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Amwnnoranusi. [yt 1ByX KOHKPETHBIX 3329 ¢ OBICTPO OCIUJUIAPYIOMIUMHI 110 BPEMEHU JAHHBIMH —
MOJTYJINHEHOM TTapabOIMIecKOl CUCTEMBI C JBYMsI MPOCTPAHCTBEHHBIMU MEPEMEHHBIMA W CHCTEMBI
Hagsbe-Crokca, Mojiesupyronieil Tedenne KIJIKOCTA B IJIOCKOM CJIydae, — PeIIaeTcsi BOIIPOC O TOCTPO-
€HUH aCUMIITOTHIECKIX PA3JIOXKEHUI UX [IEPHOAMIECKHX 110 Bpemenn pernennii. Obe 3ajia4uu paccmar-
puBaIOTCs B OECKOHEYHOM 110 BpEMEHH [UJINHIPE, OCHI0 KOTOPOI'O CIIYXKNAT BPEMEHHAas UCJIOBast OChb, a
OCHOBaHUEM — JIBYMEDHbBII eIMHIIHbBIN KPYT. B KadecTBe KpaeBbIX yCJIOBUi B3ATH ycaoBus Jupuxie.
B ocHoBe mocTpoeHusT yKa3aHHBIX ACHMITOTHYIECBKUX PA3JIOKEHUN JIEXKAT JIBa AJITOPUTMa, pa3pabo-
TaHHBIX, 000CHOBAHHBIX U TosydeHHbIX panee H.C. Usneroii u B.B. Jlepernmramonm (2010, 2015 rr.).
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Abstract. For two specific problems with rapidly oscillating data in time — the semilinear parabolic
system with two spatial variables and the Navier-Stokes system that simulates the fluid flow in the flat
case — the question of constructing asymptotic expansions of their time-periodic solutions is solved.
Both problems are considered in the cylinder, infinite in time, the axis of which is the temporary
numerical axis, and the basis is the two-dimensional unit circle. The Dirichlet conditions are taken
as boundary conditions. The construction of these asymptotic expansions is based on two algorithms
developed, justified and obtained earlier by N.S.Ivleva and V. B. Levenstam (2010, 2015).
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1. BBenenue

B nacrosiiiiee Bpems CiCcOK padoT, MOCBAIEHHBIX aCUMIITOTHYECKOMY UHTETPUPO-
BAHUIO PA3IUIHBIX 3aJ1a49 s JuddepeHnnaabHbIX ypaBHeHUl ¢ OBICTPO OCIHINDY-
IOIUMU 110 BPEMEHU JIAHHBIMU, OY€Hb BEJIUK. YTIOMSHEM JIUITh HEKOTOPbIE OCOOEHHO
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298 H.C.HUBJIEBA

6m3KMe K JaHHOi crarbe paborsr [13, 7, 8, 1,9, 10, 11, 12, 14, 5, 3|, B KOTOPBIX pedb
UJIeT O mapaboIMIecKuX, a0CTPAKTHDBIX TapabOMIeCKIX YPABHEHUSIX U HEKOTOPBIX 3a-
Jladax TUJIPOINHAMUKH.

B pabore [4] ms mupokoro Kiacca MOTyIHHEHHBIX TapabOIMIeCKIX CHCTEM, COJIED-
JKAIUX OBICTPO OCHUJIIUPYIONINE 110 BPEMEHU CjlaraeMble, MOCTPOeHa TOJTHAST aCUMII-
TOTHUKA MTEPUOINIECKOTO TI0 BPEMEHU PeIeHNsI.

B pabore [15| anamoruunsiii Borpoc peren s 3agadn Hasbe-Crokca ¢ 6bICTPO
OCIIUJLTUPYIONTUME 110 BPEMEHU JIAHHBIMHU, KOTOPas MOJICTUPYET T€UCHUE YKUIKOCTH B
ILJIOCKOM CJIydae.

B macrosimeit cratbe paspaboranubie B [4, 15| aqropuTMbl IPUMEHSIOTCS B JBYX
MO/IEJTBHBIX 3a/[a9aX.

2. ITapaboanveckas cucrema audepeHIaJIbHbIX YPaBHEHNI C
00JILIIMMU BBICOKOYACTOTHBIMHU CJIaraeMbIMU

B mummmpe Q = Q x R = {22 + 22 < 1} x R paccmorpuM 3ajgady o

2T _11epHOITIECKOM TI0 BPEMEHH PEIIeHNN CHCTEMBl ypaBHCHHIT

w

ouy o (82161 n 0%u,

o By B 2)+u%sin5wt—25in2wt+uzcos4wt+
Ty T3

3
+Vw(l — (23 4 23)) | sin 3wt — %sinwt :

2.1
Quy _ Ous + Fus + u2 cos 5wt — 1 + uq sin dwt+ Y
5t x| oz2 | '
3
+ Vw(l — (23 — 23)) | cos 3wt — %— coswt | ,
u|1“ =0, (2.2)

rie ' = {22 + 23 = 1} x R — rpanuna Q, w — Gobioit napamerp, z = (1, Ts).
Pemrenus Beex 3aJa4 B JaHHOi paboTe MbI IIOHUMAEM B KJIACCUIECKOM CMBICIIE.
Hapsiy ¢ BosmymienHoit 3amaqeii (2.1)-(2.2) pacemorpum yepeanenuyio [4]:
vy 0%y
Lov) = — + —— =€l o _, =0,
(Lov)s or?  0x3 et 4ag=t
o 82?}2 8%2

(L()U) —+ = 1, U2|

_d%, d% 0.
T 922 0xl

2 2_ p—
ritzs=1

3ameTum, 9TO BEKTOP-(DYHKITHS

1

1 _ S
/( ‘ +es) ds 5 . o
up(z) = s , T =Jx]+ a3,

r?/4—1/4
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3AJTAYHN C BBICTPO OCHUJIJINP YIOIINMU /TJAHHBIMU 299

SIBJISIETCsT CTAIIMOHAPHBIM DeIleHneM ycpeHeHHON 3agaun (2.3) st cucrembl (2.1)-
(2.2). deiicrBuresibho, B 3a1a4e (2.3) nepeiiemM K MOJISIPHBIM KOOD/IMHATAM:

vy 10v; 1 0% .
- :e)v1|r:1207

orr " ror 12 0p?
Oy 10w 10N, 4
or?2 r or  r?20p?

= ]_, U2|r:1 = O

2 2
Byznewm npeamnosarars, 9To %—&1 = %—;22 = 0 u mycrb % = wy, % = wy. Torpa (2.4)

6e3 yuera rpaHUYHbBIX YCJIOBUIl ITPUMET BU/I:

8w1 1 r
— +-wi=¢€,
r r
3(9w2 7 (2.5)
2 Cwy =1
or r

Haiinem obree perieHne oJlHOPOIHON 3a1a4u

Nnmeem:
C C1

—,v=—,c1 € R.
| r

Jlerko mpoBepuTh, YTO YACTHBIM PEIIEHHEM HEOJIHOPOIHON 3ajaqu (2.5) sBisieTcs
BEKTOP-(DYHKITHSA

In|v| = =In|r| + Inc,In|v| = In

67‘

r
wpl _ —7 +e
Wp2 _1 + C
r 2

Pemmennem (2.5) Gyzer cyMma 9acTHOTO PEIIeHUs HEOJHOPOIHON 3a1auu U 0DIIEro

pellleHns OJIHOPOJIHOI:

T

(& r C1
——+te +—
R - (A r C19 = const
Wy e o '
r o 2
ITonbepem KOHCTaHTBI €9 TaK, 4TOOBI Hallle pelleHue ObLIO HelpepbiBHO judde-
PEHIIIPYEMO B HYJIE:
T
T
T s +e + -
Wy 1 r 1
JRE— _|_ — —
r 2 r

Takum obpaszom, 3aja4a (2.3) UMeeT CTAIMOHAPHOE BEIIECTBEHHOE PEIIeHUe

1

o) = / (1 _865 +eS) ds

r?/4—1/4
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300 H.C.HUBJIEBA

HamoMHuM, 9TO HOJ HEBBIPOXKJEHHOCTBHIO DeIleHust Ug(x) MojpasyMeBaeTcs, ITo
JIMHEHHAS SJUIMITHYeCKAas 3a0a9a,

82U1 82161

gum g _y,
0x? 03 ’
ox? =~ Ox3

u1|xf+x§:1 = O’ u2|x%+x§:1 = O’

MMeeT TOJILKO HysleBoe perenue B obsactu {3 + 23 < 1}. Jna sagaum (2.6) sto
U3BECTHBIN (DaKT.

OupejiesinM Tenepb TPU BCIOMOTATEIbHBIE 38,1891

(A1) Bamaua upuxite Jyist SJTHIITHYECKON CHCTEMbI BUJIA

LOU = 7($>,$ € Qa
u(z) [5q =0,

rJe ¥ — u3BecTHasg OecKoHevHo juddepeHnupymast BEKTOp-OyHKITUS.
Eme nBe 3aja4dn npejcTaBiagior coboit 3aadun 06 orpaHudeHHOM Ha Jiyde p > (0
peIIeHnn CIeYIOMNX O0OBIKHOBEHHBIX JU(EepEHITHAIBHBIX YPABHEHUI ¢ ITapaMeTpOM

Y € 0N

(A2)
82
ikt ) = 250 4 Fw, e,
w(% O) = wo(@b),
w |p_00 =0,
(A3)
2
° ”;;é’” L P e =0,
w |p:<>C> =0

Baecw k € Z\ {0}, Re(\) < 0, F — nonmaoM 110 p ¢ 6eckoredro aud depeHimpyeMbiMu
ko3 durmenTamu, wy — deckonedHo jauddepennupyemas pyHKITH.

Kak u3BectHo (|4, Teopembl 1,2]), B HAIIUX IpeIOIOKeHAsX Jist 3aa4au (2.1)-(2.2)
CIIPABEJIUBLI CJICIYIONINE YTBEPIK ICHHS.
1. Haiiryrest geTbipe mostoKuTesibHbx qucia 5 > 1, pu, 19 € (0,1], wy Takux, 9ro npn
w > wy B mape S, npocrpancrsa C,(R, C#(Q)) ¢ nenTpom B Touke ug pajmyca rg
CYIIECTBYET U €IUHCTBEHHO 2f—nepnommem{oe no t permenne u, 3agadn (2.1)-(2.2).
[Tpu 3TOM BBINIOJIHEHO MPEIEJIbHOE PABEHCTBO

Jim |y, —uoll¢, g,c5) = 0-

2. DTO pelieHne gB/IsieTcss OECKOHETHO TJIaIKIM.
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3AJTAYHN C BBICTPO OCHUJIJINP YIOIINMU /TJAHHBIMU 301

3. B [4] paspaboran aaropuT™ mocTpoeHust MOJTHO ACUMIITOTHKE PEIIeHust U, [locTpo-
eHUE YaCTHIHBIX CyMM 9TOI ACUMIITOTHKY CBOJUTCA K PEIICHHIO JIMHEHHBIX OJIHO3HAMHO

paspenmmbix 3aja4 Tunos (Al), (A2), (A3). DTu yacTudHble CyMMBI Z, k=1,2,...,

BEIIICCTBCHHBLIC 1 OECKOHETHO IJIaJKHe.

1
B mannOM paszjesie Mbl OCTaHABINBAEMCS Ha TIOCTPOEHUH TOJIBKO U . OTMeTnM cpasy,

qT0 B [4| joKazaHa, B 4aCTHOCTH, CJIE/YIONIas OIEHKA.
4. Haitnercs Takoe MOJIOXKHUTENIbHOE UNUCI0 Wy, 9TO IPHU W > Wi IPHA Beex eabix k > 0

CIIpaBe JIMBLI OLECHKU
| N
Uy,— U
© cks — (2.7)

k
c(k) = const > 0.

)

Acumrnrornaeckoe passiokenne OyieM CTPOUTh, ciaeryst [4].

s mocrpoennst acumnroruku perernst 3aga4du (2.1)-(2.2) BBejeM B 3aMbIKAHUN
(2,, norpanuynoii monobdsactu €, objgactu () MUPHUHBI 1) KPUBOJIUHEHHYIO CUCTEMY KO-
opJuHAT (S, ) CIEIYIONIM 0O6Pa30M.

Onpeesmum orobpazkenue 9Q x [0,7] — Q,, 0 < n < 1, rae I — rpanuna obiactu
Q, Te. xkpyr: {z? 4+ a3 = 1}, no 3akony (s,p) — ¢ + n,s. 3xech p — Touka Ha OS2,
MMEIOIas MECTHYIO KOODJIHHATY (¢, a N, — BEKTOP BHyTpeHHel HopMasi K 0§ B TOUKe
©.

CoriacHo MeTo/Iy MOIPAHUYIHOIO CJIod [2], BBEJEeM HOBYIO HE3ABHCHMYIO NEpEMeH-
HYIO p = y/ws, s < 1), BBIPA3UM IPOU3BOJHBIE 10 I, Ty UEPE3 IPOU3BOJHDIE 110 P, U
PasIoKuM KO3 PUIIHEHTHI B MOIYICHHLIX PABEHCTBAX II0 CTEICHIM w /2

0 _ 050 00 _ 050 050
Ox; B Ox;0s  Ox; 0p B Ox;0p  Ox;j Op
ds ds ds s )
= = —CoS , = —sme,

Oxy  O[(1 — s)cosy] Ors J[(1 — s)siny]

5 :
%:_ilii = —sinp(l+p/vVw +p*fw+...),
8—;02: ioii = cos p(1+ p/\/w + p*Jw+...).

Taxum obpasom,

0 0 0

9 oL cosp = Lsinp(1 2J g
051 \/58 cos (p ggpszngo( + p/Vw+pPfw ..,
— = —\/w—y:1 — 1 2 co).
s \/c_uapsmgo—l— e cos p(1+ p/v/w+p°Jw+...)
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302 H.C.HUBJIEBA

Orcrojia

2 o 92 o
[P oy
¢ L‘?x% + 8:1:%] ¢ [a * axj

= (14 p/vVw+p*/(2w) + )(wa—+\/5><0+2[2‘*’ Miga(p, )t

No+1

+w 2 Mi,j,No+1(p790aS):|>v (2.8)

riae Mk, 1<t,5<2, 0<k<Ny — nuddepennnaabable BEIpayKeHId OTHOCHTEIBHO P, ¢,
KO3 DUIUEHTHI KOTOPBIX SBJISIIOTCS TOJIMHOMAMU IO p.
AcumMrrornaeckoe pasiiozkeHue perenus u, (x,t) 3amaan (2.1)-(2.2) crpoum B BHIE

pania

u(z,t) ~ up(x —I—iw

k=1

w\w

)+ ok, 7) +wr(p, @) + zlp, 0, 7)), T=wt, (2.9)

rje Koadduimentol vg(x, 7) U zx(p, @, T) ABIAIOTCH 27T-TIEPUOIUIECKUME C HYJIEBbI-
MU CPeJTHUMHE 110 T, Uk (2), vk (x, T) — peryiasapHble ciaaraeMbie, a wy(p, ), zk(p, @, 7) —
norpancyoiiabe. Ciemyst [2], MbI moJiaraem, 9To Bce TOTPaHCIIOWHBIE (DYHKIMH 0Opa-
MIAIOTCH B HOJIb BHE HMOIPAHIIONIOCH], a B HEl YMHOMKEHBLI Ha CJIEAYIOILYIO CPE3aIONLyIo
dynkimo v(x) € C*()) Takyio, 4ro

[ 1,0<r <n/3,
V(:E) _{ 0,$ c Q\an/g.

[MoncraBus psaj (2.9) B MCXOMHOE ypaBHEHHUE, MTOJTY IAM:

o0

Z 2— ka Ukl X T)‘f‘zkl(pa(pa )) _
or
k=
W 82 82 = @
82
+Zw Se (Lt p/vE 4 7 (2) + (wa—pQ<wm<p,so>+Zk1<p,w>>+

1
+ Z [ ii0(Wi(p, ) + zk1(p, @, 7)) + ﬁMi,j,l(wkl(pa @)+ zia(p, @, 7)) + .. ]) +

i,j=1

3
+uj sin 5wt — 2sin® wt + uy cos 4wt + vw(l — (2] + 73)) (sm?)wt - \%— sin wt) ;
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3AJTAYHN C BBICTPO OCHUJIJINP YIOIINMU /TJAHHBIMU 303

o 2— ka ’UkQ x T)+Zk2(p7907 )) _

Z or N

(2.10)

92 o? ad k
S u )+ w2(u )+ vka(x, 7)) | +
[aﬁ s } ol ; 0 (w) + vial(, 7))
e’} k 82
+ Zw 2 8 5 (wkg(p, 90) + ZkQ(pa 12 T))+

> {Mz‘,j,()(wkz(ﬂ, ©) + 2k2(p, ¢, 7)) + %Mi,j,l(wmm ©) + za(p 0, 7)) + . D +

ij=1

3
Hu2 cos 5wt — 1 + uy sindwt + (1 — (22 + 22)) (cos 3wt — % Ccos wt) ;

) _k
uo(l‘)—f—Zk:lw 2 (uk(x)+Uk(x,7)—I—wk(p,g0)+zk(p,cp,7)) :07 (2 11)
2+ a2 =1. '
1 2

CuauvaJjia Haiigem perysspubie kodddurnuentsl. [IpupaBHsem ux npu creneHu w?2

3@11@(1:, T) =(1- (3;% + x%)) (sin 3wt — \/?g sinwt) ,
T

duia(z, 7) =(1— (22 +23)) (cos 3wt — \? cos wt) ;

or
<’U1> =0.
Orcrona
(1 _ (%% + [E%)) (_c0s33wt + \/?jcgswt
vy = N . (2.12)
(1 _ (xl +$2)) (smgw _ Sél’lo.) )

Cobepem koabdurments! npu crenenn w’ B (2.10):

v 0?u 0*u
2 — ol {—01 L ug, sin bwt — 1+ sin 2wt + ugy cos dwt-+

or 02 03
3
+ (u11 + v11) (sin 3wt — %_ sin wt) ,
2.13)
a 82 82 (
;22 = 81;32 aqu + ug, cos bwt — 1 + ug; sin dwt+
T 1 L3

3
+ (u19 + v12) (cos 3wt — % cos wt) )
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304 H.C.HUBJIEBA

[Tpumenum K ypaBreHusM (2.13) onepaluo yCpeHeHus 110 T :

0? 0?
e—|x||: Up1 i Um] )

02 03
Puoy | Brun (2.14)
0?2 03 B

Berarem u3 (2.13) ypasaenust (2.14) u yIpocTuM HOTyYIE€HHYIO CHCTEMY:

ov 3
8_21 = ugl sin bwt + sin 2wt + ugs cos 4wt + uqq (sin 3wt — %— sin wt) +
-

in6wt 3sindwt V/3sinwt  sin 2wt
+( (z7 + 23)) ( 6 + 9 + 18 Y )
< V91 >= O,
0 3
% = u§2 cos dwt + ugp sin 4wt + U (cos 3wt — %— cos wt) +
-
(= (22 + 22)) sinbwt  \/3sindwt  /3sinwt n sin 2wt
1 6 9 18 YR

< U9y >= 0.

Yepeanennas 3aiada (ypaBaenus (2.14) BmecTe ¢ COOTBETCTBYIONMMI IDAHUIHBI-
MH YCJIOBHAMHE U], 2 2o = 0) ectb 3a7a4a (2.3), KOTOpask MMEET HEBBIPOXKJCHHOE

cranmonapnoe perienne ug. [logcrasum STO perenue s (2.12), umem v.
IIpupasmsieM KodUIECHTH TIPH W™ 2, YITS TOC/ICHEe TIPEICTABICHIE Uy I IOy~
YeHIOe Jlajiee IorpamcIoinoe ciaraemoe wy = 0 :

92 ok
u11 + u11 _ 07 u11|$%+$%:1 = ()’

38u12 + 8 u12 = 0, U12’ = 0.

2 .2
ri+z5=1

Orcrona naxoaum u; = 0.
[lepeiigem K onpejie/IeHUIO TIOrPAHCIONHBIX KoddduimenTos. [Ipn w

%_ 671 0 82z1(p,g0,7')
or \ 0 1 Op? ’

D=

Zl|m%+x§:1 = _Ul‘x%—l-m%:l ) Zl’p:oo = 0.

Tk. U1|1‘%+x%:1 = O, TO 21 = 0.

8211)1 (107 ©, T)

Op? =0,
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w1|p:oo =0.

[Homywaem: wy = 0.
Takum obpasom,

1

u(z,t) = /(1;€S+es)ds )
[r?/4 —1/4]

cos3wt n V3coswt

(1 (ai+a23) |-

3 6
+1/vw +O(w™),
[V 9 o | 8IN3wt  /3sinwt @)
(1= (a1 + 3)) -
2 6
W — 00,

paBHOMEpPHO OTHOCHTENILHO (7,1) € Q.

3. 3a,uaqa O TedeHnn KNJIKOCTN B BBICOKOYaCTOTHOM CHMJIOBOM
ImoJie

_ 2T
B mwmnape Q = Q x R = {22 + y?> < 1} x R paccmorpum 3agaqy o —-
w

[IEPUOINIECKOM 110 BpeMeHNU perrteHnn cucteMmbl ypaBuenuii Hasbe-Crokca

9y (1= (2 +y*)y ) ,
— —vAv+ (v,V)v+Vp=w sitnwt + b(z,y),
ot ( ) p ( (1 . (1‘2 + y2))(_x) ( y) (3 1)
divv = 0, '
v =0,

e I' = {22 + 4> = 1} x R — rpanuna Q, w — Goibmioit napamerp. 3jech

b(z,y) = —vAa(x,y) + (a(z,y), V)a(z,y), rae a(r,y) — Kakas-mbo GeckoHeTHO Tudh-
depentmpyemasi BeKTOp-pyHKINsI, KOTopasi oOpalnaercs B HOJb Ha Trpanure 02, co-
nenougaibas, T.e. diva = 0. Takux BeKTOp-QPYHKIMH @, KK U3BECTHO, GECKOHETHO
MHOTO (CM., Hampumep, [6]).

Pemmenne 3amaan (3.1), Kak 1 OCTAJbHBIX 33/1a9 B 9T0i paboTe (MBI 9TO y2Ke OTMe-
9aJin), TOHUMAETCsl B KJIACCHIECKOM CMBICIIE.

Huke Gyzer mocrpoena coorsercrByiomas (3.1) ycpennennas 3amada (em. [15]) u
HafiJIeHO HEKOTOPOEe ee CTAI[MOHAPHOE HEBBIPOXKJEHHOE perenue (ug, po). Ilpu srom
Jutst 3a7a4u (3.1) B OKPECTHOCTH TOTO PEIEHUs BBIIOJIHAIOTCS BCE YCJIOBHsT T€OPEMbI
1 paborsl [15], rae pacemorpen mupokuii Kiaace ypasaenunit Hasbe-Crokca. 113 s1oit
TEOPEMBI CJIeJIyeT, YTO B HEKOTOPOil OIPecTHOCTH (g, Pp) CYIIECTBYET U €JIUHCTBEHHO
27 /w-niepuo/aecKoe 1o BpeMeHu perienne 3agaqu (3.1). Kpome roro, B 15| paspabo-
TaH aJTOPUTM ITOCTPOEHUS TIOJTHONH aCUMIITOTUKU PENleHuUs.

B gannoii pabore acMMOTOTHKA pelleHus OyJaer mnocrpoeHa g 3agaun (3.1) B
OKDPECTHOCTH Hal{JIEHHOTO paHee perteHust (Ug, Po)-
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306 H.C.HUBJIEBA

st moctpoennst acumnroTuku perrernst 3agaqn (3.1) (em. [15]) BBegeM kpuBoJin-
HeHYy0 crucTeMy KOopauHatT (¢, T) TOYHO Tak ¥Ke, KAK MbI 9TO JIEJIAJIN B IPEIbILyIeM
maparpade.

CHoBa BBeJIEM TIEPEMEHHYI0 p = (/wr,r < n < 1.

Crenys [15], pemenne (3.1) Gy/ieM pa3bICKHBATD B CJIEYIONIEM BUJIE:

0
U(I, y7t) ~ Zwik/Q [uk<x?y) + Uk<x7y7 T) + wk(@vp) + Zk(QO,/), T)] )
k=0

p(ff, Y, t) ~ Z w_k/ka (ZL’, y) + Z w(_k+2)/2sk(l‘7 Y, T)+ (3 2)
k=0 k=0 )

+Y W Phi(p,p) + D WY g0, p,7),

k=2 k=1
T = wt,

LJIE Up, Vg, Pr U Sp — PETYJISIPHBIE CJIAraeMble, a Wy, 2k, Ny W g — NOIPAHCIIONHBIE.
Hos (z,y) € Q, wepes v (x,y),s = 1,2, 6yaem 0603HAUATH KOMIOHEHTBI TIPOU3-
BOJILHOTO BekTopa v(x,y) € R? B KpuBo/mMHEHHbIX KoopuHaTax (p, ).
Haiisem niepBble morpaHc/IoiftHble ObICTPO OCIUIUPYIOIue ciaraeMbie. [TojgcraBum
perenve, npejcrasientoe B Buje (3.2), B cucremy (3.1), maiimem [15]:

82w(()1)
0p?

8w((32) B 8,2(()2)
dp 7 Op

=0, =0,

IJIe BEpXHUE UHJIEKCHI YKA3hIBAIOT KPUBOJIUHEHHBIE KOOPIMHATHI BeKTOp-hyHKINi. BbI-
[UATIIEM YPaBHEHUS I ITEPBBIX PEryISPHBIX ObICTPO OCIUJLIUPYIONINX CIaraeMbIX:

(2 2
%—l-VsO:( (1= (" +y7))y )sinwt,

ot (1= (2?2 +y°)(~2)

divvg = 0,
2 2

Sy

Wnn 5 ( 2
Vo 1—r9y .
5 + Vsg ( (1—r?)(=2) )smwt,
divvg = 0,
(2) __ .2
Yo r=1 %0 r=1 ’

(2 a2
[Homywaem, aTo vy = — < (1(£ (xgx+22?§)z¥m) ) coswt, sp = 0.

BaiiMeMcs cTalMOHAPHBIMU 3a/Ia9aMy JIJIsi OTBICKAHUsT PEryJIapHBbIX KO3 PUImeH-
TOB:

—vAug + Vpo + (ug, V)ug+ < (vg, V)vg >= 0,
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divug = 0,

Uplp = —wolp .

Haiinem suauenne Buipazkenus < (vg, V)vg >. Vmeem:

< (vo, V)vg >= << UOla‘ZZ: j:z Zzz: >>
< [(1—7r?) ]2:1:y+(
(I =r*)y((1—7%) —

(1~ r?) - 2))

2?) + [(1 — r?)x]2xy

_ 1([(1—x— )y]2:vy+(1—:c —y?)z(l —2? — )
2\ (1—2®—y?)y(l— 32%) 4+ [(1 - :v—y2)f6
(yx—xy ;x—’§+ —"”%5>
aty—yla? =5 -ty -

Takum obpasom, BekTop-dyHKIWS < (vg,V)yy > uMeeT TOTEHIHUAT P

$2 2 I4y2 $2y4 1.2+y2 m4+y4 1.6+y6

S i i + = — 5%, Torma sekrop-pynkmma (ug,po) =
x2y2 I4y2 I2y4 £E2+y2 Z.4_;'_:'/4 I6+y6

(a, — -+t e e e ) VJIOBJIETBOPSIET HAITUM TPEOOBAHUSIM.

IIepeitmem K IIOrpaHCIOMHBIM CJIAIa€MbIM:

82(()1) 0? z(()l)

ar op?’

=0.
r

Z(()I) U(()l)

Orkyna z( ) =0.
091 0z 0
op  or

OTbIlIeM BTOPBIE TOTPAHCIOWHBIE CllaraeMble:

Hakomner, —

3w§2) 0 829) angl)

=0,—— =0, = 0.
dp dp o0p?
Bruimummem ypaBHEHHS JIJIsT BTOPBIX PETYJISIPHBIX OBICTPO OCIUJIIUPYIONINX CJIarae-
MBIX: a
U1
— + Vs =0,
o7 1
divvy = 0,
052) _ z§2)‘

[Tostoxkum v1 = 0,51 = 0.
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[Tepeitem K cralmoHAPHBIM 3aj@9aM Jjisd OTHICKAHUS PEryadpHbIX KO3 UImeH-
TOB:

—VAUl + (U(), V)u1 + (Ul, V)Uo+ < (’Uo, V)Ul >4 < (’01, V)UO > +Vp1 = O,
divuy = 0,

urlp = —wilp.

Bekrop-dyuknust (u1,p;) = (0,0) nam moaxoaut.
[TepeiizieM K HOTPAHCTIONHBIM CJIATAEMBIM:

82{1) V82 z{l)

) 9 on
Orkyna z%l) = 0. Hakomnerr, 992 _ %4 _ 0, -2 .
dp or

HonyqaeM B UTOre HpI/I6JII/I}KeHI/Ie KOMIIOHEHTDLI U pelIeHud:

= — (1 B (xQ + y2))y COS W a w! w o0
v(w,y,T) = ( (1-— (xQ +y2))(_x) > t+a+O( ), — 00,

pPaBHOMEPHO OTHOCHUTENIbHO (X,Y,1) € Q.
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PEOEPATHI

YIK 517.958

H. JI. KOTTAYEBCKUII. K mpo6ieMe MajbIx KojaeGaHWi CHCTEMbI U3 ABYX BA3KOYIPYTUX
KUJAKOCTEH, 3AI0JHAIOIINX HEIIOABUXKHBIN cocyr (MomenbHast 3ama4a) (pycckuit) // Huna-
mudeckne cucremsl, 2019. — Tom 9(37), Ne3. — C. 213-243.

B pabore n3zyaaercs ckamspHas 3a7ada CONPsiKEHNs, MOAYIUPYIONIast IpodeMy MaJIbIX Kojeba-
HUN JBYX BA3KOYIPYTUX 2KHUIKOCTEH, 3aIOJJHSIONIX HEMOABIKHBIN cocyx. Vcciemyercss HAYaIbHO-
KpaeBasd 33/[a4a U MEeTO/IaMHU TEOPUH IOJYTPYIII JOKA3BIBAETCS TeOPEMa O ee OJHO3HAYHOI pa3pemnin-
MOCTH Ha JIFOOOM KOHEYHOM OTPe3Ke BpeMeHU. BO3HUKAIOIIAs IIPU 3TOM COOTBETCTBYOIMIAS CIIEKTPAJIb-
Hasl IpobJieMa, it HOPMAJIbHBIX KOJIEDAHUIN CHCTEMBI UCCJIEIYETCS METOJAMU CIIEKTPAJIbHON Teopun
orneparop-byHkImit (onepaTopHbIX 1y4koB). [lojydeHHbIH OHepaTOPHbBI MydoK O6OOIIAeT Kak u3-
BecrHblil oneparopubiii mydok C.I. Kpeitna (kosebanust BA3KOH KUIAKOCTH B COCYE), TaK U IYUOK,
BO3HUKAIOIIUI B 33/1a9€ O MAJIbIX JBU2KEHUSIX BASKOYIPYTO KUIKOCTH B YACTHUIHO 3AIIOJTHEHHOM CO-
cyne. PaccMoTpeH Tak»Ke IpumMep JIBYMEPHON 3aJiadu, JIOIYCKAIOIIEH pas3jiesieHne epeMeHHbIX, U Ha,
9TOI OCHOBE UCCJIeI0OBaH 0oJiee MOAPOOHO CIIEKTP HOPMAJIbHBIX JIBUXKEHUI I'MIPOCUCTEM.

KuroueBble ciioBa: BA3KOyIpyTrasi XKUJKOCTb, THJIPOIUHAMUYIECKAs CUCTEMAa, OPTOIIPOEKTOP, OTIEPATOPHO-
muddepeHInaibHOe ypaBHeHne, 3a1a49a Komm, cuekTpaibHas 3a1a9a

Wan. 1. Bubmuorp. 17 na3ss.

VIIK 519.64

I1.B. BOIIKOB. AHa/JMTr4YecKne U YuCIeHHbIE METO/bI PEIeHNs] TUIepPCHHTYISPHBIX NH-
TerpajibHbIX ypaBHeHui (pycckuit) // JTunamudeckue cucrembr, 2019. — Tom 9(37), Ne3. — C. 244—
272.

B crarbe naH KpaTkuii 0630p paboT, HOCBSIIEHHBIX AHAJIUTHYECKAM U UUCJIEHHBIM METOJaM De-
I[IEHUs] THIEPCUHTY/ISPHBIX MHTEIPAIbHBIX yPaBHEHUHA. PaccMaTpuBaroTCsi THIEPCHHTYIISPHBIE HHTE-
rpajbHbIE YPABHEHHUs HA 3aMKHYTHIX U PA30MKHYTBIX KOHTYPAX WHTEIDHPOBAHMUS, HOJUTHIICPCHHTY-
JISIPHBIE U MHOTOMEPHBIE I'HIIEPCHHTYJISPHbIE HHTErpasbHble ypasHenns. OCHOBHOe BHUMAHUE y/Ie/Isi-
eTcsl TPUOIINYKEHHBIM METOJIAM DEIeHNsI OMHOMEPHBIX MMIIEPCUHTYJISIPHBIX HHTErPAJIbHBIX yPABHEHMUIT
[EePBOTO U BTOPOT'O POJia ¢ OCOOEHHOCTSIMU BTOPOTO MOPsijia. PaccMaTpiBalTCst THIIEPCUHTYJIISIPHBIE HH-
TerpaJibHble ypaBHEHHsI IIEPBOIO POJia, Olpe/ieJieHHbIe Ha cermeHTe [—1, 1], pereHusi KOTOPBIX HMEOT
sug z(t) = (1 —t2)F2p(t), (1 —1t)/(14+1))F2p(t), rae ¢(t)— rnaakas bynxmus. Pacemarpusaior-
sl TMIEPCUHTYJISIPHBIE NHTErDAJIbHBIE YPABHEHUST BTOPOTO POJIA, OUPEJeIeHHbIe Ha cermente [—1, 1],
JUIsl PEIIeHHsI KOTOPBIX CTPOUTCH CIUIAH-KOJUIOKAIMOHHDIN METO/, CO CIIAHHAME II€PBOO HOPSIKA.
OT/1esIbHBI Pa3Iest TOCBSIIEH TPUOINKEHHBIM METO/IAM PeIleHUs] TIEePCHHTYJISPHBIX HHTErPAJIbHBIX
ypPaBHEHUIl Ha 3aMKHYTBIX KOHTYDaX.

KuroueBble ciioBa: rUMepCUHTYASPHbIE HHTETPAIbHBIE YPABHEHUSI, METO/T KOJJIOKAIIHI, METOJT MeXa-
HUYECKHNX KBa/IpaTyp, UTEPAIMOHHBIE METO/IbI.

Bubsmorp. 49 nazs.

VIK 314.15.926

G.J.SODERBACKA, A.S. PETROV. HcciietoBanne MOBEAEHUsI B CICTEME: MHOTO XUIHUKOB
— oxHa »kepTrBa (aHmmiickuii) // Jduaamundeckue cucremsl, 2019. — Tom 9(37), Ne3. — C. 273-288.

PaccmaTpuBaeTrcst u3BecTHast ccTeMa XHUITHUK — KEPTBA, TJIe XUITHUKHU ITUTAI0TCS Ha OTHOM KepT-
Be. B ocHOBHOM paccMmaTpuBaeTcs cucreMa, ¢ AByMsi XUIHuKaMu. [IpuBenen 0630p o0ux pe3yabTaTos,
Cpelin HUX yCJIOBUS JJISI BBIMUPAHUS OJTHOTO XUITHUKA W W3YUeHNe Pa3HbIX TUIIOB COCYIIECTBOBAHUSI.
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B HEBBIPOXKIEHHBIX CIyYasX XUMHUKU B 3TON CUCTEME HE MOTYT COCYIIECTBOBATD Y COCTOSHUS PABHO-
Becusi. OHAKO NUKJIMIeCKUe U OoJiee CJI0XKHBIE COCYIIECTBOBAHNS BO3MOXKHBIL. [Ipesaranrcs pesyiib-
TaThl MHOTUX YMCJIEHHBIX dKcrepuMeHToB. OaHOMEpPHOE MOJETbHOE 0TOOparkKeHne I OTOOParKeHMST
IIyankape npuseneHa Ipu HEKOTOPBIX yCJIOBUAX Ha cucTreMy. CaMble HHTEPECHBIE CJIYYal, TIe MOIEIb-
Hoe oTobpazkeHne He paboTaeT W KOTJa MPUCYTCTBYET KOE-UTO MOI00HOE CIUPATLHOMY aTTPaKTOPY,
MaJI0 M3y4YeHbl U CPOPMyJIUpyeM OTKpbITHE BOmpochl. O6CyxKpaeM OudypKaluu U CyIeCTBOBAHUE
MHOT'UX aTTPaKTOPOB OJIHOM M TOIl YK€ CHUCTEME.

KiroueBsbie ciioBa: 6udypkaius, Xaoc, XUIIHIK-KEPTBA.

M. 9. Bubnmorp. 18 Hazs.

YK 517.938.5+4-523.947

O.IIOYUMHKA, C.3UHNHA. /IlunaMuka TOIOJIOTHYECKAX TOTOKOB U roMeoMopdU3MOB C
KOHEYHBIM TUIEPOOINYIECKUM IIEITHO PEKYPPEHTHBIM MHOX»KECTBOM HA N-MEPHBIX MHOTIO-
obpasuax (amrmiicknit) // Junammdeckue cucremsr, 2019. — Tom 9(37), Ne3. — C. 289-296.

Hauunast ¢ pasmepHoCcTH 4 MOSBISAIOTCS TaK HA3bIBAEMbIe HECTJIAXKUBAEMble MHOT00OOPA3Ust, MHO-
roobpasusi, He JOIyCKAIOIie TPUAHTYJISIINI0 U APYrue MPENsiTCTBUsI, He JAONne BO3MOXKHOCTHU HC-
[TOJTb30BATH TEXHUKY IVIAJIKAX MHOTN00OpAa3mil [IJIst MCCJIeIOBAHIS MHOIOMEPHBIX MHOrooOpaswnit. Kpome
TOT0, BCE METO/IbI M3y Y€HUs TVIAJKIX JUHAMIIECKAX CUCTEM Ha MHOTOMEPHBIX MHOI00OPa3UAX OCHOBA-
HBI HA AIIIPOKCUMAIINH BCEX ITOJIMHOXKECTB KYCOYHO JTUHEHHBIMU UJIN TOIOJOrndecKuMu o0bekTaMu. B
CBSI3U C 9TUM COBEPIIEHHO €CTECTBEHHON SBJISETCS UJesl PACCMOTPEHNs] Ha MHOI'OMEPHBIX MHOT000pa-
3UAX JTUHAMUYECKUX CUCTEM, HE UCIOJIL3YIONNX TMOHATUS TJIQIKOCTA B CBOEM OIpejiesieHnu. Tak yxke
IIPOYHO BOIILJIM B HAYYHBII 001X01 roMeoMOpdu3MbI 1 Tomojiorndeckne moroku Mopca-Cwmeitia, KoTo-
pble TaKKe IIPOYHO CBSI3aHBI C TOIMOJIOTUeil 00bEMITIONIEr0 MHOT00Opa3nsl, KAK U UX IVIAJKIE aHAJIOIH.
B macrosimeit cratbe MbI BCCII€yeM ODOIIUE IUHAMUYECKHE CBOWCTBA rOMEOMODPMU3IMOB U TOIIOJIOTU-
YeCKUX ITOTOKOB C KOHEYHBIM I'MIIEPOOJINIECKUM IEITHO PEKYPPEHTHBIM MHOXKECTBOM.

KitioueBble cjioBa: TOMOJOTTIECKUIT IIOTOK, IIEITHO PEKYPPEHTHOE MHOXKECTBO, THIIEPOOINIeCKOE MHO-
2KECTBO

Bubauorp. 5 nass.

YIK 517.957

H.C.UBJIEBA. 3aga4yu ¢ 66ICTPO OCHMIJIMPYIOMIUME JaHHbIMU. /|Ba npuMepa mocTpoeHus
acumnroruk (pycckuit) // Juaammdeckue cucremsl, 2019. — Tom 9(37), Ne3. — C. 297-310.

st IByX KOHKDETHBIX 33J1a49 C OBICTPO OCIUJIIUPYIONIMMHU 110 BPEMEHU JIAHHBIMH — IIOJIyJINHE -
HOI TapaboINIeCcKOil CHCTEMBI C IBYMSI IPOCTPAHCTBEHHBIME IepeMeHHbIME 1 cucTeMbl Hasbe-Crokca,
MOJIETIUPYIOIIEN TeUeHNe YKUJKOCTH B IIJIOCKOM CJlydae, — PEIIaeTCcsl BOIIPOC O IIOCTPOEHNN aCUMIITO-
THYECKUX DPA3JIOKEHUIl UX MEePUOJMIEeCKHX 1O BpeMmeHn pernenuii. O6e 3a/1adu pacCMaTpPUBAIOTCS B
OEeCKOHEYHOM 110 BPEMEHH IMJINH/PE, OCbI0 KOTOPOI'O CJIYy?>KUT BPEMEHHas! UHCJIOBasi OCh, a OCHOBa-
HUEM — JIByMEpHBIl e/IMHUYHBIN KPyr. B KadecTBe KpaeBbIX yC/jaoBHil B3dThl ycioBus lupuxie. B
OCHOBE IIOCTPOEHUS] YKa3aHHBIX aCUMIITOTUYECBKIX PA3JIOZKEHMII JIe’KaT JIBa ajropUTMa, pa3paboTaH-
HBIX, 000CHOBaHHBIX U T10ay4YeHHbIx panee H.C. Usnepoii u B.B. Jlepermramonm (2010, 2015 rr.).

KiroueBsbie ciioBa: napabosmdeckas cucrema, 3agada Habbe-CTokca, BBICOKOYACTOTHBIE KO3 dU-
[IHEHTBI, METO/T YCPEIHEHNsT, aCUMIITOTUKA.

Bubsmorp. 15 Hazs.

ISSN 0203-3755 urammudeckue cucremser, 2019, Tom 9(37), Ne3



313

ABSTRACTS

MSC 2010: 76D05, 35Q30, 39A14, 39B42

N.D.KOPACHEVSKY. Normal oscillations of hydrosystem of two viscoelastic fluids in
stationary container (a model problem) (Russian). Dinamicheskie Sistemy 9(37), no.3, 213—
243 (2019).

In the paper, we consider a problem on small motions and normal oscillations of two viscoelastic
fluids in a stationary container. One of models of such fluids is Oldroid’s model. It is described,
for example, in the book Eirich, F. R. Rheology. Theory and Applications. N.-Y.: Academic Press,
1956. It is important to notice that the present paper is devoted to the study of the scalar model
problem. Also it should be noted that the present paper based on the previous author’s works together
with Azizov,T. Ya., OrlovaL.D., Krein,S. G. Namely, problem on small movements of one or two
viscoelastic fluid for generalized Oldroid’s model and normal oscillations of a viscoelastic fluid in an
open container were investigated in these papers. The aim of this paper is to use an operator approach
of mentioned works, to prove the theorem on correct solvability for the scalar model initial boundary-
value problem generated by a problem of small motions of two viscoelastic fluids in a stationary
container and to get properties of eigenvalues and eigenelements of corresponding spectral problem.
This paper is organized as follows. In section 1 we describe a model of viscoelastic fluid, formulate
mathematical statement of the problem: linearized equations of movements, stickiness condition,
kinematic and dynamic conditions. Further, in this section we receive the law of full energy balance
and choose the functional spaces generated by the problem. For applying of method of orthogonal
projection we need to get orthogonal projector on corresponding space. The law of action of this
projector we receive in this section. In section 2 we make transition to operator equation by using
orthogonal projector received in section 1. Further, we solve some auxiliary problems and obtain the
Cauchy problem for the system of integro-differential equation in some Hilbert space. Then we make
transition to a system of differential equation. This system can be rewrite as operator differential
equation in the sum of Hilbert spaces. Properties of main operator of this problem are studied in this
section. The existence and uniqueness theorems for final operator differential equation as for original
initial-boundary-value problem based on factorization, closure and accretivity property of operator
matrix. Finally, in this section we consider the spectral problem on normal oscillations corresponding
to the evolution problem. This means that external forces equal to zero and dependence by time for
the unknown function has the form e~**. Here we obtain the spectral problem for operator pencil
and study main properties of it. Section 3 is devoted to investigating of model spectral problem in
rectangular domain. The more detailed properties of eigenvalues are obtained here.

Keywords: viscoelastic fluid, hydrodynamic system, orthogonal projector, operator differential equa-
tion, Cauchy problem, spectral problem

Fig. 1. Ref. 17.

MSC 2010: 65R20

I. V.BOYKOV. Analytical and numerical methods for solving hypersingular integral equa-
tions (Russian). Dinamicheskie Sistemy 9(37), no.3, 244-272 (2019).

The article gives a brief overview of works devoted to analytical and numerical methods for solv-
ing hypersingular integral equations. Hypersingular integral equations on closed and open integration
loops, polyhypersingular and multidimensional hypersingular integral equations are considered. The
main attention is paid to approximate methods for solving one-dimensional hypersingular integral
equations of the first and second kinds with singularities of the second order. We consider hypersin-
gular integral equations of the first kind defined on the segment [—1, 1], whose solutions have the form
x(t) = (1 — ) 2p(t), (1 —1)/(1 + 1)) /2p(t), where ¢(t) is a smooth function. Hypersingular
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integral equations of the second kind, defined on the segment [—1, 1], are considered. For solution of
its the spline-collocation method with first-order splines is constructed. A separate section is devoted
to approximate methods for solving hypersingular integral equations on closed circuits.

Keywords: hypersingular integral equations, collocation method, mechanical quadrature method,
iterative methods.

Ref. 49.

MSC 2010: 34C60, 92D25, 34C25, 37C05

G.J.SODERBACKA, A.S. PETROV. Review on the behaviour of a many predator—one prey
system (English). Dinamicheskie Sistemy 9(37), no.3, 273-288 (2019).

We consider a known predator-prey system, where more than one predator compete for the same
prey. Mainly the case with two predators is considered. A review of general results is given, among
them conditions for the extinction of one predator and an investigation of the different types of
coexistence of predators. In non-degenerate cases the predators in this model cannot coexist at an
equilibrium, but there can be a cyclic or more complicated coexistence. Many numerical results are
presented. A model map for a Poincaré map is given under some conditions. But the most interesting
case where there can arise ”spiral-like” attractors is not well known here, and we pose open questions.
We discuss some bifurcations and the existence of systems with several attractors.

Keywords: bifurcation, chaos, predator-prey.

Fig. 9. Ref. 18.

MSC 2010: 37D15

O.POCHINKA, S.ZININA. Dynamics of topological flows and homeomorphisms with a fi-
nite hyperbolic chain-recurrent set on n-manifolds (English). Dinamicheskie Sistemy 9(37), no.3,
289296 (2019).

Starting from dimension 4, so-called non-smoothed manifolds, manifolds that do not allow tri-
angulation and other obstacles that prevent the use of the technique of smooth manifolds for the
study of multidimensional manifolds appear. In addition, all methods for studying smooth dynamical
systems on multidimensional manifolds are based on the approximation of all subsets by piecewise
linear or topological objects. In this regard, the idea of consideration of dynamical systems on mul-
tidimensional manifolds that do not use the concept of smoothness in their definition is completely
natural. So homeomorphisms and topological Morse-Smale flows, which are also firmly connected with
the topology of the ambient manifold, as well as their smooth analogues, have already entered into
scientific usage. In the present paper we investigate general dynamical properties of homeomorphisms
and topological flows with a finite hyperbolic chain recurrent set.

Keywords: topological flow, chain-recurrent set, hyperbolic set

Ref. 5.

MSC 2010: 35K40, 76E06, 35B10, 58J37, 76D05

N.S.IVLEVA. Tasks with fast oscillating data. Two examples of asymtotics construction
(Russian). Dinamicheskie Sistemy 9(37), no.3, 297-310 (2019).

For two specific problems with rapidly oscillating data in time — the semilinear parabolic system
with two spatial variables and the Navier-Stokes system that simulates the fluid flow in the flat case
— the question of constructing asymptotic expansions of their time-periodic solutions is solved. Both
problems are considered in the cylinder, infinite in time, the axis of which is the temporary numerical
axis, and the basis is the two-dimensional unit circle. The Dirichlet conditions are taken as boundary
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conditions. The construction of these asymptotic expansions is based on two algorithms developed,
justified and obtained earlier by N.S.Ivleva and V. B. Levenstam (2010, 2015).

Keywords: parabolic system, the Navier-Stokes problem, high-frequency terms, averaging method,
asymptotics.

Ref. 15.
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