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YpaBHeHUusd B cBepTKax 1-To u 2-T0 poja
Ha KOHEYHOM HMHTepBaJie 1 KpaeBble 3a1a9n
VIS aHAJINTHYeCKUX (PyHKITIT!

A. ®. Boponun

Nucruryr maremaruku um. C. JI. Cobosesa CO PAH,
Hoocubupck 630090. E-mail: voronin@math.nsc.ru

Annoramusa. Caenan 0030p HOBBIX PE3YIbTATOB II0 MCCJIEJIOBAHUIO YPABHEHUI B CBEPTKaxX 1-To u
2-T10 poJia HA KOHEYHOM HWHTEPBAJE U KPAEBBIX 33Jia9 JJIs AHAJIATHIECKUX (DYHKIINN, CBA3AHHBIX C
9TUMHU ypaBHeHUsIME. B pabore Haii/leHa B3aMMOCBS3b MeXK Iy 3amadeii MapkymeBndya u ypaBHEHU-
sIMA B CBEPTKAX U, KaK CJIEJCTBHE, IOJIy9YeHbl HOBBIE YCJIOBUsI KOPPEKTHON Pa3permmMOCTH 3aa4u
MapxkymieBrua u yceuenHoro ypashenusi Bunepa — Xomda. Pacemorpenbr kpaesbie 3aja4un Puma-
Ha, ABJSIONecs aHajgoramu 3amaan Mapkymesuda. [IpuBeneHbl 1ocTaTodHbIE YCJIOBAST KOPPEKTHOMN
Pa3peImMOoCcT yCcedeHHoTo ypaBHeHust Buaepa — Xomnda ¢ CAMMETPUTHBIM SIPOM.

KuroueBbie ciioBa: ypaBHeHUsI B CBepTKax 1-TO W 2-TO Pojia, KOHEYHbI MHTepBaJi, 0O0OIIeHHAs
KpaeBas 3a1a4a Pumana, BeKTopHas KpaeBas 3a1ada Pumana—l uanbepra, KOppeKTHasT Pa3penmnMoCThb

3a1a9N.

Convolution equations of the first and second kind on
a finite interval and boundary value problems for
analytic functions

A.F. Voronin
Sobolev Institute of Mathematics SB RAS,
Novosibirsk 630090.

Abstract. A review of new results on the study of convolution equations of the 1-st and 2-nd kind
on a finite interval and related boundary value problems for analytical functions is made. In the
work, the relationship between the Markushevich problem and convolution equations is found, and,
as a result, new conditions for the correct solvability of the Markushevich problem and the truncated
Wiener-Hopf equation are obtained. Riemann boundary value problems that are analogues of the
Markushevich problem are considered. Sufficient conditions for the correct solvability of the truncated
Wiener-Hopf equation with a symmetric kernel are given.

Keywords: Convolution equations, finite interval, Markushevich problem, Riemann boundary value
problems, factorization of matrix functions, factorization indices, stability, unique.
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104 A. ®. BOPOHHUH

BBenenue

B pabore czenan 0630p HOBBIX PE3YJILTATOB IO HCCJICIOBAHIIO YPABHEHUIA B CBEPT-
Kax 1-To u 2-T0 pojia Ha KOHEYHOM HHTEpBaJie U KPAEBBIX 3819 JIsl AHAJIUTHICCKIX
DyHKIWIA, CBA3AHHBIX C STUME YPABHEHUSIMU.

Usyuarores cie/yromue ypaBHEeHNs B CBEPTKaX [EPBOrO M BTOPOIO POJIa Ha KOHEY-
HoM unrepsase (0, 7):

Au(t) — /k(t —s)u(s)ds = f(t), te(0,71), (0.1)

e
ke Li(—7,7), fe€L(0,7), 7>0 A=0,1. (0.2)

Jlerko Bujersb, uTo 3HaueHusi pyHKIME k(t) BHe nHTEpBaa (—T,T) HE BJIUSIOT Ha
perrernst ypasuenuit (0.1). st ynobersa canraem, uro k(t) — 3amannas byHKIMs Ipu
t € (—7,7) u nponssonbras upu t ¢ (—7,7) (k € L1(R)).

Bwmecre ¢ ypasaenusivu (0.1) 6yayT paccMaTpuBaThCs CJelyoline KpaeBble 3a1a9u
JUI aHAIMTUYecKUX QyHKImiA. BekropHas Kpaesas 3ajada Pumana (KOTOpYIO Takke
HA3BIBAIOT BEKTOPHON KpaeBoil 3ajadeii Pumana — ['minbepra) ¢ kosddunmentamu
OIpeJIeJIEHHOTO BHIa U 0000IeHHas KpaeBast 3ajada PuMaHa (M3BecTHasT TakzKe IO
HasBaHueM 3aja4dn Mapkyresnda u 3a7a9u R-JIMHERHOIO CONPSIZKEHNMs ).

BameTuM, 9TO eCJIH JjId YPABHEHUs B CBEPTKAX BTOPOIO POJia Ha, MOJ1yOeCKOHETHOM
uaTepBaje (ypasuenus Bunepa — Xomda) u (SKBUBaJIEHTHOI K HEMY) CKaJISPHO# Kpa-
eBoit 3aj1atn Pumana cyriectByer passuras teopust (cum., Hanpumep, [10], [13]), To as
ycedeHHoro ypasaenus Bunepa — Xorda (ypasaerus (0.1) mpu A = 1) u oTMe9IeHHBIX
BBIIIIE KPAEBBIX 3a/1a4, 00Ieil TeOPUH K HACTOSAIIEMY BPEMEHHU He CyIiecTByeT. B3amvo-
CBsI3b MeK /1y ypaBuenueMm Bunepa — Xorda u Kpaepoit 3aadeit Pumana Oblta Haiiiena
B CepeJIMHE TIPOILIOrO BeKa. JIUIb, CpaBHUTEILHO HEJIABHO, HANJIeHA B3aMMOCBS3b (U
YCJIOBHUST SKBUBAJICHTHOCTH ) MEK/Iy YPABHEHUSIMHU B CBEPTKaX Ha KOHEYHOM WHTEPBAJIE
u KpaeBoii 3aadeit Pumarna [16], |9], [6] u 3anaueit R-smueiinoro conpsixenns (3], [4] B
aaredbpe Bunepa.

OTMeTnM cJie Iy folne 9acTHbIE CIyIan UCC/IeI0BaHIS YCEIeHHOTO ypaBHeHsT Bune-
pa — Xornda: HopMa UHTErPATHLHOTO OIIEPATOPA MEHbIIIE SIUHUIIBL; s1/IPO UHTETIPAILHOTO
omepaTopa sIBIgeTCsl epruonaeckoii gyuknueii ¢ nepuogom 7 [10, §26.2|, |7]; aamHa
HHTEPBaJ T — JIOCTATOYHO OOJIBINOE MOJIOKUTEbHOE Yncio [11, it 2, §7|; BBIpOK 1eH-
HBI cotydait, korga obpas Pypbe sjipa siBjsieTcsl palMoHaIbHON dyHKIweit [12, r1. 8
§11].

Teopust ypasuenuit 1-ro pojga B (0.1) npu yciosuu (0.2) cyriecrBeHHO Oe/Hee dem
Teopusl yceueHHOro ypaBHeHusi Bunepa — Xormda. 371ech MOXKHO OTMETHUTD CJIeTyOIINe
CJIyYan COJEpPKATEIbHOTO UCCIIC/IOBAHUS YPABHEHUS: /PO UHTEIPAJILHOTO OIIEPATOPa
SIBJISIETCsI TIEPUOIMIECKOi (byHKIMel ¢ IepuoioM T [8| u BeIpOK IeHHbII ciryyail, Koria
obpaz Pypbe sjpa gBJsieTcst panuoHaiboit dyukiueit |12, ri. 8, §11].
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YPABHEHIN$ B CBEPTKAX 1 KPAEBBIE 3AJTAYN 105

1. CBa3p ypaBHEHHII B CBEPTKaX C KpaeBbIMU 33a/Ia9aMU
JJ1s aHAJUTUIECKNX (PyHKIIi

[Iycts 1 < n,m < 2, R — pacimupenHasi BellleCTBeHHas MpsiMasi. BBemeM cireryto-
e 0003HAUECHMS:

Ly sm — mpocTpascTBO n X m Marpuil-gyHKuii ¢ snementamu u3 L (R);

Ff:ixw— Ff(x)= / f(t)e™" dt — obpas Dypbe MaTpuB-YHKIIA f € Ly ym,
r € R; -

Wm*n — anrebpa Bunepa nenpepbiBHBIX MaTpuil-dyukimii suga C' + Ff, rie
C — nocrostHHAsA MATPUIA MOPAaka N U f € Ly, xn;

W (WEX") — nomanrebpa B W™, cocrosimast u3 MaTpun-QyHKINi BHIA
C+F f taxkux, uaro f(t) = 0uput < 0 (mpu t > 0). Ilpu C' = 0 coorBercTByIomue
anrebpbl 1 momaareOpsl OymeM cnabkarh HuKHAM nHgercom 0 (W™ W)

[Ipu n = 1 Bepxuuit unjexc n X n upu W Oyaem OImycKaThb;
GA — rpymna u3 oOpaTUMBbIX 3/IEMEHTOB aJrebpbl A.

Paccmorpum R-jmHeiinyio 3ajady conpsizkeHus: (M3BECTHYIO TaKKe I10]] HA3BAHI-
emu 3aaan Mapkymesnda u 06001IeHHOIT KpaeBoil 3ajaun Pumana) o HaXOXKJIeHUH
dbyukmmit T € Wy, 1o kpaesoMy ycrosmio Ha R:

p"(x) = a(z)e™ (2) + bx)p () + c(z), v €R, (1.1)

rie
a,beW, a(x)#0, x € R, c € W,. (1.2)

Nsyuennio 3amaan (1.1), (1.2) mocssmeno muoro pabot (6ubsuorpaduio cm. B [4], [15]).
Ha nacrosimumit MOMeHT HeT 00Iei Teopuu 3Toi 388491, U3BECTHDI JIUIIH OTAEIbLHBIE Pe-
3yJIBTAThl, KOTOPbIE B OCHOBE TIOJIYYEeHBI ellle B Cepe/InHe MPOIILIOr0 BeKa Ha HadaJ bHOM
myTu u3ydenus 3ajgaqn. Koppekrnocers 3amaan (1.1), (1.2) uccnenoBana jijis 9acTHOTNO
caydast: |a] > |b|, a TakKe B BBIDOXKJIEHHBIX caydasx: |a| = |b| w b € W, , 31ech b —
paroHabHast (PyHKIHS.

Huzke, i npocrorsl, kpaesyio 3ajady (1.1), (1.2) 6yaem HasbiBaTh 3a1aueii Map-
KYIIeBHYa.

B pa6orax [3], |[4] HaiineHna B3anMocBsa3b MeXK /Iy 3ajadeii MapKyIieBrda n ypaBHe-
ausivmu B cBeprrax (0.1). Kak ciencrBue takoii cBsisu, B pabore [2| mosydenbr HOBbIe
YCJIOBHsI KOPPEKTHOI pa3pemumocTu 3aa9u MapKyIeBnda u yce4eHHOTO YPaBHEHUST
Bunepa — Xormda 1pn ciepyoneM yeaIoBUE CUMMETPUR Ha, siIpo k:

k(t) =k, (t) + ko(=t), t € R, (]-"k: =Fk, + ]-"_k:+> (1.3)

ISSN 0203-3755 Turamudeckue cucremsr, 2019, Tom 9(37), Ne2



106 A. ®. BOPOHHUH

rie ky(t) = 6(t) k(t), 0 — bynkuua Xepucaiina. Jpyrumu cioBamu, B [2] pesyibra-
ThI UCCJIEIOBAHUsI yeedeHHOro ypasHeHusi Bunepa — Xomda (3amaun Mapkyiesuda) B
[IEPEYNC/IEHHBIX BBIIIE YaCTHBIX CJIydadX ObLIN IepeHeceHbl Ha 3ajady MapkyiireBuda
(yceuennoe ypasuenne Bunepa — Xorda). Kpome Toro, 6b111 HaiijleHbl HOBBIE YCJIOBUS
KOPPEKTHO! pa3pernMoCcT yeedeHHOro ypasHenus Bunepa-Xomda (3amaan Mapky-
[IeBIYA), KOTOPBIE HE CJEYIOT U3 H3BECTHBIX PE3yJIbTaTOB Jjis 3aadau MapKyieBuda
(ypaBuenusi Bunepa — Xorda).

PaccmoTpum Teneps JiBe KpaeBble 3ajia4n PuMana, aBiisionecs aHajgoraMu 3a/1aqu
MapkyieBuva u ypasaenuii B ceeprkax (0.1), cooTBeTCTBEHHO.

B nepsoit kpaesoii 3a1aue Pumana va R (amastor 3agaan Mapkymiesuda) Tpebyercst
olpejie/IuThL BeKTop-gpyHKnuio U & Wo%fl 13 KPaeBOr'o yCJIOBUS:

Ut (z) = M(z)V*(z) + q(x), v € R, (1.4)
rie
2 n2
Mew?? gewy!, a=1( b laF Iy (1.5)
a 1 —b

ac — be c
Gh=—— @=—=. (1.6)

a a

Brech u matee kiaccwl dbynkmuit Wt u Wiyl onpesesenst o anajioruu ¢ Kiaccamu

W3 % u Wi coorsercrsento. Hanpumep, yeiaosue U € Wi oznauaer, uro

\DJ’_ = (\111_7\1]3_)717 \I]j_ € WO+7 ] = 172a
e T — 3HaK TPaHCIIOHUPOBaHUI.

Jlemma 1. Jlaa cywecmeosanus pewenus 3adavwu Mapkywesuya (1.1), (1.2) neobxo-
dumo u docmamouno cywecmeosanue pewerus kpaesot 3adavwy, Pumana (1.4)—(1.6).
OKBUBANEHMHOCTY IMUT I8YT 36004 YCMAHABAUBLEMCA DAGEHCTNEAMU

ot (x) =] (2), ¢ (x) = V3 (a).

[IpuBenmem Temepb BTOPYIO KpaeByto 3ajady Pumana (aHajor ypaBHEHHH B CBepT-

kax (0.1) mpu yeaosun (0.2)). s sexrop-dbymkmmit @+ € WEX! pacemorpum ma

pacmmmpenHoii mpsamoii R kpaeByio 3ayiaay Pumana:

Ot (z) = Gx) D (2) + g(z), = € R, (1.7)
e
Clo) = _A—l(x) < e (]—"k+(1m) +1-A) A- ;lj_x(; k—_.(;/)f_i_(:l?) ) - 18
ka(£) = B(£0)k(1), Fha(z) = /_ Z ey (1) dt, A*(z) = 1 — Fha(z),
(o) = LT @), o) = T T ), <1'9)
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YPABHEHIN$ B CBEPTKAX 1 KPAEBBIE 3AJTAYN 107

Omnpesieum Ha ajirebpe Wy Jono/HATE/IBHBIE JIPYT K JAPYTY TIpoekTopbl Py u Py
o hopmysram

o0

P Wy — Wos, PEFgo(z) = / g (t)0(£t) dt, x € R,

—00

rae go € L1(R).

B caenyromeit Teopenme (cm. [9, memma 1.1], [6, Teopema 1]) Haiiiena B3anMOCBs3b
(1 ycroBHs SKBHBAJCHTHOCTH) KpaeBoil 3amaun Pumana (1.7)-(1.9) n ypasmemnmit B
ceeprkax (0.1) (3amaunm (0.1), (0.2)).

Teopema 1. 3adaua (0.1), (0.2) sxeusarenmma kpaesot 3adave Pumana (1.7)—(1.9) ¢
QONONHUMENDHBIM YCAOBUEM

iy () == OF (z) + 705 (z) + Ff(xr) € Wor, e “ iy (x) € Wy_. (1.10)

Pewenus sadavu (0.1), (0.2) u xpaesot sadavu Pumana (1.7)—(1.10) ceazanwt pa-
seHCMBEaMU

Py (z) = Fk_(z)Fu(z), Po(z) = e " (Fky(z) + 1 — N Fu(z),
Fu(z) = ®F (x) + ™7, (z) + Ff(x), (i1(x) = Fu(z)),

2de
d=0" + &, dF(x) = P d(x).

Kpome mozo, ecau X =1 u 6vmoareno nepasencmeo
AE(x) 40, = €R,

mo mampuya G(x) € GW?*? u donyckaem aeeyio u npasyro cmandapmmvie daxmopu-
3aUUL C CYMMAPHBM UHOEKCOM &y :

=

+(x
A~ (x)
Samevarnue 1. Ilpu A = 1 jierko Bujers, ato B Teopeme 1 yemosue (1.10) 3aBemomo
BoInosiHeno, ecin ||ki||r, < 1, kpome Toro, ecam k(t) = 0, [t| > 7 wm dysxuums

k(t) skcnoHeHnua bHO YObIBaeT Ha OECKOHETHOCTH, TO HEe yMEHbIIas OOIIHOCTH MOXKHO
cunrarnb, uto A (z) # 0, z € R, (em. |9, sameuanue 1.1]).

~—

> 0.

1
ao = Ind det G(z) = %AR argdet G(x) = Ind

YKazxKeM B3aUMOCBs3b (M yCJIOBUSI 9KBUBAJEHTHOCTH) KpPaeBoi 3ajaun Mapkyiie-
BUYA ¥ YCEYEHHOro ypaBHeHHs Bunepa — Xomda ¢ cCHMMeTPUYHBIM s1IpoM (IIpH yCJ10-
Bun (1.3)).

JList TpoCcTOTHI camTaeM, 9To Kod(MPUIMEHTh! 3a1a49u MapKyeBuda UMerT CJjie-
JYIOIINIA BUJIL;

a=1, b(z):=b(z) = / e B(t) dt, (1.11)

— 00

riae 8 € Ly(—00,0).
Cdopmysupyem Ternepb TeopeMy U CJIeJCTBUE U3 Hee, KOTOPbIe JOKA3aHbl B |3, Teo-
pema 1, ciencrsue 1] npu Gostee obmux yeaosusx Ha kodbdumenTsr a u b.
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108 A. ®. BOPOHHUH

Teopema 2. ITycmw das zadawu (0.1), (0.2) npu A = 1 évnoaneno ycaosue cummem-
puu (1.3) u
A (2)=1—Fky(z) #0, 2 € R, IndA"(z) =0, (1.12)

a das 3adavwu Maprywesusa svnoanero yeaosue (1.11) u kosdduyuenm b umeem cae-

dyrowuti obwuti 6ud:
Y Fki(z)
b(z) = P, T =5 1.13
0 =r I ) )

Tozda mampuunvie Kospduyuenmu, kpaesux 3aday Pumana (1.7)—(1.9) u (1.4)-
(1.6), mampuyw G(z) u M(z), umerom odurnaroswiii Habop (Ae6bix) wacmmuvr urdek-
co8.

Boaee moeo, cnpasediuso pasercmeo

M(z) :_{A%(x), 1} 1 G(x) [AF (@), 1}, € R, (1.14)

01
n=(14)

BaMernM, 9To IS JI0OKA3aTeIhCTBA TEOPEMbl 2 JIOCTATOYHO ODOCHOBATH PABEH-
crBo (1.14). CupaBeyiuBOCTh MIOC/IEIHEIO YCTAHABIUBACTCS HEIIOCPEICTBEHHBIM IIepe-
MHOKEHHEeM MaTpHIl B paBoil dactu (1.14).

CaencrBue 1. [lycmo evinoanenv, yceaosus meopemuv, 2. Tozda 3adavwa Maprywesu-
wa (1.1), (1.2) xoppexmmno paspewuma (pewenue cywecmayem, eQuHCMEEHHO U Ycmoti-
YUBO NO OMHOWEHUI K Kodppuyuernmam 3adavu a, b, ¢ 6 Hopme arzebpo. Bunepa) mo-
20a u moavko mozda, Koz2da 0dnopodroe yceuennoe ypashenue Bunepa — Xonga umeem
AUWD MPUBUAALHOE DEULEHUE.

2. JlocTaTo4yHble yCJIOBUSI KOPPEKTHOM pa3penimMOCT

ycedeHHOro ypasHenue Bunepa — Xonda ¢ cuMMeTpuIHbIM
SJIPOM

B [1], (em. Takxe [14]) 6buio mokaszamo, uro 3ajgada Mapkymesnaa (1.1), (1.2)
KOPPEKTHO pa3pelrMa, ecd BbImoaHeHnsl yeiosust: |a| > |b], Inda(z) = 0. Moxwuo
BUJICTD, YTO HCIOJIB3Ysl 9TOT PE3YJILTAT 110 TeopeMe 1 (1 ci1ecTBHIO 1) MOKHO MOy YUTh
cJiely1onue 1se TeopeMbl (eM. [2]).

[onoxxnm

ellii= [ ksl ds.
0
Teopema 3. [Tycmo evinoanenv yeaosua (0.2), (1.3) u
k(t) =0, |t| <T1/2. (2.1)
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Eecau

Hkle[ l(s)| ds < 2, (2.2)

mo yceuennoe ypasrenue Bunepa — Xonga 6 (0.1) xoppexmmuo paspewsunmo.

Teopema 4. [Tycmo svinoanenv, yeaosua (0.2), (1.3) u
1= Fky ()] > k)1 (2.3)

Tozda oba wacmnwr undexca mampuuyv, G(x) (6 meopeme 1) paswo, 0, u ycewenroe
ypasrernue Bunepa — Xonga 6 (0.1) xoppexmmo paspewumo.

[Tpusenem (cm. [2]) mocraTounble yeaoBUsS KOPPEKTHOM PA3PEIIMOCTH YCEUEHHOTO
ypasaenusi Bunepa — Xorda, noydeHtble u3 Apyrux coobpazkenuit (6e3 ucrnosn3oBa-
Hust 33729 Mapkyiesuua).

Teopema 5. [Tycmov cnpasedauso ycaosus (0.2), (1.3), u ewinoanens, nepasencmea
1 —Fk(z)#0, x € R, (2.4)

1 —Fki(x) #0, z € R. (2.5)

Tozda 06a wacmuwr undexca mampuyv, G(x) pasww 0, u ycewennoe ypasrnenue Bume-
pa — Xonga 6 (0.1) xoppexmmo paspewumo.

Jlerko BHJIETH, 9TO HEPABEHCTBO B (2.4) 3aBeJIOMO BBIIOIHEHO, €CIIT

Fki(z)+ Fki(z) <1, z € R.

PaccmoTpuM jiBa IpuMepa K Teopeme 5.

1. Ilycrs ||k4||1 < 1/2. Torna oba mepasencrsa (2.4) u (2.5) OymyT BBIIOIHEHBL.
[To Teopeme 5 yceuennoe ypapuenne Bunepa — Xonda (npu orpanuuernun (1.3)) xkop-
pekTHO paspemntmo. C Apyroif croponsl, u3 HepaBeHcTBa ||k||; < 1 mo Teopeme Banaxa
00 obpaTHOM orepaTope MOJIYYHM, 9TO ycedeHHOe ypaBHeHue Bumnepa — Xornda mnme-
et eauncTBenHoe pertenne B Lq1(0,7), npejgcraBuMoe B Buje abCOJIOTHO CXOJAIIErOCs
psiiia Heitmana. CiiejioBaresibHO, HCKOMOE ypaBHenue Broporo poja B (0.1) KoppekTHo
pa3permmo.

2. Ilycrs 7 — mocrarouno Gosbiroe wncsto. Torma u3 HepasencTsa B (2.4) (HepaBeH-
cTBO B (2.5) MOKET He BBINOIHATHCA) 110 TeopeMe 7.2 u3 [11] mosrydanm cyrmecTBoBaHue I
eJINHCTBEHHOCTD PellleHnst ycedeHHoro ypasHenne Bunepa — Xorda npu yciosun (1.3).
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3. Ilpumenenne ycedyenHoro ypaBHenue Buaepa—Xortida
C CUMMETPUYHBIM SIAPOM JAJIsI UCCJIeJIOBAHUSA 3a/1a4U

MapkyimeBu4a

B paborax 2|, [3| HaiiaeHb! yCeaoBHsa KOPPEKTHON paspenmMocTn 3a1a4u Mapkye-
BUYA, KOTOPBIE BBITEKAIOT M3 XOPOIIO U3BECTHBIX PE3YJIBTATOB JJIsi YCEUEHHOIO yPaB-
nenusi Bunepa — Xorda u HacTosdIeil TeopeMbl 2.

B mamnom maparpade mpemmosiaraercsi, 9ro ko3ddunuentsl a u b 3amgaun Map-
kymesnaa (1.1), (1.2) yaosmersopsitor yeaousm (1.11)—(1.13). Cremyronue TeopeMsr
nostydensl B [2], [3] (npu obmux ycioBusix Ha KodbduuenT a).

Pacemorpum cHagasa cirydaii, Korua

k|l = /_ le(s)| ds < 1. (3.1)

Teopema 6. ITycms evinoaneno nepasencmeo (3.1). Toeda 0ba wacmmuwvir underca mam-
puyoe M (z) pasno 0 u 3adava Maprywesuwa (1.1), (1.2) xoppexmmno paspewuma.
Ecau, xpome mozo,

c(lx) =b(x)Ff(z), f(t)=—f(r—1), t€(0,7),
mo pewenue 3adava Mapkywesuvwa umeem caedyrowuti 6uo:

o @)= 5 (P70 - 23 0))

¢ (@) = g (910) 31 @) + 1 (@) @)

2de
®1(2) = Fhy(x)Fu(z), $o(r) = e Fhy(2)Fu(z), ¢*(z) = Pyd(z),
u — pewenue ycewennozo ypasruenue Bunepa — Xondga npu oeparnuvenuax (0.2), (1.3).

B criepytomienm cirygae canraem, 9to syipo k(t) siBasgeTcst mepuouieckoil byHKImei
Ha HHTEpBaJsie (—7,T) ¢ HEPHOJIOM T.
[Tycts N — MHOXKECTBO HesbIxX uuces. Ilomoxmm

,/\[0 = {m S N : A+($m) = 07 Loe Ty = 2m7T/T7}

(A+(x) =1 —/ ek, (t)dt, * € R, k(t) :=0, |t| > 7').
0

W3 coorHomnenns
lim A" (z) =1

|z|—o00

U SIBHOIO BUJA JUIA Hesoii anamuTudeckoil dynknum At ciaemyer, uto N0 D Ny —
KOHEYHOE MHOYXKECTBO (C IHCJIOM 3JIEMEHTOB Mg). fcuo, uto ng = 0 npu Ny = @ —
IIyCTOE MHOXKECTBO.
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Teopema 7. [Tycmo gynryus ki (t) ydosaemeopsaem caedyrowemy pasercmey:
ky(t)=Fky(r—1t), t €(0,7). (3.3)

Tozda 3adava Maprywesuya (1.1), (1.2) xoppexmuo pazpewuma mozda u mosvko mo-
20a, xo2da Ny = Q.

B npomusnom cayuae, ecau Ny # @, mo obwee pewenue odnopodnoti (¢ = 0)
sadava Maprywesuwa (1.1), (1.2) swwucasemea no gopmyaam (3.2), ede

Fu(z) = Qg (x)(1 —€7),
"o
Qi (z) = ch(x — ;)7 @ = 2mym/b, m; € Ny,
j=1
Cj — MPOU3BONLHBIE KOMNAEKCHDIE NOCTOANKYE, [ = 1,. .., ng.

B cityuae, korjia 7 — 10cTaToqHO GOJIBINIOE YUCIO B |3, Teopema 3| mosrydeH ciery-
IOIUHA pe3yJibTrar.

Teopema 8. [lycmo

1 — Fhy(z) — Fhy(z) £ 0, 7 €R.

Tozda cywecmeyem maxoe (docmamouno boavwoe) 19 > 0, wmo daa 6cex T > Ty
3adaua Maprywesuua (1.1), (1.2) xoppexmmo paspewuma.

PaccmorpuM Tereps cirydait, Korjga g YpaBHEHHS B CBETKaX 2-TO POJa BBITIOJIHE-
HBI YCJIOBUS TEOPEMBI 5.
[Tomoxxum

b(z) := /_OO e B(t)dt, H, (z):=1+¢e""b(z)#0, z€R, (3.4)

rie B € Li(—T1,00).

Teopema 9. [Tycmwv evnoansemes nepasercmeo 6 (3.4), Ind H (x) = 0 u, xpome

moeo,
1 — Fky(z) — Fk(z) #0, 2 € R,
ede o )
emﬁT x
Fhy(z) = ——2.
" Hy (2))

Tozda 3adavwa Maprywesuua (1.1), (1.2) xoppexmuo paspewuma.

4. BekTopHas kpaeBas 3ajiada Pumana (3azaua Pumana—

—Tl'unbbepra) u ypaBHeHUsI B CBEPTKAX MEPBOrO W BTOPOTO pPoO/jia
Ha KOHEYHOM MHTepBaJie

B teopeme 1 mosydena B3amMOCBs3b MEXKJIy BEKTOPHOI KpaeBoil 3ajade Puma-
na (1.7)—(1.9) ¢ xoaddurmenramu G, g u ypasuenuamu B ceeprkax (0.1) mpu ycito-
sun (0.2).

JIerko BUJIETH, YTO U3 TEOPEMbI | HEIOCPEJICTBEHHO BbITEKAET
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Caencrue 2. [Tycmo ||k+||r, < 1. Tozda mampuya G(x) donyckaem karnonuveckyro
daxmopusayuro 6 anrzebpe Bunepa (dpyeumu caosamu, mampuya G(x) umeem mosv-
KO HYAEBDLE YACTIHBIE UNOEKCD,) Mo20a U MoAvKko mo2da, K020a Yceuennoe ypasrenue
Bunepa — Xongha (0.1) npu yeaosuu (0.2) umeem eduncmeennoe pewenue 6 Li(0,7).

[Tomoxxnm
(e " Fk(z) —1— Fk(z)
Alw) = < 1 — Fk(z) e Fk(z) > » TEeR

Hng cpaBrenus co cieacrBueM 2 npuseseM u3 [16, Teopema 2| ciieiyornyo Teopemy.

Teopema 10. Mampuuya A(x) donyckaem xkamnonuueckylo daxmopusayuro 6 anzebpe
Bumnepa moeda u moavko mozada, xozda ycewernnoe ypasuenue Bunepa — Xongha (0.1)
npu yeaosuu (0.2) umeem eduncmeennoe pewenue 6 Li(0, 7).

OTmeruM, 9TO € TOMOIILIO TeopeMbl 1 (1 CIe/ICTBUs 2) HAWJIEHBI HOBBIE YCJIOBUSI
KOPPEKTHOM Pa3peninMoCTH yCeUeHHOTo ypaBHenus Bunepa — Xorda ¢ ciMMeTpuIHbIM
SIIPOM 1 TaKzKe KpaeBoil 3ajauan Mapkyiesuda (cMm. mr. 2-3). Kpome Toro, Teopema 1
HCIOJIB30BAIACh B TIOCTPOEHNH Teopur ypasHeHuil B cBeprkax (0.1) ¢ mepuognaeckumu
siupamu [7], [8]. DddexrusHoro ke npumenenus reopembl 10 He BBISBJIEHO.

[TepeiiieM HEmOCPEJICTBEHHO K ypaBHEHUIO 1-ro pojia B cBepTKax. PaccMorpum city-
Jail CHMMETPHIHOTO s/ipa, KOorja BbinosHeHo yeiaosue (1.3). B [3| momyuena B3ammo-
cBsi3b Mexk1y ypasraerneM 1-ro poma (0.1) mpu yciousx (0.2), (1.3) u 3amaaun Map-
kymesnya (1.1):

Teopema 11. ITycmv das ypasnerus 6 ceepmrax nepeozo poda (0.1) evinoanenv, oepa-
nuvernus (0.2), (1.3) u npasas wacms ypasrenus ydosaemeopaem ycao6uro

f&t)=—f(r—1t), te€(0,7).

A 6 s3adave Maprywesuua (1.1) a = 1, xoafpuyuenm b(x) umeem caedyrouuti 0buyu
6U0:

Fhki(x)+1/2

b(x) = e T AT (@)

+ F7(z),
ede
Af(x)=1/2— Fki(x) #0, z € R, F™ € Wy,.

Kpome mozo, npasvie wacmu ypasnerus (0.1) u sadavwu Maprywesuya ceasanv, paser-
CMeoMm

c(x) =b(z)Ff(z), x € R.

Tozda, ecau u € L1(0,7) — pewenue ypasrenus nepsozo poda (0.1), mo dynruyuu

ot (x), sadannvie credyrowumu dsyms Popmyramu:
o (@)= 5 (37 () - ¥ (0)).
@) = gy (0@ -8 @) + P @)
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(Pyrmuyuu 7, @5 onpedeservt 6 meopeme 1), asasomea pewenuem sadaqu Mapky-
wesuya (1.1).

C dpyeoti cmoponw, ecau ot € Woyr — pewenue 3adawu Maprywesuna (1.1) u
BUINOAHEHO YCAOBUE

e T (x) € Wy_,

mo PYHKUUA |
u(t) = f(t) + F o (2) — " (2) }(t)

ABAACTNCA peweruem ypasHenus nepeozo poda (0.1).

3akJro4eHue

YcTaHOBJIEHA CBSI3b MEXKJy KpPaeBbIMH 3aJladaMu JIJIsi aHAJIUTHIeCKUX (PYHKIUH 1
WHTETrpaJbHBIMA YPABHEHUSIMHI B CBEPTKaX Ha KOHETHOM ITPOMEXKYTKE, TTO3BOJISIONIA
ITOJIYIUTH HOBBIE PE3yAbTaThl KaK JIJI KPaeBbIX 3a/1a49, TaK U JIJIsi HHTETrPAJILHBIX YPaB-
nenuii. /lasibHeiiinee ucceieioBanue HAIIPABICHO HA PA3BUTHUE IOy Y€HHBIX METO/OB JIJIs
HCCJIE/IOBAHNST yPaBHEHUI B CBEPTKAX 1-TO poja M JPyruX WHTerPaJbHBIX YpPaBHEHUI
TUTIA CBEPTKH.
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Abstract. We consider the estimation of the entropy of a discrete dynamical system by using a
symbolic image that is a directed graph constructed by means of a finite covering of phase space.
Trajectories of the system are coded by paths on the graph. Flows on a symbolic image approximate
invariant measures of the system. The maximal metric entropy of a symbolic image is estimated by
the logarithm of the maximal eigenvalue of the symbolic image adjacency matrix. There is the flow on
which this entropy is achieved. The invariant measure of the maximal entropy is estimated by using
this flow.

Keywords: symbolic image, dynamical systems, invariant measure, entropy.
1. Symbolic image of a dynamical system

Let f: M — M be a homeomorphism of a compact manifold M generating a
discrete dynamical system

Tp+1 = f(xn)v (11)

and p(z,y) be a distance on M. In what follows we use the concept of symbolic image of
a dynamical system [16], which brings together symbolic dynamics |1, 13] and numerical
methods [9]. Let C' = {M(1),...,M(n)} be a finite closed covering of a manifold M.
The set M (i) is called cell with index i.

Definition 1. [15] Symbolic image of the dynamical system (1.1) for a covering C'is
a directed graph G with vertices {i}corresponding to cells {M(i)}. The vertices i and
7 are connected by the edge ¢ — j iff

FOM(@)) (M) #0.

Symbolic image is a tool for a space discretization and graphic representation of the
dynamic of a system under study, which allows the obtaining useful information about
the global structure of the system dynamics. Symbolic image depends on a covering C'.
The existence of an edge i — j guaranties the existence of a point = € M (i) such that

IThis research was carried out with the financial support of the Russian Foundation for Basic
Research (grant A no. 19-01-00388)
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f(z) € M(j). In other words, an edge ¢ — j is the trace of the mapping x — f(x),
where x € M(i), f(x) € M(j). If there isn’t an edge i — j on G then there are not
the points z € M (i) such that f(z) € M(j).

We do not place special restrictions on a covering C', but basing on the theorem
about the triangulation of a compact manifold [18] we may without loss of generality
assume that cells M (7) are polyhedrons intersecting on their boundary disks. In practice
M is a compact in R? and M (i) are cubes or parallelepipeds. Let C' be a covering of
M by polyhedrons intersecting on their boundary disks. In what follows we also use
a measurable partition C*, such that a boundary disk belongs only one of adjoining
cells. We assume that cells-polyhedrons are closures of their interiors.

Definition 2. A vertex of a symbolic image G is said to be recurrent if there is a
periodic path passing through it. The set of recurrent vertices is denoted by RV. The
recurrent vertices ¢ and j are called equivalent if there exists a periodic path passing
through ¢ and j.

Thus, the set of recurrent vertices RV is split into equivalence classes { Hy}. In the
graph theory such classes are called strong connectivity components.
Let
diam M (i) = max(p(z,y) : z,y € M (7))

be the diameter of a cell M(i) and d = diam(C') be the maximum of the diameters of
the cells. The number d is called the diameter of the covering C'.

A directed graph G is uniquely defined by its adjacency matrix (matrix of admissible
transitions) II. The matrix II = (m;;) has sizes n x n, where n is the number of vertices
of G, and m;; = 1 iff there exists the edge i« — j, else m;; = 0. Hence an i-th row in
IT corresponds to the vertex i (cell M (7)), and on the place j in this row there is 1
or 0 depending on the existence (or nonexistence) of nonempty intersection f(M (7))
and M (7). Matrix of admissible transitions depends on the numbering of vertices (cells
of the covering), so that a change of numeration leads to a change of matrix II. Note
that there exists a numeration transforming the matrix of admissible transitions to a
canonical form.

Proposition 1. [1] Vertices of a symbolic image G may be numbered such that the
adjacency matrix has the form

(ITy)
=1 o ; I - - |,
o0

where every diagonal block II; corresponds either an equivalence class Hj, of recurrent
vertices or a nonrecurrent vertex and consists of one zero. Under diagonal blocks are
only zeroes (upper triangular matrix)
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2. Entropy

In 1865 R. Clausius [4] introduced the most important in thermodynamics concept
entropy. To explain the irreversibility of macroscopic states L. Boltzmann in 1872 [3]
first introduced statistical approach in thermodynamics : he proposed to describe a
state of a system by using its microstates. The Boltzmann entropy S is statistical
entropy for the equiprobable distribution of a system over P states, it is defined as

S = klog(P),

where k is the Boltzmann constant.
In 1948 C. Shannon [19, 20] introduced the notion of capacity (C') for an information
channel as follows loos N (T
C = lim 29202 ( ),
T—o0

where N(T') is the number of admissible signals for the time 7. He also defined
information entropy as follows

h=-— Zpi log, pi,

where p; is a probability of i-th signal (message), i € 1,...,n, and n is the number of
signals. A. N. Kolmogorov in 1958 [11] introduced entropy in the theory of dynamical
systems. Entropy is a fine invariant of a dynamical system, it may be interpreted as a
measure of the system chaoticity. Comprehensive information on entropy in dynamical
systems is given in [6, 10]. It turns out that entropy characteristics may be obtained
both for a system described analytically and for its phase portraits. The application of
such characteristics to digital image analysis is given in [2].

Motivation Consider a discrete dynamical system z,.1 = f(z,) on a compact
manifold M, where f : M — M is a homeomorphism. Let C' = {M(1),..,M(n)}
be a finite covering of M and the sequence {z = f*(z),k = 0,...N — 1} be the
N-length part of the trajectory of a point z. The covering C' generates a coding of this
part via a finite sequence &(z) = {ix,k = 0,... N — 1}, where x; € M(ix). In other
words, iy, is the index of the cell from C' which contains the point z, = f*(z). Generally
speaking, the mapping xy — i is multivalued. The sequence & = {i;} is said to be
(admissible) encoding of the trajectory {z) = f*(z)} with respect to the covering C.
Assume that we know all admissible N-length encodings, and there is a need to predict
subsequent p-length encodings, i. e. to find admissible encodings of length N + p.

Let the number of admissible encodings K (V) grows exponentially depending on
N. We estimate the rate of growth of encodings by the number

e lm B K0

N—+o00 N ’ (21)

where b may be any real number greater than 1. The bases b = 2 (following to Shannon)
or b = e are in common use. The existence of the limit in (2.1) follows from the Polya

lemma |1, 13].
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Lemma 1 ([13|, p.103). If a sequence of non-negative numbers a, satisfies the
inequality
An4m S an + Qs
Qp,

then there exists lim —.
n—oo M,

For the number of admissible encodings we have
K(n+m) < K(n)K(m),

hence for the sequence a,, = log, K (n) there exists the limit (2.1).
Thus, for the number of encodings K (/N) we obtain the estimation

K(N) ~ Bo",
where B is a constant. If A # 0 then

K(N +p)

~ b
K(V) b"P.

This relation means that for any N the uncertainty of future encodings grows with the
exponent hp regardless the knowledge of previous encodings.

If the growth of the number of different encodings is not exponential (i. e. h = 0), for
example as

K(N) ~ BN4,

where A is a positive number (may be large), then

K(N +p)
K(N)

~ (14 2ya

when N — oo. In other words, the uncertainty of the future decreases when the length
N of known encodings increases.

Thus, if the growth of the number of different encodings is exponential, the
uncertainty does not depend on N, in other case it decreases as N increases. Value
h may be interpreted as a characteristics of uncertainty (chaoticity) of the dynamic of
the system considered.

Topological entropy. Let f be a continuous mapping defined on a manifold M and
C ={M(1),...,M(n)} be an open covering of M. For an integer positive number N
consider a sequence

W= wiws - WN,

where wy, 1s a number from 1 to n. Construct the intersection of the form
| M (w) = M(wy) N fH(M(wy)) N -0 fAH (M (wn), (2.2)

which is an open set. The admissible encoding w corresponds to the nonempty
intersection M (w), i.e. there exists ¥ € M(w;) such that f*(z) € M(wpyq1). The
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sequence w codes the segment of the trajectory {f*(x), k = 1,2,..., N}. Consider
all the admissible N-lentgh encodings {w} and the collection of sets CV = {M(w)},
which is an open covering. Choose in C* a minimal by the number of elements (denoted
further by |Cy|) finite subcovering Cly.

Then according to the Polya lemma there exists the limit

H(C)= lim M.

Aim — (2.3)

Definition 3. The number
h(f) = Sng(C),

where supremum is taken over all open coverings C| is called topological entropy of the
mapping f: M — M.

It is easy to see that there is little point in using this definition for practical
calculation of the entropy, so we consider some other methods.

A covering C5 is said to be refined in a covering C1, if any A € (5 lies in a set
B € C}. A sequence of open coverings C,, is called exhaustive if for any open covering
C there exists the number n* such that the covering C,, is refined in C for n > n*.

Proposition 2 (|1] p. 122). (1) If C,, is a sequence of open coverings with diameters

d,, = max diamA
AeCy,

tending to zero, then C,, is an exhaustive sequence. (2) The entropy of the mapping f
is calculated as follows

h(f) = lim H(C,).
n—oo
Consider coverings C; and (5, and construct for each of them nonempty
intersections of the form (2.2). Denote the obtained collections of sets by CI¥ and
CJ respectively. In each collection choose the minimal (by the number of elements)
subcovering, and denote them Cy; and Clys.

Proposition 3. If C} is refined in C, then
|Cn1| < |Chal,

where |Cy;| denotes the number of elements in the set considered.

Proof. It Ay C By and Ay C By, then A; N f71(Ay) lies in By N f~1(By). By the
same way one can prove that elements of CJ' are in corresponding elements of C¥.
Consider Cyy and Cpo. Take from CYV all the elements which contain corresponding
elements of Cy9, and form the covering C}.

Then |Cni| < |Ciy] < |Cnal, because Cyy is a minimal subcovering for CV. The
proposition is proved.
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Corollary 1. Assume that Cy is refined in Cy, and the numbers H(Cy), H(Cs) are
calculated by (2.3). Then
H(Cy) < H(Co).

3. Entropy of a symbolic image

Let G be a graph with the adjacency matrix II. Denote by b, the number of
admissible n-length paths on G.

Definition 4. The number

B(G) = lim 0o

n—oo M

is called the entropy of the graph G.

Remember that if (I1") is the power of II then the element (II");; equals the number
of admissible n-length paths from 7 to j and

by = (II");;.

ij

Subdivision process. We will apply a process of adaptive subdivision to coverings
and construct a sequence of symbolic images. At first, let us consider a main step of
the process a subdivision of covering. Let C' = {M (i)} be a covering of M and G be
the symbolic image with respect to C'. Suppose a new covering NC'is a subdivision of
C. It is convenient to designate cells of the new covering as m(i, k). This means that
each cell M (i) is subdivided by cells m(i, k), k= 1,2,... which form a subdivision of
the cell M(i), i.e.,

mi, k) = M(i).

Denote by NG the symbolic image for the new covering NC. The vertices of the
new symbolic image are denoted by (i,k). It is possible that some cells will not be
subdivided, i.e. m(i,1) = M(i), and the vertex ¢ in G is the vertex (i,1) in NG.
The subdivision just described generates a natural mapping s from NG onto G which
takes the vertices (i, k) onto the vertex i. From f(m(i, k)) N m(j,1) # 0 it follows that
F(M(3)) N M(j) # 0, so the edge (i, k) — (j,1) is mapped onto the edge i — j. Hence,
the mapping s takes the directed graph NG onto the directed graph G.

Theorem 1. Let C,, be a sequence of subdivisions of a closed covering, such that cells
are polyhedrons intersecting on boundary disks, and diameters d,, of C,, tend to zero.
Denote by G,, the symbolic images constructed for a mapping f : M — M in accordance
with the sequence C,,. Then for the entropy of f the following inequality holds

h(f) < lim h(G,).

n—oo
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Proof. Let C,, = {M (i)} be a closed covering from the sequence described above, and

G, be a symbolic image of the mapping f constructed according to C,,. Consider the

set Py of encodings of N-length segments of trajectories. It is obvious that Py is not

greater than the number of admissible N-length paths (denoted by by) on G,,.
Hence the number |CV| of nonempty intersections of the form

M(w) = M(w1) N f7H(M(wp)) N0 f7VFH (M (w))
is not greater than by. Thus,
H(C,) < h(Gy).
If C' is an open covering then there exists the number n* such that the covering C,
is refined in C' for n > n*. Then in accordance with Proposition 3 we have

H(C) < H(C,) < h(G,).

Now consider an exhausting sequence of open coverings {5m} Let n(m) be the number
n* constructed for the covering C,,, then

H(Cp) < H(Cy) < h(Gh),

where n > n(m). If m — oo, then according to Proposition 2 we have

h(f) = lim H(C,) < lim h(G,).
0

Remember that a matrix A(n x n) is called decomposable if it admits an invariant
subspace with dimension less than n, and a matrix A is called nonnegative (positive)
if it has nonnegative (positive) elements. If for a nonnegative matrix A there is an
integer s > 0 such that all the elements of A® are positive, then A is called primitive. In
particular the matrix of admissible transitions II is nonnegative. It is nondecomposable
if the symbolic image consists of one class of equivalent recurrent vertices.

Theorem 2. (Perron-Frobenius) [7, 13/

o If A is a decomposable nonnegative matrix then it has an eigenvector e with
positive coordinates and the eigenvalue X\ with multiplicity 1, and the other
eigenvalues p satisfy the inequality |p| < A.

o [f A is a decomposable nonnegative matriz and |pu| < A, then A is primitive.

o [f A is a decomposable nonnegative matriz and it has h > 1 eigenvalues which
are equal in modulus X\, then A is not primitive, and by an agreed renumeration
of rows and columns it may be transformed to the form

0 Ap 0 .- 0

0 0 Ay --- 0

0 0 0 - Apn
Am 0 o --- 0
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where A;; are square blocks, and A" consists of h primitive blocks.

Theorem 3. The entropy of the graph G is equal to the logarithm of the mazimal
ergenvalue of the adjacency matrix

h(G) = In .

Proof. 1. Consider the case when G consists of one class of equivalent recurrent
vertices. Let e be a positive eigenvector for the maximal eigenvalue A, i.e.

Ile = Je.

In the coordinate form we have
Z(H”)ijej = )\"ei. (31)
J

Let ¢ = min{e;} and d = max{e;}. In accordance with the Perron-Frobenius theorem
¢ > 0. Then the following inequalities hold

e (M) <Y ()¢5 < dA™,
J J
It follows that y
Z(H”)m’ <A
j
for any ¢. Summing by ¢ we obtain
by, = Z(H )ij < ?/\ )
ij

where 7 is the number of rows in the matrix II. It follows from (3.1) that

AT Ny =Y (1) <d D (M) < d Y (TT),5.
J i

J

Hence we have the estimation
c
c_l/\n < Z(H")w = by,
ij

and the inequalities

Cxrch < T
d c

The required equality follows from it.

ISSN 0203-3755 Turamudeckue cucremsr, 2019, Tom 9(37), Ne2



124 G.S. OSIPENKO, N.B. AMPILOVA

2. Consider the case when there are several classes of equivalent recurrent vertices,
i.e the matrix II is decomposable. According to Proposition 1, by a renumbering of
vertices this matrix may be transformed to the form

(IL)
I = 0 . (ch) ,
o0

where each diagonal block Il corresponds to either one of the classes of equivalent
recurrent vertices Hj or some non-recurrent vertex, and consists of one zero. Under
diagonal blocks are zeroes. Each class Hj has the entropy

h(Hk) =In /\k,

where )\, is the maximal eigenvalue of II;. By the definition the entropy of a symbolic
image G equals

B(G) = Tim 200

n—oo n

Consider an admissible n-length path w. Assume that on G there are s classes of
equivalence Hj. The path w passes both through the vertices from Hj and non-recurrent
vertices not belonging to these classes. Denote by wy the parts of w which lie in the
class Hj. If we delete from w all the wy it will contain only different paths o; passing
through non-recurrent vertices. Thus, w is the sum w;, and o;. Combine all the paths o;
into a sequence o, which is not necessarily is an admissible path. Let K be the number
of non-recurrent vertices in G. The sequence ¢ contains nonrecurrent vertices without
repetition. Hence the number of the sequences o is not greater than the number of
permutations of K elements, i.e. K!.

Denote by n(k) the length of the path wy from Hy. Then n(1)+n(2)+---+n(s) < n.
According to item 1 for every class Hy, there is a number d such that the number by (n(k))
of different n(k)-length paths wy is estimated as follows

b(n(k)) < dAP™ < aAm®),

where A = max A\,. Then for the number of different paths wy lying in w we have the
estimation

ku(n(k)) < dS)\n(l)+n(2)+---+n(s) < A5\
k
Summing the above results we have
b, < K!ld°\".

Thus, we obtain an upper estimation for the entropy of G:

B(G) < lim - In(K1dA") = In A

n—oo M

ISSN 0203-3755 urammudeckue cucremser, 2019, Tom 9(37), Ne2



ON THE ENTROPY OF SYMBOLIC IMAGE 125

Prove the opposite inequality. Note that the number of admissible paths on G is greater
than the number of admissible paths in a class Hy. Then h(G) > h(Hy) = In )y, for any
k, which gives the low estimation

h(G) > In A
Hence we have

h(G) =1n A,
and the proof is completed.

4. Flows on a symbolic image

Let f: M — M be a homeomorphism of a compact manifold M. A measure pu
defined on M is said to be f-invariant, if for any measurable set A C M the equality

holds. In what follows we assume that all measures considered are the Borel ones. The
Krylov-Bogoliubov theorem [12, 10| guaranties the existence of an invariant measure p
which is normed on M: u(M) = 1. Denote by M(f) the set of all f-invariant normed
measures . This set is a convex closed compact in weak topology (see [14], p.511). The
convergence [, — f in this topology means that

‘Z;¢dun-+lz;¢du

for any continuous function ¢ : M — R.

To understand how a distribution of a measure may appear on a symbolic image,
consider the following observation. Assume that there exists a f-invariant normed
measure 4 on M, and the cells of a covering C' are polyhedrons intersecting by boundary
disks. Construct a measurable partition C* = {M*(i)} such that a boundary disk
belongs to one of adjoining cells. Then, to every edge ¢ — j of a symbolic image G we
can assign the measure

mij = p(M* (i) 0 fHM(5))) = u(f (M7 () 0 M (5)), (4.1)

where the last equality follows from the invariance of ;. Besides that, the invariance of
1 leads to the equalities

D = S (I () 0 M) = O 0) =

2 LG =2 Mo
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The value ), my,; is called the flow incoming in the vertex ¢, and the ) M is called
the flow outcoming from . The equality

k J

may be interpreted as Kirchoff’s law: for any vertex the incoming flow equals the
outcoming one. Furthemore, we have

S i = () = 1. (4.3)

It means that the distribution m;; is normed (probabilistic). Thus, a f-invariant
measure g generates on a symbolic image a distribution m,; which satisfies the
conditions (4.2) and (4.3). The above reasoning leads to the following definition.

Definition 5. Let G be a directed graph. The distribution {m;;} on edges {i — j}
such that

e my;; > 0;

b Zij mg; = 1;

e for any vertex ¢

E mki:E mij
k J

is called flow on G.

The last property may be called the invariance of a flow. The norming condition
may be written as m(G) = 1, where the measure of G is the sum of measures of all
edges. Sometimes in the graph theory for such a distribution the term "closed flow” is
used.

For the flow {m;;} on G we may define the measure of a vertex i as

k J

Then ) . m; = m(G) = 1.

Thus, a f-invariant measure generates a flow on a symbolic image. Now we consider
the inverse construction. Let on a symbolic image G a flow m = {m,;} be given, then
we can construct the measure p on M as follows

where A is a measurable set. Here v is a normed on M Lebesgue’s measure, and on
the assumption v(M (7)) # 0. In this case the measure of a cell M (i) coincides with
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the measure of the vertex i: u(M(i)) = m;. As v is the Lebesgue measure, the measure
of boundary disks is equal to zero and the measure of a cell does not depend on the
measure of its boundary. In general, the constructed measure p is not f-invariant. But
it is an approximation to an invariant measure in the sense that p converges in weak
topology to an invariant measure if the diameter of the covering tends to zero.

Theorem 4. [17] Let on a sequence of symbolic images {G;} of a homeomorphism f
a sequence of flows {m'} be defined, and the maximal diameter d, of coverings tends
to zero when t — oo. Then

o there exists the subsequence of measures pu, (constructed according to (4.4)) which
converges in weak topology to a f-invariant measure fi;

e if a subsequence of measures [, converges in weak topology to a measure j*, then

w*is f-invariant.

Theorem 5. [17] For any neighborhood (in weak topology) U of the set M(f) there is
a positive number dy such that for any covering C' with the diameter d < dy and any
flow m on a symbolic image G with respect to C, the measure p constructed according

to (4.4) by m, lies in U.
5. Metric entropy

Let i be a normed invariant measure of a homeomorphism f : M — M and
C ={My, M,,---,M,} a measurable partition of the manifold M.

Definition 6. The entropy of the partition C' is defined as

H(C) = - Z:U’(Mi)ln (M)

Construct a covering C which consists of nonempty intersections of the form
Ay O AL N NN MG,

If such an intersection is nonempty then the sequence iy, s, - - - i)y is admissible coding
with respect to the covering C.
The metric entropy of f for the covering C' is defined as

1 N
H(f,C) = lim —H(CY).
The existence of the limit follows from the Polya lemma.

Definition 7. The entropy of f for an invariant measure p is defined as
h(f,m) = sup H(F,C),

where sup is taken over all measurable finite partitions.
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The connection between topological and metric entropy is given by the following
theorem.

Theorem 6. /5, 8/ The topological entropy of a homeomorphism f is the least upper
bound of metric entropies

h(f) = suph(f,p).

m

6. Stochastic Markov chains

Stochastic Markov chain |7, 13| is defined by a set of states of a system {i =
1,2,...,n} and the matrix of transition probabilities P;; from a state ¢ to state j.
Such a matrix is called stochastic if it satisfies the conditions P;; > 0 and ) | s Pi=1
for every i. A probabilistic distribution p = (p1,p2,...,pn), > ;pi = 1 is said to be
stationary if

P11 P12 Pln
P21 P22 Pgn .

(p17p27"'7pn) . . . _(p17p27"'7pn)7
Py Po ... P,

i.e. p is a left eigenvector of P.

We show that there is a one-to-one correspondence between a Markov chain and a
flow on a graph in which vertices correspond to the states with positive measure.

Let m = {m;;} be a flow on a graph G. The measure of a vertex i equals m; =
2 Mij = > myi- If m; # 0 then the vertex {i} is necessary recurrent. It is easy to
verify that any flow m = {m;;} on G generates a stochastic Markov chain in which the
states are vertices with nonzero measures, and the transition probabilities from 7 to j
are calculated as

s
Py =—2.
m;
In this case the stochastic matrix P = (my;/m;) has the stationary
distribution coinciding with the distribution of the measure m over the vertices
(mq, ma,...,my,). This follows from the equality
mi1 mi2 Min
T s e
mai1 mi2 man
(my,mo,...,my,) | ™2 ™ m2 = (my,ma,...,my,).
Mmn1 mMn2 Mnn
fal ez

Thus, any flow m = {m;;} on a graph G generates a stochastic Markov chain for which
the distribution of the measure (m;) on vertices is stationary.

Now we prove the inverse fact: for any stochastic matrix P = (P;;) and its stationary
distribution p = (p;) there exists a flow m = {m;;} on a graph G for which the
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distribution of the measure on vertices coincides with the stationary distribution, i.e.
m; = Pi-

Actually, let P be a stochastic matrix and pP = p. Consider a graph G which has
n vertices {i}, and the edge i — j there exists if P;; > 0. Construct the distribution
on edges m;; = P,;p; and show that the distribution is a flow on G. As P is stochastic
then Zj P,;; =1 for any ¢. Hence

> my =Y Pipi=p Yy Pj=npi.
J J J
As pP = p then ), ppPri = p;, s0

kai = Zpkzpki =pi = Zmija
% P J

ie for the distribution m;; the Kirchoff law  holds.  Moreover,
Dy Mig =D pi = L.

From the above it follows that the construction of a flow on a graph results in
obtaining a Markov chain.

7. Flow entropy

The developed technique may be applied to estimate metric entropy. Let for a
mapping f and a covering C' a symbolic image G and a flow m = {m;;} be constructed.
Any flow m may be considered as the approximation to an invariant measure p, if the
diameter of C' is small enough. The flow m on G generates the Markov chain in which
the states coincide with vertices of GG, and transition probabilities are defined as

_ My
Pij = m,
The matrix P = (p;;) has the stationary distribution (my,ms,...,m,) for which

entropy is calculated by the formula (see [13], p. 443)

b = — Zminz‘j In p;;.
J

i
Substituting p;; = m;;/m; we obtain
_ 4 My mi\ N mij\
==Y e 0 m(m) _ mem(mi) _
) J 1]

— E mijlnmij+ E mijlnmi:— E mijlnmij—i— E mzlnmz
i i ij %
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By this means entropy can be calculated by the flow m;; as
ij i

The last equality allows estimating the entropy of f for the invariant measure p , where
the flow m is an approximation of p.

8. Flow with maximal entropy

Let II be the matrix of admissible transitions for a graph G. Our objective is to
construct the flow which has maximal entropy among all the flows on G. As any flow is
grouped on a component of recurrent vertices, it may be thought that G consists from
one component.

Theorem 7. There is a flow m on G such that:
hm = h(G) =1InA.

Proof. 1. Eigenvalues of any real matrix A = (a;;) coincide with the eigenvalues of the
transposed (conjugate) matrix A*. Really, as det A = det A*, then

det(A — AE) = det(A — AE)* = det(A* — \E).

Hence to an eigenvalue A\ of A corresponds the conjunctive eigenvalue A of A*. The
roots of a real characteristic polynomial are either real or complex-conjugate, hence
the eigenvalues of the matrices A and A* coincide.

2. Let A be the matrix of admissible transitions of a graph G and A be the
maximal eigenvalue from the Perron-Frobenius theorem. Then for A there exists a
left eigenvector e with nonnegative coordinates e;, Y, e; = 1, such that

eA = )Xe, A%e = )e.
Hence for every i we have
Z a;;€; = )\Gi, (81)
J
which leads to the equality

for every i. Hence a matrix of the form

Q;;€5

is the stochastic matrix for which vector e is a stationary distribution:

eP =e.
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The distribution on edges ¢ — j defined by

ajz-ej

A

Mij = Pij€i =

is the flow m on the graph G such that the measure m; of the vertex ¢ equals e;. The
entropy of m is calculated by the formula

— E mijlnmij—{— E mllnmz
ij i

Hence

hm — _ Z ajzej In ajlej + Z e; In e;.

Here we assume that 0In0 = 0. That means that the sum is taken over i, j for which
a;; = 1. Thus we obtain

hpp = —Z ajgej(lnaij +1Ine; —In\) +Zeilnei =
iJ )

Z <Z Cljzej>l N — Z (Z ajzeﬂ> 1H€@+Z€@1H€@
( J
111)\2&' —ZeilneiqLZeilnei =InA\.
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BBenenue

Eme B mepBoil 1mosjioBUHE TPOILIOrO CTOJETHA OBLIO OTMEYEHO, YTO JIMHEHHbIE
nuddepeHIuaIbHbIe YPABHEHNUS C MOCIEIefICTBIEM II€PBOrO MOPS/IKa, B OTJIUYIHE OT
OOBIKHOBEHHBIX UM dEPEeHITNaIbHBIX YPABHEHUH, MOT'YT UMETH OCIUJLIUPYIOIINe pe-
menus [4]. DTo cBoiicTBO perienuil ypaBHeHuUit ¢ M0C/IeIefiCTBIEM XOPOIIO 00bICHSET
PSJT TTPOTIECCOB B OMOJIOI MU, XUMUU, TEOPUU ABTOMATHIECKOT'O PETYJIUPOBAHUSA, TIOITOMY
€ro MCCJIeJIOBAHNE TTOYIUIO PA3BUTHE.

Ecmm opuentupoBaThbcsa Ha mosyderue 3HEEKTUBHBIX HEOOXOJIMMBIX U J0CTaTOY-
HBIX YCJIOBUI OCIUJUISAIIAA B TEPMUHAX ITApPaMETPOB YPaBHEHHS, TO BBIOOP OOBHEKTOB
WCCJIe/IOBaHUS PAKTUYECKN NCYEPIBIBAETCS aBTOHOMHBIMI YPABHEHUSIMUA U CBOJIUTCS
K M3YUYEHUIO XapaKTePUCTUIeCKON (DYHKIUU Ha HAJIMIHe JTUOO OTCYTCTBHE BEIECTBEH-
HBIX KopHeil [4, 16, 6, 19]. [lj1g HeaBTOHOMHBIX ypaBHEHHil 3aja4a PE3KO YCJIOKHSI-
€TCs U pedb MOXKHO BECTH TOJIBKO O JIOCTATOYHBIX YCJIOBHAX. JIydImmMu m3 TaKOBBIX
€CTECTBEHHO CUYUTATH T€, B KOTOPBIX MOKa3aHa KaK CyIIECTBEHHOCTh BCEX HAJIOKEHHDBIX
TpeOOBaHUil, TAK U TOYHOCTb BXOJISIINX B OTPAHUYEHUS TOCTOSHHBIX.

B macrosmeit pabore paccMOTPUM OCHOBHBIE JIOCTUKEHWS Ha IIyTH YTOYHEHUS W
00001IIeHNs JIBYX KJIACCHYECKUX PE3YJIbTaTOB JjIs yPaBHEHUS yCTOWYUBOIO THIIA.

Paccmorpum ypaBHenue

#(t) +al®)z(h() =0, teR,, (0.1)

rae a(t) >0, h(t) <tmn tlg?o h(t) = +00. B npuBeieHHBIX HIZKE JIBYX T€OPEMAaX MOXK-

HO CUMTATh, KAK 3TO TPAIMIMOHHO Jejajioch HaumHas ¢ pador A. . Mbimkuca, 9o
dyuknun a u h HenpepoIBHBI HAa R, a perenneM sBjseTCs YIOBIETBOPSIONIAs ypaB-
nenuto (0.1) wenpepwiBro nuddepennupyemas dynkmnust : Ry — R. ITpu srom npe-
nostaraercs, 910 z(§) = ¢(§) upu & < 0, T1e ¢ — HeKoTopas HelpepbIBHAS (DYHKIUA.
B naspreiimem ypasaenue (0.1) 6yaer usydarses B 60Jiee 0OMUX TPEIIOTOKEHUSIX.

Teopema 1 (|18, 6]). Ecau dynryua h(t) ne yowsaem na Ry u cnpasedauso nepasen-
cmeo

lim [ a(s)ds > 1, (0.2)

t—o00
h(t)

mo ece pewerus ypasrwenua (0.1) ocyuarupyrom.
Teopema 2 ([3]|). Ecau cnpasedruso nepaserncmeo
lim a(s)ds > 1/e,

t—4o00
h(t)

mo ece pewenua ypasnerua (0.1) ocyuarupyrom.
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OB YCJIOBUSIX OCIIUJIJISIIMN PEIINEHUN 135

1. O mepeHoce ycJIOBUil OCHWJIJIAIINY HA ypPaBHEHUS
C HECKOJIbKMMU 3alla3/IbIBAHUSIMU

Pacemorpum jinddepenimaibioe ypaBHEHHE ¢ HECKOJIBLKUME 3aIa3/IbIBAHUSAMU
n
B(t) + Y ar(B)a(hi(t)) =0, teRy, (1.1)
k=1

B CJICJIYIONIMX [PEINOIOKEHUAX: PYHKIUNA dp JOKAJILHO CYMMHPYEMbI, (OYHKIUH /iy
usmepuMbl 1o Jlebery u hy(t) < t mna seex t € Ry, k = 1,n. Pewenuem ypabHe-
Hust (1.1) Gy/ieM Ha3BIBATD JIOKATBHO aDCOTIOTHO HENpephiBHYIO dyHKIWO @ Ry — R
yaoByeTBopstfontyto ypasaenuto (1.1) mouru seromy. Kaxk ussectno [1, rii. 1], npu 3a-
JIAHHOI orpaHuyeHHoil 6opeseBcKoil HadaabHol dyHKIuu ¢: (—oo, 0] — R u ycaosun
(&) = p(§), £ <0, ypaBuenue (1.1) 0IHO3HAYHO PA3PEIIUMO B KJIACCE JIOKAJIBHO ab-
COJIFOTHO HEIPEePBhIBHBIX (DYHKIUN U ero perieHne 6eCKOHETHO IIPOJIOJIZKAEMO Ha BCIO
HOJIOKUTEJIBLHYIO TOJIYOCh.

Hasee Bcroy Oymem cauTaTh BBITOJHEHHBIMU CJIEyTOIIUe yeaoBust: ag(t) > 0 ajst
nouT Beex ¢ > 0 u esslim hi(t) = 400, k =1,n.

Onpenesienue 1. HerpepbiBHYIO Ha HOJIYyOCH {t: t > to} dbyHKIMIO Oy/IeM Ha3bIBaTh
OCUUAAUPYIOULET, eCIN OHa UMeeT HEeOIPAHWYEHHYIO CIIpaBa IOCJ/IeJI0BATEJIbHOCTh HY-
JIeit.

Onpenesienne 2. Ypasaenne (1.1) GyjeM Ha3bIBaTh OCUUAAUPYIOULUM, €CTTH JTHOHOE
€ro PENICHNE ABJIACTCS OCIUJLIIPYIOIIVM.

[Tockonbky ypasaenue (0.1) ectb wacTHbIl cayuail ypasHenust (1.1) mpu n = 1,
eCTeCTBEHHO KeJslaHue 0000ImuTh TeopeMbl 1 un 2 ua ypashenue (1.1). IIpocreiinmmit
c11ocob TaKoro 0000IEHN — BBIOPATH JOCTATOTHO MAaJIbIi OOIMuil JUId BceX Kodddu-
[UEHTOB IIPOMEKYTOK MHTErPUPOBaHUsl. Pe3ysibraThl TAKOIO THUIIA JIEMKO BBIBOJSITCS U3
CJIEJIYIOIIEr0 YaCTHOTO CJiydasi TeopeMbl Mbliikuca o cpaBHenun pertenunit |5, . 177].

Teopema 3. Paccmompum napsady c ypasnweruem (1.1) ypasnerue

B(t)+ Y ar(B)z(7(t) =0, teRy, (1.2)
k=1
2de Ti(t) > 7(t), k = 1,n. Ecau ypasnenue (1.2) A6asemca ocyusiupyrousum, mo

ypasnenue (1.1) mookce A6AAEMCA OCUUAAUPYIOULUM.

Samevanue 1. Teopembl 0 cpaBHeHUN perieHuit pyHKIHOHAIbHO-TuddMepeHmaIbHbIX
ypaBHEHUI BBIBOJAATCSI U3 CBOHCTB (DYHKIMOHAJIBHO- 1M MEPEHITNAIBHBIX —Hepa-
BeHcTB. COOTBeTCTBYyIOIIAs AaHAJUTHYECKash TEXHUKa pPa3BUBalach B psdje padoT
JI. Bepesanckoro, E. Bpasepman u A. JlomomHuIKoro; pe3ysibrarbl CHCTEMATH3UPOBA-
HbI B MoHOrpaduun [10].
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Teopema 4 (|10, c.44]). Obosnauum g(t) = sup h(s). Iycmo
s<t

t n
t@ / Zak(s) ds > 1.
k=1
g(t)

Tozda ypasnenue (1.1) aAaaemes 0CUUAAUPYIOULUM.

Teopema 5 ([15]). [Tycmwv nenpepwsraa gynxyus h*: Ry — R maxosa, wmo hy(t) <
h*(t) <t daa ecex t € Ry. Ecau npu smom

¢ n
li_m/Zak(s)ds>1/e,
k=1

t—o0 —
he() =

mo ypasrenue (1.1) asaaemes ocuuirupyrowum.

C yuerom Teopembl 3 TeopeMbl 4 u 5 cieayor w3 Teopembl 2. HemocraTok sTmx
pe3yJIbTaTOB OpocaeTcss B IJia3a: BJAUSHUE OTHOCUTEIbHO OOJIBINUX 3alla3/IbIBaHMil Ha
OCIUJIISIIIAIO HE YUUTBIBAETCS, XOTS UMEHHO OHO HamboJIee BEJINKO; B YACTHOCTH, €CJIH
hi(t) = t ayst HEKOTOPOTO k', TO TEOPEMBI 4 1 5 HOJHOCTHIO TEPSIIOT CUILY.

Takum obpazom, ocHOBHasI IIPodJIeMa HETPUBUAJIBHOTO 0000IeHns TeopeM 1 1 2 Ha
ypasaenue (1.1) cocrout B TOM, 9T00BI yUeCTh BJIUSHIE BCEX 3anas/ibIBaHUIL.

2. NtepanmnonHble YTOYHEHUS YCJIOBU OCIUJIJISIINNT

Teopema 1 mokasbiBaercst Kpaiite npocro. Tpebosanue neyobiBanust dyukiun h(t)
B Hell OTMEHUTH HEJIb3s, HO MOXKHO 3aMeHuThb h(t) dyukimeit g(t) = sup h(s). Ilpn-
s<t

Mep u3 paboThl [6] mokasbiBaeT, YTO KOHCTaHTa 1 B mpaBoii dactu HepasencTsa (0.2)
HEeyMeHbIIIaeMa, OJIHAKO MPUMEHEHHEe TeOpeMbl 2 K aBTOHOMHOMY ciydaro a(t) = a,
t — h(t) = r, 11 KoToporo ycsosne ar > 1/e saBisiercss HeOOXOAUMBIM U JIOCTATOTHBIM
JUTs OCIULIATIAN [4], moKa3piBaeT, 4To Teopema 1 — B HEKOTOPOM CMbIcie GoJiee rpyOblit
pe3yJIbTaT, YeM TeopeMa 2.

B 1994 r. B pabore [17| 6bLT0 IIpejcTABIEHO 3aMevaTebHOE YCUIeHNEe TeopeMbl 1,
CyThb KOTOPOI'O COCTOHT B MTeparuoHHoM ociaabsenun ycaosus (0.2). O6obimenne 1oi
ujen u ee npuMernenne K ypasaenuio (1.1) 6bu1o npemyiozkeno B crarse [11] B 2016 1.

O6osznaunm Fy(t,s) =1 u

Pults) =expq [ S Q) Pas(Chulc)) dC po mEN,

Jlemma 1 ([11]). Ecau x — nosoosrcumenvroe npu t > ty pewenue ypasrenus (1.1), mo
Hatidemes maxoe ty > tg, umo daa ecexm € Ny ut > s > t1 umeem

x(t) P (t,s) < x(s). (2.1)
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Homoxum g(t) = max,_1, Sup,<; hi(t).

Teopema 6 ([11]). Ecau npu nexomopom m € Ny cnpasedauso nepasencmeo

¢ n

fim /Zak(s)Pm(g(t),hk(s))ds -1,

k=1

mo ypasrerue (1.1) asasemes ocuuAupPYOUUM.

Conocrasiienne TeopeM 1, 2 n 6 HABOJIUT HA MBICIb, YTO JOJIKHO CYIIECTBOBATH
yCHJIEHUE TEOPEMbI 2 ¢ HCIIOIH30BAHUEM BCIOMOTaTe/IbHBIX (DYHKIU, PO KOTOPBIX
axasornaaa posm dyHkiwmii P, B Teopeme 6. B pabore [11]| 6pl1a mpeupuHsTa MOMBIT-
Ka TOJIYIUTh Pe3y/IbTaT TaKOro TUIIA: YTBEPKIAJIOCH, ITO UMEET MECTO CJIEIYIOINTuit

dakT.

YrBepxkaenue 1. Ecau npu nexomopom m € Ny cnpasedauso nepasencmeo

t—o00

q(?t)

lim / > au(s)Pla0) () ds > 1/,

mo ypasrerue (1.1) Asaiemes ocuuAUPYIOUUM.

B pabore [7| 6b110 3aMeUeHO, YTO yTBEpK/IeHUe | HEBEPHO B MIPUMEHEHUH Jaxke K
ABTOHOMHOMY YPaBHEHUIO C OJIHIM 3ala3/blBaHueM. /leiicTBUTe/IbHO, TPUMEHUM yTBEP-
XKjeHne 1 K ypaBHEHUIO

i) +etz(t—1)=0, t>0, (2.2)
mpu m = 1. Umeen: n = 1, ay(t) = 1/e, hy(t) = g(t) =t — 1, P(t — 1,5 — 1) = e(t=3)/¢,

t
lim [ (1/e)el=*)/e¢ds = el/e — 1.

t—o0
t—1
B cuny mssectnoro mepasencrsa e > (1 + 1/e)® nomygaem, uro /¢ — 1 > 1/e. Ta-
KM 00pa30M, YCJIOBHs yTBEDXKJEHWs | BBIIOJHEHBI, ypaBHeHHE (2.2) ITOJIKHO OBITH
OCTIMJIUPYIOIIUM, ITO HEBEPHO.
B roii xxe pabore 7] nokazano, 4To B (GOpMYyIUPOBKY yTBEPKIEHHsI 1 MOXKHO BHECTH
HEOOJIBINOE U3MEHEHNEe TaK, UYTO YTBEPXKIEHNe CTAHEeT BEPHBIM.

Teopema 7. Ecau npu nexomopom m € Ny cnpasedauso nepasencmao

t—o00
g(t

Jim /Zak(s)Pm(g(s),hk(s))ds > 1/, (2.3)
(1) *=!

mo ypasnerue (1.1) asasemes ocyus upyrOUUM.
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[Tpusenennoe B 11| qoKa3aTeabCTBO yTBEPXKIeHNsT 1 MOXKHO MCIIPABATH, HO B 9TOM
HeT HeoOXOUMOCTH: B | 7| mpuseieno 6oJiee IpocToe paccyKieHne, OCHOBAHHOE HA TIPH-
MeHeHUHU JieMMbl O JinddepeHnuasbHoM HepaBeHcTBe |2, ¢. 65| K BermomoraTebHOMY
YPaBHEHUIO C OJIHUM 3aTa3/[bIBAHIEM.

Huxe npuBoauTcs HOBOE, MaKCUMAaJILHO IIPOCTOE, JIOKA3ATEIHCTBO TEOPEMbI 7, OT-
YeTJINBO TMMOKAa3bIBAIONIEe MPUIMHBI yclexa YTOYHEHUs TeOpeMbl 2: MPUMEHUTETHHO K
ypasaenuto (0.1) pacumupsioniye 061acTh TPUMEHIMOCTH Y TBEPIKICHUST HTEPAITIN BO3-
MOXKHBI OJ1arojiapsi O9eBUIHOMY PABEHCTBY

t t

lim [ a(s)ds= lim [ a(s)ds,
t—4o00 t—+o0
h(t) g(t)

KOTOpOE MOKA3bIBAET, UTO ypaBHEHNE He TepsieT OCILIAIN npu 3ameHe h(t) Ha g(t),
z(h(s))
z(g(s)) "
Jloxazamenvcmeo meopemuv, 7. JTOIMyCTUM, YCJIOBUS TEOPEMBI BBIOTHAIOTCS, HO yPaB-
nenue (1.1) umeer HeocruLMpyIomiee perienue (6e3 orpaHnIeHusi OOIHOCTH, MOJIOK Y-

resibHOe) o = x(t). 3adukcupyem ty > 0 1 paccMOTPUM ypaBHEHHE

y(t) +b)y(g(t)) =0, = to, (2.4)

a 9TO JaeT BO3MOXKHOCTDL BOCIIOJIB30BaTLCA OHeHKOfI OTHOIIICHU A

. [Ipumensasa memmy 1, mosrydaem:

jb(s)ds:
®)

g(t g(t)

[TosroMy 13 TeOpeMbl 2 U yCIOBHIT TEOPEMBI CJIEJIYeT, YTO BCe Pellienus ypaBuenus (2.4)
ocumsuupyor. Ho dyukius x(t), oueBujHO, ABJsgeTCs pellenreM ypasHenus (2.4).
CiteioBaTeIbHO, UCXO/IHOE MIPE/IIIOIOKEHIE HEBEPHO. O

OrmernM, aro B paborax [12, 13| mosryuensr yemoBust ocimsuisinmy ypasrenus (1.1),
SIBJISIONIAEC YCUJICHUSIMHE TEOPEMBI 2, OCHOBAHHBIM, KaK U TeopeMa 7, Ha OIEHKe OT-
HOIIeH Ui %. YAUBATEIHHO, HO 9TO HE MelnaeT aBropaM paborsl [13] B ouepennoii
pas cocjaTbes Ha yTBep:KJIeHne 1 B 0630pe u3BecTHbIX pesysbraToB! Brupodem, B my6-
JIMKAIUSX [TOCIEIHUX HECKOJBbKUX JIeT 110 PACCMaTPUBAEMO TeMe JIOIMYIIEHO HEMAJIO
ommubok. Ha mekoropele n3 HEX yKazaHo B paborax [7, 8, 9|, Ho wacTora myGinKaImm

UCIIPpAaBJICHUI CYIIECTBEHHO YCTYIIAET YacToTe MyO/JIMKAIUN HOBBIX OIMINOOK.
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3. HoBble MHOXKeCTBa MHTETrPUPOBAHUST

B pa6ore [14| 6bu1 npejioyKeH HOBBIN BBIGOD MHOYKECTBA MHTEIPUPOBAHUSA KOID-
unmenro ypasuenusi (1.1), KOTOpBIi HE TOJBKO yCHIMBaJ Teopemy 4, HO U jaBajt
[TOJIXOJT, K PEIIeHUIO IPOobIeMbl yaeTa BeeX 3ala3bIBaHuUil.

OmpenennM 11a k = 1, n ceMeiicTBa MHOXKECTB

Hip(t) ={s>1t:hg(s) <t}, teR,.

Teopema 8 ([14]). ITycmo

Tozda ypasrenue (1.1) Asasemcs oCUUALUPYIOULUM.

JlokazaTeabCTBO TeOpeMBI 8 MOYTH CTOJIb K€ IIPOCTO, KaK JT0Ka3aTeIbCTBO Teope-
mbl 1. st ypasaenus (0.1) B ciydae MOHOTOHHON (DYHKIMH h 9TH T€OPEMbI PaBHO-
CHJIBHBI, B IIPOTUBHOM CJIydae TeopeMa 8 Bcerjia JaeT OoJiblliee 3HAUEHNE NHTerpasa B
JIEBOI YacTu HepaBeHCTBa, yeM TeopeMma 1. Bosee Toro, B [9] nokaszano, 1ro Teopema 8
B HEKOTOPBIX CHUTyanuax Oosee ahdekTnBHa, YeM nreparnuontas reopeMa 6.

Cy1ecTBeHHO OOJIee TOHKUM PE3YJILTATOM SIBJISIETCS HIEPEHOC BO3MOXKHOCTU MHTE-
IPUPOBAHUA 110 HOBOMY MHOKECTBY Ha YCJIOBHUSA OCHUJIIAINY, AB/IAIONINAECT PA3BUTHEM
Ujen TeOpeMbl 2.

Onpenenmum g k = 1,n ceMelicTBa MHOXKECTB

Eut)={s>t:hy(s) <t}), teR,.

Teopema 9 ([8]). ITycmov

n

h_mZ/ ai(s)ds > 1/e,
By (t)

t—>ook 1

Tozda ypasrenue (1.1) asasemes OCUUAMUPYIOULUM.

CpapauM cuty TeopeM 7 1 9 — MaKCUMaJIbHBIX IOy YeHHBIX 00OOIIEHU TeOpeMBbI 2.
Hecnoxxno yoeaurbes, 9To objracTé MPUMEHUMOCTH TeopeM 7 U 9 He COBIaJIaloT.
HedicTBuresbHO [7], oCHM/UISIINS ABTOHOMHOIO YPaBHEHUsI C JBYMsI 3aIla3/[bIBAHUSIMU

(t) + arz(t) + agx(t — 1) =0, ¢>0,

He yCTaHaBJIMBAeTCs TeopeMoii 7, HO TeopeMa 9 MOKa3bIBAET, 4TO IpHU ay > 1/e oHO
sBJisieTcd ocnmyuiupyomuM. CTOJb 2Ke HEeTPYIHO MPUBECTH IPUMED HEABTOHOMHOTO
ypaBHeHust ¢ ojgHuM 3anaszpiBanueM (0.1), OCIULIANNS KOTOPOrO YCTAHABJINBAETCSI
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TeopeMoii 9, HO He yCTaHABJIMBAETCsl TeopeMoii 7: Hanpumep, ecym t — h(t) nepuoiae-
cku o0OpallaeTcs B HOJIb, TO TeopeMa 7 HellpuMeHnMa. Takum oOpa3om, 00/1aCcTh IpUMe-
HUMOCTH TeOPeMbI 9 He y2Ke 00JIaCTH IPUMEHMMOCTH TeOPeMbI 7 (JlazKe JIjIs ypaBHEHUs
C OJIHIM 3aIa3/[bIBAHIEM ).

OTBeTuTH HA BOIIPOC, BEPHO JT 00PATHOE, TIO-BUIMMOMY, CYIIIECTBEHHO TPyIHee. AB-
TOpaM HACTOSIIEH CTaTbU BUJINTCS MPABIONOI0OHOM MMIOTE3a: He CYIIECTBYET YpaB-
HEHUS, OCIUJLIAINS KOTOPOIO YCTAHABIUBAETCS TEOPEMOi 7, HO HE yCTAHABIUBAETCS
TeopeMoit 9.

Samevanue 2. IlpumennTsb K Teopeme 9 nTepalmoHHOE YTOYHEHNE, TMOJ00HOE yTOTHe-
HUIO T€OPEMBbI 2, IIPUBEIIIEMY K TeopeMe 7, IIPeJICTaB/IsgeTcss HeBO3MOXKHBIM. Kak ObL10
OTMEYEHO BBIIIe, TeopeMa 2 JIO0IYCKaeT UTepalnoOHHOe YTOTHEeHne O1aromapst TOMY, 9TO
OHA HEIYBCTBHUTEIbHA K HEMOHOTOHHOCTH (DYHKIWHN h(t); mis TeopeMbl 9 9TO He Tak.

4. YpaBHeHHus C pacnpe/ieJIeHHbIM 3alla3/IbIBAaHIEM

N3zmoxkeHHbIE B TIPEIBIIYIUX pa3/esax MOAX0/Ibl JOIMYCKAIT PACIpOCTPAHEHNe Ha
HEKOTOPhIE KJIACChI YPaBHEHUI ¢ pacIpejie/IeHHbIM 3amasabiBanueM. O0sagas psaoM
OOIINX CBOMCTB ¢ ypaBHEHUAMU C COCPEIOTOUCHHBIM 3alla3/IbIBAHUEM, OHU HE SIBJIAIOTCS
X YACTHBIM CJIy9YaeM M UMEIOT CBOIO CHENUpUKY.

Paccmorpum ypaBHenwue

ha(t)
:i:'(t)+/k(t,s)x(s)ds:0, ER,, (4.1)

h1 (t)

rje hy, hy —usmepumble Ha Ry dyuknuu, npudem hy(t) < ho(t) < t, a k— Heorpu-
HaTesIbHas JIOKAJILHO CyMMHUpPyeMas 110 BTOPOMY apryMeHnTy dynknus. Ilycrs, naee,
p(t) = :1 2((;;) k(t, s) ds — nokanbho cymmupyemas (byHKIUA, a tlim hy(t) = 4o0.

—00

O6ozuaunm Py(t,s) =1n

t h2(C)
Pattis) =epd [ [ HCOPa(rdrdct, meN
s hi(¢)

Jlemma 2. Ecau x — noaoocumenvioe npu t > to pewenue ypasrenus (4.1), mo nad-
demes maxoe T > to, wmo npu aobwx t u s makuz, wmo t > s > T, cnpasedausa
ouenKa

x(t)Pp(t,s) < z(s). (4.2)

Jloxaszameavcmeo nipoeesiem unykimeii mo m € N. [lycts & — noJioxkuresibHOe Ipu
t > to pemenue ypasuenus (4.1), Torma cymectByer t1 > g, Takoe 9To z(t) MOHOTOHHO
yOBIBaeT JjIsI BcexX t > ty.
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[Tepemuiiem ypasaenue (4.1) B Bue

z(t) + p(t)x(t) = / k(t,7)(x(t) — x(7)) dr, (4.3)
hi(t)

u BoibepeM T’ Tak, 9T0o0bI it Beex ¢ > T 661710 hy(t) > t1. Torma x(t) < z(7) npu Bcex
7 € [hi(t), ho(t)] u mo dopmyne Komu u3 (4.3) caemyer, aro

x(t) S w(s)e_fstp(T)dT’
TO €CTb
Pyt s)x(t) < a(s),
u pu m = 1 yTBep:KIeHne JTOKa3aHO.

[Tycts HepaBencTBo (4.2) BBINOIHEHO [y HEKOoTOporo m > 1. Torma

ha(t)
#(t) + 2(0) / K(t,7) Po(t, 7) dT =

hl(t)
ho (t)

hg(t)
= z(t) / k(t,7)P,(t,7)dr — / k(t,7)x(T)dr =
hi(t) h1(t)
ha(t)

= / k(t,7)(z(t)Py(t,7) — z(7)) dr < 0.

ha(t)
Eme pas npumenss dhopmyy Komu, noaydaem

S k() P (¢,r) dr dC

z(t) < x(s)e_f: h1 (<)

njin, ¢ y9eToM OIIpedec/ICHUA Pm+1,
x(t)Perl(t? S) S .CL'(S) ]
TeopeMa 10. Ecau npu HEKOMOPOM M & No cnpaeeﬁ/meo HeEPaceHCMBEo

t ha(s)

@/ //{;(S,T)Pm(hg(s),T)des>1/6, (4.4)

t—o0
ho (t) hi (S)

mo ypasrerue (4.1) ABAAEMCA OCUUNNUPYIOULUM.
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Loxazameavcmeo. Obo3HATIM

ha(s)
as) = / k(s, )Py (ha(s),T)dr.

hi(s)

He mapymas obmutaocTr, MOKHO cuntarh, 9to «(s) > 0. Torma dyrxims

ABJIAETCS HENPEPLIBHOM 1 MOHOTOHHO BO3PACTAIONIEH, TO eCTh nMeeT oOpaTHyIo (DyHK-
mmio t = = 1(¢). Uz (4.4) cnenyer, uro a ¢ Li(R, ), 3nauut, p~! B3aMMHO-0[HOZHAYHO
orobpaxkaer Ry na R, npudaem lim ¢ 1(() = oo.

{—o0

[omoxum r(¢) = fhiz;(—cl)(g)) a(s)ds ur = lim r(¢).

¢{—00
[Tycrb HepaBeHcTBO (4.4) BBIIOIHEHO, HO ypaBHeHue (4.1) nMeeT HeOCIIIINPYoIIee
pemenne x. Torma cymecrByer tg, HauuHasg ¢ KOTOPOro (pyHKIUSA I MOJIOKUTEJIbHA 1
MOHOTOHHO yOBIBAET.

[Tocrpoum bynxmmio v(¢) = x(p~1({)), KoTopas ToxKe ABJIACTCA NOJOKUTETLHOMN 1
MOHOTOHHO yObIBAIOIIEH HAYMHAsL ¢ HEKOTOPOTro (o.

PACCMOTPUM ABTOHOMHOE yPABHEHIE
L) =y(Q)+y(C—r)=0, ¢=C. (4.5)
JIerko BUJeTh, 9TO
(Lo)(€) =v'(¢) +v(C — 1) £ V'(2) +v(¢ = 7(C))-
B cuty onpeiestenust GyHKIHN @

e~ 1(0) P7H(0) ha(e~1(C))

C=r(¢) = / als)ds - / ols) ds

0 ha(e~1(C))

I
L
—
»
~—
U
V)]
I
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y‘{I/ITbIBaH O4eBHUIHOC HepaBeHCTBO Z—Z e ﬁz—f " OHeHKy (42)7 HOquaeMZ
(Lo)(0) < ﬁ(a‘:(t) T at)a(ha(t) <
) ha(t)
< ol + / K(t,8) Pon(ha(t), 8)2(ha(t)) ds) <

hz(t)
1. B
<ameo (/) k(t, $)o(s)) ds = 0.

U3 siemmbr 0 udpdbepeHnmaIbHOM HepAaBeHCTBe Crle/lyeT, u4To ypasHenue (4.5) nme-
eT mosoxkuTenpHoe perenre. Ho ypasuenune (4.5) —aBTOHOMHOE, JIJIsi HETO M3BECTEH
kpurepuit Heocrmusanum: < 1/e. ITo yciosuto reopemsr > 1/e. [Iporusopeune. [

B kauecrBe cienctusa n3 reopembl 10 mpu m = () mosiydyaeM U3BECTHBIN PE3YJIbTAT.

Caencrsue 1 ([19]). Ecau

t  ha(s)

li_m/ /k(s,g)dgds>1/e, (4.6)

t—o00
ho (t) h1 (S)

mo ypasrenue (4.1) A6AACMCA OCUUNNUPYIOULUM.

[Tokazkem, uTo mocrosiunas 1/e B HepaBencTBax (4.6) m (4.4) sBisiercst TOYHOIA,
HECMOTDsI Ha TO, 9TO aBTOHOMHOE ypaBrenue & (t)+ax(t —r) = 0 He ABISETCS YACTHBIM
ciydaeM ypasaerust (4.1).

Ipumep 1. PaccmorpuMm ypaBHeHUe

©(t) + m / x(s)ds =0, teRy,, (4.7)

t—1—e(t)

o
TJIe € — MOJIOKUTEIbHA U3MepUMas OrpaHuvdeHHas (PyHKIA, TPUIeM fo e(t) dt < 0.

els) — 1 —
Tak kak ¢ £(s) < 6(8), TO, C YIETOM CBOMCTB (DYHKITUU &,
ess) — 1 2
E o) . t
lim /6 —1oe) glim/ﬂds:().
t—00 65(3) -1 t—00 2
t—1 t—1
N3 pasencrsa
e(s)  _ - e(s) +1 — e
es(s) — 1 es(s) — 1
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cjiejryer
t s—1 d 1 t
lim S R - C)
t—o0 6(65(5) — 1) e t—oo es(s) — 1
t—1s—1—¢(s) t—1

TO ecThb Jyist ypaBuenus (4.7) uwepasencrso (4.6) obpaiaercs B pasencro. C apyroit
CTOPOHBI, HECJIOZKHO yOemThes, uTo dbyHKIwmst y(t) = e~ ! aBjsieTcs penenneM ypasHe-
Hust (4.7):

| ] i
) t = — - —_— —
gt + e(es® —1) / y(s)ds ‘ e(es® —1) ’

t—1—e(t)

TO ecTh ypaBHenue (4.7) uMeeT HeOCHUJUIUPYIOIIEE PEIIeHHE.

[TpuBeieHHBI TPUMED TTOKA3BIBAET, UTO B HepaBeHCTBe (4.6) HeJIb3sl JIayKe 3aMEeHUTh
CTPOroe HEPABEHCTBO HECTPOTUM.

Cnoucok mUuTUpyeMbIX UICTOTYHUKOB

1. Asbeaes, H. B., Maxcumos, B. Il., Paxmamyasuna, /I. @. BBenenne B Teopuio bpyHKIMO-
HabHO-Tuddepermabubx ypapuennii. M.: Hayka, 1991.

Azbelev, N. V., Maksimov, V. P., Rakhmatullina, L. F. Vvedeniye v teoriyu funktsional’no-
differentsial’'nykh uravneniy [Introduction to the theory of functional-differential
equations|. Moscow: Nauka, 1991. (in Russian, with an English summary)

2. Asbenes, H. B., Cumorose II. M. YcTOWINBOCTD peEIlleHNiT YpaBHEHUN C OOBIKHOBHHBIMU
npon3BoaubiMu. 1lepmb: m3a-Bo Ilepmcek. yu-ta, 2001.

Azbelev,N. V., Simonov, P. M. Stability of Differential Equations with Aftereffect.
London: CRC Press, 2002.
3. Konaamaodse, P. I., Yanmypus, T. A. O KOJIEOJIONUXCS 1 MOHOTOHHBIX PEITeHusiX -

depeHnraIbHBIX YPABHEHNH TIEPBOTO TTOPSIIKA ¢ OTKJIOHSIIOMUMCsT aprymenToM. Jludde-
penir. ypasa. 18, Ne8, 1463-1465 (1982).

Koplatadze, R. G., Chanturiya, T. A. Oscillating and monotone solutions of first-order
differential equations with deviating argument. (Russian) Differentsial’'nye Uravneniya
18, No. 8, 1463-1465 (1982). (in Russian)

4. Mvauxuc A.J[. O peleHusIX JUHEHHBIX OJHOPOIHBIX UM PEpEHIMATBLHBIX YPABHEHU
[IEPBOTO TIOPs/IKA YCTOWIMBOIO THIIA C 3ala3/plBaiomuM aprymMmerTom. Matem. ¢6. 28 (70),
Ne3, 641-658 (1951).

Myshkis, A. D. On solutions of linear homogeneous differential equations of the first order
of stable type with a retarded argument. Mat. Sb., N. Ser. 28 (70), 641-658 (1951). (in
Russian)

ISSN 0203-3755 urammudaeckme cucremsbr, 2019, Tom 9(37), Ne2



10.

11.

12.

13.

14.

15.

16.

17.

OB YCJIOBUSIX OCIIUJIJISIIMN PEIINEHUN 145

Muvuwruc, A. /{. Jluneiinble mudepeHnmraabHble YPABHEHUS € 3aI1a3/IbIBAIOIIIM apryMeH-
Tom. M.: Hayka, 1972.

Myshkis, A. D. Linear differential equations with a retarded argument. Moscow: Nauka,
1972. (in Russian)

Tpamos, M. H. Ycnosus kosiebyiemoctn perennii qudepeHnuaibHbIX yPaBHEHUH IePBO-
ro HOpsiJIKa ¢ 3ala3/ibBaionmM aprymMesTom. 3. Bysos. Marem. Ne3, 92-96 (1975).

Tramov, M. I. Conditions for the oscillation of the solutions of first order differential
equations with retarded argument. Izv. Vyssh. Uchebn. Zaved. Matematika No.3 (154),
92-96 (1975). (in Russian)

Yyodunos, K. M., Maaveuna, B. B. O6 ociimyuisiiuu JTuHERHBIX 1 depeHInaIbHbIX ypaB-
HEHUIl C HECKOJIbKUMU 3ara3jpiBannsaMu. Becrauk [lepmck. yH-Ta. Maremarnka. Mexa-

uuka. Madopmarnka. Ned, 11-18 (2017).
http://vestnik.psu.ru/docs/2017/4/3/20174344 .pdf

Chudinov, K. M., Malygina, V. V. On oscillation of linear differential equations with
several delays, Bulletin of Perm University. Mathematics. Mechanics. Computer science.
No. 4, 11-18 (2017). (in Russian)

Yyodunos, K. M. O TOUHBIX JOCTATOYHBIX YCJIOBUSX OCIUJLISIIIAN PEIeHU JTUHEHHBIX Tud-

dbepeHnnaIbHBIX U PA3HOCTHBIX ypPaBHEHHIl 1IepBOro Hopsiaka ¢ mocieneficrsueM. V3s.
By30B. Marem. Ne5, 93-98 (2018).

Chudinov, K. M. On exact sufficient oscillation conditions for solutions of linear differential
and difference equations of the first order with aftereffect. Russ. Math. 62, No. 5, 79-84
(2018).

Yyodunos, K. M., Maavieuna, B. B. [lpusnaku ocrimuisiiniuu perennii guddepeHnnaabHbIX
ypPaBHEHUIl [IepBOIo mopsijika ¢ nocieeiicrsueM. V3. By3os. Marem. Ne7, 72-85 (2019).

Chudinov, K. M. Malygina,V.V. Oscillation Criteria for Solutions of Delay Differential
Equations of the First Order Russ. Math. 63, No. 7, 62-74 (2019).

Agarwal R.P., Berezansky L., Braverman E., Domoshnitsky A. Nonoscillation theory of
functional differential equations with applications. New York: Springer, 2012.
Braverman E., Chatzarakis G. E., StavroulakisI. P. Iterative oscillation tests for
differential equations with several non-monotone arguments. Adv. Difference Equ.
2016:87, 18 p. (2016).

Chatzarakis, G.E., Purnaras, 1. K., Stavroulakis, I. P. Oscillation tests for differential
equations with deviating arguments. Adv. Math. Sci. Appl. 27, No. 1, 1-28 (2018).
Chatzarakis, G. E., Jadlovskd, I., Li, T. Oscillations of differential equations with non-
monotone deviating arguments. Adv. Difference Equ. 2019:233, 20 p. (2019).

Chudinov, K. Note on oscillation conditions for first-order delay differential equations.
Electron. J. Qual. Theory Differ. Equ. 2016, Paper No. 2, 10 p. (2016).

Fukagai, N., Kusano, T. Oscillation theory of first order functional-differential equations
with deviating arguments. Ann. Mat. Pura Appl. 136, No.4, 95-117 (1984).

Gydri, 1., Ladas, G. Oscillation theory of delay differential equations. New York: The
Clarendon Press, Oxford University Press, 1991.

Koplatadze, R., Kuvinikadze, G. On the oscillation of solutions of first-order delay
differential inequalities and equations. Georgian Math. J. 1, No. 6, 675-685 (1994).

ISSN 0203-3755 /lunamuaeckue cucrempr, 2019, Tom 9(37), Ne2



146

18.

19.

B. B. MAJIBIT'HHA, K. M. YY/IMHOB

Ladas, G., Lakshmikantham, V., Papadakis, J. S. Oscillations of higher-order retarded
differential equations generated by the retarded argument. In: Delay and functional
differential equations and their applications (Proc.Conf., Park City, Utah, 1972) (pp. 219-
231) New York: Academic Press, 1972.

Malygina, V., Sabatulina, T. On oscillation of solutions of differential equations with
distributed delay. Electron. J. Qual. Theory Differ. Equ. 2016, Paper Ne.116., 15 p. (2016).

Honryuena 01.06.2019

ISSN 0203-3755 urammudaeckme cucremsr, 2019, Tom 9(37), Ne2



Junavuveckue cucremsr, 2019, Tom 9(37), Ne2, 147-153

VIIK 519.6

O pemtennsax anddepeHInaIbHbIX
BKJIIOUEHUI C OYTU BBLINYKJION HPaBOM
4aCTbhIO

P. A. XagaTpsaxn

EpeBanckuii rocy1apCcTBeHHbII yHUBEPCATET,
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AmnHoTanums. B crarbe paccMaTpuBaeTCst BOIIPOC CyIIeCTBOBAHUs! PellleHnst BKioueHns suga Dz (t) C
a(z(t)) npu magaabaOM yeaosuu z(tg) = %o, vae Dx(t) — mapaTuHrenTHAs MPOU3BOAHAS (DYHKIUKI
x(t). Ilpeanosaraercs, 9T0 MHOrO3HAYHOE OTOOPAXKEHWE ¢ HENPEPBLIBHO, a MHOXKeCTBa a(r) HodYTH
BBIITYKJIBI.

KuroueBbie ciioBa: MHOrO3HAYHOE OTOOPAXKEHNE, ITOYTH BBIMYKJIOCTD, Aud depeHnnaabHoe BKIIoIe-

Hue.

On solutions of differential inclusions with almost
convex right-hand side

R. A. Khachatryan

Yerevan State University, Yerevan 0025.

Abstract. In the paper, the question of the existence of a differential inclusion #(t) € a(z) under
the initial condition x(ty) = ¢ is considered. It is assumed that a multivalued mapping a is upper
semicontinuous and the sets a(z) are almost convex.

Keywords: set-valued mapping, almost convex mapping, differential inclusion.

MSC 2010: 49-XX
BBenenue

PaccmoTpuMm Boripoc cymecTBoBaHus perteHus uddepeHuaTbHOro BKIIOYeHIA

“ € afa) o
dt

¢ HaYaJIbHBIM ycsioBueM x(ty) = . B 3aBUCHMOCTH OT CBOCTB MHOTMO3HAYHOIO OTOO-
pakenusi (HEIPEPBIBHOCTH B TOM WJIM MHOM CMbICJIe) pelieHus audepeHiuaibHOro
BKJIIOUEHUA 00J1aJIAI0T Pa3TMIHbIMU JIuDDEPEHITUATBHBIMI CBOMCTBAMU.

[Iycrs BekTOp-dbyHKIMs (1) omnpenesieHa Ha WHTepBaJe win orpeske J, tg € J u
x(ty) = xp. OHa HA3BIBAETCS KAACCUMECKUM peweruem TudDDEPEHITNATBHOTO BKIIIOYE-
uust (1), ecoin Berojy Ha J MMeeT HEMPEPBIBHYIO ITPOM3BOIHYIO M Y/IOBJIETBOPSIET BKJIIO-
qennio (1).
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Bekrop-dyuknus z(t) HasbBaercs pewenuem Kapameodopu nuddepeHnnaabHOro
Brovenust (1) Ha unrepBase J, ecim Ha uHTepBasie J (1) abCOMIOTHO HENPEPHIBHA U
HOYTU BCIOJLY YJIOBJIETBOPsieT BKJoUeHuio (1).

Permmenne Britouenns (1) ¢ BBILYKJIO3HATHON MIPABOii YACTHIO TIPH TPEIIOIO0KEHUN
[TOJTYHEITPEPBIBHOCTU CBEPXY MHOTO3HATHOTO OTOOPasKeHUsI BIIEPBbIe OBLIO pacCMOTpe-
uo 3apemboit (S. K. Zaremba) B crarbe [14]. Hapamuneenmmnot npoussodnoti Dx(t)
dbyuknun x(t) B ToUuKe ty HA3BIBAETCSI COBOKYIHOCTD BCEX MPEJIEJIOB

lim z(tn) — z(sn)

tn—to t, — S
Sn—to n n

, Sp F th.

Bapemba onpeens peleHne Kak HelPephbIBHYIO (DYHKIUIO, NapATUHICHTHAS TPOU3-
BojHas Dx(t) KOTOPOI BCIO/Y Y/IOBJIETBOPSIET BKJIIOUEHHIO

Dzx(t) € a(x(t))- (2)

Bepna cienyiomas Teopema.

Teopema 1 [14]. ITycmv mnozosnaunoe omobpasicenue a : R™ — 28" ¢ swnyravi-
MU 3AMEHYMBLMU 3HAYEHUAMY NOAYHENPEPLLEHO ceepry U cywecmeyem wucao C' > 0
maxoe, wmo |ly|| < C, Yy € a(z), © € R". Toada cywecmeyem aunwuyesas @Gyri-
yua z(t) ¢ navarvnom yeaosuem x(0) = o, napamunzenmiuan npoudéodnas Dx(t)
Komopot 6c100y YOOBACTNEOPAET EKAOUCHUIO

Dzx(t) C a(z(t)) t € [0,1].

Huddepennnaipaoe BKIOUeHNE ¢ 060OIIEHHBIMI TIPOU3BOHBIMU (KOHTHHI€HTHBI-
MU [TPOU3BO/HBIMIE) ObL10 paccmorpeno Bazkesckum (T. Wazewski) [13]. Jokazano, aro
ecJIu JIJIsd JTII060r0 & MHOXKECTBO a(x) — BBIMYKJIBI KOMITAKT U 0TOOpazkKeHue a Herpe-
PBIBHO, TO BKJIOUeHUE (2) PABHOCHJIBHO BKJIIOUEHUIO B KOHTHHIEHIUAX U JTudepeH-
[UAIBHOMY BKJodenuio (1).

st mudpdepeHnmanbHbix  BKIIOYEHUH € HEBBIIYKJIOW IMPaBOil 4YacThio Iep-
Basg TeopeMa CYIIeCTBOBAHUS KJIACCHIECKOTO JIOKAJILHOIO pelleHrsl Oblla J0Ka3aHa
A. ®. OumnmoBbIM, IPH YCJIOBUU, YTO IpaBasl 4acTh yJIOBJETBOpSET yCa0BUIO JInm-
mura [2]. 3arem uM ke ObLTa TOKa3aHa TeOpeMa O CYIIeCTBOBaHUs pertennst Kapareo-
JIOpU JIJIs1 ypaBHEHUs! ¢ HeIPEePbIBHON IpaBoil Yactbio [3]. B Hacrosiiee BpeMst nmeroT-
Csl JIOCTATOYHO COJIEpKaTeIbHbIE U MOJPOOHBIE MOHOTPAUN U CTATHH, IEJTUKOM WJIH
B 3HAYUTEJILHON CTEleHN U3JIarafolye mpodJeMbl CyIeCTBOBAHUS pelleHuii (Kiaccu-
yeckux mwin B cMbicsie Kapareomopu) nuddepennuanbabix Briodennit (1). K aucy
takux pabor moxkuo orHectu: 2K.II. O6en (J.P.Aubin) [10]|, A.A.Toncronoros [6],
E. C. onoeunkus [5], A. 1. Nodde [12], B. 1. Braronacrkux [1], B. 1. Teabman [4].

Opnnako, B iATepaType MaJjo paboT, MOCBAMIEHHBIX M depeHInaIbHbIM BKIIOYe-
HUSIM ¢ ODOOIIEHHBIMY ITPOU3BOIHBIMIU.

B macrosiimeii crarbe paccMaTpuBaeTCs BOIPOC O CYINECTBOBaHUN (QyHKIWHA (),
t € [0,1], ¢ maganbupiM yeaoBueM z(0) = xy, mapaTHHIEHTHAs TPOM3BOIHAS KOTOPOI
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yJ0BJIeTBODsieT Berofy BRJouenuto (2). IIpeamonaraercs, 14to MHOXKeCTBa a(x) SBJIs-
I0TCS TIOYTH BBIILYKJIBIMU MHOXKECTBAMHE, & OTOOparkKeHne a HepepPbIBHO. JTOT pe-
3yJIbTaT aHAJOIMYeH TeopeMe 3apeMObl TP OCIabJIEHHBIX YCIOBUAX BBIITYKJIOCTH MHO-
xkectB a(x). [lonarue mouTn BeITyKI0CTH OBLIO BBEIEHO B paborax (8, 7|. IlorpebrocTh
U3yYeHNsT TAKUX MHOXKECTB BO3HHUKJIA B Teopun juddepeHnnaababix urp [9].

Beenem oboznavenus: B,(a) — 3aMKHYTBIH map pajmyca r ¢ HEHTPOM B TOYKE @,
M C R™ — 3aMKHYTOEe MHOYKECTBO.

Onpenenenne 1 [7|. Muoxkecrso M C R™ yIoBIeTBOpPSET YCIOBUIO NOYMU Gbi-
nyxaocmu ¢ KoHcTauToit 0 > 0, ecau jist J1I00BIX

.TjEM,)\ij,jEJ,

rje J — KOHeYHOe MHOYKEeCTBO MHJIEKCOB, TAKUX ITO » jes Aj = 1, BbIIONIHAETCS BKILIO-
JeHue
Z 2
)\jfL’j - M+(97” Bl<0),
jeJ
rie r = max; ey ||z — ;.
Bamernm, uto ecyim = 0, To M — BBITyKJI0€ MHOXKeCTBO. Kitacc ouTH BBITTYKJIbIX
MHOKECTB JIOCTATOYHO MIUPOK.
ITpumep 1. Muoxectso M = {a, b}, cocrosiiiee U3 JIByX TOYEK, MIOYTH BBIMTYKJIO.
JleficTBUTE/IHHO, TMEEM

1
Bl CM+—|la—10|*B
conv{a,b} C M + 2a =0l la — b||*B1(0),

T. €. B 9TOM CJIy9ae KOHCTAHTY [OYTH BBIIYKJIOCTH 6 MOXKHO BbIOpaTh pastoit 1/(2|la —
bl)-

B ﬂaﬂbHef/’IHleM MbI UCIIOJIB3YyEM CJICIyIoniee CBOICTBO IIOYTHU BBIITYKJIBIX MHO2KECTB.

IIpensioxkenue 1 |8, Teopema 3, Crencrsue 3|. Ecau M — noumu evnykaoe mo-
orcecmeo ¢ Konemanmot 6, mo daa aobozo € < 1/(160) mmnoorcecmeo M + B.(0) nowmu
BOINYKAO0 € Koncmanmot 46.

Hamomumm Terepb HEKOTOPBIE OIPEIEICHIT TEOPUU MHOTO3HAYHBIX OTOOpasKeHMIA.
I[IycTs 28" ecTh COBOKYIHOCTD BCEX HEIMYCTBIX HOIMHOMKECTB U3 R™.

Orobpazxkenne a: R — 2" maspiBaeTca noayrenpepvienvim cru3y B TOUKE To €
R", ecim st moboro € > 0 cymectByer Takoe d > 0, 410

a(zg) C a(z) + B.(0), Vo € Bs(0).

Orobpaxkenue a : R" — 28" naspiBaeTcs noaynenpepviensim c6epry B TOUKe o € R™,
ecsu it Jiioboro € > 0 cymectByer Takoe d > 0, 910

a(z) C a(xg) + B(0), Vo € Bs(0).

Ecmn orobparkenne mosryHePepbIBHO CHU3Y M CBEPXY B TOYKE Ty, TO OHO HA3bIBAET-
sl HENPEPLIBHLIM B 9T0i Touke (cm. [4, Oupenenenne 1.2.43, crp. 38|: onpemesenue
HEIIPEPBIBHOCTHU B CMBbIC/Ie Xaycaopda).
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Bepna ciiesrytoriast Teopema, KoTtopasi 06001aer pe3yabrar 3apeMObl Ha HEBBITYK-
JIbIE CJTyYam.
Teopema 2. IIycmo

1) mnozoznaumoe omobpasicenue a ¢ KOMNAKMHOMY 3HAMEHUAMU HENPEPBIGHO;
2) wmmooicecmea a(x) nowmu evinykav, ¢ nocmoannot 6 > 0;

3) cywecmeyem xkoncmarnma C' > 0 maxas, wmo

la(z)]| < C(+ [|lzl)), Vo € R",

Tozda cywecmsyem aunwuyesas Gynryus x(t), napamunzenmnasn npouzeodnan Dx(t)
Komopot 6ct0dy YJosAemEoPAEM BKAIOYEHUIO

D(t) € a(w(t)), t € [0,1]
¢ navaavrom yeaosuem x(0) = xg.

Jloxazamensvemeo. JlokazaTebCTBO aHAJIOTUYIHO TeopeMe 3apeMbbl. OTMeTHM KJTIode-
Bble MOMEHTHI JIOKA3aTe/ILCTBA, YTOOBI T0OKA3aTh OTJNYNE OT T€OPEMbI 3apEeMObI.

Pazobbem oTpe3oK Ha m paBHBIX YacTeil W MOJOKUM 0 = 27, 3aluiineM BMeCTO
coorHorennst (1) pasHOCTHBIE BKIIIOUCHUE

l’g(t + 5) S x(;(t) + 5@5(t), t=20,0,20,..., (2m - 1)(5 (3)

Pemenne 4(t) pasHocTHOro BK/tOUEHUs (3) MOCTPOUM IHAD 38 MAIOM CJIE/LYIONHM 00~
pasoM:

[Momoxum x5(0) = . B nepsom mare B KadecTBe x5(0) BBIOEPEM IPOM3BOJIBHBILI
ssiement muoxkecrsa 25(0) + da(zs(0)). Bo Bropom mare B Kauectse x5(2J) BbiOepem
TAKOM sj1eMeHT MHOXKeCTBa T4(0) 4 da(zs(d)), aro

=20 2=
) ) u€xs(6)+a(zs(8))

Amnasoruano, nocrponM x5(36), ..., x5(1).
Kak u B Teopeme 3apem0Obl [14] (BBILYKJIBIH CIydaii) 3/1€Ch MOXKHO [TOKA3aTh, ITO
cymectByeT uncyo L > () Takoe, 9T0O

||ZL‘5(t—|— 5) - l‘5(t)|| S oLt = 0,5, ce

Hoomnpenemm x4(t) mus Beex [0, 1], mocrpous uHeliHyo naTepnosiuo. CoraacHo
Teopeme Apriesibl u3 nocenoarebuocTr {x5(t)} dyHKImMA MOXKHO BEIOPATH CXOJISATILY-
10CS TIOJIIOCIEIOBATEILHOCTE. MOXKHO JIOKa3aTh, 9TO Npeeabaasa To(t) dynknus yio-
BJIeTBOpsieT yeaoBuio Jlunmmna ¢ koncrantoit L. ITokaxkeM, 9T0 mapaTUHIeHTHAS IPO-
u3BojHas Dx(t) ymosieTBopsieT BK/IoUeHUIO Beoy Ha orpeske [0, 1]. Ilycrs ¢ty € (0, 1).
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Tak Kak oToOpazkKeHue a MOJIyHEIPEPBIBHO CBEPXY, TO JjIsd JII0OOro € > () CyIIeCTBYIOT
qnciaa vy > 0, 6y > 0 Takme, IO

a(ws(t)) € a(wo(to)) + €B1(0),

ecim | t —tyg |[< 7,8 < 8. Ilycrs ty, 1o — dbuKcHpoOBaHHBIE TOYKH, MMEIOIINE BUJL
t1 = k151, ty = ]{52(51, (51 < (5, IIpuieM

t <ty < to, ‘tl—t2|<’}/.

Tak kak 0 = 27, 1o npu § < 01 TOUKHU t1,ty OyAyT BXOAUTH B pasOueHMne OTpPE3Ka
[0, 1]. Nmeem

Jfg(tg) — ZE(g(tl) o Z ) I‘g(t + 5) — {L‘(s(t)

t2 o tl t=t1,t14+9,...,t2a—0 t2 - tl 5
,B;JIH JOCTaTOYHO MaJIbIX 5 IIOJIyYUM
rs(t +0) — xs(t
(y = st +9) —zolt) a(xo(to)) + €B1(0)) Vt = t1,ty +6, ...ty — 6.

J

Tak Kak MHOXKeCTBO a(o(tp)) MOYTH BBILYKJIO ¢ KOHCTAHTOMN €, TO IO mpe/Ioxe-
mnio 1 mpu € < 1/(160) muoxectBo a(xo(ty)) + €B1(0) mOITH BBILYKIIO ¢ KOHCTAHTO
46. TToaTOMy COrJIACHO OIPEJIEJICHUIO OUTH BBILYKJIOCTH UMEEeM

Ty ty) — Ty t

2) = 75(01) ¢ (g (t0)) + eBA(0) + 40 max [y, — v, 5
to — 1 t,p

M3 cooTHOIIEHNs TOIYYUM, 9TO JJjId IMPOU3BOJBHBIX t,p = t1,t1 + 0,...,to — 0 UMeer

MECTO HEPaBEHCTBO
Hyt - yp“ S (t2 - tl)e.

[TosTomy, ecmmr v < €, TO

lye = ypll* < (t2 — t1)%€* < €. (6)
Nyeem
To(ta) — xo(tr) _ wo(ta) — ws(t2) n s (t2) — ws(t1) n 5(t1) — xo(th) (7)
to — 1y to — 1y to — 1y to—t

Beibepem Terepb 9rcsio § HACTOJIBKO MaJibIM, 9TOOBI IIEPBOE U TpeTbe ciaaraemoe B (7)
OBLIN TI0 MOJIYJIIO MEHBIIE €. YUInThiBas cooTHomenus (5)-(7), mosryamm

.%'Q(tg) — Io(t1>
to —t1

€ a(zo(to)) + 3¢B1(0) + 40€* B, (0).

OTCIO,ZL&, IIOCKOJIbKY € ITPOU3BOJIbHO, IIOJIYIUM HCKOMO€ BKJ/IIOYEHUE

Dzxo(to) C a(zo(to)).
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3ameuanwue 1. Ecjin ocjiabuTh yc/ioBre HEIIPEPBIBHOCTU OTOOPAXKEHUS @, TO yTBEP-
JKJIeHIe TeopeMbl 2 HeBepHO. /leficTBUTeIbHO, MyCTh

€ R, a(0) ={-1,1}, a(z) = —sign z.

Torma orobpakeHue @ TOJIyHEIPEPBIBHO CBEPXY, MHOYKECTBA () MOYTHA BBIILYKJIbI
(mpumep 1), HO perieHne ¢ HaYATBHBIM YCJIOBHEM He cyinecTByeT upu t > 0 (eM. mpu-
mep [1, crp. 243)).

Bameyanne 2. OTMETHM, 9TO B YCJIOBUSIX TEOPEMBI 2 BKJIIOUEHIE 2 B TTapaATHHTEH-
[UsIX He paBHOCWILHO juddepernnaibaoMy Brioderuio (1). JelicTBuresbHo, MyCcTh
a(z) = [-1,1]U2, Vo € R'. OTobpazkenue a HENPEPBIBHO M /st KA2KJIOTO T MHOXKECTBO
a(x) mouTn BIMYyKJIO ¢ KoHCTaHTO! 6 = 1/2. Pacemorpum nnddepennuaabioe BKIIO-
genne (1) ¢ naganbubim yemosueM z(0) = 1 Ha orpeske [0, 3. JIummunesa byHsKIms

t, ecu t € [0, 1],
z(t) =2 —t, ecm t € [1,2],
2t — 4 ecn t € [2, 3]

nouTu By Ha orpeske [0, 3] yiaosiaerBopsier auddepeHuagIbHOMY BKIIOYEHUO

d
%x(zﬁ) € a(x).

OnHako BKJtOUYeHEe (2) BCIOJLY HE BBINOJHSIETCsI, TOCKOIBKY, HartpuMmep 1.5 € Dx(2), u
nosromy Dz(2) C a(x(2)).
Pemennem Brjovyenus (2) B mapaTuHreHIUsIX OyJIer, HapuMep, QyHKIus

t, ecu t € [0, 1],
y(t) =
2 —t, ecm t € [1, 3],

JleficTBuTeE/IHHO,
1, ecu t € [0, 1),
Dy(t) = ¢ —1, ecm t € (1,3],
—1,1], ecm t = 1.

1 osTOMy BCIoy Ha orpeske [0, 3] mmeer mecto Briodenue Dy(t) C a(y(t)), y(0) = 1.
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DddeKT TpaHCcIrpeccun B 3ajiade O JABUKEHUN

I1049THN 1oJIOHOMHOTI'O MaﬂTHI/IKa1

A. C. Kynemos, 1. U. YaaroBcKast

MockoBckuii rocynapcrBennniit yuusepcurer um. M. B. Jlomonocosa,
Mocxksa 119991. E-mail: kuleshov@mech.math.msu.su, ira4599@mail.ru

Awnnoramus. B 1986 roxy 4.B. TarapuHoB 3a/102KUI OCHOBBI TEOPUU CJIADO HEIOJIOHOMHBIX CHCTEM.
PaccmarpuBatorcst MexaHndeckue CUCTEMBI ¢ HETOJIOHOMHBIMU CBS3AMU, COJEPYKAIMMEI MAJIbI mapa-
merp. [Ipesmnosaraercsi, BO-mepBhIX, YTO MPU HYJIEBOM 3HAYCHUH MMAPAMETPA CBI3U TAKOW CHUCTEMBI
WHTErPUPYEMBI, TO €CTh IIOJIYy9aeTCs CEMEICTBO NOJIOHOMHBIX CHCTEM, 3aBUCHIIEe OT HECKOJIbKIX IPO-
U3BOJIBHBIX KOHCTAHT MHTEIPUPOBAHUSA. BO-—BTOPBIX, 3TU I'OJIOHOMHBIE CUCTEMBI JOJI>KHBI OBITH BIIOJIHE
UHTErPUPYEMBIMU TAMUJIBTOHOBBIMU CUCTEMAMHU.

IIpu HemysieBOM 3HaYEHUU MAJIOrO MapaMeTpa MOBEJEHUE TAKUX CUCTEM MOYKHO PacCMaTpPUBaTh
IIPYU IOMOIIY ACUMITOTHYECKUX METO/O0B, IIPEJCTABIIAST €r0 KaK TPAHCTPECCHIO: COUeTaHNE JIBUKEHUS
citerka MOAuUIMPOBAHHON T'OJIOHOMHON CHCTEMBI C MEJJIEHHBIM H3MEHEHHEM ObLIBIX KOHCTAHT. B
JaHHOI pabore ommcaH 3ddEKT TPAHCIPECCUHU B 3aJad4e O JBHKEHUN [OYTH IOJIOHOMHOI'O MasTHUKA.

KittoueBnbie ciioBa: c1abo HENOJIOHOMHBIE CHCTEMBI; TIOYTH TOJIOHOMHBIN MAsITHUK; TPAHCTPECCHUS.

The Transgression Effect in the Problem of Motion of
an Almost Holonomic Pendulum

A.S. Kuleshov, I.1. Ulyatovskaya
M. V. Lomonosov Moscow State University, Moscow 119991.

Abstract. In 1986 Ya. V. Tatarinov presented the basis of the theory of weakly nonholonomic systems.
Mechanical systems with nonholonomic constraints depending on a small parameter are considered.
It is assumed that when the value of this parameter is zero, the constraints of such a system become
integrable, i.e. in this case we have a family of holonomic systems depending on several arbitrary
integration constants. We will assume that these holonomic systems are integrable hamiltonian
systems. When the small parameter is not zero, the methods of perturbation theory can be used
to represent, to a first approximation, the motion of the system with nonzero parameter values, as
a combination of the motion of a slightly modified holonomic system with slowly varying previous
integration constants (transgression effect). In this paper we describe the transgression effect in the
problem of motion of an almost holonomic pendulum.

Keywords: weakly nonholonomic systems, almost holonomic pendulum, transgression.
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1. BBenenue

B 1986 romy 4. B.Tarapunos B gokiaze [1] BBéx nousitre “ciiabo HETOJOHOMHBIE
cucrembl’. JlaibHeiliee pasBuTre Teopusd cJ1abo HErOJJOHOMHBIX CHCTEM IIOJIydnia B
paborax [2]-[3].

[IycTh ypaBHeHUs CBsi3eli HEKOTOPOI MeXaHUIeCKOW CUCTeMbI MMEIOT BUJI:

n+m

Za“ (x,e)2; =0, s=1,...,m, rank(ag)=n, (1.1)
i=1

e € — MaJblii mapametp. Ilpeanonoxum, uro npu € = 0 9T ypaBHEeHUS] UHTETPUPY-
TOTCS:

m n+m

d
ZZI{M(X)@%(X, 0)x; = a%(x), detk,, 20, r=1,...,m.
s=1 i=1

Torya nipu € # 0 cBs13u OyJieM Ha3bIBATH “CJ1a00 HETMOJJOHOMHBIMHA .
Bribepem Takue KOOPIUHATHI (1, - - - , (ptym ITO

Gntp = ou (X)), p=1,....m.

Torma npu € = 0 ypaBuenus cBaseit (1.1) umetor Buf Gnyy, =0, p=1,...,m, a upu
€ # 0 — Bu:
Qn—i-,u :5203)\ (q, 5) e (12)
A=1

Bynewm canrars, uro 3amana takxke by Jlarpamxka L = L (q, q, ). Torna npu
¢ = 0 nosty4gaem ceMeiicTBO raMHJIBTOHOBBIX CUCTEM € IapaMeTpaMy Ry, = ¢y, BO3-
HUKAMOMUME [ocIe naTerpupoBanus cesseii (1.2). Oyunkuusa lavuasrona Hy (p, q, R)
CTaHIAPTHBIM 00pa30M moJryvdaeTcd u3 MyHKIun Jlarpamxa:

LO(Ql?"'vqnv q1s---,9n, Rn+17"'7Rn+M) =
:L(QI7"'7QH7 07"'707 q1y - - -, 4n, RTL+17"'7RTL+m7 0)

IIpu € # 0 Besmraunbl R, 1, MOI'YT HAUaTh SBOTIOIMOHNPOBATE. DTOT 3 deKT Oymem
HA3bIBATH TPAHCIPECCHEN.

Hwmxke sddexT Tpancrpeccun omnmcan B 3ajade O JIBUXKEHUH ITOYTH T'OJJOHOMHOTO
MasgTHUKA.

2. IlocrtanoBka 3agadn. OCHOBHOIT pe3yJbTaT

[Iycts B BepTuKaabHOI mockocTu Oxy IBUXKETCsT HEBECOMAasl IIACTUHKA, HECYIIast
JiBa T-00pa3HO PACIIOIOKEHHBIX JIE3BUA, U3 KOTOPBIX MOIEPEYHOE MEJIICHHO CMeNaeT-
¢ BJIOJIb ceDsi; HA JIMHUM TIPOJIOJILHOIO JIE3BUS K IJIACTUHKE IIPUKPEILIEHa TOYeTHAas
macca M. Beenem HenoaBmKHay0 cucremMy Koopjaunat Oxyz, a TakKKe MOJBUKHYIO CH-
cremy MEnC, )KeCcTKO CBA3AHHYIO C IJIACTUHKOM. [lycTh HAYaI0 TOJBUKHON CUCTEMBI
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156 A.C.KYJIEIIIOB, 1. 1. YJIATOBCKAA

HaxonuTcs B Touke M (rye pacrosiozkena TodedHas Macca), Hanpasienne ocu ME cos-
[aJIaeT ¢ HAIPABJICHUEM IIOTIEPEIHOro Jjie3Bus A, a Hampasjenue ocu M1 coBHagaer
C HampaBJieHHeM pojiosibHoro Jie3suss B. Och M( conamnpasiiena ¢ ockio Oz. Torma
pajmycbl — BeKTOpbl Todek A u B B cucreme Koopauaat MEN( uMeroT BT

Puc. 1. IlouTn rosloHOMHBIN MasgTHUK

— W
ra=MA==¢e+de, d=const, rg=MDB=re, r=const.

Bynem cumrarh, 9To nepeMennas & MeHsieTcs 10 3akoHy & = &y + evt, e £ —
MaJiblii mapamerp. O6o3naduMm depes C' MIHOBEHHBII IIEHTP CKOPOCTEH IIacTUHKHA. B

cucrteme MEnC paguyce — BekTop M (% toukn C' mMeeT B
re = MC = fec +re, = (§o +cvt)ec + e,

B kauecTBe 1epeMeHHBIX, OMPEJIEISIONINX TOJOXKEHNE JIAHHON CHCTeMbI, BbIOepeM
KOOPAUHATHL T U Y TOYKU C' OTHOCUTE/LHO HEIMOJIBUXKHON cucTeMbl KoopauHat Oryz
U yroj ¢ mnosopora Iactuku (yroy mexiy ocamu Ox u ME). Torma ypaBHeHust
HEroJIOHOMHBIX CBA3€H, HAJOKEHHBIX HA CUCTEMY, OyJIyT UMETh BU/I:

:'U:écosgo = £V COS P, y:ésingngvsingp.

OTH ypaBHEHUS MOXKHO II€pPEINcaTh CJELYIOIIM 00pa30M:

,  dx d

_ e W
= cosp, Y i sin (2.1)

X

(31ech nepemMenHas £ UrpaeT posib MEJIJICHHOTO BpeMenn ). [1peimosioxkum, 9To Ha TOUKY
M neiicrByer cuna F = —Mge,,.
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OOPEKT TPAHCI'PECCHUU 157

JInnamMudeckne ypaBHEHUS JIBUYKEHUS JIAHHON CHCTEMBI 3aITUIeM B (hopMe ypaBHe-
uuit Anmesist. [itst 9Toro HaliieM cHavdasa SHEPTUi0 YCKOpeHui jJaHHoi cucreMbl. OHa
onpeiessiercst (hopMyIoit

M
S = ?aﬁw,

re ay; — yckopenune Touku M. B gsBHOM Bujie aHHOE BhIPayKEHUE 3aIIUCHIBACTCS CJIe-
JIYIOIIIM 00Pa30M:

5= (@40 (@ +0) + 07 1 2cdpp - ).

HOTeHHHaﬂbHaH QHEPIrugd CUCTEMBI UMECT BUJI:
V=Mg(y—¢&sinp —rcosy).

YpaBHEHUE, ONUCHIBAIOIIEE U3MEHEHNE YTJIa (0, 3AIICHIBACTCA CJIEJIYIONINM 00pa30M:

05 _ oV
op 0Oy
njin, B ABHOM BUJIE,
(62 +7%) ¢+ €60 + grsing — g€ cos p = 0. 22)

Cremnaem rerepb B ypaBHeHun (2.2) 3aMeHy IEePEMEHHBIX 10 (GopMyJie

=19+ arctan§
,

1 OTOPOCHM B NOJYYEHHOM YPaBHEHHHU HJIeHBI IIOPSAIKa €2 1 BbINe. B pesyiabTraTe I10-
JIy9UAM

(&2 + 1) Y + €& + g1/€2 + 12 sine) = 0,

TO €CThb
evé
+
52 + T2

U U+ siny = 0. (2.3)

9

Otcrofia ciiefiyer, 9To HEBO3MYIIEHHAasT CUCTeMa (COOTBETCTBYIOIIAs 3HAYCHUIO Ia-
pamerpa £ = () MOXKET HHTEPIPETUPOBATHCS KAK MATEMATHIECKHUH MASITHUK JJTHHbI

[ =/& +r2.

[Ipu sTOM MeEJIJIEeHHBIME TIEPEMEHHBIMU B 3a/1a4e sABJIAI0TC &, T, Y, & TaKzKe MOJTHA
MeXaHUIecKas SHePIrusi h HeBO3MYIIIEHHOM CUCTEMbI, KOTOpasi Olpe/iesisgeTcst (hopMyJIoit

h = 1—cosw+w2— ‘gz]—i_rz (2.4)
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158 A.C.KYJIEIIIOB, 1. 1. YJIATOBCKAA

U JIJIsE KOTOPOil B COOTBETCTBHUM ¢ (2.3) MMEeT MeCTO ypaBHEHHe

dh '
E = _(é'zé-Tgfrz)(h_ 1+COS¢>
wi, aHajgorudHo (2.1),
dh
,:d_f :_—(525—7“2) (h— 14 cost). (2.5)

JI1s1 Ka4eCTBEHHOrO ONUCAHMS JIBUXKCHUS JAHHOI CHCTEMbI OCPEIHUM ypPaBHEHUSI
(2.1), (2.5) mag ', ¢y u h' o mepuomy HeBo3MyIIIeHHOTO Kostebanus ¢ (t), £ = const ¢
sueprueii (2.4). Ilpu sToit mpormeaype

<cosp >= f(h) = ——5 — 1,

09

rae K u E — mosHble SJITHITHYeCKIE HHTErPaJIbl IIepBoro 1 Broporo poja. Ciemnosa-
TEJILHO, OCPeJIHeHHbIe ypaBHeHus (2.1), (2.5) umeror BuI;:

< siny >= 0,

de v B__ &

2.6
dh & _
€€ (€2+T2)(h+f(h) 1).

Oynkmnus F (k) /K (k) ¢ pocrom k € [0, 1) monoronuo yoeiBaer or 1 g0 0. Ilpu
9TOM MOJIyJIb €€ MPOM3BOIHON HeOrpaHWIEHHO pacTeT, HO He OpicTpee, deM k/v/1 — k2.

CrenosaresbHo, ipu pocre h € [0, 2) dyuknus f (h) usmensiercs ot +1 o0 -1, HO
ee IIPOU3BO/IHAS HEOIPAHUYIEHA W OIEHUBAETCS HEPABEHCTBOM

1
1f' ()| < s+
T 2vV4—2h
PaBromepHoii 6/iM30CTH pelieHnii 0OCpeIHEeHHON CUCTeMbl K PEIIeHUsIM TOYHOMI CH-
creMbl HeT. OHAKO NMpH 3HAYEHUSX h, OJU3KUX K HYJIIO, PelIeHrs] TOTHON CHCTeMBI

OyayT OJIM3KM K PeIIeHusiM OCPeTHEHHON cucTeMbl. Packiia ibiBas mpaBble YacTH ypaB-
Henuit (2.6) B psijf 0 h, U3 NEPBbIX JIBYX YPaBHEHUil MOJIydIaeM:

dv  r dy & (2.7)

€ e & Jeee

Unrerpuposanue cucrembl (2.7) gaer ciejyronme Bbipaxkenns mist « (§) u y (€):
VEET 4
v () =rhn (— O =VEe
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OOPEKT TPAHCI'PECCHUU 159

Orcrofia HAXOANM 3aBUCHMOCTD MEXKIY & U Y
T

y = rcosh —. (2.8)
r

Ypasuenue (2.8) npejicraBisger coboil ypaBHeHUe MEMHON JIMHUH.

Takum obpaszoM, JBUKEHUE MOYTU I'OJIOHOMHOI'O MAsiTHUKA MOXKHO IPEJICTABUTD
cebe Kak KojieOaHusd OKOJIO MEJIJIEHHO TOBOPAYUBAIONIETO HAIIPABJIEHUS 3aKPEIJIEHHOTO
JIe3BHsI; MTHOBEHHBII [IEHTP CKOPOCTEl CMEIaeTcsl 1Mo MeIHOi JTHHIN (TPaHCIPeccst),
a Heprus KadaHus yObIBaeT.
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VIIK 517.968

NHTerpaibHbie n
nHTerpo-anddepeniinaababie ypaBHEHIs
TUIIa KPUBOJIMHEMHON CBEPTKU

A. . Ilecuanckuii

CeBacTOMOIBCKUI TOCYIAPCTBEHHBII YHUBEPCUTET,
Cesacromnons 299053. E-mail: peschansky sntu@mail.ru

Annoranua. IlpuBomurcsa 00630p pe3y/abTATOB HUCCAEIOBAHUN WHTErPAJbHBIX W HWHTEIPO-
b depeHIualbHbIX yPAaBHEHNWI THUIla KPUBOJUHENHHOW CBEPTKM, KOTOpasl SBJISIETCs ODOOIIeHUeM
OOBIYHOI CBEPTKU B CJIydae 3aMeHbl IMPsIMOil WM OKPYXKHOCTH Ha KPUBOJMHEHHBI KOHTYD B
KOMILJIEKCHOM ITOCKOCTH. Ha 3aMKHYTOM KOHType s/Ipa KPWBOJMHEHHBIX CBEPTOK 3aBUCIT OT
OTHOIIIEHUsI APTyMEHTOB, & B CJIydae OECKOHEYHOrO KOHTYpa — OT PAa3HOCTH apryMeHTOB. B 0630p
BKJIIOYEHBI CJIEIYIONINE KJACCHl YPABHEHUIl: YPABHEHUSI C CUHTYJISIDHBIMA CBEPTKAME, KOTOPbIE
SIBJISIIOTCSL  [TOJIHBIMU  CUHTYJISIDHBIMU  YPABHEHUSIMU € si[poM KoIn ¥ BIOJHE HEIPEepPbIBHBIME
olepaTopaMiu CIIeNUAILHOTO BUJIa; YPAaBHEHUE C CUHTYJISIPHBIMU CBEPTKAME U CIIBUI'OM; HHTETIPaJIbHbBIE
u uHTerpo-auddepeHnuaibHble YpaBHEHUs ¢ Tunepreomerpudeckoii dyukimeit aycca B simpax.

Kirouyesnle ciosa: KpHBOJIHHeﬁHaH CBEPTKa, WHTErpaJibHOC ypaBHEHHE, DEHICHNE B KBaJApaTypaxX,

KpaeBas 3ajiada Pumana, runepreomerputdeckast pyukims [aycca.

Integral and Integro-differential Equations
of Curvilinear Convolution Type

A. 1. Peschansky
Sevastopol State University, Sevastopol 299053.

Abstract. A review of the results of studies of integral and integro-differential equations of curvilinear
convolution type, which is a generalization of the customary convolution in the case of replacing a
circle for a curvilinear contour in the complex plane. On the circumference, the kernels of curvilinear
convolutions depend on the ratio of the arguments, and in the case of infinite circumference — on
the difference of arguments. The following classes of equations are included in the review: equations
with singular convolutions, which are complete singular equations with Cauchy kernel and completely
continuous operators of a special kind; equation with singular convolutions and a shift; integral and
integro-differential equations with hypergeometric Gaussian function in kernels.

Keywords: curvilinear convolution, integral equation, solution in quadratures, Riemann boundary
value problem, Gaussian hypergeometric function.

MSC 2010: 45E10
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HUHTEI'PAJIBHBIE YPABHEHI ST TUIIA KPUBOJIMHEHHON CBEPTKI 161

BBenenue

[Tpodeccop FOpmit Uocudosua Yepckuii (1929-2015) mpostBisii 60JIbI0# HHTEPEC
K aHAJIMTUIECKUM METOJ[aM PEeIleHUs WHTerpaJibHbIX ypaBHeHuii. m Oblia mpesio-
JKeHa OOIIUpPHAsl IporpaMMa UCC/IeJI0OBAaHUN B 9TOM HAIPABJIEHUN, OJHUM W3 IIyHKTOB
KOTOPOI SIBJISIETCS N3YUeHne MHTeIrPATbHBIX YPABHEHUIT THIIA CBEPTKH HA KPUBOJINHEH-
HBIX KOHTYDaX B KOMILJIEKCHOM TLJIOCKOCTH, 3aMEHSTIOIIUX IPAMYIO MK OKPY2KHOCTD [1].
Crporoe onpe/iesienne KpUBOJIMHERHON CBEPTKH € UCIIOIb30BaHUEM allliapara 0600IIeH-
HbIX byHKIWmi npetoxeno 0. 1. Yepekum |[2].

[Tycrs ' — mpocrast Tiajikas 3aMKHyTasi OPHEHTUPOBAHHAST KPUBasd HA KOMILIEKC-
HOIT IIJTOCKOCTH, KOTOpasi JeKuT B Kosblie 1 = {z| r < |z| < R} u pasbuaer mioc-
kocTh Ha JjBe obsactu: GT (0 € GT) u G~ (00 € G7). OneparopoMm KpuBOJMHEHHO
ceprku B poctpancTse L,(I'), 1 < p < oo, Ha3pIBaeTCsa omepaTop BUA

(Kf)(t) = (Lk, L7 )(1),

rine L — npeobpaszoBanue Jlopana, KOTOpoe BBOJUTCS C IIOMOIIBIO 0000IEHHBIX (DYHK-
Ui, a II0CJeJ0BaTEIbHOCTh KOMILJIEKCHBIX YHUCEJT {kn}fz — MYJBTAIIMKATOP 3TOTO

npeobpaszosanust [2]|. st oneparopa KpuBOJIMHERHON cBepku K CHpaBejinBo Mpeji-

CTaBJICHUE
dr 1 dr
(KA 27TZ/K+< ) )7+2_7r2 K- (T)f(T)T’
r

rie K*(t/7) monumMaroTcss KakK TI'paHMYHbIC 3HA4YeHHsl COOTBETCTBEHHO DyHKImil
K*(z/7) npu z — t € I', anaJuTHIeCKUX COOTBETCTBEHHO B obtactax Gt u G~.

Ecim myssrummnkarop {k,} 7 npeo6pasosanng Jlopana yIoBieTBOpseT yCIOBHIO
|k,| > c> 0, c=const, |n|>mng >0, 10 KpHBOﬂHHeﬁHaﬂ CBepTKa HA3BIBAETCsI CHH-
ryssipHoii. B wactHocTn, omeparop (Srf)(t) fr 7 — 1) f(7)dr cunrymsproro
uHTerpupoBanus ¢ aapom Komm ssigercs CI/IHI‘yﬂHpHOI/I KpHBo,)mHeﬁHoﬁ CBEPTKOIA,
COOTBETCTBYIOMIE My IbTUILTMKATOPY Buia k, = sgn(n+1/2), n € Z.

CretaeM KpaTKnit 0030p W3yIE€HHBIX YPABHEHUI ¢ KPUBOJUHEHHBIMU CBEPTKAMI.

1. UaTerpaJjabpHble U HHTErpo-anddpepeHnnajbHble ypaBHEHUS
HAa 3aMKHYTOW KPUBO

1. Vpasnerue ¢ cureyrapromu KpusoOAUHETHBMU CEEPMKAMU HE 3GMKEHYMOM KOH-
mype

(a(t)e(t) + b(O)d(D)] () + — /

iy’

a(t)e(r) — b(t)d(r)

T—1

f(r)dr+

. (L.1)

+)\—/K+ ( ) )f(T)dT—T + )\%F/ K- (;) AN ()T = glt), teT,
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162 A. 1. IIECYAHCKHUI

rie a(t), b(t), ¢(t), d(t) — 3aaaHHBIe HeNpepbIBHbIE, He OOPAINAIOINIIECs] B HY/Ib Ha [
byukmum; A € C; Y)°F k,2" = K1(2) + K~ (2) = K(z) — aHaauTudeckas B KOJIbIe
r/R < |z| < R/r dbyukius. Ypasaenue (1) siBsieTcs OJTHBIM CUHIYJISIPHBIM Y PABHEH-
€M C BIIOJIHE HEIPEPBIBHBIM OIEPATOPOM CIIEIUAIBLHOIO BUJIA U 0000IIAeT YpaBHEHUE,
uccirenopantoe 0. 1. Yepckum [3|. Perenne (1) B 3aMKHyTOI opme mosrydaercst B
pe3yJIbTrare CBEJIeHUsT 9TOr0 yPAaBHEHUsI K JIByM 3aa4aM PuMaHa n obpalieHuio onepa-
TOpa& CUHI'YJIAPHON KPUBOJIMHENHON CBEPTKU

o) + 5 [ K (1) o)

2. Unmeeparvroe ypasHeHUuEe ¢ CUHLYAAPHBIMU CEEPMKAMU U COBUZOM HA 3AMKHY-
mom Konmype

(et + o) g0+~ [ | L4000 HOWD gy
a +@CT Tda(T) (L T Td—T:
v (t)p/K (28 ) el +b<t>F/K (1) ansn) T =0, ter.

(1.2)
rie 3agannable dyskmmn a(t), b(t), c(t) u d(t) ymomerBopsior yeaosuio enbiepa u
He obpamaiorcst B Hynb Ha ' dyukmumm; «t) — 3amannas QyHKIW CABUra KOHTYpPa
' Ha aHAJIOPMYHO PACIOJIOKEHHBIH B Kosblie 1 KOHTYD 7. Saganubie dynkipn KT (z)
u K~ (z) anaauTudeckue COOTBETCTBEHHO B obiactax |z | < R/r u |z| > r/R, upu-
qeM KO3 DUIUEHTHI pa3/ioKeHus 3TUX PpyHKIuil B psaapl Teitiopa cCOOTBETCTBEHHO B
okpectHOCTH z = () M 2 = 0O YIOBJIETBOPSIIOT YCIOBHSIM

| kn(R/7)" | < const, n > 0;|k,(r/R)"| < const, n <.

Pemenue ypaBrenusi (2) B KBajipaTypax yIaeTcs B pe3yJbTare IPeJCTABICHUs Ollepa-
TOpa B JIEBOII YacTu ypaBHeHI/IH B BHU/I€ B BH/I€¢ KOMIIO3UIIUM TPpeX HETEPOBLIX OII€epaTO-
POB, OJMH U3 KOTOPBLIX SABJIAETCS OIIEPATOPOM CHHTY/ISPHOI KPUBOJMHEHON CBEpTKH
[2].

3. Hnmeezparvroe ypasHenue ¢ KPUGOAUHETIHbLMU CEEPMKAMU U 2UNEP2EOMEMPUE-
ckol pynxyuet ¢ adpe [4]

2 [ # (ar ) i)+ 28 [ (a1257) i) = ot e,

271 T 271

(1.3)

e v > a;a,y # 0,—1,-2 ... Tlog F(a,1;7;t/7)(t, 7 € I') nonnmaercst rpannd-

noe 3Hadenue Ha ' BeTBU ruriepreomerpudeckoii dpynkimu [aycca, onpejensieMoil B
okpecTtHOCTH 2 = () pgIOM

F <0é7 L ;) = i 83" <§>n (rel);

n=0 n
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F(a, 1;v;7/t) (t, 7 € T') — rpannunoe 3HadeHne Ha [ aHAJIOTUYHO BBHIGPAHHOIL
sersu byukunn F(a, 1;v; 7/2) (2 € G7). IIpu @ = « (1) ecrb ocoboe muTErpO-
nuddepenimaibaoe ypapaenne ¢ siapom Komm. Ecm v = 1, 0 < o < 1, 1o (3)
ecTb ypasHenue Tuiia AGesisg ¢ BeCOM Ha 3aMKHYTOW KPUBOI

a(t) (M) f(r) dr b(t) [ d(r)f(r) dr
2mi / A—t/r)° r = 2mi / ="t g(t).

r

Jpyrum gactabiM ciydaeM ypasuenus (3) (F(1, 1; 2; ¢) = —¢ 'In(1 — <)) ass-
eTcsl ypaBHEHUE C JIOTapUMMUAIECKUAM $IPOM

O [ (1= D) ero% + 29 [ (1= DYoo = g0,

271 T T

JL71st KOPPEKTHOM ITOCTAHOBKHU BOIIPOCA O HETEPOBOCTH TAKUX YPABHEHUIN B cydae
¥ > @ ICTIOJIB3YeTC sl MEeTO/T HOPMAJII3aIli OTlepaTopa ¢ He3aMKHYTBIM oOpasom. [Ipo-
CTPAHCTBO LZ(F), 7 = 7Y — «, NPaBbIX YacTeil ypaBHEHUI, ONMCHIBAETCH Kak 00pas
HEKOTOPOI'0 OllepaTopa KPUBOJIMHEHHON CBEPTKHU, MI'PAIOIIEr0 pOJib OllepaTopa Jipob-
HOI'O MHTEI'PUPOBAHUA Ha 3aMKHYTON KPUBOIL:

L) =4 sl 10 = 5 | {F <1,1;1+n; ;) +t1F(1,1;n1+77;%)] o(r)dr.

¢(t) € Ly(I').

Ommcanne MPOCTPAHCTBA Lg(F) B TepMHUHAX MOJUMUINPOBAHHDBIX MPOU3BOIHBIX
Maprmo mas coydas 0 < < 1 nano B [5], a g mokasarens n > 1 — B [6].

Permenne ypasuenust (3) B SBHOM BH/Ie [IOJIy9a€TCsI B Pe3yJIbTaTe PEIIeHUs IBYX Xa-
PaKTEPUCTUIECKIX CUHTYISAPHBIX YpaBHeHN! ¢ sijipoM Kormm n obparlrenus ormepatopa
KPHUBOJIMHEIHO cBepTKU [, -, onpe/iesideMoil BbIpazKeHueM

(Fan9)(t) L/F (0&7 L5 ; ;) ¢(T)d—T —— (a, 15 ; %) ¢(T)d—7-

" om T om {

O6parnplit onepatop F, % HaXOJUTCS 110 (hopMyIie

1 [/ d AN t dr
-1 - [+= _ _ . .2 (1) -
(Fm g) (1) 5 <tdt + 1) / (T> F (%1,oz+m+ 1; T) (Dm g) (1) —+
r

1 d T m—+1 T dT

iy (PR (-) F( 1 1;-) DDg) (M) L (TD + 7Y g(1),

T om (tdt v )/ ¢ v hat+m - ) (D) () —+(T) +T2) 9(t)
r
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rjue

1 m
) ZZ_MZ (@), /Q(T)TndT>

n=0 T

o) 0= ST (15 -7+ )at0, m=1c (090 =~Lo

m+1
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¢ momotpio Kotoporo P.C.Cakc wmcceayer cucrteMbl MHTErpo-audepeHnaabHbIX
ypasuennit [8|. B ciaywae P, (z) = (v + 1) - (z + m); Qsx) = x - ... -
(x — s + 1) omeparop KpHBOJHMHEHHONH CBEPTKH TECHO CBs3aH C HMHTETDAJLHBIMU

upejcrasieausyvu FO. M. Kpukynosa, P.C.Ucaxanosa, B. C. Poroxkuna, H.II. Bekya
u B. 1. ZKerasosa [9-14].

2. NuTerpaJjibHble ypaBHeHUsI HA O€CKOHEYHOM KOHTYP€e

dAnpa uHTErpaJbHBIX YpPaBHEHHI THIIa KPUBOJUHENHHON CBEpTKM HA OECKOHEYUHOI
KPUBOIl 3aBUCAT OT pa3HocTu apryMenToB. [lycts I — Geckoneunblit 3aMKHYTHIN KOH-
Typ Jlamynosa, sexanuit B ojoce —v +¢ < Imz < p—¢e, p>¢e >0, v > ¢ > 0,
pUYeM yTroJI HAaKJIOHA KacaTe/bHOM K KPUBOI C JIEHCTBUTEIHLHON OCBIO IO abCOTIOTHOIM
BesirauHe He 6osbine /2 — 40, 0 > 0.

5. Unmezpasvroe YpasHerus ¢ CUHLYAADPHOMY KPUBOANUHETHDIMU CEEPMKAMU

olt) +00) 70)+ - ) =00 py gy
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—|—/K+ (t—T)a(T)f(T)dT—b(t)/K_ (t—7)df(t)dr =g(t), teT,

r

rae a(t), b(t), c(t), d(t) — 3amaHHbBIe HEUpPEPLIBHBIE, HE OOpaIAIoNecs B HyIb Ha [
dbysxmun; KT (2) u K~ (2) — dyskuuu, anamurndeckue npu Imz > —v u Imz < g
COOTBETCTBEHHO;

fa(t) + ab(®)] f() + a(t) / K (t— 7) f(r)dr + b(t) / N(t—7) f(r)dr = g(t), tET,

(2.2
rae a(t), b(t) — samannble HenpepbiBHbIe DYHKIMN Ha [, He nmerornue nHyseit; K (2)
a/mz + Ko(z), a € C, Ko(z) — makas anamurudeckass B mojoce |Imz| < u+ v
dbynkims, 1o | ko(t) | < Bexp|—(u+v) |t|, tme B — mocrosunas, a

~—

ko(t) = (27) /2 / Kolx) exp(—izt)dz, N(z) = —(m2)"" + No(2)

No(z) — upeobpaszosanne T'uinbepra dynknun Ko(z) : No(z) =i (SgKy) (x), = € R.
B npocrpancrse Ly(I") ypasuenus (6) u (7) pematores ¢ momornsio 3a1ad Puvana
1 O0OpAIEHUIO ONIEPATOPOB CUHIYJISIPHO KpuBoJnHeitHoi ceepTku [15, 16].

3akJro4yeHue

Hcnonb3oBanne MOHATHAS KPUBOJIMHEITHON CBEPTKU IO3BOJISIET IOJIYUYUTH B SBHOM
BHJIE PellleHne NHTEerPAJILHBIX YPaBHEHUIT Ha 3aMKHYTOM KOHTYPE, KOTOPbIe 0000IIAI0T
TaKne U3BECTHbIE yPABHEHUs, KaK XapaKTePUCTUIECKOe CUHTYIAPHOEe ¢ sjpoM Korrm,
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CO CTEIeHHBIMH U JIOTAPUPMUIECKUMH SIJIPAME, & TaKKe MOYKET ObITh IOJIE3HBIM IIPU
MCCJIeIOBAaHUN KPAEBbIX 3a/1a9 TUIIA 3a/la9i PuMaHa ¢ KpaeBbIME YCJIOBUSIMHE, COIEPIKar-
UMY TTPOU3BOIHBIE. MeTobl oOpalleHus olepaTopoB U MOy YeHHbIe (POPMYJIbI pele-
HUS COOTBETCTBYIONMINX YPABHEHU MOXKHO UCIIOJIb30BaTh IIPHU IPUOIHKEHHOM PEIIeHUH
MIXPOKOI'0 KJaCCa JIMHEHHBIX UWHTETIPAJIbHBIX YPABHEHUN HA KPUBOJUHEAHOM KOHTYPE
B KOMILJIEKCHON IIJIOCKOCTH.
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O MeToe MpPOM3BOIHBLIX pa3JieJIeHIs
0O0JILIITIOTO YMCJIa IEePEKPHIBAIOIINXCS
KOMIIOHEHT NPH HAJUYNN IITyMa

B. C. Cuzukos, A. B. JlaBpoB

Cankr-Ilerepbyprckuit yuusepcurer 1TMO,
Caunkr-Ilerepbypr 197101. E-mail: sizikov2000@mail.ru, lavrov@itmo.ru

Annoranus. Pacemorpena 3()heKTUBHOCTL METOa MPOU3BOAHBIX JIJId pa3lesieHus (Ceraparyn)
GOJIBIIIOTO YHCJIa TEPEKPHIBAIOIIUXCS CIIEKTPAJBHBIX JIMHANH-KOMIIOHEHT B YCJIOBUSX 3aIyMJIEHHOCTH.
JIMHIN MOIESUPYIOTCS rayCCHAHAMU WM JIOPEHIINAHAMU. BBIBE/IEHbI aHAJIATHIECKHE (DOPMYJIbI I
MIPOU3BOJHBIX 1-4 MOPSIIKOB, a TAKKe JJIsl aMILTUTY/I U oIy upuH Juauit. Haiiennble ancio u napa-
MEeTPBI JINHUN YTOUHAIOTCS IIyTeM MUHUMU3AIMK (DYHKIIMOHAJIA HEBA3KU C OIPAHUYEHUSIMU Ha Pellre-
uue. [lyrem MomeupoBanust crieKTpa U3 7 KOMIIOHEHT C MCIOJIb30BaHneM 1-4 MPOM3BOJHBIX IIOKA3AHO,
9TO KOJIMYECTBO M 3HAYCHUS TAPAMETPOB JIMHUI XOPOIITO BOCCTAHABIMBAIOTCS IIPU OTCYTCTBUU IITyMOB
U 1IpU MCIIOJIb30BAHUU AHAJIUTUUYECKUX BBIPAYKEHUI Jyis NPOU3BOAHBIX. [Ipu Hasumdmu 1myMoB (gaxke
€J1a0bIX) IIPOU3BO/IHBIE OIPEIENIAITCs (YMCIEHHO) ¢ GOJBIIMMU IIOMPEIIHOCTAME. B aTOM cirydae ad-
bEKTUBHBIM SIBJISIETCS MCIIOJIB30BAHUE CIVIAXKUBAIONIIX CILIaifHOB. OIHAKO €CJIN UCIIOIH30BATh CILIAH
JINIIb OJIMH Pa3 JJIsl CIJIAXKUBAHUS CIIEKTPA U BBIYUCIEHUs 1-i1 IPOM3BOJIHOM, TO HOIPEITHOCTHA PE3KO
BO3PACTAIOT C POCTOM IOPSIIKA IIPOU3BOHOM OT 2-10 70 4-10. IlosTomMy B pabore IpesIoKeHO Criia-
KUBATH CIUIAHAME [EPe]] PACIETOM KayKI0i MpOou3BOAHOM. B 9TOM ciydae 3HAYEHUS TPOU3BOIHBIX
MOJIYYAIOTCS MAJIO OTJIUYAIONUMUACSA OT ITPOU3BOIAHBIX MPU OTCYTCTBUU TIOMEX, & YUCJIO JIUHUM U UX
apaMeTphbl OMPEJIEISIIOTCS JOCTATOTHO TOTHO.

KunroueBsie ciioBa: pasjesenue (cenapariys) IePeKPhIBAIONIUXCS CIIEKTPAJIBHBIX JIMHUI, METOJ IIPO-

U3BOJHBIX, FAyCCUaHbl U JIOPEHITMAHBI, YUCJIO JUHUH, ITapaMeTPhl JIUHUI, CIJIaKUBAIOIINAE CIIIAHbL.

On the derivative method for separating large number
of overlapping components in the presence of noise

V. S. Sizikov, A.V. Lavrov
Saint-Petersburg ITMO University, Saint-Petersburg 197101.

Abstract. The efficiency of the derivatives method for separation of an increased number of
overlapping spectral lines (components) is considered, in addition, under noisy conditions. The lines
are modeled by Gaussians or Lorentzians. Analytical formulas are derived for derivatives of 1-4 orders,
as well as for amplitudes and half-widths of lines. Then, the number and the parameters of the lines
are refined by minimizing the discrepancy functional. By modeling a spectrum of 7 components using
1-4 derivatives, it is shown that the number and parameters of the lines are well restored in the
noise absence and when using analytical expressions for derivatives. And in the presence of noise
(even weak), the derivatives are determined (numerically) with large errors. In this case, the use of
smoothing splines is very effective. However, if the spline is used only once to smooth the spectrum
and calculate the 1st derivative, then the errors will increase sharply with increasing order of the
derivative from 2 to 4. Therefore, in this paper, it is proposed to use a spline before calculating each
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derivative. In this case, the derivatives are slightly different from the derivatives in the absence of
noises, and the number of lines and their parameters are determined quite accurately.

Keywords: separation of overlapping spectral lines, derivative method, Gaussian and Lorentzian,
number of lines, line parameters, smoothing splines.

MSC 2010: 41A15, 65D07, 65205

BBenenne

O1HO#t 13 aKTYaJIbHBIX 381849 CIIEKTPOCKOIIUH SBJISETCS 33/1a49a O pa3/ie/eHun (cema-
palim) HelPEePhIBHBIX MEPEKPBIBAIOIINXCS CIEKTPAIbHbIX JuHui (eM. [12, 9, 10, 1, 7, 2]
u jip.). HeoGxoumo onpeiesinTh KOJMIecTBO JuHU N | BXOJISIIUX B CyMMAapHbIi n3Me-
PEeHHBI ClIeKTp 7, U apaMeTphl JUHUHA-KOMIIOHEHT 2. /laHHast 3a/1a49a, CTPOro roBops,
uMeeT MHOXKeCTBO pertenuii. [Tosromy mMaremaTndyecku €€ penaioT OObIYHO IIyTeM MO-
JICJTUPOBAHUSA JINHAI rayCCHaHAMU WM JIOPEHIaHaMy (y KaxKI0il JTMHUN 110 3 HCKOMBIX
napaMeTpa, cM. Jajbiie). A KosmdectBo quHuil N ¥ mapaMmeTpbl JIMHUN, KaK MpaBi-
JI0, OIPEJIE/ISIOT METOJIOM TPOU3BOHBIX (MeTosioM jnddepeHpoBanus), a IMEHHO,
HAXOJISIT MIPOU3BOJIHBIE OT CYMMAapHOIO CIEKTpa Z J0 4-T0 HMOpsijiKa U M0 3HAYEHUSM
IPOM3BOJIHBIX OlleHnBaoT N 1 apaMeTphl JUHUN. 3aTeM napaMeTpbl JIMHUA yTOYHAIOT
[yTeM MUHUMU3AIN QyHKIHOHAIA HeBA3KN (2, 3, 4, 5.

Muorue guciennbie pesyiabrarst |9, 10, 7, 2, 3, 4, 5|, JeMOHCTPUPYIOT XOpoIee
BOCCTAHOBJIEHUE CIIEKTPOB METOJIOM MPOU3BOJAHBIX. OJIHAKO 9TO MMeeT MEeCTO JIUIIb B
OTCYTCTBUM IIIyMOB U [IPU UCIIOJIb30BAHUN aHAJIUTHICCKNAX BBIPAXKEHUN JJIsT IIPOU3BO/I-
ubiX. [Ipn Hasmamn ke mymMoB (fazxe caabbix) TPOU3BOJHbIE ONPEIEIISIOTCs (THCIIeH-
HO) ¢ Gospmmmu morpemHocTaMu (2, 4, 5] u ocobenno mpu Gosbimom (nopska 10)
kosimuectse jimanit N. B paborax |2, 4, 5| nmokazano, uro BecbMa 3hHEKTUBHBIM TPU
HAJINIHH TIIYMOB SIBJISIETCS UCIIOJIB30BAHIE CIVIAYKIBAIOIINX CILIAMHOB (O CIUTAfiHAX CM.
[6, c. 215-224]). OxHako B 9TUX paboTax CIUTARH UCIOJIB30BAH JIAIIb OJUH Pa3, & UMEH-
HO, [UI CIJIaZKMBaHMs SKCHEPHMEHTAIBHOrO 3allyMICHHOTO CyMMApPHOrO CHEKTPa Zu
BBIYKC/IeHUsT 1-if TPOM3BOIHON Z’, & JIjIs yCTOWYNBOIO BBHIYHC/IEHUsI TIPOU3BOIHBIX 0O~
Jiee BBICOKHUX TIOPSIIKOB CryIaXKMBarOIUe CILJIafHbI He UCIOJIb3YIoTeA. B nanHoit pabore
npejjlaraeTcd UCHoJAb30BaTh CIVIAXKUBAIONIUN CILJIAMH IIepes pacyeToM KazKI0#i Mpouns-
BogHoi. Kpome Toro, aknent B pabore cienan Ha 6osbiom (mopsaka 10) KosmdecTse
muauii N, Kak, Hanpumep, B padote [9]. Ilpu sToM He mcHoONb3yeTcs: TOMOTHATEIbHAS
uadopMaIusg 0 CTPYKType BelecTBa U €ro CIekTpe, Kak B pabore [8|, u He mpume-
usercs Metos; Pypbe camo-JekoHBosonuK [12|, Tak Kak OH MCKYCCTBEHHO 3aHUZKAET
MIUPUHBI JUHUI (10 5 pa3), 9To yzXKe 0TMedanoch B paborax |2, 3, 4, 5.

1. ITocTanoBKa 3ajia4un

[Iycts B ciekTpe npucyTcTBYIOT N HEIPEPBIBHBIX JUHUI ¢ TPOPUIAMU UHTCHCHB-
HoctH zj(A), j =1, N, rae j — nomep Jjiunun, a A — JyinHa BosHel. CuynuraeM, 4TO JIMHUH
HaJIaraloTcsd Jpyr Ha Jpyra B To#l wiam nHoil crernenu. [lomaraem, 4ro usmepsiercs 3a-
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Ty MJIEHHBIH CyMMAapPHBIN CIIEKTP-TTPOMUIIH Z (\), paBHbIit cymme N JTHHUT-KOMITOHEHT:
_ N

ZN) => %\ 40z, a< A<D, (1.1)
j=1

rje [a,b] — npesesbl CyMMapHOTo CleKTpa, a 0z — IIyM.

_ CraBuTca 3a/a4a: Ha OCHOBE M3MEPEHHOIO 3alIyM/ICHHOIO CyMMapHOTO CIEKTpPa
Z(\) oupenennts KommaecTBo N JHHA-KOMIOHEHT 1 ux npodmin z;(\). Takas 3ama-
ua B e obIeil IOCTAHOBKE NUMeeT MHOXKECTBO PeINeHHil, IOCKO/IBKY 3a/[aHa JIHIIb OJIHA
dbyuxmusa Z(\), a myxuo onpegeauts N dyuxnuit z;(A). Ilosromy mis xoppekrho-
CTH 381249 JIOIYCKAETCsT MOJIEIMPOBaHue PO UIeil JINHINA HEKOTOPBIMU (DyHKIHAMEI
(rayccnanaMu, JJOpEHIIMAHAMY U T.JI.) U HCIOJIb30BAHUE JIOMOTHATEIBHOM (AIIPUOPHOIL)
nadopManuu o0 JUHUSAX (HadasbHbIe MPUOJINKEHUS apaMeTpoB JIMHUH, JHAIa30HbI
U3MEHEeHUs apaMeTpoB U T.1.).

2. MonenmupoBaHue JUHUI TaycCUaHAMU, WX
anddepeHIIIpoOBaHe U OIleHKA apaMeTPOB JUHUNI 10
ITPOU3BOIHBIM

IIpescTaBuM KazkIyio JHHUIO Z;(A\) TayCcCHAHOM:

Y
2;j(A) = Ajexp <—%> , a< A<, (2.1)
j

rae A; — aMIUIUTYla JIMTHAH, A\; — KOOPAWHATa MaKCHMyMa, UJQ- — JIUCIIEPCUsI, TIPA ITOM
T,

5 = V2In20; = 1.1773 0; — nosnymupuna rayccuana mo yposuio 0.5 [4]. Ha puc. 1
[peJICTaB/IeH IpUMep ciekTpa u3 N = 7 clleKTpaIbHbIX JIMHUI B BUJE TayCCHAH.

B pab6ote 11| BruepBble HpeioxkeH METOJ IPOU3BOIHBIX JIJisi OIEHKH [IapaMeTPOB
muani. B aroit pabore OblIa MCHOIB30BaHa MPOU3BOJHASA JIMIIL 1-TO TOPsIKa, a B
nasbHedinem B paborax |9, 10, 7, 2, 3, 4, 5| u 1p. HCHOIB30BAHBI IPOU3BO/IHBIE /10 4-T0
Hnopsijika. Bocro/ib3yeMesi MeTOI0M TPOU3BOIHBIX.

[TpomsBoambie mopsakos [ =1, 2, 3, 4 ot 2;(A) mo A pasust (cp. |7, 4])

50 = ~Stenp (A0 (22, 22)

2 207 %

21(N) = —f—;exp (—(A%‘;ﬁ) (—(A;—;”Q + 1) , (2.3)
e (S, e
(00 = S o (- 2‘%”) (“ ;;”4 e 2‘0?3‘)2 +3). ey
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3.5

25—
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A, HM
Puc. 1. Cemb smanit z;(\) (IyHKTHPHbIE KPUBBIE), CyMMAPHbIA CIIEKTD Z ()
¢ 1yMoM (TOYKHM) U CrUIazKUBaromuii criiaiin (HempepbiBHas KPUBasi,
HPOXOJISIIIAs TJIaJIKO Ye€pe3 TOUKH )

U3 yenoswuit sxkcTpemyma u opmy (2.2)—(2.5) umeem:

_ _ A
A) =0, zY(\)=3—=>0. (2.6)

_ _ A
J

2
9;

U3 coornomenuit (2.6) ciieyor BayKHble BBIBOIBI:
1) mymesbie sHadenus 1-if m 3-fi MpOM3BOMHBIX Hpu ycsouu, uto 25 (A;) < 0,
(Aj) > 0, yKa3bIBalOT Ha KOODIUHATY \; MAKCHUMyMa, j-if JIHHUN;
2) OTpUIATEIBHBIA MUHUMYM 2-i TIPOU3BOJHON M MOJIOKUTENbHBIA MakcuMyM 4-ii
POM3BOJIHON TaKyKe YKA3BIBAIOT HA j-10 JIMHUIO.
s ey IV (Y

Boiee Toro, uz suipaskennit ayis 2 (A;) u z;" (Aj) B (2.6) MoxHO onpenemts Aj n

0, pelllast CUCTEMY JBYX yPaBHEHMIA:

A%
zj

A _

J_g = - ;‘/()‘j)’
J

A1 -

U—i = 3 Z]W(/\j),
J

OTKY/Ia MMOJydaeM:
[} (N2 —

OJiHaKO peasibHBIN (HEe MOJIE/IbHBI) H3MEepPEeHHbIi CIIeKTP 0ObIYHO 3alllyMJIeH U €ro
qrceHHoe (He 1o aHaauTu4deckuM dbopmyaam (2.2)—(2.5)) muddepennupoBanue Bbl-
HOJTHSIETCST CO 3HAYUTEJBHBIME morpentHoctaMu (eM. |2, 4]). Moxuo ordunbrpoBaTh
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[IyMBbl, HAIIPUMED, IyTeM allpOKCHMAINK CIEeKTPa CIJIAYKUBAIOIINM CIUTAiHOM [6, C.
223| u nuddepennupoBarh CriIaiiH, Kak 3T0 ¢jenaHo B paborax [2, 4]. Ognako, Kak
CKa3aHO BBIIIE, B 9TUX paboTax CILIAHH UCIOAL30BaH JIMIIb JIJIs YCTORIMBOIO BBHIYUC-
Jenus 1-it mpousBojHoil. B jrannoit pabore criaiin nCob30BaH il YCTOWYUBOTO BbI-
YHUCJICHNST KAazKJION [IPOU3BOIHOM (CM. JraJtee).

3. UncaeHHasa MJLTIOCTPAIAS

Pacemorpum mpumvep Tuna npumepa u3 crateu (9, Fig. 3, sessrit Bepxumii puc.|. B
cymmapublii criekrp (1.1) Bxoggr N = 7 JIMHUA-KOMIOHEHT B Buje rayccuan (2.1).
[TapameTps! JTuHUIL:
aMIUIITY/bI (B ycIoBHBIX efuunnax) A; = 1.55, 1.55, 1.75, 2.9, 1.45, 4.15, 0.6;
IeHTPaJIbHbIe JJIMHLI BOJIH 5\]-, oM = 5965, 5990, 6025, 6055, 6087, 6125, 6180;
CKO oy, am = 11, 14, 15, 23, 15, 25, 16.
[TapameTps! mpumMepa:
Amin = @ = 5900 HM, Ao = b = 6250 HM, mar guckperusanun h = 2 HM, YHUCJIO Y3JI0B
muckperusanuu n = (b —a)/h + 1 = 176.
Ha puc. 1 npejcrasiens! 7 JTUHUHA-KOMIIOHEHT B Brje rayccuan (2.1) (mynkrup).
Ha puc. 2 npejcrasiensr mpousBojnbie mopsakoB | = 1,2, 3,4 ot Z(\) o A\ B
OTCYTCTBHU IIIyMa, BBIYUCICHHbIC YHCJICHHO (He MO aHaauTuIecKuM (opmytam (2.2)—
(2.5)) ¢ nomormpo m-pyuakrun diff.m cucremsr MatLab.

MepBas npoussoaHas Z'(1) x10° BTopasi npoussogHas Z"(L) 10° TpeTbs npoussogHas Z”'(\) 1o* YetBepras nponssogHas Z” (1)

6
25
1

A ﬂﬂf\f\ A2
TRVA

0.5

K . . .
-1.5

5900 6000 6100 6200 5900 6000 6100 6200 5900 6000 6100 6200 5900 6000 6100 6200

Puc. 2. [TpousBonusie 1-4 nopsiikos 6e3 myma (A B HM)

&

ns ompenestennst KoamdecTBa JUHANW N IO MPOM3BOIHBIM HCIIOJIB30BAHBI CJIETY-
onye kpumepuy (COrJIACHO BbIIIE TPUBEJIEHHBIM BBIBOJAM ): OTPHUIIATEIbHBIA SKCTPe-
MYM 2-i TPOU3BO/IHON U TTOJIOZKUTEJIHLHBIN SKCTPEMYM 4-if IPON3BOHON COOTBETCTBYIOT
MaKCUMyMy j-fl JIMHUU, & HyJeBoe 3HadeHue 1-it u 3-il npou3BOJAHBIX (IIPU YCJIOBUU:
ZI(N;) <0, 2IV();) > 0) raxeKe ykaspIBAIOT Ha j-10 JIMHMUIO.

Ha kpusbix puc. 2 kBajaparukamu ([J) orMedeHbl TOUKH, yI0BIeTBOPsONIHe chop-
MYJIUPOBAHHBIM KpuTepusM. Ha ocHOBe 3THX KpuTepues 1o puc. 2 onpejiesieno: mo 1-i

MIPOU3BOHON KPUTEPUAM YJIOBJIeTBOPAIOT 4 Toukm, T.e. N = 4; 10 2-if IpOn3BOTHOI
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N = 6; o 3-it npousBoyaoit N = 6; 1o 4-it mpoussoguoit N = 8. Bujaum, 4T0 TOY-
HOCTBb OIpeJIe/IeHns] KOJIMIecTBa, JTUHUA N 10 NMPOU3BOAHBIM PACTeT C IMOBBIIIEHUEM
HOPsAJIKa TPOU3BOJIHON | — HEOXKMJIAHHBINA pe3ysbrar. [losToMy HeoOXOJUMO B METOJIe
IPOU3BOJIHBIX JIOXOJUTH /10 | = 4, & He OrpaHMuYNBaTLCA 3HAUYEHUEeM [ = 2, KaK B Psi-
Je nybsmkanuii. B nanroM mpumepe 3akitodaeM, 9o N = 7 (ecju IpOUTHOPUPOBATH
HepeasibHylo ToukKy npu A &~ 5930 na xpusoit Z1V()\)).

Hanee, Ha cymmapHsbiii ciektp Z(\) Hasoxken wym (Toukn Ha puc. 1). Yepes 3a-
LIy MJICHHBIE 3HAUEHHs 2 (M) mpoBejsien cryiazkuBaomuii Kyoudeckuil cruiaiita (Hempe-
pBIBHAsI JIMHUS HA PUC. 1), TI0 KOTOPOMY HOJIy4YeHa 1-s1 IIPOU3BOIHAST Z' (\) myTem 4nc-
senHoro juddepeniposanus (puc. 3).

MepBas npoussoaHas 2’(?») x10° BTOpas npoussBogHas 2”()») x 107 TPeTbsi NponsBogHas 2”’(%) x10* YeTBepTasn npoussogHas 2"(7»)

AL l‘ Wi
\

I H‘l.
b

0.08

0.06

0.04r-

0.02-

o

18

; ; \ ; [ SR ;u ; 15 3k : i S
5900 6000 6100 6200 ), 5900 6000 6100 6200 ), 5900 6000 6100 6200 ), 5900 6000 6100 6200 ),

Puc. 3. TIpoussojtbie 1-4 mopsikoB ¢ IMryMoM 6e3 CrilazkKuBaHus (IyHKTHD) U C
OJIHOKPATHBIM MTPUMEHEHUEM CIJIAYKUBAIOIIEro CIUIaiiHa (HellpepbIBHbIC JIMHUH )

B npepiaynux nybaukanusx |2, 3, 4, 5| jis nostydenust 2-it mpousBoIHO z" (A\) MBI
nuddepeHImpoBaii 9UCIEHHO 1-10 TTPOU3BOIHYIO A (M), a cluIaiiH He MCIOJIb30BAJICS
(KaK JyIsd ToJIydeHus 2-it, Tak u 3-if u 4-if Ipou3BOJHBIX). B naHHOM mpuMmepe Takoit
HOJIXO, JiaJt OOJIbIe UCKaxKeHus 2-if, 3-if u 4-if mpomsBomHBIX (puc. 3) B BUJE Tak
Ha3bIBACMOIl 3HaKOIepeMenHoii "miet"6osbmoit ammuTyast (cp. [6, ¢. 182]).

Y100BI TOBLICUTH TOYHOCTH YHUCJIEHHOTO JiuddepeHImpoBanus, Mbl B JIAHHOM TTPU-
Mepe JIJIsl BBIYUCJIEHUS ITPOM3BO/IHBIX KAXKJIbII Pa3 UCIOJIb3yeM CILIAH-CIIIayKUBaHUE.
DTO 3HAYUTE/ILHO Y/IYUIINIIO PEe3yJ/IbTaThl, KAaK BUJIHO U3 pUC. 4, I/e CIUIaiHb 2-i, 3-if
" 4-if TPOU3BOHBIX MPAKTUIECKU TAKHUe »Ke, KaK Ha puc. 2 6e3 mryma.

Ha puc. 2 Touku, orMedeHHbIE KBaIpATUKAMU, JTAI0OT HAM 3HAYEHUA S\j — KOOD/IMHAT
MaKCUMyMOB (I€HTPAIbHBIX JIJIMH BOJIH) JUHUA. [10 HUM MOXKHO MOJIYYUTh 3HAYEHUSI

2-it u 4-it npousBomubIX Z7(A;) u Z]V();). AHATOrMYHO MOMKHO CHATH 3HAMEHHS \j, &
ZI(y ZIV (Y
TaKzKe MPOU3BOHBIX Z7 () 1 Z; ~()\j) ¢ KpuBbIX Ha puc. 4. [asee, ucnob3yst hopmyiry
(2.7) u 3amenss B Helt z Ha Z U Z, MOKHO BBIYHC/IHTE [apaMeTpbl JuHuil A; u ;.
Onnako nmapamerpsl JuHUil \;, A; 1 0; ObLIN OLEHEHBI 110 PE3YJIbTaTaM ;LI/INcbcbe—

PEHIIMPOBAHUSA HE HEIOCPEJICTBEHHO JIMHUN 2, a CyMMAapHOrO CIIEKTpa 4 W Z, I0-

9TOMY HeOOXOJIMMO YTOUYHHUTH 3HAUYEHUsl napameTpoB Junwuit. s sToro B paborax
2. 3, 4. 5| ucnoabzosana pazpadboranuagd MOIUPUKAIIAA METOA KOOPIUHATHOTO CIIYCKA
) ) M)
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MepBas npoussogHas 2’(7») x10° BTOpas nponssogHas 2”(7\) x10° TpeTbs NnpoussoaHas 2”’(7») x10* YeTBepTas nponssogHas 2”()»)
T T T 1 2 T T T 3
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Puc. 4. Tlpoussostbie 1-4 mopsijikoB ¢ IyMoM 0e3 cryiayKuBanus (IyHKTUD) U C
YeTBIPEXKPATHBIM PUMEHEHUEM CIVIA’KUBAIOIIETO CIIaiiHa (HelpepbIBHbIE JINHUHY)

(KC) u (mys cpaBrenns) cumiuiekc-mero, Hesepa—Musia, cBopsiimecst K MEHIMI3a-
K GyHKIUMOHAIA HEBA3KNA ¢ OrpaHuYeHuAMHU Ha pemenne. OQHAKO B IeJN JTaHHOMN
paboThl He BXOJMJIM OIEHKA U yTOUHEHUEe mapaMeTpoB junuii. Ileab paborsr ObLIa 110-
Kaz3aThb OOJIBLIIIE BO3MOXKHOCTH UCIIOIBL30BAHMS CTIVIaZKABAIOIINX CILIARHOB IIPU AIllIPOK-
CHMAIINH CHJIBHO HEYCTONYMBBIX, 3alllyMJICHHBIX (DYHKIWI (IPOU3BOJIHBIX Ha PUC. 3 U
4) u puc. 4 3T0 MOJATBEPIUIL.

3akJro4eHue

Paccmorpen meros mpon3BoiHbIX (uddepeHImpoBanust CIIEKTPa) /I Pa3/Ie/Ie st
OOJIBITIONO YUC/Ia TMEPEKPBIBAIOIINXCS CHEKTPAJIBHBIX JIMHUI TPU HAJMIUU TTyMa. JIu-
HUW TTPOMOJIEJINPOBAHDI TayccuanaMu. BhIBe/ieHbl aHauTHIeCKue (pOPMYJIbI I TPO-
U3BOJHBIX 1-4 TOPSIKOB OT CIIEKTPA IO JJIHE BOJIHBI, 8 TaKKe /I aMIIUTY/ 1 TOJIy-
mupud Juanii. [lyrem MosempoBanus ciekTpa u3 7 JIMHUI ¢ ucnoab3oBanueM 1-4 mpo-
M3BOJIHBIX ITOKA3aHO, YTO YUCJIO U TapaMeTPhl JIMTHUN BOCCTAHABJIMBAIOTCS JIOCTATOYHO
HaJIe’KHO B OTCYTCTBUU ITyMOB. lIpn Ha/manm ke 1nryMoB IIPOU3BOJIHBIE OIIPEJIE/TSAIOTCS
(amcsieHHO) ¢ GOJIBIMUMU TIOTPEITHOCTSMU. B 9TOoM ciaydae BecbMa 3(h)EeKTUBHBIM SIB-
JISIETCsl UCTIOJTb30BAHNE CIUIAXKUBAIONINX CIUTaifHoB. OIHAKO €CJIH MCIIOJIH30BATh CILIATH
JINITb OJIMH pa3 JIJIsl CIVIa’KUBAHUS CIIEKTPa W BBIYUCIEHUS 1-1i TPOU3BOIHON, TO TO-
IPENIHOCTU OYIyT PE3KO BO3PACTATDH ¢ POCTOM HOPsiJIKA ITPOU3BOHON 0T 2-10 710 4-r0. B
JIAHHO# paboTe IPe/IJIOZKEHO UCII0JIb30BATH CILIANH IIepe/] PAcYeTOM KazK 101 IPOU3BO/I-
Hoit. B aTom ciryvae 3HavueHUs MPOU3BO/IHBIX ITIOUTH HE OTJIMYAIOTCA OT POU3BOIHBIX B
OTCYTCTBHH ITIOMEX, 8 IUCJIO JUHAN U UX TapaMeTPhl OIIPeIEeIIOTCS JOCTATOYHO TOYHO.
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Awnnoranmsi. Pabora mnocssineHa nccjie0BaHui0 BO3MOXKHOCTEN CO3/IaHUs MATEMATHIECKUX MOJIEIei
IIIIPOKOTIOJIOCHBIX BOJTHOBOJHBIX MOJIOBBIX IIpeobpa3oBaTesieil 1 CUCTeM B MUJLIMMETPOBOM U Teparep-
[IOBOM Jmana3onax. VX Momenn [MOo/KHBI MO3BOJISATH OMUCHIBATD U U3YYaTh IIPOIECCHl PACIIPOCTPAHE-
uug CBY ¢ ucnosb3oBanneM cymecTBeHHO (Ha JBa MOPsAKa) 6obmuX AudPaKIMOHHBIX 3JIEMEHTOB.

st mocrpoenus npeobpazosareseit ot rupockona-bBBT k msmyuaresnsm, a Takke s UCCIIEI0-
BaHUS BJIUSHUS JIOKAJBHBIX BO3MYIIEHWIT MCIOJIB3yeTCsS MOJENb, YIUTHIBAIONIAs TOJIBKO OrHOAIONINe
BBICOKOUACTOTHBIX COCTABJIAIONINX CUIHAJIA, PACIPOCTPAHSIONIEr0Cs B MHOTOMO/IOBOM BOJTHOBOJIE (TaK
HasbiBaeMoe napabosmueckoe npubianzxkenue). Orubaromias B 9TOM CJlydae BMECTO ypaBHEHUs | eibM-
roJIbIa yJIoBJeTBopsieT ypasueHuto [Ipeuarepa.

OcHoBHas Ujest 3aKJII0YAETCH B OIpesiesiennn penteHus ypapaerus [lIpeguarepa Kak rpaHuIHOTO
[TOTEHITNAJIA OTHOCUTEJIHLHO BHEITHEN TPAHUIIBI IIMJIMHIPUIECKO 00/IaCTH, OXBATHIBAIOIIE HEPeryJIsap-
HBIl BOJTHOBO/I, I TPAHUYHBIE YCJIOBUS JOJXKHBI OBITH IIPOBEPEHBI HA PEATHLHOCTD — T. €. (PaKTHIeCKH
JKeJIaeMyIo IPaHuIly. BHyTpH 3aKJII0YAONIeN UJINHPUIECKO 00IacTi KOJIebaHuil siapa mpeJicTaBie-
HUsI PEIeHUs] Y2Ke JIOCTYIIHBI JIJIsl PACIETOB.

KuroueBbie ciioBa: HEpEryIspHBII BOJTHOBO/I, TPAHUYHBIN moTeHnuas, ypasuenue [IIpemqumrepa.

Modeling of high-frequency fields in irregular
waveguides through boundary potentials

A.D. Yunakovsky
Institute of Applied Physics RAS, Nizhny Novgorod 603950.

Abstract. The work is devoted to the study of the possibilities of creating mathematical
models broadband waveguide systems and mode converters in the millimeter and terahertz ranges.
Their models should allow describing and studying the processes of microwave propagation using
substantially (two orders of magnitude) large diffraction elements. To construct converters from gyro-
BWT to emitters, as well as to study the influence of local disturbances, a model is used that takes
into account only the envelopes of the high-frequency components of the signal propagating in a
multimode waveguide (the so-called parabolic approximation). The envelope in this case, instead of
the Helmholtz equation, satisfies the Schredinger equation. The main idea is to define the solution of
the Schredinger equation as a boundary potential with respect to the external the boundary of the
cylindrical region enclosing the irregular waveguide, and the boundary conditions should be checked
for real — i.e. actually the desired border. Inside the enclosing cylindrical oscillation region of the core,
the representations of the solution are already available for calculations.

Keywords: irregular waveguide, boundary potential, Schredinger equation.
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BBengenue

Pabora nocssiiena nccjieJOBAHUI0 BO3SMOXKHOCTEN CO3/IAHUS MATEMATHIECKUX MO-
JieJieit MupPOKOTIO/IOCHBIX BOJIHOBOJIHBIX CUCTEM U IpeobpazoBaTesieil Mo B MUJLINMET-
POBOM U TepareprioBoM juarazonax. OHU JTOJKHBI TO3BOJISITH OIMUCHIBATH U U3yJaTh
nporiecchl pacipocrpanerns CBY BosH, ucmosb3yst cyiecTBeHHO (Ha JIBa MOPsi/IKA)
6osbine 1Mo pazMepam JIudPaKINOHHbIE SJIEMEHTHI.

PasButne coBpemenubrx sekTporabix CBY mpubopoB conmpoBoK1aeTcst MOBbBIIITE-
HUEM X MONTHOCTH U 3DPEKTUBHOCTH, PACIIIPEHNEM YACTOTHBIX JUAITA30HOB, HCIIOThb-
30BaHUEM HOBBIX PEKUMOB PabOTHI. DJIEKTPOIMHAMUIECKNE CUCTEMBI TAKUX TPUOOPOB
XapaKTePU3YIOTCA HAJIMIUEM CJI0YKHOI reoMeTpun. OnrumMusariys mpodusiedt 1is yirya-
menns 3HGEKTUBHOCTU TPUOOPOB MPUBOIUT K 1epedbopy OOJIBIIIOro KOJIMYecTBa 3HA-
geHnit mapameTpoB. [losToMmy 3a/1a1a MOMCKa MaTeMaTUIeCKUX MOJe/el U IUCIeHHBIX
MEeTO/IOB, 00ECIIEUNBAIONINX IIPOBE/IEHNE ONTUMI3AINH, ABJISIETCA aKTyaIbHO.

Jlist KoHCTpyHpoBaHus mpeobpaszosareseit or rupo-J/I0B K nsirydarensam, a Takzxke
JUTsT U3YYEHUsT BJIMSTHUST JIOKAJIBHBIX BO3MYIIEHUN HCIOJB3YETCS MOJENb, YIUTHIBAIO-
Imasi JUITh OrUOAIOIIe BBICOKOYACTOTHBIX KOMIIOHEHT CHTHAJA, PACIIPOCTPAHAIONIETO-
csl B MHOIOMOJIOBOM BOJIHOBOJIE (Tak Ha3biBaeMoe mapabosmdeckoe npubzkenne) [1].
Orubarorriasi B 9TOM cjiydae BMECTO ypaBHeHUsi [ €IbMIosiblia yJI0BJIETBOPSET ypaBHe-
uuio [lIpenunrepa. 3a/iada cocTouT B TOM, UTOOBI IT0/IaBaeMasi Ha BXO/I IIpeodbpa3oBa-
TeJIsT BOJTHA JOJIKHA Ha BBIXOJIe TPAHC(HOPMUPOBATHCS B TayCCOBY (hOpPMY.

OcHoBHasi ujiest COCTOUT B TOM, YTOOBI 3aJaTh IPEICTAB/ICHUE PEIICHUsS ypaBHe-
uust [penunarepa B Bujie rpaHUYHOIO TOTeHNMAA |4, 5| O TpaHuIe MUINHIPIHIECKO
(o6bemuTIoNeit TIpeobpasoBaTelib, T.e. HePeryIAPHbIH BOJTHOBO/) 00JIACTH, a TPAHUIHbIE
yCJIOBUS TPOBEPSTH Ha PeabHOI — T.e. (paKTHIeCKN UCKOMOIi, TPAHUIIE.

[Touck HEM3BECTHOI T'PAHUIIBI U 3HAYEHUI BECOBBIX (DYHKITHIT I'PAHUIHBIX TOTEHITU-
aJIOB Ha OOBEMJTIONIE IMIJINHIPUIEeCKON IPAHUIle MOXKHO BECTU, MOIUMUITUPYT METOJ
JI. 1. arposckoro |7, 8| mocTeneHHOro yiiydileHusl yIpaBIeHuii, UCIOJIb3ys B Kade-
CTBe yIpaBJIeHUs pa3jiozKeHue BecoBbIX dyHKIM B psai Oypbe.

Kosdpdbunmenrtor paznoxkenusi pemienus ypasuenus I[llpepunrepa B JBORHON psiT
Dypbe 10 yryIoBoi U MPOJIOIBHON («BPEMEHHOiT» ) KOODJUHATAM, MOJIYYAIOTCA B BHUJIE
ObIcTpooCcMIUPYIONUX uHTerpaaoB. OCHOBHAaS TPYIHOCTb UX BBIYHCJIEHUS ITPEOIIO-
JIEBAETCs C TIOMOIIBIO 06001enns Ha JABYXMepHbIi ciaydait Mmeroga E. E. Treiprommmmm-
KoBa [6] ¢ mcrmosib30BaHneM PEKYpPPEHTHBIX COOTHOIIEHHI.

1. MaremaTnyeckasi MOJaeJ/Ib BBICOKOYACTOTHBIX MOJIeil B
HeperyJagdpPHbIX BOJIHOBOIAX

PaccemorpuMm citydait BoiHOBO/Ia ¢ 1taBHON rodpuposkoit. [Ipoduab BosiHOBOIA B 1TH-
JINHJIPUYECKUX KOOP/JIMHATAX OIUCHIBAETCS yPABHEHIEM:

F(rip,z)=r—f(e,2) =0; flo+2m) = f(p); —00 < 2z < 400; 0 < p <21, (1.1)
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rie dyuknusa f(§) HenpepbiBHO nuddepeHnnpyemMast i MeproIndecKast ¢ IePUooM 27.
[Tonst B BOSTHOBO/IE YAOBIETBOPAIOT OJHOPOIHBIM ypaBHeHnsaAM Makcsesia

E =ikrot H, H = —ikrot E | (1.2)

B cJIydae HHHHH,ILqueCKOﬁ CUMMETPHUHN JICKTPOMArunuTHOE II0JI€ BhIpazKaeTCd Yepe3
QJIEKTPUYIECKYIO U4 W MarluTHYIO v (byHKU;I/II/I BOpFHI/ICa, 9KBHUBaJICHTHbIEC BBEICHHNIO
QJIEKTPUYICCKOI'O U MalrHUTHOI'O BEKTOPOB Fepua C ¢/IMHCTBEHHBIMU OTJIMIHBIMU OT HYJIA
Z-KOMIIOHCHTaMM:

E=E.+E,, H=H +H,, (1.3)
E. = ot rot (uz:) , H, = —isrot (uz:) , (1.4)
E,, = isxrot (v;z) , H,, = rot rot (ml) ) (1.5)

QyHKIIUY 4 U U YAOBJIETBOPSIOT YpaBHEHUIO [ eTbMIoJIbIIA.
Au+su=0, Av+xv=0. (1.6)

«DJIEKTPUIECKAA> U «MAIHUTHASA» COCTABJIAOININE SJIEKTPUIECKOIO IOJIsI 3aIUIITyTCsI B
BHUJIE

= 59 P> iz Qv
T mr - T 5 _
= 1 a% - r 85
E.=4 E., - , B, = . Ov . (1.7)
r 0p0z By = —in—
) a2u E’ - 0 8r
\ Eez = °u + @ mz

FpaHI/ILIHOG ycioBue Ha BHyTpeHHeﬁ IIOBEPXHOCTHU BOJIHOBOJa ABJIAETCA YCJIOBUEM Da-
BEHCTBa HYJIIO TaHFeHHI/IaﬂbHOﬁ COCT&BJIHIOHleﬁ JIEKTPUYIECKOI'O II0JId Ha MeTaJlJIn4de-
CKOIt ITIOBEPXHOCTHU U 3alIUCbIBACTCA B cbopMe

ETSZO,Sz{FIT—f(so,Z)IO; flo+2m) = f(); 0 <z < 400; 0 < p < 2}

(1.8)
1., B

T, - {;wa,, +E¥,} =0 (1.9)

Ty: {f.E, + E.}g=0. (1.10)

BeKTOp HOpMaJId K IIOBEPXHOCTU MMeEET BUJL

n| = U+ (120 + (£)2).

1 1
grad F' = (1, —= [ —f;) , V= ——grad F,
r |

i I'i_\ (%f;, 1, 0) 8| =T+ (F)2/r,
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k= |’f\ (f2, 0, 1), k] =\/1+ (f)7 (1.11)

JIe’KaT B KacaTe/IbHOM K MMOBEPXHOCTHU IIJIOCKOCTH, HO HE OPTOIOHAJIBHBI MEXKIy CODOI.
Bsesiem HOBBIE DyHKINN u; = ue "“?, v; = ve “? B IPEIIIOJIOKEHUN, IYTO OHU MeJI-

JICHHO MEHAIOTCA 110 KOOpJuHaTe 2. TOI‘,ZL& ypaBHeHnue Fe.HbMFO.HbLLa I1I0CJI€ COKpPallleHUA
Wz

Ha e'“? mpuobpereT BH
0%uy ouy
sz— Au —wHu; = 0.
e SNt 5. AL 1+ (57 Juy

[Ipu HAIIUX TTPEIIOIOKEHUSIX Mbl MOYKEM IIpeHeOPedb BTOPOW MPOU3BOIHOM 110 2.

0
in% + A ug + (%2 — w2)u1 =0.
z

2 2
e )Z/ “ MBI MOZKEM H30aBUTLCS OT CBODOHOIO
YjIeHa U HOJIy9UTh KJIACCHYIECKOe «HecTannonapHoe» ypasnenue LlIpenunrepa

00" 4 AL u=0.
0z

Tenepb ¢ IOMONIBLIO 3aMEHbI U = Uy €’ (

ITocse IIPOBCACHHDBIX 3aMEH M COKpallleHUdA Ha COOTBETCTBYIOIINE SKCIIOHCHIUAJIbHDLIC
MHOXKHUTEJIN «MEIJICHHBIC» KOMIIOHEHTDI noJieit HpI/IO6p6TyT B

(E B 1 0%u 4 . 7?2\ Ou
er T E@r@z—'—ﬁ +E ar|’
- 2 ;
r |w?20pdz = 2 Op
ou
Eez = 2iw——
\ w@z

3/1echb MBI MOYKeM TakKzKe IpeHeOpedb BTOPBIMHU ITPOU3BOJIHBIMK, TaK KaK OHU IO TIO-
PAJKY MaslocTH B 1/w? MeHble BTOPOro ciaraeMoro. I1ojie/inB Bce KOMIOHEHTBI Ha W
OKOHYATEJIbHO I10JIy4aeM

( i 72\ Ou .
E., =-(1+=)=— ix v
2 < + w? or Emr = o a(p
E"e = EEQO = i (1 + %_) % 9 Em - E _ %av . (112)
2r \ w? ) Oy Emap = _Z;E
Eez = 2i— meo
\ Z@z

B nmasnbneiiem nepeiijieM K TPUBBLIYHOMY 0D03HAYEHUIO ¢ BMECTO 2.

Pemenune necrammonapuoro ypasuenus [pemgunrepa jia ormbarorieil curHajia B
caydae, Korja 3a/1aH0 3HaYeHUe U TOJILKO Ha IpaHUIle 00J1aCTH, MOYKHO HCKATh B BU/IE
FPAHUYHBIX [TOTEHITUAJIOB TUIA TPAHUYIHBIX TEIJIOBLIX MOTEHITNAJIOB WA B BUJE PYHK-
nuronasioB JIgamynosa:
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- (T)) /z(t_T)U(T)dT, (1.13)

[e=]

rje £(T) — ypaBHEHUe TPAHUIIbI.

OcHoBHas njiest COCTOUT B TOM, YTOOBI 33/IaTh IIPEJICTAB/ICHAE PEIICHUS Y PABHCHUS
[[Tpeunrepa B Bujie FPAHITHOIO MTOTEHITUAJIA 110 TPAHUIIE TTUJIUHIPUIECKOH, 00 bEeMITIO-
el HeperyJIgpHbBI BOJIHOBOJI, 00JIACTH, a TPAHUYIHBIE YCJIOBUS IIPOBEPSTH HA peasib-
HOIl — T.e. (paKTHIECKH MCKOMOM, rpanuiiec. BHyTpu oObeMJIIonel MuIMHIPUIEeCKO
obJracTi OCIMJLIAIUH siJIpa [IPEJICTABICHUsT PEMIEHNs Y2Ke JOCTYITHBI JI/Isi BBIUUC/ICHUIA.
OTmeruM, 9TO ITO TpeJCTaBIeHUe perierns apromarudeckn jgaet u(r, ¢, 0) = 0.

2. ObocHOBaHME BO3MOXKHOCTH HMCITOJIb30BAHMS
OBICTPOOCITNJIJINPYIOIIETO AIPa

N3-3a octniassTOpHOTO MOBEJIEHUS sIjIpa oliepaTropa 0oJjiee MoJApoOHO PACIHUIIEM I10-
JlydeHue Mpou3BoaHoi 1o t. TpyaHocTs 3akiodaerca B auddepeHImpoBaHnd HHTe-
rpaJia 1o IepeMeHHOMY BepXHEMY IpeIey.

e=i(s=€60) 1205 (1 7 —

i R

A}tr—I}() At { Vit — 7'
t—At

_ 1 efi(mff(‘r))2/2(t7At77')0_(7_) dT —

o VitAIT

2
—i(a—¢(m) /20t-7)
= Ay At \/— o(r)dr+

t—At
1 t—At 1 ( 2
i —i(e-e(r) /20-7) B
b [ o
t—At 1

2
- 1 i) pean oy ael )

0 \/t—At—T

Bropoe cnaraemoe jaeT HaM IMPOU3BOIHYIO TI0JI 3HAKOM HHTErpaJjia, TO €CTb IOJIHYIO
AHAJIOTHIO C OOBITHBIM TapabOJINIeCKUM YpaBHEHHEM

t—At
: 0 L i(eme) 2-r)

dr =

T

t

(O i(eem) f20m)
/375 (me o(r) ) dr.
0
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PaccemorpuMm oT/ieibHO TIEPBOE cltaraeMoe

= lim —

~i(a-€0) 207 (1Y g (2.2)

t—At

Crenaem 3aMeHy IepEMEHHON MHTETPUPOBAHUA t — T = 25 [Tosryaum
S

V2 [ L iomste-ar) v, (t ?t) ds.

S

Beegem dyuknumio g(s, At) = (m —&(t — At/ 28))23 U IPOBEJICM MHTEIPUPOBAHUE 110
4acTAM

T AN 80

il 1 —i(e2—2(t-At/25)) s/ At
— lim ¢ 2A / W€ X

At—0
2o (o By Z (8D ALY AL AN
257 2s q.(s, At) (s, A0 2s 252" 2s .

q.(s, A1) = (z — £(t — At)25))” — (z — (t — At/25))€ (1 — At/QS)%,

V2AL —i($—§(t—At/s))28/At At 1
e olt—— | =5
s 53/2

2

3xecn

(A1
253

" (At)?
— (=&t — At/2s)) " (t — At/25) R

qoy(s, At) = 2(x — £(t — At/25))E(t — At/QS)% + (&'(t — At/2s))

OueBuino, aro npu At — 0 HOABIHTErPAJIBHOE BBIPAYKEHUE OIPAHUYEHO 10 MOJLYJIO
upu orpannyeHHbix £ u £’ u cam uHTErpasr abCoTIOTHO CXOAUTCA. 3a CYeT MHOXKUTEIS
VAt MBI IMeeM [0CTATOYHO MeJJIEHHOE CTPEMIICHIE TIEPBOr0 CJIAraeMoro B I K HYJIIO.

B ciydae 1ByX IPOCTPAHCTBEHHBIX IIEPEMEHHBIX, KOIJIA 3a/1aH0 3HAYEeHNe U Ha IPa-
HUIE UINHIPA PAJUyca p PEleHre MOKHO UCKATh B BUJIE

—2rpcos(p—1)+p?)/2(t—T) ddr. 2.3
//t_T o, dvdr.  (23)
Bocmnosib3yeMcest n3BECTHBIM pa3JIozKeHUEM

ezacostLY _ ezasm (m/2—9) E emn/2j 7zm/)'

n=—oo
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HO,ZLCT&BI/IB €ro B U U IIOMEHAB IIOPAJOK CYMMUPOBaHUA U MHTETPUPOBAHUA, IIOJIyIUM

+oo t 2 imn/2
u(r, @, t) = Y / / O T2 1 e/ (t— 7)) eV o (4, T)dipdr =

1

- 3 e / L AR ] (= ) o). (24)
n=—oo 0

Baech 0,(7) — koaddunument paznoxenus Gyukiwm o, 7) B pag Pypoe. [pu mud-

dbepennuposaany noryauBImuxcsd B (16) MHTErpasioB 110 EPEMEHHOMY BEPXHEMY MPe-

JleJTy BOBHUKAIOT Te YKe TPY/JHOCTH, YTO M B OJQHOMEpHOM ciaydae. Haiimem mpemes

t

: 1 1 —i(r —T
Jim g | e R (¢ = 7)) o)
t—At

BocnoabsoBaBmmch, acCUMOITOTHYICCKAM npeacTaB/JICHUEM (bYHKLH/H/I BeCCGIISI, BbIJCJINM
TJIaBHYIO 9aCTb paCCMaTPUBaAa€MOI'O BbIpazK€HUA

lim —i(r?+p)/2(t=7) (g (rp/(t —7) — 7/4) o (T)dT.

At=0 At / Vrrp( t—T

t—At

Jlerko BHJIETH, 9TO TIOJIYIMBIIEECST BBIPAZKEHIE aHATIOTUIHO (2.2).

3. UucaeHnHasi MoaeJsib

[Ipeobpasyem mpejicrasienue perienus (2.4) K By

1
u(r, o, t Z em(m/2=¢) / SN2 T (rp T 0t — T)dT
n=—oo 0
Cumras, aro 0 < 7 < t < T, 3agaanm dyHKuu o, (t —7) ¢ omMorbo psgos Oypre:

(t . 7_ Z o, m€z27rmt/T 227TmT/T (31)

m=—0oQ

CrenaeM 3aMeHy [lepeMeHHOI HHTerpupoBanust T = t/s u 0603HAIUM

o0

u rt) = Z-nei27rmt/T le—i(r2+p2)s/2tj ros/t e?ﬂ'mt/Tst' 3.9
n,m\"» n p
S
1
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0.6 —

0.4 —

0.2 —

BT AN R
" g/z 0'4\% 0.8 1

Puc. 1. Pucynok 6b1CTPO OCIUIITUPYIOMIETO Spa TPAHUIHOTO IOTEHITAAJIA.

OxoHYaTETHHO TIOJTyIaeM

—+00

U(T, ¥, t) = Z eiimpo-n,mun,m(r; t) (33)
Bsenem obosnagenue:
Apmai(a,b,c) / —ilastb/9) 7 (¢s)ds, (3.4)
1
rie
a=(r*+p*)/2t, b=2xmt/T, c=rp/t. (3.5)

[IpounTerpupoBas 3TO BbIPpaXKEHHE 110 YACTAM, IIOYIUM PEKYPPEHTHOE COOTHOIIEHHE

1 .
Apmaa,b,c) = Ee_’(‘”b) Jn_1(c) — i%An_l,m,l(a, b, c)+
—1-=1 b
-1l

c An—l,m,l+l (CL, b? C) + iEAn—l,m,l+2<a7 b7 C)' (36)

3/1ech yI00HO BBECTU 0DO3HAYECHUS:

1/r »p 2wmit? t
=—|-4+=], b/lc= l/c=—. .
=5 (L+2) b= e 5.7)
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Boinuiem otiiesibHO 9Tu cooTHOIeHns it n = 0 u n = 1 npu GuKCcupoBaHHBIX a, b, ¢:

1 .. [+1 b
AOle—ze (+b)v]( )+Z A1m1+—A1ml+1—Z Alml+27

[+1

1 . a
_ —i(a+b - .
Al,m,l = Ee ( )JO(C> - ZEAO,m,l - Ao,m,l+1 + ZEAO,m,l+2~

W3 »T0it napbl COOTHOIIEHUI HAXOIUM

14 a_2 A _ 1 —i(a+b) J & o—ilatb) 7
2 ) Aomi=—e€ 1(c) "‘262@ o(c)+

[+1 b a(l+1 ab
TAI ml4+1 — 1= A1 ;ml4+2 Z%Ao,m,l—i—l - ng,m,lJrQa (3-8)

1+ a_2 A _ 1 —i(a-‘rb)J ﬁ —i(a-i—b)J
7 ) Aimi=—e o(c) + i 1(e)+

[+1 b all +1 ab
Aomis1 + 1= Aoml+2 - Z%Al,m,l—kl - C_Al mit2- (3.9)

[ocunras Ay i(a, b, c) 1 Ay mi(a, b, c) upnl = lyap 1l = lyy0p — 1, 9T0 O3BOJIACT B3ATDH

38 BepXHUIl Mpejies HHTeIPUPOBAHUS Spqp = 2, MBI MOXKEM C JIOCTATOYHO TOYHOCTHIO

10 peKypeHTHOMY cooTHOmmenuIo (3.6) mocuurars A, 1(a, b, ¢) u Ay, mo(a,b, c). robor

uaiitu A, .. mo(a,b,c) IPH Nypey = 32 HO PEKYPEHTHOMY COOTHOIIEHHIO (3.6), HyzKHO

3uathb Ay, —1.m2(a, b, ¢), 1 TaK Jajee, IPU yMEHBIICHAN N Ha €IUHUILY, | IpHOaBIILeTCs

Ha jiBe equHunbl. TakuMm odpasoM, ripu n = 0, 1 HY?KHO UMETD lpner = 2Npmee = 64.
Teneps Haii/ieM IPOU3BOIHBIC OT Up, 4 (7, 1)

0

o7t (1 1) = (27T )tt (1,), (3.10)

o

0 . )
St (1) = (i)™ / eSS [ g (rps ) +
.

1

+ ;(Jn 1(rps/t) — nﬂ(rps/t))} e2mmt/Ts . (3.11)

Pacrumem QyHKIMIO Uy, 1, (7, 1) ¥ €€ TIPOM3BOIHbIE Yepe3 HAIN 0O0O3HAYCHHS:

Un,m (7”, t) = (i)newwmt/TAn,m,l (G’J b? C)?

%un,m(r, t) = (i2xm/T) (i) ™™ Ay, n1(a, b, ¢),

9 A\ 127 T
Eumm(r, t) = (Z) e 2mmit/T [_ZEAn,m,O(aa b, C) + %(An—l,m,o - An—l—l,m,O)] . (312)

EcrecrBenno, uro cay4ait n = 0 pacnucbIBaeTCsi OTIE/IBHO.
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n

Ap1-1 Anr Aprial An1 42

[

Puc. 2. Cxema pacuera koadduruenTos A, p, ;. 1100 He 3arpOMOXKJATH PUCYHOK, HHIEKC 710 OILyIIIEH.

[Tons BHYTpUM mpeobpaszoBaTess obpa3yiorcs mnajatomeir npu ¢ = 0 Mojoit
Em(r, ©), ﬁm(r, ) He obJaaroIeil a3uMyTaabHO# cuMmMerpueii. OHa TeHepupyeT OT-
pazKeHHbIE IIOBEPXHOCTHIO IIPe0dpa30BaTE s JIEKTPUIECKYIO U MAIHUTHYIO COCTABJISIIO-
IIUe T0JIsl, OIIChIBAEMbIC IPAHNIHBIME HOTeHImaamMu Bua (1.13) s ssieKTpraeckoit
u m MarauTHOit v dyukimit Boprumuca. Ha Bbixose npeobpazoBatesisa npu ¢ = T' MbI
XOTHM TIOJyIUTh a3UMYTaJIbHO CHIMMETPUYHOE TIOJIe, IIPEJICTABIIAIONIee COOON rayccoB
yJeK.

[ToscraBiiss pasHoCTh STHUX ToJieli B rpanntdable yeaosus (1.9), (1.10) npu 3a1anmnoit
rpaHngHON 1oBepxHOCTH (1.8), MBI TOJIy9aeM JIMHEHHYIO CUCTEMY yPaBHEHWH Jjisi KO-
s dunmenToB pazyiokennsd GYHKIUN 0., 0, B JiBoiHbIe PAabl Pypbe 110 ¢ u t. Permus
9Ty CHCTEMY, Mbl HAXOJUM 3JIEKTPOMArHUTHOE ToJie B Touke ¢ = 1.

Takum 0b6pa3oM, MBI MOTYUHIN 3aJady YIIPaBJIEHUs: BapbUPYs I'PAHUILy Tpeodpa-
soBaresst — yukmuio f(r,t) u3 (1.8), Mbl cTpemum mosie B Touke ¢t = T' K rayccoBy
Iy 9KY.

3akJIo4eHue

BaJiaBasi 3HAUEHUsI TOJIeH U UX MPOU3BOJHBIX Ha ToBepxHOCTH (1.1), MBI TIOJIydaeM
JIMHERHYTO aJrebpanvdecKyto CUCTeMy ypaBHeHni 11 KoddduimenTos u3 (3.3) Ha 06b-
eMJTIOITeN TIUJTMHIPIUIECKOi moBepxXHoCTH. MbI m30aBIeHbI OT pelleHrs] HeCTAIIMOHAD-
Horo ypastenus [1IpejuHrepa B TpexmMepHOil 06J1aCTH CJIOKHON (DOPMBI U OT HAXOK JI6-
HUS PelleHrsi BOJBTEPPOBCKOIO MHTErPAILHOIO YPABHEHUS Ha CJIOKHON IIOBEPXHOCTH
¢ OBICTPOOCITUJITUPYIOIIAM SIJIPOM.

ISSN 0203-3755 /lunamuaeckue cucrempr, 2019, Tom 9(37), Ne2



188 A.JI. FOHAKOBCKHUIT

Kpowme Toro, Mbl 1ostyqu/in BO3MOYKHOCTH OBICTPO CUUTATH MaTPUYHBIE DJIEMEHTHI
CUCTEMBI JIMHEHHBIX yPaBHEHU I KO3 MDUINEHTOB pa3yioxKenus QyHKIuit o,, 0, B
npoitabie psiyibl Pypre. Kak xoporio uzsectho [3], cuer Marpudnbix K03 GuineHTon
3aHMMaeT OCHOBHOE BpeMs cdeTa B 3aJadax 3JIeKTPOIUHAMUKY.
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IlocTpoenune J-caMoCONPS2KEHHON JTUIaTAIIIN
JINHEHOT O ollepaTopa

FO. JI. KyapsiiioB

Kpwivckuit denepanbubiit yausepcurer uM. B. U. Beprajickoro,
Cumeponons 295007. E-mail: kudryashov  2889@mail.ru

Awnnsoranumsi. B crarbe, UCIIO/IB3Ys IOHITHE OLEPATOPHOrO y3JIa JIJIsl JIMHEHHOTO OIPaHUYEHHOIO Olle-
paropa u npeobpaszoBanue Ko, BBOAUTCS HOHSITHE OIIEPATOPHOTO y3JIa JJIsl JJMHEHHOIO OIepaTopa ¢
HEITyCTBIM MHOXKECTBOM PEryJISpPHBIX TOYeK. C MOMOIIBIO 3TOrO MOHSTHST IPOU3BOIUTCS STBHOE ITOCTPO-
eHne J-caMOCONPsIKEHHON JUIATAIINN JIMHEIHOIO, IIJIOTHO 33/]AHHOrO B IMJIBOEPTOBOM IIPOCTPAHCTBE
oIepaTopa, y KOTOPOro —i SBJISIETCS PeryasapHoil Toukoil. [locTpoennbie panee quratanuu sSBIISTIOTCS
YaCTHBIM CJIyYaeM dTOH JAuIaTalyy nin eif n30MOpPQHBI.

KiroueBsbie cioBa: gunararus, J-CaMOCONPSI2KEHHBII OIEPATOD, OIIEPATOPHBIN y3eJl.

Constructing the J-self-adjoint dilatation of a linear
operator

Yu. L. Kudryashov
V.I. Vernadsky Crimean Federal University, Simferopol 295007.

Abstract. Using the notion of an operator node for a bounded linear operator and the Cayley
transform, the article introduces the notion of an operator node for a linear operator with a nonempty
set of regular points. Using this concept, an explicit construction of a J-self-adjoint dilatation of a
linear operator densely defined in a Hilbert space is carried out for which —i is a regular point. The
dilations constructed earlier are a special case of this dilatation or are isomorphic to it.

Keywords: dilatation, J-selfadjoint operator, operator knot.

MSC 2010: 47A20, 47A48

1. BBenenue

Onpenenenune 1. OrpanudeHHblil oneparop B, AeficTByONUil B rujibOEPTOBOM IIPO-
crparcTBe H, HasbiBaeTcs gujararyeil OrpaHUYIeHHOrO oreparopa A, KOTOpPIil Jeii-
CTBYeT B THJILOEPTOBOM IpocTpancTBe §) C H | ecym

A"h = PB"h (Vn € NAVh € §), (1.1)

ryie P — onieparop oproronasbHOro ipoekTuposanus B H ua ). [Ipu stom ycnosue (1.1)
9KBUBAJIEHTHO JIIOOOMY U3 CJIEIYIONUX YCIOBHIA:

1) (A%, g) = (B"h,g) (V{h,g} CHAVnEN);
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2 (A=A ""h=P(B-X)"'h (VheHAYAEW (N, €) C p(A)Np(B)),

rie W (A, €) — €-OKpECTHOCTH TOUKHU Ag;

3) R"(A,a)h = PR"(B,a)h  (VheHAVneNAaecp(A)Np(B)), rme
R(T,a) = (T —al)™".

[Tocsenue j1Ba yCJIOBUA UMEIOT CMBIC U B CJlydae HeOIDAaHUYEHHBIX OIIePATOPOB H,
TaKuM 00pa3oM, J1000e U3 HUX MOXKHO IPUHATH B KAadecTBe OIpe/lesIeHns TuIaTallin
POM3BOJILHOTO JIMHEHHOTo oneparopa A, y koroporo p(A) # ().

Onpenenenne 2. /luwnaranmmu By n By oneparopa A, jeficTByomnme cOOTBETCTBEHHO
B npoctpanctBax Hi n Hy, Ha3bIBAIOTCA U30MOPGHBIMU, €CJIU CYIIECTBYET YHUTAPHOE
orobpazkenue U npocrpancrsa Hy na Hs Takoe, 94T0

1) Uh="h (YheS$),
2) By = UBlUil.
[Iycts A — nuHERHBIH, IJIOTHO 3aIaHHBII OIlepaTop, AeHCTBYIONINA B THJIEOEPTOBOM

npocrpancTee §), —i € p (A).
Paccmorpum oneparopsl

R=(A+il)"", B=iR—iR"—2R*R,B = iR — iR* — 2RR". (1.2)

Hcnonb3ys norsgTre onepaTopHoro y3Jya /i OTPAHTIEHHOT0 OMEPATOPa, BBEIEHHOE
B |1, 2, 3], u yaursiBas npeobpazosanue Ksim, naum ompeiesienne ornepaTopHoOro ysia
JJId JIMHEHHOro oreparopa.

Onpenenenne 3. CoBOKYIHOCTb IMJILOEPTOBLIX TpocTpancTs §), K u E, u onepa-
TOPOB

delE 9], Vel9 B KelE B,

J_€[E_E_|,Jy €Ey,Ey],A:H— 9,

re Jr = Jy' = Ji, KOTOpbIe yIOBICTBOPSIOT COOTHONTCHUSIM:

B=v"J, V¥, (1.3)
T°0 + V" J, K =0, (1.4)
20°0 + K*'J, K = J_, (1.5)
B =] 3" (1.6)
TV +oJ_K* =0, (1.7)
200" + KJ_K* = J,, (1.8)

HA3BIBAETCS OIIEPATOPHBIM Y3JIOM JJis orepaTopa A.
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U3 (1.4), momyvaem
T + K*J, U = 0. (1.9)

U3 (1.7), moayvaem
T+ KJ & = 0. (1.10)

2. IlocTpoenne muaaTanmumn

[Ipu jrokazaTe/bCTBE OCHOBHOM T€OpeMbl OyJIeM HUCIIOJIb30BaTh CJIEIYIOIIIE JIEMMBI.

Jlemma 1. Ecau h = ho + ®h_(0) € D (A) u hy (0) = —Kh_ (0) +iW (A +4I) h, mo

~

(A+il)h — (A" —il)h = 2ih, (2.1)

ﬂomsame,fcbcmeo.

hy(0) = —Kh_(0) + iV (A +il)h.

[ToneiictByem Ha 3TO paBeHCTBO ornepaTopom W*.J .

U Johy (0) = —U*J, Kh_(0) 4 iU J,U(A + il )h.

Ucnonb3yem coornorenue (1.3)

U J he (0) = —W*J, Kh_(0) + (—R + R* — 2iR*R)(A + il ),

U*J,h (0) = —U*J,Kh_(0) — h+ R*(A+ il)h — 2iR*h,

nJjIn

U*J h (0) + U I Kh_(0) +h = R*(A+il)h — 2iR*h. (2.2)

[Tpeobpasyem JieBy1o 9acTh paBeHCTBA, ucob3ys (1.4)

U*J hy(0) = T*®h_(0) + ho + Ph_(0) =
= U*J,h (0) + ho — 2iR*®h_(0) = h — 2iR*®h_(0).
[Moncrapiss B (2.2), morydnm

~ ~

U*J, hy(0) + ho = 2iR*®h_(0) + R*(A + il)h — 2iR*h. (2.3)

CezoBarensho, Bektop h = W*J h (0) + hy € D(A*).
[ToneiicTByeM Ha pasencTBo (2.3) omeparopom (A* —il).

(A* —il)h = 2i®h_(0) + (A +il)h — 2ih,
(A* —il)h = 2i®h_(0) 4 (A + il )h — 2ihg — 2idh_(0).

u nosrydaem (2.1).
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~

Jlemma 2. Ecau h = ho+ U*hy (0) € D(A*) u h_ (0) = —K*h (0) —i®* (A* — il) h,
mo h' = hy+ ®J_h_(0) € D(A) u

~

(A+ i)W — (A* = il)h = 2ih,, (2.4)

loxaszameavcmao.

~

h_(0) = —K*h(0) — i®*(A* — il)h

U TIOJIEMCTBYEM HA 9TO PABEHCTBO onepaTopoMm P.J_

~

®J_h_(0) = —®J_K*h,(0) — i®J_&*(A* — il)h.

Ucnonb3ys pasencrsa (1.6) u (1.7), moayaaem

~

®J_h_(0) = TU*h, (0) — i(iR — iR* — 2RR*)(A — il)h,

OJ_h_(0) = U*h,(0) — 2iRT*h (0) + R(A* — il)h — h + 2iRh. (2.5)
Torma b = ho + ®J_h_(0) € D(A).
[ToneitctByem Ha pasercTBo (2.5) omeparopom (A +il)
(A+iD)h = =200 h,(0) 4 (A* — il)h + 2i(ho + U*h, (0)),

~

(A+4il)h' — (A* —il)h = 2ihy u (2.4) nokazamno.
]

Vcnonb3yst BBEJEHHOE TIOHSITHE OIEPATOPHOIO Y3718 IIOCTPOUM J-CaMOCOIPSIZKEHHY O
JUIATAIAio S JTUHEHHOro onepaTopa A caemayronmM o0pa3oM.

[Iycrs H_ = Ly ((—00;0],E_), H. = Ly ([0;00) ,Ey), H=H_®9H® H,.

Bresiém B H nnjiepuHUTHYIO METPUKY:

h_ J_h_(t)
Jh — J ho - h(]
hy Jih (t)
hy
Bekrop h = | hy | € ® (S) Torma u TOJIBKO TOr/Ia, KOI/IA BBIIOJHAIOTCS YCIOBHUS:
h_

1) {he, 220y c {1,

2) h=ho+®h_(0) € D (A),

3) hy (0) = —Kh_ (0) + iU (A +l) h.
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I ;dh—(1)
- di .
Slho|=1|—-tho+(A+i)h].
h+ Z'dh+(t)
di

Teopema 1. Onepamop S sasasemcsa J-camoconpasncennoti duiamayuets onepamopa A.

oxazamensvemeo. Haitném conpsizk€HHBIN omiepaTop S*.

- dh
O6ozuaunm I' L hy (t) =i jt( ),

Ncrnionb3ys cBoiicTBa oneparopa guddepeHnnpoBatns, MOy IUM

Cef, @)y, — (fiPxp)y, = Fi(f(0),9(0))-
(Sh,g)y = (h—.T-g-)y + (ht, Trg4)y, — 1(h4(0), 9+(0)) .
+i(h—(0),9-(0) 5 — i(ho, go)g + (A +3I)h, go)s;,
rae h = ho+ ®h_(0) € D(A).
Baenem obosnauenme
C = (ho,igo)s, = i(h+(0), 9+(0)) g, +i(h—(0), 9-(0)) 5 + ((A+iD)h, go)s;
Ucnosbzyem ycosue 3) na D(S).

C = (hovige)s — i(—Kh_(0) + {0 (A + iD)h, g4 (0)) 5, +

+i(h-(0),9-(0) .+ ((A+i1)h, go)s,
Tonozum h_(0) = 0, rorma h = ho u
C = (ho,igo)g + (V(A+il)ho, g1(0)) , + ((A+il)ho, go)g =
= (ho,ig0)g + (A + iL)ho, ¥ g4(0)) g, + (A +iL)ho, go)s =
= (ho,igo)s + ((A+1il)ho, go + ¥*g+(0))s.
Ecmm ¢ = go + ¥*g.(0) € D(A*), 10
C = (ho,igo)sy + (ho, (Ax —il)g")s = (ho,igo + (A x —il)d ).

Terrepn

C = (ho,igo)s + i(h—(0), K*g4.(0))g_ + ((A+iI)h, go+
+ V" J19:(0))s 4 i(h-(0),9-(0)) e =

= (ho,igo)s +i(h—(0), K*g.(0))g_ + (ho + ®h_(0), (A" —il)g'), +

+i(h-(0),9-(0))p =

= (ho,1g0)s + (h—(0), =iK"g4(0))E_ + (ho

+ (@h_(0), (A" —il)g')g + i (h-_(0),g

= (ho,igo + (A" —il)g")5 + (h—(0), —iK"g.(0) +

(AT —il)g )5+
(0)p_ =
+®* (A" —il)g’ —ig_(0))e_,
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TOrIa
—iK"g.(0) + ©*(A" —il)g’ — ig-(0) = 0,
T.€.

9-(0) = —=K"g4(0) — i®" (A" —il)g'.

Taxum obpazoM oreparop S* ompeesieTcst Caeay oM 00pa3oM.
h_

Bekrop h = | hy | € ©(S*) Torma u TOIBKO TOT/IA, KOTJIA BBIIOTHIIOTCS YCIOBHST
h
1) {he,I1hyi} C Hy,

2) W = ho+ U*h,(0) € D(A*),

3) h_(0) = —K*h,(0) — i®*(A* — i)l

h_ I_h_(t)
S| ho | = | iho+ (A" —dl)K
b b (1)
JlokarkeM paBeHCTBO
S =JS"J, rae (2.6)

h_ J_h_(t)

J| ho | = ho
h Jrhi (1)

[Iycte h € ©(S) u Jh € D(S*), Torna

J+ h+ 7 J+d;lt+ () )
S*JTh=S"| ho | =|iho+ (A" —il)h |,
J_h_ iJ,dh,(t)

dt

rie b = hg 4+ UJ,hy(0) € D(A*). Uenonssys (2.1), nomyuaem

7 dhy (1)
iy dt -
S*Jh = | —ihg+ (A+iD)h |,
.o J_dh_(t)
=g

Z'J+dcfll+(t)

1 ~

JS*Jh = | —ihg + (A+il)h | = Sh.
-dh_(t)

dt
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Hamo mokasars, aro

D(S*) = JD(S). (2.7)

Pasenctso (2.6) 6610 0Ka3amo B npeanonoxenun (2.7). Ilycrs h € D(S), nokazkem
qro Jh € D(S*).

hi(0) = —Kh_(0) + iV (A +il)h, (2.8)
e h = ho + ®h_(0) € D(A). Hasio 1oKazaTh, 4To

~

rie h = ho + T hy (0) € D(A*). U3 (2.1) momyam

~ ~

(A+il)h = 2ihg + (A" —iI)h.

[MogeiicrByem Ha paserctso (2.8) omeparopom K*J, u npumenunm pasencrtsa (1.5) u
(1.9), mosywaem:

K*J ho (0) = —K*J,  Kh_(0) + iK*J, U (2iho + (A" —il)h),

K*J, hy(0) = (20*® — J_)h_(0) — i®*T(2iho + (A* —il)h),

K*J. hy (0) + J_h_(0) = 20*®h_(0) — iT(2ihg + (A* — il )h).

[Ipeobpazyem mpaByio 4acThb paBEeHCTBA.

20*dh_(0) — i®* (I — 2iR)(2ihg + (A" —il)h) =
— 20" ®h_(0) + 20*Thy — i®*(A* — il)h — 20*R(A* — il )h.

Brrancanm

20*dh_(0) 4+ 20*Thy — 20" R(A* — il )h =
ucnosb3ys (2.1), mosydaem
— 20*®h_(0) + 20*(I — 2iR)hy — 20 R((A + il)h — 2ihg) =

= ©*(2Bh_(0) 4 2ho — 4iRhg — 2hg — 2®h_(0) + 4iRhg) = 0,

TaKM 00pa3oM

A~

J_h_(0) = K*J hy(0) — i®* (A" —iI)h.
IIycte Jh € D(S*) n mokaxkeM, 1ro h € D(S),

h_ J_h_
h=|ho|,Jh=1_ ho |.,JheD(S.
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DTO 03HAYAET, ITO

h=hy+U*J h (0) € D(A*) u
J_h_(0) = —=K*J hy(0) — i®d*(A* —il)h. (2.9)
U3 pasencrsa (2.1), eciin Jh € D(S*), nosydaem

~

(A+il)h — (A* — il )h = 2ih,,

heD(A*),h e D(A),
h=ho+ U hi(0),h = ho+ Ph_(0) € D(A),

T.e. yeaosue 2) #Ha D(S) BITOTHIETCS.
[IpoBepum BbInosIHEHEE yeaoBus 3) Ha D (S) st BekTopa h. Hajio moka3ars paBeHCTBO

he(0) = —Kh_(0) + iW(A + il )h,

rie h = ho + ®h_(0) € D(A). Tlogeiicrayem na pasencrso (2.9) omneparopom K.J_,
TTOJTY YUM

Kh_(0) = —KJ_K*J, hy(0) — iKJ & (A" —il)h.
Ucnonezys (1.8) u (1.10), momyaaem
Kh_(0) = 2UU* — J,)J, hy (0) + 90 (I + 2iR*)(A* — il)h,
Kh_(0) + hy(0) = 200* T, hy (0) + iU (] + 2iR*)(A* — il)h.
[Ipeobpazyem mpaByio 4acThb paBEHCTBA
2UT* J, by (0) 4+ iW(A* — il)h — 20 (hg + U*J, hy (0)) =
= 200*J, b (0) + iU ((A + il)h — 2ihg) — 2Whg — 20W* J, b, (0) =

— iU(A +il)h.

hi(0) = —Kh_(0) +iV(A+il)h, tae h = hg + ®h_(0).
Jlokaxkem, aTo S-auararus oneparopa A.
O6o3HaTIM

Lo =T4[y, rae M = {h (t) € D (I's)|hs (0) = 0}
Pacemorpum B nipocrpancree H = H_ & $ & H oneparop R.

h_ (T_ — AI)"h v
Rh =R ho = R)\ho - (I + [LR)\)(I)U_ (0) = Vo y
hy (Co — M) 7thy + e ™, (0) vy

e A € p(I'_)Np(To)Np(A) = p(N). Tak kak —i € p(A), To A IpUHAIIEXKUT HEKOTOPOX
OKPECTHOCTH TOYKH —i, KOTOpasi coiepKuTest B p(A).

1 [*
(Tg — M)~ thy(z) = - / e h (t)dt,
0
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(T_ = X)h(t) = ! / ' e h_(t)dt.

]

—0o0
[Tpu sTom

0_(0) = [(T_ = AD) Ao (1)) o,
v (0) = =Kv_(0) + iU (I + pRy)(ho — pdv_(0)),
p=A+i,Ry=(A—X)"".
[Iycts h € ©(S), Torma

h_ (I = AXI)h_
(S—=AD) | ho | = [ —pho+ (A+iDh | .
h (T — Ay
Ioxkazxkem, uto R = (S — \I)~L.

he (C_ — AD)h_ h_
R(S — Al) (ho) ~R ((A — D)7+ u@h(o)) = (yo) .
hy (I's = ADhy Y+

Jokaxkem, ato yy = ho,yr = hy.
Yo = Ra((A—= M)h + p®h_(0)) — (I + pRy)Pv_(0) =

= h+ pRy®h_(0) — ®h_(0) — pRrPv_(0) = ho,

—Kv_(0) + iU (I + pR))((A — XI)h — p®h_(0) — pPv_(0)) =

4
+
—

(a=)
=

I

= —Kh_(0) +iU*(I 4+ uRy)(A — AN )h =
= —Kh_(0) +iU*(A — A)h + ipV*h =
= —Kh_(0) +iU*(A+il)h = hy(0),

TakuM obpaszoM Y, = h.
Tenepsb gokaxem, uaro Vh € H, Rh € D(S).
JleficTBUTE/IHHO,

1) oueBmHO, uTO V3 € Ho.
2) h = vg+Pv_(0) = Ryho— (I+pRy)Pv_(0)+Pv_(0) = Ry(ho— uPv_(0)) € D(A)

3) IIposepum paBeHCTBO
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v4(0) = —Kv_(0) + V" (A + i) (vg + Pv_(0)).
—Kv_(0) + iV (A +il)(vg + Pv_(0)) =
— —Kv_(0) + iU (A +il)(Raho — (I + pRy) W 0_(0) + U u_(0)) =
= —Kv_(0) + V" (I + uRy)(ho — pPv_(0)) = v4(0).

Takum obpazom Rh € ©(S)(Vh € H).
Teneps gokazxkeMm, aro (S — A\ )Rh = h,Vh € H.

v_ (F_ — A )v_ S
(S=ADRh=(S—=X) | vy | = | (A=X)(vo+ Pv_(0)) + puPv_(0) | = | Oy | =6.
vy (Iy — Aoy O

Jokazxxem, aro © = h.
O =T_—-AX)(T_—X)"h.=h_,

O = (A — M) (vg + Pv_(0)) + pdv_(0) =
— (A~ AI)(Raho — (1 + pRa)Bu_(0) — o (0)) + pbur_(0) = by,
O = Ty — AD)[(To — M) "*hg + e~ ™Mo, (0)],
rie
vy (0) = —=Kv_(0) + 19" (I + pRy)(ho — pPv_(0)).
Tx. (Ts — AD)eMo_(0) = 0, 10 O = hy.

Kak jerko Bujsiets onepatop R orpanuden u ompejesnien Ha BceM mnpoctpancTse H.

]

CaencrBue 1. Camoconpsasicernan duasamayus duccunausrozo onepamopa A us [4, 5/
ABNACNCA YACTNMHOIM CAYUAEM OUAGMAUUY U3 Meopemb, 1, ecau nososcumsv QQ = VB,

Q=VB E. =QH E,=QH, U=Q &=0, J=1.

CaencrBue 2. J-camoconpaoicennas duramayus aunetinozo onepamopa A us [6] ae-
AAEMCA YACTIHM CAYHAEM JUAGMALUY U3 meopemvl 1, ecau nososcums QQ = \/|B],

Q=1/IBl, E-=Q%, By =Q%, J_ = signB, J, = signB, ¥ = Q, & = Q.
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PEOEPATHI

YIK 517.544+4-517.968

A. . BOPOHUH. ¥YpaBHeHust B cBepTKax 1-To 1 2-T0 po/ia Ha KOHEYHOM MHTEPBAaJie U Kpa-
eBble 3aJa4 Uil aHAJIUTHYecKux (pyHKuwmii (pycckuii) // Hunamudeckue cucrembr, 2019. —
Tom 9(37), Ne2. — C. 103-115.

Caenan 0630p HOBBIX PE3yJIBTATOB II0 MCCJIEIOBAHUAIO YPABHEHUN B CBepTKax 1-To u 2-T0 pona Ha
KOHEYHOM WHTEPBAJIE U KPAEBBIX 33144 JIJIsT aHAJTUTHIECKUX (DYHKIHI, CBA3aHHBIX C 9TUMU yPABHEHWSI-
mu. B pabore HaiiieHa B3anMOCBsI3b MeXK 1y 3ajaqeii MapKyIeBnia u ypaBHEHUSIMHU B CBEPTKAX U, KaK
CJIEJICTBYE, TIOJIy9YeHbl HOBBIE YCJIOBHS KOPPEKTHON pa3permMocTu 3aja4du MapKylesuda U ycedeH-
HOTO ypaBHeHusi Bunepa — Xomda. Paccmorpensr kpaesbie 3ajiaun PuMana, sIBJISIIOINIIECS] aHAJIOTaMI
zamaan MapkymeBuda. [IpuBenensl 1ocTaTodHbIe yCJIOBAST KOPPEKTHON PA3PEIMMOCTH YCEIeHHOTO
ypaBuenust Bunepa — Xormda ¢ CHMMETPUIHBIM STPOM.

KurouyeBbie ciioBa: ypaBHeHUsI B CBEPTKaX 1-TO W 2-TO poja, KOHEYHBI HHTEpBaJ, 0OOOIEHHAS
KpaeBas 3a71a1a Pumana, BeKTopHast KpaeBas 3amada Pumana—I uanbepra, KOppeKTHaAS pa3pelmMOCThb
3a/1a4H.

Bubsmorp. 16 uazs.

YIK 517.9

I[.C.OCUITEHKO. O6 3HTpONNu CUMBOJIMYECKOTO 00pa3a JUHAMUYECKONH CUCTEMBI (aHTIHii-
ckmit) // Juaamuaeckue cucremsl, 2019. — Tom 9(37), Ne2. — C. 116-132.

PaccmarpuBaercs oreHKa SHTPOIUYU JUCKPETHON IMHAMUYIECKON CHCTEMBI C HCITOIb30BAHUEM CUM-
BOJIMYECKOI'O M300parKeHusl, IIPeICTaBIISIONEro coboii OpueHTHPOBAHHBIN T'pad, MOCTPOEHHBIH € T0-
MOIIbI0O KOHEYHOT'O TOKPBITHS (DA30BOTO MPOCTPAHCTBA. TPACKTOPUU CUCTEMBI KOJUPYIOTCS Ty TIMU
na rpade. IloTokn HA CHMBOIMYIECKOM M300paKeHUM TPUOIMKAIOT WHBAPUAHTHBIE MEPBI CHCTEMBI.
MakcumasbHast METPUIECKasT SHTPOIHST CUMBOJIMIECKOTO N300ParKeHUsT OIEHUBAETCsI IO JIorapudMy
MaKCHUMaJIBHOT'O CO6CTB€HHOFO 3HaYeHUA MaTPUIBI CME2KHOCTHU CUMBOJINYECKOI'O I/I306pa7KeHI/IH. Cyme—
CTBYeT IOTOK, Ha KOTOPOM JOCTUTAeTCs Ta SHTponusi. VIHBapuaHTHasi Mepa MaKCUMAJIBHON SHTPOIIUI
OIIEHUBAETCS C ITOMOIIBIO ITOTO MOTOKA.

KiroueBbIe cjioBa: CUMBOJIMYECKUA o6pa3, JAUHaAMUIYEeCKUue CUCTeMbl, MTHBapUaHTHasd Mepa, dHTPOIINA

Bubauorp. 20 nazs.

YK 517.929
B.B.MAJIBITVHA, K. M. YYIUHOB. O6 ycaoBusix ocumuisuuu perieHuii auddepeHnu-

aJbHBIX ypaBHeHUH ¢ nociaeneiicreueM (pycckuit) // Junammuaeckue cucrembl, 2019. — Tom 9(37), Ne2. —
C. 133-146.

Wccnenyiorcs BO3MOXKHOCTH 10Ty deHust 3P HEKTUBHBIX YCIOBUI OCIIMILIAIINN PEIIEHNH JIMHEHHBIX
HEABTOHOMHBIX JuddepeHInaIbHbIX YPABHEHNI IePBOro HopsiKa ¢ rocieneiicrsueM. s ypaBuenus
C HECKOJIbKMMH COCPEJIOTOYEHHBIMU 3ala3/IbIBAHUSIMI ITPOU3BOJNUTCS COIOCTABJIEHNE HECKOJIBKUX JI0-
CTUTHYTBHIX B [TOCJIEIHUE TOJbI PE3YJIbTATOB U IPUBOISTCS HOBBIE TOKA3ATEILCTBA U IPUMEPHI, 000CHO-
BhIBatomre 3HHEeKTUBHOCTS HEKOTOPHIX Pa3pabaThIBAEMbIX METOJOB U UX IIPEUMYIIECTB mepes, boJiee
parauMEu moaxogamu. [losydersr HoBble 3 DEKTUBHBIE YCJIOBUS OCIMJUISAIIAN PEIIEHN yPaBHEHUN C
paclpe/ie/IeHHbIM 3alla3/IbIBaHueM.

KuaroueBbie cioBa: quddepennuaibHoe ypaBHEHNE C 3aa3/IbIBAHNEM, OCIIULISIN, 3P OEKTUBHBIE
[IPU3HAKH.

Bubsmorp. 19 mazs.
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VIIK 519.6

P. A. XAYATPHAH. O pemenusx muddepeHnnaibHbIX BKJIIOYEHNN C MOYTH BBIILyKJION IIpa-
BOil yacteio (pycckuit) // Junammudeckue cucrembl, 2019. — Tom 9(37), Ne2. — C. 147-153.

B crarbe paccMaTpuBaeTCsi BONPOC CYIIECTBOBAHUsI peleHnst Briouenns suna Dx(t) C a(z(t))
upy HadaJdbHOM yciosun x(tg) = o, rme Dxz(t) — maparudrenTHas npousBoiHas GyHruuu x(t).
Ipeioaraercs, 9T0 MHOIO3HAYHOE OTOOPAYKEHUE @ HEIIPEPBIBHO, & MHOXKECTBA @) IOYTH BBILYKJIbL.

KiioueBbie cjioBa: MHOTO3HAYHOE OTOOPAXKEHNUE, MOYTH BHITYKJIOCTh, M depeHInaIbHOe BKIIIOUe-
HUeE.

Bubsmorp. 14 uass.

VIK 531.36
A.C.KVJIEITIOB, U.U. Y/IATOBCKAS{. 9ddekT Tpancrpeccuu B 3ajia4e 0 ABUKEHUU II0-
4TH TOJIOHOMHOro MaatHuka (pycckuit) // Huunamudaeckue cucremsr, 2019. — Tom 9(37), Ne2. —
C. 154-159.

B 1986 rony {.B. TatapunoB 3a102K1JI OCHOBBI TEOPHUH CJIa00 HETOJIOHOMHBIX cucTeM. Paccmarpu-
BAIOTCsI MEXaQHUYECKHUE CHCTEMBI C HEI'OJIOHOMHBIMU CBSI3SIME, COJEPXKAIUMU MaJiblil mapamerp. IIpe-
[10JIAraeTCsl, BO—IIEPBBIX, YTO IIPU HYJEBOM 3HAYEHHM IIapaMeTpa CBS3U TAKON CHCTEMbI HHTErpUpYe-
MBI, TO €CTh IOJIyIAeTCsl CEMENCTBO MOJIOHOMHBIX CHUCTEM, 3aBUCHIIEE OT HECKOJIHKUX ITPOU3BOJIBHBIX
KOHCTAHT WHTErPUPOBAHUS. BO-BTOPBIX, 9TU IOJIOHOMHBIE CHCTEMbBI JIOJI?KHBI OBITH BIIOJIHE WHTETDU-
PYEMBIMHU FaMUJIBTOHOBBIME CHCTEMAaMHU.

[Ipu HeHyI€BOM 3HAYEHUU MAJIOTO MTApAMETPAa IOBEIEHNE TAKUX CHUCTEM MOYKHO PACCMATPUBATD
[IPU IOMOIIM ACUMITOTHIECKIX METOOB, IPEJICTABIIsISI €0 KAK TPAHCIPECCHUIO: COYETAHUE JBUKEHUS
caerka MOJIUGUIMPOBAHHON TOJIOHOMHON CHCTEMbBI ¢ MEJJIEHHBIM H3MEHEHHeM ObLIbIX KOHCTAHT. B
JIaHHOI paboTe onucaH 3(Pp@eKT TPaHCIPECCUU B 3aJiade O ABUKEHUH [T0YTH NOJIOHOMHOI'O MAasiTHUKA.

Kurouesble ciioBa: c1ab0 HENOJIOHOMHbBIE CHUCTEMBI; IIOYTH TOJIOHOMHBIN MadTHUK; TPaHCI'PEeCCUusd.

WNan. 1. Bubnuorp. 3 Hass.

VIIK 517.968

A.M.TIIECYAHCKUI. WuaTerpanbubie n uHTErpo-auddepeHuaibible ypABHEHUsI THIA
KPUBOJIMHENWHOM cBepTKU (pycckuit) // dunamuaeckue cucremsr, 2019. — Tom 9(37), Ne2. — C. 160—
168.

IIpuBomurcst 0630p pe3yJibTaTOB MCCJIEIOBAHUN MHTErpajibHBIX M UHTErpo-IuddepeHraabHbIX
YPaBHEHUIl TUIIA KPUBOJMHENHOW CBEPTKH, KOTOpas SBJIsIeTcs 0000IIeHrneM OOBIYHONW CBEPTKU B CIIy-
qae 3aMeHbl [PSIMOIl WM OKPY?KHOCTU HAa KPHUBOJMHEHHBII KOHTYD B KOMILIEKCHO# miockoctu. Ha
3aMKHYTOM KOHTYDE siJ[pa KPUBOJIMHEHHBIX CBEPTOK 3aBUCAT OT OTHOIIEHUs] APIYMEHTOB, a B CJIydae
GECKOHEYHOI0 KOHTypa — OT Pa3HOCTH apryMeHTOB. B 0030p BKJIIOUEHBI CJIEIYIONINE KJIACCHI yPaB-
HEHUIi: ypaBHEHUsI C CUHTYJISIPDHBIMUA CBEPTKAMU, KOTOPbBIE SIBJISIIOTCS TIOJIHBIMUA CUHTYJISIPHBIMU YPaB-
HEHUsIMU C siApoM Kol u BIIOJIHE HEIPEPBIBHBIMU OIEPaTOPaMy CIIENUAJIbHOIO BUA; YpaBHEHUE C
CHHTYJISIDHBIMU CBEPTKAMU W CIABUTOM; MHTErpPajbHbIE U WHTErpo-aud depeHnnaabHble YPABHEHUS C
runepreoMerpudeckoii pyukimeir ['aycca B sapax.

KitoueBbie cjioBa: KpUBOJIMHEHAST CBEPTKA, WHTErPAJIHLHOE yDABHEHUE, PEIeHrne B KBaJpaTypax,
KpaeBas 3amada Pumamna, rumepreomerpudeckast pyHKIms [aycca.

Bubsmorp. 16 uass.
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YIK 535.338.1+519.64+519.853.6

B.C.CU3UKOB, A.B./JIABPOB. O meTone nmpon3BOAHBIX pa3AesieHus OOJIBIIIOro 4ucJia me-
PEKPBIBAIOIINXCA KOMIIOHEHT IPU Hasimauu uryma (pycckuii) // Junamudeckue cucrembr, 2019, —

Tom 9(37), Ne2. — C. 169-177.

Paccmorpena 3(phpeKTUBHOCTD METOa IPOU3BOAHBIX JJIsl pasjesienus (cenapany) 60JIbIIoro Yuc-
Jia TIePEeKPBIBAIOIINXCS CIIEKTPAJIbHBIX JTUHUI-KOMIOHEHT B YCJIOBHUSX 3alryMJieHHOCTH. JluHnn Mosme-
JINPYIOTCSl TAyCCUAHAMIY WJIH JIOPEHIINAHAMY. BbIBEJIeHbI aHAIUTHIECKUE (DOPMYJIBI JJIsT TIPOM3BOIHBIX
1-4 mopsiIKOB, a TakKe JJId aMIUTUTYJ[ W HOJYIIUpUH JuHui. HaiileHHble 9ucio 1 mapaMerpbl Jin-
HUN YTOYHSIIOTCS IIyTeM MUHUMU3AIUU (DYHKIIMOHAJIA HEBA3KU C OIPAHUYEHUSIMU Ha pelreHue. [lyrem
MOJIEJINPOBAHUS CIIEKTPA U3 7 KOMIIOHEHT C UCIOJIb30BaHuEM 1-4 MPOM3BOIHBIX ITOKA3AHO, 9TO KOJIU-
9eCTBO M 3HAYEHUS TAapaMETPOB JIMHUI XOPOIIO BOCCTAHABJIMBAIOTCS MPU OTCYTCTBUU IIYMOB W IPHU
UCIIOJIb30BAHUY AHAJIUTUIECKUX BBIPAYKEHUIA J1Jist IPOM3BOAHBIX. [Ipu Hammany nryMoB (naze ciaabbix )
[IPOU3BOJIHBIE OLIPEIEJISIOTCs (UUCAEHHO) ¢ GOJIBIIUMHE IIOrPEIIHOCTAME. B 9T0M citydae ahdexTuBHbIM
SIBJISIETCSI MCITOJIb30BAHUE CIVIaYKUBAONIUX CIIaiitHOB. OIHAKO €CJIN UCII0JIb30BaTh CILIANH JIUIb OJUH
pa3 Jyisi CryIa’KUBaHUsl CIIEKTPa U BBIYUC/IEHUST 1-if TIPOU3BOHOI, TO IOIPEIIHOCTU PE3KO BO3PACTAIOT
C POCTOM TOPsiJIKa MTPOU3BOMHON OT 2-10 110 4-10. [losToMy B paboTe IpeIoKEeHO CIUIayKUBaTh CILIali-
HaMU [EepPeJl PACIETOM KarKIOW IMPOM3BOMHON. B 3TOM ciiyuae 3HAUEHUS MPOM3BOIHBIX ITOJIYIAIOTCS
MaJIO OTJIMYAIOIIAMUCS OT MPOU3BOJHBIX IPH OTCYTCTBUM I[OMEX, a YNUCJIO JIMHUN W WX IapaMeTphI
OIIPEJIEJISAIOTCS JIOCTATOYHO TOYIHO.

KunroueBsie cioBa: pasjeinenue (cernapaiys) IePEKPLIBAIOIIMXCS CIEKTPAJIBHBIX JIMHUN, METO, IIPO-
M3BOJIHBIX, TAYCCUAHbI U JIOPEHIIMAHBI, YUCJIO JUHUN, TapaMeTpPhl JIMHUH, CTJIayKUBAIOIINE CILIANHDI.

Bubaunorp. 12 na3ss.

VIIK 519.63

A. JI. KOHAKOBCKUI. MoaenupoBaHue BHICOKOYACTOTHBIX I0JIeli B HEPeryIsSipHBIX BOJIHO-
BOJAX epe3 rpaHudHbIe NoTeHnuassl (pycckuit) // Juanamudeckne cucremst, 2019. — Tom 9(37), Ne2. —
C. 178-189.

Pabora mocsiiena mcce0BaAHNI0 BOSMOXKHOCTEH CO3MaHUS MATEMATHIECKUX MOJIEJIeH MIMPOKO-
ITOJIOCHBIX BOJIHOBOJHBIX MOJIOBBIX Ipe0Opa30BaTesieil U CUCTEM B MUJIJIIMETPOBOM U TEPAre€PIIOBOM
JuanasoHax. VX Mojesn J0JIKHBI TO3BOJISITh OIUCHIBATH U U3yJaTh IIPOIlecchl pacupoctpanenns CBY
C UCIIOJIb30BAHUEM CYIIECTBEHHO (Ha JBa MOPsKa) GObIUX AudPaKIMOHHBIX JIEMEHTOB.

s mocrpoenus npeobpasoBareseit ot rupockona-bBT K mamyuaresnsm, a Takke IS UCCIIET0-
BaHUS BJIMSAHUS JIOKAJBHBIX BO3MYIIEHHI HMCIOJB3YeTCs MOJEJb, YINTHIBAIONAsl TOJTHKO OrUOAIONIHe
BBICOKOYACTOTHBIX COCTABJIAIONINX CUTHAJA, PACIPOCTPAHSIIONIEI0Cs B MHOIOMO/IOBOM BOJIHOBO/IE (TakK
HasbIBaeMoe napabosmyaeckoe npubamxkenne). Orubaminas B 9TOM CJIydae BMECTO ypaBHeHUs | ebM-
roJibIa yaoBjaeTBopsier ypasueruto [Ipegunarepa.

OcHoBHAas Ujest 3aKJII0YACTCs B OIIPeiesieHnn pernteHus ypasaenns [peguarepa Kak rpaHUIIHOTO
MTOTEHIINAJIA OTHOCUTEIHLHO BHENTHEH TPAHUIIBI IIUJIMHIPUIECKON 00IaCTH, OXBATHIBAIONIEH HEPeryJsp-
HBIl BOJTHOBO/I, ¥ TPAHUYHBIE YCJIOBHS JIOJXKHBI OBITH IIPOBEPEHBI HA PEATHLHOCTD — T. €. (haKTHIeCKH
JKeJIaeMyIo IpaHuIly. BHyTpH 3aK/Ii09aioniel uInHIPUIecKoil 0061acTi KoaebaHuil sipa IpeicTaBie-
HUsI PEIeHUs] Y2Ke JIOCTYIHBI JIJIsl PACIETOB.

KuroueBble ciioBa: Hepery/sipHbId BOJIHOBOJ, TPAHUYHBIN noTeHnas, ypasuenue [llpenunarepa.
Wi. 2. Bubauorp. 8 Ha3B.

VIIK 517.983.24

FO. JI. KVIPAITIIOB. Iloctpoenue J-caMOCONPsI2KEHHON AUJaTAllU JIMHEHHOro omeparopa
(pycckmit) // Huunamuaeckue cucremsr, 2019. — Tom 9(37), Ne2. — C. 190-200.

B crarbe, ucnonp3ys moHsTHE ONEPATOPHOTO y3JIa JJIsi JIMHEHHOTO OTPAHUYEHHOrO OMEPATOpA U
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npeodpazoBanne Ka/m, BBOAUTCS IOHATHE OIEPATOPHOrO y3Ja JJIs JIMHEIHOrO OIepaTropa C HeIry-
CTBIM MHOXKECTBOM PEryJIsipHBIX TOYeK. C IIOMOIIBIO 9TOTO MOHSTUsI IPOU3BOIUTCS IBHOE ITOCTPOEHUE
J-caMOCONpsi?KEHHON TUIATAIINN JIMHEHHOTO, TIJIOTHO 33JAaHHOrO B THMJILOEPTOBOM IIPOCTPAHCTBE OIle-
paTopa, y KOTOPOIO —i SIBJII€TCS PEryJaspHOil Toukoil. [locTpoeHmble paHee AUIATAINH SBJISIIOTCS
YaCTHBIM CJIyYaeM dTOH JAuIaTalnyuy nin eif n30MOpQHBI.

KitoueBsblie ciioBa: auiarariusi, J-CaMOCONPSIKEHHBINA OIIEPATOD, OMEPATOPHBINA y3€JI.

Bubamorp. 6 Has3s.
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A.F.VORONIN. Convolution equations of the first and second kind on a finite interval and
boundary value problems for analytic functions (Russian). Dinamicheskie Sistemy 9(37), no.2,
103-115 (2019).

A review of new results on the study of convolution equations of the 1-st and 2-nd kind on a
finite interval and related boundary value problems for analytical functions is made. In the work, the
relationship between the Markushevich problem and convolution equations is found, and, as a result,
new conditions for the correct solvability of the Markushevich problem and the truncated Wiener—-Hopf
equation are obtained. Riemann boundary value problems that are analogues of the Markushevich
problem are considered. Sufficient conditions for the correct solvability of the truncated Wiener—Hopf
equation with a symmetric kernel are given.

Keywords: onvolution equations, finite interval, Markushevich problem, Riemann boundary value
problems, factorization of matrix functions, factorization indices, stability, unique.

Ref. 16.

MSC 2010: 37A05, 37B10

G.S.OSIPENKO, N. B. AMPILOVA. On the entropy of symbolic image of a dynamical system
(English). Dinamicheskie Sistemy 9(37), no.2, 116-132 (2019).

We consider the estimation of the entropy of a discrete dynamical system by using a symbolic
image that is a directed graph constructed by means of a finite covering of phase space. Trajectories of
the system are coded by paths on the graph. Flows on symbolic image approximate invariant measures
of the system. The maximal metric entropy of a symbolic image is estimated by the logarithm of the
maximal eigenvalue of the symbolic image adjacency matrix. There is the flow on which this entropy
is achieved. The invariant measure of the maximal entropy is estimated by using this flow.

Keywords: symbolic image, dynamical systems, invariant measure, entropy.

Ref. 20.

MSC 2010: 34K11

V.V.MALYGINA, K. M CHUDINOV. On oscillation conditions for solutions to delay differ-
ential equations (Russian). Dinamicheskie Sistemy 9(37), no.2, 133146 (2019).

The possibilities of obtaining effective oscillation conditions for solutions to linear non-autonomous
first-order differential equations with aftereffect are investigated. We consider estimates, on the func-
tional of the equation parameters, guaranteeing the oscillation of all solutions. These estimates are
results of the development of known sufficient oscillation conditions for a linear equation with one
concentrated delay, in the form of an estimate of the integral of the coefficient over the delay length.
For an equation with several concentrated delays, several results achieved in recent years are compared
and new proofs and examples are given that justify the effectiveness of some of the developed methods
and their advantages over earlier approaches. A new approach is applied to equations with distributed
delay, for which new effective conditions for the oscillation of solutions are obtained.

Keywords: delay differential equation, oscillation, explicit test.
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R.A. KHACHATRYAN. On solutions of differential inclusions with almost convex right-
hand side (Russian). Dinamicheskie Sistemy 9(37), no.2, 147-153 (2019).

In the paper, the question of the existence of a differential inclusion #(¢) € a(x) under the initial
condition z(tg) = xo is considered. It is assumed that a multivalued mapping a is upper semicontinuous
and the sets a(x) are almost convex.

Keywords: set-valued mapping, almost convex mapping, differential inclusion.

Ref. 14.

MSC 2010: 70F25; T0K60; 70K70

A.S.KULESHOV, I.1. ULYATOVSKAYA. The Transgression Effect in the Problem of Motion
of an Almost Holonomic Pendulum (Russian). Dinamicheskie Sistemy 9(37), no.2, 154-159
(2019).

In 1986 Ya.V.Tatarinov presented the basis of the theory of weakly nonholonomic systems. Me-
chanical systems with nonholonomic constraints depending on a small parameter are considered. It
is assumed that when the value of this parameter is zero, the constraints of such a system become
integrable, i.e. in this case we have a family of holonomic systems depending on several arbitrary inte-
gration constants. We will assume that these holonomic systems are integrable hamiltonian systems.
When the small parameter is not zero, the methods of perturbation theory can be used to represent,
to a first approximation, the motion of the system with nonzero parameter values, as a combination of
the motion of a slightly modified holonomic system with slowly varying previous integration constants
(transgression effect). In this paper we describe the transgression effect in the problem of motion of
an almost holonomic pendulum.

Keywords: weakly nonholonomic systems, almost holonomic pendulum, transgression.

Fig. 1. Ref. 3.

MSC 2010: 45E10

A.I.PESCHANSKY. Integral and Integro-differential Equations of Curvilinear Convolution
Type (Russian). Dinamicheskie Sistemy 9(37), no.2, 160-168 (2019).

A review of the results of studies of integral and integro-differential equations of curvilinear con-
volution type, which is a generalization of the customary convolution in the case of replacing a circle
for a curvilinear contour in the complex plane. On the circumference, the kernels of curvilinear con-
volutions depend on the ratio of the arguments, and in the case of infinite circumference — on the
difference of arguments. The following classes of equations are included in the review: equations
with singular convolutions, which are complete singular equations with Cauchy kernel and completely
continuous operators of a special kind; equation with singular convolutions and a shift; integral and
integro-differential equations with hypergeometric Gaussian function in kernels.

Keywords: curvilinear convolution, integral equation, solution in quadratures, Riemann boundary
value problem, Gaussian hypergeometric function.

Ref. 16.

MSC 2010: 41A15, 65D07, 65705

V.S.SIZIKOV, A.V.LAVROV. On the derivative method for separating large number of
overlapping components in the presence of noise (Russian). Dinamicheskie Sistemy 9(37), no.2,
169-177 (2019).

The efficiency of the derivatives method for separation of an increased number of overlapping
spectral lines (components) is considered, in addition, under noisy conditions. The lines are modeled
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by Gaussians or Lorentzians. Analytical formulas are derived for derivatives of 1-4 orders, as well
as for amplitudes and half-widths of lines. Then, the number and the parameters of the lines are
refined by minimizing the discrepancy functional. By modeling a spectrum of 7 components using
1-4 derivatives, it is shown that the number and parameters of the lines are well restored in the
noise absence and when using analytical expressions for derivatives. And in the presence of noise
(even weak), the derivatives are determined (numerically) with large errors. In this case, the use of
smoothing splines is very effective. However, if the spline is used only once to smooth the spectrum
and calculate the 1st derivative, then the errors will increase sharply with increasing order of the
derivative from 2 to 4. Therefore, in this paper, it is proposed to use a spline before calculating each
derivative. In this case, the derivatives are slightly different from the derivatives in the absence of
noises, and the number of lines and their parameters are determined quite accurately.

Keywords: separation of overlapping spectral lines, derivative method, Gaussian and Lorentzian,
number of lines, line parameters, smoothing splines.
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MSC 2010: 35K20, 35K59, 35Q60, 78A60, 37L10, 34012

A.D.YUNAKOVSKY. Modeling of high-frequency fields in irregular waveguides through
boundary potentials (Russian). Dinamicheskie Sistemy 9(37), no.2, 178-189 (2019).

The work is devoted to the study of the possibilities of creating mathematical models broadband
waveguide systems and mode converters in the millimeter and terahertz ranges. Their models should
allow describing and studying the processes of microwave propagation using substantially (two orders
of magnitude) large diffraction elements. To construct converters from gyro-BWT to emitters, as
well as to study the influence of local disturbances, a model is used that takes into account only the
envelopes of the high-frequency components of the signal propagating in a multimode waveguide (the
so-called parabolic approximation). The envelope in this case, instead of the Helmholtz equation,
satisfies the Schredinger equation. The main idea is to define the solution of the Schredinger equation
as a boundary potential with respect to the external the boundary of the cylindrical region enclosing
the irregular waveguide, and the boundary conditions should be checked for real — i.e. actually the
desired border. Inside the enclosing cylindrical oscillation region of the core, the representations of
the solution are already available for calculations.

Keywords: irregular waveguide, boundary potential, Schredinger equation.

Fig. 2. Ref. 8.

MSC 2010: 47A20, 47A48
YU.L.KUDRYASHOV. Constructing the J-self-adjoint dilatation of a linear operator (Rus-
sian). Dinamicheskie Sistemy 9(37), no.2, 190-200 (2019).

Using the notion of an operator node for a bounded linear operator and the Cayley transform,
the article introduces the notion of an operator node for a linear operator with a nonempty set of
regular points. Using this concept, an explicit construction of a J-self-adjoint dilatation of a linear
operator densely defined in a Hilbert space is carried out for which —i is a regular point. The dilations
constructed earlier are a special case of this dilatation or are isomorphic to it.

Keywords: dilatation, J-selfadjoint operator, operator knot.
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