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Annorarusi. OfHON W3 OCHOBHBIX 3aJ1a4 B TEOPHUH WHBAPUAHTOB SBJISIETCS IIOCTPOEHME 00pa3yro-
X ajredpbl MHBAPUAHTOB HEKOTOPOI IPyIIbl. B HacTOsIIEl cTaThe N3ydaeTcs CTpOeHne Ha3MCHBIX
IIOBEPXHOCTEH MHBAPUAHTHBIX OTHOCUTEIBHO KOHEUYHBIX I'DYIII, IOPOXKICHHBIX OTPAKEHUAMH B Bellle-
cTBEeHHOM mpocTpaHcTBe. llomydensl mocTarodHble yCJIOBUsl 3aMKHYTOCTH BCEX OA3UCHBIX IOBEPXHO-
creil ajareOp MHBAPUAHTOB I TPYII CHMMETPHH IIPABHJIBHOTO CHUMILIEKCA U Kyba B TPEXMepPHOM
€BKJIJIOBOM ITPOCTPAHCTBE.

KurogyeBbie ciioBa: MHBapHAHTHI, IPYIIBI CHMMETPUN, Oa3UCHbIE MHBAPUAHTHI, ajredpa MHBapHAH-

TOB, I'PYHIBI IIOPOK/IEHHBIE OTPAXKEHUAMMU.

Closedness of basis surfaces invariant with respect to
the groups A3 and Bj

V. A. Ternovskiy, M. S. Bichulova
V.I. Vernadsky Crimean Federal University, Simferopol.

Abstract. In the real m-dimensional Euclidean space E™ | the group G is generated by orthogonal
reflections with respect to N(G) hyperplanes with common point O. In a rectangular coordinate
system, we assign the algebraic hypersurface of order n to f(z) = 0 , where f(z) is a polynomial
degrees n with respect to the coordinates of the vector & = (z1,..., 2, ). The set of all hypersurfaces
invariant with respect to the same group G corresponds to the set f(z), which forms the algebra
I€. The description of the algebra I¢ is a fundamental problem in the theory of invariants. In this
article, we study the structure of the basis surfaces invariant with respect to finite groups generated
by reflections in real space. Sufficient conditions for the closure of all basis surfaces of the algebras of
invariants for the symmetry groups of the regular simplex A3 and the cube Bjs in three-dimensional
Euclidean space are obtained.

Keywords: invariant, symmetry groups, basic invariant, algebra of invariants, groups generated by
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B BemecTtBeHHOM M-MepHOM €BKJINIOBOM IpocTpancTBe B rpyima G OpoxKie-
Ha OPTOrOHAJBHBIME OTpazKeHusiME oTHOcuTesbHO N (G) rumneprutockocTeil ¢ obmieit
TOYKOI . B IpaAMOyTrosibHOI crucTeMe KOODJMHAT aaredpanvdeckKyio I'MIeprIoBepXHOCTH
nopsizika n 3ajaauM ypasaerueMm @(x) = 0, rue ¢(r) — MHOIOYJIEH CTEHEHU 7. OTHO-
CHUTEJIbHO KOODJIMHAT BEKTOPA T = (Z1, . .., Ty, ). MHOXKECTBY BCEX IMIIEPIIOBEPXHOCTENH,
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MHBapPUAHTHBIX OTHOCHTEIHLHO OHON M TOH Ke rpymibl (7, COOTBETCTBYET MHOXKECTBO
o(z), obpazytomee anredpy 1¢.

Onucanne anre6psr 1€ apisgerca dyniaMeRTAIBHON TPO6IEMOil TEOPHI HHBADHAH-
toB. s koneunsix rpynn B 1890 rosy . ['miasbepr 1] mokasan ocHOBHYIO Teopemy
TEOPUU WHBAPUAHTOB, YTBEPKJAIOINIYIO, UTO ajredpa MHBAPUAHTOB MMeEET KOHETHOEe
qucsio obpasyrormux. st koreunsix rpymn orpazkenuit G- K. Illeasbe [2] mosry«mn
dyHIaMEeHTATBHBIN Pe3YJIbTAT, COCTOSIINI B TOM, UTO M aJredpanvdecKn He3aBUCUMbBIX
OJIHOPOJIHBIX MHOIOWIeHOB obpasyior 6asuc naBapuanToB (. Kak nokaszasu [llenapt
u Toy [3], eciin Gasuc MHBAPUAHTOB COCTOUT U3 1M OJHOPOJHBIX MHOTOUJIEHOB, TO G —
KOHeYHasd IPyIIa oTpazkenuii. Taxum obpasoM, anrebpa I¢ mopoxpaerca m anrebpan-
geckn HezaBucuMbiMu popmamu I, I'. C. M. Kokcerp [4] knaccuduiimposads Bce Hepu-
Bo/uMble rpymisl G npocrpancTsa E™ u names crenenu n; dopm I, 1 =1,...,m.

I3BeCcTHEI pas/IMYHbIe METOIBI HAXOXK/ICHNSA B ABHOM Buje 6asuca ¢ 11 mekoTo-
poix rpymn G [5]. B 1969-1970 rogax @aarro u Bunep [6, 7| Buepsble jaau ajaropurm
HAXOXKJEHUs [, ¢ IOMOIIBIO MHOI'OYJICHOB

P(&,5) =Y (& 05)!, t>1, (1)

oeG
e (Z,Y) = >_(x;,y;) — CKaXgpHOe MPOU3BEJeHNe BEKTOPOB T = (X1,...,T,) U

=1
7= (y1,--,Ym). Momudurarnus (1): £ = ¢, 0 € G — orpazkeHus, NPeJJIOKEHHAST B
pabote [8] Tpebyer 4eTHOCTH N;, HO CYIIECTBEHHO YMEHbIIIAeT TEXHUIECKUe TPYIHOCTH,
OHHU CTAHOBSITCS IPEOIOIUMBIMU. 3aBeaytonuM Kadeapoii reomerpun Cumdeporoib-
CKOI'0 TOCY/IapCTBEHHOIO yHUBepcuTeTa mpodeccopom Birajgmmupom Peorosudem Mr-
HaTeHKo B 1983 romy 9] mosmocThIo perena 3a/atia MOCTPOEHHs B SIBHOM BHIe 6a31CcoB
I Bcex asrebp ¢ UCIOJIL30BAHHEM MHOIOUIEHOB lloropesosa

N(G)

024 (T) = Z nft(f%

J=1

rae 1;(Z) = 0 — HOpMHPOBAHHBIE YPaBHEHUs THIIEPITIOCKOCTEN OTPasKeHUsl, U CIIEIH-
AJIBHBIX JudepeHnuaabHbIX OlEePaTOPOB.

B. ®. Urnarenko B padore [10] mocrasui 3a1ady: MoJayIuTh ypaBHEHUS BCeX Oa3uc-
HBIX, OTJIMYHBIX OT c(epbl 3aMKHYTBIX ITOBEPXHOCTEH, MHBAPUAHTHBIX OTHOCHUTE/IHHO
KOHEYHBIX PYIII, MOPOXKIEHHBIX OPTONOHAJBHBIMIA OTPArKEHUSIMIA B €BKJINIOBOM IIPO-
CTpaHCTBE.

B nmanHOIT cTaThe MOJIyYeHBI JOCTATOYHBIE YCIOBUS 3aMKHYTOCTH BCEX OA3MCHBIX
MOBEPXHOCTEN ajaredbp HHBaAPUAHTOB I TPYIII CUMMETPHUHU IIPABUJIBHOIO TPEXMEPHOIO
cuUMILIeKca 1 Kyoa.

1. ITocTarnoBka 3aJilav1 M1 OCHOBHOII pe3yJIbTaT

3a/1a/11M B BEIIECTBEHHOM TPEXMEPHOM IIPOCTPaHCTBe F? IPsSMOYTOILHYIO CHCTEMY
koopaunat Ox;, ¢ = 1,2,3. llycte G — KoOHeYHasi rpyIliia CUMMETPHUI, TOPOXKICHHAS
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3AMKHYTOCTDb BA3UCHBIX IIOBEPXHOCTEN 69

OpPTOT'OHaJIbBHBIMHU OTPazKeHUAMN OTHOCUTEJILHO IIJIOCKOCTEN CuUMMeETpHuun C O6H_[€I71 TOY-
koit O. Ecin [;(G), j = 1,2, 3, — obpasyiomue anredpsl BceX HHBAPHAHTOB IPymIbl G,
TO ypaBHEHUE JBYMEpPHOI 0a3uCHOi ajredpandecKkoil MOBEPXHOCTA MOXKHO 33/1aTh TaK

1,G) =, (2)

rae ¢ = const.

[IpeamoozK M, 9To MOBEPXHOCTH (2) He 3aMKHYTa, TOT/[a CYIIECTBYeT JeHCTBUTE b
HBIII aCUMIITOTUYECKUN KOHYC 9TOU IIOBEPXHOCTH, TO €CTh, CYIIECTBYET, 110 KpaiiHei
Mepe, OJIHa JIeficTBUTeIbHAs TOUYKa, oTyImdHas oT (), y/I0BJIeTBOPSIONIAs YPaBHEHUIO

L(G) =0,

OrmernmM, 910 i JioOo rpynmbl (G IIOBEPXHOCTD, 3a/lanHas ypaBuenueM [; = c
3aMKHYTA.

1.1.

[IpuBemeM JoCTATOMHBIE YCJIOBUS 3aMKHYTOCTH OA3UCHBIX aJrebpandecKux MOBepX-
HOCTell KOHEYHOH IpyIIbl cuMMerpun As.

Urak, nycts G = As.

Bosbmewm cirejtyronue 6a3ucHble nHBApHAHTH (9]

3 3 3

_ 2 _ _ 4 2.2

I = E x;, Iy=mx29m3, I3= E x; —2 E LT
i=1 i=1 i<j

OueBnIHO, YTO MMOBEPXHOCTH [ = ¢ He 3aMKHyTa. Ba3ucHasi MOBEPXHOCTH U€TBEp-
TOT'O TIOPSAIKa OOIIETO BU/IA 33/1aeTCs yPaBHEHIEM

I;+al} =c,
rJie a — Npou3BOJIbHasi KoHCTaHTa. Vveem
3 3
Ii+ali =(1 —i—a)fo—i—Q(a— 1)2@2%2
i=1 i<j

[Monoxkum y; = x7 (i = 1,2,3), Torja NpuBeIeHHOe BBIIIE BbIpaxKeHne, IPUPABHSIB

7

K HYJIIO, 3alliIlIeM Tak

boyi + biys + by = 0, (3)
e by =1+a, by =2(a—1)(y2 + y3), bo = (1 + a)(y3 + y3) + 2(a — 1)y2ys.
[Mostoxxum o = y3 = 0, Torga npu a = —1 1; MOXKET OBITH JIFOOBIM JIEHCTBUTEIBHBIM

grcaoM. Tenepb IPeIIIONIOKIM, 9TO Yy 1 Y3 HCOTPUIATEILHBIE 1efiCTBUTEILHbIC TACIIA,
OJIHOBPEMEHHO He paBHble Hy/10. Haiijiem 3Hadenue a, npu KOTOpbIX ypasHenue (4) ne
UMeeT TOJIOKUTEbHbIX KopHed. Ecim a < —1 (a > 1), 10 upu J00bIX Y2, Y3, YIO-
BJIETBOPSIFOIIUX HaleMy Tpejmosoxkenunto, b; < 0 (b; > 0), i = 0,1, 2. CienoBaresbHo,
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no npaBmiy 3HakoB [lekapra ypasaenue (2) npu a < —1, a > 1 MOJOKHUTETBHBIX
KopHeit He nMeeT. Ho 310 mpaBmio He yTBepkIaer, 94To npu —1 < a < 1 Bcerja ecrb
[IOJIOYKUTEIbHbIe KOpHH. [loaTOMYy Hail/leHO TOJBLKO JOCTATOYHOE yCJIOBUE: Oa3ucHast
IIOBEPXHOCTh YeTBEPTOI'0 MOPSJIKA 3aMKHyTa Ipu @ < —1, a > 1.

Taxum obpazom, jist Tpynibl Az MBI TOJIYUUIN CJIEIYIONUN PE3yIbTaT: Oa3ucHasT
ITOBEPXHOCTb BTOPOT'O TIOPsAJIKA 3aMKHYTa; Oa3ucHas MOBEPXHOCTH TPEThEro MOpsIKa He
3aMKHYyTa; 0a3ncHas MOBEPXHOCTH YETBEPTOro MOpsIKa 3aMKHyTa nipu a < —1, a > 1.

1.2.

Teneps nycts G = Bs.
Anrebpa Bcex MHBApUAHTOB I'PYIIIBI CHMMETPHUil By nMeeT Cjiejayolme obpasyo-

mue [1]: ;

3 3
_ E 2 _ § 4 _ § 6
[1_ xi; [2_ xi? [3_ xi7
i=1 i=1

i=1
Basucnasa IIOBEPXHOCTDb 9€TBEPTOI'O IIOPAAKa 3aJa€TCAd YpaBHCHUAMN

L+al? =(14+a) Zx +2a2x

1<j
[ostoxkus x? = y;, i = 1,2,3 u C = 0, noyuum ypasHeHue
boy; + by + by =0, (4)

rie by = 1 +a, b = 2a(y2 + y3), by = (1 + a)(y3 + y3) + 2ay2y3. Tax kak ya, ys
HeOTpHUIATeIbHbIE AefiCTBUTE/IbHBIE YHC/Ia OJHOBPEMEHHO He paBHBIE HYJIIO, TO IIPH
a<—1(a>0)Bceb <0 (b >0),i=0,1,2. Ilycrs, Torma y; OyIeT MOJIOKUTE b
HBIM 49HCJIOM TOJIbKO nipu a = —1. CirenoBarennro, npu a < —1 u a > 0 6a3ucHas
[TOBEPXHOCTDb YE€TBEPTOrO MOPSIKA 3aMKHYTa.

Pacemorpum 6a3uCcHYIO MOBEPXHOCTD IIECTOTO MOPSJIKA, KOTOpas 3a/aeTcs CJIejLy-
IOIAM YpaBHEHUEM

3 3 3 3 3
I3+(Il[1[2+@2]§ :Z.T?—Fal (ZQE?) <Zx?> + as (Z(E?) —
J i=1

=1 i=1

3 3 3
=> i ta (fo+ > wla? ) + as (Zm +3Zx4$2+6xf:v§x§> =
=1 =1

i,j=1 ,j=1

= (14 a1 + as) Z:c + (ay + as) Z:c 2+ 6agataday = C
i,j=1
[Monoxus 2 = y;, i = 1,2,3, u C = 0, nosy4anm
(v + 5 +43) + (an + a2) (VT Y2 + Y3ys + Ysyr + Y3ys + Yayr + Y3y2) + Bazy1yays = 0
(14 a1+ ag)yy + (ar + a2)(y2 + y3)yi + (a1 + a2)(y3 + y5) + 6azyzys)ys + bs) = 0
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BAMKHYTOCTb BA3UCHBIX [IOBEPXHOCTEHN 71

boy; + b1yt + bays + by = 0, (5)

rae bo =1+ a; + as, bl = (a1 -+ 3a2)(y2 + y3), b2 = (a1 -+ 3(12)(3/% + yg) + 6a2y2y3,
by = (1 +ar + az)(y5 + y3) + (a1 + 3a2) (Y3ys + yay3)-

\
N\

Cunraga Y2, Y3 HeOTpUIATECJIbHBIMNI ﬂeﬁCTBHTeﬂbeIMH qucCJIaM O/JHOBPEMEHHO HE

PaBHBIMU HYJIIO, HAXOJUM, YTO IPU Ao < —%al, a1 < —(—;, as < —ay —1, a1 > —g, BCE
by <0,aupuas > —a; — 1, a1 < =2, ay > —1ay, —§<a1 SO’%Z—%GL% > 0,

2 3
Bce b; > 0.

Ecin yo = y3 = 0, To ypasaerune (5) uMeeT MOJOKUTETbHBIE DEIEHHs TOJBKO IIPH
as + ay + 1=0.

Taxkum 06pa30M, OasucHast ITIOBEPXHOCTHb HIECTOI'O IIOPAdJKa 3aMKHYTa, €CJIN a1 U a2
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YZOBJIETBOPSIIOT CeytonuM HepasercTsam (Puc. 1)

10.

3
ay > —a; — 1, ay < —gah a; < )
> 1 < 1 < <
a ——ay, a ——a;, —— <a —
2 = 3 1, 2 = 6 1, 2 1> 5

a22_§a17 as < —ap — 1, —g<a1§0

ay > —éal, o < —ayp — 1, a; > 0.
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