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Awnnsoranumsi. B crarbe, UCIIO/IB3Ys IOHITHE OLEPATOPHOrO y3JIa JIJIsl JIMHEHHOTO OIPaHUYEHHOIO Olle-
paropa u npeobpaszoBanue Ko, BBOAUTCS HOHSITHE OIIEPATOPHOTO y3JIa JJIsl JJMHEHHOIO OIepaTopa ¢
HEITyCTBIM MHOXKECTBOM PEryJISpPHBIX TOYeK. C MOMOIIBIO 3TOrO MOHSTHST IPOU3BOIUTCS STBHOE ITOCTPO-
eHne J-caMOCONPsIKEHHON JUIATAIINN JIMHEIHOIO, IIJIOTHO 33/]AHHOrO B IMJIBOEPTOBOM IIPOCTPAHCTBE
oIepaTopa, y KOTOPOro —i SBJISIETCS PeryasapHoil Toukoil. [locTpoennbie panee quratanuu sSBIISTIOTCS
YaCTHBIM CJIyYaeM dTOH JAuIaTalyy nin eif n30MOpPQHBI.

KiroueBsbie cioBa: gunararus, J-CaMOCONPSI2KEHHBII OIEPATOD, OIIEPATOPHBIN y3eJl.

Constructing the J-self-adjoint dilatation of a linear
operator

Yu. L. Kudryashov
V.I. Vernadsky Crimean Federal University, Simferopol 295007.

Abstract. Using the notion of an operator node for a bounded linear operator and the Cayley
transform, the article introduces the notion of an operator node for a linear operator with a nonempty
set of regular points. Using this concept, an explicit construction of a J-self-adjoint dilatation of a
linear operator densely defined in a Hilbert space is carried out for which —i is a regular point. The
dilations constructed earlier are a special case of this dilatation or are isomorphic to it.
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1. BBenenue

Onpenenenune 1. OrpanudeHHblil oneparop B, AeficTByONUil B rujibOEPTOBOM IIPO-
crparcTBe H, HasbiBaeTcs gujararyeil OrpaHUYIeHHOrO oreparopa A, KOTOpPIil Jeii-
CTBYeT B THJILOEPTOBOM IpocTpancTBe §) C H | ecym

A"h = PB"h (Vn € NAVh € §), (1.1)

ryie P — onieparop oproronasbHOro ipoekTuposanus B H ua ). [Ipu stom ycnosue (1.1)
9KBUBAJIEHTHO JIIOOOMY U3 CJIEIYIONUX YCIOBHIA:

1) (A%, g) = (B"h,g) (V{h,g} CHAVnEN);
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2 (A=A ""h=P(B-X)"'h (VheHAYAEW (N, €) C p(A)Np(B)),

rie W (A, €) — €-OKpECTHOCTH TOUKHU Ag;

3) R"(A,a)h = PR"(B,a)h  (VheHAVneNAaecp(A)Np(B)), rme
R(T,a) = (T —al)™".

[Tocsenue j1Ba yCJIOBUA UMEIOT CMBIC U B CJlydae HeOIDAaHUYEHHBIX OIIePATOPOB H,
TaKuM 00pa3oM, J1000e U3 HUX MOXKHO IPUHATH B KAadecTBe OIpe/lesIeHns TuIaTallin
POM3BOJILHOTO JIMHEHHOTo oneparopa A, y koroporo p(A) # ().

Onpenenenne 2. /luwnaranmmu By n By oneparopa A, jeficTByomnme cOOTBETCTBEHHO
B npoctpanctBax Hi n Hy, Ha3bIBAIOTCA U30MOPGHBIMU, €CJIU CYIIECTBYET YHUTAPHOE
orobpazkenue U npocrpancrsa Hy na Hs Takoe, 94T0

1) Uh="h (YheS$),
2) By = UBlUil.
[Iycts A — nuHERHBIH, IJIOTHO 3aIaHHBII OIlepaTop, AeHCTBYIONINA B THJIEOEPTOBOM

npocrpancTee §), —i € p (A).
Paccmorpum oneparopsl

R=(A+il)"", B=iR—iR"—2R*R,B = iR — iR* — 2RR". (1.2)

Hcnonb3ys norsgTre onepaTopHoro y3Jya /i OTPAHTIEHHOT0 OMEPATOPa, BBEIEHHOE
B |1, 2, 3], u yaursiBas npeobpazosanue Ksim, naum ompeiesienne ornepaTopHoOro ysia
JJId JIMHEHHOro oreparopa.

Onpenenenne 3. CoBOKYIHOCTb IMJILOEPTOBLIX TpocTpancTs §), K u E, u onepa-
TOPOB

delE 9], Vel9 B KelE B,

J_€[E_E_|,Jy €Ey,Ey],A:H— 9,

re Jr = Jy' = Ji, KOTOpbIe yIOBICTBOPSIOT COOTHONTCHUSIM:

B=v"J, V¥, (1.3)
T°0 + V" J, K =0, (1.4)
20°0 + K*'J, K = J_, (1.5)
B =] 3" (1.6)
TV +oJ_K* =0, (1.7)
200" + KJ_K* = J,, (1.8)

HA3BIBAETCS OIIEPATOPHBIM Y3JIOM JJis orepaTopa A.
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U3 (1.4), momyvaem
T + K*J, U = 0. (1.9)

U3 (1.7), moayvaem
T+ KJ & = 0. (1.10)

2. IlocTpoenne muaaTanmumn

[Ipu jrokazaTe/bCTBE OCHOBHOM T€OpeMbl OyJIeM HUCIIOJIb30BaTh CJIEIYIOIIIE JIEMMBI.

Jlemma 1. Ecau h = ho + ®h_(0) € D (A) u hy (0) = —Kh_ (0) +iW (A +4I) h, mo

~

(A+il)h — (A" —il)h = 2ih, (2.1)

ﬂomsame,fcbcmeo.

hy(0) = —Kh_(0) + iV (A +il)h.

[ToneiictByem Ha 3TO paBeHCTBO ornepaTopom W*.J .

U Johy (0) = —U*J, Kh_(0) 4 iU J,U(A + il )h.

Ucnonb3yem coornorenue (1.3)

U J he (0) = —W*J, Kh_(0) + (—R + R* — 2iR*R)(A + il ),

U*J,h (0) = —U*J,Kh_(0) — h+ R*(A+ il)h — 2iR*h,

nJjIn

U*J h (0) + U I Kh_(0) +h = R*(A+il)h — 2iR*h. (2.2)

[Tpeobpasyem JieBy1o 9acTh paBeHCTBA, ucob3ys (1.4)

U*J hy(0) = T*®h_(0) + ho + Ph_(0) =
= U*J,h (0) + ho — 2iR*®h_(0) = h — 2iR*®h_(0).
[Moncrapiss B (2.2), morydnm

~ ~

U*J, hy(0) + ho = 2iR*®h_(0) + R*(A + il)h — 2iR*h. (2.3)

CezoBarensho, Bektop h = W*J h (0) + hy € D(A*).
[ToneiicTByeM Ha pasencTBo (2.3) omeparopom (A* —il).

(A* —il)h = 2i®h_(0) + (A +il)h — 2ih,
(A* —il)h = 2i®h_(0) 4 (A + il )h — 2ihg — 2idh_(0).

u nosrydaem (2.1).
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~

Jlemma 2. Ecau h = ho+ U*hy (0) € D(A*) u h_ (0) = —K*h (0) —i®* (A* — il) h,
mo h' = hy+ ®J_h_(0) € D(A) u

~

(A+ i)W — (A* = il)h = 2ih,, (2.4)

loxaszameavcmao.

~

h_(0) = —K*h(0) — i®*(A* — il)h

U TIOJIEMCTBYEM HA 9TO PABEHCTBO onepaTopoMm P.J_

~

®J_h_(0) = —®J_K*h,(0) — i®J_&*(A* — il)h.

Ucnonb3ys pasencrsa (1.6) u (1.7), moayaaem

~

®J_h_(0) = TU*h, (0) — i(iR — iR* — 2RR*)(A — il)h,

OJ_h_(0) = U*h,(0) — 2iRT*h (0) + R(A* — il)h — h + 2iRh. (2.5)
Torma b = ho + ®J_h_(0) € D(A).
[ToneitctByem Ha pasercTBo (2.5) omeparopom (A +il)
(A+iD)h = =200 h,(0) 4 (A* — il)h + 2i(ho + U*h, (0)),

~

(A+4il)h' — (A* —il)h = 2ihy u (2.4) nokazamno.
]

Vcnonb3yst BBEJEHHOE TIOHSITHE OIEPATOPHOIO Y3718 IIOCTPOUM J-CaMOCOIPSIZKEHHY O
JUIATAIAio S JTUHEHHOro onepaTopa A caemayronmM o0pa3oM.

[Iycrs H_ = Ly ((—00;0],E_), H. = Ly ([0;00) ,Ey), H=H_®9H® H,.

Bresiém B H nnjiepuHUTHYIO METPUKY:

h_ J_h_(t)
Jh — J ho - h(]
hy Jih (t)
hy
Bekrop h = | hy | € ® (S) Torma u TOJIBKO TOr/Ia, KOI/IA BBIIOJHAIOTCS YCIOBHUS:
h_

1) {he, 220y c {1,

2) h=ho+®h_(0) € D (A),

3) hy (0) = —Kh_ (0) + iU (A +l) h.

ISSN 0203-3755 /lunamuaeckue cucrempr, 2019, Tom 9(37), Ne2



194 IO.JI. KY/IPAIIIOB

I ;dh—(1)
- di .
Slho|=1|—-tho+(A+i)h].
h+ Z'dh+(t)
di

Teopema 1. Onepamop S sasasemcsa J-camoconpasncennoti duiamayuets onepamopa A.

oxazamensvemeo. Haitném conpsizk€HHBIN omiepaTop S*.

- dh
O6ozuaunm I' L hy (t) =i jt( ),

Ncrnionb3ys cBoiicTBa oneparopa guddepeHnnpoBatns, MOy IUM

Cef, @)y, — (fiPxp)y, = Fi(f(0),9(0))-
(Sh,g)y = (h—.T-g-)y + (ht, Trg4)y, — 1(h4(0), 9+(0)) .
+i(h—(0),9-(0) 5 — i(ho, go)g + (A +3I)h, go)s;,
rae h = ho+ ®h_(0) € D(A).
Baenem obosnauenme
C = (ho,igo)s, = i(h+(0), 9+(0)) g, +i(h—(0), 9-(0)) 5 + ((A+iD)h, go)s;
Ucnosbzyem ycosue 3) na D(S).

C = (hovige)s — i(—Kh_(0) + {0 (A + iD)h, g4 (0)) 5, +

+i(h-(0),9-(0) .+ ((A+i1)h, go)s,
Tonozum h_(0) = 0, rorma h = ho u
C = (ho,igo)g + (V(A+il)ho, g1(0)) , + ((A+il)ho, go)g =
= (ho,ig0)g + (A + iL)ho, ¥ g4(0)) g, + (A +iL)ho, go)s =
= (ho,igo)s + ((A+1il)ho, go + ¥*g+(0))s.
Ecmm ¢ = go + ¥*g.(0) € D(A*), 10
C = (ho,igo)sy + (ho, (Ax —il)g")s = (ho,igo + (A x —il)d ).

Terrepn

C = (ho,igo)s + i(h—(0), K*g4.(0))g_ + ((A+iI)h, go+
+ V" J19:(0))s 4 i(h-(0),9-(0)) e =

= (ho,igo)s +i(h—(0), K*g.(0))g_ + (ho + ®h_(0), (A" —il)g'), +

+i(h-(0),9-(0))p =

= (ho,1g0)s + (h—(0), =iK"g4(0))E_ + (ho

+ (@h_(0), (A" —il)g')g + i (h-_(0),g

= (ho,igo + (A" —il)g")5 + (h—(0), —iK"g.(0) +

(AT —il)g )5+
(0)p_ =
+®* (A" —il)g’ —ig_(0))e_,
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TOrIa
—iK"g.(0) + ©*(A" —il)g’ — ig-(0) = 0,
T.€.

9-(0) = —=K"g4(0) — i®" (A" —il)g'.

Taxum obpazoM oreparop S* ompeesieTcst Caeay oM 00pa3oM.
h_

Bekrop h = | hy | € ©(S*) Torma u TOIBKO TOT/IA, KOTJIA BBIIOTHIIOTCS YCIOBHST
h
1) {he,I1hyi} C Hy,

2) W = ho+ U*h,(0) € D(A*),

3) h_(0) = —K*h,(0) — i®*(A* — i)l

h_ I_h_(t)
S| ho | = | iho+ (A" —dl)K
b b (1)
JlokarkeM paBeHCTBO
S =JS"J, rae (2.6)

h_ J_h_(t)

J| ho | = ho
h Jrhi (1)

[Iycte h € ©(S) u Jh € D(S*), Torna

J+ h+ 7 J+d;lt+ () )
S*JTh=S"| ho | =|iho+ (A" —il)h |,
J_h_ iJ,dh,(t)

dt

rie b = hg 4+ UJ,hy(0) € D(A*). Uenonssys (2.1), nomyuaem

7 dhy (1)
iy dt -
S*Jh = | —ihg+ (A+iD)h |,
.o J_dh_(t)
=g

Z'J+dcfll+(t)

1 ~

JS*Jh = | —ihg + (A+il)h | = Sh.
-dh_(t)

dt
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Hamo mokasars, aro

D(S*) = JD(S). (2.7)

Pasenctso (2.6) 6610 0Ka3amo B npeanonoxenun (2.7). Ilycrs h € D(S), nokazkem
qro Jh € D(S*).

hi(0) = —Kh_(0) + iV (A +il)h, (2.8)
e h = ho + ®h_(0) € D(A). Hasio 1oKazaTh, 4To

~

rie h = ho + T hy (0) € D(A*). U3 (2.1) momyam

~ ~

(A+il)h = 2ihg + (A" —iI)h.

[MogeiicrByem Ha paserctso (2.8) omeparopom K*J, u npumenunm pasencrtsa (1.5) u
(1.9), mosywaem:

K*J ho (0) = —K*J,  Kh_(0) + iK*J, U (2iho + (A" —il)h),

K*J, hy(0) = (20*® — J_)h_(0) — i®*T(2iho + (A* —il)h),

K*J. hy (0) + J_h_(0) = 20*®h_(0) — iT(2ihg + (A* — il )h).

[Ipeobpazyem mpaByio 4acThb paBEeHCTBA.

20*dh_(0) — i®* (I — 2iR)(2ihg + (A" —il)h) =
— 20" ®h_(0) + 20*Thy — i®*(A* — il)h — 20*R(A* — il )h.

Brrancanm

20*dh_(0) 4+ 20*Thy — 20" R(A* — il )h =
ucnosb3ys (2.1), mosydaem
— 20*®h_(0) + 20*(I — 2iR)hy — 20 R((A + il)h — 2ihg) =

= ©*(2Bh_(0) 4 2ho — 4iRhg — 2hg — 2®h_(0) + 4iRhg) = 0,

TaKM 00pa3oM

A~

J_h_(0) = K*J hy(0) — i®* (A" —iI)h.
IIycte Jh € D(S*) n mokaxkeM, 1ro h € D(S),

h_ J_h_
h=|ho|,Jh=1_ ho |.,JheD(S.
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DTO 03HAYAET, ITO

h=hy+U*J h (0) € D(A*) u
J_h_(0) = —=K*J hy(0) — i®d*(A* —il)h. (2.9)
U3 pasencrsa (2.1), eciin Jh € D(S*), nosydaem

~

(A+il)h — (A* — il )h = 2ih,,

heD(A*),h e D(A),
h=ho+ U hi(0),h = ho+ Ph_(0) € D(A),

T.e. yeaosue 2) #Ha D(S) BITOTHIETCS.
[IpoBepum BbInosIHEHEE yeaoBus 3) Ha D (S) st BekTopa h. Hajio moka3ars paBeHCTBO

he(0) = —Kh_(0) + iW(A + il )h,

rie h = ho + ®h_(0) € D(A). Tlogeiicrayem na pasencrso (2.9) omneparopom K.J_,
TTOJTY YUM

Kh_(0) = —KJ_K*J, hy(0) — iKJ & (A" —il)h.
Ucnonezys (1.8) u (1.10), momyaaem
Kh_(0) = 2UU* — J,)J, hy (0) + 90 (I + 2iR*)(A* — il)h,
Kh_(0) + hy(0) = 200* T, hy (0) + iU (] + 2iR*)(A* — il)h.
[Ipeobpazyem mpaByio 4acThb paBEHCTBA
2UT* J, by (0) 4+ iW(A* — il)h — 20 (hg + U*J, hy (0)) =
= 200*J, b (0) + iU ((A + il)h — 2ihg) — 2Whg — 20W* J, b, (0) =

— iU(A +il)h.

hi(0) = —Kh_(0) +iV(A+il)h, tae h = hg + ®h_(0).
Jlokaxkem, aTo S-auararus oneparopa A.
O6o3HaTIM

Lo =T4[y, rae M = {h (t) € D (I's)|hs (0) = 0}
Pacemorpum B nipocrpancree H = H_ & $ & H oneparop R.

h_ (T_ — AI)"h v
Rh =R ho = R)\ho - (I + [LR)\)(I)U_ (0) = Vo y
hy (Co — M) 7thy + e ™, (0) vy

e A € p(I'_)Np(To)Np(A) = p(N). Tak kak —i € p(A), To A IpUHAIIEXKUT HEKOTOPOX
OKPECTHOCTH TOYKH —i, KOTOpasi coiepKuTest B p(A).

1 [*
(Tg — M)~ thy(z) = - / e h (t)dt,
0
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(T_ = X)h(t) = ! / ' e h_(t)dt.

]

—0o0
[Tpu sTom

0_(0) = [(T_ = AD) Ao (1)) o,
v (0) = =Kv_(0) + iU (I + pRy)(ho — pdv_(0)),
p=A+i,Ry=(A—X)"".
[Iycts h € ©(S), Torma

h_ (I = AXI)h_
(S—=AD) | ho | = [ —pho+ (A+iDh | .
h (T — Ay
Ioxkazxkem, uto R = (S — \I)~L.

he (C_ — AD)h_ h_
R(S — Al) (ho) ~R ((A — D)7+ u@h(o)) = (yo) .
hy (I's = ADhy Y+

Jokaxkem, ato yy = ho,yr = hy.
Yo = Ra((A—= M)h + p®h_(0)) — (I + pRy)Pv_(0) =

= h+ pRy®h_(0) — ®h_(0) — pRrPv_(0) = ho,

—Kv_(0) + iU (I + pR))((A — XI)h — p®h_(0) — pPv_(0)) =

4
+
—

(a=)
=

I

= —Kh_(0) +iU*(I 4+ uRy)(A — AN )h =
= —Kh_(0) +iU*(A — A)h + ipV*h =
= —Kh_(0) +iU*(A+il)h = hy(0),

TakuM obpaszoM Y, = h.
Tenepsb gokaxem, uaro Vh € H, Rh € D(S).
JleficTBUTE/IHHO,

1) oueBmHO, uTO V3 € Ho.
2) h = vg+Pv_(0) = Ryho— (I+pRy)Pv_(0)+Pv_(0) = Ry(ho— uPv_(0)) € D(A)

3) IIposepum paBeHCTBO
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v4(0) = —Kv_(0) + V" (A + i) (vg + Pv_(0)).
—Kv_(0) + iV (A +il)(vg + Pv_(0)) =
— —Kv_(0) + iU (A +il)(Raho — (I + pRy) W 0_(0) + U u_(0)) =
= —Kv_(0) + V" (I + uRy)(ho — pPv_(0)) = v4(0).

Takum obpazom Rh € ©(S)(Vh € H).
Teneps gokazxkeMm, aro (S — A\ )Rh = h,Vh € H.

v_ (F_ — A )v_ S
(S=ADRh=(S—=X) | vy | = | (A=X)(vo+ Pv_(0)) + puPv_(0) | = | Oy | =6.
vy (Iy — Aoy O

Jokazxxem, aro © = h.
O =T_—-AX)(T_—X)"h.=h_,

O = (A — M) (vg + Pv_(0)) + pdv_(0) =
— (A~ AI)(Raho — (1 + pRa)Bu_(0) — o (0)) + pbur_(0) = by,
O = Ty — AD)[(To — M) "*hg + e~ ™Mo, (0)],
rie
vy (0) = —=Kv_(0) + 19" (I + pRy)(ho — pPv_(0)).
Tx. (Ts — AD)eMo_(0) = 0, 10 O = hy.

Kak jerko Bujsiets onepatop R orpanuden u ompejesnien Ha BceM mnpoctpancTse H.

]

CaencrBue 1. Camoconpsasicernan duasamayus duccunausrozo onepamopa A us [4, 5/
ABNACNCA YACTNMHOIM CAYUAEM OUAGMAUUY U3 Meopemb, 1, ecau nososcumsv QQ = VB,

Q=VB E. =QH E,=QH, U=Q &=0, J=1.

CaencrBue 2. J-camoconpaoicennas duramayus aunetinozo onepamopa A us [6] ae-
AAEMCA YACTIHM CAYHAEM JUAGMALUY U3 meopemvl 1, ecau nososcums QQ = \/|B],

Q=1/IBl, E-=Q%, By =Q%, J_ = signB, J, = signB, ¥ = Q, & = Q.
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PEOEPATHI

YIK 517.544+4-517.968

A. . BOPOHUH. ¥YpaBHeHust B cBepTKax 1-To 1 2-T0 po/ia Ha KOHEYHOM MHTEPBAaJie U Kpa-
eBble 3aJa4 Uil aHAJIUTHYecKux (pyHKuwmii (pycckuii) // Hunamudeckue cucrembr, 2019. —
Tom 9(37), Ne2. — C. 103-115.

Caenan 0630p HOBBIX PE3yJIBTATOB II0 MCCJIEIOBAHUAIO YPABHEHUN B CBepTKax 1-To u 2-T0 pona Ha
KOHEYHOM WHTEPBAJIE U KPAEBBIX 33144 JIJIsT aHAJTUTHIECKUX (DYHKIHI, CBA3aHHBIX C 9TUMU yPABHEHWSI-
mu. B pabore HaiiieHa B3anMOCBsI3b MeXK 1y 3ajaqeii MapKyIeBnia u ypaBHEHUSIMHU B CBEPTKAX U, KaK
CJIEJICTBYE, TIOJIy9YeHbl HOBBIE YCJIOBHS KOPPEKTHON pa3permMocTu 3aja4du MapKylesuda U ycedeH-
HOTO ypaBHeHusi Bunepa — Xomda. Paccmorpensr kpaesbie 3ajiaun PuMana, sIBJISIIOINIIECS] aHAJIOTaMI
zamaan MapkymeBuda. [IpuBenensl 1ocTaTodHbIe yCJIOBAST KOPPEKTHON PA3PEIMMOCTH YCEIeHHOTO
ypaBuenust Bunepa — Xormda ¢ CHMMETPUIHBIM STPOM.

KurouyeBbie ciioBa: ypaBHeHUsI B CBEPTKaX 1-TO W 2-TO poja, KOHEYHBI HHTEpBaJ, 0OOOIEHHAS
KpaeBas 3a71a1a Pumana, BeKTopHast KpaeBas 3amada Pumana—I uanbepra, KOppeKTHaAS pa3pelmMOCThb
3a/1a4H.

Bubsmorp. 16 uazs.

YIK 517.9

I[.C.OCUITEHKO. O6 3HTpONNu CUMBOJIMYECKOTO 00pa3a JUHAMUYECKONH CUCTEMBI (aHTIHii-
ckmit) // Juaamuaeckue cucremsl, 2019. — Tom 9(37), Ne2. — C. 116-132.

PaccmarpuBaercs oreHKa SHTPOIUYU JUCKPETHON IMHAMUYIECKON CHCTEMBI C HCITOIb30BAHUEM CUM-
BOJIMYECKOI'O M300parKeHusl, IIPeICTaBIISIONEro coboii OpueHTHPOBAHHBIN T'pad, MOCTPOEHHBIH € T0-
MOIIbI0O KOHEYHOT'O TOKPBITHS (DA30BOTO MPOCTPAHCTBA. TPACKTOPUU CUCTEMBI KOJUPYIOTCS Ty TIMU
na rpade. IloTokn HA CHMBOIMYIECKOM M300paKeHUM TPUOIMKAIOT WHBAPUAHTHBIE MEPBI CHCTEMBI.
MakcumasbHast METPUIECKasT SHTPOIHST CUMBOJIMIECKOTO N300ParKeHUsT OIEHUBAETCsI IO JIorapudMy
MaKCHUMaJIBHOT'O CO6CTB€HHOFO 3HaYeHUA MaTPUIBI CME2KHOCTHU CUMBOJINYECKOI'O I/I306pa7KeHI/IH. Cyme—
CTBYeT IOTOK, Ha KOTOPOM JOCTUTAeTCs Ta SHTponusi. VIHBapuaHTHasi Mepa MaKCUMAJIBHON SHTPOIIUI
OIIEHUBAETCS C ITOMOIIBIO ITOTO MOTOKA.

KiroueBbIe cjioBa: CUMBOJIMYECKUA o6pa3, JAUHaAMUIYEeCKUue CUCTeMbl, MTHBapUaHTHasd Mepa, dHTPOIINA

Bubauorp. 20 nazs.

YK 517.929
B.B.MAJIBITVHA, K. M. YYIUHOB. O6 ycaoBusix ocumuisuuu perieHuii auddepeHnu-

aJbHBIX ypaBHeHUH ¢ nociaeneiicreueM (pycckuit) // Junammuaeckue cucrembl, 2019. — Tom 9(37), Ne2. —
C. 133-146.

Wccnenyiorcs BO3MOXKHOCTH 10Ty deHust 3P HEKTUBHBIX YCIOBUI OCIIMILIAIINN PEIIEHNH JIMHEHHBIX
HEABTOHOMHBIX JuddepeHInaIbHbIX YPABHEHNI IePBOro HopsiKa ¢ rocieneiicrsueM. s ypaBuenus
C HECKOJIbKMMH COCPEJIOTOYEHHBIMU 3ala3/IbIBAHUSIMI ITPOU3BOJNUTCS COIOCTABJIEHNE HECKOJIBKUX JI0-
CTUTHYTBHIX B [TOCJIEIHUE TOJbI PE3YJIbTATOB U IPUBOISTCS HOBBIE TOKA3ATEILCTBA U IPUMEPHI, 000CHO-
BhIBatomre 3HHEeKTUBHOCTS HEKOTOPHIX Pa3pabaThIBAEMbIX METOJOB U UX IIPEUMYIIECTB mepes, boJiee
parauMEu moaxogamu. [losydersr HoBble 3 DEKTUBHBIE YCJIOBUS OCIMJUISAIIAN PEIIEHN yPaBHEHUN C
paclpe/ie/IeHHbIM 3alla3/IbIBaHueM.

KuaroueBbie cioBa: quddepennuaibHoe ypaBHEHNE C 3aa3/IbIBAHNEM, OCIIULISIN, 3P OEKTUBHBIE
[IPU3HAKH.

Bubsmorp. 19 mazs.
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VIIK 519.6

P. A. XAYATPHAH. O pemenusx muddepeHnnaibHbIX BKJIIOYEHNN C MOYTH BBIILyKJION IIpa-
BOil yacteio (pycckuit) // Junammudeckue cucrembl, 2019. — Tom 9(37), Ne2. — C. 147-153.

B crarbe paccMaTpuBaeTCsi BONPOC CYIIECTBOBAHUsI peleHnst Briouenns suna Dx(t) C a(z(t))
upy HadaJdbHOM yciosun x(tg) = o, rme Dxz(t) — maparudrenTHas npousBoiHas GyHruuu x(t).
Ipeioaraercs, 9T0 MHOIO3HAYHOE OTOOPAYKEHUE @ HEIIPEPBIBHO, & MHOXKECTBA @) IOYTH BBILYKJIbL.

KiioueBbie cjioBa: MHOTO3HAYHOE OTOOPAXKEHNUE, MOYTH BHITYKJIOCTh, M depeHInaIbHOe BKIIIOUe-
HUeE.

Bubsmorp. 14 uass.

VIK 531.36
A.C.KVJIEITIOB, U.U. Y/IATOBCKAS{. 9ddekT Tpancrpeccuu B 3ajia4e 0 ABUKEHUU II0-
4TH TOJIOHOMHOro MaatHuka (pycckuit) // Huunamudaeckue cucremsr, 2019. — Tom 9(37), Ne2. —
C. 154-159.

B 1986 rony {.B. TatapunoB 3a102K1JI OCHOBBI TEOPHUH CJIa00 HETOJIOHOMHBIX cucTeM. Paccmarpu-
BAIOTCsI MEXaQHUYECKHUE CHCTEMBI C HEI'OJIOHOMHBIMU CBSI3SIME, COJEPXKAIUMU MaJiblil mapamerp. IIpe-
[10JIAraeTCsl, BO—IIEPBBIX, YTO IIPU HYJEBOM 3HAYEHHM IIapaMeTpa CBS3U TAKON CHCTEMbI HHTErpUpYe-
MBI, TO €CTh IOJIyIAeTCsl CEMENCTBO MOJIOHOMHBIX CHUCTEM, 3aBUCHIIEE OT HECKOJIHKUX ITPOU3BOJIBHBIX
KOHCTAHT WHTErPUPOBAHUS. BO-BTOPBIX, 9TU IOJIOHOMHBIE CHCTEMbBI JIOJI?KHBI OBITH BIIOJIHE WHTETDU-
PYEMBIMHU FaMUJIBTOHOBBIME CHCTEMAaMHU.

[Ipu HeHyI€BOM 3HAYEHUU MAJIOTO MTApAMETPAa IOBEIEHNE TAKUX CHUCTEM MOYKHO PACCMATPUBATD
[IPU IOMOIIM ACUMITOTHIECKIX METOOB, IPEJICTABIIsISI €0 KAK TPAHCIPECCHUIO: COYETAHUE JBUKEHUS
caerka MOJIUGUIMPOBAHHON TOJIOHOMHON CHCTEMbBI ¢ MEJJIEHHBIM H3MEHEHHeM ObLIbIX KOHCTAHT. B
JIaHHOI paboTe onucaH 3(Pp@eKT TPaHCIPECCUU B 3aJiade O ABUKEHUH [T0YTH NOJIOHOMHOI'O MAasiTHUKA.

Kurouesble ciioBa: c1ab0 HENOJIOHOMHbBIE CHUCTEMBI; IIOYTH TOJIOHOMHBIN MadTHUK; TPaHCI'PEeCCUusd.

WNan. 1. Bubnuorp. 3 Hass.

VIIK 517.968

A.M.TIIECYAHCKUI. WuaTerpanbubie n uHTErpo-auddepeHuaibible ypABHEHUsI THIA
KPUBOJIMHENWHOM cBepTKU (pycckuit) // dunamuaeckue cucremsr, 2019. — Tom 9(37), Ne2. — C. 160—
168.

IIpuBomurcst 0630p pe3yJibTaTOB MCCJIEIOBAHUN MHTErpajibHBIX M UHTErpo-IuddepeHraabHbIX
YPaBHEHUIl TUIIA KPUBOJMHENHOW CBEPTKH, KOTOpas SBJIsIeTcs 0000IIeHrneM OOBIYHONW CBEPTKU B CIIy-
qae 3aMeHbl [PSIMOIl WM OKPY?KHOCTU HAa KPHUBOJMHEHHBII KOHTYD B KOMILIEKCHO# miockoctu. Ha
3aMKHYTOM KOHTYDE siJ[pa KPUBOJIMHEHHBIX CBEPTOK 3aBUCAT OT OTHOIIEHUs] APIYMEHTOB, a B CJIydae
GECKOHEYHOI0 KOHTypa — OT Pa3HOCTH apryMeHTOB. B 0030p BKJIIOUEHBI CJIEIYIONINE KJIACCHI yPaB-
HEHUIi: ypaBHEHUsI C CUHTYJISIPDHBIMUA CBEPTKAMU, KOTOPbBIE SIBJISIIOTCS TIOJIHBIMUA CUHTYJISIPHBIMU YPaB-
HEHUsIMU C siApoM Kol u BIIOJIHE HEIPEPBIBHBIMU OIEPaTOPaMy CIIENUAJIbHOIO BUA; YpaBHEHUE C
CHHTYJISIDHBIMU CBEPTKAMU W CIABUTOM; MHTErpPajbHbIE U WHTErpo-aud depeHnnaabHble YPABHEHUS C
runepreoMerpudeckoii pyukimeir ['aycca B sapax.

KitoueBbie cjioBa: KpUBOJIMHEHAST CBEPTKA, WHTErPAJIHLHOE yDABHEHUE, PEIeHrne B KBaJpaTypax,
KpaeBas 3amada Pumamna, rumepreomerpudeckast pyHKIms [aycca.

Bubsmorp. 16 uass.
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YIK 535.338.1+519.64+519.853.6

B.C.CU3UKOB, A.B./JIABPOB. O meTone nmpon3BOAHBIX pa3AesieHus OOJIBIIIOro 4ucJia me-
PEKPBIBAIOIINXCA KOMIIOHEHT IPU Hasimauu uryma (pycckuii) // Junamudeckue cucrembr, 2019, —

Tom 9(37), Ne2. — C. 169-177.

Paccmorpena 3(phpeKTUBHOCTD METOa IPOU3BOAHBIX JJIsl pasjesienus (cenapany) 60JIbIIoro Yuc-
Jia TIePEeKPBIBAIOIINXCS CIIEKTPAJIbHBIX JTUHUI-KOMIOHEHT B YCJIOBHUSX 3alryMJieHHOCTH. JluHnn Mosme-
JINPYIOTCSl TAyCCUAHAMIY WJIH JIOPEHIINAHAMY. BbIBEJIeHbI aHAIUTHIECKUE (DOPMYJIBI JJIsT TIPOM3BOIHBIX
1-4 mopsiIKOB, a TakKe JJId aMIUTUTYJ[ W HOJYIIUpUH JuHui. HaiileHHble 9ucio 1 mapaMerpbl Jin-
HUN YTOYHSIIOTCS IIyTeM MUHUMU3AIUU (DYHKIIMOHAJIA HEBA3KU C OIPAHUYEHUSIMU Ha pelreHue. [lyrem
MOJIEJINPOBAHUS CIIEKTPA U3 7 KOMIIOHEHT C UCIOJIb30BaHuEM 1-4 MPOM3BOIHBIX ITOKA3AHO, 9TO KOJIU-
9eCTBO M 3HAYEHUS TAapaMETPOB JIMHUI XOPOIIO BOCCTAHABJIMBAIOTCS MPU OTCYTCTBUU IIYMOB W IPHU
UCIIOJIb30BAHUY AHAJIUTUIECKUX BBIPAYKEHUIA J1Jist IPOM3BOAHBIX. [Ipu Hammany nryMoB (naze ciaabbix )
[IPOU3BOJIHBIE OLIPEIEJISIOTCs (UUCAEHHO) ¢ GOJIBIIUMHE IIOrPEIIHOCTAME. B 9T0M citydae ahdexTuBHbIM
SIBJISIETCSI MCITOJIb30BAHUE CIVIaYKUBAONIUX CIIaiitHOB. OIHAKO €CJIN UCII0JIb30BaTh CILIANH JIUIb OJUH
pa3 Jyisi CryIa’KUBaHUsl CIIEKTPa U BBIYUC/IEHUST 1-if TIPOU3BOHOI, TO IOIPEIIHOCTU PE3KO BO3PACTAIOT
C POCTOM TOPsiJIKa MTPOU3BOMHON OT 2-10 110 4-10. [losToMy B paboTe IpeIoKEeHO CIUIayKUBaTh CILIali-
HaMU [EepPeJl PACIETOM KarKIOW IMPOM3BOMHON. B 3TOM ciiyuae 3HAUEHUS MPOM3BOIHBIX ITOJIYIAIOTCS
MaJIO OTJIMYAIOIIAMUCS OT MPOU3BOJHBIX IPH OTCYTCTBUM I[OMEX, a YNUCJIO JIMHUN W WX IapaMeTphI
OIIPEJIEJISAIOTCS JIOCTATOYHO TOYIHO.

KunroueBsie cioBa: pasjeinenue (cernapaiys) IePEKPLIBAIOIIMXCS CIEKTPAJIBHBIX JIMHUN, METO, IIPO-
M3BOJIHBIX, TAYCCUAHbI U JIOPEHIIMAHBI, YUCJIO JUHUN, TapaMeTpPhl JIMHUH, CTJIayKUBAIOIINE CILIANHDI.

Bubaunorp. 12 na3ss.

VIIK 519.63

A. JI. KOHAKOBCKUI. MoaenupoBaHue BHICOKOYACTOTHBIX I0JIeli B HEPeryIsSipHBIX BOJIHO-
BOJAX epe3 rpaHudHbIe NoTeHnuassl (pycckuit) // Juanamudeckne cucremst, 2019. — Tom 9(37), Ne2. —
C. 178-189.

Pabora mocsiiena mcce0BaAHNI0 BOSMOXKHOCTEH CO3MaHUS MATEMATHIECKUX MOJIEJIeH MIMPOKO-
ITOJIOCHBIX BOJIHOBOJHBIX MOJIOBBIX Ipe0Opa30BaTesieil U CUCTEM B MUJIJIIMETPOBOM U TEPAre€PIIOBOM
JuanasoHax. VX Mojesn J0JIKHBI TO3BOJISITh OIUCHIBATH U U3yJaTh IIPOIlecchl pacupoctpanenns CBY
C UCIIOJIb30BAHUEM CYIIECTBEHHO (Ha JBa MOPsKa) GObIUX AudPaKIMOHHBIX JIEMEHTOB.

s mocrpoenus npeobpasoBareseit ot rupockona-bBT K mamyuaresnsm, a Takke IS UCCIIET0-
BaHUS BJIMSAHUS JIOKAJBHBIX BO3MYIIEHHI HMCIOJB3YeTCs MOJEJb, YINTHIBAIONAsl TOJTHKO OrUOAIONIHe
BBICOKOYACTOTHBIX COCTABJIAIONINX CUTHAJA, PACIPOCTPAHSIIONIEI0Cs B MHOIOMO/IOBOM BOJIHOBO/IE (TakK
HasbIBaeMoe napabosmyaeckoe npubamxkenne). Orubaminas B 9TOM CJIydae BMECTO ypaBHeHUs | ebM-
roJibIa yaoBjaeTBopsier ypasueruto [Ipegunarepa.

OcHoBHAas Ujest 3aKJII0YACTCs B OIIPeiesieHnn pernteHus ypasaenns [peguarepa Kak rpaHUIIHOTO
MTOTEHIINAJIA OTHOCUTEIHLHO BHENTHEH TPAHUIIBI IIUJIMHIPUIECKON 00IaCTH, OXBATHIBAIONIEH HEPeryJsp-
HBIl BOJTHOBO/I, ¥ TPAHUYHBIE YCJIOBHS JIOJXKHBI OBITH IIPOBEPEHBI HA PEATHLHOCTD — T. €. (haKTHIeCKH
JKeJIaeMyIo IpaHuIly. BHyTpH 3aK/Ii09aioniel uInHIPUIecKoil 0061acTi KoaebaHuil sipa IpeicTaBie-
HUsI PEIeHUs] Y2Ke JIOCTYIHBI JIJIsl PACIETOB.

KuroueBble ciioBa: Hepery/sipHbId BOJIHOBOJ, TPAHUYHBIN noTeHnas, ypasuenue [llpenunarepa.
Wi. 2. Bubauorp. 8 Ha3B.

VIIK 517.983.24

FO. JI. KVIPAITIIOB. Iloctpoenue J-caMOCONPsI2KEHHON AUJaTAllU JIMHEHHOro omeparopa
(pycckmit) // Huunamuaeckue cucremsr, 2019. — Tom 9(37), Ne2. — C. 190-200.

B crarbe, ucnonp3ys moHsTHE ONEPATOPHOTO y3JIa JJIsi JIMHEHHOTO OTPAHUYEHHOrO OMEPATOpA U
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npeodpazoBanne Ka/m, BBOAUTCS IOHATHE OIEPATOPHOrO y3Ja JJIs JIMHEIHOrO OIepaTropa C HeIry-
CTBIM MHOXKECTBOM PEryJIsipHBIX TOYeK. C IIOMOIIBIO 9TOTO MOHSTUsI IPOU3BOIUTCS IBHOE ITOCTPOEHUE
J-caMOCONpsi?KEHHON TUIATAIINN JIMHEHHOTO, TIJIOTHO 33JAaHHOrO B THMJILOEPTOBOM IIPOCTPAHCTBE OIle-
paTopa, y KOTOPOIO —i SIBJII€TCS PEryJaspHOil Toukoil. [locTpoeHmble paHee AUIATAINH SBJISIIOTCS
YaCTHBIM CJIyYaeM dTOH JAuIaTalnyuy nin eif n30MOpQHBI.

KitoueBsblie ciioBa: auiarariusi, J-CaMOCONPSIKEHHBINA OIIEPATOD, OMEPATOPHBINA y3€JI.

Bubamorp. 6 Has3s.
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ABSTRACTS

MSC 2010: 34K20, 34K60

A.F.VORONIN. Convolution equations of the first and second kind on a finite interval and
boundary value problems for analytic functions (Russian). Dinamicheskie Sistemy 9(37), no.2,
103-115 (2019).

A review of new results on the study of convolution equations of the 1-st and 2-nd kind on a
finite interval and related boundary value problems for analytical functions is made. In the work, the
relationship between the Markushevich problem and convolution equations is found, and, as a result,
new conditions for the correct solvability of the Markushevich problem and the truncated Wiener—-Hopf
equation are obtained. Riemann boundary value problems that are analogues of the Markushevich
problem are considered. Sufficient conditions for the correct solvability of the truncated Wiener—Hopf
equation with a symmetric kernel are given.

Keywords: onvolution equations, finite interval, Markushevich problem, Riemann boundary value
problems, factorization of matrix functions, factorization indices, stability, unique.

Ref. 16.

MSC 2010: 37A05, 37B10

G.S.OSIPENKO, N. B. AMPILOVA. On the entropy of symbolic image of a dynamical system
(English). Dinamicheskie Sistemy 9(37), no.2, 116-132 (2019).

We consider the estimation of the entropy of a discrete dynamical system by using a symbolic
image that is a directed graph constructed by means of a finite covering of phase space. Trajectories of
the system are coded by paths on the graph. Flows on symbolic image approximate invariant measures
of the system. The maximal metric entropy of a symbolic image is estimated by the logarithm of the
maximal eigenvalue of the symbolic image adjacency matrix. There is the flow on which this entropy
is achieved. The invariant measure of the maximal entropy is estimated by using this flow.

Keywords: symbolic image, dynamical systems, invariant measure, entropy.

Ref. 20.

MSC 2010: 34K11

V.V.MALYGINA, K. M CHUDINOV. On oscillation conditions for solutions to delay differ-
ential equations (Russian). Dinamicheskie Sistemy 9(37), no.2, 133146 (2019).

The possibilities of obtaining effective oscillation conditions for solutions to linear non-autonomous
first-order differential equations with aftereffect are investigated. We consider estimates, on the func-
tional of the equation parameters, guaranteeing the oscillation of all solutions. These estimates are
results of the development of known sufficient oscillation conditions for a linear equation with one
concentrated delay, in the form of an estimate of the integral of the coefficient over the delay length.
For an equation with several concentrated delays, several results achieved in recent years are compared
and new proofs and examples are given that justify the effectiveness of some of the developed methods
and their advantages over earlier approaches. A new approach is applied to equations with distributed
delay, for which new effective conditions for the oscillation of solutions are obtained.

Keywords: delay differential equation, oscillation, explicit test.

Ref. 19.
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MSC 2010: 49-XX

R.A. KHACHATRYAN. On solutions of differential inclusions with almost convex right-
hand side (Russian). Dinamicheskie Sistemy 9(37), no.2, 147-153 (2019).

In the paper, the question of the existence of a differential inclusion #(¢) € a(x) under the initial
condition z(tg) = xo is considered. It is assumed that a multivalued mapping a is upper semicontinuous
and the sets a(x) are almost convex.

Keywords: set-valued mapping, almost convex mapping, differential inclusion.

Ref. 14.

MSC 2010: 70F25; T0K60; 70K70

A.S.KULESHOV, I.1. ULYATOVSKAYA. The Transgression Effect in the Problem of Motion
of an Almost Holonomic Pendulum (Russian). Dinamicheskie Sistemy 9(37), no.2, 154-159
(2019).

In 1986 Ya.V.Tatarinov presented the basis of the theory of weakly nonholonomic systems. Me-
chanical systems with nonholonomic constraints depending on a small parameter are considered. It
is assumed that when the value of this parameter is zero, the constraints of such a system become
integrable, i.e. in this case we have a family of holonomic systems depending on several arbitrary inte-
gration constants. We will assume that these holonomic systems are integrable hamiltonian systems.
When the small parameter is not zero, the methods of perturbation theory can be used to represent,
to a first approximation, the motion of the system with nonzero parameter values, as a combination of
the motion of a slightly modified holonomic system with slowly varying previous integration constants
(transgression effect). In this paper we describe the transgression effect in the problem of motion of
an almost holonomic pendulum.

Keywords: weakly nonholonomic systems, almost holonomic pendulum, transgression.

Fig. 1. Ref. 3.

MSC 2010: 45E10

A.I.PESCHANSKY. Integral and Integro-differential Equations of Curvilinear Convolution
Type (Russian). Dinamicheskie Sistemy 9(37), no.2, 160-168 (2019).

A review of the results of studies of integral and integro-differential equations of curvilinear con-
volution type, which is a generalization of the customary convolution in the case of replacing a circle
for a curvilinear contour in the complex plane. On the circumference, the kernels of curvilinear con-
volutions depend on the ratio of the arguments, and in the case of infinite circumference — on the
difference of arguments. The following classes of equations are included in the review: equations
with singular convolutions, which are complete singular equations with Cauchy kernel and completely
continuous operators of a special kind; equation with singular convolutions and a shift; integral and
integro-differential equations with hypergeometric Gaussian function in kernels.

Keywords: curvilinear convolution, integral equation, solution in quadratures, Riemann boundary
value problem, Gaussian hypergeometric function.

Ref. 16.

MSC 2010: 41A15, 65D07, 65705

V.S.SIZIKOV, A.V.LAVROV. On the derivative method for separating large number of
overlapping components in the presence of noise (Russian). Dinamicheskie Sistemy 9(37), no.2,
169-177 (2019).

The efficiency of the derivatives method for separation of an increased number of overlapping
spectral lines (components) is considered, in addition, under noisy conditions. The lines are modeled
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by Gaussians or Lorentzians. Analytical formulas are derived for derivatives of 1-4 orders, as well
as for amplitudes and half-widths of lines. Then, the number and the parameters of the lines are
refined by minimizing the discrepancy functional. By modeling a spectrum of 7 components using
1-4 derivatives, it is shown that the number and parameters of the lines are well restored in the
noise absence and when using analytical expressions for derivatives. And in the presence of noise
(even weak), the derivatives are determined (numerically) with large errors. In this case, the use of
smoothing splines is very effective. However, if the spline is used only once to smooth the spectrum
and calculate the 1st derivative, then the errors will increase sharply with increasing order of the
derivative from 2 to 4. Therefore, in this paper, it is proposed to use a spline before calculating each
derivative. In this case, the derivatives are slightly different from the derivatives in the absence of
noises, and the number of lines and their parameters are determined quite accurately.

Keywords: separation of overlapping spectral lines, derivative method, Gaussian and Lorentzian,
number of lines, line parameters, smoothing splines.
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A.D.YUNAKOVSKY. Modeling of high-frequency fields in irregular waveguides through
boundary potentials (Russian). Dinamicheskie Sistemy 9(37), no.2, 178-189 (2019).

The work is devoted to the study of the possibilities of creating mathematical models broadband
waveguide systems and mode converters in the millimeter and terahertz ranges. Their models should
allow describing and studying the processes of microwave propagation using substantially (two orders
of magnitude) large diffraction elements. To construct converters from gyro-BWT to emitters, as
well as to study the influence of local disturbances, a model is used that takes into account only the
envelopes of the high-frequency components of the signal propagating in a multimode waveguide (the
so-called parabolic approximation). The envelope in this case, instead of the Helmholtz equation,
satisfies the Schredinger equation. The main idea is to define the solution of the Schredinger equation
as a boundary potential with respect to the external the boundary of the cylindrical region enclosing
the irregular waveguide, and the boundary conditions should be checked for real — i.e. actually the
desired border. Inside the enclosing cylindrical oscillation region of the core, the representations of
the solution are already available for calculations.

Keywords: irregular waveguide, boundary potential, Schredinger equation.

Fig. 2. Ref. 8.
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YU.L.KUDRYASHOV. Constructing the J-self-adjoint dilatation of a linear operator (Rus-
sian). Dinamicheskie Sistemy 9(37), no.2, 190-200 (2019).

Using the notion of an operator node for a bounded linear operator and the Cayley transform,
the article introduces the notion of an operator node for a linear operator with a nonempty set of
regular points. Using this concept, an explicit construction of a J-self-adjoint dilatation of a linear
operator densely defined in a Hilbert space is carried out for which —i is a regular point. The dilations
constructed earlier are a special case of this dilatation or are isomorphic to it.

Keywords: dilatation, J-selfadjoint operator, operator knot.
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