tie fo — GyHKIMA, JJIsT KOTOPOH HU3BECTHO PEIeHUe I
ypaBHeHus agAxr = fo.

Pemenne ypasuenus (4.10) umercst B Bujie psijia

() = 3 pan(t), (4.11)

rie oy (t) — nocieoBaTesbHbIe TPUOJINKEHNUS, TOJIyIaeMble U3 yPaBHEHUST

a0 A( i Pru(t)) = fo+ plf — a(t)S( i’f pra(t)) — H( i Pra(t)) — fol :

zo = (agA)~ fo,
z1 = (agA) ' (f — fo — a(t)Sxzo — Huy),

rp = (agA) N (—a(t)Sxp_y — Hap 1), k > 2.

B cayuae, ecm pajgmyc cxomumoctu psifa (4.11) Gosbime 1, To pu p = 1 2*(¢) =
> x(t)— pemenne ypasuenus (4.10).
k=0

Bepuewmcst k ypasuenuto (4.1). ccseayem nocrpoenue n 060CHOBaHME TIPUOJINKEH-

HBIX MeTOJI0B perenus [TV B npocTpancTBax rejbiaeposekux yuknuii [12], [13].

Becosasi dbynknus (1 — t2)Y2. Ilycrs B ypasuennn (4.1) h(t,7) € Hua, f(t) €
H,,0 < a < 1. Ilpubimxkennoe pemienne ypasaenust (4.1) GyjaeM uckarh B Bujie HyHK-
uu

T, (t) = V1 — 2 iaktk. (4.12)
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Koaddunnentor {ay} onpemensitores us cucreMbl ypaBHEHHUI

1

Kz, =T, /% + / V1 —U][h(t, 7)en(T)ldT | = T,[f(t)], (4.13)

—1

n
rae ¢, (t) = > auth, T,[f]— onepaTop npoekTHpoBaHUs Ha MHOMKECTBO MHTEPIIOJIsIH-

OHHBIX IIOJIMHOMOB N-I'O MOPSJKa [0 y3/1aM OPTOHOPMAJIbHBIX IIOJIUHOMOB ebblreBa
nepsoro pofa; U7 |[f]— omeparop mpoeKTupoBaHus Ha MHOYKECTBO MHTEPIIOJISIIIMOHHBIX
IIOJIMHOMOB 71-I'O IIOPAJIKa 110 y3JlaM OPTOHOPMAJIbHBIX ITOJIMHOMOB YeobOblmesa BTOPOIo
poza.

Beegem npocrpancrso X dyukunit Buga x(t) = 1 —t2p(t) ¢ nopmoit [|z(t)]| =

Z 1111<%}<<1|90 )(#)| + H(pW, B), m mpocrpancteo Y dbymkuuit y(t) € Hz ¢ HOpMOil

y(®)l = max [y(t)| + H(y, f)- Baces 0 < § <min(1/2, ).
B [12]| nokazano, uro oneparop K € [X,Y].

Teopema 3. [13]. ITycmo h(t,7) € W™ Hoo (M), f(t) € WHL (M), r=2,3,...,0<
a <1, M = const. ITycmy cywecmeyem aunetinod obpammnwii onepamop K1 € [V, X].
Toz0a npu n maxuz, wmo ¢ = Cn~""**Flnn < 1, cucmema ypasnenuti (4.13) odno-
BHAYHO PaspewumMa u cnpasedauso nepasencmeo ||z* () —xk (t)|| o1, < Cn~ " lnn,
ede x* u xf— pewenua ypasnenud (4.1) u (4.13), coomeememeento.

Becosasi dynkius (1 —t2)~Y/2. Ilycrs B ypasuennn (4.1) h(t,7) € Hy,, f(t) €
H,,0 < o < 1. Byznem uckars npubszkentoe pemienne 'Y (4.1) na kiacce dyHKImii
x(t) = (1 — t3)Y2(t), yIoBIETBOPAIONIX CIICIYIONIIM YCIOBHISM:

1. dynkmusa o(t) pasmaraercsa B paj o crenensm t: () = Y itk

2. To = Co,
3. xTry = C1.
31ech ¢y u ¢;— PUKCUPOBAHHBIE KOHCTAHTHI.
IIpubnmxennoe pemtenne ypasrnenus (4.1) Gymxem uckarh B Bujge QyHKIWA T, (1) =

(1=t 20,(t), on(t) = co + 1t + > aut®, kosbdbummentsr {ay,} KoTOpOIt OMpeTes-
IOTCS U3 CHCTEMBbI h=2

1
1 gon

mT_t /ﬁ B, )pn(r)]dr | =

= Toolf(1)], (4.14)

Knxn = Tn—2
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rjae T,— omepaTrop NMPOEKTUPOBAHUA HA MHOKECTBO MHTEPHOJANMOHHBIX TTOJUHOMOB
N-ro MOPZAJKA MO y3/JaM MHOIOYJIEHOB eObIeBa epBoro poja; BEpXHUI UHIEKC y
oreparopa 7,7 03HAYAET, YTO UHTEPIOJISIIHSI IIPOBOUTCS 110 HepeMeHHoﬁ T
Beegem npocrpanctso X dyukuuit z(t) ¢ mnopmoit ||x(t)]| = Z II[laX |z ()] +
=0 te[-1,1
H(z®,3), 0 < B < «. Obosmaumm uepes Y npocrpamcrso dyukmmii y(t) €
H(B,[—1,1]). Hopma B upocrpanctBe Y ompejessiercs Bbipazkenuem |y(t)|| =

HMX|y(N+<H@hﬁ)

S1<t<1
B pabore [13] nokazano, aro omeparop K € [X,Y].

Teopema 4. [153] ITycmv onepamop K € [X,Y] nenpepvisho obpamum u h(t,T) €
H,o, f(t) € H,. Toeda npu n maxuzx, wmo Cn= In’n < 1, cucmema ypas-
nenuti (4.14) odnosnawno paspewsuma u cnpasedauea ouenxa ||x¥ — ko1 <

Cn=**P1n’n, 2de x* u o — pewenus ypasnenuti (4.1) u (4.14), coomeemcmeeno.

Becosbie dynkmuu ((1+1)/(1 —t))*/2. B atom mynkTe mccmeyores mpubiim-
JKeHHble MeTosbl periernst [TV (4.1), pelienne KOTOPBIX HINETCsT B Kiacce (DYHKITHIT
z(t) = (1L+t)/(1 — )T 20(t), rae o(t)— rnagxas bynxmua. s ompeeeHHOCTH
OrPAHMYMCS paccMoTpenneM Becosoit dynkiuu (1 +1)/(1 — ¢))'/2.

[Tpubsnmzkennoe pemntenne ypaphenusi (4.1) umercs B Buje GyHKIMN

1+t T+t~
=/ n(t) = /= Syt
o 1—t;ak

¢ 3apaHee 33J]aHHBIM KOI(DDUITUEHTOM (g = const. DTO COOTBETCTBYET TOMY, UTO B Ka-
9eCcTBe JIONOJTHATEIBHOIO YCJIOBHs, HAJIAraeMoro Ha perenue ypasaenns (4.1), 6epercs
snadenue £*(0) = ay.

Koaddunnenror {ay} dyuknuu z,(t) HAXOAATCA U3 CUCTEMBI

1

1 [1+7 (1)
K.,x,=T,1|— —
v ! 7T/ 1—7(1—1t)? T

-1
1

s

+ [(1+7)h(t, T)en(T)]dr | = T,[f(t)], (4.15)

e Tn_ o1repaTop IMPOEKTUPOBaHMA Ha MHO2KECTBO HHTEPIIOJIAIMOHHBIX ITOJIMHOMOB

N-ro MOPSJIKa M0 y3/1aM HOJTMHOMOB ebbIeBa mepBoro poja.

Baenem mpoctpanctso X dbynxmuit suga x(t) = 1/ p(t), rae ¢(t)— bynxmnus,

1—7
Bxogsmast B kiaacc W Ho (M), r =2,3,..., 0 < a < 1, u yJI0BIeTBOPSIONIAs YCIOBHIO
©(0) = co. Hopma B mpocrpancrse X onpenensercs dopmyioii ||z(t)|| = |lo(t)||ci-1,1+
') |lcl-1y+H(¢', B), B < a. Yepesz Y obozmaunm npocrpancTso dynkimii y(t) € Hy
¢ mopmoit ||y (8[| = [ly(D)ll o111 + H(y, 5)-
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[lo amaoruy ¢ BBIK/IAKAMI, TPOBeAeHHLIMI B [13| mpn mecnenoBanmm permennii
B TIpocTpancTBax dynkmit ¢ ecamu (1 — t2)*1/2 ) moxmo mokasaTs, uTo omeparop K
orobpaxkaer X B Y.

Teopema 5. ITycmv 6bnmoanenvl CACOYIOULUE YCAOGUA:
1. h(t,7) € W Hyo (M), f(t) € WT"Hy;
2. onepamop K € [X,Y] nenpepwvisno obpamum.

Toz0a npu n makuzx, wmo ¢ = Cn~""*Flnn < 1, cucmema ypasnenuti (4.15)
00nosnauno paspewuma u cnpacedauca oyenka ||z* — xk ||l < Cn~"" P 1In’ n, 2de
¥ u at— pewenus ypasnenut (4.1) u (4.15), coomeememaerno.

5. ITpubamrkeHnHoe pereHne JUHENHBIX TUNEPCUHTYISIPHBIX
VHTErpaJIbHBIX YPaBHEHUI BTOPOr'o pPoJa Ha 3aMKHYTbBIX
KOHTYpPax

PaCCMOTpI/IM TUIIEPCUHIYJIADpHOE MHTEI'DaJIbHOE YPpaBHEHUE

B 1 h(t,T)x(T)
Kz =a(t)z(t) + 5 / (T 1) dr = f(t), (5.1)
v
rje y— eAMHUYHAs OKPY?KHOCTL C HEHTPOM B Hadaje KOOPAMHAT, p— HATypPaJbHOE

YUCHO, P = 2,3, . ...

Byznewm canrarh, 9T0O BBIIOIHEHBI Cieyomntue yeaosus: a(t), f(t) € W™H,, h(t,T) €
Wrr Pt H, 0y r=0,1,...,0 < a < 1.

Yepes Y = Hg (0 < f < «) obosnaunm 6anaxoBo IpocTpaHcTBo dyHknumit f(t) €
Hp c nopwoit || f(t)lly = [If ()l|m, = max [f(£)] + H(f, 5).

Yepes X o6oznaunm 6anaxoBo npocrpancTso dbyukmuit © € WP 1Hg 0 < 8 < a, ¢
p—1
wopmoii [|z(t)||x = > max 12" ()| + H(z®P=V, B).
k=0 &7

[Tpubsimzkennoe pemienne ypasaenus (5.1) 6yjeM UCKaTh B BUJIE TOJHHOMA

n -1
xa(t) = Zaktk+p_1 + Z at”. (5.2)
k=0

k=—n

Koaddunnentsr {ay} onpenensiorest u3 cucTeMbl JTMHEHHBIX ypaBHEHU, KOTOpast
B OllepaTopHOil hopMe nMeeT BUJ

Ko = P, a(t)a:n(t)+% / P, [%] dr| = Blf(0)].  (5.3)

Bnecs P,(P,)— omepaTop HPOCKTHPOBAHUS Ha MHOMKECTBO HHTEPIIOJIAIMOHHBIX
TPUTOHOMETPUYECKHUX TIOJIMHOMOB 110 y3J1aM ty, = €', s = 2km/(2n+1) (t), = €, 5, =
(2k+1)r/(2n+ 1)), k=0,1,...,2n.
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Teopema 6. [11]. ITycmo ypasnerue (5.1) odnosnawno paspewumo. Tozda npu n ma-
kux, wmo ¢ = Aln®n/n" P8 cucmema ypasnenudi (5.3) odnosnavno paspewuma
u cnpasedausa ouenka ||z — 2t || x < Aln® n/n""PHHeB 20e ¥ u ¥ — pewenus ypas-
nernua (5.1) u cucmemor ypasuenutd (5.3), coomeememeeno.

JlokazaTeIbCTBO TEOPEMbI IIPOBOJIMTCH TI0 CIeytoreit cxeme. [lob3ysich ompeete-
HUEM TUMEePCUHTYISPHOrO MHTerpaJja Ha TJIaKOM 3aMKHYTOM KOHTYpPe, TOYHOe ypaB-
nenue (5.1) u npubamkeHHyoo cucreMy ypasHenuil (5.3) TpancdopMupyeM B CHHTY-
JIIpHOE UHTEIrPo-anddpeHInabHOe ypaBHEHNE U CHCTEMY JIMTHEHHBIX aJredpamdecKux
ypaBHeHuii, anmpokcumupyoomux ero. [Tpumensis pesysnbrare [10], 3aBepiaem jjoka-
3aTEJILCTBO TEOPEMBI.

DTu  pesysabTaThl pacrnpocTpaHeHbl [14] Ha  THUIEPCHHTYJSpHBIE HHTErPO-
nuddepeHImaabable ypaBHEHUA.

PacemoTpuMm ruriepcuHryasspaoe nHTerpo-anddepeHimabHoe ypaBHeHHe

Kazzkzoak(t) QMZ/h”:_t D4 _ ), p=23....  (4)

B kadecTBe rpaHUYHBIX yCI0BH B ypaBHeHun (5.4) BO3BMEM CJIe/IyOIINe

/:c(t)tkldt =0, k=0,1,...,s—1, s=max(m,l+p—1). (5.5)

v

ByseMm cuuTarh, 9TO BBINOJIHEHBI cyeytomue yeaoust: ay(t), f(t) € W H,, k =
0,1,....,m, h(t,7) e WrmPLH, . r=0,1,....0<a<1,k=0,1,...,1L

UccienoBanne npubINKEHHBIX METOJIOB pellienns rpanndnoil sagaqdu (5.4), (5.5)
ocHoBaHoO [14] Ha ee TpancdopManUK K TPAHUYIHON 3a/1a9€ Jjisl CHHIYJISIPHBIX HHTEIPO-
JnnddepeHImaabubIX yPaBHEHHT.

B pa6ore [14], kak u B paborax [10], [15], obocHOBaIIE IPHOIMKEHHBIX METOIOB
pemenus 'Y ocnoBano na obieit Teopun npudmzkennbix Meto 108 JI.B. KanToposu-
qa [22|. B kauecTBe Ipyroro mojxoja K MOCTPOEHUIO U OOOCHOBAHUIO MPUGIHIKEHHBIX
merogioB perterns ['TTY moxker 6biTh ncnosb3oBana pabdora [4].

Yepes Y obosnaunm GanaxoBo mpocrpanctso dyuknuit y(t) € Hp ¢ HOpMOI
ly()|ly = max, [y(t)] + H(y, 8), 0 < B < a.

Yepes X oboznaumM HGanaxoBo npocrpaHcTBo dyuknuit x € WHg, 0 < f < a ¢

mopmoit ||z(t)||x = 3 max 12" ()| + H(z*), B).
k=0 &Y

[Tpubsinkennoe perterne rpannanoil 3agaqu (5.4)-(5.5) GyjgeMm uckarb B BuJE I10-

JIMHOMA
Za thts 4 Z oyt (5.6)

k=—n
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Koaddunnentor {ay} onpemensitores us cucreMbl ypaBHEHHUI

m

(s i
P IS a0 mz / [’”ft)”] ar| = Blf0). 67)

k=0

Ky,

Bnecy P,(P,)— omepaTop HPOEKTUPOBAHMA Ha MHOXKECTBO HHTEPIIOJIAIMOHHBIX
TPUTOHOMETPUYECKUX HOJUHOMOB 10 y3jaM ty, = ek s, = 2kmw/(2n+1) (), = €%, 5;, =
2k+1)m/(2n+1)), k=0,1,....2n.

Teopema 7. [14], [17]. ITycmo xpaesas 3adava (5.3)-(5.4) odrnosnauno paspewuma.
Tozda npu n maxuzx, wmo ¢ = Aln® n/ n"PHre=8 cyemema ypasnenui (5.7) odnosna-
no pazpewuma u cnpasedauca ouenxa ||r* — x| x < Aln®n/nm P8 20e o* u ak —
pewenua kpaesot 3adavwu (24) - (25) u cucmemv, ypasrerud (5.7), coomsememeento.

B pabore [11] npemioxena n 060cHOBaHA CIIEYIOIIAs BHIUUCIUTEbHAST CXeMa, JJIsT
npubJIMKEHHOTO perenns ypapuenns (5.1).
Yepes Y obosnaunM OaHaxoBo HpocTpaHcTBO (yHKImi y(t) € Hg ¢ HOpMOi

ly(®)|ly = max, |y(t)| + H(y,B),0 < B < a.

Yepes X obozaaumm Ganaxoso npoctpancTBo dbyukmuit © € WP Hg, 0 < 8 < a, ¢
p—1

HopMoit ||z(t)||x = D, max z®)(8)| + H (P, B).
k=0 'Y

[IpubsimkenHoe perieHue UIeTcd B BuJie PyHKITUN

n+p—1
Zaktklnt—l— Z apttInt + Z aktk,
k=p—1 k=—n+p—1

K03 durmenTs {;} KOTOPOii ONpenessroTcs U3 CUCTEMBI

Koo = Py a(t)m(t) + / h“’(?f"t()?“ _ BIf0)]. (5.8)

~

3xaech 1depe3 P,[f] obosnateH omneparop MpoOeKTHPOBAHUS HEIPEPBIBHBIX (DYHKIHIT
[ € C[y] Ha MHOXKECTBO MHTEPIOJIAIMOHHBIX TPUIOHOMETPUIECKHUX TIOJTMHOMOB 1-T'0
HOPsIJIKA, TIOCTPOEHHBIX Ha y37axX ty = €' sy = 2kw/(2n+ 1), k=0,1,...,2n.

Teopema 8. [11]. IIycmv onepamop K € [X,Y]| nenpepvisno obpamum; a, f € H,,
h € Hyq. Tozda npun maxux, wmo ¢ = Cn~* ¥ 1n*n < 1, cucmema ypasnenuti (5.8)
umeem eduncmeennoe pewenue T, u cnpasedauca ouenka ||v* — k|| x < Cn~+ P In’n,
2de ¥ — pewenue ypasuenus (5.1).

Samevanue. B Teopemax 6, 8 j10cTaTOYHO MOTPEOOBATH OJIHOCTOPOHHEH OOpaTH-
MoCTH oneparopa K B COOTBETCTBYIOIIMX IIPOCTPAHCTBaX. AHAJOIMYIHOE OCIa0JICHIe
YCJIOBUI BO3MOXKHO U B TeopeMe 7.
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6. CnuraifH-KoJLJIoOKaIMOHHbI MeTo penitenuss I'IY BTOporo
posa

PacemoTpuMm rutiepcuHryisspHoe HHTErpaJibHOe YpaBHEHHE

1 1

Kz = a(t)a(t) + b(t) / %

rne p =2k k=1,2,...,0(t) #0,t € [-1,1].

Beegewm ysint t, = —1+2k/N, k=0,1,... N,uty, =t,+1/N, k=0,1,...,N—1.
O6osnaunm 1gepe3 Ay uaTepBasibl Ay = [ty tpy1), kK = 0,1,..., N — 2, a qepe3 Ay_4
cermenT Ay_y = [tn_1,1].

[Tpubnuzkennoe pemenne ypasHenusi (6.1) 6GygeM WCKarb B BHIE KyCOYHO-
[MOCTOAHHON (PYHKITUU

N-1
an(t) = ) ar(t), (6.2)
k=0
rje
. 1, te Ay,
%@_{O,MJAJhAh (6:3)
Buauenns {ag}, k =0,1,..., N — 1, oupesessitoTcss U3 CHCTEMbI JIUHEHHbBIX aire6-

panvecKux ypaBHEHUN

N-1 N-1 ~ ~
oo+ 48 3 / RN LU LS (N

A} A}

k=0,1,....N —1.

Baech Y " osnagaer cymmmposanue o | # k—v, k—v+1,... k=1, k+1,... k+v—1,
e Besimania v(v > 1) 3aBuCHT 0T abCOMOTHON BemanHbl Koaddunuentos a(t), b(t) n
ot 3Ha4denuit N. Haunnast ¢ HEKOTOPOT0, J0CTATOYHO OOJIbITOro N, mapaMerp v MOXKHO
IIOJIOXKUTH PaBHBIM eiaunuile. Ilapamerp v BuiOMpaeTcs TakKuM 00Opa30M, 4TOOBI OBLIN
BBIIIOJTHEHBI YCJIOBUsT TeopeMbl Atamapa 06 00paTUMOCTH IIPSIMOYTOJIbLHBIX MaTpuil. B
pabore [16] mokazano, 4To 3TOT BBIOOD OcymecTBHM, eciu b(t) # 0, t € [—1,1].

Teopema 9. [16]. IIycmob svinosnens caredyroujue Yeaosusa:
1. enpasedauso nepasencmeo |b(t)| > b >0 nput e (—1,1);
2. dynruyusa a(t), f(t), h(t,T) nenpepvisroe.

Tozda cywecmeyem makoe v > 1, wmo npu docmamouno Goavwuxr N cucmema
ypasnenut (32) umeem eduncmeennoe pewenue iy (t).
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Borauciurenbnasa cxema, MOCTPOEHHAA HA OCHOBE KYCOYHO-TIOCTOSHHOM AITTPOKCHU-
MallU¥ PEIeHns], He TapaHTUPYeT CXOIMMOCTH TIPUOJINKEHHOTO perenust Ty (t) K Tou-
HOMY TIpHU p > 2.

Cx0/IMMOCTb MOYKHO rapaHTUPOBATH TOJILKO JIJIs YPABHEHUN ¢ CUHTYISIPHOCTHIO 1+
A< A<

a(t)z(t) + b(t) / % + / h(t,)a(r)dr = f(t), 0<A<1.  (6.5)

[Tpubnuzkennoe perierne ypasaerus (6.5) OyjgeM WCKaTb B BHJE KyCOYHO-
nocroguuoit dyukimn (6.2),(6.3), 3nadenus {ay} KOTOPOil OLPEIETAIOTCA U3 CUCTEMBI
JINHEMHBIX aJrebpanvdecKux ypaBHEHU

a(fk)ak + Z (07} d; + (07} / h(t_k, T)dT = f(tk)7 (66)
0 A

k=0,1,...,N —1.
Teopema 10. [33]. ITycmo vimosnenv, caedyrougue ycrosus:
1. dymxuyuu a(t), b(t), f(t) € WA(M), h(t,7) € W2*(M);
2. ypasuenue (6.5) umeem edurncmeennoe pewenue x*(t) € W H, (M), 0 < a < 1;
3. 0< B, <|b(t)| < B*<o0, -1 <t< 1.

Tozda cucmema ypasnenut; (6.6) umeem eduncmeenroe pewenue i (t) u cnpased-
avea ouenka ||x*(t) — xi (t)]| o1y < CN-(1=X)

Tax kak npum p > 2 BBIYUCJATETbHAS CXeMa, IOCTPOEHHAas Ha OCHOBE KYCOYHO-
[IOCTOSTHHOW aIIPOKCUMAIINY PEIeHUsl, He TapaHTUPYET CXOJUMOCTHU HPUOTHKEHHOTO
pelenusi K TOYHOMY, TO €e HeOOXOIMMO TPaHC(HOPMUPOBAT.

[Ipu p = 2 um UpU aNIPOKCHUMAIIMU PEIIEHUA CILJIATHOM IMEPBOr0 MOPSIKA, MOYKHO
MOJIYYUTH OIEHKY TOYHOCTHU IPHUOJINYKEHHOT'O PEIeHns.

PaccmorpuMm ypaBuenue

1
h(t,7)x(T)dr
aa() + [ MUy i<i<n, (67)
(T —1)?
-1

9T0 ypaBHEHHe HamboJIee YaCTO BCTPEUIAETCSI B IPUIOKEHUAAX.

OTmeTrM, 9TO ecm Ipu olpejiesieHnn ypasHenus (6.7) mpejnosaraercs, 9To Ie-
peMeHHas ¢ MOXKeT PUHUMATH 3HaueHust +1, TO I'UIepCUHrYIISIpHBINR nHTerpai B (6.7)
HMOHMMAETCsI B CMbIcsIe ompejesierns 2 g t € (—1,1) u B cMbicie onpesenenns 2.3
g t = £1.
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Kaxxnomy y3my tx, k =1,2,...,2N —1, mocTaBuM B COOTBETCTBHE DA3NUCHYIO (DYHK-
ITUIO
r 0 tk 1<t <t 1+N2’
N—2<t_tk 1) Ngatk l+%§t§tk—$,
Lty — 5z <t <tp+ 57,
er(t) =9 w2 (t ; R 1<t N (6.8)
T N2 1k+1) N 29 kTt N2 S 41 — 72
0, tht1 — qz St <t
( 0, t¢€ [_17 1]\[tk*17tk+1];

y3i1y t() IIOCTaBHUM B COOTBETCTBUE 6a3HCHyIO beHKHI/HO

1
— _N—2 - N—27 - 2 1= N2
eo(f) 0,61 — 52 <t <t, (6.9)

N27
oan(t) = ]éva(t - tN_l) — et e << T — (6.10)
Ll-s <t<l

[Tpubnuzkennoe peienne ypasHenus (6.7) OyjgeM WCKarb B BHIE KyCOYHO-
HEIPEPBLIBHOM (DYyHKINN

TN (t) = Z apr(t), (6.11)

KO3 PHUITUEHTHI KOTOPOI OIPEJIEIAIOTCA U3 CJIEIYIONIeH CUCTeMbl JIMHEHHBIX ajredpa-
WYeCKUX ypaBHEHU

tk TN tk ZO&[ tk77—l /(TSOI_( t?) dr = f(tk), (612)

k=0,1,...,2N.

Teopema 11. [34] Iycmo ypasnenue (6.7) odnosnawno paspewumo; dynryuu a(t),
f(t) umerom nenpepwvishvie npoussoduvie r-20 nopadka; gyrkyus h(t, ) umeem nenpe-
DOIBHBIE NPOU3GOOHDBLE T -20 NOPAJKA NO 0OEUM NEPEMENHBLM; T > 1; 6LINOAHEHO YCA0GUE
\h(t,t)] > q > 0 npu t € [—1,1]. Toeda cucmema ypasnenud (6.12) odnosnauno pas-
PEWUMA U CNPABEINUBO HEPABEHCTNEO ,Max |z* (ts) — 2 ()] < AN~L Bdecw z*(t) u

2% () — pewenusa ypasnenud (6.10) u (6.12), coomeememeenio.
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7. IIpubnan>keHHbIE METO/IbI PeNIeHUs HEeJINHENHBIX
TUIIEPCUHTYJISPHBIX MHTETPAJIbHBIX yYpaBHEHUIA

Boutbimioe anciio 3aa4 (pu3naeckux U TEXHUIECKUX) CBOJIUTCS K HEJIMHEHHBIM ['H-
[IEPCUHTYIAPHBIM UHTETPAJIBHBIM ypaBHeHusAM Tuna [Ipamaris

1

/%cﬁ At z(t) = f(), [t <1,2(£1)=0. (7.1)

-1

Ye10BUsI pa3penmMOoCTi U TPOEKITMOHHBIE METOJIbI PellleHus ypaBHeHuil Bua (7.1)
ussioxkensl B [38], [39].
g mpubIMyKeHHOro pellleHns ypaBHeHus

/%cﬁ%—v(t 2(t)) = f(t), (7.2)

—0o0

IIpU PsJie YCJIOBUI Ha pellleHre Ha OECKOHEYHOCTH, MPEJJIOXKEH METOJI YCTAHOBJIEHUSI
[44].

AHasor Meroja JMCKPETHBIX OCOOeHHOCTel TpeiozkeH u obocHoBaH B [18] st
pUOJIMZKEHHOIO pellieHus ypaBHenuss Mysbrxorda 6e3MupKyJIapHOro 00TeKaHus 110-
BEPXHOCTH ITOTOKOM Ia3a.

PaccmoTpuM HeTmHETHOE TUIIEPCHHTY/ISIPHOE WHTErPAJIbHOE YpaBHEHNE:

a(t)z(t) + — (1) . (7.3)

/1 h(t,r,z(T))dr
J (1 —t)p

Bynem wuckarb npubimzkenHoe perierue ypapaerust (7.3) B BHIE KyCOYHO-
nocrosinaoit gyukipm (6.2)-(6.3) ¢ koadbdurmenTaMu g, KOTOPbIE ONPEIeISTIOTCS
CJIEJIYIOIIEH CHCTEMOl ypaBHEHUsI, OJIy9IeHHOl myTeM almpokcuMarmu siapa h(t, )
KYCOYHO-IIOCTOSHHO (DyHKIIMEH 1 IPUMEHEHUsI TPOIELYPhbl KOJLIOKAIIUH

(1,1 _
a(ty aH—Z/ b ’“O"“ b g = f(#),1=0,1,--- ,N — 1. (7.4)

Ucnonb3yst onpejieJieHre TUIEPCHHTYIISIPHBIX UHTErPAJIOB, MOXKHO 3aIUCATh CHCTEMY
ypaBrenuii (7.4) Kak

N—

,_.

Mt o Y 1 - 1 B
Ut o) G \ G or s 7 @ —oh =11
= f(#),1=0,1,--- \N—1. (7.5)

k=0
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[Tpoussoaras Pperre Ha saementax (@, @y, - .., Qy_1) B IpocTpaHcTBe Ry paBHA

_ NP1 1 1
a(t))ay — (6, Ly, @ik ) g - ;
p— 1\ (2 —2k+ 1t (20— 2k 1pt

[=0,1,..., N —1. Huxkunii unjexkc B Boipaxkenun h's(t, 7, u) o3HavaeT, 4To IPOU3BOJI-
Hasi Gepercs 10 TPETHEMY apryMeHTY.

IIycrs ypasnenue (7.3) umeer eauncTBentoe pentenue x*(t) suyrpu mapa B(z*, d).
[IpennonoxxuM, uro dyuxius h's(t, 7,¢(7)), (1) € B(z*,§),—1 < t,7 < 1, umeer
OJIMHAKOBBIN 3HAK BHYTpH Imapa B(z*, ), a Takke nMeeT JuaroHaabHOe IIpeobJialaHume:
st t,p(t)) > Ws(t, 7, 0(7)) npu t, T € [—1,1]. o

[Ipemmonozxum, ato N JIOCTATOUHO BeJNKO, a 3HadeHust hy(t;, iy, G ) TaKKe UMEIOT
OJIMH ¥ TOT Ke 3HaK BHyTpu mapa B(T*,0), tne T5 = (aj, - -+ ,ay_,), ap = x*(ty), k =
0,1,-- N —1.

Ipeanonoxum ajst onpegenennocru, uro oyukius hy(t, 7,2(7))), (t,7) € [-1,1],
x € B(x*,0) nomoxuresbHA U UMEETCsl JMArOHAJIBHOE JOMUHUPOBaHUE, a (DYHKIUS
a(t) memonokuresnbaa. Tora, COracHo HEMPEPHIBHOMY METO/IY PEIICHUS OlEPATOPHBIX
ypaBHenwuii [9] perenue cucTeMbl ypaBHEHUI

i

NP1
p—1

dOél (t)
dt

=a(@)at) =Y  ht, T, ax(l))

1 1 ~
g ((2l—2k+1)p‘1 (20— 2k — 1)p—1> —f), 1=0,1,--- N =1, (7.6)

CXOJIUTCS K PereHuio ypasuenus (7.3).
CrupaBe/[TIBO CJIEIYIOINIEE YTBEPIK ICHIE.

X

b
Il

Teopema 12. [34] [Tycmo swnosnaomes ciedyrousue yeaosus:

1. Ypasnenue (7.3) umeem edurncmesennoe pewenue x*(t) enympu wapa B(x*,6);

2. 3nax pynxyuu hy(t,7,0(7)), ©(T) € B(z*,9) ne mensemesn, u snarku Gynrkyud
Ry(t, 7, 0(T)), u a(t) npomusonoaoorcrivie;

3. [hs(t, 7, (7)) = a npu (X, 7) € [=1,1], ¢ € Bz, 9);

4. Ppynwyua hi(t, ,0(7)), (t,7) € [—1,1],0(1) € B(z*,§) umeem duazonarvroe
domumruposanue, m.e. hy(t,t,p(t)) > hg( 7, 0(7)).

Tozda cucmema ypasnenuti (7.4) umeem eduncmeenHoe pewenue SHYMpPU Wapa
B(z*,0), u pewenue ypasnenus (7.5) cxodumca x amomy pewenuro npu t — oo.
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3amevanue. s perenns cucTeMbl OOBIKHOBEHHBIX MU depeHnnaIbHbIX ypaBHe-
unit (7.6) MOXkKeT OBITH MCIIOIB30BAH JTI000f IHCICHHBII METOI.

Bameuarue. st pemieHusi CUCTEMbl HeJMHEHHBbIX ypasHeHuil (7.4) me Tpebyercst
obparumoctu poussojHoil Pperiie (7.5) Ha KaxKJOM IIare UTEPAIUOHHOTO IIPOIECCA.

8. IIpubam>keHHbIE METObI PEIeHNs ITOJIUTUIIEPCUHTYJIAPHBIX 1
MHOT'OMEPHBIX TUIEPCUHTYJISPHbIX NHTETPAJIbHbIX YPaBHEHUIA

He nmest Bo3MOXKHOCTH, 1M3-3a OI'PAHUYEHHOIO Pa3Mepa CTAaTbHM, OCTAHOBUTHLCS HA
HPUOIMKEHHBIX METO/IaX PEeIIeHUs] MOJUTUIIEPCUHTYIAPHBIX U MHOTOMEPHBIX 'Y,
[IPUBEJIEM JIUIIb CCBUIKA Ha COOTBETCTBYIONTNE PabOTHI

B pabore [34] criaitH-KO/UIOKAIIMOHHBI MeTOJ| CO CILIaifiHAMK HYJIEBOIO MOPSIIKA
[IPUMEHSIETCS IS PellleHns] ONTUIEPCHHTYISPHOIO MHTEIPAJIHHOTO yPAaBHEHUS

1 1

a(tl,tQ)x(tl,tg) +b(t1,t2)/ %d’/’l +C(t1,t2)/ %dTQ—F

Tl,TQ)dTldTQ
d(ty, ts) = f(ti,ts), p=2.4,...,
172// (11— t1)P (72 — ta)P f(ti,t2), p

-1 -1

n MuoromepsHoro 'Y

(t1,te, 71, 7o) (71, T2)dT1dTy
t, to)a(te, to) — (t1, ).
alf, fa)(tn, / / T —t1)? + (1o — 12)?)P/? flint2)

—1 —1

IIpubsnzKeHHbIe METOIBI PEIleHns IIOCIeIHero ypasuenus upu a(ty,ts) = 0 uccie-
JI0BaJInCh B [29).

B knure [18] uccienoBanmch npubiizKeHHbIE METO/IBI PEIEHNsT MHOTOMEDHBIX M-
HEPCUHTYJIAPDHBIX MHTETr'PaJIbHBIX ypaBHeHHﬁ IIepBOro pojJa Ha IVIaJKHNX ITIOBEPXHOCTAX.

3akJI0o4eHne

B craree man kparkuit 0630p paboT MOCBSIMEHHBIX AHAJUTHICCKUM ¥ IHCICHHBIM
METOJIaM PEIlleHNs] TUIEPCUHTYISAPHBIX WHTErPAJIbHBIX ypaBHeHuit. He mMess BOZMOK-
HOCTH, U3-3a OIPAHUYICHHOTO 00bEeMa CTAThHU, IIPEJCTABUTH 0030D BCEX M3BECTHBIX YNC-
JIEHHBIX METOJIOB PEIeHUs TUIEePCUHTYISPHBIX HHTErPAJIbHBIX YPABHEHNUI, aBTOD Orpa-
HUYUJICS PACCMOTPEHUEM KJIACCOB YPABHEHUIl, KOTOPbIE B HACTOSINEE BPEMSI HAXOJSAT
HamboJIee MUPOKOE MPUMEHEHUsI B PA3JINIHBIX MPUIOKEHUIX ¥ B PA3BUTHH KOTOPBIX
oH npuHuUMaJ ydactue. K coxkajieHnio, B 00630p He IMomaaId MHOIOYUCIEHHbIE pabOThI,
MOCBATIIEHHDBIE TPUMEHEHUSIM THIIEPCHHTYJISIPHBIX HHTETPAJIHHBIX YPABHEHUN K 3a/1a9aM
GU3NKT 1 TEXHOJIOTHIA.

[Tosromy st mpuHOITY CBOM U3BUHEHWsT TEM MHOTOYHC/IEHHBIM aBTOPaM, bl OJIeCTs-
e paboThl 3/1eCh HE YIIOMSHYTHI.
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Abstract. We consider a known predator-prey system, where more than one predator compete for
the same prey. Mainly the case with two predators is considered. A review of general results is given,
among them conditions for the extinction of one predator and an investigation of the different types
of coexistence of predators. In non-degenerate cases the predators in this model cannot coexist at an
equilibrium, but there can be a cyclic or more complicated coexistence. Many numerical results are
presented. A model map for a Poincaré map is given under some conditions. But the most interesting
case where there can arise “spiral-like” attractors is not well known here, and we pose open questions.
We discuss some bifurcations and the existence of systems with several attractors.

Keywords: bifurcation, chaos, predator-prey.
1. Introduction

In this work we make a review of the behaviour of a system of two predators and
one prey. We discuss extinction and possible types of coexistence. The coexistence can
be cyclic or chaotic of different types. In some cases the chaos is well described by a
model map, in other cases it seems to be a spiral-like attractor. We conjecture that at
least some of the spiral chaos comes from bifurcations from a contour described here.
There is an open question whether there are even more types of chaos. We also give
examples, where the system has more than one attractor. Some of the results are more
general for the case of more predators, like dissipativity and extinction.

The general system of n competing predators feeding on the same prey is considered
to be of the type

= H(S) -3 a(S)X, —

where the variable S represents the prey populations and the variables X; represent the
predator populations. They are, of course, non-negative. The function ¢; is assumed
non-decreasing. The function H describes the behaviour of the prey without predators
and is usually of logistic type. An exception is the Lotka-Volterra system, the behaviour
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of which is simple in this case. These systems were introduced by Hsu and Waltman |[6,
7, 8]. We mainly consider the case where

S S ,
HS)=rs(1-5). wlS)=gog. i=Lon (12)

A.V.Osipov [12] introduced a family defined by some conditions on the functions
of system (1.1) given below.

We assume H(0) = H(K) = 0 for some K > 0, H(K) < 0, H"(s) < 0 and
©:(0) = 0, i(s) > 0. The functions o; and H are of the class C?[0, 00) and the variables

@y

x; and s are non-negative: x; > 0, s > 0. The change of variables s = e and x; = %

gives the system

. (1.3)

where
hs) = H(SEK), (s) = pi(sK). ou(s) = pats(s) — di.

The following conditions A; — A; are the main conditions introduced by Osipov [12].
Here and further we will assume that i takes values from the set {1,2,...,n}.

A;. All the considered functions are of the class C*0, 00) and the variables z; and s
are non-negative: x; > 0,s > 0.

As. Q/}Z(O) =0, Q/J;(S) > 0 for s > 0.
A3. ¢;(S
Ay h(0) =h(1) =0, (1) <0 and h"(s) <0 for s > 0.

) > 0 for s > 0 and there exists a \; > 0 such that ¢;(\;) = 0.

As. 0< A\, < - < A< A < 1.

If \; in (A3) are all different we can always reorder the equations so that (A;) is
satisfied. We observe that if \; > 1 for some ¢, then the corresponding predator cannot
survive.

The most standard example of system (1.3), which we will consider now, is obtained
from the functions in (1.2). We assume p; > d;. If not, the corresponding predator will
not survive. Using the time change 7 = rt, where 7 is the new time, and the variable

changes s = —,z; = ﬂXi, we get the simplified equations
K ri
’ S — )\z
€T; = M, iy
s+ a;

ISSN 0203-3755 urammudeckne cucremsbr, 2019, Tom 9(37), Ne3



MANY PREDATORS-ONE PREY MODEL BEHAVIOUR 275

where
&i:é mi:u )\.:di—Ai_
K’ ro 7 K(p—dy)

In earlier works [4, 5, 13, 14|, for n = 2, we have discussed the behaviour of the
system, boundaries for extinction, different types of coexistence of the predators, cyclic
and chaotic. In some cases we have conjectured the existence of spiral chaos [15, 16, 17,
11]. In this work we present an overview of earlier results and some new results from
numerical experiments of this system. It is a serious update of the review in [14], but
without elementary introduction. Before we consider the properties of this systems, we

shortly look at the Lotka-Volterra system, where in (1.1) the functions are
and thus the system becomes

S = (7’ - iini> S,
i=1

iXi .
A change of the time 7 = rt and the variables z; = diki gives the system
r

ri=mi(s— Nz, i=1,...,n,

s = (1 — Zn:ay) s,
=1

: d
where m; = &, \i = —. Further, suppose that A\, < --- < Ay < A;. Then all predators
r pi
Mn
except the population z,, go extinct. To see that, use the Lyapunov function In | ~%
Tn"

The main system we consider is anyhow rich in the behaviour of coexistence of the
predators and it is one of the first systems, where the known Ecological Principle of
Exclusion does not hold in general.

The outline of our work is the following. We start with discussing the dissipativity
and extinction problem for any number of predators. Then we restrict ourselves to two
predators and after shortly mentioning the chaos got from a model map (details can
be found in earlier works) we give some typical results from numerical examination of
the system. We look for extinction boundaries and for boundaries between different
cyclic and chaotic behaviour. We continue with discussing a contour from which the
spiral-like chaos might bifurcate. Then we show a bifurcation diagram from which we
immediately conclude the existence of, at least, two attractors. At the end we give an
example of the dynamics of a Poincaré map and mention about modifications in order
to get more realistic systems from a biological point of view.
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2. Dissipativity

We consider system (1.3). We find a positively invariant set for the system. More
results on dissipativity are found in [12]. Let

~ ~ 1—s i
w; = sup w;(s),w;(s) = —F——,V=—+—"—+4 -+ — +s.
0<s<1 ( ) ( ) %‘(3) wy W2 W,
The value of wj is finite and positive, because w;(s) — —oo for s — 040 and w;(s) —

% =@; >0 for s -1 — 0. We now claim the following:

Statement 1. The set formed by the inequalities s,x; > 0 and V < 1 is positively
invariant for system 1.3 satisfying conditions Ay — Ay and all trajectories of the system
with positive initial values enter the set in finite time.

Proof. 1t can be checked directly, that if s = 1 then V' < 0 except at (0,...,0,1) where
V' = 0. In other points we get

V=) + 3 [H )] =

i=1

h h n g
= TRV Y ) D o) — o) =
~ h(s) "Lz [ h(s) R
_1—5(1_V>+;E{1—8+¢Z(8> wi;(s)| < 0.
From here the statment follows. ]

Let us examine the case where
Sbi — )\1 Sbi

h(S) = (1 — S)S,¢i(8) = sbz—w’wl(s) = Sbi T aji.

(2.1)

If 0 < b; < 1 then w;(s) increases and w; = @Q;. If b; > 1 then it is possible that w; > Q.
For example, b; = 2a; = 1, \; = 0.1 gives w;(0.5) = 3.1 and Q; = 2.9.

3. Extinction

We here look for the competition between predators i and j for system (1.4). We
find sufficient conditions for the extinction of one of them. More general results on
extinction are found in [12|. We assume there is some j such that A\; < \;, that is ¢ > j.

Aj(L=Ni)

Q;

Stat t 2. Let L = —_—
atemen e LT all—1)

and N; > N;j. If a; > then the

predator i goes extinct.
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1
Because L > 1 the predator i always goes extinct when a; > T 1 We observe
that condition o
7

P> 3.1
G T a1 (3:1)
follows from a; > % and a; > a;.

Proof. We look at the function 7 defined by

_9i(s) _ o, .
n(s) = 5:05) = m(s)na(s),

where | \
mis) = 2= (o) =

mi(s — N\

s+ a;
s+ a;

We use notations v = 7(0),a = n(1). We notice that v < « is equivalent to

)

> m. We introduce two numbers

a;

o= g5 700 = B0

They exist and are positive. We prove xg < x1. We start with the case where a; < a;.
From \; < \; follows 7;(s) < 1 for 0 < s < A; and n(s) > 1 for s > A;. Thus we get
n(s) < ma(s) for 0 < s < A; and n(s) > na(s) for s > A;. Because 1, is increasing or
constant for a; < ay we conclude that n(s1) > 172(s1) > 72(s0) > n(so) for sg < A; and
s1 > A; from which follows kg < k1 and (3.2).

We now consider the case where a; < a;. We observe that in this case both 7; and
1y are decreasing and thus also 1. Then kg = 1n(0) = v and k; = n(1) = a. We observe
that if k is a number such that kg < kK < k1 then

koi(s) — ¢(s) <0 (3.2)

for all s € (0,1).

Really, for s € (0, \;], ¢:(s) is negative and ¢;(s) is non-positive and from 7n(s) < kg
we get ¢;(s) > kopi(s) > kei(s) implying (3.2). For s € (MAi], ¢i(s) < 0 < ¢4(s)
implying (3.2). Finally for s € (\;,1) both ¢;(s) and ¢;(s) are positive and from
n(s) > k1 we get ¢;(s) > k1¢;(s) > ke;(s) implying (3.2).

K

Consider now the function U defined by U(z,y) = In (I—Z> . For the time derivative

j
we get U' = ko;(s) — ¢j(s) < 0 and predator z; goes extinct. ]

Remark. We notice that the proof can easily be modified for the functions in (2.1),
so that the statement holds also if these functions are chosen for system (1.3).

It is well known [3] that when the number of predators increases, the probability for
coexistence of all of them tends to zero. This is quite natural also from our estimates
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showing that for coexistence we must have a; > La; 1, where L > 1 is defined as in
statement 2 for j =i — 1.

4. General behaviour

We shortly decribe the main local behaviour of the three-dimensional system.
According to assumption (As) we suppose A\; > Ao. The system always has two
equilibria: (0,0,0), which always is a saddle with two-dimensional stable manifold in
the plane s = 0, and (0,0,1), which is a saddle with one-dimensional stable manifold
on the axis x; = xo = 0 if A;, Ay < 1 (in other cases at least one predator goes extinct
and the system reduces to smaller dimension). When A;, Ay < 1 there are two more
equilibria:

)\1 = 045, )\2 = 03, a1 = ag = 0.3,m1 =mM9o = 1 )\1 = 03, )\2 = 02, a]; = a2 = 03, mp = mo = 1

Fig. 1. (a) In plane 25 = 0 the equilibrium P; is a global attractor, in the whole space a saddle with
one-dimensional unstable manifold, in plane x; = 0 there is a limit cycle, the equilibrium in this
plane is a saddle with one-dimensional stable manifold. (b) Plane x; = 0 there is a limit cycle, the
equilibrium in this plane is a saddle with one-dimensional stable manifold. In plane x5 = 0 there is a

limit cycle, the equilibrium in this plane is a sink.

o P = ((1—=X)(14a1)),0,\) which is a saddle with one-dimensional unstable
— ay ]. — ay

2 Y

manifold for Ay > — % und @ source if A < . In the case A\ >

Py is a global attractor in the plane x5 = 0.

o P, = (0,(1 — A)(1 + az2)),\2) which is a saddle with one-dimensional stable

_ _ 1 —

manifold for Ay < e and a sink if Ay > a2. In the case \g > 2a2; I
1s a global attractor in the plane 1 = 0.

There is a unique globally attracting limit cycle in the plane x5 = 0 if A} < -

and a unique globally attracting stable limit cycle in the plane x; = 0 if Ay <
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This was first proved by Cheng [2]. The uniqueness of limit cycles for this and similar
systems can also be proved using the known Zhang Zhi-fen theorems [18]. Estimates
for the size of the cycles for critically small a; and \; are given in [9, 10]. The size of the
cycle we determine by the maximal and minimal populations on the cycle. The cycle is
called big if at least one population sometimes gets small. The behaviour around the
coordinate planes is shown in figure 1.

There is no equilibrium for A\; # Ay or a; # as, where the predators coexist, anyhow
they can coexist in a cyclic or chaotic way. Conditions for construction of some well-
defined Poincaré maps on s = const, s’ < 0 are obtained in [13].

In the case where the Poincaré map is well-defined, very often there is a strong
contraction in the (z; 4+ x9)-direction and it is shown by numerical experiments and
theoretical estimating arguments that the one dimensional model map given by

k’l + kge”
1+ev

flv) =B+ :
where 3,u and k; are constants and v = In(xs/x1) gives a good approximation. This
map is derived and analyzed for simple behaviour in [4, 5].

4.1. Charts of dynamical regimes

We now present some result of numerical two-parametric analysis.

In figures 2 — 4 we see the results of numerical investigations of the behaviour of
the system for fixed \; and m; where ¢ = 1,2. We have examined the behaviour for
five different random initial conditions for a grid of parameter values of a; and as. A
predator is considered to go extinct if the populations becomes less than e=1%°. We
call the attractor n-cyclic if the intersection with s = X\, s’ < 0 is n-periodic under
the Poincaré map defined on this surface. We have denoted regions with x if the first
predator x; goes extinct and with y if the second predator x5 goes extinct. Regions,
where there is observed only simple one-periodic cycles, are coloured cyan. Regions,
where there is observed a 2-cyclic attractor, are coloured magenta. Regions, where
there is observed a 3-cyclic attractor, are coloured dark yellow. Sometimes also regions
where the second predator x5 goes extinct can be seen in green. Regions, where there is
observed chaos, but no 3-cyclic attractor, are coloured blue. We observe, that for some
parameter values two different types of attractors have been detected.

In figures 2 — 3 we have added a figure calculating the boundaries for extinction of
the predator x; for different values of m; and compared with the theoretical estimate
(the curve to the left).

We make the observation that the behaviour depends on m; and ms and strongly
on the difference of \; and Ay. When A\; — Ay we roughly have the following situation
for a; increasing: for a; small, the predator z; goes extinct, for a little bigger, the
predator x5 goes extinct and for even bigger a; there is a simple cyclic coexistence.
The predator x5 can go extinct only if a; < 1 — 2)\q, because if a; > 1 — 2)\; then
there is saddle equilibrium in the coordinate plane x5 = 0 and there is more likely to
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Fig. 2. (a),(b),(c) Charts of dynamical regimes for the system 1.4 on the parameter plane (al, a2)
for m; = 0.1, m; = 1, and m; = 5, respectively (A; = 0.35,A\; = 0.2). Cyan color (1) corresponds
to simple periodic regimes; magenta color (2) — 2-periodic regimes; dark yellow (3) — 3-periodic
regimes; blue (> 3) — periodic regimes with period > 3 and a chaotic regimes; red color (z1.) —
regime corresponding to the extinction of the first predator z1; and green color (z5.) — the extinction
of the second predator xzo. (d) Curves of the extinction of the predator z;: G theoretical estimate
(3.1), green, blue, and red curves are given by compared (3.1) for m; = 0.1, m; = 1, and m; = 5,

respectively.

be some kind of spiral chaos if it is not cyclic. Of this reason there is no extinction of
the second predator in figure 3.

We have not included pictures for small \; and As. In this case there is a hope
to obtain theoretical estimates for the stability of the limit cycles in the coordinate
planes. If both are unstable the predators coexist.

Open problem. Find out good reasons for the different behaviour observed in the
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Fig. 3. (a),(b),(c) Charts of dynamical regimes for the system 1.4 on the parameter plane (al, a2) for
m; = 0.1, m; = 1, and m; = 5, respectively (A; = 0.5, \; = 0.2). Cyan color (1) corresponds to simple
periodic regimes; magenta color (2) — 2-periodic regimes; dark yellow (3) — 3-periodic regimes;blue (>
3) — periodic regimes with period > 3 and a chaotic regimes; red color (z1.) — regime corresponding
to the extinction of the first predator x1. (d) Curves of the extinction of the predator x1: G theoretical
estimate (3.1), green, blue, and red curves are given by compared (3.1) for m; = 0.1, m; = 1, and

m; = b, respectively.

figures and find approximate expressions for different bifurcation lines. Find bifurcation
curves for attractors by numerical methods. How many attractors can we have in the
same system for different parameters?

The cases where A\; = 0.3 and A; = 0.2 and m; > 0.2 are very interesting even if we
do not include a figure here. But the existence of three different attractors is frequent
in these cases.

In figure 5 we can see a case with three attractors.
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0.005 (d) 100

LEEE N

Fig. 4. (a), (b), (c), (d) Charts of dynamical regimes for the system 1.4 on the parameter plane (al,
a2) for (a),(b) Ay = 0.3 and Ay = 0.2 and m; = 0.1, (¢) Ay = 0.25 and A\; = 0.2 and m; = 0.1, (d)
A1 = 0.35 and Ay = 0.2 and m; = 5 and mg = 0.1. Cyan color (1) corresponds to simple periodic
regimes; magenta color (2) — 2-periodic regimes; dark yellow (3) — 3-periodic regimes; blue (> 3) —
periodic regimes with period > 3 and a chaotic regimes; red color (x1.) — regime corresponding to
the extinction of the first predator x1; and green color (z2.) — the extinction of the second predator

Z9.

We now analyze the bifurcation diagram in [14]. This was produced for as =
0.02,\; = 0.35, A9 = 0.2,m; = mo = 1 and for a; as bifurcation parameter. New
versions of this bifurcation diagram are produced in figure 6.

In figure 6 (a) we produce a bifurcation diagram looking at the value of In (@)
T

on the intersection of the attractor with s = Ay, s’ < 0. The initial values for a; = 0.1
were taken as 1 = r9 = s = 0.5 and increasing a; for the next value of a; we take the
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1 1-p cycle
S 7 3-p cycle
08 15-p cycle
T
0.6
~

Fig. 5. Attractors for parameters a; = 0.855, \; = 0.3, a2 = 0.0154, Ao = 0.2, m1 = my = 0.5. There is
a simple cycle (cyan) a 3-cyclic (green) and a 15-cyclic (red) attractor.

Fig. 6. (a) bifurcation diagram for as = 0.02,\; = 0.35,\y = 0.2,m; = mg = 1. The range of
bifurcation parameter a; goes from 0.1 to 2. (b) bifurcation diagram for as = 0.02,A\; = 0.35, Ay =

0.2, m; = mo = 1. The range of bifurcation parameter a; goes from 1.5 to 1.6.

initial values to be the last point on the attractor calculated for the previous value of
ay. In figure 6(b) the bifurcation diagram is produced for the same fixed parameters
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as in the previous bifurcation diagram, but the value of a; goes from 1.6 to 1.5. The
initial values for a; = 1.6 are chosen as 1 = 0.34, x5 = 0.22, s = 0.35 and decreasing a;
for the next value of a; we take the initial values to be the last point on the attractor
calculated for the previous value of a;.

Comparing the bifurcation diagrams we easily see two attractors for values of a;
around 1.6.

5. Spiral chaos from a contour?

Finally, we discuss the nature of “spiral” attractors observed in the system for
parameters a; = 0.5, \; = 0.33, a2 = 0.001v, Ay = 0.01r,m1 = 1, my = 0.2, see figure 7.
Usually, such attractors appear due to a Shilnikov homoclinic orbit to the saddle-focus
equilibrium [15, 16, 17, 11]. In the problem under consideration all equilibria are located
in the invariant planes and, thus, we cannot have a homoclinic orbit. We suppose that in
our problem another scenario is possible, when spiral chaos appears from a heteroclinic
cycle.

— s
=1 5 r=>=5 )
p
_.// /7
/,/ ‘/'
s /
,./ - FARP N
// // \II /,/ ,__/ ,._\‘ }
Yy L
S S — 1
/ ,,//Q)l [ i v LA —
/(@77 T~ /(&) > o
C 7 w [ (=
{ﬂ {w//, 7 /e\g [\ N — /
e —
iy 1

Fig. 7. Attractors for parameters a; = 0.5, A\; = 0.33,a2 = 0.001v, Ay = 0.01lv,m; = 1,my = 0.2, in
the cases v = 1,4, 10, 12.
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1. The unstable separatrix of the equilibrium at ((1 — A1)(A; + a1),0, ;) until it
hits s = 0 at P* = (27, 25,0) in the case as = Ay = 0.

A
2. The curve along z, = C'z], where v = MaAzdy

(0,0,0).

o and C' = x3(x37)™" from P* to

3. The line segment 1 = x5 = 0,0 < s < 1.

4. The unstable separatrix of the equilibrium (0,0, 1) in the plane x5 = 0 reaching
the equilibrium, where part 1 starts.

We suppose that the spiral chaos arises from this contour. We support the conjecture
by showing some attractors developing from the contour changing a parameter. We look
at some attractors for a; = 0.5, A\ = 0.33,as = 0.001v, \y = 0.01v,m; = 1, my = 0.2.
We can see them in figures 7-8. The attractor for v < 1 is so near to the contour that
we can not see the differences. Increase in v shows us a series of attractors, where we
can observe some spiral-like chaos development.

Fig. 8. Attractors for parameters a; = 0.5, \; = 0.33,a2 = 0.001v, Ao = 0.0lv,m; = 1,my = 0.2, in
the cases v = 15, 22, 25, 29.

We also find out how the intersection of an attractor with a Poincaré section looks

like. In figure 9 we see the attractor and intersection with ' = 0 in the part, where s’
is increasing. It is an open problem to find some kinds of model maps in such cases.
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—8.5 — —1.2

In (s) :

Fig. 9. Attractor and intersection with a Poincaré section for parameters a; = 0.5, A1 = 0.33,a2 =
0.015, A2 = 0.15,m1 = 1, my = 1. The sequence of numbered points are iterates of the corresponding

Poincaré map.

6. Conclusion.

We have given an overview of results of system (1.1) starting from dissipativity and
extinction. The results of dissipativity could be improved to get a smaller positively
invariant set using non-linear upper boundary like it was done for the system with only
one predator in [10]. The results of extinction use only the equations for the predators,
they can be improved by also using the equation for the prey. Our numerical results
try to include the general picture of the behaviour of the system when we assume \;
and m; constant and change the parameters a;. We have discussed the open problem of
how many attractors can be found. We give numerical results which argument for the
bifurcation leading to chaos starting from a contour got for some parameters tending
to zero. A typical behaviour of the dynamics on an attractor on a Poincaré section is
shown in figure 9.

In most of the chaotic behaviour studied here one population can get very low, and
there is the question whether this can be realistic. Some modifications were suggested
in [14]. Anyhow, there is also complicated behaviour in systems, where the populations
are not getting too low. Such an example was also given in [14]. Another realistic case
is the example we gave with three attractors. Yet another such interesting example
we get for a; = 1.5, \; = 0.3,a2 = 0.01, Ay = 0.2,m; = mgy = 1, where easily three
attractors can be observed. One simple cyclic, another 3-periodic and a 4-periodic one.
Studying the bifurcations of these attractors changing parameter 0.5 < a1 < 2 we
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see that the simple periodic one always exists, while the branches from the 3- and
4-periodic attractors exist for intervals which overlap on a smaller interval.

The standard system has cycles with very low populations for small ¢ and A. In
nature this does not occur because the predator changes behaviour to feeding on other
preys, where however it cannot survive for ever. Because this change is sudden in Arctic
regions (stochastic in Middle Europe) we there get a system with switches.

Such a system is given in [14].
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Abstract. Starting from dimension 4, so-called non-smoothed manifolds, manifolds that do not
allow triangulation and other obstacles that prevent the use of the technique of smooth manifolds
for the study of multidimensional manifolds appear. In addition, all methods for studying smooth
dynamical systems on multidimensional manifolds are based on the approximation of all subsets by
piecewise linear or topological objects. In this regard, the idea of consideration of dynamical systems on
multidimensional manifolds that do not use the concept of smoothness in their definition is completely
natural. So homeomorphisms and topological Morse-Smale flows, which are also firmly connected with
the topology of the ambient manifold, as well as their smooth analogues, have already entered into
scientific usage. In the present paper we investigate general dynamical properties of homeomorphisms
and topological flows with a finite hyperbolic chain recurrent set.

Keywords: topological flow, chain-recurrent set, hyperbolic set
1. Introduction and formulation of results

Let M"™ be a closed n-dimensional manifold with metric d. A topological flow on
M™ is a family of homeomorphisms f!: M™ — M™ that continuously depends on t € R
and satisfies the following conditions:

1) f%x) =z for any point z € M™;
2) ft(fs($)) = f"*5(x) for any s,t € R, x € M".

The trajectory or the orbit of a point x € M™ is the set O, = {f*(z),t € R(Z)}. Tt is
believed that the trajectories of the flow (homeomorphism) are oriented in accordance
with an increase in the parameter t. Any two trajectories of a dynamical system either
coincide or do not intersect, therefore, the phase space is represented as a union of
pairwise disjoint trajectories. There are three types of trajectories:

1) fized point O, = {z};

!The authors is partially supported by Laboratory of Dynamical Systems and Applications NRU
HSE, of the Ministry of science and higher education of the RF grant ag. Ne 075-15-2019-1931, except
Statements 1 and 2 whose proofs were supported by the Foundation for the Advancement of Theoretical
Physics and Mathematics “BASIS” ag. Ne 19-7-1-15-1
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2) periodic trajectory (orbit) O, for which there exists a number per(z) > 0
(per(z) € N) such that fPr@(z) = z, but fi(xr) # = for all real (natural)
numbers 0 < ¢ < per(x). The number per(z) is called period of a periodic orbit
and does not depend on the choice of a point in orbit;

3) regular trajectory O, — a trajectory that is not a fixed point or a periodic orbit.

To characterize the wandering of the trajectories of a dynamical system, the concept
of chain recurrence is traditionally used.

The e-chain of length T connecting the point x with the point y for the flow f*
is called a sequence of points © = xg,...,x, = y for which there exists a sequence of
times t1, . .., t, such that d(f'(x;_1),x;) <e, t; > 1for 1 <i<mnandt;+---+t,="T.

The e-chain of length n connecting the point x with the point y for a
homeomorphism f is called a sequence of points * = xg,...,x, = y, such that
d(f(zi1), ;) <efor 1 <i<n.

A point x € M™ is said to be chain recurrent for the flow f* (cascade f), if for any
e > 0 there is T'(n), which depends on ¢ > 0, and there is an e-chain of the length
T'(n) from the point z to itself. The set of chain recurrent points of f* (f) is called the
chain recurrent set of f* (f) denoted by Ry (Ry) and its connected components are
called chain components. The set Ry (Ry) is f* (f) - invariant, that is, it consists of
the orbits of the flow (homeomorphism) f* (' f), which are called chain recurrent. It is
obvious that fixed points and periodic orbits are chain recurrent.

As a model behavior of flow (homeomorphism) in a neighborhood of a fixed point,
we consider a linear flow (homeomorphism) af : R* — R" (a) : R* — R"),\ €
{0,1,...,n} of the following form:

t t t —t —t
A\ (L1 ooy Ty Tpg 1y ooy T) = (27, 00, 2700, 27 T 041, ooy 27 T)

(ax(T1y ooy Ty Tag1s ooy Tn) = (F221, 209, ..., 20, £27 01, 27 M nse, o, 27 1),

A fixed point p of a flow (homeomorphism) f* (f) is called is topologically
hyperbolic if there exists a neighborhood U, C M", a number A € {0,1,...,n} and
a homeomorphism h, : U, — R" such that h,f*[u, = @} hplu, (hpflo, = ax,hylu,)
whenever the left and right sides are defined. Let

Ey = {(%1,...,3;”) ER":qzy = :l‘)\:()},

E;L = {(.Tla ...,.Tn) cR"™: Typl =" =Ty = 0}

The number ), is called the index of the fixed hyperbolic point p. A point of
indexes n and 0 will be called source and sink, respectively; any point p such that
Ay € {1,---,n — 1} is called saddle. For a topologically hyperbolic fixed point p of
the flow (homeomorphism) f* (f) the sets h;l(Ef\p),hzjl(Ef\‘p) are called local stable,
unstable manifolds.

The sets

= £ (B3, W= | Sy (EL))

teR teR
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is called stable and unstable invariant manifolds of the point p.

If p is a periodic point of a period k for diffeomorphism f then its invariant manifolds
and the index are defined as for fixed point f*(p) with respect to the homeomorphism
f*. The number Ao, which equals A, is called index of the orbit O, of the periodic
point p.

Statement 1. The unstable W' and the stable W, manifolds of the hyperbolic fized

point p are independent of the choice of the local homeomorphism h, and are defined
in topological terms as follows: W' = {y € M™ : tliin [ y)=p} uW;={yeM":
—+00

[ fi(y) = p}-

It follows from Statement 1 that W) N W' = () and WyNnwg = () for any different
hyperbolic points p, g.

Denote by GG a class of homeomorphisms and topological flows given on M"™ with a
finite hyperbolic chain recurrent set.

Let F € (. The dynamics of systems of this class are close in their properties to
gradient-like systems (see, for example, [4], [2]). Namely, similar to S. Smale’s order
[5], we introduce a partial order relation on the set of chain-recurrent orbits of the
dynamical system F by the condition

0; < 0; = W5, NWg, #10,

where O;, O; are orbits from the set Rr and W5, = U W, Wg = U W
peQ; pe0;
A m-cycle (m > 1) is a collection 01,0y, -+ ,0,, of pairwise disjoint chain

recurrent orbits that satisfy the condition O; < Oy < --- < O,, < O;.
Statement 2. Every dynamical system F € G has no cycles.

Due to Statement 2 the introduced relation can be continued (not uniquely) to a
complete order relation, that is for every chain recurrent orbits O;, O; either O; < O,
or O; < O;. Thus, let us consider the orbits of a dynamical system F € GG numbered
in accordance with the introduced order:

01 <+ <O

In addition, without loss of generality, we assume that any sink orbit is located in this
order below any saddle orbit, and any source orbit is higher than any saddle one.
The main result of the present paper is the following fact.
Theorem 1. Let F € G. Then
k k
(1) M" = | W§, = ’glwgi;

=1

(2) W, (Wg,) s a topological submanifold of M™, homeomorphic to RAoi (R0,
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3) @Vg) \We) < U s, (we)\Ws) < U w3).

j j=i+1

Notice that a similar result for Morse-Smale diffeomorphisms was proved in [3] and
for Morse-Smale homeomorphism was proved in [1].

2. Auxilary facts

In this section we prove announced statements.
Proof of Statement 1.

Proof. Let us prove that if 7 € G and p is a fixed point of the system F, then W and
W, are independent of the choice of the local homeomorphism £,,.

Suppose for definiteness that F is a homeomorphism f (for a flow the proof
is similar). Let ﬁp : Up — R" be a homeomorphism different from £, and such
that izp f |0p = a;\pﬁp|ﬁp whenever the left and right sides are defined. Then in a
neighborhood Up of the original point O in R" is well-defined a homeomorphism
h = hpfzg ! which conjugates ay, with as, - As conjugating homeomorphism preserves
the invariant manifolds then A, = )\, and h(E;) = E, MEY) = EY . Thus,

hy '(ES) = h, ' (M(ES)) = h, '(EX)). Tt is the same for EY . O
Proof of Statement 2.

Proof. We will prove that every dynamical system F € GG has no cycles.
Suppose the contrary: there exists a sequence of orbits O; < --- < O,, < O1. By
m
construction, any point of the set |J(Wy, N W3, ), where Oy = Oy, is a chain

i=1
recurrent. It immediately contradicts with the finiteness of the chain recurrent set of

the system F. [

Statement 3. Every homeomorphism f = f1, which is the one-time shift of a flow
ft € G belongs to the class G. Moreover, Ry = Ry and W (f*) = WE(f), Wi(f') =
W3 (f) for every chain recurrent point p.

Proof. Tt immediately follows from the definition of hyperbolic point that Ry C Ry.
Let us show that Ry C Ry. Let p € Ry, then there exists a e-chain of length n
connecting the point p with itself. Then the point p will also be a chain recurrence
point for the flow f!, since it has a e-chain of length T = n, and t; = 1 (i = 1;n)
connecting the point p with itself.

It follows from the uniqueness of the invariant manifolds of a chain recurrent point,
proved in Statement 1, that W (f*) = Wi(f), Wi (f") = W;(f) for every chain
recurrent point p. O
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3. General dynamical properties of systems from class G

In this section, we prove Theorem 1 on the embedding and asymptotic behaviour
of invariant manifolds of chain recurrent points of a dynamical system from class
G. Due to Statement 3, it is enough to prove the theorem for the case when the
dynamical system F is a homeomorphism f. Moreover we can suppose (by changing
of f by some power of f) that chain recurrent set consists of the fixed points, that is
O; = p; and f|y, is conjugated with the diffeomorphism ay, (71, ..., 2x, Txi1, oy Tn) =
(221,279, ..., 205, 27 wp, 41,27 25, 42, -, 27 ) Dy means a homeomorphism hy,.

A fixed point p of a flow (homeomorphism) f* (f) is called is topologically
hyperbolic if there exists a neighborhood U, C M", a number A € {0,1,...,n} and
a homeomorphism h, : U, — R" such that h,f'[u, = @} hplv, (hpflu, = ax,hylu,)
whenever the left and right sides are defined..

Below we prove each item of the theorem in a separate subsection.

All statements formulated for unstable manifolds hold for stable manifolds as well.
One gets them if one formally changes “u” to “s” because Ry = R;-1 and stable
manifolds of chain recurrent points for f are the unstable manifolds of the chain
recurrent points for f1.

3.1. Representation of the ambient manifold as the union of the invariant
manifolds of the periodic points

Proof of the item (1) of Theorem 1.

k
Proof. Now we prove that M"™ = [J W} for every homeomorphism f € G.

i=1
Let x € M™. Let us recall that a point y € M™ is called an «a-limit point for the
point z if there is a sequence t,, — —o0, t,, € Z such that

3 tn —
i _d(f*(z),y) = 0.
The set «a(z) of all a-limit points for the point = is called the a-limit set of x. As
M™ is compact then the set a(x) is not empty. Let us show that a(z) C Ry. Indeed,
as [ is uniformly continuous and . lim d(f(x),y) = 0, for every ¢ > 0 there is
n——00

n. € N such that d(f™(z),y) < ¢ and d(f""*(z), f(y)) < € for every n > n.. Thus,
y, f(y), fi"T(x), finT2(x), ..., fi"+1(x),y is the e-chain connected y with itself.

We show that «a(z) consists of exactly one fixed point which depends on x. Assume
the contrary i.e there are distinct fixed points p,, p, € a(x). Since Ry is finite there
is a p > 0 such that d(p;,p;) > p whenever i # j. Denote V; = {y € M" : d(y,p;) <
£}. Since all the points p;, i = 1,k are fixed there is a neighborhood U; such that
c(U;) € Vi and f~1(cl(U;)) N'V; = 0 for every j # i. By the assumption there is an
increasing sequence ¢, of the iterations of f~! such that f~#m(z) € U,, f~ 2+ (x) € U,
and ¢omi1 — Gom > 2. We pick the sequence n,, so that n,, is the maximal natural
number belonging to the interval (gom,gams1) for each f~"»=Y(x) € cl(U,). Then
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fm(x) & cl(U,). On the other hand f~"=(z) = f~1(f~ "=V (x)) ¢ V; for j # v and
k

hence f~"m(x) € (M™\ | U;). But then a(x) is not a subset of R; and we have a
i=1

contradiction.
Thus for each point x € M™ there is the unique point p,(r) € R; such that
a(z) = py(z), i.e. there is a sequence k,, — 400 such that . lim d(f % (z),p.(x)) = 0.
n—>+00

It follows from the definition of the hyperbolic fixed point that f~*(x) € W () for all
n greater then some ng. Then z € W' (@) because the unstable manifold is invariant. [

3.2. Embedding of the invariant manifolds of periodic points into the
ambient manifold

To prove item (2) of Theorem 1 we need the following lemma.

Lemma 1. Let o be a hyperbolic saddle fixed point of a diffeomorphism f € G, let
T, C W7 be a compact neighborhood of the point o and § € T,,. Then for every sequence
of points {{m} C (M™\ T,) converging to the point £ there are a subsequence {&m,},
a sequence of natural numbers ky,, — 400 and a point n € (W} \ o) such that the
sequence of points { f*mi (&m,)} converges to the point 1.

Proof. Without loss of generality one assumes (U, " W) C T, £ € (U, N f(Uy,)) and
{&n} € (U,N f(Uy,)). We pick a number r > 0 so that the ball B,(O) = {(x1,...,z,) €
R"™ : (21 +---+27) <r} would be a subset of the set h,(Uy).

Let he(&m) = &n = gflm"w oS Eottmy -+ &nm). The set K* =
{(z1,...,25,) € Oxy.. .\, : T <ai+---+23 <r’}isafundamental domain of
the restriction of the diffeomorphism ay, to Oxy...,z, \ O. Then for every m € N

there is the unique integer k,, such that % < AP ((Gm)? + -+ (Em)?) < 12 Let
N = ay™ 1 (&y). Since lim &,, = h,(€) € (Oxy,41...2, \ O) for every i € {1,..., A\, }
7 m—+00

the limit lim &, equals 0 and hence lim k,, = 4+oc. Furthermore the sequence {&; ., }
m—0o0 m—00

is bounded for every i € {\, +1,...,n} and hence 7;,, = (%)km g‘zm — 0 for m — +o0
and i€ {A\, +1,...,n}.

Therefore the coordinates of the points 7, = (71.m, - - -, Tnm) Satisfy % < (im)? +
vt (Maym)?<riforie{1,...,\,} and 7J;,, = 0as m — oo fori € {\, +1,...,n},
i.e. the points 7, are inside some compact subset of R". Since any sequence of points
of a compact set has a converging subsequence, there are a subsequence {k,} of
the sequence {k,,} and a point 7 € (W4 \ O) such that Jll}rgo Nm; = 1. Then &, =

h;l(a;fmj (7/m,)) is the desired subsequence. O
Proof of item (2) of Theorem 1

Proof. Here we prove that W is a submanifold of the manifold M", homeomorphic to
R vi .
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Let T, = hpi(Ef\”p_). Then for every point x € W there is a natural number n,
such that x € f"=(T),,). Let T),,(z) = f~™(T},) then there is a chart ¢, : U, = R"

of the manifold M™ such that 1, (U, N T, (z)) = R*»:i. If A\,, = n or \,, = 0 then
Vo (Ux N Ty, () = (U, N W), Therefore the unstable manifold of every node point
is a smooth submanifold.

Now we show that W} is a submanifold of M™ homeomorphic to RY: for every
saddle point p; as well. Suppose the contrary: W is not a submanifold of M™. Then
there is a point € W such that (U, \ T, (x)) "W} # 0 for every chart v, : U, — R”
of the manifold M™ for which ¢,(U, N T, (z)) = R*:. Hence there is a sequence
{zn} € (W N\ T, (x)) such that d(w,,, ) — 0 for m — +o0.

Lemma 1 gives us that there is a subsequence r,,; and there is a sequence k; such
that the sequence y; = f~% (x,,,) C W% converges to a point y € (W \ p;).

According to the item (1) of Theorem 1 there is a point p, € Ry such that y € W .
Consider three possibilities: [a] dim W = 0; [b] 0 < dim W} < n; [¢] dim W} = n.

[a] If dim W = 0 then y; € W} for all j starting from some one. Hence, i = v and
y is a homoclinic point, that contradicts to Statement 2. Thus case |a] is impossible.

] If dim W} = n then W} = p, and y = p,, that contradicts to the condition
y € W, Thus case [c| is impossible.

[b] If 0 < dim W} < n then v > i as f has no homoclinic points. According to
Lemma 1 there is a subsequence {y;, }, a sequence m, — 400 and a point z € W, such

k
that the sequence {f™(y;,)} converges to the point z. As M" = |J W} then z € W! .
=1

Similarly to above arguments, v # j,v # i and 0 < dim W} < n. Due to finiteness of
the set R the case [b] is also impossible.

Thus, W} is a topological submanifold of the manifold M™ homeomorphic to R »i .

O

3.3. Asymptotic behaviour of the invariant manifolds of chain recurrent
points

Proof of the item (3) of Theorem 1

i—1
Proof. Now we prove that (cl(Wy) \ W) C U W,
=1

If p; is a sink then the set c/(W}!) \ W is empty and the statement is automatically
true. In the other cases let us consider a point x € (cI(W}.) \ W}.) and prove that
xr € W for some v < i.

Indeed, as = € (cl(W;)\ (W, Up;)) then there is a sequence {x,,} C W} such that
d(Tpm, z) = 0 for m — +o00. By item (1) of Theorem 1, z € W} for some v € {1,...,k}.
There are three possibilities: (a) p, is a sink, (b) p, is a saddle, (c) p, is a source.

In the case (c) z,, € W} for all m large enough. But then p, = p; and x € W}
that contradicts the assumption.
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In the case (a) W)\ = p,, = p, and z,, € W for all m large enough. Then
Wy AW, # 0 and v < is true.

In the case (b) by Lemma 1 there are a subsequence z,,; and a sequence k; such
that the sequence y; = f’kj(xmj) converges to a point y € (W, \p,). By the item (1) of
Theorem 1 there is a point p,, € Ry such that y € W , that is p, < p,. If w =1 then
the statement is true. If not then arguing as above we get that the point p,, cannot be
a source. The point p,, is evidently not a sink because p, is a saddle point. Thus, the
point p,, is a saddle different from p,. Repeating the process, taking into account the
finiteness of Ry and the absence of cycles, we obtain the statement in a finite number
of steps. n
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3aJiadn ¢ OLICTPO OCHWJLJINPYIOIINMU
NaHabIMHA. /IBa mpuMmepa IIoCTpoeHu’s:
ACIMIOTOTHUK
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WNuctuTyT MaTeMaTHKN, MEXaHUKN M KOMIBIOTEpHBIX HayK nM. V.. Boposuua,
Pocros-na-Jlony 344058. E-mail: iwleva.n.s@yandex.Tu

Amwnnoranusi. [yt 1ByX KOHKPETHBIX 3329 ¢ OBICTPO OCIUJUIAPYIOMIUMHI 110 BPEMEHU JAHHBIMH —
MOJTYJINHEHOM TTapabOIMIecKOl CUCTEMBI C JBYMsI MPOCTPAHCTBEHHBIMU MEPEMEHHBIMA W CHCTEMBI
Hagsbe-Crokca, Mojiesupyronieil Tedenne KIJIKOCTA B IJIOCKOM CJIydae, — PeIIaeTcsi BOIIPOC O TOCTPO-
€HUH aCUMIITOTHIECKIX PA3JIOXKEHUI UX [IEPHOAMIECKHX 110 Bpemenn pernennii. Obe 3ajia4uu paccmar-
puBaIOTCs B OECKOHEYHOM 110 BpEMEHH [UJINHIPE, OCHI0 KOTOPOI'O CIIYXKNAT BPEMEHHAas UCJIOBast OChb, a
OCHOBaHUEM — JIBYMEDHbBII eIMHIIHbBIN KPYT. B KadecTBe KpaeBbIX yCJIOBUi B3ATH ycaoBus Jupuxie.
B ocHoBe mocTpoeHusT yKa3aHHBIX ACHMITOTHYIECBKUX PA3JIOKEHUN JIEXKAT JIBa AJITOPUTMa, pa3pabo-
TaHHBIX, 000CHOBAHHBIX U TosydeHHbIX panee H.C. Usneroii u B.B. Jlepernmramonm (2010, 2015 rr.).

KuroueBbie ciioBa: mapabosmdeckast cucreMa, 3ajada Hasbe-Crokca, BBICOKOYACTOTHBIE KO bU-

OUEeHTBbI, METOJ YCpeaAHCHUA, aCUMIITOTHUKA.

Tasks with fast oscillating data. Two examples of
asymtotics construction

N. S.Ivleva

I. I. Vorovich Institute of Mathematics, Mechanics and Computer Science,
Rostov-on-Don 344058.

Abstract. For two specific problems with rapidly oscillating data in time — the semilinear parabolic
system with two spatial variables and the Navier-Stokes system that simulates the fluid flow in the flat
case — the question of constructing asymptotic expansions of their time-periodic solutions is solved.
Both problems are considered in the cylinder, infinite in time, the axis of which is the temporary
numerical axis, and the basis is the two-dimensional unit circle. The Dirichlet conditions are taken
as boundary conditions. The construction of these asymptotic expansions is based on two algorithms
developed, justified and obtained earlier by N.S.Ivleva and V. B. Levenstam (2010, 2015).
Keywords: parabolic system, the Navier-Stokes problem, high-frequency terms, averaging method,
asymptotics.

MSC 2010: 35K40, 76E06, 35B10, 58J37, 76D05

1. BBenenue

B nacrosiiiiee Bpems CiCcOK padoT, MOCBAIEHHBIX aCUMIITOTHYECKOMY UHTETPUPO-
BAHUIO PA3IUIHBIX 3aJ1a49 s JuddepeHnnaabHbIX ypaBHeHUl ¢ OBICTPO OCIHINDY-
IOIUMU 110 BPEMEHU JIAHHBIMU, OY€Hb BEJIUK. YTIOMSHEM JIUITh HEKOTOPbIE OCOOEHHO
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6m3KMe K JaHHOi crarbe paborsr [13, 7, 8, 1,9, 10, 11, 12, 14, 5, 3|, B KOTOPBIX pedb
UJIeT O mapaboIMIecKuX, a0CTPAKTHDBIX TapabOMIeCKIX YPABHEHUSIX U HEKOTOPBIX 3a-
Jladax TUJIPOINHAMUKH.

B pabore [4] ms mupokoro Kiacca MOTyIHHEHHBIX TapabOIMIeCKIX CHCTEM, COJIED-
JKAIUX OBICTPO OCHUJIIUPYIONINE 110 BPEMEHU CjlaraeMble, MOCTPOeHa TOJTHAST aCUMII-
TOTHUKA MTEPUOINIECKOTO TI0 BPEMEHU PeIeHNsI.

B pabore [15| anamoruunsiii Borpoc peren s 3agadn Hasbe-Crokca ¢ 6bICTPO
OCIIUJLTUPYIONTUME 110 BPEMEHU JIAHHBIMHU, KOTOPas MOJICTUPYET T€UCHUE YKUIKOCTH B
ILJIOCKOM CJIydae.

B macrosimeit cratbe paspaboranubie B [4, 15| aqropuTMbl IPUMEHSIOTCS B JBYX
MO/IEJTBHBIX 3a/[a9aX.

2. ITapaboanveckas cucrema audepeHIaJIbHbIX YPaBHEHNI C
00JILIIMMU BBICOKOYACTOTHBIMHU CJIaraeMbIMU

B mummmpe Q = Q x R = {22 + 22 < 1} x R paccmorpuM 3ajgady o

2T _11epHOITIECKOM TI0 BPEMEHH PEIIeHNN CHCTEMBl ypaBHCHHIT

w

ouy o (82161 n 0%u,

o By B 2)+u%sin5wt—25in2wt+uzcos4wt+
Ty T3

3
+Vw(l — (23 4 23)) | sin 3wt — %sinwt :

2.1
Quy _ Ous + Fus + u2 cos 5wt — 1 + uq sin dwt+ Y
5t x| oz2 | '
3
+ Vw(l — (23 — 23)) | cos 3wt — %— coswt | ,
u|1“ =0, (2.2)

rie ' = {22 + 23 = 1} x R — rpanuna Q, w — Gobioit napamerp, z = (1, Ts).
Pemrenus Beex 3aJa4 B JaHHOi paboTe MbI IIOHUMAEM B KJIACCUIECKOM CMBICIIE.
Hapsiy ¢ BosmymienHoit 3amaqeii (2.1)-(2.2) pacemorpum yepeanenuyio [4]:
vy 0%y
Lov) = — + —— =€l o _, =0,
(Lov)s or?  0x3 et 4ag=t
o 82?}2 8%2

(L()U) —+ = 1, U2|

_d%, d% 0.
T 922 0xl

2 2_ p—
ritzs=1

3ameTum, 9TO BEKTOP-(DYHKITHS

1

1 _ S
/( ‘ +es) ds 5 . o
up(z) = s , T =Jx]+ a3,

r?/4—1/4
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SIBJISIETCsT CTAIIMOHAPHBIM DeIleHneM ycpeHeHHON 3agaun (2.3) st cucrembl (2.1)-
(2.2). deiicrBuresibho, B 3a1a4e (2.3) nepeiiemM K MOJISIPHBIM KOOD/IMHATAM:

vy 10v; 1 0% .
- :e)v1|r:1207

orr " ror 12 0p?
Oy 10w 10N, 4
or?2 r or  r?20p?

= ]_, U2|r:1 = O

2 2
Byznewm npeamnosarars, 9To %—&1 = %—;22 = 0 u mycrb % = wy, % = wy. Torpa (2.4)

6e3 yuera rpaHUYHbBIX YCJIOBUIl ITPUMET BU/I:

8w1 1 r
— +-wi=¢€,
r r
3(9w2 7 (2.5)
2 Cwy =1
or r

Haiinem obree perieHne oJlHOPOIHON 3a1a4u

Nnmeem:
C C1

—,v=—,c1 € R.
| r

Jlerko mpoBepuTh, YTO YACTHBIM PEIIEHHEM HEOJIHOPOIHON 3ajaqu (2.5) sBisieTcs
BEKTOP-(DYHKITHSA

In|v| = =In|r| + Inc,In|v| = In

67‘

r
wpl _ —7 +e
Wp2 _1 + C
r 2

Pemmennem (2.5) Gyzer cyMma 9acTHOTO PEIIeHUs HEOJHOPOIHON 3a1auu U 0DIIEro

pellleHns OJIHOPOJIHOI:

T

(& r C1
——+te +—
R - (A r C19 = const
Wy e o '
r o 2
ITonbepem KOHCTaHTBI €9 TaK, 4TOOBI Hallle pelleHue ObLIO HelpepbiBHO judde-
PEHIIIPYEMO B HYJIE:
T
T
T s +e + -
Wy 1 r 1
JRE— _|_ — —
r 2 r

Takum obpaszom, 3aja4a (2.3) UMeeT CTAIMOHAPHOE BEIIECTBEHHOE PEIIeHUe

1

o) = / (1 _865 +eS) ds

r?/4—1/4
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HamoMHuM, 9TO HOJ HEBBIPOXKJEHHOCTBHIO DeIleHust Ug(x) MojpasyMeBaeTcs, ITo
JIMHEHHAS SJUIMITHYeCKAas 3a0a9a,

82U1 82161

gum g _y,
0x? 03 ’
ox? =~ Ox3

u1|xf+x§:1 = O’ u2|x%+x§:1 = O’

MMeeT TOJILKO HysleBoe perenue B obsactu {3 + 23 < 1}. Jna sagaum (2.6) sto
U3BECTHBIN (DaKT.

OupejiesinM Tenepb TPU BCIOMOTATEIbHBIE 38,1891

(A1) Bamaua upuxite Jyist SJTHIITHYECKON CHCTEMbI BUJIA

LOU = 7($>,$ € Qa
u(z) [5q =0,

rJe ¥ — u3BecTHasg OecKoHevHo juddepeHnupymast BEKTOp-OyHKITUS.
Eme nBe 3aja4dn npejcTaBiagior coboit 3aadun 06 orpaHudeHHOM Ha Jiyde p > (0
peIIeHnn CIeYIOMNX O0OBIKHOBEHHBIX JU(EepEHITHAIBHBIX YPABHEHUI ¢ ITapaMeTpOM

Y € 0N

(A2)
82
ikt ) = 250 4 Fw, e,
w(% O) = wo(@b),
w |p_00 =0,
(A3)
2
° ”;;é’” L P e =0,
w |p:<>C> =0

Baecw k € Z\ {0}, Re(\) < 0, F — nonmaoM 110 p ¢ 6eckoredro aud depeHimpyeMbiMu
ko3 durmenTamu, wy — deckonedHo jauddepennupyemas pyHKITH.

Kak u3BectHo (|4, Teopembl 1,2]), B HAIIUX IpeIOIOKeHAsX Jist 3aa4au (2.1)-(2.2)
CIIPABEJIUBLI CJICIYIONINE YTBEPIK ICHHS.
1. Haiiryrest geTbipe mostoKuTesibHbx qucia 5 > 1, pu, 19 € (0,1], wy Takux, 9ro npn
w > wy B mape S, npocrpancrsa C,(R, C#(Q)) ¢ nenTpom B Touke ug pajmyca rg
CYIIECTBYET U €IUHCTBEHHO 2f—nepnommem{oe no t permenne u, 3agadn (2.1)-(2.2).
[Tpu 3TOM BBINIOJIHEHO MPEIEJIbHOE PABEHCTBO

Jim |y, —uoll¢, g,c5) = 0-

2. DTO pelieHne gB/IsieTcss OECKOHETHO TJIaIKIM.
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3. B [4] paspaboran aaropuT™ mocTpoeHust MOJTHO ACUMIITOTHKE PEIIeHust U, [locTpo-
eHUE YaCTHIHBIX CyMM 9TOI ACUMIITOTHKY CBOJUTCA K PEIICHHIO JIMHEHHBIX OJIHO3HAMHO

paspenmmbix 3aja4 Tunos (Al), (A2), (A3). DTu yacTudHble CyMMBI Z, k=1,2,...,

BEIIICCTBCHHBLIC 1 OECKOHETHO IJIaJKHe.

1
B mannOM paszjesie Mbl OCTaHABINBAEMCS Ha TIOCTPOEHUH TOJIBKO U . OTMeTnM cpasy,

qT0 B [4| joKazaHa, B 4aCTHOCTH, CJIE/YIONIas OIEHKA.
4. Haitnercs Takoe MOJIOXKHUTENIbHOE UNUCI0 Wy, 9TO IPHU W > Wi IPHA Beex eabix k > 0

CIIpaBe JIMBLI OLECHKU
| N
Uy,— U
© cks — (2.7)

k
c(k) = const > 0.

)

Acumrnrornaeckoe passiokenne OyieM CTPOUTh, ciaeryst [4].

s mocrpoennst acumnroruku perernst 3aga4du (2.1)-(2.2) BBejeM B 3aMbIKAHUN
(2,, norpanuynoii monobdsactu €, objgactu () MUPHUHBI 1) KPUBOJIUHEHHYIO CUCTEMY KO-
opJuHAT (S, ) CIEIYIONIM 0O6Pa30M.

Onpeesmum orobpazkenue 9Q x [0,7] — Q,, 0 < n < 1, rae I — rpanuna obiactu
Q, Te. xkpyr: {z? 4+ a3 = 1}, no 3akony (s,p) — ¢ + n,s. 3xech p — Touka Ha OS2,
MMEIOIas MECTHYIO KOODJIHHATY (¢, a N, — BEKTOP BHyTpeHHel HopMasi K 0§ B TOUKe
©.

CoriacHo MeTo/Iy MOIPAHUYIHOIO CJIod [2], BBEJEeM HOBYIO HE3ABHCHMYIO NEpEMeH-
HYIO p = y/ws, s < 1), BBIPA3UM IPOU3BOJHBIE 10 I, Ty UEPE3 IPOU3BOJHDIE 110 P, U
PasIoKuM KO3 PUIIHEHTHI B MOIYICHHLIX PABEHCTBAX II0 CTEICHIM w /2

0 _ 050 00 _ 050 050
Ox; B Ox;0s  Ox; 0p B Ox;0p  Ox;j Op
ds ds ds s )
= = —CoS , = —sme,

Oxy  O[(1 — s)cosy] Ors J[(1 — s)siny]

5 :
%:_ilii = —sinp(l+p/vVw +p*fw+...),
8—;02: ioii = cos p(1+ p/\/w + p*Jw+...).

Taxum obpasom,

0 0 0

9 oL cosp = Lsinp(1 2J g
051 \/58 cos (p ggpszngo( + p/Vw+pPfw ..,
— = —\/w—y:1 — 1 2 co).
s \/c_uapsmgo—l— e cos p(1+ p/v/w+p°Jw+...)
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Orcrojia

2 o 92 o
[P oy
¢ L‘?x% + 8:1:%] ¢ [a * axj

= (14 p/vVw+p*/(2w) + )(wa—+\/5><0+2[2‘*’ Miga(p, )t

No+1

+w 2 Mi,j,No+1(p790aS):|>v (2.8)

riae Mk, 1<t,5<2, 0<k<Ny — nuddepennnaabable BEIpayKeHId OTHOCHTEIBHO P, ¢,
KO3 DUIUEHTHI KOTOPBIX SBJISIIOTCS TOJIMHOMAMU IO p.
AcumMrrornaeckoe pasiiozkeHue perenus u, (x,t) 3amaan (2.1)-(2.2) crpoum B BHIE

pania

u(z,t) ~ up(x —I—iw

k=1

w\w

)+ ok, 7) +wr(p, @) + zlp, 0, 7)), T=wt, (2.9)

rje Koadduimentol vg(x, 7) U zx(p, @, T) ABIAIOTCH 27T-TIEPUOIUIECKUME C HYJIEBbI-
MU CPeJTHUMHE 110 T, Uk (2), vk (x, T) — peryiasapHble ciaaraeMbie, a wy(p, ), zk(p, @, 7) —
norpancyoiiabe. Ciemyst [2], MbI moJiaraem, 9To Bce TOTPaHCIIOWHBIE (DYHKIMH 0Opa-
MIAIOTCH B HOJIb BHE HMOIPAHIIONIOCH], a B HEl YMHOMKEHBLI Ha CJIEAYIOILYIO CPE3aIONLyIo
dynkimo v(x) € C*()) Takyio, 4ro

[ 1,0<r <n/3,
V(:E) _{ 0,$ c Q\an/g.

[MoncraBus psaj (2.9) B MCXOMHOE ypaBHEHHUE, MTOJTY IAM:

o0

Z 2— ka Ukl X T)‘f‘zkl(pa(pa )) _
or
k=
W 82 82 = @
82
+Zw Se (Lt p/vE 4 7 (2) + (wa—pQ<wm<p,so>+Zk1<p,w>>+

1
+ Z [ ii0(Wi(p, ) + zk1(p, @, 7)) + ﬁMi,j,l(wkl(pa @)+ zia(p, @, 7)) + .. ]) +

i,j=1

3
+uj sin 5wt — 2sin® wt + uy cos 4wt + vw(l — (2] + 73)) (sm?)wt - \%— sin wt) ;
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o 2— ka ’UkQ x T)+Zk2(p7907 )) _

Z or N

(2.10)

92 o? ad k
S u )+ w2(u )+ vka(x, 7)) | +
[aﬁ s } ol ; 0 (w) + vial(, 7))
e’} k 82
+ Zw 2 8 5 (wkg(p, 90) + ZkQ(pa 12 T))+

> {Mz‘,j,()(wkz(ﬂ, ©) + 2k2(p, ¢, 7)) + %Mi,j,l(wmm ©) + za(p 0, 7)) + . D +

ij=1

3
Hu2 cos 5wt — 1 + uy sindwt + (1 — (22 + 22)) (cos 3wt — % Ccos wt) ;

) _k
uo(l‘)—f—Zk:lw 2 (uk(x)+Uk(x,7)—I—wk(p,g0)+zk(p,cp,7)) :07 (2 11)
2+ a2 =1. '
1 2

CuauvaJjia Haiigem perysspubie kodddurnuentsl. [IpupaBHsem ux npu creneHu w?2

3@11@(1:, T) =(1- (3;% + x%)) (sin 3wt — \/?g sinwt) ,
T

duia(z, 7) =(1— (22 +23)) (cos 3wt — \? cos wt) ;

or
<’U1> =0.
Orcrona
(1 _ (%% + [E%)) (_c0s33wt + \/?jcgswt
vy = N . (2.12)
(1 _ (xl +$2)) (smgw _ Sél’lo.) )

Cobepem koabdurments! npu crenenn w’ B (2.10):

v 0?u 0*u
2 — ol {—01 L ug, sin bwt — 1+ sin 2wt + ugy cos dwt-+

or 02 03
3
+ (u11 + v11) (sin 3wt — %_ sin wt) ,
2.13)
a 82 82 (
;22 = 81;32 aqu + ug, cos bwt — 1 + ug; sin dwt+
T 1 L3

3
+ (u19 + v12) (cos 3wt — % cos wt) )
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[Tpumenum K ypaBreHusM (2.13) onepaluo yCpeHeHus 110 T :

0? 0?
e—|x||: Up1 i Um] )

02 03
Puoy | Brun (2.14)
0?2 03 B

Berarem u3 (2.13) ypasaenust (2.14) u yIpocTuM HOTyYIE€HHYIO CHCTEMY:

ov 3
8_21 = ugl sin bwt + sin 2wt + ugs cos 4wt + uqq (sin 3wt — %— sin wt) +
-

in6wt 3sindwt V/3sinwt  sin 2wt
+( (z7 + 23)) ( 6 + 9 + 18 Y )
< V91 >= O,
0 3
% = u§2 cos dwt + ugp sin 4wt + U (cos 3wt — %— cos wt) +
-
(= (22 + 22)) sinbwt  \/3sindwt  /3sinwt n sin 2wt
1 6 9 18 YR

< U9y >= 0.

Yepeanennas 3aiada (ypaBaenus (2.14) BmecTe ¢ COOTBETCTBYIONMMI IDAHUIHBI-
MH YCJIOBHAMHE U], 2 2o = 0) ectb 3a7a4a (2.3), KOTOpask MMEET HEBBIPOXKJCHHOE

cranmonapnoe perienne ug. [logcrasum STO perenue s (2.12), umem v.
IIpupasmsieM KodUIECHTH TIPH W™ 2, YITS TOC/ICHEe TIPEICTABICHIE Uy I IOy~
YeHIOe Jlajiee IorpamcIoinoe ciaraemoe wy = 0 :

92 ok
u11 + u11 _ 07 u11|$%+$%:1 = ()’

38u12 + 8 u12 = 0, U12’ = 0.

2 .2
ri+z5=1

Orcrona naxoaum u; = 0.
[lepeiigem K onpejie/IeHUIO TIOrPAHCIONHBIX KoddduimenTos. [Ipn w

%_ 671 0 82z1(p,g0,7')
or \ 0 1 Op? ’

D=

Zl|m%+x§:1 = _Ul‘x%—l-m%:l ) Zl’p:oo = 0.

Tk. U1|1‘%+x%:1 = O, TO 21 = 0.

8211)1 (107 ©, T)

Op? =0,

ISSN 0203-3755 /lunamuaeckue cucrembr, 2019, Tom 9(37), Ne3



3AJTAYHN C BBICTPO OCHUJIJINP YIOIINMU /TJAHHBIMU 305

w1|p:oo =0.

[Homywaem: wy = 0.
Takum obpasom,

1

u(z,t) = /(1;€S+es)ds )
[r?/4 —1/4]

cos3wt n V3coswt

(1 (ai+a23) |-

3 6
+1/vw +O(w™),
[V 9 o | 8IN3wt  /3sinwt @)
(1= (a1 + 3)) -
2 6
W — 00,

paBHOMEpPHO OTHOCHTENILHO (7,1) € Q.

3. 3a,uaqa O TedeHnn KNJIKOCTN B BBICOKOYaCTOTHOM CHMJIOBOM
ImoJie

_ 2T
B mwmnape Q = Q x R = {22 + y?> < 1} x R paccmorpum 3agaqy o —-
w

[IEPUOINIECKOM 110 BpeMeHNU perrteHnn cucteMmbl ypaBuenuii Hasbe-Crokca

9y (1= (2 +y*)y ) ,
— —vAv+ (v,V)v+Vp=w sitnwt + b(z,y),
ot ( ) p ( (1 . (1‘2 + y2))(_x) ( y) (3 1)
divv = 0, '
v =0,

e I' = {22 + 4> = 1} x R — rpanuna Q, w — Goibmioit napamerp. 3jech

b(z,y) = —vAa(x,y) + (a(z,y), V)a(z,y), rae a(r,y) — Kakas-mbo GeckoHeTHO Tudh-
depentmpyemasi BeKTOp-pyHKINsI, KOTopasi oOpalnaercs B HOJb Ha Trpanure 02, co-
nenougaibas, T.e. diva = 0. Takux BeKTOp-QPYHKIMH @, KK U3BECTHO, GECKOHETHO
MHOTO (CM., Hampumep, [6]).

Pemmenne 3amaan (3.1), Kak 1 OCTAJbHBIX 33/1a9 B 9T0i paboTe (MBI 9TO y2Ke OTMe-
9aJin), TOHUMAETCsl B KJIACCHIECKOM CMBICIIE.

Huke Gyzer mocrpoena coorsercrByiomas (3.1) ycpennennas 3amada (em. [15]) u
HafiJIeHO HEKOTOPOEe ee CTAI[MOHAPHOE HEBBIPOXKJEHHOE perenue (ug, po). Ilpu srom
Jutst 3a7a4u (3.1) B OKPECTHOCTH TOTO PEIEHUs BBIIOJIHAIOTCS BCE YCJIOBHsT T€OPEMbI
1 paborsl [15], rae pacemorpen mupokuii Kiaace ypasaenunit Hasbe-Crokca. 113 s1oit
TEOPEMBI CJIeJIyeT, YTO B HEKOTOPOil OIPecTHOCTH (g, Pp) CYIIECTBYET U €JIUHCTBEHHO
27 /w-niepuo/aecKoe 1o BpeMeHu perienne 3agaqu (3.1). Kpome roro, B 15| paspabo-
TaH aJTOPUTM ITOCTPOEHUS TIOJTHONH aCUMIITOTUKU PENleHuUs.

B gannoii pabore acMMOTOTHKA pelleHus OyJaer mnocrpoeHa g 3agaun (3.1) B
OKDPECTHOCTH Hal{JIEHHOTO paHee perteHust (Ug, Po)-
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st moctpoennst acumnroTuku perrernst 3agaqn (3.1) (em. [15]) BBegeM kpuBoJin-
HeHYy0 crucTeMy KOopauHatT (¢, T) TOYHO Tak ¥Ke, KAK MbI 9TO JIEJIAJIN B IPEIbILyIeM
maparpade.

CHoBa BBeJIEM TIEPEMEHHYI0 p = (/wr,r < n < 1.

Crenys [15], pemenne (3.1) Gy/ieM pa3bICKHBATD B CJIEYIONIEM BUJIE:

0
U(I, y7t) ~ Zwik/Q [uk<x?y) + Uk<x7y7 T) + wk(@vp) + Zk(QO,/), T)] )
k=0

p(ff, Y, t) ~ Z w_k/ka (ZL’, y) + Z w(_k+2)/2sk(l‘7 Y, T)+ (3 2)
k=0 k=0 )

+Y W Phi(p,p) + D WY g0, p,7),

k=2 k=1
T = wt,

LJIE Up, Vg, Pr U Sp — PETYJISIPHBIE CJIAraeMble, a Wy, 2k, Ny W g — NOIPAHCIIONHBIE.
Hos (z,y) € Q, wepes v (x,y),s = 1,2, 6yaem 0603HAUATH KOMIOHEHTBI TIPOU3-
BOJILHOTO BekTopa v(x,y) € R? B KpuBo/mMHEHHbIX KoopuHaTax (p, ).
Haiisem niepBble morpaHc/IoiftHble ObICTPO OCIUIUPYIOIue ciaraeMbie. [TojgcraBum
perenve, npejcrasientoe B Buje (3.2), B cucremy (3.1), maiimem [15]:

82w(()1)
0p?

8w((32) B 8,2(()2)
dp 7 Op

=0, =0,

IJIe BEpXHUE UHJIEKCHI YKA3hIBAIOT KPUBOJIUHEHHBIE KOOPIMHATHI BeKTOp-hyHKINi. BbI-
[UATIIEM YPaBHEHUS I ITEPBBIX PEryISPHBIX ObICTPO OCIUJLIUPYIONINX CIaraeMbIX:

(2 2
%—l-VsO:( (1= (" +y7))y )sinwt,

ot (1= (2?2 +y°)(~2)

divvg = 0,
2 2

Sy

Wnn 5 ( 2
Vo 1—r9y .
5 + Vsg ( (1—r?)(=2) )smwt,
divvg = 0,
(2) __ .2
Yo r=1 %0 r=1 ’

(2 a2
[Homywaem, aTo vy = — < (1(£ (xgx+22?§)z¥m) ) coswt, sp = 0.

BaiiMeMcs cTalMOHAPHBIMU 3a/Ia9aMy JIJIsi OTBICKAHUsT PEryJIapHBbIX KO3 PUImeH-
TOB:

—vAug + Vpo + (ug, V)ug+ < (vg, V)vg >= 0,
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divug = 0,

Uplp = —wolp .

Haiinem suauenne Buipazkenus < (vg, V)vg >. Vmeem:

< (vo, V)vg >= << UOla‘ZZ: j:z Zzz: >>
< [(1—7r?) ]2:1:y+(
(I =r*)y((1—7%) —

(1~ r?) - 2))

2?) + [(1 — r?)x]2xy

_ 1([(1—x— )y]2:vy+(1—:c —y?)z(l —2? — )
2\ (1—2®—y?)y(l— 32%) 4+ [(1 - :v—y2)f6
(yx—xy ;x—’§+ —"”%5>
aty—yla? =5 -ty -

Takum obpasom, BekTop-dyHKIWS < (vg,V)yy > uMeeT TOTEHIHUAT P

$2 2 I4y2 $2y4 1.2+y2 m4+y4 1.6+y6

S i i + = — 5%, Torma sekrop-pynkmma (ug,po) =
x2y2 I4y2 I2y4 £E2+y2 Z.4_;'_:'/4 I6+y6

(a, — -+t e e e ) VJIOBJIETBOPSIET HAITUM TPEOOBAHUSIM.

IIepeitmem K IIOrpaHCIOMHBIM CJIAIa€MbIM:

82(()1) 0? z(()l)

ar op?’

=0.
r

Z(()I) U(()l)

Orkyna z( ) =0.
091 0z 0
op  or

OTbIlIeM BTOPBIE TOTPAHCIOWHBIE CllaraeMble:

Hakomner, —

3w§2) 0 829) angl)

=0,—— =0, = 0.
dp dp o0p?
Bruimummem ypaBHEHHS JIJIsT BTOPBIX PETYJISIPHBIX OBICTPO OCIUJIIUPYIONINX CJIarae-
MBIX: a
U1
— + Vs =0,
o7 1
divvy = 0,
052) _ z§2)‘

[Tostoxkum v1 = 0,51 = 0.
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[Tepeitem K cralmoHAPHBIM 3aj@9aM Jjisd OTHICKAHUS PEryadpHbIX KO3 UImeH-
TOB:

—VAUl + (U(), V)u1 + (Ul, V)Uo+ < (’Uo, V)Ul >4 < (’01, V)UO > +Vp1 = O,
divuy = 0,

urlp = —wilp.

Bekrop-dyuknust (u1,p;) = (0,0) nam moaxoaut.
[TepeiizieM K HOTPAHCTIONHBIM CJIATAEMBIM:

82{1) V82 z{l)

) 9 on
Orkyna z%l) = 0. Hakomnerr, 992 _ %4 _ 0, -2 .
dp or

HonyqaeM B UTOre HpI/I6JII/I}KeHI/Ie KOMIIOHEHTDLI U pelIeHud:

= — (1 B (xQ + y2))y COS W a w! w o0
v(w,y,T) = ( (1-— (xQ +y2))(_x) > t+a+O( ), — 00,

pPaBHOMEPHO OTHOCHUTENIbHO (X,Y,1) € Q.
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PEOEPATHI

YIK 517.958

H. JI. KOTTAYEBCKUII. K mpo6ieMe MajbIx KojaeGaHWi CHCTEMbI U3 ABYX BA3KOYIPYTUX
KUJAKOCTEH, 3AI0JHAIOIINX HEIIOABUXKHBIN cocyr (MomenbHast 3ama4a) (pycckuit) // Huna-
mudeckne cucremsl, 2019. — Tom 9(37), Ne3. — C. 213-243.

B pabore n3zyaaercs ckamspHas 3a7ada CONPsiKEHNs, MOAYIUPYIONIast IpodeMy MaJIbIX Kojeba-
HUN JBYX BA3KOYIPYTUX 2KHUIKOCTEH, 3aIOJJHSIONIX HEMOABIKHBIN cocyx. Vcciemyercss HAYaIbHO-
KpaeBasd 33/[a4a U MEeTO/IaMHU TEOPUH IOJYTPYIII JOKA3BIBAETCS TeOPEMa O ee OJHO3HAYHOI pa3pemnin-
MOCTH Ha JIFOOOM KOHEYHOM OTPe3Ke BpeMeHU. BO3HUKAIOIIAs IIPU 3TOM COOTBETCTBYOIMIAS CIIEKTPAJIb-
Hasl IpobJieMa, it HOPMAJIbHBIX KOJIEDAHUIN CHCTEMBI UCCJIEIYETCS METOJAMU CIIEKTPAJIbHON Teopun
orneparop-byHkImit (onepaTopHbIX 1y4koB). [lojydeHHbIH OHepaTOPHbBI MydoK O6OOIIAeT Kak u3-
BecrHblil oneparopubiii mydok C.I. Kpeitna (kosebanust BA3KOH KUIAKOCTH B COCYE), TaK U IYUOK,
BO3HUKAIOIIUI B 33/1a9€ O MAJIbIX JBU2KEHUSIX BASKOYIPYTO KUIKOCTH B YACTHUIHO 3AIIOJTHEHHOM CO-
cyne. PaccMoTpeH Tak»Ke IpumMep JIBYMEPHON 3aJiadu, JIOIYCKAIOIIEH pas3jiesieHne epeMeHHbIX, U Ha,
9TOI OCHOBE UCCJIeI0OBaH 0oJiee MOAPOOHO CIIEKTP HOPMAJIbHBIX JIBUXKEHUI I'MIPOCUCTEM.

KuroueBble ciioBa: BA3KOyIpyTrasi XKUJKOCTb, THJIPOIUHAMUYIECKAs CUCTEMAa, OPTOIIPOEKTOP, OTIEPATOPHO-
muddepeHInaibHOe ypaBHeHne, 3a1a49a Komm, cuekTpaibHas 3a1a9a

Wan. 1. Bubmuorp. 17 na3ss.

VIIK 519.64

I1.B. BOIIKOB. AHa/JMTr4YecKne U YuCIeHHbIE METO/bI PEIeHNs] TUIepPCHHTYISPHBIX NH-
TerpajibHbIX ypaBHeHui (pycckuit) // JTunamudeckue cucrembr, 2019. — Tom 9(37), Ne3. — C. 244—
272.

B crarbe naH KpaTkuii 0630p paboT, HOCBSIIEHHBIX AHAJIUTHYECKAM U UUCJIEHHBIM METOJaM De-
I[IEHUs] THIEPCUHTY/ISPHBIX MHTEIPAIbHBIX yPaBHEHUHA. PaccMaTpuBaroTCsi THIEPCHHTYIISPHBIE HHTE-
rpajbHbIE YPABHEHHUs HA 3aMKHYTHIX U PA30MKHYTBIX KOHTYPAX WHTEIDHPOBAHMUS, HOJUTHIICPCHHTY-
JISIPHBIE U MHOTOMEPHBIE I'HIIEPCHHTYJISPHbIE HHTErpasbHble ypasHenns. OCHOBHOe BHUMAHUE y/Ie/Isi-
eTcsl TPUOIINYKEHHBIM METOJIAM DEIeHNsI OMHOMEPHBIX MMIIEPCUHTYJISIPHBIX HHTErPAJIbHBIX yPABHEHMUIT
[EePBOTO U BTOPOT'O POJia ¢ OCOOEHHOCTSIMU BTOPOTO MOPsijia. PaccMaTpiBalTCst THIIEPCUHTYJIISIPHBIE HH-
TerpaJibHble ypaBHEHHsI IIEPBOIO POJia, Olpe/ieJieHHbIe Ha cermeHTe [—1, 1], pereHusi KOTOPBIX HMEOT
sug z(t) = (1 —t2)F2p(t), (1 —1t)/(14+1))F2p(t), rae ¢(t)— rnaakas bynxmus. Pacemarpusaior-
sl TMIEPCUHTYJISIPHBIE NHTErDAJIbHBIE YPABHEHUST BTOPOTO POJIA, OUPEJeIeHHbIe Ha cermente [—1, 1],
JUIsl PEIIeHHsI KOTOPBIX CTPOUTCH CIUIAH-KOJUIOKAIMOHHDIN METO/, CO CIIAHHAME II€PBOO HOPSIKA.
OT/1esIbHBI Pa3Iest TOCBSIIEH TPUOINKEHHBIM METO/IAM PeIleHUs] TIEePCHHTYJISPHBIX HHTErPAJIbHBIX
ypPaBHEHUIl Ha 3aMKHYTBIX KOHTYDaX.

KuroueBble ciioBa: rUMepCUHTYASPHbIE HHTETPAIbHBIE YPABHEHUSI, METO/T KOJJIOKAIIHI, METOJT MeXa-
HUYECKHNX KBa/IpaTyp, UTEPAIMOHHBIE METO/IbI.

Bubsmorp. 49 nazs.

VIK 314.15.926

G.J.SODERBACKA, A.S. PETROV. HcciietoBanne MOBEAEHUsI B CICTEME: MHOTO XUIHUKOB
— oxHa »kepTrBa (aHmmiickuii) // Jduaamundeckue cucremsl, 2019. — Tom 9(37), Ne3. — C. 273-288.

PaccmaTpuBaeTrcst u3BecTHast ccTeMa XHUITHUK — KEPTBA, TJIe XUITHUKHU ITUTAI0TCS Ha OTHOM KepT-
Be. B ocHOBHOM paccMmaTpuBaeTcs cucreMa, ¢ AByMsi XUIHuKaMu. [IpuBenen 0630p o0ux pe3yabTaTos,
Cpelin HUX yCJIOBUS JJISI BBIMUPAHUS OJTHOTO XUITHUKA W W3YUeHNe Pa3HbIX TUIIOB COCYIIECTBOBAHUSI.
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B HEBBIPOXKIEHHBIX CIyYasX XUMHUKU B 3TON CUCTEME HE MOTYT COCYIIECTBOBATD Y COCTOSHUS PABHO-
Becusi. OHAKO NUKJIMIeCKUe U OoJiee CJI0XKHBIE COCYIIECTBOBAHNS BO3MOXKHBIL. [Ipesaranrcs pesyiib-
TaThl MHOTUX YMCJIEHHBIX dKcrepuMeHToB. OaHOMEpPHOE MOJETbHOE 0TOOparkKeHne I OTOOParKeHMST
IIyankape npuseneHa Ipu HEKOTOPBIX yCJIOBUAX Ha cucTreMy. CaMble HHTEPECHBIE CJIYYal, TIe MOIEIb-
Hoe oTobpazkeHne He paboTaeT W KOTJa MPUCYTCTBYET KOE-UTO MOI00HOE CIUPATLHOMY aTTPaKTOPY,
MaJI0 M3y4YeHbl U CPOPMyJIUpyeM OTKpbITHE BOmpochl. O6CyxKpaeM OudypKaluu U CyIeCTBOBAHUE
MHOT'UX aTTPaKTOPOB OJIHOM M TOIl YK€ CHUCTEME.

KiroueBsbie ciioBa: 6udypkaius, Xaoc, XUIIHIK-KEPTBA.

M. 9. Bubnmorp. 18 Hazs.

YK 517.938.5+4-523.947

O.IIOYUMHKA, C.3UHNHA. /IlunaMuka TOIOJIOTHYECKAX TOTOKOB U roMeoMopdU3MOB C
KOHEYHBIM TUIEPOOINYIECKUM IIEITHO PEKYPPEHTHBIM MHOX»KECTBOM HA N-MEPHBIX MHOTIO-
obpasuax (amrmiicknit) // Junammdeckue cucremsr, 2019. — Tom 9(37), Ne3. — C. 289-296.

Hauunast ¢ pasmepHoCcTH 4 MOSBISAIOTCS TaK HA3bIBAEMbIe HECTJIAXKUBAEMble MHOT00OOPA3Ust, MHO-
roobpasusi, He JOIyCKAIOIie TPUAHTYJISIINI0 U APYrue MPENsiTCTBUsI, He JAONne BO3MOXKHOCTHU HC-
[TOJTb30BATH TEXHUKY IVIAJIKAX MHOTN00OpAa3mil [IJIst MCCJIeIOBAHIS MHOIOMEPHBIX MHOrooOpaswnit. Kpome
TOT0, BCE METO/IbI M3y Y€HUs TVIAJKIX JUHAMIIECKAX CUCTEM Ha MHOTOMEPHBIX MHOI00OPa3UAX OCHOBA-
HBI HA AIIIPOKCUMAIINH BCEX ITOJIMHOXKECTB KYCOYHO JTUHEHHBIMU UJIN TOIOJOrndecKuMu o0bekTaMu. B
CBSI3U C 9TUM COBEPIIEHHO €CTECTBEHHON SBJISETCS UJesl PACCMOTPEHNs] Ha MHOI'OMEPHBIX MHOT000pa-
3UAX JTUHAMUYECKUX CUCTEM, HE UCIOJIL3YIONNX TMOHATUS TJIQIKOCTA B CBOEM OIpejiesieHnu. Tak yxke
IIPOYHO BOIILJIM B HAYYHBII 001X01 roMeoMOpdu3MbI 1 Tomojiorndeckne moroku Mopca-Cwmeitia, KoTo-
pble TaKKe IIPOYHO CBSI3aHBI C TOIMOJIOTUeil 00bEMITIONIEr0 MHOT00Opa3nsl, KAK U UX IVIAJKIE aHAJIOIH.
B macrosimeit cratbe MbI BCCII€yeM ODOIIUE IUHAMUYECKHE CBOWCTBA rOMEOMODPMU3IMOB U TOIIOJIOTU-
YeCKUX ITOTOKOB C KOHEYHBIM I'MIIEPOOJINIECKUM IEITHO PEKYPPEHTHBIM MHOXKECTBOM.

KitioueBble cjioBa: TOMOJOTTIECKUIT IIOTOK, IIEITHO PEKYPPEHTHOE MHOXKECTBO, THIIEPOOINIeCKOE MHO-
2KECTBO

Bubauorp. 5 nass.

YIK 517.957

H.C.UBJIEBA. 3aga4yu ¢ 66ICTPO OCHMIJIMPYIOMIUME JaHHbIMU. /|Ba npuMepa mocTpoeHus
acumnroruk (pycckuit) // Juaammdeckue cucremsl, 2019. — Tom 9(37), Ne3. — C. 297-310.

st IByX KOHKDETHBIX 33J1a49 C OBICTPO OCIUJIIUPYIONIMMHU 110 BPEMEHU JIAHHBIMH — IIOJIyJINHE -
HOI TapaboINIeCcKOil CHCTEMBI C IBYMSI IPOCTPAHCTBEHHBIME IepeMeHHbIME 1 cucTeMbl Hasbe-Crokca,
MOJIETIUPYIOIIEN TeUeHNe YKUJKOCTH B IIJIOCKOM CJlydae, — PEIIaeTCcsl BOIIPOC O IIOCTPOEHNN aCUMIITO-
THYECKUX DPA3JIOKEHUIl UX MEePUOJMIEeCKHX 1O BpeMmeHn pernenuii. O6e 3a/1adu pacCMaTpPUBAIOTCS B
OEeCKOHEYHOM 110 BPEMEHH IMJINH/PE, OCbI0 KOTOPOI'O CJIYy?>KUT BPEMEHHas! UHCJIOBasi OCh, a OCHOBa-
HUEM — JIByMEpHBIl e/IMHUYHBIN KPyr. B KadecTBe KpaeBbIX yC/jaoBHil B3dThl ycioBus lupuxie. B
OCHOBE IIOCTPOEHUS] YKa3aHHBIX aCUMIITOTUYECBKIX PA3JIOZKEHMII JIe’KaT JIBa ajropUTMa, pa3paboTaH-
HBIX, 000CHOBaHHBIX U T10ay4YeHHbIx panee H.C. Usnepoii u B.B. Jlepermramonm (2010, 2015 rr.).

KiroueBsbie ciioBa: napabosmdeckas cucrema, 3agada Habbe-CTokca, BBICOKOYACTOTHBIE KO3 dU-
[IHEHTBI, METO/T YCPEIHEHNsT, aCUMIITOTUKA.

Bubsmorp. 15 Hazs.
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MSC 2010: 76D05, 35Q30, 39A14, 39B42

N.D.KOPACHEVSKY. Normal oscillations of hydrosystem of two viscoelastic fluids in
stationary container (a model problem) (Russian). Dinamicheskie Sistemy 9(37), no.3, 213—
243 (2019).

In the paper, we consider a problem on small motions and normal oscillations of two viscoelastic
fluids in a stationary container. One of models of such fluids is Oldroid’s model. It is described,
for example, in the book Eirich, F. R. Rheology. Theory and Applications. N.-Y.: Academic Press,
1956. It is important to notice that the present paper is devoted to the study of the scalar model
problem. Also it should be noted that the present paper based on the previous author’s works together
with Azizov,T. Ya., OrlovaL.D., Krein,S. G. Namely, problem on small movements of one or two
viscoelastic fluid for generalized Oldroid’s model and normal oscillations of a viscoelastic fluid in an
open container were investigated in these papers. The aim of this paper is to use an operator approach
of mentioned works, to prove the theorem on correct solvability for the scalar model initial boundary-
value problem generated by a problem of small motions of two viscoelastic fluids in a stationary
container and to get properties of eigenvalues and eigenelements of corresponding spectral problem.
This paper is organized as follows. In section 1 we describe a model of viscoelastic fluid, formulate
mathematical statement of the problem: linearized equations of movements, stickiness condition,
kinematic and dynamic conditions. Further, in this section we receive the law of full energy balance
and choose the functional spaces generated by the problem. For applying of method of orthogonal
projection we need to get orthogonal projector on corresponding space. The law of action of this
projector we receive in this section. In section 2 we make transition to operator equation by using
orthogonal projector received in section 1. Further, we solve some auxiliary problems and obtain the
Cauchy problem for the system of integro-differential equation in some Hilbert space. Then we make
transition to a system of differential equation. This system can be rewrite as operator differential
equation in the sum of Hilbert spaces. Properties of main operator of this problem are studied in this
section. The existence and uniqueness theorems for final operator differential equation as for original
initial-boundary-value problem based on factorization, closure and accretivity property of operator
matrix. Finally, in this section we consider the spectral problem on normal oscillations corresponding
to the evolution problem. This means that external forces equal to zero and dependence by time for
the unknown function has the form e~**. Here we obtain the spectral problem for operator pencil
and study main properties of it. Section 3 is devoted to investigating of model spectral problem in
rectangular domain. The more detailed properties of eigenvalues are obtained here.

Keywords: viscoelastic fluid, hydrodynamic system, orthogonal projector, operator differential equa-
tion, Cauchy problem, spectral problem

Fig. 1. Ref. 17.

MSC 2010: 65R20

I. V.BOYKOV. Analytical and numerical methods for solving hypersingular integral equa-
tions (Russian). Dinamicheskie Sistemy 9(37), no.3, 244-272 (2019).

The article gives a brief overview of works devoted to analytical and numerical methods for solv-
ing hypersingular integral equations. Hypersingular integral equations on closed and open integration
loops, polyhypersingular and multidimensional hypersingular integral equations are considered. The
main attention is paid to approximate methods for solving one-dimensional hypersingular integral
equations of the first and second kinds with singularities of the second order. We consider hypersin-
gular integral equations of the first kind defined on the segment [—1, 1], whose solutions have the form
x(t) = (1 — ) 2p(t), (1 —1)/(1 + 1)) /2p(t), where ¢(t) is a smooth function. Hypersingular
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integral equations of the second kind, defined on the segment [—1, 1], are considered. For solution of
its the spline-collocation method with first-order splines is constructed. A separate section is devoted
to approximate methods for solving hypersingular integral equations on closed circuits.

Keywords: hypersingular integral equations, collocation method, mechanical quadrature method,
iterative methods.

Ref. 49.

MSC 2010: 34C60, 92D25, 34C25, 37C05

G.J.SODERBACKA, A.S. PETROV. Review on the behaviour of a many predator—one prey
system (English). Dinamicheskie Sistemy 9(37), no.3, 273-288 (2019).

We consider a known predator-prey system, where more than one predator compete for the same
prey. Mainly the case with two predators is considered. A review of general results is given, among
them conditions for the extinction of one predator and an investigation of the different types of
coexistence of predators. In non-degenerate cases the predators in this model cannot coexist at an
equilibrium, but there can be a cyclic or more complicated coexistence. Many numerical results are
presented. A model map for a Poincaré map is given under some conditions. But the most interesting
case where there can arise ”spiral-like” attractors is not well known here, and we pose open questions.
We discuss some bifurcations and the existence of systems with several attractors.

Keywords: bifurcation, chaos, predator-prey.

Fig. 9. Ref. 18.

MSC 2010: 37D15

O.POCHINKA, S.ZININA. Dynamics of topological flows and homeomorphisms with a fi-
nite hyperbolic chain-recurrent set on n-manifolds (English). Dinamicheskie Sistemy 9(37), no.3,
289296 (2019).

Starting from dimension 4, so-called non-smoothed manifolds, manifolds that do not allow tri-
angulation and other obstacles that prevent the use of the technique of smooth manifolds for the
study of multidimensional manifolds appear. In addition, all methods for studying smooth dynamical
systems on multidimensional manifolds are based on the approximation of all subsets by piecewise
linear or topological objects. In this regard, the idea of consideration of dynamical systems on mul-
tidimensional manifolds that do not use the concept of smoothness in their definition is completely
natural. So homeomorphisms and topological Morse-Smale flows, which are also firmly connected with
the topology of the ambient manifold, as well as their smooth analogues, have already entered into
scientific usage. In the present paper we investigate general dynamical properties of homeomorphisms
and topological flows with a finite hyperbolic chain recurrent set.

Keywords: topological flow, chain-recurrent set, hyperbolic set

Ref. 5.

MSC 2010: 35K40, 76E06, 35B10, 58J37, 76D05

N.S.IVLEVA. Tasks with fast oscillating data. Two examples of asymtotics construction
(Russian). Dinamicheskie Sistemy 9(37), no.3, 297-310 (2019).

For two specific problems with rapidly oscillating data in time — the semilinear parabolic system
with two spatial variables and the Navier-Stokes system that simulates the fluid flow in the flat case
— the question of constructing asymptotic expansions of their time-periodic solutions is solved. Both
problems are considered in the cylinder, infinite in time, the axis of which is the temporary numerical
axis, and the basis is the two-dimensional unit circle. The Dirichlet conditions are taken as boundary
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conditions. The construction of these asymptotic expansions is based on two algorithms developed,
justified and obtained earlier by N.S.Ivleva and V. B. Levenstam (2010, 2015).

Keywords: parabolic system, the Navier-Stokes problem, high-frequency terms, averaging method,
asymptotics.

Ref. 15.
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