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AHaJjor KBaJIpaTUIHOI MHTEPIOJIIINN JIJId
CIIEIAJIbHOTIO KJIACcCa HEerJIaJKNX

P YHKIIMOHAJJIOB 11 OJHO €ro IMpPUJIoXKeHIe

K aJallTUBHOMY METOIYy 3epKaJIbHOrO cIycka'l

®D. C. CroHgKuH

Kpoivcknit denepanbubniii yansepcurer uM. B. . Bepraackoro,
Cumdepomnosib 295007. E-mail: fedyor@mail.ru

Amnnoranusi. Teoperudeckue OIEHKH CKOPOCTU CXOJAMMOCTH MHOTHX HM3BECTHBIX METOJOB OIITHMU-
3aId TPAJUEHTHOIO THIIAa OCHOBAHBI Ha KBAJPATUYHON WHTEPIOIAIMH IIPU YCJIOBUU BBIIOJHEHUS
ycyoBus Jlummuna Juis rpajuenta. B crarbe 060CHOBaHA BO3MOXKHOCTD ITOCTPOEHUS AHAJIOTA TaKOit
MHTEPHOJISIIIMA B KJIACCE JIOKAJIbHO JINIIIUIEBBIX KBA3UBBIIYKJIBIX (DYHKIIMOHAJIOB IIDU BBIIIOJIHEHUH
CIIEIUAJIBLHBIX YCJIOBUIT HEIVIAIKOCTH (JIMIIIIUIEBOCT CyOrpa/iuenTa), BBEAEHHBIX B HACTOsAIIE pabore.
IIpu sTom B KadecTBe ammapara JJjid onucaHus JuddepeHnnaabHbIX CBOMCTB TaKUX (PYHKIIMOHAJIOB
ucnosnpdyercs cyonuddepentman Kinapka. [IpuBesén npumep BBITYKJIONH HErVIAIKOW OrpaHUYCHHOM
GYHKIMH CO CKOJIb YIOAHO OOJIBINONI KOHCTAHTOM Jlummuia, /it KOTOPOii BBITOJTHEHO CBOMCTBO JIUII-
IIUIEBOCTH CyOrpajinenTa. B KadecTBe IPUIIOZKEHUS! HOJIyYeHbI OIEHKH CKOPOCTU CXOJMMOCTH paee
1IPEJJIOKEHHOI'0 METO/1a a/[alITUBHOIO 3€PKAJIbHOI'O CIIyCKa JIJIsl 33,189 MUHIMHU3AINY KBA3UBBIIIYKJIOTO
JIOKQJIBHO JIUIINNIEBA (DYHKINOHAJIA C HECKOJIBKMMHM BBIIYKJIBIME (QYyHKIIMOHAIBHBIME OIDAHUYEHNU-
SIMU. DTHU OIEHKM YKA3BIBAIOT HA ONTUMAJIHHOCTH PACCMATPUBAEMOIO METO/Ia 3€PKAJIHHOIO CIYCKa C
TOYKHU 3PEHUS TEOPUH HIKHUX OPAKYJIbHBIX OIEHOK.

KiroueBnie cJioBa: KBaJIpaTU4dHasd HHTEPIIOJIAIUA, JIUIMINIEBOCTL TI'PaJueHTa, KBaBI/IBI)IHyKJIBIﬁ

bYHKIMOHAJI, JUIIIUIEBOCTh CyOrpaJieHTa, aJJallTUBHBINA 3ePKAJIbHBIN CIIYCK, OIITUMAJIBHBINA METO/I.

Some Analogue of Quadratic Interpolation for a
Special Class of Non-Smooth Functionals and One
Application to Adaptive Mirror Descent

F.S. Stonyakin
V.I. Vernadsky Crimean Federal University, Simferopol 295007.

Abstract. Theoretical estimates of the convergence rate of many well-known gradient-type
optimization methods are based on quadratic interpolation, provided that the Lipschitz condition
for the gradient is satisfied. The article substantiates the possibility of constructing an analogue of
such interpolation in the class of locally Lipschitz quasi-convex functionals when the special conditions
of non-smoothness (Lipschitz-continuous subgradient) introduced in this paper are fulfilled. In this
case, the Clarke subdifferential is used as an apparatus for describing the differential properties of such
functionals. An example is given of a convex nonsmooth bounded function with an arbitrarily large

!PaBora BEIIOJIHEHA IIPU MOAAEPKKe IpaHTa Poccuiickoro gorga GyHIaMEHTATILHLIX HICCIeI0Ba-
onii, Kox mpoekTa 18-31-00219
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4 @.C. CTOHAKUH

Lipschitz constant for which the subgradient Lipschitz property holds. As an application, estimates
are obtained for the rate of convergence of the previously proposed adaptive mirror descent method for
the problems of minimizing a quasiconvex locally Lipschitz functional with several convex functional
constraints. These estimates indicate the optimality of the considered method of mirror descent from
the point of view of the theory of lower oracle estimates.

Keywords: quadratic interpolation, Lipshitz-continuous gradient, quasi-convex functional, Lipschitz-
continuous subgradient, adaptive mirror descent, optimal method.

MSC 2010: 90C25, 90C06, 49J52
1. BBenenue

MHorue 9ucjieHHbIe MEeTO/IbI OIITUMU3AIINNA OCHOBAHBI Ha UJIe€ TTOAXOIAIIEH alllTpoK-
CUMAITIU ONTHUMU3UPYEMOTo (DYHKITMOHAJIA HEKOTOPHIM (DYHKITMOHAJIOM CTAaHIapTHOTO
tura. Hanpumep, mrs raagkoro meaesoro ¢gyukimonana f: R™ — R ¢ gunmmmumeBbim
rpaJieHTOM

V(@) =Vl < Lllz -yl Vo,y €@ (1.1)
Ha obsiactu omnpejenenns: () C R"™ XopoIo nu3BeCTHO HEPABEHCTBO
Lily — x|
£) ~ £(z) — (VF(a).y —2)] < Y20 (12)
JyUtst BesaknxX ¢ Uy u3 (). 3mecs mog || - || m || - ||« MBI mOHEMaeM HOPMBI B HCXOHOM U
COIPSI?KEHHOM TIPOCTPAHCTBAX, COOTBETCTBEHHO. IHBIMU cotoBaMH,
pa(z,y) < f(y) < () Vo,ye@, (1.3)
rje
Llly — x|
pi(z,y) = fl2) +{(Vf(2).y —a) + ———,
Lily — x|
pa(a,y) = f(2) +{(Vf(2)y —a) + —5—.

Kaxk usBectro [12|, ykaszanubie mHepasercTBa (1.2) — (1.3) mosBosstor 060CHOBATH
HE TOJIBKO [VIODAIBHYIO CXOAUMOCTD METO/IOB IPAIMEHTHOrO THIIA, HO 1 OICHUBATH CKO-
pocth Takoil cxopumoct. Ormernm takzke [12], uro moxoxue Ha (1.2) — (1.3) Hepasen-
CTBa MOYKHO BBIIHICATH JJIsT HEIVIAJAKOrO (DYHKIIHOHAJIA, PABHOTO MAKCUMYMY KOHETHOIO
quc/Ia IaJKUX (DYHKINOHAIOB C JIMIIIUIEBBIM IDaIHEHTOM.

Hepasencrsa (1.2) — (1.3) mupoko HCIOIB3YIOTCA [Jist 000CHOBAHI CKOPOCTH CXO-
JIIMOCTH CAMBIX PA3HBIX METOJIOB JIJIs 33/a4 KaK yCJIOBHOM, TaK U 6€3yCJIOBHON OLTHMHE-
saruu. Hanpumep, HegaBHo B [6] ObLIN HpeJIOZKEHbI aJITOPUTMbI 3¢PKAJIBHOIO CIIYCKa
KaK C aJIallTUBHBIM BBIOOPOM IlIara, Tak U C aJIallTHBHBIM KPUTEPUEeM OCTAHOBKH. IIpu
9TOM IOMUMO CJIyasi JIMIIIUIEBDIX [[eJIeBOro (DyHKIMOHAIA U (PYHKIIMOHAIBLHOIO OIPa-
mrdenns B ([6], m. 3.3) ma Gase macosorun (12, 13| 6bLT IpeUIOKEH ONTUMAIBHBIN €
TOYKH 3PEHUs HUKHUX OPaKyJIbHBIX OIEHOK [11] MeTos /It yCIOBHBIX 3a/1a49 BBIILYK-
JIOH MUHUMU3AIUK C TeJIeBBIMU (DYyHKIIMOHATAMH, 00JIAIAIONTIME CBOICTBOM JIMIIIITH-
[EBOCTHU I'pajiieHTa. B JacTHOCTH, B 3a/@4ax ¢ KBaJAPATHIHBIMU (DYHKIMOHAIAME MBI
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AHAJIOT KBAJIPATUYHOW UHTEPIOJISALIAN 5

CTAJIKUBAEMCsI C CHTyallmeil, Korja (DYHKIIMOHAJ HE YJIOBJIETBOPSIET OOBIYHOMY CBOIi-
crBy Jlunmmuma (uau kKoHctanTa Jlummmia goctaTodno 6oJIbINasi), HO IPaJUeHT YiIo-
BreTBopgeT ycsosuio Jlunmmia. s 3amaa takoro tuma B (6], 1. 3.3) 611 npeiozken
aJIAlTUBHBII aJrOpUTM 3epKaibHoro ciycka. Mopudukanusa meroga ([6], m. 3.3) s
38189 ¢ HECKOJIbKIMHI OPDAHUYEHUSIMU PAacCMOTpPeHa B [4].

OcHOBHOI1 pe3y/ibTaT HacTosIIIel cTaThb (Teopema 1) — 060CHOBaHUE BO3MOXKHOCTH
[OCTPOEHNsT aHaJIora HEPABEHCTB CTaHIAPTHON KBaapaTudHol mHTeproanun (1.2) —
(1.3) jy1st CrienUAaIBLHOTO KJlacca HErIaJIKUX KBA3UBbIMYK/IBIX (DYHKIIMOHAJIOB C AUNULU-
yesvim cybepaduenmom (onpeneserne 1). mes mpejyraraemMoii KOHIEIIUE CBONCTBA
JIUIIIATIEBOCTH CyOrpaJIueHTa 3aK/IF09aeTCsd B TOM, YTOOBI OMCATH U3MEHEHUE aIllPOK-
cumaruu byHKIMOHAIA DU YCJIOBUM HAJIUYUs HEKOTOPOro (He GoJiee, 4eM CUETHOIO)
Habopa Touek ¢ ocobernocTsiMu. OCHOBHOIT pe3ysibraT paboThl (Teopema 1) MoKa3bIBaeT,
KaK 9TU 0COOEHHOCTU MOTYT IPUBOJINTH K M3MEHEHUIO MOJIe/ i (DyHKIIMOHATIA, TIPUTO/T-
HOW JIJIsT TOCTPOEHUsT METOJI0B onTuMu3aryn. [[0CKo/IbKY JIOKATBHO JINIIIIAIEBB KBA3U-
BBIIIYKJIbIE (DYHKIIMOHAJIBI MOTYT HEe MMeTh cyOand depeHImaia B CMbIC/IE BBIILYKJIOTO
aHaJm3a, TO Jist onucaHus juddepeHInalIbHbIX CBOCTB MBI UCIOJIb3yeM HamnboJjee
U3BECTHOE 0000IeHNE TOHATHA cyOud depennraia Ha HeBbITYKJIble (DYHKITMOHATBI —
cybuddepennnan Kinapxka [1], a moj cybrpaimeHTamMu BCIOJY Jajiee TIOHNMAeM JIeMeH-
Tl (BeKTOpBI) cyOmuddepenimana Kinapka kak muoxkecrBa. OTMeTuM, 4TO JIJIsd BbI-
nyKJbIX pyHKIMoHaI0B cyouddepeninan Kirapka cosriagaer ¢ obobraubiM cyomudde-
PEeHIMAIOM B CMBICJIE BBIIYKJIOTO aHajm3a. [locTpoeH mpumep HEerjiaikoro BBIILYKJIOTO
GYHKIOHAIA U3 YKA3aHHOTO KJIACCa, KOTOPBI MOYKET UMEeTh CKOJIb YIOIHO OOJIBIIYTO
KoHcTauTy Jlummuna npu HysteBoit kKoncrante Jlummmia cybrpaauenta (pumep 1).
Kaxk npuiozkenue, 060CHOBaHa ONTUMAIbHOCTD MeTosia ([4], 1. 4) jyist yeJIOBHBIX 38189
C JIOKAJIbHO JIUIIIIUIEBBIM [EJIEBBIM (DYHKIIMOHAIOM ¥ HECKOJIbKUMU BBIITYKJIBIME JIHIT-
[IUIEBBIMU (PYHKITMOHATBHBIMU OrpaHudeHusiMu. J[JIs OTeHKN CKOPOCTH ajropurMma 1
JIOKa3al aHaJor u3BecTHOro yraepkaenus ([12], memma 3.2.1) B Ky1acce HEPePLIBHBIX
KBa3MBBITYKJIbIX JIOKAJbHO JIMIIIIUIEBLIX (PYHKIIMOHAJIOB ¢ UCIIOJIb30BaHeM CyO1ud-
dbepennnana Kiapka jyist onucanus ux quddepeHnuaibHbix cBOiCTB (Teopema 3).

Beromy sastee 6yziem caurarh, uro (E, || - ||) — KoHeYHOMEpHOE HOPMUPOBAHHOE BEK-
TOPHOE MPOCTPAHCTBO U E* — compsizkeHHOE POCTPAHCTBO K F €O cTaHIapTHON HOP-
MOI:

[ylle = max{(y, z), [[«| <1},

rjae (y,x) — 3HaYeHHe JIMHEHHOTO HelpepbIBHOrO (DYyHKIMOHAIA Yy B TOUKe * € K,
() C E — 3aMKHYTOE BBIIYKJIOE MHOXKECTBO.

2. O6 amaJjiore ycJjoBus JImnmmuna rpagneHTa JJis
CIIENMAJIBHOTO KJIacca HerJIaJKnxX (PyHKITMOHAJIOB

B manHOM pasjesie MbI MOKayKeM, KaK MOXKHO 0000mmTh cBoiicTBo (1.1) u omenkn
(1.2) — (1.3) Ha HEKOTOPBIi KJIACC KBA3UBBIITYKJIBIX JIOKAJILHO JIUIIIAIEBBIX QYHKIHO-
HasioB f: QQ — R (Q C R"), ve quddepennupyeMbix Ha HEKOTOPOM CYETHOM MOJMHO-
xkecTBe (g C Q. HammomunmMm, uro dyukmnuonast f: () — R Ha3bBaioT KBA3UBBIITYKJIBIM,

ISSN 0203-3755 Turammdeckue cucremsr, 2019, om 9(37), Nel



6 @. C. CTOHAKHNH

ecJIn:

J(A =tz +ty) <max{f(z), f(y)} Vie[0;1] Vr,yeQ. (2.1)

BBesem Ki1ace HerIaJIKuxX KBa3uBbIITYKJILIX (DYHKINOHAJIOB, JOIYCKAIOIIUX aHAJIOTH

orenok (1.2) — (1.3). Bynem cunrars dynkmmonan f mauddepeHmpyeMbiM BO BCex

Toukax () \ (o ¥ mosaraTh, 94TO JJIs IIPOU3BOJIBHOIO T € (Jy CYIIECTBYeT KOMIAKTHBIN

cybomuddepennman Knapka do f(x). Hamomunm sro monarue ([1], § 2.2). Ilycrs zo €
R™ — ¢duxcuposannas Touka u h € R" — dukcupopannoe nanpasjienue. [Tooxnm

fL,(xo;h) = limsup 1 [f(z"+ ah) — f(2)] .
' —xo, al0 X
Besmmuuna, fgl(xo; h) waswpiBaeTcs BepxHeil mpomssojnoil Kiapka dyHkimonaa f
B TOYKe xg 1o Harpasjenuio h. Kak uzsectno, dpyHkius fgl(xo; h) cybamaurusHa u
HOJIOXKUTEILHO oHopoaHa 110 b ([1], ¢. 17 — 18). D10 06CTOATEIHCTBO TO3BOJISIET OIIpe-
nennThb cyonuddepentman GpyHKnoHaaa [ B TOUKe Ty KaK CIeIyIoIee MHOKECTBO:

dorf(xo) ={veR | fl(zo;9) >vg VgeR}, (2.2)

TO ecTh Kak cyomuddepeHimast BoITyK/I0ro 1o h hyHKInoHAIa, fgl(xo; h) B Touke h = 0
B CMBICJI€ BBIIIYKJIONO aHau3a. TakuM o0pa3oM, 110 OIPE/Ie/ICHIIO
) . _
fen(xoih) = veg;%}((zo)@’ h) . (2.3)
Bynem rosoputh, uro dyukimonan f cybmuddepennupyem o Kiapky B TOUKe
X, ecan MHOXKeCTBO Ocy f () Hemycro u KommakTHO. B gactHOCTH, eciu dyHKusg f
JIOKAQJILHO JIMIIIIIAIEBa, TO OHa dABJsieTcs cybauddepenmupyemoii o Kitapky B J11000ii
TOUKe 00acTu onpenenerns. OTMeTnM, 9T0 JJIsI BBIIYKIbIX (byHKImit cyoauddepen-
muraJs Kiapka cosirajiaer ¢ oObIvHBIM cy6anddepeHImaioMm B CMbIC/IE BhIITYKJIONO aHa~
mu3a [1]. B mambHeitnx paccykuaenusx s GUKCHPOBaHHBIX X,y € Q) mpu t € [0;1]
Oyzem obosaavars y; := (1 —t)x + ty.

Omnpepesnenne 1. Byjem ropoputh, 9T0 KBa3UBBIILYKJIbIH JIOKAJILHO JUIIIANIEB (DYHK-
monasn f: @ — R (Q C R™) umeer (0, L)-smmmunes cybrpajguent (f € C’i};(@)),
ecJiu:

(i) ast mpousBosbHBIX =,y € @ f muddepeHnupyemM Bo BCeX TOYKAX MHOKECTBA
{yt}o<t<1, 38 MCKIIOYEHNEM [OCIEOBATEILHOCTH (BO3MOXKHO, KOHEIHOI )

{ytk}zozl i <ta<izg<... m lim ¢, = 1, (24)

k—o0
(ii) juis mocsietoBaTeIbHOCTH TOYeK U3 (2.4) cyinecTByoT KoHeuHble cybauddepen-

mmassl Kmapka {0f (v, ) }o,

+oo
diam Ocif (yr,) =: 0, > 0, Tae Zék =: 0 < 4o00. (2.5)
k=1

(diam Ocuf (x) = max{[ly — z[l. | y, 2 € derf(2)});

ISSN 0203-3755 Turammdaeckme cucremsr, 2019, Tom 9(37), Nel



AHAJIOT KBAJIPATUYHOW UHTEPIOJISALIAN 7

(ili) g MPOM3BOBHBIX X,y € () mpu ycaoBuu, 910 ¥ € () \ Qo Upu BeAKOM t €
(0,1) (ro ectp cymecrByer rpaguent V f(yx)) I HEKOTOPOi (PUKCHPOBAHHOI
koHCcTaHThl L > 0, He 3aBucsineii oT BbIOOpa & 1 Y, BBIIOJHIAETCS HEPABEHCTBO:

~min [0f(x) = 0f ()|l < Lljz —y. (2.6)
of (z)edcf (),
af(y)€dci f(y)

SlcHo, 9TO BCAKUIT JIOKAIBHO JIMIIIINAIEB KBA3UBBIITYKJIBIH (DYHKIMOHAJ, YI0OBIETBO-
. 1,1
patoruit (1.1), 6yner sxomuts B Ki1ace Cp's(Q) npu 6 = 0. Ipusesem npumep Heryaji-

KOI BeIIeCTBEHHOH BBIMYKJIOH pyHKIIN [ € C’i;(@) upu § > 0.

Ipumep 1. Sadurcupyem nekoropoe k > 0, Beuauny 6 > 0 U pacCMOTPUM KYCOTHO-
muneitayto dyukimo f:[0;1] — R (3mecs Q = [0;1] C R):

flz):=krxopu 0 <z < (2.7)

N | —

~~ "\ 1 1 1
fz) = <k+25>$_25(l‘y)ﬂpﬂl—z—nwﬁél—ﬁ,
i=1

i=1

f(1) := lim f(x).

rz—+1

Qoz{l—%} ;
n=1

nflé n 5
k—{_;?; k+;§]

npu n > 1 (3nech Of () — cybuuddepeHnuarn B CMbIC/Ie BBILYKJIONO aHAJINA3A),

B sTom citygae

af(Qn) =

of () = [k:; - g}

(3mech g, = 1 — 2% npu n = 1,2,3,...). dcuo, uro df(q,) = 2%, TO ecTh BepHO (2.5)
Jist BBesieHHoi Besmannbl 0 > 0. [Ipu sTom Ha orpeskax (¢n; qne1) u (0;q1) dyuknus

f umeer jmmnmunes rpajuent ¢ koncrantoit L = 0. [losromy st dbyukiuu f uz (2.7)
1,1
sepro f € Cy5(Q).

Samevwanue 1. fcuo, aro dyuknuo f u3 (2.7) HeIb3s MPEJICTABUTEL B BUJIE MAKCHMYMa
KOHEYHOT'O HAbOpa JIMHEHHBIX (PYHKIINN, TIOCKOJIbKY f nMeeT OECKOHETHOE TUCI0 TOUEK

e iuddepeHnupyeMocT f.

CdopmynupyeM it BBEJIEHHOIO Kjacca (DYHKIIMOHAJIOB C’i};(Q) AHAJIOT JIEMMBI
1.2.3 u3 [12].

ISSN 0203-3755 /lunamuaeckue cucrempr, 2019, Tom 9(37), Nel



8 @. C. CTOHAKHNH

y 1,1
Teopema 1. Ilycmo aokaavho aunwuyes keasusvinyravil gynrsyuonan f € Cp'5(Q).
Tozda das npouseosvhvlr T,y € () 6EPHO HEPABEHCMEO

f(y) = f(a) = (0f @),y — )] < gl!y —[|* + dlly — || (2.8)

dna nexomopozo cybepaduenma Of (z) € Ao f (x).

Joxazameavcmeo. st Mpon3BOIBHBIX (PUKCUPOBAHHBIX X,y € () depe3 y; Oymem 060-
sHavaTh j1eMenT ty+ (1 —t)z. Torga npu pUKCHPOBAHHBIX X U Y OJHOMEpPHAs (DYHKIIHs

i [0:1] = R (p(0) = f(x) m (1) = f(y))
p(t) = fly) = F(1 = t)z +ty) (2.9)

OyJleT KBasUBBITYKJION 1 jyia HekoToporo ¢ € [0; 1] orpeskn [0;#] u [£;1] GymyT mpome-
KyTKamn (BooOIIe roBopst, HECTPOTroii) MOHOTOHHOCTH (DYHKIIUH (p.

[Tockombky miast Besikoit Touku y; (¢ € [0;1]) cymectByer KoHewnblii cyouddepen-
mast Kiapka oy f (y:), a Takxke GyHKIHOHAT [ JIOKAJBHO JIUIIIAIEB W KBA3UBBIITY K-
Jblit, To jiist Beex t € (0; 1) cyIecTByoT KOHEUHbIE JIEBOCTOPOHHSSI U [TPABOCTOPOHHSIS
POU3BOIHbIE:

0= Jom, SGEO = Jm AR
Pp(t) = max  (deuf(y)y —x) — (2.11)

df (ye)€dci f(yr)

Ipou3BOJIHAsA f IO HAIIPABJIEHUIO Y — & B TOUKe Y. flcHo, uro mpu y; & Qo (TO ecThb
cymecrByer rpajuent V f(y;))

@' (t) =\ (t) = (Vf(m),y — x). (2.12)

Beuiy kBasubinmykiaoctun f(M ¢) MOXKHO IoJaraTh, 9rTo (GyHKIUSA ¢ abCOTIOTHO
HeIpepbIBHA U TTOYTH BCIOTY JuddepeHimpyemMa B CMbIC/IE KJIacCHIecKoit mephl Jlebera,
T.e. IMEEM PABEHCTBA:

fw=1@+ [ () y-n =)+ [

OTKY/1a JUIst IPOM3BOJIBLHOTO cyGrpasmenta O f (x) € Of (x) numeem:

~ ~ ~

F) = 1)+ 05wy —)+ | Lm s  (Of()oy )~ 07y - x>} dt =
(2.13)

~ ~

= f@) +{OF @)y — ) + / OF (y) — Df (a),y — ) dt
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AHAJIOT KBAJIPATUYHOW UHTEPIOJISALIAN 9

st Habopa cyOrpaueHTos {ffa J(Yt) }te(0;1], HA KOTOPBIX JIOCTHIAIOTCA COOTBETCTBY-
formue MakcuMyMbl. Ecim y, € Qo, 10 3y = qr (K > 1) u3 oupenenenns 1.1 (ii) u
Tora

>
>

90/+(t) — " (t) = (OLf (yi) — Oaf (1), y — ) =
= (Oif(ax) — Oaf (ar),y — ) < (2.14)

(24)

< 10uf (@) = Do f (@)l - lly — 2l < Gilly — =]

JIJIsT  COOTBETCTBYIOIUX CyOrpajmenToB (BEeKTOPOB-3j1eMeHTOB Cy6aud depenimanon
Kunapka) 012f(qx) € Ocif(qr). He ymenbinas obmmoctn paccy K iennii, GyemM cauTarh,
9TO

7,y € Qo C {¥Ys frefos) (2.15)

U BCSKOMY ¢, OCTaBUM B cooTBercTBHE t, € [0;1] : ¢, = (1 — )2 + t,y.
[IycTh cymecTByeT MOCIe0BATETLHOCTD

{tu}o2,: 0=t <ty <...<1, limt,=1.
n—oo

Torna V71,79 € (tg;tky1) mpu k > 1 BepHBI HEpaBEHCTBA!

IV (r) = Ve« < Lz = 7] - ly — (2.16)

L(trer — ti) - [ly — ||, (2.17)

N —

6 () — @' ()] <

[Tosromy mpu BbIGOpE B (2.13) mojgxojsrero cybrpa/meHTa d f(z) 6yayT BBIIONHATHCS
COOTHOIIEHUS:

[ 0t~ 65000 -t -

[ @t - 05wy dt] Z(skuy—xu

~

npudeM BeKTop-pyHKIus § TakoBa, uro §(x) = g(yo) = 0f (z) u

Hg(y7'1> - g(yTz)H* < LHyn - yT2|| VTlvTQ S [0; 1]7 (2'18)

-1/ 1(90’+(t)—90'+(0))dt‘ <

OTKY/Ia
1

ot - 4010 - ) dt] <

1

(2.18)
< [ 1) — i),y —x|dt</ liwe) — (@)l dt - lly —al| <
0

1 1
L
<L [y = allde g~ ol = Ly - / it =y
0 0
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10 ®. C. CTOHAKNH

TO €CTh I
[f(y) = flw) = 0 @),y = o) < S lly — 2|* + blly — =], (2.19)
9TO U TPEOOBAJIOCE. O

CaencrBue 1. Fcau f € C’i’};(Q), Mo 0AA NPOUIBONOHBT T,y € () 6EPHLL HEPABEH-
cmea:

. L
f(y) < f(z) +max [ 0f @)« - lly — =] + dlly — = + Flly —=]* =

A L
= [(2) + (max [|0f (@)ll. + )lly — @[l + 5 [ly — I

3. Ilpumep mpusioxkeHus: aJJANTUBHBIN 3€ePKAJIbHDBINA CITyCK 11

3ala1 MUHMMN3allun KBAa3UWBbIIIYKJIOTO IIeJIeBOIro d)YHKI_];I/IOHa.TIa.
paccMaTpuBaeMoOro Kjacca rjiaaxkoCcTu

B kadecTBe IPUIIOKEHUS TOKAZKEM BO3MOKHOCTD IIOJIYYCHNsI OIEHOK CKOPOCTH CXO-
JunMocTy st Metoga u3 [4] (asropurm 4) s 6oJ1ee MMPOKOro KJIacca 1eJIeBbixX (hyHK-
muonasios. Hamomuum, aro meros [4] (asropurm 4) Mbl pacCMaTPUBAJIN JIJIs yCIIOBHBIX
3219 BBIIYKJ/IOH MUHAMU3AIUN IPK BLIIOIHEHUH yCJIOBUs JIAMIIAIEBOCTU IPAIUCHTA
nesaesoro pyHKIMoHa 8. Hanpumep, KBaapaTudHblil 1me/1eBoii (PyHKIMOHAJ MOXKET He
YZOBJIETBOPSITH 00bIMHOMY cBoiCTBY Jlnmmmuia (uan KorcTanTa JIummmmia MozKeT ObITh
JIOBOJIBHO GOJIBINOI ), HO €ro rpaJineHT yJoBaeTBopsier ycioputo Jlummmma. Meros [4]
(asropurym 4) npuMeHHM U Jisi GoJiee MIUPOKOro KJIACCA yrKe HEIVIaJIKUX BBITYKJIBIX
LEIeBBIX (DYHKINOHAIOB

(@) = max fi(x), 5.1)
e
1
filz) = §<Aix,x> —(biyx) +ay, i=1,...,m, (3.2)
B ciyuae, koryia A; (i =1,...,m) — HOJIOKUTEIBHO OLPEIeJIEHHbIE MATPUIIbL:

2T Az > 0Vr € Q.

Hauném ¢ mocraHoBKEM paccMaTpUBAEMbIX 33/1aY YCIOBHOW ONMTUMUBAIINY, & TaKKe
HEOOXOIMMBIX BCIIOMOTaTe/IbHbIe TOHATHI. PaccMorpum HabOP BBITYKIIBIX CyOmudde-
PEHIUPYEMbIX (PYHKIHOHAMIOB Gt X — R st m = 1, M. TaksKe IIPe/IIONoAKIM, YTO
Bce (DYHKIMOHAJIBI §, YJIOBJIETBOPSAIOT YCJIOBHUIO JIUMIHUIIA ¢ HEKOTOPOW KOHCTAHTOM
M,: L

9n(%) = gm(Y)| < Myllz —yl| Vz,yeQ, m=1M. (3.3)

Mpbr paccMaTpuBaeM CJIEAYIONIMI TUI 3aJla9 ONTUMHU3AINA KBA3UBBITYKJIOTO JIO-
KaJIBHO JIUIIINATIEBA 11eJIEBOr0 (DyHKIMOHA A f C BBITYKJIBIMU JIMIIIIAIEBBIME (DYHKITH-
OHAJIbHBIMH OI'DAHNICHUAMU

flz) — Iglc[éig?l, (3.4)
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AHAJIOT KBAJIPATUYHOW UHTEPIOJIALIN 11

rie
gm(z) <0 VYm=1,M. (3.5)

CrenaeM Ipe/iosiozkenne o paspemumoctu 3ajgaqdu (3.4) — (3.5). Bagadn Munu-
MU3aIUK HErJIAIKOro (PYHKIMOHAA ¢ OTPAHIMYCHUSIME BOZHUKAIOT B ITUPOKOM KJIAcCe
pobJieM coBpeMeHHoI large-scale onrumvusarum u eé nputoxkenuii [10, 14]. s rakux
3a/1a4 UMEETCsl MHOYKECTBO METOJIOB, CPEJIM KOTOPBIX MOYKHO OTMETHUTH METO/[ 3€PKa/Ib-
Horo crycka [8, 11]. Ormerum, 910 B CIydae HEIIaJIKOrO MeJeBOro (byHKIMOHAIA UJII
(DYHKIMOHATLHBIX OTPAHMYEHNI €CTECTBEHHO MCI0Ib30BaTh CYOIPaJIMeHTHBIE METO/IbI,
BOCXOJIAIINE K XOPOIIO U3BeCTHBIM paboram [3, 5. MeTo 3epKaabHOro CIlyCKa BO3HUK
J1st 6e3yCIOBHBIX 3a/1a4 B |2, 11| Kak aHAIOr CTAaHIAPTHOrO CyOIPaJMEHTHONO METO/IA
C HEEBKJIMJIOBBIM MTPOEKTUpOBaHueM. Jljisi yCJIOBHBIX 3a/ad aHAJIOI 9TOr0 METOa ObLI
npeioxker B [11] (em. rakxke [7]). IIpobiema ajanTuBrOro BoIOOpa mara 6e3 UCob-
30BaHUs KOHCTaHT Jlumnmmna paccmorpena B |9] s 3a71a4d 6e3 orpaHnveHuii, a Tak:ke
B [7] s 33184 ¢ PYyHKIMOHAIBHBIME OIDAHIIEHUSAM.

Ormerum, 9T0 BCIOfLy Jasiee OyJIeM 1101 CyOrpaMHeTOM KBA3UBBIILYKJIOTO (JIOKATHHO
quminunesa) dyHKImoHa a f HoHIMATh 110001t 371eMeHT (BekTop) cybauddepenmmaa
Knapka. [Ijng BbITYyKIbIX (DYHKIIMOHAJIOB ¢, IMOHATHE CyOrpajineHTa Mbl ITOHUMAaEM
CTAHJIAPTHO.

st manbHeRmmx paccy K JIeHuii HaM OTpeOyIoTCs CIIEYIOIUe BCIIOMOTaTe IbHbIE
nousitust (eM., Harpumep, [9]), KoTopbie O3BOJIAIOT ONEHUTH KAYeCTBO HAMJIEHHOTO pe-
ierusi. [IJist OIeHKM paccTosiHusl OT TEKYIIel TOUKHU JI0 PENIeHUsT BBEJIEM TaK Ha3bIBa-
eMyto npokc-gpynryuto d: X — R, ob1amaronyo ¢cBoiicTBoM HellpepbIBHOI auddeper-
[UPYEMOCTH ¥ 1-CHJILHOM BBIYKJIOCTH OTHOCHTEIBHO HOPMSI ||-||, T.e.

(Vd(z) = Vd(y),z —y) > lz —y|* Va,y,€ Q.

By,[[el\l I1oJjiaraTb, 9TO UMEETCA HEKOTOPasd OLUCHKA PaCCTOAHUA OT TOYKH CTapTa 0
HCKOMOTO DEIIEHUs 31841 Ty, T.€. CYIIECTBYET Takas KoHcranta Oy > 0, 1ro d(z,) <
©2, rie x, — Tounoe pemenue (3.4) — (3.5). Eciu umeerca MuoxKecTBo perenuit X,
TO MBI IIPEJIIIOJIaraeM, ITO st KOHCTAHTEI O

i < 02

s Beex x,y € X paccMOTPUM COOTBETCTBYIOINILYIO JUBEpreHnuio Bparmana

Vi,y) = d(y) — d(z) — (Vd(z),y — x).

B 3aBUCUMOCTHU OT ITOCTAaHOBKU KOHerTHOﬁ 3a/Jda91 BOSMOZKHBI pa3/IMYHbIC IIOAXO-
JIBI K OIPEJICJIEHUIO TPOKC-CTPYKTYPBI 38J1a41 ¥ COOTBETCTBYIOIIEN uBepreHimu bpar-
MaHa: eBKJINJIOBA, SHTPOIMiiHasg U MHOrue japyrue (cMm., mampumep, [9]). CrangaprHo
OIIPEJICJIUM OIEPATOP IIPOCKTHUPOBAHNUS

Mirr,(p) = arg mig {{p,u) + V(z,u)} nnz Beakux z € Q up € E*.
ue
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12 ®. C. CTOHAKNH

CrestaeM mpenosiozKenne o ToM, 910 oreparop Mirr,(p) Jierko BerauncimM.

HanoMHuM 0JIHO M3BECTHOE YTBEPXKJEHUE, KOTOPOE BBITEKAET U3 OOBIYHOIO Hepa-
sercTBa Komm-Bynskosckoro, a takxe 2ab < a? + b2, TlockosbKy byHKIMOHAIBHBIE
OorpaHnnveHud Io-1IpezKHEMY BbBIIIYKJIbI, Mbl PACCMOTPUM TaK2Ke OTAEJ/IbHO OLICHKY B BbI-
mykJjoM ciaydae [9].

Jlemma 1. Ilycmo f: X — R — nexomopowiti pynrkyuonan. as npouseosvrozoy € X,
sexmopa p, € E* u nexomopozo h > 0 noaoocum z = Mirry(h - p,). Tozda dan
nPou3eosvHo20 T € ()

h2
h(py,y — x) < 7prllf +V(y,z) = V(z,2). (3.6)

Jasa svinyraozo cybdugpgdepenyupyemozo 6 moure y dynrxyuonara f npedvidyuwee nepa-
8eHCMB0 0Af Npoussovrozo cybepaduerma p, = V f(y) npumem eud

h-(f(y) = f(2)) <{Vf(y),y —2) < %va(y)Hf +V(y,x) = V(z ). (3.7)

Ananormuno ([4], amropurm 4) paccMOTPEM CJIELYIONIHI AITOPHTM AJAITHBHOIO
3epKaIbHOrO CirycKa s 3ai1ad (3.4) — (3.5). OTMeTnM, 9To BBUIY TPE/IIOIOXKEHsT
JIOKAJIBHOI! JIMIIIUIEBOCTH KBA3UBLIILYKJIOTO IeJIeBOr0 (byHKI[HOHAIA BCE €ro cyOrpa-
JeHThl KOHedHbl. CietaeM JONOIHUTEILHOE IIPE/IIOJI0KeHne 00 OTCYTCTBUM TOYEK
neperuba, T.e. FPAAUEHT f MOXKeT ObITb HYJIEBBIM TOJILKO B TOUKE T.

AnroputMm 1. AdanmueHsili 3eprasbHbill CNYCK, K8a3UBBNYKALLT He2Aa0Kul
uenesoti PyHKUUuoHaA, MHO20 02PAHUYEHUT.

REQUIRE <> 0,6, : d(r.) < ©}
1. 2° = argmingcq d(z)

2.1=:0

3. N+0

/. REPEAT

5. IF g(z") <

6. hN = R

7. s Mirryn (hyVf(2Y)) // "nponykrusnbie marn"
8. N — 1

9. FELSE

10.  // (gmny(zN) > €) mst mexoroporo m(N) € {1,..., M}
12. Nt Mirr,x (AnVgmy (2V)) // "senponykrusuble marn"
13. ENDIF

14. N+ N+1
15. UNTIL 63 < 5 | |+ 2 eyamp

kgl
ENSURE z" := argming_jc; f(2")
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AHAJIOT KBAJIPATUYHOW UHTEPIOJIALIN 13

J1st O1eHKN CKOPOCTH CXOAMMOCTH 9TOr0 MeTo/ia 110 aHasoruu ¢ ([12], m. 3.2.2), ayst
BCSIKOTO HEHYJIEBOTO KOHEIHOTO cyOrpamenTa (asementa cyomuddepenimana Kiapka)
V f () neseBoro KBa3MBBIILYKJIOTO (DYHKIMOHAA, f BBEJEM CJICIYTOILYIO BCIOMOTATE b
HYIO BEJIMIUHY

V()

ve(x,y) = <m,x—y>, x € Q. (3.8)

Anasoruano (|4], Teopema 2) ¢ HCIIOIB30BAHIEM JIEMMBI 1 IIPOBEPSIETCS CIICYIOIIAST

Teopema 2. [Tycmv e > 0 — PukcuposanHoe YUCAO U HINOAHEH KPUMEPUTE OCTNAHOBKU,
anzopumma 1. Tozda

: k
I]E;lel}l’l]f(,f ,Ty) < E. (3.9)

Ommemum, umo aszopumm 1 pabomaem we bosee

N [2 max{1, Mj}@g"

(3.10)

2
umepayul.

Teneps mokarkem, KaK MOYKHO OIEHUTHL CKOPOCTH CXOJMMOCTHU IIPEJJIaraeMoro Me-
Tona. /s aToro moJie3Ho ciemyoniee BCIIOMOraTeIbHOE YTBEPKJICHIE, KOTOPOe aHa-
goruano jgemMe 3.2.1 u3 [12|. HamoMmmm, 9T0 1O 2, MBI IOHEMAEM TOYHOE DeIleHne
sagaan (3.4) — (3.5). OrnanTesbHO# 0COOGEHHOCTHIO JTAHHOTO YTBEPZKICHHS SIBIISIETCS
TO, 9TO MBI PACCMaTPUBaeM He BBIMYKJIBIH, a KBa3UBBIMTYKJIbI Ie1eB0il (DyHKITMOHAT
f. Ilpenmonoxkenne o ero JOKAJIbHON JUIIIUIIEBOCTH ITO3BOJIsIET B KadecTBe allllapa-
Ta Jyid uccaeaoBanus JuddepeHuaibHbIX CBOWCTB UCIOIL30BaTh cybauddepentimat
Knapka.

Teopema 3. Ilycmov f: QQ — R" — nokaavho aunwuyes K6a3usvinyKkivill Gynryuo-
nan. Beedem caediypowgyro dpynxyuio:

w(r) = max{f(z) — f(z.) : [lv — ol < 7}, (3.11)
2de T — noaootcumenvroe yucao. Tozda drs ecarozo x € ()

f(x) = flz.) <w(ve(z,xy)). (3.12)

Joxazamenvcmeo. Ml ormpasisieMcst 0T cxeMbl paccyxkaenuit ([12], memma 3.2.1) ¢
TeM OTJIMIUEM, YTO BMECTO 0ObIdHoro cybanddepenualia BbITyK/I0i (QyHKIMH Oy/1eT
ucob3oBaThed cyouddepentman Kinapka. MoxkHO TpoBepuTh, 4TO

vr(e, 2.) = minly — 2. : (Vf(2),y —2) = 0}.

[eiicTBuTenbro, mycTh vp(T, Tx) = ||yx — || mmst mexkoroporo y.: (V f(x),y. —x) = 0.
Torpa V f(z) = As, rae (s, Y« —xx) = ||y« — .|| Au1g HEKOTOpPOTO $ Takoro, uro ||s||. = 1.
[TosTomy

0= (Vf(@),y. =) = A5,y — ) + (V[ (2), 2 — 2),
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14 ®. C. CTOHAKNH

OTKY/1a

(Vf(z),x — )
1y — 2.l
Ocraércs b y4yecTb CYIECTBOBAHNE KOHEYHON IMPOU3BOIHON M0 HAIIPABJIEHUIO

h € ) y BcIKOro JIOKaJIbHO JIUIIIHIIEBa KBA3UBBIITYKJIOro (pyHKImoHaaa f

: . fx+ ) — (=)
f(x,h):lggl ;) :

A=

= IV @)l mog(e,2.) = |y — 2]

Jasee, ¢ HCIOIB30BAHIEM CBONCTBA KBA3UBBIILYK/IOCTH U (2.2) JIst JIOKAJILHO JIUII-
IIUIEBA KBA3UBBIIYKJ/IOTO (DYHKIIMOHAIA TTOTYIaeM:

! = fl = max )
fi(w,h) = fo(w,h) = Vf(z)e%mf(x)<vf(m)’ h)

s Beskoro manpasiennst h takoro, aro (Vf(x),h) > 0 nomywsaem f'(z,h) > 0.
[Tosromy umeer mecto f(x 4+ Ah) > f(x) jisg IPOU3BOJILHOIO HAIIPaBJIEHUs h TAKOro,
aro (Vf(x),h) > 0. Hepasercrso f(y) — f(x) > 0 cieayer Tenepb n3 HEIPEPBIBHOCTH
dbyukiwmonana f s Besgkoro y takoro, uro (Vf(z),y — x) = 0. Urak,

fx) = f(z) < fy) = fl2.) Sw(vp(z, 2.)).
[l

Ha 6aze TeopeMm 2 u 3 MOXKHO OIEHUTH CKOPOCTH CXOJIMMOCTU &JITOPUTMa JIJIs KBa-
BUBBIILYKJIOT0 JIOKAJIBHO JIMIIIINAIIEBA [IeJIeBOro (pYHKIMOHAA f ¢ JUIIIINAIEBBIM cyOrpa-
querToM. Mcrosb3ys goKazannoe B Teopeme 1 HepaBeHCTBO

1
f(@) < fle) + (IVF @)l + 0)llz — ]l + SLlle — 2.,

MbI MO2KeM I10JIy9UTb, 9TO

i 1)~ o) < pin {90+ 0)a¥ ]| + 2" — ).

Hanee, o Teopeme 3 BEPHO HEPABEHCTBO:

1
f(@) = f(z) < e (IVf(@)]l. +0) + 5Le".
[TosTomy crpaBeyuBO

CaenctBue 2. [lycmb A0KGADHO AUNWULES KEA3USHINYKAVYT Pynkyuonas f umeem
aunwuyes cybepaduenm. Toeda nocae 0ocmano8KU AA20PUMME 6EPHA OUEHKA:

Le?
i ky _ < e. —_—
i (@) = f() < 2 IVl +0) + -, (3.13)
Npuuém i 6caAK020 k
gm(z®) <e Vm=1,M. (3.14)
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AHAJIOT KBAJIPATUYHOW UHTEPIOJIALIN 15

3akJroueHue

Takum 06pa3oM, OCTAHOBKA AAropuTMma 1 rapaHTHPYeT JOCTUZKEHHE HPUEMJIEMO-
ro kadecrsa Haiinennoro pemtenns (3.13) — (3.14), a orenka (3.10) ykasbiBaeT Ha €ro
ONTUMAJILHOCTH ¢ TOUKH 3PeHHsl HIZKHUX OPaKyJIbHBIX OIeHOK [11] naxe B Kiacce Bbl-
HyKJIBIX (& TeM 6ojiee U KBA3UBBIINYKJIBIX) EIEBBIX (DYHKIMOHATIOB.

HOJIyLIeHHbIe pPE3YJIbTAaThl, B 9aCTHOCTH, IIO3BOJIAIOT C/J€/IaTb TaKKW€ BbIBObI. BO—
IIEPBLIX, aJI'OPUTM 1 IPpUMCECHUM JIJIgA 3a/Ja9 MUHUMHU3alllu HE TOJIBKO BBIIIYKJIBIX, HO
1 KBa3UBBIIIYKJIBIX ITEJIEBbBIX (byHKH‘I/IOHaJ[OB. BO—BTOprX, OCO6eHHOCTI/I IIoBeJcHMA I1e-
7eBoro GYHKIMOHATIA B OKPECTHOCTU HEKOTOPBIX OTJEJIbHBIX TOYEK MOIYT He CUJILHO
VCJIOXKHATH MHTEPIOJIANUIO (MOJIeJb) ONTUMU3UPYEMON (DYHKIMK, YTO MOXKET M03BO-
JIUTH COXPAHATH PU HAJMYUU TAKUX OCOOEHHOCTEHl OIEHKH CKOPOCTH CXOIMMOCTU Me-
TOJIA.
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OOMeH 3Heprueii B pe30HaHCHBIX 00paTMMbIX
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Amnnorarnusi. B okpecTHOCTH paBHOBeCHsI U3ydaeTcst oOpaTuMasi MexaHudecKas: cucrema. 1lokasbiBa-
€TCsl, 9TO IIPU OTCYTCTBUE PE30HAHCA OOMEH SHEPIUeil MeXK Ty MOICUCTEMAMI HEBO3MOXKEH. B curyarun
pesonancos 1:2 u 1:3 onuceiBaercs crieHapuit 0OMeHa SHEPIueil MeXK /Ty IMOJACUCTEMAaMMT.

Kuro4deBble ciroBa: obparmMast MeXaHUIecKasl CUCTEMa, SHEPIUsi, PE30HAHC, OOMEH.

Energy exchange in resonant reversible mechanical
systems

V. N. Tkhai
V. A. Trapeznikov Institute of Control Sciences, Moscow 117997.

Abstract. In the vicinity of equilibrium, a reversible mechanical system is studied. It is shown that
in the absence of resonance energy exchange between the subsystems is impossible. In the situation
of 1:2 and 1:3 resonances, the scenario of energy exchange between the subsystems is described.
Keywords: reversible mechanical system, energy, resonance, exchange.

MSC 2010: 37C80, 70G65, 70K30, 70510

1. BBenenue

fBnenne obMena SHEPrUeil MEXK/y IOJCUCTEMAMI HAIVISIIHO JeMOHCTpUpyercs |1]
B OMEHUSX CUMIIATHYECKAX MASITHUKOB: IepeKadKa SHEPTUU COIPOBOXK/IAETCS OUEHU-
SIMI MasgTHUKOB. B pamkax JmHeiHO# Teopun KoJebanuii (cm., Hampumep, [1]) sB-
JleHne 00bACHAeTCA OJIM30CTHIO ¢ OJM30CTHIO YACTOT JIMHEHHON CBA3aHHOW CUCTEMBI.
[Ipu ommcanum KosebaHmii MEXAHMYIECKOW CUCTEMBI TOJT JIeHICTBUEM MTO3UITMOHHBIX CHJI
B OKPECTHOCTU PABHOBECHUs JIMHEHAS CUCTEMa PACIaIaeTCsd Ha HeCBI3aHHbIC JIMHEHHDbIE
OCIMILIATOPHI |2]. 3HaIUT, 0OMEH SHEprueil BOSMOXKEH MK HEJIMHEHON CBSI3H.

Mexanndeckasi cucrema, MOABEPXKICHHAS JEHCTBUIO TOTEHITNAJIBHBIX U HEKOHCEP-
BATUBHBIX [O3UIIMOHHbBIE CHJIBI 2|, MPUHAJIEKUT K KJIACCY OOPATHUMbIX MEXaHUIECKIX
cucrem [3|. Obparumas auHamMuYecKas cucreMa ¢ hasoBbIM BEKTOPOM X U HEBBIPOXK-
JIeHHBIM oToOpazkenueM (G 06J1ajiaeT CBOMCTBOM IIPOCTPAHCTBEHHO-BPEMEHHON CUMMeT-
pHUU B CMBICJIC HHBADHAHTHOCTH OTHOCHUTEIHHO Ipeobpasosanus: (x,t) — (Gx,—t). B
caydae

!Pa6ora BrImOIHEeHA IpH BHHAHCOBOII moaaepKKe Poccuiickoro Gpouaa ¢pyHIaMEeHTaTLHBIX HCCIIe-
nosanwnii, rpaat No. Ne 19-01-00146
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18 B.H. TXAI

(I; — emummaHas (j X j)-MaTpHIfa) IOTydHIM OOPATHMYIO MeXaHUIecKyto cucremy. Da-
30BO€ MPOCTPAHCTBO 3TON CHUCTEMBI 33J@€TCsl BEKTOpPAMH U4 W U, TakK 910 dimu =
[, dimv = n, a npeobpa3oBanue cumMmeTpun umeer Bui: (u,v,t) — (u, —v, —t). Muoxe-
crBo M = {u,v : v = 0} HA3BIBACTCS HENMOJBUKHBIM MHOXKECTBOM OODATUMOil MEXaH!-
YEeCKOl CUCTEMBL.

O6paTuMbIMI MEXaHUICCKHIE CUCTEMAME OINCHIBACTCS UHAMUKA OOJILITUHCTBA, MO-
Jlesieit Kraccudeckoit u nebecHoit Mexanuku [3|. ITpu 970M 32 BeKTOp 1 OGBIYHO TIPUHU-
MaeTcsi BEKTOP 000OIIEHHBIX KOODJMHAT (KBA3MKOOD/MHAT), & 3a BEKTOP U — BEKTOP
0BOBIIEHHBIX CKOPOCTEl (KBA3HUCKOPOCTEii ).

B HepesonaHHOIl cuTyarun B HOPMAJU30BAHHON (/10 CKOJIb YIOIHO GOJIBIIONO KO-
HEYHOTO MOPSJIKA) CHCTEMe HeJINHEHbIE CBSI3U MeZK/Iy MOJCHCTEMAaMU OTCYTCTBYIOT [2].
CiieioBaTe/ibHO, OOMEH 3HEprueil MexK iy MOJCUCTEMAaMU BO3MOYKEH TOJIBKO IIPU PE30-
nance. Huxe pacemarpuBatorest pesoHancsl Tperbero (1:2) u gerseproro (1:3) mopsij-
KOB.

Taxue pe30HAHCHI BayKHBI [Tl OObSICHEHNs sIBJICHUI B KBAHTOBOIT MexaHnuke |5, 6]
(1:2), mesmneiinoit onruke [7] (1:2), dusuke mrasmsr [8] (1:2), nebecroit mexamnuke [9, 10]
(1:2, 1:3), mexammke [2, 11] (1:3, 1:2). O6Mmen sueprueil MeKJIy OCHIIIATODAME B
raMUJIBTOHOBOI cucreme paccmarpuBasicst [12] (pesonanc 1:2) jyisi cucTeMbl I€PBOrO
HesmHeitnoro npubmkenus. O6MeH sHeprueii HabIOAaeTCA B KOHKPETHBIX MEXaHUIe-
cKuX 3asadax (cMm., mampumep, (11, 13]). fBaenne obmena sHeprueii mposiBisiercss Ha
YCJIOBHO-TIEpHOINIecKX JBizkennsx |14, 15, 16, 17|: usyuasncsa pesonanc 1:2. Kaue-
CTBEHHOE MCCJIe/IOBaHNe 0OPATHMOI cucreMsl Ipu pe3onamce 1:3 mano B [18].

lens paboTbl — omucarhb IpoIecc OOMeHa SHeprueil B 00paTUMbIX MEXaHUIECKHX
cucreMax 1Ipu pesoHaHcax 1:2 u 1:3.

2. O6paTHMaH MeXaHn4Y€eCKasd CucreMa B OKPEeCTHOCTHN
PaBHOBECHA

[TocTosaubIe perennst 06paTUMOl MEXaHUIECKOM CUCTEMBI, TPUHAJIJIEYKAIIIE HEeTIO-
JIBUZKHOMY MHOXKeCTBY M, Ha3bIBalOTCA paBHOBecusiME 3TOH cuctembl. [losaras, aro
g paHoBecusd u = 0,v = 0, ¥ BbLJE/sAs SIBHO JIMHEHHOE NPUOJIMKEHNE, 3AITUIIIEM
ypaBHeHusd 00paTUMON MEXaHUIECKON CUCTEMBI

Uy = AU + U (Us, 0),  0p = Botte + Vi(us, vy), (2.1)

U, (ty, =) = U, (s, vy),  Vi(ts, —v,) = Vi(ts,v);u, € R v, € R* 1> 0. (2.2)

[Tocrosiamnere Marpuisl A, u B, mmeror pasmepst (I X n) u (n X [), COOTBETCTBEHHO.

Marpuria A, nmeer He 60J1€€ N IMHEHHO HE3ABUCUMBIX CTPOK. DJIEMEHTAPHOE ITPeod-
pasoBaHue NpuBoIUT A, K BUIY, B KOTOPOM [ —n CTPOK 3amoJiHeHbl Hyaamu. O603HaImM
dyepes £ TIepeMeHHbIe U, OTBedaroIme 3ruM crpokaM. Torya cucrema (2.1) nepenuier-
cs B BHJIE

€ =Z2(u,v), w=Av+U(Eu,v), ©=But+BE+V(Euw), &€ R™uveR",
(2.3)
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OBMEH 5HEPI'UEN B PE3OHAHCHBIX OBPATUMBIX CUCTEMAX 19

rie A u B — kBajgparHbe (n X n)-MaTpuiibl. BujHO, 9T0 XapaKTepuCTHIECKOe yPaB-
HeHue B cucreme (2.3) umeer | — n MPOCTBIX HYJIEBBIX KOpHeil. OcrajbHble KOPHH A
HaXOJ/IATCS U3 ypaBHEHU S

det |AB — A\°1,,|| = det | B — \L,,|| =0 (2.4)

U pacrajialorcs Ha mapbl £Ag, s = 1,...,n.

Hanee pacemorpum ciydaii, Korjga det B # 0, 9T0 0OBIMHO BBIIOJIHSAECTCS B MeXa-
HUYecKnX 3ajiadax. Torna, samendas B (2.3) nepemennyto u Ha v + B~ Bi€, nomyunm
cucremy (2.3) ¢ marpuneit By = 0.

[Tycrs Bee A2 < 0,5 = 1,...,n U cpeju HUX HET PABHBIX MEXKJy coboil. B 3ToM
ciaydae rankA = rank B = n. [Ipusegem cucremy JuHeiHOTO MpUOIMKEHNST K KAHOHU-
YecKOMY BUJLY. 1OT/a MoIydnM

s _ dn _ dn

o = S&nm, oe =AM+ HEn.n), =AM+ HEn ), (25)
rjie 1,7 — KOMILICKCHO-CONPsizKeHHbIe n-BeKTOpbl, a A = diag(Ai, ..., A\, ). Coorser-
CTBYIOIIIEE JINHEHHOE IIpeobpa3oBanne BhIOEpEM B BHJIE

n=Pu+Q, n=Pu+Q.w, (2.6)

B KOTOpoM P, P,(Q., Q«) — KOMIUIEKCHO-CONPsizKeHHbIe (n X n)-marpuibl. Torma mar-
punbl P, u (Q, yI0BICTBOPSIOT YPABHEHUSIM

P.AB = A’P,, Q.BA = A%Q,. (2.7)

Ypasaenus (2.7) COBMECTHBI B CHJIy CIIPABEJTHIBOCTH XapaKTEPUCTHIECKOIO yPaB-
nenusi (2.4). Perrenus ux He enmucTBeHHBI. Haidinem Takoe pereHue, 9ToObI CHCTe-
Ma (2.5) Oblia MHBApHMAHTHA OTHOCUTENLHO 3aMmenbl: (€,1,1,t) — (£,7,n, —t). Torna
obparumast MexaHr4IecKas cucrema (2.5) 6yJeT UMeTh TaKOe HEeIIOIBUYKHOE MHOZKECTBO:
M* ={&,n,17 : n = n}. CooTBeTCTBEHHO, PA3JIOKEHNS IPABBIX JYacTeil cucreMbl (2.5)
COJIEPKAT TOJBKO YUCTO MHUMBIE KOI(DPUITUEHTHI.

Pemmennst ypasuenuii (2.7), y1oBIeTBOPSIONINE YKA3AHHOMY YCIOBHUIO, UMEIOT BT

P.=AP, Q.=PA, PC=A*P, C=AB, (2.8)

rje mMarpuiia P coJlepKUT TOJIBKO YUCTO MHHUMBbIE 3jieMeHTh. [Ipm sarom marpura P
— HEBLIPOXKJCHHASA: CTPOKH P SABIAIOTCA COOCTBEHHBIMH BeKTopamu omeparopa C7T
COOTBETCTBYIOIIMMU PA3JTMIHBIM COOCTBEHHBIM 3HAYCHUAM A1, . .., Ay.

ObparHoe 1peobpasoBanme 3a1aeTcsa pOPMyIaMu

_ _ - - T
y— pl (m+m nn+nn) o A-1p-1 (m—m nn—nn)

21 2\, 2 2
Orcroga ciemyer, 9TO BEKTOD U 3aJaeTcs JeHCTBUTEIbHON MaTpHIeil, a Bek-
TOp ¥ — MAaTpHUleil U3 YUCTO MHHUMBIX 3jieMeHTOB. [losTomy pazioxkenue GyHK-

i U(&,7,7) COMEPKUT TOJBKO YUCTO MHHUMBIC KOI(MDMUIMEHTDI, & DPa3/IOKeHUe
V(&,m,m) — tonbko neiicrBuresibabie Kodddunuentol. [Tostomy pasnoxenns (yHK-
it =(&,n,7), H(,n,7), H(,,n,7) comepKaT TOJBKO 9UCTO MHUMBIE KObDMUIUEHTHL.
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Jlemma 1. ITycmwv wopnu N2 s = 1,....n, ypasnenus (2.4) ompuyamesvro,. Tozda

npeobpasosanuem (2.6), (2.7), (2.8) cucmema (2.3) npusodumcs x eudy (2.5), 6 Ko-
MOPOM PABNONHCEHUSA NPABHIT “wacmel Ypashenud, co0epHCam MoALKO HUCTNO MHUMbLE
KoagpPuruenmaol.

[Tpu HesmHEHHON HOPMATU3AIMA CHCTEMBI (2.5) Y1CTO MHUMOCTH KOI(DMDUIMEHTOR
B pa3JIOXKeHUsAX MpaBbiX yacreil coxpansercs (cm. [19, coxpanenune apromopdusmal).
Beimosianm 31y HOpMasm3anuio 10 wienoB (K — 1)-ro nopsigka. [Ipeamonoxum, aro B
CUCTEeMe OTCYTCTBYIOT PE30HAHCHI 10 K -T0 mopsaKa

pl)\l ++pn)\n = Ka

rjae pi,...,Pn CYyTh HaTypaibHble uncia. Torma ¢ TogHOCTBHIO J10 WieHoB (K — 1)-
HopsijiKa HopMaJbHast (popMa cucTeMbl (2.5) mmMeer BUJ

d¢ dn . dn ]

=0 L Ap+id(nn), —L = —Aj—id(nh

=0 = n +i®(n7n), = n —i®(nn)

(® — mosmmHOM O 7] ¢ JeiicrBuTesbHBIME KO3 dunnentamu). CregoBaTebHO, HOP-
MaJIbHas GopMa JOMyCKaeT IepBble NHTEerpaJIibl

& = const, nn = const,

u oOMeHa PHeprueil MexK 1y IOoJICUCTeEMaMy He ITPOUCXOIUT.

Jlemma 2. [Ipu omcymemeue 6 cucmeme (2.3) pesonarcos do K-20 nopsadka exato-
wumeavho 6 ykopowennoti do uaernos (K — 1)-20 nopadka cucmeme obmena snepauets
MedcAy nodcucmemamu, He NPoucrooum.

Huzxe monoxum [ =n = 2.
3. OO6MmeH »Heprueii mpu pe3oHaHce 1:2

Paccmorpum pesonanc Tperbero mopsiaka A; + 2\ = 0. Hopmasnbaass dopma cu-
creMbl (2.3) 3aIUCHIBACTCS B BHJIE
dm e dns e
— = )\1771—|—ZB17]§+..., —_— = )\2772+ZB27]1772+..., (31)
dt dt
rne By, By — peiictButesibHble KOY(M@UIMEHTHI, a He BBIIUCAHHBIE SIBHO CjaraeMble
UMEIOT MOPSJIOK HE BBIIE BTOPOTO; KOMILIEKCHO-CONIPSAXKEeHHAsl IPYIIa ypaBHEHU OITy-
IIeHa.
PacemoTpuM yKOPOYEHHYIO /10 KBQJIPATUIHBIX Y4JIEHOB CUCTEeMY. B mOISIpHBIX KOOP-
JMHATaX
Ns = Ps exp(i@s), s = Ps eXp(_iGS)a s=1,2,
nMeeM
pr = Bipasin(0; + 205), py = Bapipasin(f; + 26,),
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91 = w1 —i—Blpflpg COS(91+202), 92 = —w2+ng1 COS(91+202), )\1 = iwl, /\2 = —iw2.

YVauTbiBas paBeHCTBO
wi + 2wy = 0,

IPYIITY YpaBHEHWIT JIjIsi YIJIOBBIX IMEPEMEHHBIX 3aMEeHUM OJHUM ypaBHeHueM Jijist 0 =
01 + 205. Torga moytyuanM 3aMKHYTYIO CUCTEMY YpaBHEHUI

p1 = BipisinG, po= Bopipasing, 0= (Bipy'p?+2Bypy) cosh. (3.2)

HernocpeicTBeHHO TIPOBEPKOi yOexKIaeMest B CyIIECTBOBAHUNI JIBYX NEPBBIX MHTE-
IpaJIoB
Byp? — Bips = ~(const), pipacosf = h(const), (3.3)

B cucreMe (3.2). VlHTerpasibl mMO3BOJISIIOT BBITOJHUTH HOJIHBIH aHAIN3 CHCTEMBI.
Cucrema (3.2) obiajaer 04eBHIHBIM MHOIOOOpa3UeM PeIeHtil, Ha KOTOPOM

pr=p0>0, ps=0, 6=2Byp"cosh. (3.4)

I3 Tperbero ypaBHeHusi cucreMbl (3.2) cieyeT BO3MOKHOCTH CyIIECTBOBAHUS Perlie-
HUsA, Ha KOTopoM 0(t) = 47/2, a yrabl MEHAIOTCS TaKUM 00pasoM: p1 = +DBjp3, py =
+Bop1p2. llpn By By > 0 9T0 03HavaeT CyliecTBOBaHUE PENIEHNd, aCAMIITOTHIECKOTO
K IIOCTOSIHHOMY perrennio MHoroobpasus (3.4). B ciayuae By By < 0 mepBblit nHTErpas
OyJleT 3HAKOOIIPE/IEJIEHHBIM: peltieHne p; = po = 0 cucremsr (3.2) Gyaer ycTONIUBbIM,
a ee TPAEKTOPHHU TPUHAJJIEZKAT SJITUICAM B IIEPBOM KBaJIpaHTe ILUIOCKOCTH (pi, p2).
Uccnemyem ciydait ycTORInBOCTH.

HeBo3MozKHOCTD CyIIeCTBOBAHUS pEIIEHNs, Ha KOTOPOM 6 =0,cosf # 0, JI0Ka3bI-
BAaETCS BBIMUCJIEHUSIMU:

Blpg = —232,0%7 P2 = —232/31/)17

p1 = Bi(—2Bs/B1)pisinG, /—2Bs/Bip1 = 2Bapi/—2By/ B sinb.

Paccmorpum perienusi, Ha KOTOpbIX py > 0, 6(t) # +m/2. 3anuceiBasg BTOpOit

uaTerpas B (3.3) B BUIE
p1(Bap? —7) cos® = h/By,

ybexk1aeMcst B KostebaTeIbHOM Xapakrepe pasuyca pi(cos6(t)). danee, u3 pasencrsa

dp1/dpy = Bip1/(Bap) (3.5)

¢ yderoM mepBoro murerpasia B (3.3) mosydaercst BIBOJ 00 KOJIeOATEIBHOM XapaKTe-
pe pajmyca pa, IPOTHBOIOIOKHBIM XapakTepy pi. OTciona cieyer oOMeH Heprueit
MEZKJLy TOJICUCTEMAaMU.

[Ipu By By > 0 nynesoe perienne cucteMbl (3.1) meycroitauso [2]. OrcyrerBue 06-
MeHa SHEPIUH MEeXK/Iy MOJCHCTEMAMHI B 9TOM CJIydae CJIelyeT U3 PABeHCTBA

Bapi = Bips + 7. (3.6)
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4. O6MmeH 3Heprueil mpu pe3oHance 1:3

ObparnMcst K IByXIaCTOTHOMY PE30HAHCY IeTBEPTOTO TOPS KA,
A1+ 3 =0.

31ech HOpMasbHas hbopMa cucTeMbl (2.3) 3allUChIBACTCS B BHJIE

d_ 1 . —

;7t1 =M Fi(An|m P+ Ap|na ) +iBins + ...
dns ) 5 ) o,
o oo + i(Ao1|m|” + Asa|ma|“)n2 + iBaminy + - . .,

riae A;j, Bi(i,j = 2) — neiicrBurespible Koadduimenta, a He BBIIICAHHbIE SBHO CJIa-
raeMble UMEIOT IOPSIOK He BBIIIE TPETHEIr0; KOMILIEKCHO-COIPS2KEHHAsT IPYIIa ypaB-
HEHUil olryleHa.

Paccmorpum cayqait, korma By By # 0. Torna, coryiacHo paHee Oy I€HHBIM Pe3yJTb-
TataM |2|, HeOOXOIUMBIM U JIOCTATOYHBIM YCJIOBUEM YKOPOUYEHHON 10 YIEHOB TPETHLErO
HOPSIJIKA CHCTEMbI sIBJISIETCsI BBITIOJIHEHUE OJIHOIO U3 JIBYyX ycjoBuii: a) BiBs < 0, 6)
BBy > 0,|A1 By + AyBy| > | By|| Ba|*/?. Kak ciemyer u3 paccMorpenns pesonanca 1:2
0OMeH 3Heprueil MPOUCXOIUT B CJIydae yCTONINBOCTH.

BruimuieM yKOpOYeHHYIO CUCTEMY B IMOJISIPHBIX KOOPIUHATAX

p1 = Bipssing, py = Bop1pysinb,

91 = wi + Allp% + Amp% + Blpl_lpg COS 0, 92 = —wy + Aglp% + Aggpg + BQPpo COS 0,
)\1 = z'wl, )\2 = —iWQ, 0= 91 + 392
V4auThIBas PaBEHCTBO
w1 + 3&)2 = O,

CPYNILYy ypaBHEHUIl g YIJIOB 3aMeHUM OfHUM ypaBHenueM s . Torma mosmydum
3aMKHYTYIO CUCTEeMY YypaBHEHUI

pr=Bipising, s = Bopipysin®, 6= Ayp] + Asps + (Bipy ' p3 + 3Bapips) cos,
(4.1)
Aj:A1j+3A2j, j:1,2

Cucrema (4.1) obsiajaer OUeBHIHBIM MHOIOOOPA3MEM TIEPUOJNIECKUX DEIleHni, Ha
KOTOPOM ‘
p=p>0, pp=0, 6=A(")>" (4.2)

Ha mocrosiaabix pemienusix cucrembl (4.1) umeem: p; = const, ps = const, § = 0:
3HAYEHUsT PAJMYCOB BBIUUCIISIIOTCS U3 TPETHEro ypaBHEHUs cucTeMbl. JIjist ocTaabHbIX
pelrenuii cripaBe/iyInBo paBeHcTBO (3.5).

Cucrema (4.1) gomyckaer jiBa epBbIX uHTErpasa |2

V' = Bapi — Bip; = ~(const),
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W = A1 Bypi + Ay By p; + 4B, Bypyps cos § = h(const).

U3 unrerpasna V u pasencrsa (3.5) cieyer, uro B ciaydae By By < 0, pajamycsl p; 1 po
MEHSIIOTCST Pa3HO HAITPAB/IEHO: MIPUCXOINT OOMEH dHEeprueil MexK Iy MO ICHCTEMaMH.
Uccnenyem ciayuait By By > 0. CBsi3ka HHTErpaJjioB

H=V>+W?

OyJIeT 3HAKOOIIPE/IeJIEHHOM, ecin Ha MHOroobpasun V = 0 dyukmus Wly—y # 0. Boei-
TUCTIUM

Wv—o = BT 'By[A1By + Ay By + 4| By |2 By [*/? cos 0] pt # 0,

€CJIN

|AlBl + AQBQ| > 4|Bl‘1/2|BQ|3/2.

Orcrona ciemyer ycroiranBocTh. OHAKO OOMEH SHEpPrueil MexKIy MOJICUCTEMAMH He
HAOJTIOJIaeTCs, 9TO CJAeIyeT U3 3aICh

Bop? = Bipy + 1.

5. 3akJrouedue

Nzyuenne obpaTuMoil MEXaHUYIECKOM CUCTEMBI B OKPECTHOCTU PABHOBECHUS ITOKA3bI-
BAaeT, YTO IPH OTCYTCTBUHU PE30HAHCA OOMEH SHEPrueil MexK/Iy IMOJICUCTEeMaMU HEBO3-
MOxKeH. B ciryuae pesonanca 1:2 mojicucreMbl OOMEHUBAIOTCS dHEPrueil, KOrja Camo
paBHOBecue ycroiiunBo. B curyaruu pesonanca 1:3 siBjienune HaOJIOaeTCd B CIIydae
3HAKOOLPE/ICJICHHOCTH KBaJAPaTUYHOI'0 UHTErpaJia, B HPOTUBHOI Cjly4ae IIOJCUCTEMbI
He OOMEHMBAIOTCS SHEPrueil KaK B OKPECTHOCTU yCTOMYUBOIO, TaK U HEYCTONYIMNBOIO
paBHOBecHUd.
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Konebanus mnjaeaabHoil cTpaTuduiimpoBaHHOI’
>KIJIKOCTU C YIIPYToii MeMOpaHOii

. O. IIBeTkOB

Kpwivcknit denepanbubiit yausepcuret uM. B. 1. Beprajickoro
Cumdepononn, 295007, e-mail: tsvetdo@gmail.com

Awnnorarus. 3ydaercs 3aa9a 0 MaJIbIX IBUKEHUAX U HOPMAJILHBIX KOJIEOAHUIX UJIEATBLHON CTpa-
TUMUIUPOBAHHON »KUJIKOCTH C yIIPYroii MeMOpaHoil Ha «CBODOHOM» moBepxHOCTH. VCob3yst MeTos,
OPTOTOHAJILHOTO MPOEKTUPOBAHUS U BBEJIEHUS BCIIOMOTATEIbHBIX 33/1a4, UCXOAHAA HAYATbHO-KpaeBast
3a/1a9a CBOJUTCS K PABHOCUIIbHOM 3a1a1e Ko s muddepeHuaibHOro ypaBHeHUsT BTOPOTO TOPS/I-
K& B HEKOTOPOM I'miIb0ePTOBOM IIpocTpaHcTse. [lorydersr ycaoBus, mpu KOTOPBIX CYIIECTBYeT CHILHOE
[0 BPEMEHU DellleHne HAYaJIbHO-KPAEBOU 334, OIMCHIBAIONIEN SBOIOIUIO TAHHONW T'MIPOCUCTEMBI.
N3zydena cTpyKTypa CIIEKTpa, BOIIPOCHI DA3UCHOCTUA COOCTBEHHDBIX (DYHKITHIA.

KiroueBnbie cioBa: crparuduiinpoBanHasi XKUJIKOCTh, yIpyras MeMOpaHa, HauaJIbHO-KpaeBas 3a/1a-
9a, METOJ[ OPTOrOHAJILHOIO IPOEKTUPOBaHMA, 3a1a4a Komu B rujib0epToOBOM [IPOCTPAHCTBE, CHJILHOE

pellenne, CueKTpaIbHas 3a/1a9a, cCOOCTBeHHbIe (DYHKITUN.

Oscillations of an ideal stratified fluid with an elastic
membrane

D. O. Tsvetkov
V.I. Vernadsky Crimean Federal University, Simferopol 295007.

Abstract. We study the problem on small motions and normal oscillations of an ideal stratified fluid
with an elastic membrane on the «free» surface. Using method of orthogonal projecting the boundary
conditions on the moving surface and the introduction of auxiliary problems of the original initial-
boundary value problem is reduced to the equivalent Cauchy problem for a differential equation
of second order in some Hilbert space. We find sufficient existence conditions for a strong (with
respect to the time variable) solution of the initial-boundary value problem describing the evolution
of the specified hydrodynamics system. The spectrum of normal oscillations, basic properties of
eigenfunctions and other questions are studied.

Keywords: stratification effect in ideal fluids, differential equation in Hilbert space, strong solution,
normal oscillations, spectral problem, eigenvalues, Riesz basis.

MSC 2010: 76B70, 35D35, 35P05
BBenenue

Cozmanue pesepByapoB OOJIBINON eMKOCTH IS XpaHEHUsI KIIKOCTH B ceiicMoorac-
HBIX pafioHax M TPAHCHOPTUPOBKU KHUJIKUX T'PY30B TPeOyeT TINAaTe/JIbHOTO aHaIn3a,
BO3MOKHOTO PE30HAHCHOIO BO3OYIK/I€HUsT BOJTHOBBIX ABUKEHUH KugakocTu. OIHUM 13
CPEJICTB OrpaHUYEHUS €€ IMOJBUXKHOCTH MOTI'YT OBITh MeMOpaHbl WU ILJIACTUHKH, 3a-
KPBIBAIOIIIE CBOOOIHYIO TOBEPXHOCTD >KUJIKOCTH.
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B cratbe [1| uccienosana miockast 3a/a9a 0 MaJbIx KosebaHUAX (DU3NIECKOr0 Ma-
SITHUKA, COJIEPKAINEr0 WJICANbHYIO IBYXCJIOWHYIO XKUJIKOCTh C YIIPYTOil MeMOpaHoii Ha
«cBobonHoit» mosepxuocTu. (Ilom «cBobGomHOM» OyeM MOHUMATH BEPXHIOI I'DAHHUILY
kugrocTr. [lockobKy MeMOpaHa BCe Ke sIBJISIETCS MEeXaHUIEeCKHM OTrPAHUIHTE/IEM
JIBIZKEHUH JKUJKOCTH, TO STOT TEPMUH HCIIOJbL3yeTcs B KaBbldkax.) C HCIOJIb30Ba-
HIEM TEOPHUHU CAMOCOIPSIZKEHHBIX OIIEPATOPOB B IMILOEPTOBOM IIPOCTPAHCTBE JTOKA3AHO
CYIIECTBOBAHKE JMCKPETHOIO CIIEKTPa COOCTBEHHBIX 4acToT KoJebanuii. B paborax [2]
— [6] pPacCMOTPEHBI 3a1a9i O KOJIEOAHUAX OIHOPOIHON M MHOIOCJIONHON Mea/IbHON 1
BSI3KOM >KUJIKOCTU C YIPYTUMH MeMOpaHaM# Ha «CBOOOIHOM» ITOBEPXHOCTU U IPaHUIIAX
paszaena xugakocreit. Meromamu (hyHKIMOHAJILHOIO aHAIN3a OBLIN U3yYEHbI BOIIPOCHI
Pa3pEINMMOCTH HAYaIbHO-KPAEBBIX 38784, CTPYKTYPHI U XapaKTepa CIeKTPa HOpMaJIb-
HBIX KOJIeOaHMIA.

B npejicraBiennoit paboTe paccMaTpuBaeTcs 3ajiada O MaJblX JIBUKEHUSIX U HOP-
MaJIbHBIX KOJIEOAHUAX HJIeAJbHON CTPATU(MUIIMPOBAHHON YKUIKOCTH C YIPYTOil MeM-
OpaHoOil Ha «CBOOOIHOI IOBEPXHOCTH». B YacTHOCTH, MCXOmHAsT 3a/a9a CBOTUTCS K
b depeHImaIbHO-0IIepATOPHOMY YPABHEHIUIO BTOPOrO IOPSIKA B HEKOTOPOM TI'HJIhb-
6epTOBOM TPOCTPAHCTBE, IIPU STOM CTPYKTYpPa OIEPATOPHBIX KOI(MMUIIMEHTOB UMeeT
GoJiee CJIOKHYIO CTPYKTYDPY, Y€M B IIPEJCTABJIEHHBIX BbIle paborax (MHOIOCIONHbIE
OJTHOPO/THBIE JKIJIKOCTH ), YTO IPUBOIUT K YCJIOXKHEHUIO MOJIYyI€HUsI HTOTOBOI T€OPEMBbI
O pa3perImMOCTH.

1. DBoJroIIMOHHAsI 3a/1a9a

1.1. MaremaTtudeckass (bopMyJIMPOBKA 3aJIa4u

[Iycrs npeanbuas crparndunupoBaHHast XKIJIKOCTDb, IJIOTHOCTH KOTOPOH B COCTOsI-
HUU [TOKOSI U3MEHSIETCS BJIOJIb BEPTUKAIBLHONW OCH, YACTUIHO 3AITOJTHAET HEIO/IBUKHBII
COCY/JI ¥ 3aHUMaeT B COCTOSTHUU TIOKOsT 00/1aCTh {2, OrpaHMIeHHYO0 TBEPJIOil CTeHKO! S 1
ropu30HTAJIbHON Tpanurieil I, Ha KoTopoit HaxouTcs yupyras memOpana. O603HaIIM
qepes3 P, MOBEPXHOCTHYIO IJIOTHOCTh MEMOPAHBI, & UYepe3 g — BEJINYUNHY ee MPEeIBapu-
TeJbHOTO pacTsxkenns. Cunraem, uro Ha rpanuie JI' MmemOpaHa 3aKperieHa, TO eCTh
ee CMeIleHne paBHO HYyJI0. BBeseMm cucremy koopauHar Oxi2oT3, XKECTKO CBA3AHHYIO
C COCy/IOM, TaKuM 06pa3om, 4To ock Ox3 HaIpaB/eHa MPOTHB JEHCTBUS CUJIbI TAZKe-
CTH, a HavaJ0 KoopauHaT HaxoanTca Ha ['. Obo3HaumM depes 7l e MHUYIHBI BEKTOD,
HOpMAaJIbHBIH K 0f) U HampaBiieHHBIN BHE (), depe3 pyg = po(r3) — MIIOTHOCTH JKHJIKO-
CTU B COCTOSHMU 1TOKOos. IIpemonaraem najiee, 9To TBepas crenka S C 0f) aBigercs
JIMIIIATIEBOH TOBEPXHOCTHIO, pudeM 0.5 = JI' — jummuieBa KpuBas.

OrmeruM, 94TO BepTUKAJIbHOE OTKJIOHEHHE MeMOpanbt x5 = ((t,Z), T = (x1,z9) € T,
[PU ee MAJIBIX KOJEOAHUAX YIOBJIETBOPSET ypaBHEHUIO (CM., Hanpumep, |7, ¢.34|):

2
pma—g = o0As( + P(t,7), (1.1)
ot
rie Ay — nByxmepubrit Jlamiacuan, a P(t,T) — naBienue, jeficTBylolee Ha eJIUHUILY
ILJIOIIA/ TN MeMOpaHbl CBEPXY BHU3.
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Bynem paccmarpuBaTh OCHOBHOM Cjydail yCTOMYUBON CTpaTU(MOUKAIINN KUJIKOCTU
1O IJIOTHOCTU:

9po(x3)

0< N2, <N*x3) < N2, =N <oo, N*(z3)=—
po(3)

min max ) pU(O) >0, (12)
Oyukrmio N (z3) HazsBaoT dacroroii Baiicana-Bpenra, niam gacroroii miaBydecrn.
B cocrognum nokod JaBjaenue B »KUJIKOCTH PACHPEIEICHO 110 3aKOHY

Po = po(s) = po(0) — g / " o). (1.3)

PaccmoTpum masible IBUKEHUST KUJIKOCTH, OJTU3KHE K COCTOSTHUIO 1TOKosA. OOo3Ha-
quM depe3 U = U(t,z), © = (x1,22,x3) € Q moJe cKOpoOCTH B XKUAKOCTH, p = p(t, )
— OTKJIOHEHHUE T0JIs JIABJIeHUI 0T paBHOBecHOro jasienus (1.3), a yepes p = p(t,x) —
OTKJIOHEHUS TIOJIsl IJIOTHOCTH OT UCXOIHOrO 1o po(xs3). Kpome Toro, momaraem, 4ro
Ha MCC/IEIYeMY1o TH/IPOJIMHAMUYIECKYIO CHCTEMY JIONOJTHUTEIBHO K IPABUTAIHOHHOMY
nomo feficrsyer Masioe nose sremnnx cun f = f(t,x), x € Q.

JlmHeapu3zoBaHHbIe ypaBHEHUS [T OlpejieieHus PYHKINA U, P, p UMEIOT BUJI:

ou . 7
5 =P Has) (=Vp — gpés + pAi) + fz,t) (BQ), (1.4)
divii =0 (B2), gt+Vp0 u=0 (BQ). (1.5)

Ha TBepyioit crenke S yist BA3KOi KUJIKOCTH JIOJIXKHO BBIIOJIHATHCS YCJIOBHE HEIIPO-
TEKAHMUSI:
u-n=:11u,=0 (mas). (1.6)

Kpowme Toro, BeprukaabHbIe OTKIOHEHUST KIIKOCTH Ha MEMOPAHHON IIePeropoike pas-
HO BEPTHKAJIbHOMY OTKJIOHEHHIO MeMOpaHbl. OTCIO[a BBITEKAET CJeIyIONne KHHeMa-
TAYECKOE YCJIOBHE:

%: n=u-n (mal). (1.7)
JluHaMuveckoe TpaHUIHOE YCJIOBUE MOJydaeTcst W3 ypasHenust memopanbr (1.1).
PacknapiBast nasinenune P(t,7) no dopmyne Teitopa B Touke x3 = 0 n ocraB/ss
IIPA 9TOM TOJIBKO JIMHEWHBIN YJIeH, MIPUXOJUM K YCIOBUIO:
0%¢
g = 0820 —gpo(0)C+p  (mal). (1.8)

Taxum obpazoM, MaJIble JBUKEHUS MCXOTHON CHCTEMbI OIMUCHIBAIOTCA CJICTYIOMIEi
HaYaJIbHO-KPAaeBON 3a/1a4ei:

ou N -
o = ot @s) (~Vp—gpis) + flt.a) (392), (1.9)
divd =0, g§+vp0 i=0 (89Q), (1.10)
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0
u-n=u,=0 (mas), un:a—i (mal), /FCdF:O,
2
s = T8~ apo(0)C +p (1aT), €= 0 (madl), (1.11)

i(0,2) =@ (x), p(0,2)=p"zx) (z€Q), ¢(0,2)=C(@) (#€l). (112)

[Tocieame Tpu ycoBUS — 9TO HAaYaIbHBIE YCJIOBHS, KOTOPBIE JTOOABJICHBI K 3a/1a9e
JIJISE TIOJTHOTBI €€ (hOPMYTUPOBKH, fr (dl' = 0 — ycmoBus coxpaHeHusi 00beMa, BTOPOe
yesosue (1.11) — ycsoBue 3akperieHnst MeMOPaHbI TI0 KOHTYDY.

1.2. 3akon 6ajiaHca NOJIHOI YHEPTUU

[Ipexx e gem uccaenosars 3agady (1.9) — (1.12), BeiBeeM 3aK0H GasiaHca MOTHOM
SHEPrUU JIAHHON T'HJPOJMHAMUYECKOIl cucreMbl. ByjieM camTarh, UTO 3aja4a MMeer
KJIACCHYECKOe pellieHre, T0 ecTh Takue ¢yukmu U(t, ), p(t,x), p(t,x) u ((t,2), mis
KOTOPBIX BCe CJlara€eMbl€ B YPaBHECHUAX U KPa€BbIX YCJIOBUAX ABJIAIOTCA HEIIPEPbIBHBIMUA
beHKH‘I/ISIMI/I CBOUX II€pEeMEHHDbIX.

Jlemma 1. /Jlas xaaccuueckozo pewenus sadavwy (1.9) — (1.12) umeem mecmo zaron
banrarca noanot snepau:

%.%[(92/Q[po(;cg)zv2(x3)]‘l|p|2d9+a/(|V2<l2+a am(0)¢I?) dF)+
+ ([ e a0+ g, [ lociouiar)| = [ o a0, (113

JleBast wactp (1.13) mpencraBisier coboit CyMMy TIPOU3BOJHOI 10 ¢ TOJIHOI KUHETH-
YeCKOI SHEPIrUM CUCTEMbI U ee MOoTeHInabHoi sHeprun. [lonmnaa kunerndeckas dHep-
rust (BTopasi CKOOKa cjieBa) paBHa CyMMe KHHETHIeCKON SHEPIun KUJIKOCTU B 061aCTH
) u kuHETHYECKOI SHeprun MeMOpanbl. [losiHas oreHnuaibHast sHeprus (epsasi CKoo-
Ka) paBHA CyMMe IIOTEHIMAIbHON SHEPruK, 00YCIOBICHHON HAJIMINEM CUJI TLJIABY Y€CTH
U TOTEHIUATBHON sHeprun MeMmOpanbl. [IpaBas gacts (1.13) ecTh MOIHOCTH BHEITHIX
CHJL.

1.3. Nckiroyenne moJid njIoOTHOCTU

B mauanbno-kpaesoit 3agade (1.9) — (1.12) MOXKHO HCKIIIOUUTH OJHY HCKOMYIO
byHKIMIO — MOoJIe IIOTHOCTH p(t, T), ecm BBECTH B3aMeH IOJIs CKopocTH U(t, x) mmose
MaJIBIX CMEIIEHUI YacThIl XKugKocT U(t, ©), cBsaszannoe ¢ 4(t, ) COOTHOIICHUIMN

ov

5:6, divi=0 (8Q), (1.14)

—

torma p(t, ) = —py(zs)vs(t, )+ fo(x), tme fo(z) == p(0, )+ py(x3)vs(0, ), vs := ¥-E.
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C ydeToMm cKa3aHHOTO mepenuiineM ucxoauyto 3a1ady (1.9) — (1.12) B Buge:

0*v . o
57 = o (@) VP = N*(23)us + do(w), divi=0 (5Q),
7. 821)3
v-n=:1v,=0 (nas), v3dl' =0, p:aBgvg—l—me (mal), (1.15)
r
ov o

E(O,z) = (0,2) = @°(x), ¥(0,z) = °(x), v3(0,2) = €(0,2) = (@) (2 €T).

JIuneitnblii quddepenmagbubiii onteparop B, 3a/1aeTcsd BhIPaXKEHUEM:
By = —Agvs + 0 'gpo(0)vs (1.16)
na obsactu onpenenerns D(B,) = {¢ € H*(T)|¢ =0 (aT) }.

1.4. IIpoekTupoBaHue ypaBHEHU ABUXKEHUS

Hauanpao-Kpaesyto 3a1ady (1.15) mpusesem B gasbreiinem K auddepeHnnaabHo-
My yYPaBHEHHUIO B I'MJILOEPTOBOM IpOcTpaHcTBe. s 9TOro MPUMEHUM IIPHEM ITPOEK-
THpOBaHus 1epsoro ypasaenns (1.15) ma oproronasbhble moanpocrpancrsa (cM. [8]).
CesizkeMm ¢ yHKIMER pg THIEOEPTOBO MPOCTPAHCTBO ZZ(Q, po) BeKTOp-pyHKIH €O
CKaJIIPHBIM IIPOU3BEIEHUEM

(u,v) = / po(x3)u(x)v(z) dS.
Q
Umeer mecTo criemytoriee pasjiokenne (cM. moapobuee, Hanpumep, [9)):

Lo(2, po) = Jo(€2, po) @ Ghs(2, po) ® Gor (€2, o), (1.17)
e . .
Jo(2,p0) ={V € La(Q, po) : divi =0 (BRQ), v, =0 (ma 0Q) },
éh,g(Q,pg) —{Te Ly(Qpo): T=p;'Vp, v, =0(wmas), V-t =0(s%Q), /de =0},
r

Gor(Qpo) = {W € Ly(Q po) : W = py'Vip, =0 (mal) }.
Bynem cunrars U(t, x) n py Vp(t,z) dyHKIEAME HepeMeHHoi ¢ co 3HaueHUAMM

B EQ(Q, Po), TOTJa B CUJTy ypaBHEHHI W rpaHudHbIX ycaosuil (1.15), oproronaabHOro
pazsoxenus (1.17) umeem

(t, ) € Jo(S, po) & Ghs(2, po) =t Jo,s(2, po),
po ' Vp(t,x) € Gor(Q po) & Grs( po) = G(Q. o).
HOSTOMY Ipu KazKJI0M t 6y,HeM Pa3bICKUBAaTL UX B BUJE
O(t, ) = W(t, x) + py 'V (L, z), B(t,x) € Jo( po), pg V(L x) € Ghs(Q, po),
po ' Vp(t, ) = pg ' Vpi(t, x) + py ' Vipa(t, @), (1.18)
po ' Vpi(@,t) € Gus(Qpo),  py  Vpa(t,z) € Gor(Q, po).

ISSN 0203-3755 Turammudaeckme cucremsr, 2019, Tom 9(37), Nel
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O6osnaunm depe3 Fy, P, s 1 Py 0pTOIPOEKTOPHI Ha IIOIIPOCTPAHCTBA jO(Q, 00),
Grs(2,p0), Gor(S, po) coorsercrBenno. Torma, mogcrasiss (1.18) B mepBoe ypasHe-
rue (1.15) u npumeHsisi OPTOIPOEKTOPDI, MOy IaeM

0% _, 09
W‘i‘po [N ( 3) (pO 8—3+w3> :| P[)wo, (119)
? -1 -1 2 0P -
@ (Po V(I)) + Py Vp + Ph,S [N (5C3) ( (9_ + ws) 63} = Ph,5w07 (1-20)
0P
p51Vp2 + P(],l" |:N ( ) <p0 a— + wg) :| = Po’pwg. (121)

U3 coornomenus (1.21) ciemyer, 9To COCTABIAIONIAL IO/ JIABIEHUH, 00YCIIOBJICH-
Hasg ClaraeMbIM py - Vps, ompejie/gerca UMb HOJIeM BEPTHKAIBHOIO CMEIICHHS U I
HAYAIbHBIMU YCIOBUSIMH, CJIEI0BATEIBHO, JTOCTATOYHO OTPAHUIUTHLCHA PACCMOTPEHUEM
[IEPBBIX JIBYX COOTHOIIEHUIl, a TaKyKe TPAHUIHOIO YCJIOBUS C COOTBETCTBYIOIEH 3ame-
HOIt p — p1, TAK Kak p = p1 + pa, po =0 (wa I).

s mepexoqa or (1.19), (1.20) K cucreme ypaBHEHHI € JIByMsI UCKOMBIMU (DYHK-
[USIMU BBEJIEM HOBBIE 3JIEMEHTHI:

- _ 0P
Ph,S N2(f133)w363:| = Py 1vqu Ph,S |iN2<£L'3)p0 8_63:| = Po 1V77 (122)
Torga (1.20) naer unrerpan Komm-Jlarpamzka
20
5z +pm+V+n—F=ct) (BQ), (1.23)

rie ¢(t) — npomsBosbHas byHKIWMs BpeMent, Py, sy = py 'V F.
Pacemorpum (1.23) ma I' u Bocosib3yeMcst paBeHCTBOM

0?v3 0* [ 0% 0P
=Pmga + o0B,v3 = Pmas (po 8x3) + 0B, (Po _8x3) (mal");
TTOJTY YUM

9?® 0P 0? 0P
o2 + 0B, (p(;l%) +pm8t2 ( _18 3) +U+n=F+c(t) (ml) (1.24)

D10 coorHomenne BMmecte ¢ (1.19) maroT ypaBHEHUs JJis OUPEIEICHHsT IBYX UCKO-
MbIX yuKIwit W(t, ) u O(t, x), npu sToM yuursBatorcs cssisu (1.22). Takum obpaszowm,
HavYaJIbHO-KpaeByio 3ajady (1.15) mepenuiem B Bue:

0*w

o +P°{N< )(po g—®+w3) } Poto (882), (1.25)

divid=0 (B), W-n=0 (uma 0N),

9*d _, 00 0* [ 0P
Fr) + 0B, ( s ) +pm8t2 ( 8%) +U+n=F+c(t) (ml), (1.26)
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V(o' (z)Ve) =0 (B Q), Pal( VO -ii=0 (na S5),
/Q)dF—O a—xng_O
%u_f((),x) = Pyil®, gt (palgq) (0, x))r = [(Ph,gﬁo(l')) 'ﬁ]r’ (1.27)

(0, 2) = P, ng@mwQF=@@><£er»

1.5. Ilepexon Kk cucreme jgquddepeHnnaaIbHO ONEPATOPHBIX YPAaBHEHU

CastzkeM € 1moBepXHOCTBIO [ rHIILOEPTOBO IPOCTPAHCTBO (CKAJISPHBIX) (DYHKIHIT
Ly (I') co ckaJIsIpHBIM TPOM3BEICHUEM

(.0l i= [ ¢(@)0 @) ar
r
U COOTBETCTBYIOIIEHT HOPMOIA.

Jlemma 2. Onepamop B, : D(B,) C Ly (I') — Ly (T') asasemca cummempuuriowm
NOAOAHCUMENLHO ONPEJEAEHIBIM ONEPamOopom, deticmeyrouum 6 Lo (I7).

Joxazameavcmeo. B cuy dopmysiel I'puaa un rpaHuIHBIX yeaoBuUil 11 ( U3 00JaCTH
olpejiesieHus oneparopa B, mojydaem:

v

(Bo(,() = /lhc ¢dr + 0" gpo(0 /Wdcw /WVﬁwdF+o 9p0(0 /Wdcw
zJ*anﬁmmwza*wamMﬁﬂ)

Orciona ciiejryer, cuMMeTpusi oreparopa B, U IHOJOKUTEIbHAs OIPEJIeIEHHOCTh B

Ly (I). 0

N3zBecTHO, YTO CUMMETPUYHBII ITOJIOYKUTEIHHO OIPE/IeJIEHHBII OnlepaTop, JAeicTBY-
01l B (BEMECTBEHHOM ) THILOEPTOBOM [IPOCTPAHCTBE U 3a/[aHHBII Ha IJIOTHOM B 9TOM
IIPOCTPAHCTBE MHOZKECTBE, JIOIYCKAeT paciupenue 1o Opuipuxcy 10 caMOCONPIKEH-
HOT'O TIOJIO?KUTEJILHO OIIPEJIEJICHHOTO OllepaTopa ¢ TOi »Ke HuKHell rpanbio. [loaTomy
Jtasiee OyJieM CUUTaTh, B CHJIY JIEMMBI 2, 9TO oriepaTtop B, yxke pacimupet 1o Opujgipuxcy
Ha 0oJiee TMHIPOKOE MHOYKECTBO, 0DeCIIeInBaIOIIee CAMOCOIPIKEHHOCTh PACIIHPEHHOTO
olepaTopa, KOTopblil cHoBa Oyiem obo3uadars depes B,. Kpome toro, D(B,) C Hp,,
rie Hp, — sHepreTmyeckoe IpoOCTPAHCTBO ollepaTopa B, .
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JIemma 3. Onepamop B, : D(B,) C Ly (I') — Ly (') (nocae pacwupernus no Ppu-
dpuxcy) — Heo2PANUMENHVLT CAMOCONDANCEHHBIT NOAOACUMEALHO ONPEIEACHHbIT One-
pamop ¢ QUCKPEMHBIM CNEKMPOM, MO eCMb €20 CNEKMP COCTOUM U3 KOHEUHOKDAM-
nolx noaodrcumenviuir cobemeennox snavenul { Ny (By)}re, ¢ npedeavrot mowkol
A = 400, a cobemeennvie dynryuu 0bpasyrom opmozonasvhuil 6azuc xax 6 Lo(T),
max u 6 asnepzemuyeckom npocmpancmee Hp . Obpamuwiti onepamop Byl aeas-
emeA KOMNAKMHuM U nosodicumesvhoim 6 Lo (I'). Onepeemuueckoe npocmparcmeo
Hp, C Lo (I') onepamopa B, cocmoum uz mex saemenmos u3d Lo (I'), das xomopwx
KOHeuHa KeadpamuyHas hopma

lul, = / Vol PdT + o gpo(0) / ¢, (1.28)

npuvem D(Bs /2) Hg

p

Zloxazameavcmeo. JlokazareabCcTBO OCHOBAHO Ha IIOJIOXKEHUSIX OOINeil Teopuu IoJI0-
JKUTEJILHO OIIPEJICJICHHBIX OIIEPATOPOB, TEOpPeMaX BJIOKEHUA (PyHKIMOHAJIBLHBIX PO-
. 2 2
CTPAHCTB U HOHATHH 9KBHBAJEHTHBIX HOPM. Jleitcrsurensno, nopmsl |||z u [|[|7: r
SKBHUBaJIeHTHBI. Tak Kak corsiacHo teopeMe Biaoxkenns C.JI.CoboseBa mpocTpaHCTBO
H' (T") xommakrio Bnozkeno B Lo (T'), To Hp, Tak:ke KOMIAKTHO BJIOXKEHO B Lo (T).
[Tosromy, o Teopeme C.I"Muxnuna (cMm., nampumep, [10, c¢.145|) oneparop B, nmeer
JIUCKPETHBIA CIEKTDP CO CBOWCTBAMM, OIMCAHHBIMU B (POPMYJIMPOBKE JIAHHON Teope-
MBI, a 06paTHBIil onepaTop B, ! sBsieTca KOMIAKTHBIM TI0JI02KUTEIBHBIM OTIEPATOPOM:
0< B' = (B;Y)". O

Jlns1 mepexoma K ommepaTopHOil (hOPMYIUPOBKE HCCIeAyeMOil 33 a9l PacCMOTPIM
PsLI BCIIOMOTaTe/IbHBIX 3a/1ad.
HamomunM, ato orkionenue vs|p = (pg (0D /0x3) + w;) . TACTUIL TTOABIZKHOI TI0-
’ 0 T
BEPXHOCTH JOJIZKHO YJIOBJIETBOPSITH YCIOBUIO COXPAHEHMsT 00beMa YKUJIKOCTU IIPHU KO-
JICOaHUIX:

/—dF—O Tak Kak ws|p = 0, p51|p:const.

D10 XKe yciioBueE ABJIAeTCA H€O6XO,ILI/IMI>IM ycJji0BHEM Pa3peHInMOCTH CJIG,ILYIOHleﬂ 3a/a41.

Bcnomoraresibhas 3aga4a (3amava Helimana).
V'(pal(ﬂ?)v‘b)zo (BQ), py'(x)VP-i=0 (nas),
-1 = r), = 1.2
P05 =v (m /wd 0. (1.29)
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Beegem B mpocrpancrtse Hy = Lor := Ly (I') © {1r} ero ocnamenue B Buge H, C
HyC H_,rne H, = H'/2(I)NH, =: H%/Z, H =(H) = Hr_l/Q. 3/ech yepes HF_l/2
0003HAYEHO IIPOCTPAHCTBO, COIPSAZKEHHOE C H%/ ? ¢ IeHTPAJIBHBIM POCTPAHCTEOM Loy.

B wacrnoctu, ﬁ[; Y2 cocrour ms Tex smementos u3 H~Y/ 2(T"), KoTOpbIe MPOJIOJIZKIMBI
mynem B Kmacce H~Y2(98) (em. [11], rr. 3).

Bynem cuaurarh, uto ¢ = €CcTh 3aJjaHHas (DYHKIU U3 TMPOCTPAHCTBA

-1
Po O3 ) ¢
H r 12 Torna, paccmarpubast 3a1aqy Heiimana ¢ 3a1anHOi 1), Oy IuM (CM., HAIIPUMED,
[12]), aTo

®(z) =Tv € Hy 5 (Q,po),

~—1/2 . S HBL
rne T : Hp ? 5 H i ¢ (2, po) — orpaHnueHHbIit MHEHDIH onepaTop. 3xech Hj o (2, po)
— MOJAIPOCTPAHCTBO KBA3UTAPMOHMYECKHUX (DYHKIHUIL, yJOBJICTBOPAIONINX YCIOBUIO
Heiimana na S, npocrpancrea Hi (§2, pg) ¢ KBapaToM HOPMBI

||(I)||§{%(Q7p0) = /pgl |VCI>|2 ds, /(I) dl' = 0.
Q r

Beesiem Teriepnb oreparop cieja yr: s Jioboit ¢ (r) € H }1%5 (Q, po) o ompeee-
HUIO

"}/F(I) = CI)‘F .

OrMmeTHM, 9TO onepaTop Jr orpanudenno geiicteyer us H' (Q, po) (a moromy u u3
1/2
morpocTpancra H }1L s(Q,p0)) B Hy = HF/ . Orcrona moydaem, 9To

('3_1:3 0 8:63

o o
1 = @l =Ty =T (/001 ) =:C (p1—> , (1.30)
T r

rze oneparop C' = T+ Hp V2o g Hll/ ? = H, gaBnsercs muHelHBIM OrpaHUYeH-
HBIM OIIEPATOPOM.
B pabore [12] nokaszana ciaeayomnias JeMMa.

Jlemma 4. Cyorcenue onepamopa C' ma Hy C H_ asasemcs AuHetHbM KOMNAGKIHOLM

CAMOCONDPANCEHHBIM NONOAHCUMENOHBLM ONEPATMOPOM, OeTUCTNEYOULUM 8 NPOCTNPAIHCINGE
Hy.

CrieicTBrEeM JIOKA3aHHON JIEMMBI SIBJISIETCS Takoe yTBepxKjenue: omneparop C
Hy — Hy umeer obparnbiii oneparop C ™!, KOTOpLIl sIBIgeTCa HEOrPAHUYCHHBIM Ca-
MOCOIPSAZKEHHBIM TI0JIOKUTEIHHO OIIPEJIEJIEHHBIM OIIEPATOPOM, JeicTBytommM B Hy u
3a1aHHbIM Ha obnacTu onpejenenus D (C~1) = R (C), mornoit B Hy. Kpome Toro, ome-
parop C~'/? nepesomur D (C~Y/?)= H, B Hy, a oneparop C*/? — coorsercrsenno H
B D (C~1/?)= H, (usomerpuueckum obpasom). Kax cietyer us obuieit Teopun octa-
IEeHHBIX THILGEPTOBBIX IPOCTPAHCTB, pacimmpenne oneparopa C~ /2 (kotopoe Gymaem
0bo3HauaTh TaK xe) ¢ D (C -1/ 2) = H, na H\ aBigeTcsa U30MeTPUIECKUM OIIEPATOPOM,
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nepesofdanuM Bee Hy Ha Bce H_ = Hr_ 2 Coorsercraento omeparop C'/? (mocye
paciipenust Ha H_) nepeBojut nzomerpuuecku Bce H_ wa Bce Hy.

CorylacHO BbIIlle IPHUBEJEHHBIM IOCTPOEHUSAM, IEPEIHIIeM CHCTEMY YPaBHEHUIT
(1.25) u (1.26) Bmecre, mpoekTupysi jgonoiaauTeabHo (1.26) Ha Hp; 3ameM ocyniecTBUM
3aMeHY:

0D
Y= <pal—) =C?y, yeH, (1.31)

cunras, uro Py, F € D(C~Y/?), n npumenum x mpeoGpasopannomy ypasrenmio (1.26)
omeparop C'~'/2, B pesymbraTe HOIyIHM

0% N\ o .

W + Po |:N2(IE3) ((UCil/Qy)eg) 63:| + Po |:N2($3)w3€3:| = Powo,

82 (1.32)
5 [1 + pmcll y+oCV2BC Y2y 4 C7V2 Py, (U + 1) = C~YV2Py, F.

3nech uepe3 U : E’r_ 2 éh,S(Q,po) 0003HAYEH OIepPaTop, KOTOPBIH MOCPEICTBOM

periernst 3agaqu (1.29) craBUT B COOTBETCTBHE 3JEMEHTY 1) € ﬁ; 12 byHKIIIO
po V@ € Ghs(Q,p0); B = Pu,B,Pr,.
Bsenem ciremyrorime 0603HaYEHNS:

an = P() |:N2(JZ3)U}3€3:| s M12y = P() |:N2(l‘3) ((UC_I/Qy)gg) 53:| s
Moy == C™ 2Py, W, py'VVU = P, g [NQ(xg)wgag] , (1.33)
Mooy := C 2Py,  py'Vn = Phs [N2($3) ((Uc_lﬂy)@) 531 .

B nmasbreiiem Bce uckoMble DYHKIMN U 3a/aHHbIe (DYHKIIUU TIepEMEHHOM ¢ 1 Tpo-
CTPaHCTBEHHBIX [IEPEMEHHBIX OyjIeM CYuTaTh (PYHKIMIMEI OJHOl ITepeMeHHOil ¢ co 3Ha-
YEHUAMU B COOTBETCTBYIOIINUX FI/Iﬂb6epTOBbIX IIPOCTPpAaHCTBaX, 9TO y2KE 1 6bI.HO Y4dT€EHO
B IIPOBEJIEHHBIX BBIIe TIOCTPOEHUsIX. B CBs3M ¢ 9THM Jajiee Bce mpom3BojHbie 00t
OymeM 3aMeHATH Ha d/dt.

Hauanpao-Kpaesas 3amada (1.25) — (1.27) cenacek k 3amade Komn st mudde-
PEHIMAJLHOIO YpaBHeHUs B ruiibbepToBoM npoctpancrse H = Jo (€2, po) ® Ho:

2
%cx +(B+M)x=F, x0)=x° X0 =4t (1.34)

_ (o 0 _ (0 0 _ (M Mo
A= (() I+,0m01) , B= (O 00_1/230_1/2) , M= (M21 Mgg) , (1.35)

_ Foy _ (W
) () o
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Jlemma 5. Onepamop B = Py,B,Py, — noaostcumesvro onpedesernoili Heo2paru-

YEeHHDIT 8 H() onepamop C KoMnarxmHovim NOAOHCUTENOHBIM 06pameLM onepamopom
B~ L

Jloxasamenvcmeso. B cuity caMOCOIPSI2KEHHOCTH OLEPATOPA OPTOIOHAILHOIO IPOEKTH-
posanus Py, nia Vu,v € D(B) = D(B,) © {1r} C Hy numeem:

(Bu,v) = (Py,B,Py,u,v) = (B, Pg,u, Py,v) = (Byu,v) =
= (u, B,v) = (Py,u, B, Py,v) = (u, Py, By Py,v) = (u, Bv)

OTKYy/Ia CJIeJIyeT, 94To oneparop B — camocoupsizkenusiii. Janee mveem:
(Bu,u) = (Byu,u) > c||ul|?, (1.37)

3HAYUT, B — MOJIOZKHUTETILHO OIIPE/Ie/IEHHBII OIIepaTop, 1 CJIEI0BATEILHO, OTPAHITIEHHO
obparum. O6paTnsiit B! npu 3ToM ABIFETCS TOTOKATEILHBIM ONEPATOPOM.
[Tokazkem, uTO OOpaTHBI K B omnepaTop siB/sieTcss KOMIIaKTHBIM. L1t 3T0ro mocra-
TOYHO JIOKa3aTh, uT0 Hp KoMIIakTHO ByioKeHO B H. JIioboe orpanmienHoe MHOXKECTBO
X u3 Hg, B cuny (1.37), 6yner orpanndennsiM u B H . Kak 6b110 mokazamno panee, Hp,
KOMIAKTHO BJIoxKeHO B Lo (I). Ho B cuty Boxkennss X C Hg C Hy = Ly (I') ©{1r} C
Ly (I') momygaem, uro X kommakTao B Hy. Takum o6pazom, 060e orpaHnIeHHOe MHO-
»)kecTBo B Hp kommakTHO B Hy, a ciejoBaTenbHo, B~1 — KOMIaKTHBI onepaTop, 9To
1 TpebOBAJIOCH JIOKA3ATD. O

Jlemma 6. Onepamop-mampuua M us (1.35) o6aadaem ceoticmseamu O < M < NZZ,
ede NZ — xonemanma us (1.2), O u T — nyaeeoti u edunuunwviti onepamopo, 6 H.

JlokazaTesbeTBO IPUBEJICHO B JIeMMe 5 paboTrsl [12].

1.6. Teopema cyniecTBOBaHUSI CUJIBHOTO PeIIeHUS

Crnenaem B 3amaue (1.34) szameny C~ Y2y = 2 u HomeHCTBYeM OIEPATOPOM
diag (I -C1/ 2) K obenM uactaM ypasHenus (1.34), B pesyjbrare HPUXOIUM K CJIEJLY-
forteit 3a1ade Ko

d? )
Cl@)ﬁ + MpX| = Fq, X1(0) = Xlo, X,(0) = X117 (1.38)

e 0 o My M;,CV/? 0 0
Cl_(o C+me)’ MIJFBl_<Ol/2J\421 c2Mycv2) T\o oB)

w w 1 0
V)l (5 )

N3 nmocTpoennii, MpuBeJIEHHBIX BBIIIE, CJIEIYET, ITO

0<Ci=CeLH), 0<B=B" DB)=H, 0<M =M cLl(H),
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rje £ — IpOCTPAHCTBO ONPAHUYEHHBIX OMepaTopoB. TakuM 06pa3oM, olepaTopHbIii KO-
s duienT npu HCKOMOi DYHKIME He SABJISACTCS MOJIOKUTEIBHO ONPECTCHHBIM Olle-
paropoMm. /TaHHBI (hakT He T03BOJISIET BOCIOIB30BATHCA U3BECTHON TEOPEMOIi O CyIie-
CTBOBAHUU U €IMHCTBEHHOCTH CHJILHOTO pereHus (cM., Haupumep, |13, c.44]), B cBa3n
¢ 5TuM TPeGYIOTCsI JIOMOJHUTEIbHBIE TOCTPOCHUS.

[Tepemnumiem ypasuenue (1.38) B ciieyiomenm Bu/Ie:

& (@ (Lot My My @\ _(h), (0N (W
dt2 \ Az My B+ My z fa 0 0 z )’
]/W\ll = M117 ]/\4\12 = M1201/2, ]/\4\21 = 01/2M217 ]/\4\22 = C(1/2]\4226(1/2’

A:C+pm[7 EIUB? flzpow(% f2 PHO

OcymectsuM 3ameny B2z = w; B moc/eHeM ypaBHEHHH W IIPHMEHIM OIIEPATOD
diag (I;; B~Y/?) k obemM qacTaM ypaBHeHHs, B pe3y/IbTaTe MPHXOINM K 3a1ate

d_2 w 4 Iy + ]\//-711 ]\/4\123\71/2 wo\
dt2 \ B Y2AB Y2y, BY20, I+ B Y20y B2 w, )

- fl ]() 0 w
= ( By, +{ 0 o R (1.39)
[IycTs Tenepb §71/2A§71/2w1 = Wsg, ITO PABHOCUJILHO

Apw, = B"V2AB 2y, = 3_1/2A§_1/2(§1/22) = B2 Az = w,. (1.40)

C y4d€eTOM CKa3aHHOI'O ITPpUXO/IUM K CJIG,ZLYIOHleﬁ 3a/Ja4de Kormmm:

d2 ! / !
T T Av = f + Rv, v(0) = (@(0); w2(0))", v (0) = (@ (0); wy(0)), (1.41)
._ _ Iy 0 _ . Dp—1/2 g\t (e t
A~—IBF7 R_ 0 0 P f_(f17B f2>7 'U—('UJ,'LUQ),
. Io—i-]/\le ]/\4\123\_1/2 . Iy 0
In= ( B, 1+B 2B ) T T o ag ) (1-42)

rie Ip — caMOCONPS2KEHHbIN, OIPAHMYEHHBIN U TIOJIOYKUTETHLHO OIPEJIe/IeHHBII onepa-
top, D(IgF) = D(F).
BiejieM 9KBUBAJIEHTHYIO HOPMY B IPOCTpaHcTBe H: [v1;v9] 1= (I]glvl; Ug), TOrMIA

[IgFvi;v9) = (Fug;vg) = (v1; Flug) = (vl;lglfBFvg) = [v1; IpFvy),

cjie10oBaTeJIbHO, ]BF — CaMOCOHpH)KeHHbeI orepaTop, boJtee TOI'O, OH ABJIAEeTCd HeOI'Ppa-
HUYEHHBIM U IIOJIO2KUTEJIbHO OIIPpE€/Ie/IEHHBIM OII€EPpaTOPOM.
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38 J1. 0. IIBETKOB

Onpepnenenne 1. CubabM (110 epeMennoii ¢) pemenueM 3aga4u (1.41) ma orpeske
[0, T] nazoBem takyio dyHKImoO v(t) co 3HaYeHUsIMU B H, JJIsi KOTOPO BBIOJTHEHDI
CJIEJIYIONIHE YCIOBUSI:

1. v(t) € D(IgF) npu mobom t € [0;T], IpFv(t) € C([0;T];H),

2. v(t) € C*([0; T]; H),

3. Beinoseno ypasmenue (1.41) u nadaabHbIe YCJIOBHS.
Jlemma 7. Ecau evinoanenvt ycaosus
v(0) € D(F), v'(0) € D(FY?), f(t) € C*([0;T];H). (1.43)
mozda s3adava (1.41) umeem eduncmeennoe cuavroe pewenue na ompeske [0; 1.

Zloxazameavcmeo. Tak Kak omeparop [gl' dBiigeTcs caMOCONPSAXKEHHBIM U ITOJIOXKI-
TEJILHO ONPeJIeIEHHBIM B ITPOCTPAHCTBE C SKBUBAJIEHTHON HOPMOIA, IIOSTOMY OH SIBJIS-
€TCs NeHEPATOPOM CEeMeNCTBa KOCUHYC-(PYHKIINN, JefCTBYIONINX B 9TOM IIPOCTPAHCTBE
(em. [14, ¢.175-177]). Hanee, Tak kak omeparop R u3 (1.41) orpamuden, To BO3MYIIEH-
HbIil oeparop IpF — R, cormacHo Teopeme 8.5 u3 |14, ¢.177|, TakzKke sIBJiseTCsI TeHEpa-
TOpOM cemeiicTBa KocuHyc-pyHKIuit. OTcroga cieiyer, 9To Mpu BBIIOJHEHNN YCIOBUI
(1.43) 3amaqa (1.41) umeer euHCTBEHHOE CHIBHOE perienue Ha orpeske [0, 7. O

Bepuewmcst 1o Bcem npeobpasosamusm obpario K 3agade (1.38). Ilycrs Boimosens:
yeaoBus (1.43), Torna 3amaun Kommn (1.41), cornacuo jiemMe 7, UMeeT €IMHCTBEHHOE
cubioe perrenne na orpeske [0; 7). C yuerom 3amensr (1.40) mveem

@
— ( @€ Jo(Qpo),  Aplul = AG(Ap)BY2:0 € H, ) —
A <

(o' = @swh) €D(F?)) = (@' € (Qp), wieDA;))
= ( e Jo(Qpo), AR wl = AGVPARBY2 = AYPBY2 ¢ [, ) —

— ( @t e Jo(Q,po), 2" € D(BY?) ) .

f(t) € CH{0:TIH) = fi = P € C ([0:T): Jo( o))

B™V2fy = B7\V2Py F e C'([0;T); Hy) < Pyhp € C" ([O;T]Q Jo(<2, po)
Py, F e C([0:T); Hy) < Fi(t) € CH([0,T];H).

N——

311ech onepaTop B2

Takum obpazom, jJoKazaHa Cjeyionas JeMMa.

ABJIAETCA OI'PDaHNYCHHbIM OIIEPATOPOM.
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KOJIEBAHUST CTPATU®UIINPOBAHHON >KUJIKOCTU 39

Jlemma 8. Ecau evinoamnenvs Yycaro6us:
XY = (% 2°)" € Jo(Q, po) @ D(BY?) &) = (@' 2")" € Jo(Q, po) @ D(BY?),

Fi(t) € CH[0,T;H), H=Jo(Q,po) ® Ho,

mo cywecmeyem eduncmeentoe cusvnoe pewenue sadavu (1.38).

Onpenenenne 2. CusbhbiM (10 nepemenHoii ¢) pemenuem 3agaan (1.9) — (1.12) na
npomexkyrke [0,7] nazosem Habop byukmuit U (t,z), p(t,z), p(t,x) u ((t, &), s
KOTOPBIX BBIIOJIHEHBI CJICJLYIOIIHE YCIOBUSI:

() e (10,70 dos (Qp)). 05V e € (0.7 6 (2 ).

p(t) € CH{[0,T];L£(Q,po)), tiae £2() — rHABGEPTOBO TPOCTPAHCTEO CKATAPHDIX
GYHKIUI CO CKAJIAPHBIM ITPOU3BEICHUEM

<%wmm:f/@mmwuﬂ*

Q

o(x)h(r) dS

u upu Jjrobom t € [0, 7] cupasemuso nepsoe ypasaerue (1.9);

0
2°. u, = % € C([0,T]; Hy); BBIIOIHEHO rPaHIYIHOE yCjIoBHe Ha L'

ot

2
P = pns — 0B+ gpo(0)C € O(0,T]; La(T)),

[JIe BCe cyiaraeMble SBJISTFOTCs HElIPEPBIBHBIMY 110 ¢ by HKIMsIMU €O 3HadeHusIME B Lo (T).
3°. BBINIOJIHEHBI HavYajbHbIe ycioBus (1.12).

Bossparmmasic ot 3agaun (1.38) 1o BceMm mpeoOpasoBaHUSIM Ha3aJl, HPUXOJUM K
VCJIOBHSIM CYIIECTBOBAHUSA CUJILHOTO (110 IIePEMEHHOM t) pernenus uCXOHON HauaIbHO-
kpaesoit 3azaan (1.9) — (1.12).

Teopema 1. Ilycmov 6vinoarenvt Yycio8us
@€ Jos (po), € 2R, F(t) € C(10.T] L2 p0))

("eDB)={¢e H*T), (=0 (nadl')} N Hy, Hy=Ly()e{Ir},
¢t = [(Pus@®(z)) -], € D(BY?) = {¢ € H\T), (=0 (na L) } N Hy.

Tozda 3adaua (1.9) — (1.12) umeem eduncmeennoe cuavhoe no t pewenue.
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40 J1. 0. IIBETKOB

2. CnekTpaJibHada 3aa4a

PaccmorpuMm 3a/1a4y 0 coOCTBEHHBIX KOJiebaHUsX, MOJI0KUM JF; = 0 B ypaBHEeHUU
(1.38) u Gymem cunrarhb, uro X;(t) = €A}, rue w — gacrora, a X; € Jo(Q, po) ® Hy —
Mojia kostebanuit. Sagada (1.38) mepexoguT B CHEKTPAJIBHYIO 3819y

)\Cle = MBXl, A= w2. (21)

OTMeTHM HECKOJIBKO IPEJIBAPUTEIBHBIX COODPaXKEHNIA.

1. Tax xak omepatop Mp = M} > 0, kpome Toro cymectyer C; ' n mpu 3ToMm
0<Ct = (Cfl)* € L(H), rorga uz (2.1) npuxomum K 3agade \ZX, = C;  Mpd].
Crextp oneparopa C; ' My BemecTsennblit 1 neorpunarensubiii: o(C; ' Mpg) C Ry.

2. B cayugae, korja njeasibHas CTpaTUUITPOBAHHAS KUJIKOCTb ITOJTHOCTBHIO 3a-
[IOJTHSIET IIPOU3BOJILHBIN COCYI, COOTBETCTBYIOINIAs ClIEKTPaIbHas 3a/a9a MOXKET ObITh
IIpUBe/JIeHa K 3aja4e

My = i, 1 € Jo(€, po).

[Ipu 5TOM CHEKTP 3a/1a91 TOUEUHbIH, TIOTHBI Ha oTpeske [0; NZ], a MOJbI COBCTBEHHbBIX
KoJIeDaHUil Tal0T BHYTPEHHUE BOJIHBI, O0YCJIOBIEHHBIE HAJTUYINEM CTPATHMUIINPOBAHHON
KUJIKOCTH.

2.1. O cyirecTBOBaHUM BHYTPEHHUX BOJIH

Pacemorpum ciayuait A € [0; NZ] u ycTaHOBUM HA/IMYUs BHYTPEHHHX BOJIH B CTPa-
TUPUITTPOBAHHON >KUJTKOCTH.
Bamnmcas ypasuernue (2.1) B KOMIIOHEHTaX, MEPEIUIIEM B CJIEIYIONIEM BUJIE

)\Ioﬂ_j = Mnu_)' + M1201/2Z,
. (2.2)
—M'"2By1it = (=X (C + pud) + CY2MpCY? + 0B) z =: T(N)z.
CrenaeM MpeoIOKeHIe
NZ(C + pnl) < CYV2M,y,CV? + 0B, (2.3)

Toryia oneparop-pyukius T(\) npu mobbx A € [0; NZ| mosioxuTe/bHO olpe/iesena,
[I03TOMY IIPH 3TUX A cyliecTByeT obpaTnbiii oneparop T 1(\) € L(H). Boipazum u3
BTOPOIO YPABHEHUS CHCTEMBI (2.2) BEJMYUHY 2 W MOJCTABUM B IIEPBOE, TIOJLY TUM

R()\)U_j = ()\[0 - M11 -+ M1201/2T71()\)01/2M21) w = 0, AE [O, Ng] . (24)
Teopema 2. [Ipedeavnwidi cnexmp nyuka R(N) coenadaem ¢ ompeskom [0; NE|.

Jlokasamenvcmso. Ilycrs BbinosneHo yciosue (2.3). 3adukcupyeMm HOPOU3BOJILHOE
A1 € [0; NZ] u pacemoTpum 3aj1a4y

(>\fo — My + MlQCl/zT_l()\l)Cl/zMﬂ) w =0, (ORS jo(Qa Po)-
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KOJIEBAHUST CTPATU®UIINPOBAHHON >KUJIKOCTU 41

DTa 3a/1a4a Ha COOCTBEHHBIE 3HAUEHIA [Tl CAMOCOIIPAYKEHHOTo orepaTopa M1, BO3MY-
IEeHHBIM KOMIAKTHLIM onepaTopoM MioCY2T—H(\)CY2My,. Bech criekTp oneparopa
M, aBJsieTcs npeebHBIM U 3anosnsteT Bech orpesok [0; NZ|. Cornacno teopeme Beii-
Jist, JTIs Kaxkaoro Ay € [0; NZ] cyrmecTByeT opTOHOPMUPOBAHHAS MOC/IEI0BATEILHOCTD
Beitna {w;}22,, 3aBucamas or Ay u Az, Jyisi KOTOPOit

H ()\2[0 — M11 + M1201/2T71(>\1)01/QM21) Ujﬂl —0 (Z — OO)

Buibupast Ay = A\| 1 COOTBETCTBYIOIILYIO ITOCIEI0BATE/IHLHOCTD Beitist, IpuxoinM K BbI-
BOJLy, 9TO JIjIsI Hee

” ()\1[0 — Mll + M1201/2T_1()\1)01/2M21) 117,” — 0 (Z — OO)

D10 03HAUAET, YTO NPOM3BOJILHO BbIOpanHasa Touka A; € [0; NZ| npunaiieskut npe-
nesbHOMY crieKTpy 3agaqn (2.4). Tlockoabky Toukw, Jexkamme Bie orpeska [0; NZ,
MOT'YT OBITH TOJIBKO KOHEYHOKPATHBIMU COOCTBEHHBIMU 3HAYCHUAME, YKA3AHHBIIA OTpe-
30K COBIAJIAET C NPEJEIbHBIM CIEKTPOM mydka R(N). O

BaxKHbIM cj1e/ICTBUEM TOJIyYEHHON TEOPEMbl SBJIETCH CJIEYIONIee YTBEPXKICHUE:
B YCTOWYHMBO CTPATU(MUIIMPOBAHHON HICATHHON YKUJIKOCTH, YACTUYIHO 3AIIOJIHATOIICH
COCY/JT TPOU3BOJILHOI (DOPMBI ¢ yIPYTroil MeMOpaHOil Ha CBOOOMHOI IMOBEPXHOCTH, CY-
IMECTBYIOT BHYTPEHHIE BOJHBI, 00yCJIOBJIEHHbIE HAJTUYNEM CHJI IIJIABYYECTH; KBaJIPAT
9aCcTOT BHYTPEHHUX BOJIH 06pa3yiorT MHOXKeCTBO [0; Ng].

2.2. O cBoiicTBax MO/ IOBEPXHOCTHBIX BOJIH

PaccmoTpum ciydait A > N2, Korjia 0xKHJIaI0TCs MOBEPXHOCTHDIC BOJIHBI.

1/2

OcyecTsisisi 3aMeny z = o~ V2B~1/27 = B2z y [IPUMEHUB OIEPATOP B2 ko

BTOPOMY ypaBHEHHIO (2.2), Moy IuM
(I() — )\71M11) w — A’1M1201/2§’1/25 = 0,
IZ — AB™Y2(C + p,I) B~Y2% + B=Y2CY2 My i + B~Y2CY2 My, G2 B~12% = (.

B cuny npeanosioxkenust A > NE u onenku ||By]| < NZ, oneparop I — A\7'By;
0o0paTnuM, ¢ y9eTOM 3TOIO IIEPEIHIIEM IIOCJICIHIOI) CACTEMY

Iow — AT — A1 My ) " M2 BY2E = o,
17— AB™Y2(C + ppI) B~Y2% 4 B~YV2CY2 )Mo G + B~Y2CY2 My, CY2B12% = 0.

B nocsrestmeit cucreMe HCKO9as W, MPUXOAUM K CIEKTPAILHON 3a/ade /I onepa-
Topuoro mydka L(A):

LNZ:= (I =ABc+By+X"'F(\)Z=0, A>NZ,
Be = B Y(p, ] + C)B~'2,  By:= B™V2CY2MyCV2 B2, (2.5)
F()\) := B™V2CY2 My RN M1,CYV?B~Y2 R(N) := (I — A~ "Myy)
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HanbHeiiee nccrenoBanme ocHoBaHo Ha ujee dakropusanuu mydka L()A), T.e. Ha
Pa3JIOZKEeHNH €ro Ha OlePATOPHBbIE MHOKUTEN OIPe/IeIeHHOr0 Bia. [jist 3Toro mona-
JnobuThest cieaytomuii pesyssrar (em., [15, ¢.81]).

Teopema 3. [lycmv 0asa camoconpAANCEHH020 ONEPATMOPHO20 NYUKA

M(p) = pl — A= B(p) (2.6)
evmoanenvt yeaosus: 1. 3t € (0,7) : ||A[t7+ X || Bellth ! < 1,
k=1

2. B(w) ::’;ukBk, lul <r, 0<r<oo; A=A* B,=DB;,k=1,2,...
-1

Toz0a

1. Hywox M(u) donycxaem gaxmopusavyuro M(pn) = Mo (u)(ul — Z), m.e. makoe
pasaodicenue na muostcumenu, npu komopom My () 2oromopdra u 20a0mopdna obpa-
muma 6 kpyze |p| < t, t € (0,7), a cnexkmp o(Z) C (—t;t) u onepamop Z nodoben
CAMOCONPAACEHHOMY ONEPAMOPY.

2. Ecau evnoanens, yeaosua A € S (H), kerA = {0}, By € 6o (H), mo 3adaua
M(p)z = 0 umeem na npomesrcymre (—t,t) duckpemmuoiil cnexmp

o(Z) ={0} U{p;};2, w; =0 (j— 00),

ede pj = p1;(Z) — u30auposarmnvie KOHEWHOKPAIHDIE COOCTNEEHHVIE 3HAMEHUA ONEPATNOPA
Z. Omum snauenuam omeeuaem cosorynnocmy {@;152, C H cobemeennoir snemen-
moe (npucoedunennolr nem), obpasyrowuz basuc Pucca 6 H: ¢; = Fl/sz, 7=12 ...,
2de {zj}52, — opmonopmuposarnvili 6asuc, COCMAGAEHIBIT U3 IAEMENTNOG CAMOCONPA-
oicenno20 xomnarmmozo onepamopa F~Y2(ZF)F~1/2,

YT06BI BOCIOIL30BATLCA 3TOI TeopeMoit, ocymmectsuM B (2.5) 3ameny A = u ™' u
YMHOXKHUM 00€ JaCTU ypaBHCHU:A Ha, [

G(u)Z = puL(p™")Z = (ul — Be — B(n)) 7 =0, (2.7)
B(u) == —pBy — i’ F(u™"), p< Ny>.

Bajaqa (2.7) ectb 3a7aua st myuka suja (2.6), Tak kak F(u~') asngercs royo-
MOPGHON (PYHKITUEN OTHOCUTETBHO [L:

F(,u_l) = Z :U’ka, F, = §_1/201/2M21MEMHCI/ZE_I/?
k=0
IIpu aTom crpaseyInBo
B(p) = —pBy — (*F(u™") = —pBo — > > _ ¥ F, = —puB~/*CY2 My, C* B2~
k=0

_ u2§_1/201/2M21M1201/2§_1/2 _ /,L3§_1/201/2M21M121M1201/2§_1/2 =

= =Y W*Bi,  tae | Bl < (NDF- BV |C.
k=1
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Jlemma 9. Ilpu |u| =t < Ny daa G(p) umeem mecmo oyenka

pul BT 1B C
t t-(1—tN2)

IBell- ¢+ 1Bl - "' <
k=1

Zloxaszameavcmao.

1B~ (il + C) B2

t F B+ [ Ballt + 1Bl + .. <

1Bellt™ + > IBillt" " =
k=1

n-1 n-1y .
< Pl B+ 1B - IC]]
- t
m|| B B -|C
B A
_ eull BT 1B NC
t t-(1—tNZ)"

+ NGB NICT+ (NG BTt + - =

O]
CnesncrBueM jieMMbl 9 1 T€OPEMBI 3 sIBJISIETCST
JIlemma 10. ITycmo
~ 2 _

D= (pm-IB - NE=1) = 4-NZ- | B - €] > 0. (2.8)

Tozda nywox G(u) us (2.7) donyckaem cnekmpasvryio Garmopudayuto

G(p) =G(p)(pl = Z), || <te(t-ty),

(- IBH - Ng +1) £ VD , (2.9)

IIpu amom G4 (p) eonomopdra u 2onomopdmna obpamuma oaa || < t € (t_,t;), a
cnexmp o(Z) C (—t;t).

[Tonmy4uennble pakThI MO3BOJSIOT JOKA3aTh CJIEIYIONLYIO TEOPEMY.

Teopema 4. Ecau svinoaneno ycaosue (2.8), moada onepamophviti nywor L(A\) us (2.5)
donyckaem cnexkmpanvhyio daxmopusanyuro

L) = Ly (NI = \Z); (2.10)

npu amom L () e2onomopdna u 2osomoppna obpamuma 0as

e (o 1K1 - Ng+1) = VD
)\Zt__ >N, t_ = )
0 2NZ
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44 J1. 0. IIBETKOB

a maxorce 3adava (2.5) umeem duckpemmoiti cnexmp { N }22, C Ry, A\ = [M(2)] 7,
COCMOAUUT U3 UBOAUPOBAHHBIT KOHEYWHOKPATIVHOLL COBCMBEHHBIT 3Ha%enull ¢ npedess-
noti moukoti +0o. Cobemeennvie anemenmor {2 }o2,, 2z = 21(Z), omseuarowue cob-
cmeenmolm snavenuam {132, C [(t2)71, +00), obpasyrom 6asuc Pucca 6 Hy.

2.3. O6 acuMIITOTUKE CIIEKTPA MOBEPXHOCTHBIX BOJIH

Jlemma 11. Ha npomeorcymre ((t-)71; +00) cobemeennve snauernua Ny, 3adavu (2.5)
npu k — 00 uMem ACUMNMOMUYECKoe nosedenue:

A = ’;0—5 (1 + p;ig (mizr) k(L + 0(1)]) (k — +00). (2.11)

Zloxazameavcmeo. PaccMoTpuM crieKTpasibHYIO 3a/1a9y (2.5) JIJIsT OIEPaTOPHOTO IIyYKa
L(N):
LN)Z:= (I —=ABc+ By+ X 'F(\) z =0,

rie A'F(N\) — anasmTudeckas oneparop-dyHKIMS Opu A — +00, U IPU 3TOM
ALE(X\) — 0; oneparop By — KoMnakTHbI onepaTop. Toraa i oepaTopHoro myyJKa
(2.5) cupasenymBa Teopema Mapkyca-Maraesa (cum., Hanpumep, [8, ¢.71-72|) n acumi-
TOTHKA 33/Ia91 OIIPEJIeJISETCsT ACUMIITOTHKOM yKopodeHHOro mydka (I —ABg)z = 0. Us-
BECTHO, YTO 1IpU k — 00 aCHMITOTHYECKOE [TOBeIeHne COOCTBEHHBIX unces A\ (Bc) ume-

er Bux (on, [5]) As(Be) = % <1 + é (er> k(1 + 0(1)}) (k — 400). O
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Kanonnyeckune cucreMbl 0a3MCHBIX
MHBAPUAHTOB KOHEUYHBLIX HPUMUTUBHBIX I'PYIII
OTpaXKeHUil 4eTbIPeXMEePHOIro YHUTAPHOT'O
ITPOCTPAHCTBA

O. . Pynannkwnii

Kpwivcknit denepanbubiit yuusepcuter uM. B. . Bepuajickoro,
Cumdeponosib 295007. E-mail: oirud58@gmail.com

Awnnoramusa. s senpuBoauMoil KOHEYHONW YHATAPHOU rpynnbl orpaxkeHuili (G, meficTByIOme B n-
MEPHOM YHHTAPHOM IIPOCTPAHCTBE, 11000t G-MHBAPUAHTHBINA MHOTOYJIEH OT 7 IEPEMEHHBIX HAJT TOJIEM
KOMILJIEKCHBIX YHCEJI MOYKET ObITh 3alliCaH B BUJE MHOTOYJIEHA OT 71 AJIre0PanvIecK HE3aBUCUMBIX O/I-
HOPOJHBIX MHOI'OYJIEHOB, Ha3bIBAEMbIX OA3MCHBIMU MHBapUaHTaMu. BbIOOpD Oa3UCHBIX MHBAPUAHTOB
HEO/THO3HAYEH. 3aJIaHue JIONOJHUTEIHbHBIX YCJIOBUIA MO3BOJISET ONPEIE/INTh UX OJHO3HAYHO. Tak, mo-
Ka3aHO CyIIeCTBOBaHNE OA3MCHBIX WHBAPUAHTOB, Y/IOBJIETBOPSIONINX HEKOTOPO cucreme muddepen-
mumasbubix ypasuennii (L. Flatto, N. Nakashima, H. Terao, S. Tsujie). Takue cucrembl 6a3uCHBIX HH-
BapHAaHTOB HA3BIBAIOTCS KAHOHHIECKUME. B paboTe HAXO[ATCS B SIBHOM BHJI€ KAHOHHYECKHE CUCTEMBI
JIJISE BCEX KOHEYHBIX MPUMUTHBHBIX I'PYIIT OTPAYKEHUI YeThIPEXMEPHOIO YHUTAPHOIO IIPOCTPAHCTBA.

KimroueBsble coBa: yHUTApHOE IIPOCTPAHCTBO, I'PYIIIA OTPAXKEHUH, ajiredpa NHBAPHUAHTOB, OA3UCHBIIH

NHBapUaHT, KAHOHUYECKad CUCTEMa.

Canonical system of basic invariants for primitive
reflection groups of four-dimensional unitary space

O.I. Rudnitskii
V. I. Vernadsky Crimean Federal University, Simferopol 295007.

Abstract. The irreducible finite group G, generated by reflections in the n-dimensional unitary space,
acts on the polynomial ring in n variables over the field of complex numbers in a natural manner. It is
well known that there exist n algebraically independent G-invariant homogeneous polynomials, called
basic invariants, such that all G-invariant polynomials can be uniquely written as polynomials of the
basic invariants. Given the group G, there are infinitely many possible choices of a basic invariants,
but their degrees are well known and typical of the given group G. It is possible to select, among the
infinitely many basic invariants, some basic invariants, by requiring some supplementary conditions to
be satisfied. So, it has been proved (L. Flatto, N. Nakashima, H. Terao, S. Tsujie) that it is possible
to choose basic invariants in such a way that they satisfy a certain system of differential equations.
Basic invariants of this kind are called canonical system of basic invariants. In this article we consider
a finite primitive groups G, generated by reflections in four-dimensional unitary space. For all groups
G were constructed in explicit form canonical systems of basic invariants.

Keywords: Unitary space, reflection groups, algebra of invariants, basic invariant, canonical system
of basic invariants.
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1. BBenenue

[Tycts B n-mepHOM yHHTapHOM IpocTpaHcTse U 3a1aHa KOOPAMHATHAS CHCTEMA
HadaaoMm O 1 OPTOHOPMUPOBAaHHBIM 6azucom €; (i = 1,...,n); Bekrop T = (z;). Koneu-
Has HenpuBoAuMas rpymmna G, HOpoxKIeHHAs OTParKeHUSMU OTHOCUTEIHLHO THIIEPILIOC-
KocTell mpocTpancTBa U™, ecTeCTBeHHBIM 00pa3oM JICHCTBYeT B KOJIbLE MHOIOYICHOB
R = Clzy,...,x,]. MHO)eCTBO Beex muorowienos f(¥) = f(x;) € R, nHBapHaHTHBIX
otHOocuTesIbHO (G, o6pasyer asre6py 1€, HMOPOXKIEHHYIO N ajreOpaltuecKn HE3aBHCH-
MBIMHI OJJHOPOJIHBIMI MHOTOYJICHAME f; cTeneneil m; (mokasarenn rpymst G) [11]; ne
HapyIas OOMIHOCTH, MOXKHO CUHTATh, 9T0 My < ... < m,. Cucrema 00pa3yromx
{f1,- .., [n} HA3BIBAETCSA TaKKe cucmemoli 6a3UCHHT UHBAPUAHMOS TPyIbl G.

Cucrema {fi,..., f,} 6a3ucHBIX HHBAPHAHTOB IPynbl G HA3BIBACTCI KAHOHUYE-
cKoti cucmemoti 6a3uCHbBIT UHBaAPUAHMO8 Tpyinbl (G, eciu OHa yIOBJIETBOPSET
caenyoreii cucreme muddepeHnnaibHbIX YPABHEHUH B 9aCTHBIX MPOU3BOAHBIX [10]:

Fi@)f;i=0,4j=1,....n(<j), (1.1)

rie auddepennuanbabii onepaTop f;(0) HomydaeTcs W3 MHOTOUIEHA f;, ecam Kodd-
bUIMEHTH MHOTOY/IEHA 3aMEHUTh HA KOMILJIEKCHO COIPsI?KeHHbBIE, & MepeMeHHbie ;P —
a2

Briepebie nmorsgTHE KAHOHUYIECKON CHCTEMbI OA3UCHBIX WHBAPUAHTOB JIJIsT KOHEIHBIX
BEIECTBEHHBIX IPYIII, [TIOPOXKICHHBIX OTPasKEeHUIME B €BKJIMIOBOM IIPOCTPAHCTBE, BBEJ
JI. @yraTrTo 1Ipu M3yUEeHUU CBOHCTBA «CPEJHEr0 3HAYCHUs» JIJIsi HEIPEPBIBHBIX BeIlle-
cTBeHHO3HAYHBIX (DyHKIWiA (cM., Hanpumep, [9]). On ke 10Ka3as cylecTrBoBaHUe Ka-
HOHUYIECKUX CHCTeM JijIs yKasaHHBIX rpyni. B [10] moHsaTHe KaHOHMYECKO#l crucreMbl
Ob1710 06001IeH0 71t TPyl (G, TOPOXKJIEHHBIX OTPaXKCHUSAMU B YHUTAPHOM IIPOCTPAH-
crBe U", 10Ka3aHO CYIECTBOBAHME KAHOHUYECKUX CHCTEM JIJId KOHEYHBIX rpymn GG, a
TaKKe MPEJJIOYKEH MEeTOJ, MOCTPOeHUsT KaHOHU4IeCcKux cucteM (B [12] sTor MeTom ObLT
peaim30BaH JIjisl MOCTPOEHUsT KAHOHUYIECKON CHCTeMbl 0Aa3MCHBIX MHBAPUAHTOB OECKO-
HETHOIO CeMeicTBa UMIPUMHUTHBHBIX Tpyni G(m,p,n)).

B paborax [3, 4, 5, 6] aBropoM IpeIozKeH IPyToil MOAX0/] K TIOCTPOEHHIO B SBHOM
BHJIe KAHOHMYECKUX CHCTeM Oa3MCHBIX MHBaApUAHTOB it rpyr G.

Asz2opumam 1pejIaraeMoro MeTojia COCTOUT B ciejryiomieM (cm. Takxke [6]):

1. Bosbmem usBecrnyio cucremy { P, ..., Py, } 6a3uCHBIX HHBAPUAHTOB IPYIIIIBI
G (cm., manpumep, [2]).

2. CrpouMm HOBYIO cucTeMy 0asuCHBIX (G-WHBAPUAHTHBIX MHOIOWIEHOB Jp,, (I =
=1,...,n) B BUJie MHOIOYJIEHOB MOJXOJIAINEIl CTEleHN ¢ HeolpeIeJIeHHbIME KO0 bu-
I[eHTaMH 4, OT 0Aa3UCHBIX MHBAPUAHTOB P, . Tak kak MHOrO4IeH J,,, JOJKeH ObITh
6a3ucHbIM, TO hopMa P, T0/KHA 00g3aTeIbHO IPUCYTCTBOBATH B 3aIIUCH 9TOI'O MHO-
rOYJIEHA.

3. Iloncrasiasg B bopMbl J,,, ABHbIC BRIPaKeHNA 0a3UCHBIX MHBAPHAHTOB P, , TO-
JIy9UM OJTHOPOJIHBIE MHOT'OYJIEHBI CTEIEHU 1711; OTHOCUTE/IHLHO MEePeMEeHHBIX T, ..., Ty.
[Ipu 5TOM KO3(DPUIMEHT Yy KarxKI0r0 OJHOYIEHA 3TON0 OJHOPOIHONO MHOIOYJIEHA €CTh
JInHEeiHAsT KOMOMHAIIUST HEOIPEJICJICHHBIX KOI(DMUITMEHTOB .
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4. Obosnaanm f1 = J,,,, = P, n nociegosarenbno npumennm yeaosme (1.1)
dopmam Jy,,, t > 1.

5. Ha kaxkytom mmare ypasuenus (1.1) mpuBoJdaT K cucremMe JIMHEHHBIX OTHOPOJIHBIX
yPaBHEHUIT OTHOCUTEIBHO HEOIPE/IeIEHHBIX KO3 duimenTos a,. Haxomgumm obiiee pe-
IIIeHNe TIOJIyIEHHOH CHCTeMbl JINHEHHBIX ypaBHEHUII U BBOJUM obo3Hadenue f; = J,,
HalJIeHHBIX 3HAUEHUN Q.

[Tocrpoennas Takum 0b6pa3oM cucreMa 6a3ucHbIX uHBapuaHToB {fi, ..., f,} aBig-
€TCd KAHOHUYECKON CUCTEMOI.

Ucnonb3yst janubiit MeToj1, aBTop B paborax |3, 4, 5, 6] mocrpous B sIBHOM BHUje
KAHOHUYECKHE CUCTEeMbI OA3UCHBIX MHBAPUAHTOB JIJIsi BCEX KOHEYHBIX TPUMHTUBHBIX
rpynn G yHuTapHbIX npocrpancts U, n =23 u 5.

Ileav nacmoawet cmamvu — UCIOJIB3Ys Pe3yJIbTaThl PabOTHI 1], peannsoBarh yKa-
3aHHBIN METOJI 71l IOCTPOEHNUsI B IBHOM BH/JIe KAHOHUYECKUX CUCTEM OA3MCHBIX HHBAPU-
AHTOB JIJIs BCEX KOHEYHBIX HEBENIECTBEHHBIX IPUMHUTUBHBIX IPyHIl (G 4€ThIPEXMEPHOTO
yHHTapHOro mpocrpancrsa U4,

2. KaHonnvieckue cucreMbl 0a31MCHBIX MHBAPUAHTOB

B npocrpancree U? cymectsytor Tonbko Takue rpymust G: W (Ny), EW(Ny),
W (Ly) [7]. PaccmoTpuM Kazkayio U3 HUX.

2.1. I'pymma W(N,) mopsiaka 7680 mopoxK/ieHa OTpayKeHHsIMA BTOPOTO OPSIIKA
OTHOCHUTEJILHO 3-MePHBIX IJIOCKOCTel ¢ ypaBHeHUAMN 1 = 0, 20 + 14 = 0,290 — 23 = 0,
1 FHizot+as+izs = 0, i2 = —1, 1 COMEPKNT OTParKEHNs BTOPOT'O IIOPIKA OTHOCHTEIHHO
40 3-mepHBIX 1TOCKOCTEH. MHOXKECTBO MX HOPMAJIBHBIX BEKTOPOB (cHcTeMa KOpHEil
rpyibl) cocrout u3 160 BeKTOpoB

‘h

P
€, —=n(e; £e;) (1 <7),
V/Qn( 7) (i <J)

i (&) £ &, £i6, +ic,), (2.1)

o | S

rje 1) — NepBOOOPA3HBIl KOPEHb BOCHMOII CTEIIeHU U3 eIMHUIIBL, 1, 7, h = 1, 4, a WHIEKChI
k,l,m = 23,4 (mukmmaeckn) |7, 1]. Tlokazarenn rpymmer m; = 4,8,12,20 [11].

Ppynma EW(Ny) D W(N,) u sBisiercst ee «xopormM paciiupernem» [7]. Ona
uMeeT 1mopsoK 64 - 6! 1 mopoKIaeTCsS OTPAYKEHUSIMU BTOPOT'O TTOPSIKA OTHOCUTETHHO
40 3-MepHBIX IJIOCKOCTEl ¢ HopMaJIbHBIMU BekTopamu (2.1) u 20 3-MepHbIX II0CKOCTE
C YpaBHEHUSMU

v tir; =0, (i<j), ;mpEtastagta,=0,4j=1,...,4

Cucrema kopueit rpynmnbt coctouT u3 240 BEKTOPOB BUIA

‘h ‘h
ho 1 o p o . R SN — g o g o
i"e;, —=nle; +1€;) (1 < j), =(e1 £ e £i%e; £1iley,),
\/577( J)( ]) 2( 1 k l )
e i,7,h,p = 1,...,4, ¢ = 1,2; kak u panee, uHIeKchl k,l,m = 2,3,4 (nukinde-

ckn) |1]. Crenernn m; = 8,12,20,24 [11].
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Ucnonb3yst muorowrenst [loropesosa, aprop (cm. [1]) mocTpounst cieyroryto cucre-
My 6asucHbIX HHBApUAHTOB rpynusl KW (N,):

=Yt 14 atet 168 [ o2, (2:2)

1<j

Po=Y 2" =33 a0 +330 Y afafap +792 ) alaluiar, (2.3)
<j<k j<k<l

Py =127 = 2413 " a;"%x;* — 62738 ) " x}%af + 34580 Y aPafa+
i<k
+244530 ) afafa + 13680 ) ajtafafai + 912012 wlafuait (g )
1<j j<k<l k<l
+12780768 Y  afabafa + 17117100 Y afajaiad,
i<j<k J<k<l

Py = 3075 2 + 31878 Y 2 x;* + 2206413 > _ x/0af+
+8112468 Y~ xf%x}” + 301070 Y xfCatay + 7827820 )z afai+

1<J i<k
+55353870 >  afafaf + 70840 Y wlataial + 14451360 Y aftaSaial+
i<j<k j<k<l k<l
+68884816 > _ a}0x}0ufa} + 964387424 ) x afafai+

i<j k
k<l <

+547947400 > a’atatal + 3874770900 Y afafaial+

J<k<l 1<
k<l

(2.5)

+13501423936 [ [ «;

371eCh U Jlajiee B 3allUCH MHOTOYJIEHOB, WHJIEKCHI 4, 7, k, [ = 1,... 4 u yJI0OBIETBOPAIOT
HEpaBeHCTBaM, YKA3aHHBIM 110l 3HAKOM CyMMbI.
[Ipu sTom B pabore 2] gokasano, aro dopmsl (2.2), (2.3), (2.4) u dopma

== ZI# — 6Z[Ei2$j2 (26)

1<j

3aJIAI0T CUCTeMY Oa3UCHBIX MHBAPUAHTOB rpymnbl W (Ny).

Wcnonb3yeM mpuBeIeHHBIE BBINIE CHCTEMbI 0A3MCHBIX MWHBAPUAHTOB JIJIsI TTOCTPOE-
HUsI KaHOHUIecKux cucteM { f1, fo, f3, f1} GasucHbix maBapuanToB Jyist rpynn W(Ny) n
EW (Ny).

2.1.1. I'pynna W(Ny). Ilycrs f; = P,. @opmy fo KaHOHHYECKOIT cucTeMbl Oyiem
HCKaTh CPEJIN BCeX MHBAPHAHTOB BOCBMOiT crerenn rpyisl W (Ny). UIx MoxKHO 3a/1aTh
CJIEJIYIONIAM 00pa30oM

Jg = CL1P42 + ang,
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TJIe a1, Ao — HeolpeieeHHble KO MUITNEeHTHI.
Torya coornomenne (1.1) umeer Buj

- NIy o'y Mg O

o*J, o0t J,
fl(a)Jg = 8 8

81’14 + 8x24 + 89[:34 * 8:544 B (0x128w§ + 833126:[3_‘—

9*J 9*Js 9*Js M |,

+8x123x§ + 0192022 * 0192022 + 3x328x§) o
U OPUBOJAUT K JIMHEHHON OAHOPOAHOM CUCTEME JIBYyX ypPaBHEHUN OTHOCUTEJIHLHO HEU3-
BECTHBIX a1, ao. Ee obiee perenne: a; = —7¢, ay = 34c. CemoBare/ibHO, ¢ TOYHOCTHIO
JI0 TIOCTOSTHHOIO MHOXKHUTeNs, hbopMa fo (MHOTOUIEH Jg TPH HAilIEeHHBIX 3HAYEHUSIX

a1, az) UMeET CJIEJIYIONUil Pa3BepHyY TN BU/

F2=9) 2t +28) a7 +70) afat —140) " afadaf + 1400 [ 7. (2.7)

1<j i<k

Hanee, moboit uaBapuanT aenajnaroii cremenn rpymmsl W (N,) npegcraBum B
pujie Jio = a1 Pio + ao Py Py + ang. [Tosromy dopmy f3 HAXOAUM U3 yCIOBHUIL

f1(8)J12 =0, f2(0) 12 = 0.

OHu TpUBOIAT K JIMHEHHONW OTHOPOIHON CHCTEME ITEeCTH YPABHEHN OTHOCHTEIHHO
TPeX HEU3BECTHBIX a1, a9, a3. e obiee perenne: a; = —3182¢, ay = 2442¢, a3 = —781c.
[TosToMy, ¢ TOYHOCTBHIO IO TTOCTOSHHOIO MHOXKUTEJIS,

f3=169) ;2 +66> 2" — 6105 afat+924 afalt

1<J
8 2 2 6 4 2 4 4 4
+18810 ) " afatay — 17820 ) afataf + 21450 > afrlai+ 2.8)
i<k i<j<k
+178200 > afataia] + 49500 Y  afxtaial.
]</€<l 1<j

k<l

UuBapuantsl aBajuaroi crerneru rpyibl W (IN,) MOXKHO 33aTh CJIEYIONIM 06~
pa3oM:
Jog = 6L1P45 +a2Pf’P8+a3PfP12+a4P4P§ + a5 Py Pro + agPay.

Cnenosarenbuo, dpopma fy coBuamaer ¢ Joo /it Tex 3HaveHusx a;,t = 1,..., 6, npu
KOTOPBIX hopma Jog siBIsieTcs pernieHreM cucteMbl (1.1), TO ecTh CHCTeMBI BHJIA

fl(a)JQO = Oa f2<a)‘]20 = O?f?)(a)JQO = 0.

OTO HPUBOIUT K JUHEHHON OIHOPOMHON cucreme 29 ypaBHEHUN OTHOCUTEIHLHO IIe-
peMeHHBIX a;,t = 1,6. OOImee pelreHne CUCTEMBI:

ay = —5H118284805447¢c, ay = 29206693567700c, az = —14697884190660c,
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ay = —42971969015250¢, as = —131671242738776¢, ag = 1356920320698c.
Takum 06pa3omM, ¢ TOYHOCTHIO JI0 ITOCTOSTHHOI'O MHOXKUTEJISI,
fo=807473) "2 + 7078830 > _ x;'%x;” — 35318435 Y _ a0,
—168334680 ) _x;"x;0 — 112071310 )z — 211176108 Y x;'0x;'0+

1<j
+185689470 )  xa2xf + 1093613400 Y _ a}*afai — 701904840 )  xafai+
i<k
+1227703620 Y 225w} + 5887417900 » _ wf*wjay — 1513151640 Y  a)0alxi—
i<k
—18228488850 ) _ afafwy + 17187850680 )  afw

1<J i<k

—10936134000 Y a}*alaga} — 8553363000 )  x ) xjajai+
J<k<l k<l

+15131516400 ) _ a/%xlaja] + 59237392500 ) _ afaluia}—

k<l i<j

k<l

—969969000 Y _ x1°ziata} — 49468419000 Y  afalaiai+

Jj<k
+211841229600 »  afalafal — 65472907500 Y afaluial -
i<j<k j<k<l

—13579566000 » _ afaizia)

1<J
k<l

(2.9)
U KaHOHUYeCKas cucmema basuchur unsapuarmos rpyimst W (Ny) cocrout u3
dopm (2.6), (2.7), (2.8) u (2.9).

2.1.2. /Ig nocTpoeHnsi KAHOHUYECKOH CUCTEMbl 0A3MCHBIX MHBAPUAHTOB T'PYIIIILI
EW (Ny4) B kadecrBe f; BozbMeM dopmy (2.2). Torma fo coBmamgaer ¢ dbopmoit (2.3),
Tak Kak ypasuenue (1.1) obpamiaercs B ToxaectBo st fi = Py u fo = Pio.

Tak Kak Bce MHBApUAHTHI JIBaIaTol crenenu rpymnsl EW (Ny) MOXKHO 3amucarh
B Bujie Jog = a1 Py + as Py Pio, To cucremy (1.1) 3anuinem cieayronmmM o6pasom

f1(8)J20 = 0, f2(0) J20 = 0.

[TomyunM cucTemy cemMu JTUHEHHBIX OJHOPOJIHBIX YpaBHEHUH OTHOCHTEIHHO JIBYX
HEM3BECTHBIX, ¢ 00IUM perienneM a; = —3413¢, as = 414960c. CieroBaresibHo, (hopma
f3, € TOYHOCTBIO JIO MOCTOAHHOIO MHOXKUTEJIsI, ©UMEET BH]T

fo=41) 2 =779 a0z — 20254 xl?af + 795340 Y xlalai—

i<k
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—1489410 Y " afafal — 779760 Y al'ataial + 1078896 Y x%zfajai+  (2.10)
1<j J<k<l k<l
+15104544 ) afafafa] — 4668300 Y  afwjrial.
1<j<k j<k<l

Hamee, cemeiicTBo Bcex mMHBapuaHTOB 24-it crernenn rpymusl EW (Ny) sanumem B
BHUJIE J24 = (I1P24 + CL2P83 + CL3P122.

@opma Joy TPUHAIEKUT KAHOHUIECKON CHUCTEME, €CJIU sIBJISIeTCs PEIIeHueM CJie-
qytorieii cucrembl A depeHInaIbHbIX YPaBHEHMI

fl(a)J% - 07 fZ(a)JM = O,]F3(8)J24 = 0.

Tperbe ypaBHEHNE BBIOTHSIETCSA TOXK/IECTBEHHO, a MEPBBIE JIBA MPUBOJISAT K JINHET-
HO¥1 oTHOPOHOM cucTeme 11 ypaBHEHHUIT OTHOCHTEILHO TPeX Hem3BeCTHIX. Ee perrenne:
a; = 4448817¢c, a; = —10032581416¢, a3 = —3235878464c.

CaenoBarebHo, popMa fi, ¢ TOTHOCTHIO JI0 HOCTOSHHOTO MHOXKUTEJISA, UMEET CJIe-
JAVIOIUI pa3BepHyThIi BUJL

fr=995) ", — 159482 " %a;* + 1393133 ) )%+
+1606228 Y~ x/%x)? — 48495730 Y _ w/Sataf + 7827820 )  a/%alai—

1<j i<k
—749793330 »  afafaf — 23849160 > x/fziaiai+
1<j<k J<k<l
+209638560 Y _ o a%aia} — 861507504 Y l0xi0aai+ (2.11)
k<l i<j

k<l
+1966348384 Y~ x1°2afa} — 1046081400 Y w/’wjaia+
Jj<k j<k<l

+654182100 > _ afafrial — 526029504 | [ 2,

i<j
k<l

a KaHoHuveckas cucmema baducHuixr uneapuarmos rpynust EW (Ny) cocrour
u3 dopm (2.2), (2.3), (2.10) u (2.11) .

2.2. I'pymma W (L4) cummeTpuii paBH/ILHOTO KOMILJIEKCHOTO MHOTOYTOJIbHIKa But-
turra 3(3)3(3)3(3)3 umeer mopsok 216 - 6!; crenenn m; = 12,18,24,30 [8, 11]. Ona
[IOPOXKIAETCH OTPAYKEHUSIMU TPETHETO TOPsIKa OTHOCUTETLHO 40 ero 3-MepHbIX ILI0C-
KOCTell CUMMETPUH C YPaBHEHUSIMU

r; =0,21 + wPry + wixs = 0,21 — wWPry — Wiz, = 0,
1 — wPrs +wiry = 0,29 — WPz — Wiz, =0,
(t=1,...,4, p,g=1,...,3; w— HepBOOOPA3HBIil KODEHb TPETHEl CTEIIEHN U3 €/[IHII-
). [Ipu sTom cucrema kopheit rpymmst W(Ly) cocrour u3 120 BeKTOPOB
h

V3
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wh h
(6 — wPEs + wEy), —
V4§( 1 3 4) \/3

B pabore [1] Ha ocroBe MmHOrOwWIeHOB [loropenoBa mocrpoeHa cieyomnas cucreMa
6asucHbIx nEBapuaHTOB TpyIbl W (Ly):

Lp= a7 +22) 2%, +220) " (—1)*2ala}, (2.12)

(52 — wp€3 — wq€4), (h = m)

1<J i<k
Lis =Y o =17Y 225 —170) " (-1)"zjz}’x
i<k
(2.13)
—1870 > " (—1)"afafa} — 7854 > " afalaf,
1<j<k
Ly=111Y 2?*+506 > x/%2% + 10166 > x/*x}*+
1<j
+5060 > (—1)*afz®a] + 206448 Y " (—1)“z/ afai+
i<k (2.14)
+1118260 Y (— 1))z a] + 4696692 Y ) alaf+
J<k
+12300860 > _(—1)*afzfa3,
i<k
Io =584 2" — 435 aaf — 63365 Y af*x}” — 4350 Y (—1)"zfa3's
i<k
—440220 ) “(—1)*2}'2fx} — 6970150 Y (—1)*afx}taf—
—25852920 » _(—1)*z/"z}*x} — 292746302x18x6xk
i<k
—284382120 ) "(—1)*x°aSa} — 588153930 Y _ )%z} af—
1<J
—1540403150 Y (—1)“afx}*a}
i<k
(2.15)
3nech u gasee 1,7,k = 1,...,4 u yIOBJIETBOPSAIOT HEPABEHCTBAM, YKa3aHHBIM IO/

3HAKOM CyMMBI; IIPH 3TOM (v = 2, €CJIH %, j, kK TPUHUMAIOT COOTBETCTBYIONINE 3HATCHUS
Tpoek amcen (2,1,4),(4,1,2),(1,3,4),(4,3,1),(3,2,4), (4,2, 3) unu jr006bie epecTaHOB-
ku ances (1,2,3); a = 1, ecsn 4, j, k IPUHUMAIOT 3HAYECHUS OCTABIINXCS I€PECTAHOBOK
tpoek uncen (1,2,4),(1,3,4),(2,3,4).

Kak B 11.2.1, /151 mocTpoeHns KaHoHU1IecKoit Bo3bMeM f1 = I15. Torna fo = I1g, Tak
Kak B 9TOM ciiydae coorrorerue (1.1) BbimosHsiercss ToxkaecrBerno. Jlasee, COBOKyTI-
HOCTb BCeX MHBapUaHTOB 24-i crenenu rpynnsl W (L) 3anumiem B Buje

2
Jog = arliy + asloy,
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u dopmy f3 6yaem uckarh u3 yeaosuit fi(0)Joy = 0, fo(0)J2y = 0. Bropoe yciosue
BBLITIOJIHACTCA TOXKJICCTBEHHO, & IepBOe IIPUBOANT K COBMECTHOH CHCTeMe JIMHEHHBIX
OJIHOPOJIHBIX YPABHEHUl OTHOCUTEILHO JBYX HEU3BECTHBLIX C OOIIUM PEIIeHUeM:

a; = 13449618c¢, as = —132941c.

Takum obpaszom,

f3=597) a7t — 239614 x/%x — 2368678 ) " x/’x}’+

1<J
—2396140 Y _(—1)"afx [ a] + 9834432 (—1)"x/ ala}+
i<k
+8437780 ) (= 1)z a} — 18359796 Y  a/ afaf+ (2.16)
i<k
+92815580 > " (—1)*alala] — 537984720 [ [ 27 Y (—1)%a)a?
i<k

+3550699152 [ [ «f,

rje i, J, k, @ IPUHUMAIOT Te Ke 3HadeHus, 4To u paunee, § = 2, eciu (1,5) = (1,2),
(2,3),(3,1),(4,1),(4,3),(4,2) u f =1 — B ocrasbHbIX caydasax; | = 1,...,4.

st naxoxenust Gopmbl fy, Bece naBapuanTsl 30-it crenenn rpymmsl W (Ly) npe-
craBUM B Bue J3g = a1l19l18 + asl3y. Kak u panee, opma J3g IpuHAIIEKUT KAHOHH-
YeCKOI CUCTEeME, €CJIH ABJISIeTCS PEIIeHUueM CJIeyIoNeil CHCTeMBbl:

f1(9)J30 = 0, f2(0) 30 = 0, f3(8)J50 = 0.

Tperbe ypaBHeHHE BBIIOJHIETCS TOXKJIECTBEHHO, a IE€PBBbIE JIBA IMPUBOJAT K JIU-
HEWHON OJTHOPOJHOM CUCTEeMe BOCBME yPABHEHU OTHOCUTEILHO JIBYX HEM3BECTHBLIX. e
perenne: a; = 145308618¢c, a; = —249517¢. CriemoBaTeibHO, ¢ TOYHOCTHIO JIO MTOCTO-
AHHOI'O MHOXKUTEJI,

fo=122) 2l — 248007 272§ + 12178753 Y affal’—
—2489070 ) (—1)“zfa'a} + 38723352 ) (- alex%i

i<k

—113423350 Y (—1)*afx}®a} + 28438212 ) "(—1)*z} z} 2}~
—185760834 ) xl%%g + 312820332 ) (—1)*z} afa)—

(2.17)
i<k
—588153930 Y x%x}%af — 364095290 > (—1)a)x} 2} +
1<j i<k

+1453086180 [ [ 272> (1) wi%a? + 17 " (—1)"aaSa})
—88928874216 [ [ 2 > a¥;
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3/1eCh Y = 2, ecd WHJEKCHI (1, , k) IPUHUMAIOT COOTBETCTBYIOIIME 3HAYEHHsI TPOEK
ancen (1,2,4),(2,3,4), (1,3,4), (1,4,3), (2,1,4), (2,4, 1), (3,1, 4), (3,2,4), (3,4,2) mn
[UKJIMIeCKUe TepecTaHoBKE Tpoiiku [dncen (1,2,3), u v = 1 — B OCTaJIbHBIX CJIyda-
X,

Takum 06pazoM, KaHOHUYECKAR cUCema 6a3UCHBIT UHBAPUAHINOE T'PYIIIIbI
W (Ly4) cocrour u3 dopm (2.12), (2.13), (2.16) u (2.17)

3. 3akJiroueHue

B crarbe mpojosikena, Hadarag B (3, 4, 5, 6], pabora 1mo mocTpoeHHIo KaHO-
HUYECKUX CHCTeM Oa3MCHBIX MHBAPUAHTOB JIJIsi KOHEYHBIX HPUMUTHBHBIX rpynn G,
[OPOXKJIEHHBIX OTpakKeHWsIMU, B yHuUTapHOM mpocrpancree U™. TlocrpoeHbl B siB-
HOM BH/JIe KAHOHUYECKUE CUCTEMbI DA3UCHBIX MHBAPUAHTOB JIJI KOHEYHBIX [PUMUTHB-
HbIX rpynn G, TOPOXKJIEHHBIX OTpazkKeHusAMH, B npocrpanctse U, a nmenno: xamo-
HUYECKas cucmema 6a3uchbr uneapuarmos g rpyunst W (N,) cocrout us
dopm (2.6), (2.7), (2.8), (2.9), rpynust EW (Ny) — u3 dopum (2.2), (2.3), (2.10), (2.11)
u rpymust W(Ly) — u3 dopm (2.12), (2.13), (2.16) u (2.17).
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BuyrpennekpaeBasi 3aga4a Jjisd ypaBHEeHUS
CMEIIIaHHOI'O TUIIa C HEIJIAJAKOWN JIMHUe
11apadoJIMIECKOT0 BBIPOXK IEHNSI

B. A. BonaxoBa, ®. M. HaxymieBa, A.I'. E3aoBa,
JI. B. KanykoeBa

Kabapnuno-Bankapckuit rocymapcreennsiii yausepeurer uM. X. M. Bepbekona,
Hanpauk 360004. E-mail: alena_ ezaova@mail.ru

Awnnoranus. B ganHoil pabore sl ypaBHEHHSI CMEITaAHHOIO 3JLIUITUKO-TUIEPOOJIMIeCKOr0 TUIIA C
JBYMSsI JINHUSIMEA TApabOIMIECKOT0 BBIPOXKIEHNST HCCJIE0BAH BOIPOC OIHO3HAYHON pPa3permmMOCTh
HEJIOKAJIHHOM 3aJ[avi, KOTJa Ha JUIAITUIECKOW YaCTH TPAHUILI 00jacTu 3ajaHo yciaoBue Jmpux-
Jle, & Ha TUMEPOOIMYECKNX YACTHAX TI'DAHUIBI 33JAHBI YCJIOBUsI, HOTOYEYHO CBA3BIBAIOIINE 3HATECHUS
JIPOOHBIX IPOU3BOJHBIX OT PEIeHUs] Ha XapPaKTEPUCTUKAX CO 3HAYEHUS MM PEIIeHUs Ha JUHUAX [a-
PaboIMIeCcKOTO BBIPOXKIeHUsT BHYyTpu obJiactu. IIpu ompejie/leHHBIX OrpaHUYEHUSAX HEPABEHCTBEHHO-
ro TWIlA Ha 3aJ[@HHble (DYHKIUU U MOPSIAKKA JIPOOHBIX MTPOM3BOJIHBIX B KPAaEBbIX YCJIOBHUSIX METOIOM
MHTErPAJIOB SHEPIUU JOKa3aHa e€IMHCTBEHHOCTH PENIeHus 33J1adu. Bompoc cyiiecTBOBaHUs peNTeHust
3a/la4y 3KBUBAJEHTHO DEJIYyIMUPOBAH K BOIIPOCY Pa3PENIMMOCTH CHCTEMbl CHHIYJIAPHBIX HHTEI'DaJIb-
HBIX yPaBHEHUI BTOPOrO HOPSIKa ¢ aApoM Koimyu OTHOCHTEIFHO TPOU3BOMHBIX OT CJIEOB MCKOMOI'O
pellteHnst Ha JIMHUSAX BBIPOKJICHUSI. BBIMICAHBI YCJIOBUs, TAPAHTUPYIOIINE CYIIIECTBOBAHNE PETYJISAPH-
3aTOPOB, IIPUBOJIANINX CUHTYJIIPHBIC HHTErPaJbHbIE YpaBHeHUs K ypaBHeHUusM DpearosbMa BTOPOro
poja, 6e3ycoBHAST PA3PEMIMOCTh KOTOPBIX CJIEIyeT W3 €INHCTBEHHOCTHU pelreHus 3amaqau. Vccaeno-
BaHbl Aud depeHnuaIbable CBOMCTBA PEIEHNs . YCTAHOBIEHO BJIUSHIE HA KOPPEKTHOCTH ITOCTAHOBKHI
3a/1a9¥ [OPSAIKOB JIPOOHBIX ITPOM3BOIHBIX B KPAEBBIX YCJIOBUAX U UX CBA3b C HOPSIKOM BBIPOXK/IEHUS
YPpaBHEHHUSI.

Kuro4deBbie citoBa: KpaeBas 33/1a9a, OTIepaTop APOOHOTO MHTETPUPOBAHUS, OIIEPATOP IPOOHOTO JIrd-
depennupoBanus, 3amada Komu, 3amaqda lupuxie, ypasaeane Qpearoabma, CHHTYISPHOE HHTETPATb-

Hoe ypasuenue c¢ siyipom Korm.

The inner-boundary value problem for a mixed type
equation with a nonsmooth parabolic degeneration
line

V. A. Vodakhova, F. M Nakhusheva, A. G Ezaova, L. V Kanukoeva

H. M. Berbekov Kabardino-Balkarian State University, Nalchik 360004.

Abstract. In this paper, equations of mixed elliptic-hyperbolic type with two degeneration lines
parabolic investigated the question of unique solvability of a nonlocal problem, when on the elliptic
part of the boundary region is set to a Dirichlet condition, and on the hyperbolic parts of the border,
conditions are defined, point-by-point linking the values of the fractional derivative of the solution on
the characteristics with the values of the solution at the parabolic lines of degeneracy within the region.
Under certain restrictions preventing type on the specified functions and fractional order derivatives
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in boundary conditions is the method of energy integrals is proved the uniqueness of the solution of
the problem. The question of existence of the solution are equivalent is reduced to the question of
solvability of system of singular integral equations of the second order Cauchy kernel with respect
to derivatives of the traces of the sought solution on the lines of degeneration. Discharged conditions
which guarantee the existence of regularizers, leading to singu-lar integral equations to the Fredholm
equation of the second kind, unconditional solvability of which follows from the uniqueness of the
problem solution. Investigated differential properties of the solution. The influence on the posedness
of the problem of orders of fractional deriva-tives in boundary conditions and their connection with
the order of degeneracy of the equation.

Keywords: boundary value problem, operator of fractional integration operator of fractional
dierentiation, Cauchy problem, Dirichlet problem, Fredholm equation, singular integral equation with
Cauchy kernel.

MSC 2010: 35M12

BBenenne

Teopust KpaeBbIX 3a/1at JJIsl YPABHEHUN CMEITAHHOTO THIIA SIBJISICTCS OJIHIUM 13 BarK-
HEHIIX pas3ie/ioB COBpeMeHHo# Teopun aud hepeHnuaabHbIX YPaBHEHUN ¢ YaCTHBIMU
MIPOM3BOIHBIMI. DTO 00YCJIOB/IEHO KaK HEIOCPEICTBEHHBIME CBI3sIMU yPABHEHMI CMe-
IMAHHOTO THUMA ¢ MpobjieMaMU TEOPUU CHHTYJISPHBIX WHTETPAJbHBIX YpaBHEHU, Teo-
pueil HHTerpaabHbIX MPeoOPA30BAHMI U CIIeNUAIbLHBIX (DYHKIINA, TAK U MPUKJIATHBIMI
3aJla9aMi OKOJIO3BYKOBOI T'a30BO#l JMHAMUKHN, MaTeMaTHIeCKON (bu3nku, O6uojgoruu.
Jloka/ibHbIE U HEJTOKAbHBIC 33JIa9H JIJIsT YPABHEHUN CMENIAHHOI'O THUIA BCTPEUAIOTCS
[IPA MATEMATUIECKOM MOJICTUPOBAHNN HEMTIHBIX IJIACTOB, (DUIBTPAIUN TPYHTOBBIX
BOJI, IIEpEHOCA TeIlIa U MAcChl B OObEKTe, NMEIOIEM CJIOXKHOe CTPOEHUE, JIeKTpUie-
CKUX KOJIeOAHUI B MPOBOJIAX, JBUKEHUs YKUJIKOCTU B KaHaJje, OKPYKEHHOM ITOPUCTO
cpejioit u pyrux spieHusix. B Hacrosinee BpeMmst MCC/Ie/IOBAHIS HEJIOKAJIbHBIX 33J1a4
JUTsl yPaBHEHUIT CMEIAHHOIO TUIIa BEJYTCd MHTEHCUBHO. B omybnkoBaHHBIX paboTax
KpaeBble YCJIOBUA COJIEPYKAT KJIACCUYECKUE OIlepaTOpbl MU ONEPATOPHI JIPOOHOIO B
cmbicsie Pumana-JInysusist unrerpo-muddepeniuposanus |15, 6]. Muoro pabor mo-
CBSIIIEHO MCCJIEJIOBAHUIO KPAEBBIX 3a/1a4 JIJId JIMHEWHBIX YPaBHEHUN CMENIaHHOIO TUIIA
¢ ojiHoit innueit Boipoxaenus [5]-[12], [16, 17, 6, 7] u jmib Majiast 4acThb UX MOCBSIIIE-
HA M3YUYEHUIO JIOKAJIbHBIX U HEJIOKAJIbHBIX KPAEBBIX 33184 JIJIsI YPABHEHUN CMEIIaHHOTO
TUIA ¢ JBYMs 1 6oJiee JmHAsIMU BbIpoxKienus [14, 20|. Takumu 3a1aqaMu 3aHIMAIICH
A. M. Haxymer, M. M. 3aitaynabumnos, B. ®@. Bomkomasos, M. C. CanaxuTanHoB,
K. B. Caburos, O. A. Penun, C. K. KymbikoBa n japyrue aBropbl. B ¢Bs3u ¢ stum
BO3HUKAET HEOOXOIMMOCTD JIaJIbHENIIIEro pa3BUTUsl TEOPUN HEJIOKAJTIbHBIX KPAeBbIX 3a-
Jlad JJIsi pa3JUYIHBbIX KJIACCOB YPABHEHUIN CMEMIAHHOI'O THUIA C HEIVIQJIKUMU JIUHUSIMU
apabOTUIECKOTO BBIPOKICHUS U PA3PBIBHBIME YCJIOBUSIMU COIIPSI?KEHMUSI.

B pabore ¢ yueroM BausgHUS TOpsIKa JIPOOHOI TPOU3BOIHON B KPAEBOM YCJIOBHUH
Ha OJIHO3HAYHYIO Pa3PeInMOCTDb 33/ 1a49u c(hOPMYIMPOBaHa KOPPEKTHAs BHY TPEHHEK DA~
eBad 3ajiava )il YpaBHEHUs CMENTaHHOTO TUIA ¢ HErVIa KON JIMHUEH 1mapadbomIecKoro
BBIPOXKIeHns. J{oKa3aHbI CyIIECTBOBAHNE U €IMHCTBEHHOCTH PEITeHUsT 38,/ IaN.

EnuncrBennocTs perenns 3ajadu JIOKa3bIBAETCS METOJOM HHTETrPAJIOB SHEPTUH,
[P 9TOM YCTAHAB/IUBAIOTCS OIIPEJIC/IEHHbIE OTPDAHINYCHIS HEPABEHCTBEHHOI'O THUIA HA
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3a/IaHHbIe (DYHKIUU U TOPSJIKKA JIPOOHBIX MIPOU3BOIHBIX B KPAeBbIX yCa0BUSX. Borpoc
CYIIECTBOBAHMA PEIICHAA 331291 SKBUBAJICHTHO PCAYINPOBAH K BOIIPOCY Pa3peHInMO-
CTU CUCTEMbBI CUHTYJISIPHBIX HHTEI'PAJIBHBIX YPaBHEHUIT BTOPOTO OpsiJIKa ¢ gapomM Ko
OTHOCHUTEJIbHO IIPOU3BOJIHBIX OT CJIEJIOB UCKOMOI'O PeIlleHUs Ha JIMHUAX BBIPOXKJICHUS.
Breimucanbt ycioBus, rapaHTUPYIONIAE CYIIIECTBOBAHUE PETY/ISIPU3ATOPOB, IPUBOJIATIIIX
CUHTYJIAPHBIC MHTErpaJibHble ypaBHeHus K ypasHeHusaM @PpejiarosibMa BTOPOro poja,
Oe3ycJIOBHAS Pa3pENMMOCTh KOTOPBIX CJIEIyeT W3 €IUHCTBEHHOCTU DPeIlleHus 3a/aqu.
Uccnenosansl quddepenipaibabie CBONCTBA PEIeHns. YCTAaHOBIEHO BIUSHIE Ha KOP-
PEKTHOCTD TIOCTAHOBKU 33/1a9H TOPSIKOB JIPOOHBIX TPOM3BOIHBIX B KPAEBBIX YCJIOBUAX
U UX CBA3b C MOPSAJKOM BbIPOXKJIEHUSI YPABHEHUS.

Hesns nccnemoBanns — A0Ka3aTh OJIHO3HAYHYIO PA3PENIUMOCTh BHYTPEHHEKDPAEBOIt
3aJ1a41 JIJIsi YPABHEHUs CMEIAHHOI'O TUIA C HEIrJIaJIKOW JIMHUEl n3MeHneHus mapadoJiu-
YEeCKOI'O BBIPOXKJIEHHUSI.

1. ITocTaHOBKA 3a1a4n
PaCCMOTpI/IM ypaBHeHI/Ie CMEIIIaHHOI'O THUIIa
|y|k Ugze + SGN ("L‘y) |x|k Uyy = 0, (1)

rae k = const > 0, B KOHEUYHOH OIHOCBA3HOI oOsacTu ), OrpaHUIeHHON KyCOUHO-
riajkoit kpusoit 2Koprana o ¢ korunamu B Toukax A (1;0), B (0;1), pacmoaokeHHO
B NIEPBOM KBaJIpaHTe M Xapakrepuctukamu ypashenms (1) BC : (—x)! + y? = 1,
AD: 2?+ (—y)’ =1, CD: z+y =0, tae 2p = k + 2. O6o3naunm uepes €y, Qy —
rurepooImIecKe 4acTu cMemnantoit oogactu €2, rae © > 0 u x < 0, COOTBETCTBEHHO;
23 — syumnTrdeckyo dactb obmactu §2; [y ([3) — marepBan 0 < x <1 (0<y<1)
npsamoit y =0 (z =0).

Bama4a. Haiitu peryssipaoe B obiacru §) perienne u (z,y) ypasuenus: (1), yaosiie-
TBOPSAIOIIEE YCJIOBUAM

u(@,y)l, = ¢ (@y), (2)

ay () Dy 2?0y ()] 4 by (2) u (x,0) = ¢ (z), Vo eIy, (3)

az (y) Do,y™ u b ()] + b2 () u (0,9) = 2 (y), Vy € Iy, (4)

e § = ﬁ, 0o (r) — TouYKa mepeceveHUsT XapaKTepUCTHKN ypaBHenus (1), BbI-

xoggmeit u3 toukn (x,0) € I; ¢ xapakrepucrukoit OD; 6y (y) — Touka mepecede-
HUSI XapakTepucTuku, Bbixojdmei u3z touku (0,y) € Iy ¢ xapakrepucrukoii OC;
o (x), a; (t), b; (t), ¢; (t), — HenpepbiBHBIE DYHKINH, TPUIEM

ai(t)+b7(t)#0, t€l,i=1,2 (5)

¢ (z,y) €CH(o); a; (t), bi(t), ¢ (t) € C*M (L), h >0, DS, — oneparopbl ApoGHOrO
B cMbicsie Pumana — Jlunysusuia uarerpo-auddepennuposanus [18].
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Joxazameavecmeo eduncmeernocmu pewerus 3adavu. VI3BECTHO, UTO pelleHne 3a-
naan Kommw st ypasaenust (1) ¢ ganubivMu Ha juann y = 0 B obsactu € 3a1aercs
dbopmyoii [14, 20, 2]

u(z,y) = —2°" 4ﬁprfﬁ> y [ et (g2 - q2) (1 g2 (1) di

o HE O a2 0 ) (5 ) (1)

(6)

rne a = P — <_y)p7 b = aP + (_y)p7 T1 ('T> - U(I70)7 41 (I) - U’y (JI,O), n B
obactu {1y

u(a,y) = Sy [ t?p L — )T (@ = 2) Ty (4 dt -

_948- 1p£g2(1 Qg;f t2p 2(t2p )& —12) "y (1) dt,

Fﬂeczyp— (_:L.)P, d:yp+(_x)p7 T2 (y) :U(O,y), ) (y> = Uy (an)7 F(a>
— ramma dyHkIiws Diiaepa [10].
Yaosrersopus U [0y (x)], U [0y (y)] ycrnoBusm (3) 3aauu, moryanm

1;((256))“1 () 2" + by (2) | 71 () —
—2452Ha1 (x) D, D % Py (3) = 1 (w), (8)

re 11 (x) =71 (%), vy (z) = 1y (2%).
s yuporerns (8) Bocmosib3yeMcest M3BECTHBIM cooTHorerneM |15, 14, 18, 9|

Do "a' ™ Doja™ f (x) = 2™ Do f (). (9)
[omarag 8 (9) e =1—-0, f(x) = 2% iy (x), momyunm [14,18|
Dgxqrgﬁ_ng;lx*ﬁ i (x) = xﬁ_ngf_lmfiﬁl (x).

C yuerowm tocsieiHero ypastenue (8) mocie ymuoxkenust na 179 npumer su

F(B) =By ()| 7 (1) — ~var(x 25—1:1:72*117]; ) = F(ﬁ)
i) + (o) 7o) ~ a0 e e) =

Anasiorngso, PyHKIMOHAIHLHOE COOTHOIIIEHNE, IPUHECEHHOE Ha [5 13 objiactu {2, nMe-
eT BHJL

o' Pei(z).  (10)

I - ~ 28-1, —5-~ _ ') -
[a2 )+ 1 <y>] R =0 ) DY i) = 1 et (1
e 7 (y) = T2 (92p> , v (Y) = I (ZJQP) Y = %
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Teopema eauHCTBEHHOCTH. B obaacmu §) He moorcem cywecmeosams boaee 00-
H020 pezyaapho2o pewerus 3adavu (1)—(4), ecau swnosnenv, Ycaosus

I'(5)

= (26)t1_ﬁbi (t)#£0, Vtel;, i=1,2, (12)

a; (1) # 0,a; (t) +

(et )| 2o wnm >0 "

Jlokasameavcmso. Ilycrs u (x,y) — pemenne onHopouoit 3amaqau (1)—(4). Torga B
obsacTu suUnTHIHOCTH ypaHeHus (1) mmeer mecro coorrorerue |20, 19, 9|

//QB (y*u2 + 2*ul) dady + /01 2" (x) vy (7) dx + /01 V' () e (y)dy = 0. (14)

[Monaras ¢; (t) = 0, MOYKHO YCTaAHOBUTDH CIIPABEINBOCTH CJIEYIONINX HEPABEHCTB

1
I, = / R (O vdt >0, i=1,2, t=ux,y. (15)
0

B camom neste, mostarast ¢;(t) = 0 w3 (10) u (11) 6ymem umvern

71(t) = A(t) D i (t),

(4) — yai(t) _
rae Ailt) = T TE Ty O Y

Orciona, ipu t = x (wm ¢t = y)

1 1

I, = / "% (2) 7y (z) dox = / o*; (1) A; (2) D1y %y,
0 0

Bocmobsyemest uzBectroi dhopmyiioit fuist ramma yukuii [10]

. r
/ t#~ 1 cos ktdt = L) cos ﬂ,
0 ke 2

rne k>0, 0<p<l.
[Monaras B weit k = |z — &|, p =28, nomyunm

I(1-28)T(28)cosmfI; =

-/ AL (2) 7 () da [ ema [ et -oa

[TomensB mopsiok MHTErpupoBanus U BBOJAg obosmadenus v (§) = & 2 p;(€),

A (z) = 2 A, (x), nomyanm

o 1 x
T = 2 | A ()5 (6)d x —£)dE.
/0 ; t/o (2) 77 (€) / vt (€) cost (x — €) de

2sinf3
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I

C yuerom TOro, 4To [(fox vF (&) cos tfdf)? = 2u7 () costa [ vf (€) costéde,

[(/0 vl (&) sintf) ] =2 (x) sintx/o V! (&) sintédg,

B pe3ysbTare Ipeodpa3oBaHuii, 10Ce HHTErPUPOBAHUs 110 9acTIM, OyJIeM UMeThb

o li- /O“tw—ldt{m ([ vi@estsic) +( [ 1u:<§>smtsds)2] -
_Aa%@gm1<424@n%mmﬁ2+(Aaggnmm@>1}.

Hepasencrsa (15) 6y1yT BemomnaThes npu Bemonennn A;(1) > 0, Al(x) < 0, uro
obecriedeno BeIONHEHHEM yeaoBHil (13) Teopembr. EnuncTBeHnOCTD permenus 3a/atdu
Gyner caepoBars u3 (14), (15).

Joxazamenvcmeo cywecmeosanua pewenus 3adavu. Ilepexons K J10Ka3aTe/IbCTBY

2

CYIIECTBOBAHUSI PEIICHNUST 3a/1a49H, OyIeM CIuTaTh, 9To ¢ (r,y) = 0 u KpuBas o COBIa-
JlaeT ¢ HOPMATbHBIM KOHTYPOoM g : 2P +y? = 1. [lycrs a; (t) = t*Pal (t), af (t) # 0.

OcuoBHBIE (DYHKIMOHAJIBHbBIE COOTHOIIEHUSA MexKy 7; (t) u ; (t), npuHeceHHble Ha
I; (i=1,2) u3 simmnrudeckoii 03 u runepbosmdeckux (0 u {dy gacreil cMenanHoi
obacTu, cOOTBETCTBEHHO MMeroT Bu |20)

o [l L 5 _
=g ) ¢ [|§—t|” |1—5t|2‘3] nede o)
_n ' B—3 L 1 5 () d
2p/o : i pra|” (©) e,

2 . . . .
FAGVIZWTT%7Z732L272#]7H

a L (B) 16y (1) — ~a 2B-1y=5.5 (1) — ) 1-8,.
0+ Fggrt 0] 710 =2 () DE B0 = a0 an

ITycrs Boinossitorest yeaosust (12) Teopemsl equucrsennoctu. Torma (17) MoxHO
[EPEICcaTh B BUJIE

F(t) = A () DX, () + £ (1), (18)

riue
L (B) ' Pei(t)
28) a; (t) + T (B) t1=Pb; (t)
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Uckmounm 7; (1) w3 (16) u (18). [omyanm

1.1 1o 1 1 N
A (0) DY BB () + £ () = — o e | 94
1
_n p-1 1 _ 1 5 (€) d
217/0g €+t e’ 7 (&) de.

[Iycts a; (t) # 0, Toryma mojeiicTByeM Ha 06€ YacTU MOJIYYEHHOTO yPaBHEHUs Ole-
1-2 .
paropoMm D, 7 Tlocne 1IpeoOpa3oBaHuil ¢ y4eTOM IJIaJIKOCTH djep OyJaeM UMeTh

o+ [ () - D 6 der (19)

L) o [28)

rae ki (&,t), kj (1) e C(Ix I)NCH(I x 1), 07 (t) =1 ()t 2,4, j=1,2,i# .

CiesioBaTeIbHO BOIIPOC CYIIECTBOBAHMUSI PEIIEHUs 3a/1a"1 SKBUBAJIEHTHO PEJIYIIPO-
BaH K BOIIPOCY PA3PEIINMOCTH CUCTEMbI CHHIYJISIPHBIX WHTEIPAJbHBIX ypaBHeruil (19)
OTHOCUTEJILHO Hem3BecTHBIX (yHKIwmii 77 (t), i =1,2.

Venoust 1+ 72[kf(t,1)]2 = 1+ #ﬁt) # 0, ¢ = 1,2 rapaHTUpPyIOT CyIIECTBOBAHIE
perysspusaTropos [13|, mpuBOASIUX CHHTY/IsIpHBIE MHTEerpaJbHble ypaBHeHus (19) K
ypasaeHusaM Ppe/rosibMa BToporo pojia, 6e3yc/ioBHasi pa3penimMOCTh KOTOPBIX B Tpe-
OyemoM Kiracce DYHKIIA Oy/eT cireoBaTh U3 €MHCTBEHHOCTH pemnenus 3ajaadn. [1o
HaifiienubM ) (t) MoxkHO HaiiTu 7; () u3 (18), a ciaemoBaresnbho, u perenne 3ajga4n (1)
— (4) xak pemenne 3aaa4n Jupuxie B obactu (3 u perenns 3a1a4d Ko B obsractsx

Ql n QQ.

2. 3akJrroueHue

B pabore st ypaBHEHUS CMEITAHHOTO SJUIHIITUKO-TUIIEPOOJIMIECKOTO THIIA C JIBYMSI
JINHUSIMU TIAPOOJINYECKOrO BBIPOK/IEHUSI JIOKA3aHa OJJHO3ZHAYHAS PA3PEITUMOCTh BHYT-
peHHeKpaeBoil 3a/1a4n. FIMHCTBEHHOCTD JIOKa3bIBACTCA METOJIOM MHTErDAJIOB SHEPIUH,
[IPU 9TOM Ha 33 IaHHbIe (DYHKIIUK U TOPSIJIKA JTPOOHBIX ITPOU3BO/IHBIX B KPAEBBIX YCJIOBH-
SIX BBIIINCHIBAIOTCS OIpe/ie/IeHHbIe OIPAHNYeHNs] HepaBeHCTBEHHOro Tuta. /s mokaza-
TEJIbCTBa CYIIECTBOBAHNA 33/1a9a 9KBUBAJICHTHO PEAYIINPOBAaHA K BOIIPOCY Pa3pelInMo-
CTU CUCTEMbBI CUHTYJIIPHBIX UHTEI'PAJILHBIX YPaBHEHUI BTOPOT'O OpsiJIKa ¢ gapom Ko
OTHOCHUTEJIbHO IIPOU3BOJIHBIX OT CJIEJIOB UCKOMOI'O PeIleHUs] Ha JIMHUAX BBIPOXKJIEHUS.
Cucrema CHHTY/ISIPHBIX WHTETPAJbHBIX YPaBHEHUI CBejleHA K ypaBHeHUAM Dpearosb-
Ma BTOPOTO pojia, Oe3ycJIOBHAS Pa3peNmMOCTh KOTOPBIX CJeyeT U3 eIMHCTBEHHOCTH
perenns 3aa4u. Tak »Ke, yCTAHOBJIEHO BJIMSHIE HA KOPPEKTHOCTH ITOCTAHOBKH 3a/la-
YU MOPSJIKOB JPOOHBIX MPOM3BOJIHBIX B KPAEBBIX YCJIOBUSX U UX CBSA3b C IOPSIKOM
BBIDOXKJIEHUS yPaBHEHUS.
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3aMKHYTOCTh 0a3MCHBIX TOBEPXHOCTEI],
MHBAPUAHTHLIX OTHOCUTEJLHO rpynn As u Bj

B. A. TepuoBckuii, M. C. BuaynoBa

Kpoivcknit dpenepanbubiii yausepcurer uM. B. Y. Beprasickoro,
E-mail: ternowskyva@moail.ru, masha.bichulova@yandex.ru

Annorarusi. OfHON W3 OCHOBHBIX 3aJ1a4 B TEOPHUH WHBAPUAHTOB SBJISIETCS IIOCTPOEHME 00pa3yro-
X ajredpbl MHBAPUAHTOB HEKOTOPOI IPyIIbl. B HacTOsIIEl cTaThe N3ydaeTcs CTpOeHne Ha3MCHBIX
IIOBEPXHOCTEH MHBAPUAHTHBIX OTHOCUTEIBHO KOHEUYHBIX I'DYIII, IOPOXKICHHBIX OTPAKEHUAMH B Bellle-
cTBEeHHOM mpocTpaHcTBe. llomydensl mocTarodHble yCJIOBUsl 3aMKHYTOCTH BCEX OA3UCHBIX IOBEPXHO-
creil ajareOp MHBAPUAHTOB I TPYII CHMMETPHH IIPABHJIBHOTO CHUMILIEKCA U Kyba B TPEXMepPHOM
€BKJIJIOBOM ITPOCTPAHCTBE.

KurogyeBbie ciioBa: MHBapHAHTHI, IPYIIBI CHMMETPUN, Oa3UCHbIE MHBAPUAHTHI, ajredpa MHBapHAH-

TOB, I'PYHIBI IIOPOK/IEHHBIE OTPAXKEHUAMMU.

Closedness of basis surfaces invariant with respect to
the groups A3 and Bj

V. A. Ternovskiy, M. S. Bichulova
V.I. Vernadsky Crimean Federal University, Simferopol.

Abstract. In the real m-dimensional Euclidean space E™ | the group G is generated by orthogonal
reflections with respect to N(G) hyperplanes with common point O. In a rectangular coordinate
system, we assign the algebraic hypersurface of order n to f(z) = 0 , where f(z) is a polynomial
degrees n with respect to the coordinates of the vector & = (z1,..., 2, ). The set of all hypersurfaces
invariant with respect to the same group G corresponds to the set f(z), which forms the algebra
I€. The description of the algebra I¢ is a fundamental problem in the theory of invariants. In this
article, we study the structure of the basis surfaces invariant with respect to finite groups generated
by reflections in real space. Sufficient conditions for the closure of all basis surfaces of the algebras of
invariants for the symmetry groups of the regular simplex A3 and the cube Bjs in three-dimensional
Euclidean space are obtained.

Keywords: invariant, symmetry groups, basic invariant, algebra of invariants, groups generated by
reflections.

MSC 2010: 20B30
BBenenue

B BemecTtBeHHOM M-MepHOM €BKJINIOBOM IpocTpancTBe B rpyima G OpoxKie-
Ha OPTOrOHAJBHBIME OTpazKeHusiME oTHOcuTesbHO N (G) rumneprutockocTeil ¢ obmieit
TOYKOI . B IpaAMOyTrosibHOI crucTeMe KOODJMHAT aaredpanvdeckKyio I'MIeprIoBepXHOCTH
nopsizika n 3ajaauM ypasaerueMm @(x) = 0, rue ¢(r) — MHOIOYJIEH CTEHEHU 7. OTHO-
CHUTEJIbHO KOODJIMHAT BEKTOPA T = (Z1, . .., Ty, ). MHOXKECTBY BCEX IMIIEPIIOBEPXHOCTENH,
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MHBapPUAHTHBIX OTHOCHTEIHLHO OHON M TOH Ke rpymibl (7, COOTBETCTBYET MHOXKECTBO
o(z), obpazytomee anredpy 1¢.

Onucanne anre6psr 1€ apisgerca dyniaMeRTAIBHON TPO6IEMOil TEOPHI HHBADHAH-
toB. s koneunsix rpynn B 1890 rosy . ['miasbepr 1] mokasan ocHOBHYIO Teopemy
TEOPUU WHBAPUAHTOB, YTBEPKJAIOINIYIO, UTO ajredpa MHBAPUAHTOB MMeEET KOHETHOEe
qucsio obpasyrormux. st koreunsix rpymn orpazkenuit G- K. Illeasbe [2] mosry«mn
dyHIaMEeHTATBHBIN Pe3YJIbTAT, COCTOSIINI B TOM, UTO M aJredpanvdecKn He3aBUCUMbBIX
OJIHOPOJIHBIX MHOIOWIeHOB obpasyior 6asuc naBapuanToB (. Kak nokaszasu [llenapt
u Toy [3], eciin Gasuc MHBAPUAHTOB COCTOUT U3 1M OJHOPOJHBIX MHOTOUJIEHOB, TO G —
KOHeYHasd IPyIIa oTpazkenuii. Taxum obpasoM, anrebpa I¢ mopoxpaerca m anrebpan-
geckn HezaBucuMbiMu popmamu I, I'. C. M. Kokcerp [4] knaccuduiimposads Bce Hepu-
Bo/uMble rpymisl G npocrpancTsa E™ u names crenenu n; dopm I, 1 =1,...,m.

I3BeCcTHEI pas/IMYHbIe METOIBI HAXOXK/ICHNSA B ABHOM Buje 6asuca ¢ 11 mekoTo-
poix rpymn G [5]. B 1969-1970 rogax @aarro u Bunep [6, 7| Buepsble jaau ajaropurm
HAXOXKJEHUs [, ¢ IOMOIIBIO MHOI'OYJICHOB

P(&,5) =Y (& 05)!, t>1, (1)

oeG
e (Z,Y) = >_(x;,y;) — CKaXgpHOe MPOU3BEJeHNe BEKTOPOB T = (X1,...,T,) U

=1
7= (y1,--,Ym). Momudurarnus (1): £ = ¢, 0 € G — orpazkeHus, NPeJJIOKEHHAST B
pabote [8] Tpebyer 4eTHOCTH N;, HO CYIIECTBEHHO YMEHbIIIAeT TEXHUIECKUe TPYIHOCTH,
OHHU CTAHOBSITCS IPEOIOIUMBIMU. 3aBeaytonuM Kadeapoii reomerpun Cumdeporoib-
CKOI'0 TOCY/IapCTBEHHOIO yHUBepcuTeTa mpodeccopom Birajgmmupom Peorosudem Mr-
HaTeHKo B 1983 romy 9] mosmocThIo perena 3a/atia MOCTPOEHHs B SIBHOM BHIe 6a31CcoB
I Bcex asrebp ¢ UCIOJIL30BAHHEM MHOIOUIEHOB lloropesosa

N(G)

024 (T) = Z nft(f%

J=1

rae 1;(Z) = 0 — HOpMHPOBAHHBIE YPaBHEHUs THIIEPITIOCKOCTEN OTPasKeHUsl, U CIIEIH-
AJIBHBIX JudepeHnuaabHbIX OlEePaTOPOB.

B. ®. Urnarenko B padore [10] mocrasui 3a1ady: MoJayIuTh ypaBHEHUS BCeX Oa3uc-
HBIX, OTJIMYHBIX OT c(epbl 3aMKHYTBIX ITOBEPXHOCTEH, MHBAPUAHTHBIX OTHOCHUTE/IHHO
KOHEYHBIX PYIII, MOPOXKIEHHBIX OPTONOHAJBHBIMIA OTPArKEHUSIMIA B €BKJINIOBOM IIPO-
CTpaHCTBE.

B nmanHOIT cTaThe MOJIyYeHBI JOCTATOYHBIE YCIOBUS 3aMKHYTOCTH BCEX OA3MCHBIX
MOBEPXHOCTEN ajaredbp HHBaAPUAHTOB I TPYIII CUMMETPHUHU IIPABUJIBHOIO TPEXMEPHOIO
cuUMILIeKca 1 Kyoa.

1. ITocTarnoBka 3aJilav1 M1 OCHOBHOII pe3yJIbTaT

3a/1a/11M B BEIIECTBEHHOM TPEXMEPHOM IIPOCTPaHCTBe F? IPsSMOYTOILHYIO CHCTEMY
koopaunat Ox;, ¢ = 1,2,3. llycte G — KoOHeYHasi rpyIliia CUMMETPHUI, TOPOXKICHHAS
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OpPTOT'OHaJIbBHBIMHU OTPazKeHUAMN OTHOCUTEJILHO IIJIOCKOCTEN CuUMMeETpHuun C O6H_[€I71 TOY-
koit O. Ecin [;(G), j = 1,2, 3, — obpasyiomue anredpsl BceX HHBAPHAHTOB IPymIbl G,
TO ypaBHEHUE JBYMEpPHOI 0a3uCHOi ajredpandecKkoil MOBEPXHOCTA MOXKHO 33/1aTh TaK

1,G) =, (2)

rae ¢ = const.

[IpeamoozK M, 9To MOBEPXHOCTH (2) He 3aMKHYTa, TOT/[a CYIIECTBYeT JeHCTBUTE b
HBIII aCUMIITOTUYECKUN KOHYC 9TOU IIOBEPXHOCTH, TO €CTh, CYIIECTBYET, 110 KpaiiHei
Mepe, OJIHa JIeficTBUTeIbHAs TOUYKa, oTyImdHas oT (), y/I0BJIeTBOPSIONIAs YPaBHEHUIO

L(G) =0,

OrmernmM, 910 i JioOo rpynmbl (G IIOBEPXHOCTD, 3a/lanHas ypaBuenueM [; = c
3aMKHYTA.

1.1.

[IpuBemeM JoCTATOMHBIE YCJIOBUS 3aMKHYTOCTH OA3UCHBIX aJrebpandecKux MOBepX-
HOCTell KOHEYHOH IpyIIbl cuMMerpun As.

Urak, nycts G = As.

Bosbmewm cirejtyronue 6a3ucHble nHBApHAHTH (9]

3 3 3

_ 2 _ _ 4 2.2

I = E x;, Iy=mx29m3, I3= E x; —2 E LT
i=1 i=1 i<j

OueBnIHO, YTO MMOBEPXHOCTH [ = ¢ He 3aMKHyTa. Ba3ucHasi MOBEPXHOCTH U€TBEp-
TOT'O TIOPSAIKa OOIIETO BU/IA 33/1aeTCs yPaBHEHIEM

I;+al} =c,
rJie a — Npou3BOJIbHasi KoHCTaHTa. Vveem
3 3
Ii+ali =(1 —i—a)fo—i—Q(a— 1)2@2%2
i=1 i<j

[Monoxkum y; = x7 (i = 1,2,3), Torja NpuBeIeHHOe BBIIIE BbIpaxKeHne, IPUPABHSIB

7

K HYJIIO, 3alliIlIeM Tak

boyi + biys + by = 0, (3)
e by =1+a, by =2(a—1)(y2 + y3), bo = (1 + a)(y3 + y3) + 2(a — 1)y2ys.
[Mostoxxum o = y3 = 0, Torga npu a = —1 1; MOXKET OBITH JIFOOBIM JIEHCTBUTEIBHBIM

grcaoM. Tenepb IPeIIIONIOKIM, 9TO Yy 1 Y3 HCOTPUIATEILHBIE 1efiCTBUTEILHbIC TACIIA,
OJIHOBPEMEHHO He paBHble Hy/10. Haiijiem 3Hadenue a, npu KOTOpbIX ypasHenue (4) ne
UMeeT TOJIOKUTEbHbIX KopHed. Ecim a < —1 (a > 1), 10 upu J00bIX Y2, Y3, YIO-
BJIETBOPSIFOIIUX HaleMy Tpejmosoxkenunto, b; < 0 (b; > 0), i = 0,1, 2. CienoBaresbHo,
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no npaBmiy 3HakoB [lekapra ypasaenue (2) npu a < —1, a > 1 MOJOKHUTETBHBIX
KopHeit He nMeeT. Ho 310 mpaBmio He yTBepkIaer, 94To npu —1 < a < 1 Bcerja ecrb
[IOJIOYKUTEIbHbIe KOpHH. [loaTOMYy Hail/leHO TOJBLKO JOCTATOYHOE yCJIOBUE: Oa3ucHast
IIOBEPXHOCTh YeTBEPTOI'0 MOPSJIKA 3aMKHyTa Ipu @ < —1, a > 1.

Taxum obpazom, jist Tpynibl Az MBI TOJIYUUIN CJIEIYIONUN PE3yIbTaT: Oa3ucHasT
ITOBEPXHOCTb BTOPOT'O TIOPsAJIKA 3aMKHYTa; Oa3ucHas MOBEPXHOCTH TPEThEro MOpsIKa He
3aMKHYyTa; 0a3ncHas MOBEPXHOCTH YETBEPTOro MOpsIKa 3aMKHyTa nipu a < —1, a > 1.

1.2.

Teneps nycts G = Bs.
Anrebpa Bcex MHBApUAHTOB I'PYIIIBI CHMMETPHUil By nMeeT Cjiejayolme obpasyo-

mue [1]: ;

3 3
_ E 2 _ § 4 _ § 6
[1_ xi; [2_ xi? [3_ xi7
i=1 i=1

i=1
Basucnasa IIOBEPXHOCTDb 9€TBEPTOI'O IIOPAAKa 3aJa€TCAd YpaBHCHUAMN

L+al? =(14+a) Zx +2a2x

1<j
[ostoxkus x? = y;, i = 1,2,3 u C = 0, noyuum ypasHeHue
boy; + by + by =0, (4)

rie by = 1 +a, b = 2a(y2 + y3), by = (1 + a)(y3 + y3) + 2ay2y3. Tax kak ya, ys
HeOTpHUIATeIbHbIE AefiCTBUTE/IbHBIE YHC/Ia OJHOBPEMEHHO He paBHBIE HYJIIO, TO IIPH
a<—1(a>0)Bceb <0 (b >0),i=0,1,2. Ilycrs, Torma y; OyIeT MOJIOKUTE b
HBIM 49HCJIOM TOJIbKO nipu a = —1. CirenoBarennro, npu a < —1 u a > 0 6a3ucHas
[TOBEPXHOCTDb YE€TBEPTOrO MOPSIKA 3aMKHYTa.

Pacemorpum 6a3uCcHYIO MOBEPXHOCTD IIECTOTO MOPSJIKA, KOTOpas 3a/aeTcs CJIejLy-
IOIAM YpaBHEHUEM

3 3 3 3 3
I3+(Il[1[2+@2]§ :Z.T?—Fal (ZQE?) <Zx?> + as (Z(E?) —
J i=1

=1 i=1

3 3 3
=> i ta (fo+ > wla? ) + as (Zm +3Zx4$2+6xf:v§x§> =
=1 =1

i,j=1 ,j=1

= (14 a1 + as) Z:c + (ay + as) Z:c 2+ 6agataday = C
i,j=1
[Monoxus 2 = y;, i = 1,2,3, u C = 0, nosy4anm
(v + 5 +43) + (an + a2) (VT Y2 + Y3ys + Ysyr + Y3ys + Yayr + Y3y2) + Bazy1yays = 0
(14 a1+ ag)yy + (ar + a2)(y2 + y3)yi + (a1 + a2)(y3 + y5) + 6azyzys)ys + bs) = 0
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boy; + b1yt + bays + by = 0, (5)

rae bo =1+ a; + as, bl = (a1 -+ 3a2)(y2 + y3), b2 = (a1 -+ 3(12)(3/% + yg) + 6a2y2y3,
by = (1 +ar + az)(y5 + y3) + (a1 + 3a2) (Y3ys + yay3)-

\
N\

Cunraga Y2, Y3 HeOTpUIATECJIbHBIMNI ﬂeﬁCTBHTeﬂbeIMH qucCJIaM O/JHOBPEMEHHO HE

PaBHBIMU HYJIIO, HAXOJUM, YTO IPU Ao < —%al, a1 < —(—;, as < —ay —1, a1 > —g, BCE
by <0,aupuas > —a; — 1, a1 < =2, ay > —1ay, —§<a1 SO’%Z—%GL% > 0,

2 3
Bce b; > 0.

Ecin yo = y3 = 0, To ypasaerune (5) uMeeT MOJOKUTETbHBIE DEIEHHs TOJBKO IIPH
as + ay + 1=0.

Taxkum 06pa30M, OasucHast ITIOBEPXHOCTHb HIECTOI'O IIOPAdJKa 3aMKHYTa, €CJIN a1 U a2
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YZOBJIETBOPSIIOT CeytonuM HepasercTsam (Puc. 1)

10.

3
ay > —a; — 1, ay < —gah a; < )
> 1 < 1 < <
a ——ay, a ——a;, —— <a —
2 = 3 1, 2 = 6 1, 2 1> 5

a22_§a17 as < —ap — 1, —g<a1§0

ay > —éal, o < —ayp — 1, a; > 0.
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Classical electrodynamics with non-point
charge: big computational difficulties
generated by small parameters

V. A. Temnenko

Crimean Engineering and Pedagogical University, Simferopol 295015. E-mazl:
valery.temnenko@gmail.com

Abstract. We describe computational difficulties that may arise in the numerical solution of the
stationary problem of classical electrodynamics with non-point particles [1]. These difficulties are
associated with the presence of a small parameter in this theory, which takes into account the curvature
of spacetime caused by the existence of a non-point charged particle. The energy of a gravitational
coupling almost completely “eats"the electromagnetic energy of a particle. To calculate the observed
particle mass, it is necessary to calculate these two opposite-sign contributions to the particle mass
with an accuracy greater than 21 significant digits. Such unprecedented requirements for accuracy did
not arise earlier in any problem of theoretical physics.

Keywords: non-point leptons, Stoney’s mass, electromagnetic mass, gravitational coupling energy.
1. Introduction

The author’s article [1] presented a new formulation of classical electrodynamics,
which does not contain point charges. The non-point charges of this theory are some
eigenstates of the current field J¢. The 4-current J* (more precisely, J* is the density
of 4-current) inside the particle is a space-like vector: J*J; < 0. The motivation for
the space-likeness of the current J* is presented in [1]. The condition of the space-like
current means that in the theory [1] the 4-current J* has no mechanical interpretation.
The space part J of the 4-current J* cannot be interpreted in terms of a motion, a
space-transfer of a charge density p. Within the framework of this theory, the 4-current
J" = {pc,J} is the primary physical object, whose properties cannot be expressed in
terms of the known properties of some other, simpler physical objects.

Within the framework of the theory [1], the electromagnetic field inside the particle
is described by a vector dyad consisting of two 4-vectors: 4-current J* and 4-potential
A, Inside the particle, the current J¢ is a space-like vector. On the outer boundary of
a non-point particle, the 4-current J* is an isotropic 4-vector: J*.J; = 0. This boundary
condition of the 4-current isotropy implicitly determines the outer boundary of the
particle. On this boundary, the derivatives of the 4-potential A’ are continuous. The
components A’ on the surface of a particle can undergo a discontinuity. Outside of
charges, the current J* is absent, and the 4-potential A’ satisfies the homogeneous
Maxwell equations. In the framework of the classical theory [1], the 4-current J* is
taken into account in the Lagrangian density by the term L; quadratic in the current:

© V. A. TEMNENKO
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L;= —%aJ ¢ J;. For dimensional reasons, the constant factor a in L; can be written as

a = (%0)2, where ¢ is the speed of light, and ry is the new fundamental constant

of length dimension. The constant ry is some estimation of the size of non-point
particles. It is well known that, up to distances of ~ 10716 cm, massive leptons do not
demonstrate the presence of any internal structure in particle scattering experiments.
Therefore, ry < 1071¢ cm. Below it is shown that the real particle size is much smaller
than this experimental upper limit. Small particle sizes! mean a high density of the
components of the energy-momentum tensor of the currents and the electromagnetic
field T% inside the charge and in its vicinity. This means that classical electrodynamics
of non-point particles requires taking into account the curvature of space-time inside
and around the particles [1]. Consequently, the electrodynamics equations of non-point
particles must be solved in a Riemannian space-time with geometry which obeys the
Einstein equations and is unknown before the solution. When calculating the mass
and angular momentum of a lepton, it is necessary to take into account not only the
contribution of the tensor 7T%. It is necessary to take into account the contribution
made to these integral characteristics by the pseudo-tensor of the energy-momentum
of the gravitational field ¢¥. This need to take into account the contribution #“ to the
integral characteristics of particles gives rise to the computational problem of such a
difficulty, which, apparently, no one in the computational mathematics has ever faced
before.

2. Dimensionless parameters of classical electrodynamics of
non-point particles

The system of equations of classical electrodynamics of the non-point participles
[1] includes the Einstein equation. Consequently, the theory contains a gravitational
constant G. This means that along with the unknown fundamental constant rg, the
theory contains another constant of the dimension of length. This is the so-called “the
Stoney’s length” [3] ry : 7y = VG = 1.381 - 107 cm, where e is the value of the
electric charge of an electron. In the article [1] it was suggested that the value of r;
characterizes the dimensions of some current-free internal cavities inside the particles.

The theory [1] also contains some characteristic quantity having the dimension of
mass, so-called “the Stoney’s mass” m, : m; = -~ = 1.859 - 107° g?. Note that “the
Stoney’s units” ry and mg appeared in theoretical physics in 1881, i.e. earlier than

'We are talking only about massive leptons. The study of hadrons in the framework of the approach
[1] requires the construction of the classical theory of the Yang-Mills octuplet field, consisting of the
octuplet dyad: the 4-current octuplet and the 4-potential octuplet. The author’s article [2] gives a
general idea of a such theory. Quarks in theory [2] are one-current extended objects immersed in a
triplet or a quadruplet of potentials that form a subset of the potential octuplet that is closed relative
to the vector product in a vector octuplet. This vector product is specified by means of the structure
anti-symmetric 3-symbol of the group SU(3). This combination of three or four potentials forms what
is commonly called the color of the quark. There are 8 quarks in theory [2], two of which are not yet
open.

2The British-Irish physicist and astronomer George Johnstone Stoney not only introduced the
fundamental system of units of measurement of physical quantities, but also proposed in 1874 a new
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the Planck units that are more common for modern physicists: the Planck mass is
m, = \/% = 2.176 - 10~° g and the Planck length is r, = \/g = 1.616 - 1073 cm
(h is Planck’s constant). We believe that in the classical theory [1], the appearance of
Planck’s constant and, accordingly, of Planck units of length and mass is completely
inappropriate.

The presence in the theory [1| of two constants with dimension of a length means
that the classical electrodynamics of non-point particles “at the entrance” to the theory
contains the dimensionless parameter k = :—0 The presence of this parameter “at the
entrance” to the theory — it is very reasonable to assume that it is a small parameter
— makes it possible to calculate and explain some small parameters appearing “at the
output” of the theory. The theory [1] allows, in principle, to calculate the masses of
charged leptons, expressing them, for example, through the Stoney’s mass. However,
such a dimensionless electron mass p is monstrously small: p = 7% = 0.49- 10721 (here
m is the electron mass in grams).

The author provided an estimate of the possible value of the fundamental constant
To : To N (rTr52)1/3 ~2.107%" cm [5], where rp = - is the Thompson radius of the
electron®.

It is unlikely that this estimate of the constant ry is very reliable, because ry is
a fundamental constant that characterizes the structure of the world as a whole, and
rr is a constant that characterizes only one particle (electron). But there is currently

1/3
no other estimation for rg. From this estimation for ry it follows that x ~ <mﬂ> ~

0.8 - 1077 and, accordingly, u ~ k3. These estimations for ry and  are only by orders
of magnitude. The relationship between p and ~ may contain a factor of O(1).

This fundamental relation g ~ &3 is based on the qualitative and not very
reliable arguments given in [5|. Generally speaking, it should be an exact quantitative
consequence of the numerical solution of the stationary problem about geometry, charge
and current distribution for classical model of a non-point lepton [1]. However, this
stationary problem has not yet been solved, and the difficulties of its numerical solution
now seem insurmountable.

3. Small parameters of the theory [1] and high demands on the
accuracy of the numerical solution

Without having the solution of the stationary single-particle problem of classical
electrodynamics of non-point particles, we can present here only qualitative
considerations illustrating the difficulty of numerically solving this problem. To
estimate the observed lepton mass m, we can offer the following formula:

Ug

m:mem__Qa
C

(3.1)

term “electron” as the name of an elementary particle that was not yet open at that time ([4], p. 82 ).

3In formula (39) of article [4] in this expression, instead of the Stoney’s length rg, the Plank’s
length 7, appeared. The author believes now that the appearance of Planck units is inappropriate in
the classical theory.
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where me,, is the electromagnetic mass (it is the integral taken over the entire three-
dimensional space in the particle rest system from the component 7% of the energy-
momentum tensor of the current and the electromagnetic field). The value — Ug is
the energy of the gravitational coupling (it is the integral taken over the entire three-
dimensional space in the particle rest system from the component t* of the pseudo-
tensor of the energy-momentum of the gravitational field).
Electromagnetic mass of the particle m.,, for dimensional reasons can be written
in the following form: ,
e

(3.2)

Mem = A 2
TroC

where A is some dimensionless constant. It can be assumed that A > 1, since the
contribution to m.,, is made not only by the Coulomb energy (the integral of p?),
but also by the interaction energy of the currents (the integral of J?). By virtue of
the space-likeness of the 4-current J* > p?c?. In addition, the values of p? and J* can
increase with the deepening from the outer surface into the depth of the charge.

The energy of the gravitational coupling Ugs can be estimated by the following

“Newtonian” formula: )

Uy = BGem. (3.3)

To

where B is some dimensionless constant. We venture to assume that B > 1 and,
moreover, we venture to assume that the factors A and B have the same order of
magnitude.

Using formulas (3.1), (3.2) and (3.3) to for an estimation the observed lepton mass
m, one can get the following expression:

m =ms - AKR, (3.4)
where R is the “reducing factor”;
R =1— ABK*. (3.5)

Earlier we found that for an electron in order of magnitude:

Therefore, from (3.4) it follows that
AKR ~ K°. (3.6)

Taking into account (3.5), condition (3.6) can be satisfied if we assume that the

unknown factors A and B have order nopsiok '

, (3.7)
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(a=0(1), b=0(1))),

moreover, the values of a and b, appearing in (3.7), are related by a rigid relation:
R=1—ab=\s" (3.8)
(A=0(1)).

Equation (3.8), connecting a and b, looks extremely unattractive. It resembles the
well-known “fine-tuning” problem [6].

The term “fine-tuning” is used for the high-precision adjustment of some parameters
of a physical theory (in this case, parameters a and b) in order to reconcile the theory
with observations.

However, relations (3.7) and (3.8) only by appearance remind of the “fine-tuning”
problem. Parameters A and B are not external parameters, the value of which can be
specified arbitrarily. They should be found in the numerical solution of the stationary
single-particle problem of classical electrodynamics with non-point leptons, described
in [1]. This numerical solution, if and when it will be obtained, either demonstrates the
validity of the estimation of the reducing factor R (3.8) — and then the theory [1] agrees
with the observed facts (at least qualitatively) — or does not confirm the estimate (3.8),
— and then the theory [1] should be rejected.

If theory [1] is suitable for describing experimental facts, then relation (3.8)
demonstrates the existence of a giant computational problem. Electromagnetic energy
and the energy of a gravitational coupling compensate each other with an accuracy of
20 significant digits. On the Stoney’s mass scale, leptons are practically massless*. In
order to obtain meaningful results when calculating the mass and angular momentum
of a charged particle, these integral characteristics should be calculated, providing at
least 21 reliable significant figures. The ratio of the muon mass to the electron mass is
known with an accuracy of 7 significant digits. In order to reproduce this accuracy in
calculations, the integral characteristics of two solutions with different topology must
be calculated with an accuracy of 28 significant digits. Accordingly, when numerically
solving this problem, for example, using the grid method, calculating local values of
variables (the potential and current components, the electromagnetic field tensor, the
metric tensor components and the Christoffel symbols), it is necessary to produce
with an adequate margin of accuracy (probably at least 24-25 significant digits for
comparison of integral characteristics with experience in order of magnitude, or with
an accuracy of 31-32 significant figures to ensure accuracy in integral characteristics
comparable to the experimental one). At present, there are no such exact numerical
methods for solving a system of nonlinear partial differential equations in domains
with unknown boundaries. In the past, not a single problem of theoretical physics and
continuum mechanics put such high demands on the accuracy of calculations. However,

4Here we are faced with the “the inverted hierarchy problem” [7] the gravitational interaction is
not at all extremely weak compared to other types of interaction (as is customary to think about it
now). On the contrary, gravity almost completely “devours”’ the energy contributions of other types
of interaction. The world is almost massless.

ISSN 0203-3755 /lunamudeckue cucrempr, 2019, Tom 9(37), Nel



78 V.A. TEMNENKO

at present, there is no other classical theory, except [1], which would allow, in principle,
to hope for the calculation of the masses of leptons®. Relation (3.8) can be checked by
performing model calculations for given and not very small x, for example, x ~ 0.1 and
k ~ 0.01. Of course, any attempt to solve this problem numerically may be preceded by
an attempt to prove a theorem on the existence of solutions to this problem. Currently,
such evidence is missing.

The considered problem is a very rare example of the problem of theoretical physics,
which requires proof of a theorem on the existence of a solution. Physicists usually
do not have a need for theorems of this kind. In the scientific folklore of theoretical
physics on this subject, the mocking phrase of the ruthless W. Pauli is known, allegedly
pronounced in the 40s of the twentieth century to the famous mathematician John
von Neumann: “Wenn Physik hauptséchlich aus Beweisen bestehen wiirde, wére von
Neumann ein guter Physiker geworden” (If physics consisted mainly of proofs, von
Neumann would have become a good Physicist)®.

However, this is exactly the case when such a theorem is important. It is unlikely
that anyone will decide to tackle the numerical solution of such a problem with
unprecedentedly high demands on accuracy, without having confidence in the existence
of a solution. Possible classical solutions to this problem may differ from each other
in the topology of the external and internal boundaries of the current and charge
distribution in the particle volume. These topologically different solutions (if they exist)
are classical models of various massive leptons. If we confine ourselves to axisymmetric
solutions, then there are only three solutions: the outer boundary with the topology of
the sphere is compatible with the existence of the inner boundary with the topology
of the sphere or the topology of the torus; the outer boundary with the topology of
the torus admits the existence of an inner boundary with the topology of the torus. By
now, three massive leptons are really known: an electron, a muon and a triton.

4. Questions that can be answered by the theorem on the
existence of solutions for the theory [1]

Reducing the equations of classical electrodynamics with non-point charge [1] to
a dimensionless form, it is convenient to choose the values of e, ¢ and ry as units of
measurement. The equations of electrodynamics themselves in such a dimensionless
record do not contain any parameters’. The dimensionless constant of the theory
appears in the Einstein equation:

1

5These monstrous computational difficulties are the price that must be paid for the abandonment
of the existing physics with point particles, divergences and renormalizations.

6Unfortunately, the author cannot indicate the source of this phrase. This is probably one of the
many jokes about Pauli.

"The theory [1], in addition to Maxwell’s equations, contains one new and very simple equation of
theoretical physics, relating 4-current and 4-potential in the 4-current region: J* + A = 0.
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where Gr = 87k2. Gr is the dimensionless Einstein gravitational constant expressed in
terms of the parameter k.

In equations (4.1) (see [8], § 95) gix is the metric tensor, R is the Ricci tensor, R
is a trace of the Ricci tensor.

It follows from the Einstein equations (4.1) that, where the values of the components
of the tensor Tj; are of the order of unity (7j; = O(1)), the components of the Ricci
tensor satisfy the estimate R;, = O(k?). However, when calculating the components
of the energy-momentum pseudo-tensor of the gravitational field ¢;; (see [8], § 96),
it is easy to verify that t; = z_é:r@ikﬂ where the components of the very cumbersome
pseudo-tensor ©;, constructed from the metric tensor and the Christoffel symbol, have
the same order of magnitude as the Ricci tensor. Consequently, the components of the
pseudo-tensor t;; seem to “forget” about the smallness of the gravitational constant
Gr and have the same order as the components of the tensor Tj: the energy of the
gravitational coupling has the same order of magnitude as the electromagnetic energy.

In units of e, ¢, rg, the mass unit mg is the value my = n‘% This value is of the
order of 107! g. In these units, the Stoney’s mass m, is defined by the expression
mg = % Accordingly, the above considerations suggest that the observed electron mass
m in units of my satisfies the estimate m = O(x?).

Constructing the existence theorem for the theory [1], it is necessary to establish
the existence conditions for the solution of the stationary single-particle problem. In
particular, it is necessary to establish: how many normalization conditions can be
used? For what values of the parameter x do exist solutions? (It seems plausible to
assume that solutions exist only for sufficiently small ). In addition, it is necessary
to prove that m > 0 (the gravitational coupling energy cannot exceed the particle’s
electromagnetic energy), and also to prove (or disprove) the ordinal estimation for
m given above: m = O(k?). It is also necessary to establish whether the angular
momentum of a classical lepton is uniquely determined for a given topology of the
particle boundaries.

It would be rash to expect that the classical electrodynamics of non-point charges
[1] can accurately predict the parameters of leptons in full accordance with experience.
The goal of developing a classical theory of this type (as Paul Dirac repeatedly insisted)
is to be a good basis for the development of a quantum relativistic theory free from
regularization and renormalization. A sketch of such a quantum theory is contained in
the author’s article [9].

In essence, the classical relativistic theory of leptons [1], like the non-relativistic
Bohr’s theory of the atom, can, in certain situations, correspond to experience only
when some additional “quasi-Bohr’s” conditions are imposed on the solution. One such
“quasi-Bohr’s” condition must be imposed when normalizing to a unit of a full charge
of a lepton: staying within the framework of classical physics, we do not know why all
massive leptons have the same electric charge. We simply use this fact to normalize the
solutions.

Without having a theorem on the existence of a solution, we do not know whether
we have the right to set another “quasi-Bohr’s” condition, normalizing own angular
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1

2«
where a = %i is the fine-structure constant. If, to construct a solution, we have the
right to use only one normalization condition (the “quasi-Bohr’s” condition for charge
normalization), then we must simply humbly calculate own angular momentum M
within the framework of the theory [1| and compare it with the experimental value:
this will be a calculation of the quantum constant Planck A in the framework of the
classical theory!

Additional difficulties in this problem are caused by the pseudo-tensor nature of #;:
local values of these quantities (which must be calculated with an accuracy of about
25-30 significant digits!) are generally not physically meaningful and can be arbitrarily
changed by a simple coordinate transformation. Only integrals over the entire three-
dimensional space have physical meaning. Those researchers who venture to tackle the
question of the existence of stationary solutions of the theory [1] may first consider a
simpler model problem of the lepton structure in a world without gravity. This is a
flat world with the geometry of Minkowski and without the energy of a gravitational
coupling. Such a world without gravity cannot be compared with the world in which we
live, but the proof of the existence theorem and the numerical solution of the problem
will undoubtedly be simpler (there is no small parameter , which is quite “bad” in the
theory [1]: it is in the numerator in some equations and in the denominator in other
expressions).

Probably, it would be of some interest to study the model problem with the opposite
nature and with the apparent absence of matter — that is, with full local “devouring” of
electromagnetic energy by the energy of gravitational coupling. Within the framework
of such a model, the electrodynamics equations are not taken into account, and in the
right-hand part of the Einstein equations the tensor T} is replaced by — ¢;,. This model
does not contain a constant of gravity. This model is questionable from the point of
view of mathematics (a tensor is equated to a pseudo-tensor), but if the solution to such
a problem exists in a certain coordinate system, then it describes a certain “geometric
trap” that does not contain matter.

H. Kleinert considered a model in some sense related to such a geometric trap [10].
He studied the singular solutions of homogeneous Einstein equations as a model of dark
matter.

e

momentum M to its empirical value: M = (in units of angular momentum ?2),
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MoaennpoBaHne CHOHTAHHOIO Iepexo/ia OT
KpUTUYeCcKOli K-eMKOCTH K aJbTepPHATUBHBIM
ACUMIITOTUYECKUM COCTOSHUSM IOIYJIAT’

A. IO. IlepeBapioxa
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AwnsoTarusi. O6cyK1aeTcst MOIeIMPOBaHNe KPUTHIECKOTO PA3BUTH NHBA3UOHHOIO IPOIECCca HOILy-
JAAA ¢ GOJIBIINM PENPOAYKTUBHBIM r-iapamMeTpoM. CHTyaluu BCesleHusT 9yKEePOJHBIX BUJIOB MOTYT
BAPUATUBHO BBI3bIBATD SIBJIEHME BCIIBIIIEK, YTO 3aBUCUT OT MCXOAHON rpymmst N (0), peryssiuu u co-
[IPOTUBJIEHAS CpeJbl. MBI IIpe/ilaracM ONUCATh BAPHATHBHOCTH HOBBIMH YDABHEHUSIMIE C 3ala3/IblBa~
uueM. Paspaborana MOJeIb, I/ie B 3aBHCHMOCTH OT COOTHOINIEHHSI TAPAMETPOB T, T,y PEAIN3yeTcs JBa
NPAKTUYECKN 3HATMMBIX CIEHAPUs [OC/Ie MOHOTOHHOIO JOCTHxKeHns: MakcumyMa N () — max N (t,,)
YHUCJIEHHOCTH. Pa3pyIienne NHBA3UOHHON MOIYJISIUA IPH UCTOIIEHNH PECYPCOB YePe3 HEKOTOPOe Bpe-
M too >ty PEATM3YETCs C BBIXOJIOM TpaekTopun K N (t) — 0o. IIpu MeHbIINX 3HAYEHUSIX PEPOILyK-
TUBHON aKTHBHOCTH PEAIH3YeTCsl MOHOTOHHOE CHIKEHHE 0T K -eMKOCTH K MAJIOYNCI€HHOMY DaBHOBEC-
HOMY ypoBHIO: lim; o N(t) = L, L < max N(t,,). [lono6ubim 06pa3om, B 3aBUCUMOCTH OT U3MEHEHUIt
ucxonuoro cocrosiaust N (0), MOXKeT pasBUBATHCH OCTpasi HHMEKIHs — IO JIETAIBHOMY IIyTH, JIHOO C
pPEeBPAIEHneM B XPOHUYIECKYIO Ha CTabUIIbHOM §)-ypoBHE. PacecMoTpeHa MOJIesb ¢ HeJIMHEHHBIM IIPOTH-
BozieficTBreM nHBazuu. IlosryueH crieHapuil IPOXOXKIEHUs! TIOIYJIsIIUell IIPeJKPUTUIECKOTO MUHIMYMa
qucsterHoctr min N (t) < L < K nocie Heycroiiuusoro papaosecuoro N (ty) = K, tj, < co. Cuenapuit
HaOJIIOIACTCS IIPU PE3KOM YCUIIEHUH AKTHBHOTO COIPOTHBIICHHSI CO CTOPOHBI BHOTHIECKOTO OKPY KEHHS
UM BBIPAOOTKE 3alla3/IbIBAIOIIero UMMYHHOro orBera, Toraa 3N (0), N(t) — L <« K. B cienapusx ne
HaOJII0/IAeTCs P3Py IIAIOIIIXCS PEJIAKCAIIMOHHBIX IIUKIIOB N, (¢; T7), KaK B paHee IPe/JIOKEHHOM HaMH
ypasuermn N = rf(N2(t — 7))(H — N(t — 7)) 1l CHTYAIHI JeCTPYKIWH GHOCHCTEMBI.

KirroueBble ci10Ba: ypaBHEHHs C 3alla3[bIBAaHAEM, KDUTHYECKUE CIEHAPHU JUHAMUKA HOILYJIAIUH,

MeXaHU3MbI PEryJIdliu, COHEHapU aKTUBHBIX I/IHBa3I/II>'I, HNIRIyHHbeI OTBET, HeyCTOﬁqHBaH K-eMKOCTB.

Modeling of invasive process with spontaneous
transition from critical K-capacity of the environment
to an alternative asymptotic states of population

A. Yu. Perevaryukha
St. Petersburg Institute for Informatics and Automation of the Russian Academy of
Sciences, St. Petersburg 199178 .

Abstract. In the article we discuss the simulation of critical development of the invasive process
of a population with a high reproductive r-parameter. Situations of invasion of alien species can
variably cause the phenomenon of outbreaks, depending on the regulation, N(0) and resistance of the
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environment. We propose to describe variability by new equations with delay. We have developed a
model where, depending on the ratio of the parameters 7, 7, y, two practically significant scenarios are
realized after a monotonic attainment of the maximum of the invaded species N(t) — max N (¢,,).
Destruction of the invasive population after depletion of the environment’s exhaustion after a time
too > tp, is realized with the output of the trajectory to unlimited growth N(¢) — oco. With the
installation of slightly lower values of reproductive activity, a monotonic decrease to a small equilibrium
level is realized: lim;—, o N(t) = L, L < max N (t,,). Similarly, depending on minor changes in N(0),
an acute infection can develop — along the lethal pathway, or with the transformation into a chronic
one, for example hepatitis C. In the second part, we considered the model of the scenario of the
population passing through the critical minimum of the population min N(¢) < L < K after an
unstable equilibrium N (¢x) = K. The scenario is observed with a sharp increase in the resistance of the
biotic environment or the development of a delayed immune response, then the situation occurs N (t) —
L < K. The appearance of relaxation cycles, as in the previously proposed equation N = rf (N?%(t —
T))(H — N(t — 7)), we do not observe. The equation in a scenario with a spontaneous transition
from the K-capacity of saturation of the environment to the minimum $)-equilibrium describes the
chronicization of viral hepatitis. Model scenarios consider the form of an immune response.
Keywords: ODE with delay, critical scenarios of population dynamics, regulation mechanisms,
scenarios of acute invasions, immune response, hepatitis C, unstable K-capacity.
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1. BBeaenue

B npepiaymeii pabore [3] mamu obcyKIancd BapUaHT PA3BUTHUSA IKCTPEMAJHHO-
ro xXapakTepa JUHAMHUKHA YHUCJIACHHOCTH HOIYJIAIUK 1ocjie Oudypranun AHIpoHOBa
Xomnda. Bouta npeioxkena MoJie/b, BISIONasAcd MOAU(pUKAIIell H3BECTHOIO YpaBHe-
uns XarauHcona u3 [16]:

dN N(t—T)
— =rN{t) (1 ——FF ). 1
&= (1- 2 )

Mogenn (1) siBisieTcss pacumpeHreM OIyJIsipHOro ypasHeHust Pepxioibera ¢ N3BeCT-
HBIM CBOMCTBOM: iyt Tpon3Bosibioro N (0) > 0.limg o N(t) = K [5]. B (1) K-emkocrn
TPa/MIMOHHO YCPEIHEHHBI paBHOBECHBINH ypoBeHb. B Mozenn (1) mosaraem, aro s¢b-
beKT aBTOperyIIsIInm JIefiCTBYeT ¢ He OT TeKytero cocrosaus N (t), Ho Yepes dyHKIIO-
[PEJIBICTOPHIO OT CYIIECTBOBABINEro B mporaioM. OHAKO, KB IPATHIHBI 3aKOH pery-
JISIIIN B IPaBOii YACTH OCTABAJCS I B HaIel HOBOH Mozemn u3 [3], xors N = rN f(N?)
HCKJIIOUUTEJIbHO YMO3PUTEIbHAsST KOHCTPYKIUsA. [10/100HbIe ypaBHEeHUs paHee CTPOU-
JIUCDH Jiist OO'bsICHEHHsI HEKOTOPBIX JIA00PATOPHBIX SKCIepuMeHTOB [14] u ux pemenns
AKTUBHO HCCJIEIOBAIACH MHOIIMHI aBTopaMu [6].

DryKTyaruu UCIeHHOCTH ¢ GOJIBIION AMILUIUTY/I0H BO3HUKAJH Y N30JMPOBAHHBIX
HOMYJISIIUi HACEKOMBIX B JiaboparopHbix onbitax [7]. dus (1) usBecrno cymecrBosa-
HUe OpOUTaIbHO yeToiunBoro mukia [1]. B ypaBHeHUsIX ¢ HECKOJIBKUME BKJIIOUCHUSME
N(t — T) MOYXKHO HOJIyYUTh CJIOKHYIO alepuojudecKyto quaamuky [20], Ho He B are-
PHOAMYHOCTH ¥ XAOTHIHOCTH COCTOUT HAINA IeIb UX yCOBepIIeHCTBOBanu:A. [1pobiema
no06HbIX Mojeseit, kak (1) (uwmm «blowfly equation» [10]) — o6pasoBanue «riyGoKux
MHUHHMYMOB» DeJIaKcalmoHHoro nukia. Kak ormedeno B [2]: «iabopaTopHasi moIyJisi-
1Ust, KOTOPYo m3y4dai HUKOJICOH, MOIVIa HEOXKWJAHHO BbIMEDETh...». B peajbHOCTH
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TPYJIHO IIPEJICTABUTH THOE/Ib aJIalITUPOBAHHON TOIYJISIUN ¢ BBICOKOI CIIOCOOHOCTHIO K
caMOBOCCTaHOBJIeHNIO. Bui myx Lucilia cuprina He pa3pyliaeTr NPUPOIHYIO CPEY.

B macrosmeit ctarhbe Mbl ONWINEM aJbT€PHATHUBHBIE IO OTHOIMIEHWIO K KJIACCHIe-
CKOIl KBaJpaTudHOl (hopMe 3aBUCHUMOCTH JIJI MATEMaTHIeCKOIO BBIPAYKEHUS aBTOpe-
ryasnun ¢ 3anasaeiBanueM rf(N(t — 7)). PaccMorpuM crieHapun SIBHOTO W HESIBHOTO
[IPOTUBOJICHCTBHUS BCEJICHUIO CO CTOPOHBI OMOTHYIeCKOro OKpy:keHus. C Takoil 3amas3 ibl-
BalOIIel peryJjdiyeil cTajkKuBajcd KaK /bl U3 HaC B BUJIEe OTBETa UMMYHHOI CUCTEMBbI,
CJIOYKHO YCTPOEHHOT'O HaOOpa U3 aKTUBUPYIONIUXCS 110 MEM0YKe PA3HOBUIHOCTEN I'PYIII
KJIETOK, JIefiCTBIE KOTOPBIX MOXKHO OIUCATH HABEPHO TOJILKO heHOMenoiornvdeckn. [lo-
KayKeM B HOBBIX YPaBHEHUAX AJIHTEPHATUBHOCTDL IIyTeil PA3BUTUsS B3PHIBOOOPA3HOTO
HOITY/IAIOHHOTO MTPOTIecca, He CB3aHHOrO ¢ obpasoBanueM N, (t; rT)-IUKJIOB.

2. bazoBast popmasmzanus A4 3ala3abIBalonieil perysisaimmn

4 nesin ipuBeJieHns B COOTBETCTBUE TTOBEJIEHNS MOJIENIN € 3aI1a3/IbIBAHUEM U CBOI-
CTBAMH PeAJIbHO HAOIIOAABIINXCS OCIHUJIISINNA ¢ OOJIBIION AMILIATYI0H MbI IPEIJIO-
KU MOTADUKAIIIO, YBEJIMINB CTelleHb HeuHeinoctn N* B npasoit wactu [4]. IIpe-
0710J1eB TIPOBJIEMY «IDIyOOKMX MUHHMYMOB», MOAUGbUIMPOBAB MOjesb u3 [11], MoxkHO
MIOJIyYUTHh MaTeMaTHIeCKoe OIMCaHNe BeChbMa OIaCHOTO, HO HEYACTOr'O CIIEHAPHS IIOILY-
JAMUOHHOM muHamuku. [Togo6HbIl cliieHapuit onmcan B |9] Kak HaYa 0 MUI00OPA3HOM
BCIIBIIIIKU Y HACEKOMBIX-(pUTO(hAroB — OMACHOIO KOJIBIATOrO IIEJIKOPsiIa B jiecax Ka-
Ha bl. MBI MOJTyYUM ONUCAHWE JIJI HadaJia BCIBIIKA B YPABHEHUN:

AN K — N2t — 1)

o VO kT awa ) @)

[Mostyuennast cepusi IMKOB B (2) 6e3 HepeaabHOro cBoiicTBa MubuMyMa min N, (r7,t) —
0+ € u ¢ mHanbosbmum max N, (r7,t,1) > max N, (r7, t,,1 +1,) B caMOM HadasIe BCIIBIII-
KW, KaK Ha puc. 1 nmocye budypkarun: B Onosorndeckoil peajbHOCTH, KOTJIa AMILIATY/IA

@00,

700.H
&00.H
S00.0H
400.H
300.0H
ZDU.D'/\J
100.0

i)

UucneHHocTb N(t)

T T T T
0.0 100.0 200.0 300.0 400.0

Puc. 1. Konebanus B (2) ¢ min N, (r7,t1) = L > e.
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| max N, (r7,t) — min N.(r7,t)| — A.(r7) Beamka, T0 MyJIbCUPYIONIAs BCIBIIIKA JTOJIK-
na gemmduposarsesa: N, (r7,t) = K. JIubo MOMHOCTBIO YHHYTOXKATH MOICPKIBATO-
ILYI0 CpeJly 3a KoHeuHoe BpeMsi. M3BecrHbie Mojiesu 13| npe/monarain BO3MOKHOCTE
HEOIPAHIYEHHOIo Bo3pacTanus aMinTy bl A, (r7). [Tnroobpasnast BenbliKka HACEKO-
MBIX JIOJIZKHA 3aTyxaTh cama npu A, (r7) < K u nepexoinuTsh B WHOI PEKUM.

Mpgr pacemoTpesn panee pacmupenue (1) Kak ypaBHeHHe ¢ MKOCTBIO MTOJIYHAChIIIe-
st 0 < $ < K B (3). Dra BBeJieHHAs] HAME BeJMYUHA §) albTePHATHBHA KPUTHIECKN
HU3KOMY — HEYCTOWYMBOMY paBHOBecHio L-mopory uncieHHocTn £ < K u3 Mojenn
Basbikuna, 2

%gzﬂﬂww(r—ﬂ%%lg(ﬁ—N@—TD- (3)

Buak comuoxuress ($ — N(t — 7)) TyT MOXKET MEHATb POJISIMH CJIaraeMble JIOTUCTH-
YeCKOro ypaBHeHus. B ypaBaennu (3) Mbl IOJYUIIN CHTYAIUIO, KOT/a mocae 6udyp-
Karuu AmjporoBa—Xorda IMPOUCXOJUT HOSIBJIEHHE W Pa3pylIeHe PeJaKCalmOHHBIX
KoJiebaHuii ¢ 0OpasOBaAHUEM IICEBJIONEPUOINIECKON U He JUCCUIIATHBHON TPAEKTOPHH.
Ha puc. 2 nokazan BBIMHCIATEILHBIA 9KCIIEPUMEHT I CIICHAPHST ¢ BHIOPOCOM ITHKJIA
(N(t) — oo,7 = 0.000173, K = 15000,% = 5000,7 = 4) mocje yBeJUIeHUs aM-

IJIATY/IbI. Pacuer ocranaB/MBaeTCA OMIMOKON IEepPEeIoIHeHNs, BEIb JI00ast MOy IATIS

e, 35,000.0
sl

\-d

z 30,000.0H
25,000.0H
20,000.0H
15,0000
10,000,

5,000.04

UHUCNEHHOCTDb

0.0

T T T T T T
720.0 500.0 320.0 200.0 920.0 1,000.0

Puc. 2. Paspyiuenue pejakcamuoHHOr0 IUKIa B Mojgen (3).

koneuna. Mozens punamukn B (3) Tpakryer ToT dakt, uTo A, (rT) He MOXKeT OBITH
HEOTPAHUYEHHOW XapaKTEePUCTUKOW Tpu J0OBIX 7. IloydeHHblit crieHapuii OmuchI-
BaeT BO3MOXKHOCTb Pa3pyIIeHUs] BUJIOM CPEIbl, YTO MOXKET HaOIIONAThCs IS CIIEIn-
dudeckoro ciaydast ocTpoBHO# monyssdun. Kak n3secTHo u3 HaOJIIOEHUI, TOMYJIAIIN-
OHHBIC IMKJIBI MJICKOIIMTAIONINX B aPKTUYECKUX IMUPOTaX — HEYCTONUUBOE dABJICHUE.

2MozKHO paccMOTpeTh coejlnHenHoe ypasHenue ¢ perysmueit: 7 f(N2(t)) x (H—N(t—7)) x (N(t) —
£), Ho HaM IPOBIEMATHIHO [IPEJJIOKUTH €I0 HMHTEPIPETAIHIO.
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B momenTsl max N, (r7, t,1) OHI CIIOCOGHBI M3MEHATD cpey oburanus. CeBepHble ape-
AJIbI UCIBITHIBAIOT TIOMUMO OHOTHYIECKOTO HEPEryJISPHOE KIMMATHICCKOE BO3/IEiiCTBHE.
Kak mokasaJi OmpIT ¢ OJICHSIME Ha OCTPOBe BepuHra, jijisd mojiep:KaHusi MO
B KosebsmoreMest Gastance HeoOXouMo HezaBucuMmoe uzbartue: —WV(N) B ypaBHeHHN
N =rf (N(t — 7)) — V. Nnaue 6e3 oxoTel mo4uBa OyjeT uMu BeiTonTana. [Ipoctoe pe-
menne VU = const. Bosmoxken Bapuant W(N(0)). Mozgens ¢ OCTOSHHOl He3aBHCHMOi
Joseit yobum ():

- e

dN N{t—r1
dt 7”1N (1——( )

) (5~ N(t— 7)) — QN().

MuBa3noHHBIE TIPOIECCHl MOTYT Pa3BUBATbCS PA3JIUIHBIM 00pa3oM M Heobsi3aTeIbHO
IIPOXO/IUTL Yepe3 BBIPAKCHHYIO KOJe0ATeTbHYIO JUHAMUKY, MOJ00HYIO MaJIAPHITHOM
nadeknun. Jacto HAOJIOIaeTCd ABJIEHNUE BCIBIIKA YUCJIEHHOCTH. BBICTPYIO BCIBIII-
Ky ABHO HEJIOTMYIHO OIMCHIBATH KaK OpOUTAIbHO YCTONYIMBBIA UK. Benblka wHBa-
3MOHHOTO BHUJIa — II€PEXOJIHBIN PEXKUM CYIINEeCTBOBaHUs BUJA B BOJATUILHON cpejie u
HE OIIMCBIBAETCS aCUMIITOTUYECKUM COCTOSIHHEM TPACKTOPUH.

[Tocste epBoit asbl pocTa IUCICHHOCTHU JaIbHElIas KapTUHA BCIIBIIIEK Pa3HO00-
pasna. Buji MoxkeT cTaTh JOMUHHPYIONIMM B JIOKAJIHLHOM apeaJie, BBITECHUB aBTOXTOH-
HbIe U MPUHATH B paBHOBECHE — DTOT CIIEHAPHUI ONUCHIBACTCS M3BECTHBIMU MOJICJISIMU:
Ha OCHOBe KBaJIpaTWIHON peryssnun uan «blowfly equations ¢ sxcnoneHmabHOIM.

Bosnukaror u onmcaHbl 9K0JIOraMu JIPYTUE SKCTPEeMaJ/ibHble CUTYAIlUd WHBA3UA, JIJIs
KOTOPBIX aBTOPErYJIsIins Kak B (2) HE COOTBETCTBYET PEATbHOCTH.

3. JlorapudmMmuyeckasi aBToperyadius AJs TPeX ClieHapueB
WHBa3UU

KgaipaTutinoe jaBjieHne mI0OTHOCTH HA PA3MHOYXKEHUE 9TO TOJBKO 9aCTHAS TUIIOTE-
THIecKas popmam3anus. B peaJbHOCTH MHOTHE TOMYJIANANA TPEIIIOUNTAIOT BHICOKYTO
CTabMJIbHYIO IIJIOTHOCTH U € TPYJOM IEPEHOCAT MAJIOYUCTEHHDbIE COCTOgHMA. [ITHITh!
00pa3yioT KOJIOHUHU, HaceKoMble-puTodaru (hopMupyIoT OOJIBbIINE CKOIICHUS, KaK TJIH
U ICUJLTHIBL. [[I0THOCTE He MelmaeT COIUATbHBIM HACEKOMBIM: ITYelaM U MYPaBbsIM.
Takum 06pa3oM, BhIpazkeHue ¢ oTpuiare bubiM —rN2/K He obszare/bHOE yC/I0BUE
o/1/IepKaHus GajaHca co Cpeioil B TMHAMUIECKON MOJE/N C COCPEIOTOYeHHBIM 3aI1as3-
naeiBaneM tura (1). JonosHuTebHO yaTeM, 94To MOIYJIsIUs B MOJETH JIOJIZKHA OBIThH
[pU BKJIIOYEHHOM JleficTBUM perysimu orpanndennoil sup N () < M € N, rak kak
N(t) — 0o MBI cunTaeM paspyIIeHreM €6 SKOCUCTEMbI. DKCTPpeMaIbHas JIHHAMUAKA MO-
JKeT TPOBOIUPOBATHLCA 0e3 pJIyKTyalnii ¢ OOJIBION aMILIUTYIO0M.

Bribepem apyryto dopmy npasoit uactu f(N) = rN In(K/N), mocrurarontyo pas-
Hosecus pu In(K/N) = 1, Bkmounm B ypasaenue 3ana3zpanue N (t) In(K/N(t—T))
U TIPEIIOPOTOBYIO BEJTUIUHY $):

dN

E = TN(t) 111

NiE—1) H-NEt—-1)). (4)
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YpaBHeHHe MOXKET OIUCHIBATE JOCTATOYHO aKTyaJbHBI XapaKTep MHBA3UOHHOIO MPO-
recca, KOTODBI MOKET KapJMHAILHO MOMEHATHCA IPH HEGOJBINIOM H3MEHCHUH -
napameTpa, HaC MHTEPeCyIOT 3HauuTes bHble 3HaueHus 7 A~ 50. Bosee roro, moryiis-
[IMOHHAs MOJIEJIb MOZKET UMETh aJbTePHATUBHYIO ACHMITOTHKY 6€3 BO3MYIICHUIT apa-
METpPOB T, T, §).

B niepBoMm crieHapuu MpoMCXOIUT JIOTHCTHIECKHH POCT TUCIIEHHOCTH U 3aTyXAIOIIHe
ocumuianuy (Kak B ypaBHeHnu XarTdumHcoHa npu Masbix r7) N(t) — K, Ho najee
paBHOBECHE OKA3bIBACTCH HEYCTOHIMBLIM. TpaeKTopust MOKUIAeT OKPECTHOCTD 3Have-
st K w limy oo N(t) — oo kak na puc. 3. Pemenne we orpanudeno (7 = 58, K =
15000, = 0.000003350, $) = 5000) u 3aKkaHuUBaeTCs OMUOKON eperosinenust. Mojesn

e, 40,000,
e

\-—!

z 35,000,
A3 30,000.07

25,000.H

OoCT

o= 20,000,

@) 1500007

]

J 10,000.07

=" 5,000.01

0.0

T T T T T T T T
0.0 50.0 100.0 150.0 200.0 250.0 300.0 350.0 400.0

Puc. 3. N(t) = oo nociie N(t) = K B (4) upu N(0) = 190.

JIEMOHCTPUPYET Pa3pyIICHUE CPEJIbl MOCJe MHUMOI CTAOUIN3AINN, HO KaK MbI 3HAEM
BAPHMAHT IIEPEXOJIHOIO PEKIMa 3aBICAT OT HAYAJIBHBIX YCJIOBHH. Baykuo n £ — Bpemst
kBasucrabmmsanuu N (t) ~ K. Yeemuaum N (0) tak, aro N(0) < $) 1 MBI yBUIUM JpY-
I'yIO KapTUHY Ha puc. 4 (aHaJIOrMIHbIe 3HAYEHUsI TaPAMETPOB) [IPU M3MEeHEHUN Hadalb-
HBIX yesoBuit — limy o N(t) — $. OueBunno N(0) — §) cokpamaer JIUTEIbHOCTD
zaryxaomux Kojebanunii. [logob6HOE pon30I110 ¢ MHBA3UBHBIM IpeOHEBUKOM B HepHom
mope [17]. CymecTByet crieHapuii mepexosia OT 3aTyXAINMX KOJIeOaHI B OKPECTHOCTI
K x Kos1e6aHUsIM B OKPECTHOCTH §), COOCTBEHHO B 9TOT MOMeHT $)— N (t—7) = 0, — 0o
U TaKoe paBHOBeCHe yCTONUNBO K Bo3MyIneHusM (puc. 5a). JlaHHblil crieHapuii mokasbi-
BaeT eCTeCTBEHHOE CHUKEHNE YNCJIEHHOCTH TI0CTIe 3aXBaTa apeaJia NHBA3UBHBIM BUJIOM
¢ kpurnuecku onacubiM K. CrioHTaHHOE TaJleHue T0C/e JOCTUKeHus: K-eMKOCTU Bbl-
3BaHO aKTUBHBIM KOHKYPEHTHBIM ITPOTUBOOOPCTBOM € aBTOXTOHHOMI 6moToit. [1ogo0nbiM
OTBETOM Ha YPE3MEPHOE PA3MHOXKEHNE MHBA3UOHHOI'O areHTa MOXKET CJIYZKUTb UMMYH-
Has CHCTeMa OpraHm3Ma, KOTopas, TeM He MeHee, He BCerjia CIIoCOOHA MOJABUThH TIOJI-
HOCTBIO 1y2KepojiHblii 00bekt. [loporosoit Besmunnoit Beictynaer N (0). MnBasnonubiii
[IPOIIECC OCTAHABJIMBAETCS Ha PABHOBECHM, HO 9TO CYIIECTBEHHBII YPOBEHBL: B HAIEM
sKcriepumenre $) = K/3.
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#=, 101,0000.0

t

YucnenHHoctb N

5,000, 0
8,000, 0
7,000, 0

,000,04

2,000,04

4,000,0+

3,000.04

T T T T T T T T
100.0 200.0 300.0 400.0 500.0 600.0 700.0 a00.0

Puc. 4. Crabmwmmzanus nasasun N (t) — $, max N(t) < K B (4) mpu N(0) = 2190.

20,000.0

15,0000

10,000.0q

5,000.04

UucnenHoctb N(t)

0.0

T T T T
200.0 400.0 600.0 200.0 1,000.0 1,200.0

Puc. 5. Cnonrannstit nepexon lim; ¢, N(t) = K + €, limy 0o N(t) = 9 B (4) mpr N(0) = 1099 < .

Cuenapuii mameit Mogiesin (4) HamIydmuM oOpa30M YKJIQJIBIBACTCS B IPOTEKAHUE
xpoundeckoro renaruta C. [Ipu HemHOro 3amazjpBaoiieii BbpabOTKe aHTUTE K BU-
pycy HCV — u3 pasroBecust (puc. 56), KOTOpoe He MOKeT ObITh YCTOWIMBBIM (TaK Kak
[evyeHb JI0JIT0 ero He BbuiepKuT K-émkoctn), copepxkanue supycuoit PHK mocturaer
[IPEJIeIbHO BO3MOYKHOM JI/I1 YKU3HU KOHIIEHTPAITIH.

ALT na rpadure nporekannss wadekiuu — Alanine aminotransferase, sto dhep-
MEHT, KOTOPbIIi 0OHAPYZKUBAETCsI B KPOBU IPU pa3pyIIeHUN KJIETOK Iedenn. [losiBiis-
ercs AlanmHamMuHOTpaHchepasa pe3ko, HO ¢ 3amasibiBanneM 1o cpapHennio ¢ PHK
HCV-Bupyca.
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Chronically - evolving acute HCV infection

HCV-specific antibody
ALT

Serum
HCV RNA

MCV-specife

Teell response

Relative level (9% max)

0 1 { ] 4 4 ()
Month s post infection

Puc. 6. IIpespamenue renarura u3 ocrpoit N(t) — K B xpouuueckyio N(t) — $ dbopmy [21].

HeszaBucumoe mocrosinaoe u3bsatue () (WM aHTHBUDYCHAST TEPAIIHS ):

=N (g ) (9 Nle— 1) - QN (- )

YpaBHOBECHT IIPOIECC ¢ MeHbINM L < §) 3HaUYeHneM paBHOBecHsi. Bo3eiicTBre MoxKeT
ObITH citoKHEe () = const, Kak B GpopMe ¢ ajanTarmoHHbIM 3anas3abBaraueM V[N (t —

7))
4. CoeHapuii MPOXOXK/IeHNU MPEJKPUTUIECKOTO L-MUHIMYMa

B npupoje m3BecTHO CyIecTBOBaHNE PEJIMKTOBBIX HOIY/IsAinii. Panee 9Tu BuIbI ObI-
i 60J1ee MHOTOUYNCJIEHHBIMU, JazKe JOMUHUPYOmMUMHI. [1oTOM yC/IOBHS M3MEHUIUCH.
KonkypenTHoe jgaBieHne OMOTHIECKOTO OKPYKEHNsT YCUIMIOCh. B pesko cokpara-
eT YUCJIeHHOCTH NpOoiiasa depe3 rIyOokmii oBpaskHblil L-muauMyM. O4YeBHIHO, HE BCe
HOILY/IAIMY OBLIN CIIOCOOHBI IIPEO0/I0IeBaTh MAJIOUNC/IEHHOE COCTOSTHIE, MHAYUe BTOPIKE-
HUA CIyYailHbIX BCeJIeHIEB ObLIn Obl IMOCTOAHHBI. B sKosorun sgdpdekT Kosamca 10
[IpEeIeJIbHO MaJIoil YMCJIEHHOCTH Ha3BaH CTaJueil TOPJIBIIKA OYTHLIKN. de/loBedecKast
MOy EBpa3uu ToKe MPOXOU/Ia MAJTOINCIEHHOE COCTOSTHIE TOPJIBIIIKA HA PaH-
HUX 3Talax IOocje BhIXOa I'PYIIILI JToaeil 13 Adpukn.

JlanpHelimast cyipba BHIOB-PEIUKTOB MOXKET ObITh Pas3/ndHa, PACCMOTPHUM BapH-
AQHTBI B CJIEIYIONINX YPABHEHUSIX.

4.1. Moaenb ¢ akTUBHBIM CONPOTHUBJIEHUEM

HpeﬂJIO}KI/IM MOIeJIb CHUJIBHOI'O KOHKypeHTHOFO/I/IMMYHHOFO JaBJICHUA C

W(N™(t)) # const:

A N (%) (- N(t—7)) - 7%. (5)
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Tax MBI TOJIyYUM CIIEHAPHUI TTPOXOXKJIEHUA KPUTHYECKOr0 MUHUMYMa — 3(deKrT
«bottleneck», mocsie Koroporo momyssinust ypasHoBemuBaercsa Ha yposae £ < N(0),
Kak Ha puc. 6 (Ipu Tex ke 3HaUeHHsIX, 4TO U panee, v = 04,9 < B < K,B =
10000, m = 3) Cuenapwuii onucbiBaeT 60Jjiee CUIHLHYIO HE3ABUCUMYIO DEaKIIUK CPEJIbl Ha

140.0

120.0+

100,04

80.0+

60,04

40,0+

20,04

UuncneHHoctb N(1)

0.0

T T T T T
0.0 100.0 200.0 300.0 400.0 500.0

t

Puc. 7. Cuenapuit mpoxoxKieHusi OMACHOr0 L-MUHUMYMa, UACTEHHOCTH.

yBesmdenne unciennocrn seetenna. Craraemoe N™/(B+ N2(t)) o3Hadaet, 9T0 aKTHB-
HOCTb JJaBJICHUA XI/IH_[HI/IKOB/aHTI/ITe.H IIPOIIOPITNOHAJIBHO CKOIIJIEHUIO JOCTYITHBIX 2KEPTB.
Ypasuenue 66110 npeyioxkeno Jlroasurom, Txkoncom u Xosumuarom [15] majist onucanust
BCIIBIIIIEK YHUYITOXKaToIIEH jteca B Kanaje e/loBoil TucTOBEpTKU B Takoi popme:

dN N(t) N2(t)
PR (1 - T) BES R0k (6)

Hnsg momudukaryu B (6) ucnosbzoBanaocs 6azoBoe ypapHeHue PepxroybeTa.

B monyuennom HaM# ClieHAPUU MHOTOYUC/IEHHAs TIOMYJIAIUS IPHOOPETAET CTaTyC
«ucuesaronuit Bujiy. IIporecc ncaesHoBeHns MOXKET PacTSHYThCs Ha MHOTO JieT. [1o100-
HBII CIIEHAPUI peaim3yeTcs g OCETPOBBIX pbl0 Kacnuiickoro Mops m3-3a COKpaIeHus
myTeil JII HepecTa U WHTEHCHBHOTO MTPOMBIC/IA, Ha, MUTDAIMOHHBIX My Tax [19].

4.2. Cnenapwmit xpouu3aruu «bottleneck» omacHoit nHBa3nm

Cnenapunit «bottleneck» nas nHBasHOHHOrO BHA € OY€Hb OONBIIAM T, = 10° x r
OTJIMYAETCS CTPEMUTEIBHBIM AJIeHHeM YUCJCHHOCTH ¢ = T Kak Ha puc. 7. Ciemyer
cTabuIn3alus Ha HU3KOM YpoBHE «OyTbiiounoro ropibimkas: N(t) — L, N(0) < L <
$). B HEKOTOpBIX CiIydasx MOJEh MOXKHO IMEPENucaTh KaK 3aBHCHMOCTb M3bSITHSA OT
Ha4YaJIbHOW YHUCJICHHOCTH:

O N (%)) B =NE=m) =157 m)— R
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1,200.0

1,000,049

200,04

600,04

400,04

200,04

UucneHHocto N(i)

0.0 T T T T T T
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Puc. 8. “Bottleneck” B (5) mpu GoJIBIIIOM PEIPOLYKTHBHOM 7'g-TIapaMeTpe.

Cuenapuit B (7) ¢ V[N (0), N(t — T)], T > 7 tpebyer B nanbHeiinteii Hameit pabore
OTJIEJIBHOTO 9KOJIOMMIECKOTO 000CHOBAHMUSI.

5. 3akJrouedue

Mpbl Mosie/IMpoBaI BapUaHTbl Pa3BUTHS ArPECCUBHOTIO MHBA3UOHHOI'O IPOIIECCA,
JIUTs 1ero ObLIO (POPMAJIN30BAHO 3aIIa3/IBIBAIOIIEE TTPOTUBOIEHCTBUE PACIIPOCTPAHEHUIO
BTOprIerocs Buia B ypasuenusx (4) n (5).

B reopernueckoii 9KOJIOrHE TOCIOICTBYET PEJCTABICHUE O JOCTHKEHUN (BO3MOXK-
HO, OCITIJIIUPYIONM 06pa3oM) Jyist Hekoroporo t > 0, r = const, N(0) < K 3nadeHus
N(t) > K. Oxnako, B pe3ysbraTe 3aBepIlieHns ak THBHON (ha3bl MHBA3UU TEOPHs TIPe/I-
nosaraer g VN (0) paBrosecue limy o, N(t) = K, tme N ~ K o3HadaeT 3aHsITHE
JIOCTYTIHOM 3KOJIOPMYECKON HUIM BuJoM. B momenn (4) pacemorper creruduaeckuit
crieHapuii, Korja yKe jjocturayroe ¢gpukcupoantoe pasaosecue N (t) = K BbI3bIBaeT
C HEKOTOPOil 3a/1epzKKOil t paspyienne camoii cpejibl. Cocrosinne K-eMKOCTH B Ha-
IIIeM CIIEHAPUH MOXKeT OBITh JOCTUTHYTO, HO HE sSBJIsieTCs ycToianBbiM. [loTepst mocte
N(t) > K, t > t,, IUCCUNATUBHBIX CBOICTB TPAEKTOPUH O3HAYAELT JECTPYKIHIO SKOCH-
CTEMBI.

B npejioxkenHom ypasuenun crieHapuii passurust 3asucut or N (0). CregoBaresib-
HO, B IIPOTHO3UPOBAHUN CIIEHAPUST BAYKHO M3HAYATBHOE KOJUIECTBO BTOPTIIETOCHA Hy-
JKEPOJTHOT0 00'beKTa, CTUMYJIUPYIONIEro OTBeTHYIO peaknuio. [lapamokcaabHo, HO ecan
BTOp KEHIE MaJIo3aMeTHO, TO U peakiusd cjaabas u mejjennas. [loromy nndekium ma
epBbIX (a3ax BBHITOIHO 3aTAUTbCd. BBIMUC/IUTEILHO MOXKEM OIPEJIEC/IUTh TOPOroBOe
N(0). Bxiiodenne B MOJeIb Peryjisiui TpoTusobopcTsa W, 3aBUCSIIEro OT CTere-
ru W(N?(t)) onumier crieHapuil TIPOXOXKICHUS TIOIYJIAIUN KPUTHIECKOTO MUHEMYMa, 1
IIpeBpAIEeHns BCEJIEHTa B PETUKTOBYIO (DOPMY.

Hawubosiee nnrepecto, 910 B MOJIEITH MOYKHO OIHUCATH IIepeTeKaHue OCTPOil MHMEK-
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MM B XPOHUYIECKYIO CTAIUIO IOCTOSHHOTO IPUCYTCTBUSA YaCTO HE3aMETHOI'O Oovara, Ha-
npuMep B mpumepe passutust 3abosesanus renaruta-C [8], Kak mokasaHo Ha puc. 8 ¢
quaamukoit pepmenta ALT u HCV-aunturesn [21]. B qunamuke 3a60/1eBaHus HATJISIIHO
BUJIHO, UTO cpabarbiBanue 3pHOEKTUBHOIO OTBETa OTPAXKAETCs Ha WHBA3MOHHOM BU/IE
UMEHHO PE3KUM 0Opa3oM.

Level

Months Years

Puc. 9. Ilepexos B XpoOHMYECKYIO CTaIUIO U MOBTOpHAas akTuBHOCTE HCV.

B peanbHOCTH OITacHBIfl UyKEPOJIHbIN areHT Oy/eT KJIaTh OCaa0/JIeHusd KOHTPOJIS
10 BHENITHUM TIPUYMHAM U BHOBbB MOKET IMPOOOBATH HepeiiTu B ocTpyio dhazy. Bupycam
9TO HEOOXOIUMO JIJIs JajibHelero pacipocrpanenns. Bug dyuaknun W(N™(t — 7)),
oTpaKaloNuii xapakrep conporusienns cpeas: N = rf(NF: K:§) — U(N™(t — 7))
IprOOPETAET BAXKHYIO POJIb.

B nannOil mHTEpIpeTanUN MOJEN MPUYINHA 3aI1a3/IbIBAIONIEH Perysius OIeBu/I-
Ha — 9TO UMMYHHBI!l OTBET OpraHm3Ma. Y pOBEHb CONPOTUBJIEHHS OpPraHU3Ma KOHTPO-
JINPYET JOCTATOYHO CJIO?KHO YCTPOEHHAs] CUCTEMA B3aUMOJIEHCTBUS UMMYHOKOMIIETEHT-
HBIX KJIETOK pa3/IngHoil crenuaaunsanuu 1-, B-umdonuToB, mpoxoasdinmx oToop st
IIPOM3BOJICTBA HEOOXOIMMBIX aHTHUTEI. KcTecTBeHHBIM 00pa3oM 00pasyeTcs: 3alas3/ibl-
BaHUE PEAKINN OTBETA, KOTOPOE B OOBITHOM CJIydae KOPPEKTUPYETCsS HAMH BaKI[MHA-
nueit. PakTrvecKn TPUBUBKA MTO3BOJIAT CABUTATH BJIEBO MOMEHT IIPOSBJIEHUS OTBETA
JIMMOIUTAPHON PeaKIuU B HAIIIEM BBIYUCIUTEILHOM ciienapuu puc. 7. Komnuectsen-
HbIE TIOKA3aTEeJU OTBETAa — YPOBEHDb IPUCYTCTBUS AHTUTE, HO 9TO HE JIOCTATOYHBIN
oKa3are/ib. BaxKHa X KadeCcTBEHHAas CIIOCOOHOCTb — CBSI3BIBATHCS € HYZKHOM IEJIBIO.
B cnyuae BUY zanazapiBanue a¢dpdekTuBHOrO oTBeTa Oy/IeT HapacTaThb U3-3a YBe/IH-
YUBAIOIIETrOCs pa3HOOOpas3nsi BUPHOHOB, U CTAHOBUTCS KPUTHIECKNM (DAKTOPOM B Jie-
CTPYKIIUU OPTaHU3Ma 3TUM MHBA3MOHHBIM areHToM. ClieHapuil MHTepeceH B3PBIBHBIM
MOMEHTOM IIPEBPAIIEHUs JIATEHTHON (ha3bl BHOBb B OCTPYIO CTAUIO U JieTaabuyo. O6-
PATHBIH 1epexo/] K aKTUBHOCTU OT L-MUHUMYMa MbI OOCYJIUM B CJIeIyIONIeil padbore.
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ITamsarn BukTopa Ajekcapaposuda Ilancca

4 gupaps 2019 roma ymen u3 xuzaun Bukrtop Anekcanpposuu [lmmce, moxTop
dusnKo-MaTEMaTHIECKNX HayK, dieH-KoppecrnoraenT PAH, mpodeccop, 3aBemyrormmii
kadeapoit auddepennuaibubix ypapuenuit Cankrt-IlerepOyprckoro yHuBepcuTeTa.
[Tuce B. A. pomuics 10 despass 1932 roga B r. CeikThiBKape, ¢ 1933 roga xui B Jle-
uunrpasie. Bo Bpems Benkoit OTevuecTBenHO# BOitHBI Haxomics B 9Bakyarmu B OMcKe,
II0CJIe BO3BPAITIEHNS B JIeHMHTPaT OKOHYIIT CpeTHIOO KOy 1 B 1949 roxy moctynmi Ha
MaremaTuko-mexanuvdeckuii pakysiprer JIeHMHIpaickoro yuusepcurera, B 1954-1957
rojax obydaJsica B acnupanType 1moji pykoojcTtBoM Hukomnas IlaBmosuua Epyrumna.
B 1957 romy B. A.Iliuce 3amurun auccepramnyio Ha COUCKAHUE YIEeHOW CTEIeHU KaH-
nuyiata pusnKo-MaTeMaTudeckKnx Hayk Ha Temy “UccrenoBanue HeJIMHEHHBIX CHCTEM
TpeThero nopsjaka’; B 1959 rogy — jguccepTralnfiio Ha COUCKAHWE YYEHOU CTEIeHU JIOK-
Topa (pU3BMKO-MaTeMaTUIeCKNX HayK Ha Temy ‘HekoTopbie mpoOseMbl yCTONIUBOCTH
npuzkenns B rejiom”. C 1960 roga u g0 nocirennero aus B. A. Ilnuce 3aBemoBan kade/-
poit quddepenimanbubix ypasuenuii Jleaunrpasckoro (abine Cankr-Ilerepbyprekoro)
yauepcurera. B 1990 rojy 6bL1 m3bpaH 4I€HOM-KOPPECHOHIEHTOM AKajeMun HayK
CCCP mo crienmassroctu «IIpomeccesr ynpasienus», 8 2004 roy emy IpUCBOEHO 3Ba-
une «llogernsrit mpodeccop Cankr-Ilerepbyprckoro yHuBepcuTeTas.

BukTop AsekcaHIpoBHY — BBIJAIONIAICST yUIeHBII B 00JaCTH KavdeCTBEHHON Teo-
pun jguddepeHnmraabHbIX YPaBHEHUN U Teopun HequHeHHbIX Kojebanuit. B. A. [liucc
pazpaboTasi IPUHITUITNAIHLHO HOBBIE METO/bI U3y UCHUS YCTOWIUBOCTH B I1€JIOM U ITOJTHO-
CTBIO UCCIEOBAJT TTPoOIeMy AfizepMaHa B TPEXMEPHOM CJIydae, PA3BUJI HOBBIE ITO/IX0/IbI
K IIOCTPOCHUIO W MCCJICIOBAHUIO (DYHKINI JIAIyHOBa /19 M3yYeHUS JIMCCUTIATUBHOCTH
U KOHBEPreHTHOCTU B MHOTOMepHBIX cucreMax. B. A.Ilamccom ObLIT co3/maH MPUHITUIT
CBEJICHUS, PEJIyIIUPYIOININIT UCC/IeIOBAHIE YCTONINBOCTUA TOYKY MTOKOsI HEJIMHEHON cu-
CTEMBbI K HMCCJIEJIOBAHUIO CHCTEMbI MEHBINEHl pa3MEepPHOCTH, ceiivac 3Ta TEeXHUKA HOCUT
naspanue “‘Teopus neHTpaabHOro MHOroOOpasusi’. BukTop AjekcaupoBud moCTPOU
TEOPUIO JUCCUTIATUBHBIX CUCTEM W TOKazaJi, 4To cuctembl Ban jep I[ons nmeror Gec-
KOHEYHO MHOT'O MEPUOJNYIECKUX JIBUKEHUI TOI/Ia U TOJBHKO TOIJa, KOTJa XapaKTepu-
CTUYECKOE MHOYKECTBO COJIEPXKUT HEPA3JIOKMMbBII KOHTUHYYM. B 1ocseinue rojibl um
COBJIaHa TeOPUsl CTPYKTYPHOI YCTOWIUBOCTH JIJis cucTeM JuddepeHinaaibHbIX YpaBHe-
HUIT ¢ IPOU3BOJILHOI 3aBUCUMOCTBIO OT BPEeMEHU, Pa3paboTaHbl METO/Ibl UCCJIEOBAHMS
CUCTEM Ha JTMHHBIX [TPOMEXKYTKaX BPEMEHH.

Bukrop Anekcangposud I[lamcc — oprammsarop maykm. B 1969-1992 rogax on
ObLT TpejiceiaTesieM ['0JIOBHOTO coBeTa MO MaTeMaTHKe U TeOPEeTHIeCKOW KHOepHeT!U-
ke MunncrepcTBa BBICIIErO U CpejHero crenuaabuoro obpazosanus PCOCP. B no-
cinemgaue rogbl B AL Ilniuce — npencenarens merogudeckoit komuccnn OTaeeHusT Ma-
TEeMATUKNI MaTeMaTUKO-MEeXaHn9IeCKOro gakysbrera, 4jaeH HarumoHa/JbHOTO KOMHUTETA
[0 TEOPETUIeCKON M MPUKJIAIHON MeXaHWKe, YJeH peIKoJulernii yKypHasa “BecTHmk
Cankr-Ilerepbyprekoro yausepcutera. Cepus: MareMaTUKa, MEXaHUKa, aCTPOHOMUS
9JIEKTPOHHOTO KypHasa ~luddepennnaibuble ypaBHEHU U MPOIECCHl yIIPABICHU
xkypraya “Hejmueiinbie kosebanns” (Mucruryr maremarnku HAH Vkpaunbi), wien
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Cankr-Ilerepbypreckoro maremarmaeckoro obmectBa ¢ 1959 roma, mpejcemarenb co-
Beta J1212.232.49 no 3amuTe auccepTaruii Ha COMCKAHUE yUEHOH CTeNeHU JIOKTOpa
nayk npu CII6IY, pykosomuresns Hayuno-obpasosarenbaoro nentpa “Maremaruka”
Ha MaTeMaTHKO-MexaHndeckoMm dakyiabrere n KojutektuBa Cankr-IlerepOyprekoii Be-
JIyIeil HayqHON TTKOJIbI Ka4eCTBEHHOM Teopruu uddepeHInaaIbHbIX YyPaBHEHUIH.

B. A. Ilince — aBrop Gostee 120 Hayunbix paboT (43 u3 Hux BhILIN TTocTe 1990T.),
B TOM 4Yucje 5 MOHOTpaduii, HI OJHa M3 KOTOPBIX HE yTpaTWJa CBOeil aKTyaJbHO-
CTU. DTU KHUT'U ITOCTOSTHHO NMUTHUPYIOTCA Kak B Poccun, Tak u 3a pybexkom. Bee pabo-
o1 B. A. [lmucca numeror yHjaMeHTaIbHBIH XapaKkTep, U B CBOE BPEMsT U3MEHUIN CaM
npeameT JuddepeHnuaibHbIX YpaBHEHHA.

B. A. Iltucc HEOMHOKpPATHO yIacTBOBaI a paboTe KPBIMCKUX KOH(MEpPEHIIN u JIeT-
HUX MaTeMaTHYeCKUX ITKOJ, KOTOPble OOBIYHO MPOBOJWINCH B Tocenke Kammsemn. B
nocieaauii pas Bukrop Anekcanaposud ¢ cynpyroit (Ennzaseroit FOubesnoit Benya)
ot B Kpbimy B 2012 roy. Onn noceruiin diry, Jlusaguio u CeBacTomnosn.

B 2016-2018 rogax B pamrax rpanta PO®II “IIpeiesibuble MHOXKECTBA TPACKTOPUIL
JuHAMIYecKux cucreM” (pykoomuteab B. A. Ilmmce) mpoxoamno coTpyaHIIecTBO Ka-
denpor muddepennmanpubix ypasaeruit CIIOLIY n kadeapsr puKIaHON MaTeMATHKHA
dumwmasa MI'Y B Cepacroriosie, KoTopoe Oy/IeT MPOJIOIKEHO B paMKaxX HOBOTO I'DAHTA
Ne 19-01-00388 “CTpyKTypa MHTErpabHbIX MHOYXKECTB MEPUOINIECKUX M aBTOHOMHBIX
cucreMm auddepenimaababix ypasuennii’ B 2019-2021 rogax.

Bripaxkaga rimybokune cobosie3HOBAHUSA POTHBIM OJIM3KUM M KOJIJIETaM B CBA3U C KOH-
qnnoit Bukrtopa Agnekcammaposuda [lmmcca, akamemukn OTaesieHuss SHEPreTUKM, Ma-
IITHOCTPOEHUST, MEXaHUKHU U TporieccoB yrpasieans PAH ormerumn: «Boiiatomnmiics
YUEHBIN U OOIECTBEHHBIN JlesTe/Ib, OH 110 IIPAaBY MOJIb30BAJICS BHICOYANIITIM aBTOPUTE-
TOM 1 yBaxkenueM. Cpeu ero HeOCIIOPUMBIX JTOCTUZKEHUN — (DYHIaMEHTAIbLHBIC TPY/IbI
U UCCJIEJIOBAHNS, KPYITHAS HayIHAas IITKOJIa, Tes1asd IJIes)1a TaJJaHT/IMBbIX YIeHnKOB. [le-
JIEyCTPEMJICHHBIH, TBOPYECKNI, YBJIEIEHHBIN JTIOOMMBIM JeJI0M JeT0BeK, BukTop Arek-
CaH/IPOBUY, BCET 1a ObLT IIOJIOH HOBBIX Uil 1 3aMBICJIOB. TaKiM OH HABCErJIa OCTAHETCS
B [MIAMATHU POJIHBIX, JPY3€il U KOJIIET ».

O. B. Anamknn, H. /1. Konagesckuii, B. A. JIykpsinenko, M. A. Myparos, 1. B. OpJios,
I'. C. Ocunenko, B. H. Yexos.

ISSN 0203-3755 Turammudaeckme cucremsr, 2019, Tom 9(37), Nel



Dinamicheskie sistemy
(Dynamical Systems)

Volume 9(37) no.1 2019

Table of Contents

F.S.STONYAKIN. Some Analogue of Quadratic Interpolation for a Special Class

of Non-Smooth Functionals and One Application to Adaptive Mirror Descent 3
V.N.TKHAI. Energy exchange in resonant reversible mechanical systems 17
D. O. TSVETKOV. Oscillations of an ideal stratified fluid with an elastic membrane 26

O.L. RUDNITSKII. Canonical system of basic invariants for primitive reflection
groups of four-dimensional unitary space 46

V.A.VODAKHOVA, F.MNAKHUSHEVA, A.GEZAOVA, L. VKANUKOEVA.
The inner-boundary value problem for a mixed type equation with a nonsmooth

parabolic degeneration line 57
V. A. TERNOVSKIY, M. S. BICHULOVA. Closedness of basis surfaces invariant
with respect to the groupsA 5 andB 3 67

V. A. TEMNENKO. Classical electrodynamics with non-point charge: big computational
difficulties generated by small parameters 73

A.YU.PEREVARYUKHA. Modeling of invasive process with spontaneous transition
from critical K-capacity of the environment to an alternative asymptotic states of
population 82

In memory of Viktor Aleksandrovich Pliss 95



JImHaMu4ieckunue cucTeMbl

Tom 9(37) Nel

2019

Conepzkanue

®. C. CTOHAKMH. AnaJor KBaapaTUIHO! HHTEPIIOISIME JJIsl CIEIUAJILHOIO KJIac-
Ca HerJIaJIKHNX (byHKHI/IOHaJIOB n OJHO ero IIPpUJIOZKEeHHE K aJallTUBHOMY METOILY
3epPKaAJbHOIO CIIYCKa,

B.H. TXAU. Obmen sneprueil B pe30HAHCHBIX 0OPATHMBIX MEXaHUIECKUX CUCTE-
Max

. O. HBETKOB. Kosiebanus ueaabHOl cTpaTudUIIIPOBAHHOM XKUJIKOCTH C YIIPY-
ro#t MmemMOpaHoit

O. 1. PYJIHNIKWN. Kanonndyeckue cucTeMbl 0a3UCHBIX MHBAPUAHTOB KOHEYHBIX
IPUMUTHUBHBIX I'PYIII OTPAXKEHUI 9eThIPEXMEPHOI0 YHUTAPHOI'O IIPOCTPAHCTBA

B.A.BOJAXOBA, ®. M. HAXVIIIEBA, A.T. E3AOBA, JI. B. KAHYKOEBA. Buyr-

pPEHHEKpaeBasi 3a1a9a JJIsl YPaBHEHUsI CMEIIaHHOI'O THIIA C HErJIaAKON JIMHUEH I1a-
PabOIMIECKOTO BBIPOXK ICHUST

B.A. TEPHOBCKHI, M. C. BUYVJ/IOBA. 3aMKHYTOCTH 6a3HCHBIX HOBEPXHOCTEIH,
UHBAPUAHTHBIX OTHOCUTEIBHO IPynnA 3 ub 3

V.A. TEMNENKO. Classical electrodynamics with non-point charge: big computational

difficulties generated by small parameters

A.IO.ITEPEBAPIOXA. MoennpoBaHue CIIOHTAHHOIO [IePEX0/ia OT KPUTUYIECKOIA
K-emKocTH K aJIbTePHATUBHLIM aCHMIITOTHYECKIM COCTOSHUSM IIOIIYJISIIIMK

[Tamsitu Bukropa Asnekcanmaposuda [lincca

17

26

46

o7

67

73

82
95



