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Awnnoranusi. PaccmarpuBaercst cucreMa OOBIKHOBEHHBIX (b epeHIIna bHbIX YPABHEHMIT BBICOKOM
Pa3MEpPHOCTH, BO3ZHUKAIONIASI B OMOJIOTHYIECKUX 33/1a9aX MPU MOJICJIMPOBAHUN MHOTOCTAIUHHOTO CHH-
Te3a BemecTBa. [Ipy HEKOTOPBIX yC/IOBUAX HA HEJIWHEHHBbIE YJICHBI TOJIYYEeHBbI OIEHKH PEIeHuil CH-
CTEMBI, XapaKTEPU3YIOINEe SKCIOHEHIINAIbHOE yObIBaHUE NP t — 0O HE3aBHCUMO OT PA3MEPHOCTH
N W YCTAHOBJIEHBI CBS3M MEXK/Iy PEIIeHUSMHU CUCTeMbI nuddepeHInaibHbIX YPABHEHUI 1 yPaBHEHUIT
C 3aI1a3/pIBAIONINM apryMeHToM. Ha ocHOBe 3THX Pe3yJsIbTaToB IIOJIydaeM MeTOJ, JJIs TPHUOJINKEeHHO-
IO TIOCTPOEHUS TIOC/IeTHEHl KOMIIOHEHTHI PEIIEeHUsI CUCTEMbI BBICOKOI pa3MepHOCTH Ha, BCEH ToJiyoch
(0, 00). YcraHoBJICHBI TI06AJIbHbBIE OIEHKU AIIIPOKCAMAIIUIY TIpu 1, 3> 1.

KurouyeBsie ciioBa: cucrema OObIKHOBEHHBIX (D hepEeHIINAIBHBIX Y PABHEHNI BBICOKOI PA3MEPHOCTH,
YPaBHEHNE C 3aI1a3/bIBAIONINM apryMEHTOM, IIpobieMa OOJIBINOi Pa3MEPHOCTH, IJI00AJbHBIE OIEHKHU

AIIIPOKCUMAIIUH, IIPe/ieIbHbIe T€OPEMBIL.

Limit theorems for one system of ordinary differential
equations of high dimension and delay differential
equations

G. V. Demidenko, I. A. Uvarova
Sobolev Institute of Mathematics SB RAS,
Novosibirsk State University,

Novosibirsk 630090.

Abstract. We consider a system of ordinary differential equations of high dimension arising in
biological problems when modeling multi-stage substance synthesis. Under some conditions on
nonlinear terms we obtain estimates of solutions to the system characterizing the exponential decay
as t — oo regardless of dimension n and establish connections between solutions to the system of
differential equations and delay equations. Based on these results we obtain a method for approximate
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construction of the last component of the solution to the system of high dimension on the entire
semi-axis (0,00). Global estimates of approximation are established for n > 1.
Keywords: system of ordinary differential equations of high dimension, delay differential equation,
problem of high dimension, global estimates of approximation, limit theorems.
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1. BBenenue

B nacrosmeit pabote Mbl OyjieM paccMaTpuUBaTh 3a1ady Kot jiis cucteMbl 00bIK-
HOBEHHBIX JU(depeHInabHbIX YPaBHEHUI BHICOKON PasMEpPHOCTH CJICIYIONIEro BUIa

dx
—=A,x+ F(t,x), t>0,
dt (t,) (1.1)
I’|t:0:f£0,
rie
n—1
— 0 . 0
-
n—1 n—1
T T
A, = 0 P P P : , 0>0, 7>0, n>1,
—1
_n 0
-
—1
0 O —0
T

w(t) = (x1(t), 22(t), ...,z (t)", 20 = (2% 29, ..., 27T,
F(t,z) = (g(t,2,),0,...,0)".

Takue cucreMbl BOSHUKAIOT IIPH M3YyYEHUH HEKOTOPBIX OMOJIOTMYECKUX M XUMHUYECKUX
nporieccoB (cM., Hanpumep, |10, 3| u umerornyocs Tam gureparypy). B gactHOCTH, MIX
HCHOJIB3YIOT TIPH MOJIEJIMPOBAHUE MHOTOCTAIMITHOTO cuHTe3a BerecTsa [3, 9]. B arom
cIydae YUCJIo0 CTauil n onpejensger duciao anddepennuaabubix ypasaernit B (1.1),
T — CyMMapHOe BPeMsl IPOTEKAHUs CTAIUA U3 [IEPBOTO COCTOSIHUA B n-e. KoMroneH-
Thl 2;(t) ncKkoMOit BekTOp-yHKIUK Z(t) OIpeIessaioT KOHIIEHTPAIMIO BEelecTBa Ha i-ii
crajuu nporecca. [lepBoe HesmueiiHoe ypasHenue cucrembl (1.1) onpemesnser 3akon
MHUIMAIINY CUHTE3a BElIeCTBa, MOC/IeHee yPABHEHHUE 33/aeT 3aKOH JUCCHUIIAINN Be-
IIECTBA, OCTAJIbHBIC YPABHEHHUs XapaKTEPU3YIOT CKOPOCTh M3MEHEHHs KOHICHTDAIIH
BEIeCTBA Ha POMEXKYTOUHBIX cTaIuaX (cM. [3]).

OTMeTI/IM, Y9TO IIPpoIiecc CuHTE3a BeieCTBa MO2KET UMETh COTHHU ThICAY IIPOMEZKYTOY-
ubix craguit. CieoBarenbro, npu u3ydenun mojenn (1.1) mccsrenoBarensb crajikuBa-
eTcsi ¢ CepPbe3HBIMU TPYIHOCTSAMHM, MOCKOJIBKY BBHJLY HejuHeitnoctn dynkiun ¢(t, z)
AHAJMTUIECKOE DEIIeHUEe CHCTEMbl HPAKTUIECKH HEBO3MOXKHO, & B CHJLY OIDOMHOIO
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YUC/Ia yPaBHEHUH ITOCTpOEHNe MPHUOMAKEHHOTO perierns 3aja49u Kommm ¢ moMOIIbio
KOMIIBIOTEPA MOZKET MPEJICTABIISTL O9€Hb CEPbE3HYIO MPOOIEMY.

Curejtyer o 9epKHY Th, YTO B 3a/[a1e CHHTE3a BeNecTBa OUOJIOTOB IPEK/Ie BCEro MH-
Tepecyer KOHIEHTPaIus KOHETYHOTo mpojayKTa. [losromy, paccmarpusast cucremy (1.1),
HY?KHO YMETb JIOCTATOYHO TOYHO BBIYUC/ISATH MOCJIEIHIO KOMIIOHEHTY DEIIeHUs Ty (1)
upu n > 1. Ho u3 Buja cuctembl BBITEKAET, 9TO HU OJHUM W3 €€ YPABHEHUN IIpEeHe-
Opedb Hestb3sd. Kpome Toro, 3Ty cucremy HeIb3sl pacCMATPUBATH KakK “‘YKOPOYEHHYIO'
HEKOTOPOil cueTHOii cucrembl [15], rak Kak koabdunuents! cucremsr (1.1) sBisiorcs
HeOorpaHWIeHHBIMU TP 1. — 00. CIie/l0BaTeIbHO, TIPU paccMOTpeHnn cucreM Buja (1.1)
¢ OYeHb OOJIBIINM YHCJIOM ypPaBHEHUI BOSHHUKAET ‘npobaema 604vuoth pasmeprocmu”.

Hns cucremsr (1.1) sta npobsema 6bita periera B 2002 rojty B pe3ysibraTe COBMECT-
HOM JIesiTeTbHOCTH OHUOJIONOB U MaTeMaTHKOB. MeToJ1 ee peleHusi OCHOBaH Ha yCTaHOB-
JIEHHBIX CBSI3X MeXKJy pemteHusivu cucreMbl (1.1) ¥ pereHnsMu ypaBHEHUs ¢ 3al1as3-
JIBIBAIONIUM apryMeHToM. [Ipesmosioxkenne 0 BO3MOXKHBIX CBA3SIX MEXKLy ITOCJIETHE
KOMIOHEHTOI perenus cucremsl (1.1) (nmpu g(t, z) = g(2), n > 1) u pemenuem ypas-

HEHUSA dy(t

WD y(e) + atut ) (1.2
obL10 BhIcKazano B. A. JluxoraeMm, ucxoss n3 6uogornaeckux coobpaskeruii. Yucren-
Hble pacudeTsl, 1posejieHHble C. V1. DajieeBbIM J17151 KOHKPETHBIX CHCTEM, II0/ITBEPK 1IN
9TO Tpe/nosoKenne. CTporoe MaTeMaTHIeCKOe JOKA3aTe/IbCTBO CYIIECTBOBAHUS TAKUX
cBszeit Ha masiom untepsasie (0,7") Buepsbie 66110 nostydeno 1. B. lemumenko u omy6-
JIMKOBAaHO B COBMeCTHOH pabore |9]. B wactrocrn, npu mysnesbix ganubix 20 = 0 B [9]

ObLIIa JTOKa3amHa OIEHKA,

C
) =yt < —, n>no, 1.3
mas 1, (1) — y(1)| < . m > g (1.3

rie y(t) — pemenne ypasHenus (1.2), yJI0BIeTBOPSIIOIIEe yCIOBUAM
y(t) =0, 0<t<7, y(r+0)=0, (1.4)

koHcTanTa ¢ > 0 3aBucut ot GyHKIwn ¢(z), Besuaunsl I’ u mapamerpos T, 6.

13 BBIIIECKA3AHHOTO BBITEKAET, UTO, €CJIU THCIO CTAJUIT N JOCTATOIHO BEJINKO, TO
JUTst TPUOJIMZKEHHOTO HAXOK/ICHUS KOHIIEHTPAIMN KOHEYHOTO MPOJIYKTa Xy () JocTa-
TOYHO HaiiTH perenue y(t) HadaabHoit 3a1aau (1.2), (1.4). A mepasernctso (1.3) Gymer
XapaKTepPU30BaTh TEOPETHIECKYIO OIMEHKY TOYHOCTH MOJIyIeHHOrO pesyiibrara. KoHed-
HO, B BH/Ly HEJIMHEHOCTH IpU HaXOxKJieHun perenns 3agaqau (1.2), (1.4) myKkHo Gyer
HCIOJIb30BATDH IIPUOJINKEHHBIE METO/IBI, KOTOPbIE HEN30€KHO IIOBJIEKYT JOIOJIHATE b
HbIE [IOTPEITHOCTH IIPH BhIMUCIeHIsAX. OTHAKO DY HCIOIb30BAHII METO/IA 1aros (cM.,
Harpumep, [14]), stu norpermHocTH GyyT BOSHUKATH IPU HOCTPOCHUH MPUOIIZKEHHBIX
pemennii 3ataan Kot 1151 0OOBIKHOBEHHBIX TUdDepeHnnaabHbIX yPaBHEHUH TIEPBOTO
HOpsAJIKA, ¥ WX HE TPY/HO OICHHUTD.

Kak ormeueno B [1]: “...c MaTeMaTudecKoil TOYKM 3pEHUST TUINOTE3Y O HAJIMINH
cBsi3€eil MeXK/ly KOMIOHEHTOW Z,(t) pernennsi cucteMmbl (1.1) u perenneM ypaBHEHHS
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208 I' B. JEMIJIEHKO, 1. A. VBAPOBA

(1.2) MokHO 6BLIO BBICKA3aTh, IPOBOJIA MapaJuiesb ¢ uccyenoBanuamu [17, 8, 16, 19]”.
Hamomuum, 9T0 B 9THX paboTax u3ydajcd 00pammvili BOIIPOC 00 AITPOKCUMAIINA Pe-
mennii ndepeHImanbHbIX YPABHEHNN € 3aI1a3/IbIBAIONUM APIyMEHTOM C MTOMOIIBIO
PEeIeHnil CIIenuaabHOTO KJIACCA CUCTEM OOBIKHOBEHHBIX JIud depeHninaabubiX ypaBHe-
HUIl BBICOKOH pa3zMepHOCTH.

Pesyabrarst [9] o cBazsax perennii cucrem (1.1) pu n >> 1 1 ypaBHeHUit ¢ 3ana3/1bl-
BaIOIIMM apryMeHToM (1.2) 6b111 0600IIEeHb Ha HEKOTOPBIE KIACCHI CHCTEM OOBIKHOBEH-
HBIX JuddepeHIraIbHbIX yPAaBHEHUIT BBICOKONW PA3MEPHOCTH M yCTAHOBJIEHBI HA ITPOU3-
BoJIbHOM KoneunoM untepsajie (0,7) (eMm., manpumep, [4, 13, 5, 12, 18, 6, 11, 2, 20, 7]).
O1HAKO [TPH TTOJIY IeHIN aHAJIOTUIHBIX PE3YJIbTaTOB Ha Beeil mosryoc (0, 00) BOSHUKAIOT
[IPUHIIATIAAIBHBIE CJIOKHOCTH, CBA3aHHBIE C TOBEJIEHUEM peIleHnit Ha OECKOHETHOCTU
IIPU BCEX JOCTATOYHO OosbImx 1 > 1. B HacTosmeil paboTe Mbl yKa3blBaeM yCJIOBUS
Ha HeJInHenHy10 GyHKIWo ¢(t, z), TP KOTOPBIX yIAeTCs JOKA3aTh HEKOTOPBIE IPEIe/Tb-
HbIe TeOpeMbl (IIPU N — 00), U3 KOTOPBIX BBITEKAIOT aHAJIOTU pe3ysbraron [9] Ha Beeit
nostyocu (0, 00). Tem cambim, Kak u Ha KoHedHoMm uHTepBase (0,7"), MbI moaydaeM Me-
TOJI, JIJIs1 TIPUOJINZKEHHOTO OCTPOEHNUS TOC/IeTHeil KOMITOHEHTBI perernust cucteMbr (1.1)
BBICOKOI pa3MepHOCTH Ha Beeil ostyocu (0, 00), IpU 9TOM yCTaHABIUBAEM TJI0OATbHbIE
OIIEHKU aIIPOKCUMAIAN TIPH 71 > 1.

B jasibHeiiem Mbl GyjieM Tpejnosiarath, uro ¢gyukuus g(t, z) € C (R; ) orpanu-
geHa, ¢(t,0) = 0 u ymosyerBopsieT ycaoBuio JIummmiia 1mo BTOpoMy apryMeHTy

9(t,2)] <G < oo, |g(t,2') —g(t,2*)| < LIz = 2%, t>0, 21,22eR (L5)

2. AcumMnTorndecKme CBOMCTBA pelreHus 3agadm Korm

B srom naparpade MbI TOJIydnM OIEHKH perternst 3agadn Kormm (1.1) s so6oit
pPa3sMepHOCTH CUCTEMBI N > ng. VI3 9TUX OIeHOK OyjieT BhITEKATh IKCIIOHEHIHAIbHOE
yObIBaHMe PeIIeHuii CHCTeMbI IPK { — 00 HE 3aBUCUMO OT €€ Pa3MepHOCTH.

U3 yesosuit va dyuknuio g(t, z) ciaemyer, uro 3agada Komm (1.1) ognosnauHo pas-
pelmma, MpH TOM pelleHre CyIecTByer Ha Beeil mosyocu [0,00). B mambreiimem,
9TOOBI IIOIYEPKUBATL PA3MEPHOCTH CUCTEMBI 1, JJIA €€ PenreHus OyJ1eM UCIIOIb30BaTh
obo3HaveHne

2 (8) = (25 (8), 2 (1), ., (1)

Brimmmenm HeKoTopbie HHTErpaTbHbIe COOTHOMEHH J1J1f KOMIIOHEHT perenus 17 (t),

noJiydeHubie B pabore [6].

JIemma 1. Jlas xomnonenm pewenus 3adavu Koww (1.1) cnpasedausovr unme-
2PANBHDLE COOMHOULEHUSA

J _ (ut)ﬂ_k
n—1
2 (t) = gl "t J
! el (j — k)
t .
n— u t — S j_l
+/e_ Tl(t_s)( = (g — 1>)‘) g(s,z(s))ds, j=1,...,n—1, (2.1)

0
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() = S a0 (1) + / (e — $)g(s, 27 (s))ds, (2.2)

,0
20e IZ — KOMNOHEHINBL HAYAADHOS0 6EKINOPQ ZL’O,

st mostydenusi orneHok pemiennst 3ajadaun (1.1) Ham 1monamobuTces cielyoiee
yTBEpzKJICHUC.

JIemma 2. Hatidemesa n, = n,(0,7) > 07 + 1 maxoe, wmo dasa 6cex n > n, 6uinoi-

HEHDL OUECHKU R
0<on(t) <277 k=1...n t>0. (2.5)

JokazaresabcTio. s 1(t) = e~ omenxa (2.5) ouesmama.
[Iycts k > 2. PaccmoTpuM cHadasia BbIpaykeHue, CTosIee B 3HaMeHaTe e PyHKITIT

vR(t) .
Bmk::<1—— or ) . (2.6)

n—1

Bragasie 3amerum, uro mpu Bcex n > 07 + 1 BBIIOJIHIETCS HEPABEHCTBO

or \" or \*
(1— T > >(1— T ) , ki < ka.
n—1 n—1

or \" !
(1 — ) —e 7 n— oo,

n—1

A 1I0CKOJIBKY

To Hafimercs n, = n.(0,7) > 07+ 1 Takoe, 4TO 1A BCEX N > N, UMEET MECTO HEPABEH-

CTBO "
or \"~

1— > e 07/9.

(1-355) e

Taxum obpazom jyist uncen (2.6) crpaBesnBo

Buk > Bam >€e"7)2, k=2,....n, n>n,. (2.7)

YuauTbiBasi Terepb, YTO Ipu N > 07 + 1 BHIIOJTHEHO

k-2
0 < e wnt

1, t>0,

(]

(Wal) s (wat)
se Z 1
§=0

1
i j!
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210 I' B. JEMIJIEHKO, 1. A. VBAPOBA

OTCIO/a I1I0JIydaeM

0<1—ent <1, t>0. (2.8)

U3 omnenok (2.7), (2.8) BbITekaeT HepaBeHCTBO (2.5).

JlemmMma JokasaHa.

Ucnonb3yst geMmMbl 1 1 2, B coeyionieil TeopeMe Mbl IIOJIYYIUM OICHKH DeIeHust
sagaan Komm (1.1) st mo60it pa3sMepHOCTH CHCTEMBI.

Teopema 1. [Tycmov g(t,0) = 0 u svnoanens yeaosua (1.5). Toeda npu 0 < L <
0 nyaesoe pewenue sadawu Kowwu (1.1) acumnmomuuecku ycmotinuso u npu 6cex
docmamouno 6oavwur n > 1 umerom mecmo caedyroujue oueHKy

22 (t)] < ¢ <Z |27 ) e j=1,...,n—1, (2.9)
k=1
") < ¢ (Z |70 ) e >0, (2.10)
k=1

5:min{02L 1l 9+L}, (2.11)

2L

U Korcmanmol C;, C HE 3GBUCAI 01N 1.

HokazarenbcTBo. Pacemorpum cootrorenne (2.2). YMHOXKIM 06 €ro 4acTu Ha
, tyie mapametp 6 € (0,6) ompemesum 1M03Ke, U P 1 > N, BOCIOJIB3YEMCsT OIEHKOM

(2.5)

eét
t

o

0

Yt — s)| e|g(s, 2 (s))|ds.

n
€6t|xz<t)| < 9p—(0—0)t+07 Z |J}Z’0

YuaursBas ycaosue Jlummuna (1.5), moaydaem

l9(s, ()] = 19(s, 25(s)) = g(s,0)| < Lz (s)].

Torna crupapeuBa OIEHKa,

€5t|$()|<2 06t+972|l, |+L

PP (t — s)’ 279927 (5)|ds.
0
Orciona

t

ot ..n —(0-9)t+01 n,0 n
) <2 L
e”|an(t)] < 2e ;—1 |z + mgv;]{@ !%(8)!}/
- 0

bi(s)| e¥as,
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a TaK>Ke

@Z(s)‘ % ds.

s€[0,T] €[0,7]

T
max {e%|27(s)|} < 260TZ 27|+ L nax {e% |xﬁ(s)|}/
k=1 9

CitenoBaTe/IbHO

T n
An(s)‘ e®ds | max {e%|2"(s)|} < 2" Z |20 (2.12)

s€[0,T

0

Hanomuunm, aro B pabore [9] 6b110 JoKa3aHO, 9T0 st Jii06oro € > () uMeer MecTo
paBHOMEepHas CXOIUMOCTD

~ { 07 t [077—(1 _€>]7
Un(t) = n — oo. (2.13)
e, t e [r(1+e),T],

Torma B cuty Teopemsr Jlebera pu n — 0o nmeeM

T
. 5t —O(T—7)+6T ot
/ P (s)| e*ds — /e‘e(s_T)e‘Ssds = ¢ Z_ 5 < 06_ 5 (2.14)
0
Badurcupyem rerepsb mapamerp § € (0,0) Tak, 9T0OBI
Ledr
1-— > 0. 2.15
75 (2.15)

ZlcHo, uTo Takme § CyIEeCTBYIOT, IIOCKOJIbKY 10 ycsosuio 0 < L < 6. BozbMmewm, Hapu-
mep, 0 u3 (2.11). OueBnro, 0 < 6 < 6.

Yuuteias rerepsb (2.14), (2.15), noxydaem, aro Haiimercsa unciao N(J) Takoe, 9TO
115t Bcex 1 > N(J) BBIIOJTHEHO HEPABEHCTBO

1 L5T
8)‘668d825<1— ¢ )>O.

T
—L0/¢

Torna uz (2.12) npu n > N(0) creayer

1 1 LG(ST { ’ n( )’} <9 ot - ‘ n,0
— — m E ’
2 0—6 (E)ng] € TSl = o¢ — Tk

0—9o

njim
n < or ( __~ ~ :
Sren[oa%g]{e ’xn(s)’} < 4e (0 5 — Leéq—) (Z ’.73 )
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212 I' B. JEMIJIEHKO, 1. A. VBAPOBA

A Tak Kak mpaBasi 9acTh 9TOI'0 HEPABEHCTBA HE 3aBUCUT OT 1, TO MOJIydaeM

|IZ(t)| S 4607— (m) Z |I 6_&, t > 0. (216)

Orcroma ciemyer ornerka (2.10) ¢ KoHCTAHTOI

06
:497' s
e (9—5—@67)’

rie d € (0,60) onpenensiercst u3 HepaBeHcTBa (2.15).

[ToguepkueM, 9TO HaiiJieHHAS KOHCTAHTA ¢ HE 3aBHCHUT OT 7.

U3 mnpepcrapienus (2.1) g xommonent pemenus sajaun Komm 27(t), j =
1,...,n—1, yeaoBus Jlummmma (1.5) u onenkn (2.16) nmeem

(220"

()] < Z\x T

t
66 - g (PP =9)T
or n,0 ds
+4Le (0 5 L€57> Z |z, /e G=1) ds.
k=1 0

Brorancsiag unrerpast B IpaBoii 9acTu HepaBeHCTBA, HETPY/HO yOeMThCs, ITO OH COB-

o n 3 —
najaer ¢ gynxmuet Y7, () uz (2.4), ecm B yKasamnoit dbopmyse nonoxuTh ¢ = 0.
Orenkn st 9Tux QyHKIWMiE 61N mosTyensl B pabotre |7] (memma 3.3). Vcnoms3yst stu
OTCHKH (3amMeHsst B HUX ¢ Ha 0), /7l KOMIIOHeHT 27 (t) oty qaem

j n _n—1 n__lt Jik
HOIESPEAE ”%M“@W (ea—m> Z"”
k=1 )

Orciona, 049eBIIHO, CIIeIyeT, YTO HallyTcs KOHCTAHTHI ¢; > 0 Takue, 9TO

—6t

n
125 ()] < ¢ Z|xzo| e j=1,....n—1, t>0.

I/I3 IIOJIYYE€HHBIX OII€HOK BBITE€Ka€T aCHMIITOTHYCCKaA yCTOﬁqHBOCTb HYJIEBOT'O pPe-
menns 3a1aan Korm (1.1).
Teopema ji0Ka3aHa.

3. CBoiicTBa dyHKIMII Z;Z(t)

B srom maparpade Mbl puBeieM OIeHKHU Jjist (PYHKITUI &Z(t), 3aJIaHHbIX B (2.4),

UX pasHOCTel (zﬁ,’;‘j(t) - 1[1,?22 (t)), M3YUIM CXOQMMOCTD HOC/IefoBaTe/bHocTel {17 (1)}
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IIPEJIEJIBHBIE TEOPEMEI JIJISI CACTEMBI BBICOKOI PABMEPHOCTHU 213

npu pasandHbix k& = k(n) u yKazkeM OIeHKH CKOPOCTH 3Toil cxoumoctu. [lomydennbie
OTIEHKH MOHAJI00ATCS HAM MPU JOKA3aTETbCTBE MPEIETbHBIX TEOPEM.

Byjem HeorpaHuvyeHHO yBeaMUUBATH pazmMepHOCTh cucteMbl B (1.1). Kak yxke or-
MEYaJIOCh, IPU HAIIUX [IPEJIIOIOKEHUAX st JII060ro n Kaxas u3 3aaad Kormm (1.1)
OJIHO3HAYHO paspelinMa Ha Beeii mosyocu {t > 0}, u ee permenne 0603HATACTCST

2"(t) = (27 (), 25(1), ..., an (1))

Bepxnwmit nnjiekc yka3blBaeT Ha YHUCJIO yYPABHEHUI B CUCTEME, HUXKHUI — HOMED KOM-

[IOHEHTHI PelleHns. B 9acTHOCTH, paccMaTprBasl TOJBKO IMOCJIEHNE KOMIIOHEHTHI pe-

meHnst Kaxkoil u3 3a7a4 (1.1), noaydaem nocienoBaresbHocTb dyukiwit {27 (t)}.
Bravasie HarmioMHUM OIEHKYN Ha, DYHKITUT 1@,’;(25), noJiydenHbie B pabore |7).

Jlemma 3. Ilycmv ny > 01 + 1 maxoe, wmo

87— o —0T
1— >e T/2, n>mn.

n—1

Toz0a npu 6CET 1 > Ny 8bINOAREHBL OUEHKU

0<(t) <2 fk=1....n t>0, (3.1)
~ “n 4ref™
d@ﬂw—¢“mLﬂQﬂH§ L T>T k=l.on-1l (32)
n —

Terneph paceMOTPHUM HpeJe/IbHbIE CBOICTBA HocIeR0BaTebHOCTel {1 (1)} mpu pas-
janunbix k < n.

Brauajie HAIOMHUM, YTO Juls HOC/Ies0BaTe bHocTd {0 (1)} upu mobsx ¢ > 0 u
T > T wMeeT MeCTO paBHOMEpHasl CXOAuMOCTh (2.13). Dror dakrT GbLI ycTaHOBJICH
I". B. lemuienko B pabote [9] 1 mocsryzKuir 0CHOBOIT Jijist JOKA3aTeIbCTBA IIEPBBIX Mpe-
JIeJIbHBIX TeopeM JTst cucTeM g depeHnnaibHbIX ypaBHEHH BBICOKOH pasMepHOCTH
(em. |9, 4]). Ero o6o6imenne 66110 m101yaeHo B [6] 1 copepKuTest B CIEAYIONMX YeThIPexX
JIEMMax.

JIemma 4. ITyemov i € NU {0} durcuposaro, mozda das aobwx T > T u ckoav
y20010 Marvx € > 0 umeem Mecmo pasHOMEPHAHA CTOOUMOCTD

) 0, tel0,7(1—2¢),
rt) — n — oo.
e 0= ter(l+e),T),

Jlemma 5. [fycmv n = ml + 1. Tozda oas aobvix T > T u ckoAb Yy200HO MAADIT
g > 0 umeem Mecmo pasHOMEPHAA CTOOUMOCTN

0, tel0,-(1—-¢)],
@ﬁ?%ﬂ—+ [ — oo.
T te[Z(1+e),T),

T
m
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214 I' B. JEMIJIEHKO, 1. A. VBAPOBA

Jlemma 6. ITycmv k € N dukcuposaro, mozda daz mobwvix T > T u ckorv y2o00Ho
Masvix € > 0 umeem mMecmo pasHoMepras crooumocms

Yp(t) = e tele,T], n— oco.

Jlemma 7. Ilyemon =ml+1, s >0 uk — yeave, 1 < sl+k < ml+1, m,
s, k — duxcuposanv.. Tozda das awbvix ¢ > 0, T > T umeem Mecmo paBHOMEPHAA
cTodUMOCMD

07 te [07%(1_8)]7
w:;.likl (t) N ~ [ — 0.
), te[Z(1+e),T),

OTMeTI/IM, YTO IIpU JOKa3aTeJbCTBE ITUX JIEMM CYHICCTBEHHO HCIIOJIB3YEeTCdA HEpPa-
BEHCTBO CTI/IpJII/IHFa

(g)n\/%<n!< (g)"\/%(ur%) (3.3)

C ero moMoIIBIO yAaeTcst TMOJIYIUTh OIEHKH CKOPOCTH CXOJUMOCTH IOCJIEI0BATEIHHO-
creit {¢}(t)}. B manbheiitmem 9mu orieHKH HAM OY/IyT MIOJIE3HBI, TI09TOMY [IPUBEJIEM HX
B CJIC/LYIONICH JIEMMeE.

Jlemma 8. ITyemov i € N U {0} durcuposarno, mozda das 1106020 ckorv y200mo
manozo € > 0 npu
n>20r —i+1+2'i— 07|

ul > 1 cnpasediuso. oueHKy

R R 4 —0(t—)

(0 - R O| S ey telr-2) (3.4)
. - —0(t-7)
]wﬁfi(t) —tﬁZif_i(t)(g 267 A4, — te[r(l+e),1],  (3.5)

evn—i—1

2de
1 or
A’I’L,’i = [} - — € — O, n — OO7
(1 _ n__Tl)nfzfl
npu 2mom
A”<t—A”+l.tLOTH< 2 3.6
‘ n—z( ) wn—i-l—z( )a 1( ) ) S e+ €(TL— 1)7 ( )
2de c1, ¢y > 0 — xoncmanmot, ne 3asucawue om T, € un.
HoxkazareabcTBo. B cuy (2.4) dyukiwm @/3,?(25), k=2,..., n, MOXKHO 3aIlUCaTh B
BUJIE
. o0t .
U (t) = Wsk (t), (3.7)
T n—1
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rjue

2 ' n—1
0= (1)t
=0 !

J

Bamernm, aro B cuity onpesenenus 0 < SP(t) < luput > 0wun > 07+ 1. B ycroBusax
JIeMMbIL kK = n — i.
Paccmorpum cHavasia BbIpazkeHue, CTOsiliee B 3HAMEHaTese B onpejeseHun (2.4)

dyHKIMN Q/AJZ_Z (1)

3 (1 ot ”_i_l_ 1 or \"* 1 or \ "
et n—1 N n—1 n—1 '

Ouesuno, B,,_; — e 7 upu n — oco.
Onenum S7'_,(t). Ogesuo,

(n—i—14k)!

7=0
0 ot j o0 ¢ (n—i—1+k)

et 3 @ g L) | (38)
n—i—1 )

[Ipu n > 01 + 1 kax0e caaraemoe B (3.8) MOKHO OIEHUTH CJIEIYIONUM 06pa30M

(wnt)(n7i71+k) (w t)(nfi*1+k)
m—i—14+k)! " (n—i—Dl(n—i—1)F

Orcrona

(wnt)k

W HEOOXOIMMO U JIOCTATOYHO, YTOOLI
n—i—

,ZLJ'IH CXOAUMOCTHU CTECIICHHOI'O PsIa E
k=0

n
P < 1. DT0 HEPABEHCTBO BBIMOJTHEHO TIPU OOJIBINNAX N U
n—1i—
wpt

0 <t < 7. [eiicTBuTe ibHO, ycaoBue ———— < 1 9KBUBaAJIEHTHO HEPABEHCTBY
n—1i—

BBITIOJIHAJIOCH YCJIOBHUE

tth—1—-01)<7(n—1i-1),

-
KOTOpOE BBITIOJIHEHO Tipu 1 > 07 + 1 + t(z’ —071) u 0 <t < 7. Torma

T —
(wnt)(nfifl) 1
(i DI (1= =)

n—i—1

Spit) < et
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216 I' B. JEMIJIEHKO, 1. A. VBAPOBA

Ucnonb3ys wepaBencrso Crupiuara (3.3), moydaeM, 9To mpu

T

n>60r+1-+ (1 —07)

T —

BLIIIOJIHEHA OIICHKa

n 1 wnt 1—_—wnt il
S’I’L—Z(t) < - ) e n—i—1 .
2r(n—i—1) (1 - 22y \n—1—1

n——

n—i—1
wnt 1——wnt
—‘e n—i—1
n—it—1

orpanuyena, Tak Kak 0 < re'™® < 1 npu x > 0. Kpome Toro, ms seex ¢ € [0,7(1 — ¢)]
uMeeM

OTMeTI/IM, 9TO BeJIMYIMHaA

wpt

(1-— )>¢e/2 mpm n>207 —i+ 142 (i—07).

n—it—1
Canenosarensuo, pu t € [0,7(1 —¢)] u n > 207 — i + 1 + 2e7!(i — O7) BbIMOAHEHO

HEPaBEHCTBO
2

ey/2n(n —i—1)

YuaursiBas renepb dopmyity (3.7), n3 nepasencrsa (3.10) nosydaem (3.4).
Pacemorpum orpesok [7(1 + €), T]. Unmeem

S (1) < (3.10)

n—i—2 ; . .
mn _ —wnt (wnt)J —wnt (wnt)n71727j
0<1=8p (t)=e™" )" i CETETET
=0

Jj=0 J

Kaxmoe CcJlara€MO€ B 9TOM BbIPpazK€EHUU MO2KHO OIIEHUTDL CJICAYIOIHNM o6pa30M

(@u)" 27 (wal) (=i =2+ 1) (=i = 2)
(n—i—2—j) (n—i—2)

(Wpt)" 2 (n— 1 — 1)
- (n—i—2)!

Orcrona
; n—i—2 . 1
g (W) n—i—1Y’
1—-8" (t) <e vt T2 5 _—

n—1i—2)! wpt
<

ittt S5 (noizt)!

- (n—1—2)! = wpt
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n—i—1
wnt

oo J

JIst CXOMMMOCTH CTEIeHHOTO Dsijia | ( ) HEOOXO/IMMO ¥ JOCTATOYHO, YTOOBI
§=0

n—i—1

< 1. DT0 HepaBEHCTBO BBITOJIHEHO it Oosbiux n u 7 < t < T. JleficrBu-

wnt -
TeJIbHO, YCJIOBHE ”;—:;1 < 1 skBuBaJeHTHO HepaBeHCTBY T(n — i — 1) < t(n — 1 — 071),
KOTOPOE BBITIOJIHEHO TIPU 7, > f_% + 1. Torma
wnt n—i—2 1
0<1—-8" (t)<e ™! ( )
(n—1i—2)! (1 _ n—i—l)
wnt
nt n—i—1 1
_ unt (W) . (3.11)

(n—i—1)! (b — 1)

n—i—1

[Ipumenss vepasencTBo Crupiuara (3.3), mosrydaeM, 9To Ipu n > 9L 1 | BBITIONTHSIETCST

t—1
HEepaBeHCTBO

n ]_ wnt 1— wnt n—i-l
0<1-=S5".(t) < D e n-i-1 :

2m(n —i— 1) (Gt n—i—1

Kak ormeuaJsioch BbIIe, ClipaBe/InBa OIEHKA

wt . n—i—1
— v eltni <1,
n—1—1

a st Beex t € [T7(1 + ¢),T] umeer MecTo HEPABEHCTBO

nt . _ :
w—,1—1>8/2 mpu n > 207 —i+ 1+ 2107 — ).
n—i-—

Takum obpazom, yaurbiBasg (3.11), moaydaem

2
ey/2m(n—i—1)

nput € [r(1+¢), T un>20T —i+1+21(0r —1).
Yr1o6bl moIyuuTh onenky (3.5), j106aBUM U OTHUMEM €~
HOJIY 9UM

0<1-5.(t) < (3.12)

0(t=7)  Torma, odeBUAIHO,

~

EEORTANG HTNOE = 1(t) + Lo (1),

i) — et

[Teproe ciaraemoe I1(t) momyckaer CIeyIONLYIO ONEHKY

. 697'

(1 _ 9_Tl)n—i—1

n—

]1(t) S 6_0t <

Sp_i(t) + GGT(l - S:Ll—i(t») .
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218 I' B. JEMIJIEHKO, 1. A. VBAPOBA

Tora, yunteiBas onenky (3.12), na orpeske [7(1 + ¢), 7] nmeem

e—e(t—r)

6\/n—i—1'

TouHo Takas ke OlEHKa CIpaBe/yinBa Jyis Broporo caaraemoro I»(t). Orciona Hero-
CPEJICTBEHHO BBITEKaeT (3.5).

Hst mokaszaresberBa orneHkn (3.6) Bocmosibzyemcsi HepaBeHcTtBamu (3.4), (3.5),
(3.9), (3.10) u yrlemmoii 3.

s moboro € > 0 nmeem

L(t) = [0 (1) —e D) <e A, +

n—

Gt) = (1), La(0,7(1 — )|

nt) = (0, L. 7| < |6

- \ Pilt) = B0, La(r (1 =€), 71+ €))

— U0, I (L 42), T)|| = Ny 4+ Na+ N (3.13)

g nepsoro ciaaraemoro Ny, O4€BUIHO,

ng‘ (1), L0, 7(1 — €)) H_11+12

n+l %

(1), La(0,7(1 — £)) H+’

B cuty onpenenenus (2.4) dbynxumii ¢ u onenku (3.9) mmeem

—0t

e
I = S" ,L1(0,7(1 — ¢
A T == COR AR >>H
—0t n—i—1
-1 € —wnt (wnt) _
<||2¢ ( _g_T)n—i—le —(n—i—l)!’Ll(O’T(l £)) ‘
n—1
Torna, MOCKOJIBKY W, = ”T_l — 6, nosyvyaem
n—1,2\n—i—1
-1 -2t (Tt)
I <2 e m7L1(077—(1_8))H'

CitesoBaTeIbHO, YIUTBIBast (GOPMYITY

I t)Et 1
/e“t%dt = a mpn a > O, (314)
Oy1eM UMeThb HEPABEHCTBO
2T
L < ——-.
e(n—1)
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st I, cripaBe/yimBa TOYHO Takasl e OleHKa. TakuM o6pasoM, Jis [IepBOrO ciarae-
moro B (3.13) nomydaem

NM<hL+D< %. (3.15)
st Broporo ciaaraemoro B (3.13) B cuity JieMMbl 3, OUE€BUIIHO, MMEEM
Ny = ||dm(6) = rtl (), Ly (r(1 — &), 7(1 + s))H <8cre. (3.16)
Hns tperwbero ciaraemoro B (3.13) st sroboro € > 0 mveem
Ny < ‘ Bt = e Ly (14 €),T)|
i) — e, (o), )| = o+ (3.17)

[To aHa/orum ¢ paccy»KJIEHUsIMU TIPU BBIBOJIE OleHKHU (3.5) JijIs TepBOro CJIaraeMoro
oIy daeM

S < Aille™ Li(r(14¢), T)|| + 1—S" (1), Li(r(1+¢),T)

13 onenxkn (3.11) caemyer

(wnt)n—i—l

0<1—8" (t) <2 tewntnl
n—z() € (n_2_1>‘

[O3TOMY, UCTIOJIL3Yst hopmy.ry (3.14), /7ist BTOPOro ¢JIaraeMoro B TOCJIEHEM HEPABEH-
CTBE UMeeM

o0t :
‘ (1 — H_T)nfi—l(l - Sn z( )) Ll( (1‘|‘€) T)
nsy (P70 o
<92: e t(n—z—l)!’L (r(1+e),T)|| < T
Taknm obpazom
2T
< A . -0t L T =
J1 < Anille” Li(r, T)|| + =T

TouHo Takast yKe OIEHKA CIIPaBEeJJINBA 1 Jjisi BTOporo ciaaraemoro Jy B (3.17). Cieso-
BaTEIbHO,

4T
N3 < 24,;|le™, Li(7,T)|| + ——. 3.18
3 = ) ||6 ) 1(7-7 )H + €(TL — 1) ( )
Yuaursias onenku (3.15), (3.16), (3.18), u3 (3.13) nomyvaem
n Tn+l —0t &t or
B-i0) = L0, 110, T) | S 240l La(m T+ oy + 8
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220 I' B. JEMIJIEHKO, 1. A. VBAPOBA

Orcroza BeITEKaeT HEpaBeHCTBO (3.6).

Jlemma moxkazaHa.

Bameuanmue. 13 nokazarenbcrBa HepaBeHcTBa (3.6) ciieyer, YTO KOHCTAHTHI ¢, Co
He 3aBucatr ot 1. [Tosromy, nepexous B (3.6) K npeeny npu T — 00, ©MeeM OIEHKY

Co

e(n—1)

Jlemma 9. I[Tycmv m € N — duxcuposaro, mozda 0is 1100020 CKOAb Y200HO0 MANO20
e >0 npuly, ls € N maxux, wmo

Bl = U0, 1a(0,00)| < cre + (3.19)

mh > 2¢9T(1 + 571>, 12 > ll,
CNPAGeNUBHL OUEHKU

2@79(1‘/7%)

mll+1 mlg+1 T
‘wll-i—l — Y (t )‘ < T’ te [0 EG — 8)} , (3.20)
ml1+1 Tmlo+1 —0t 2 _9<t_:7—l) T
(whﬂ e (t)‘ <20+ T e [E(l + 6),T] . (3.21)
2de
1 0T/m
A= (1_—7%)1 —e —0, [ —= o0,
npu 3mom
H@”Z”ﬁfl — Ot (e), La(0, T) H <cset - (3.22)

l1
0AA HEKOMOPBLIT KoHCmanm cs, ¢4 > 0, ne sasucawuxr om T, € u n.

HoxkaszarenbcrBo. [lo onpenenenmo (2.4) mmeem

e—@t Sml+1 (t)
PN A )
(1- )

ml

() =
rae

ml+1 —Wmi+1t — (wml-i-lt)J ml
St () = [ 1—emm Z— ; wmlJrl:T_e-

|
j=0 J:
OrmerumM, ITO
67- ! or
l—— ) e m, >
ml
Orennm Sl’ilf“l( ) mpu t < . Nmeem

-1

Sml+1( ) -1 e—me-lt Z (Wmlfrlt)]

+1 |
=
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_ > wml+1t)j _ > (WmlJrlt)H_k
—e Wmi+1t § ( —e Wmit1t §
1l |
o J! prt I+ E)!

OueBuno, ipu ml > 0T UMeeT MeCTO OIEHKa

(Wi 1) TF (W gat)HE
T

Torma

I+1 t(wmlﬂt)l - W1t F
S < et (7

k=0

[lpn 0 < t < = ummeem [(7 —mt) > 0 > —6O7t. llostomy It > (ml — 67)t, 1. e.

1> (ml/;—(’)t = “’"”l“t. Orcrofa mosydaeM OIEHKY

3

(wml—i-lt)l 1

I (1 — Swtaly’

SlTill—‘rl( ) < 6—wml+1t

B cuy mepasencrsa Crupsmnra (3.3) nmeem

(3.23)

| 1
SEH(E) < em e (wy, “(E) ity
41 ( ) € ((U +1 ) l 27Tl (1 _ WmllJrlt)

11—z

Ormernm, 9To B cuity HepaBencTBa (xe' ") < 1 mig Bcex ¢ BBIOJHEHO

l
e_wml+1t(wml+1t)l <§> S 1.

t
wmz+1 > £, TO OIleHKa (3.20) BBITEKAET

A nockomeky 1pu t € [0, (1 — ¢)] mveem 1 —
s (3.23).

HokazaresnbeTso orenk (3.21) IpOBOUTCS 1O CXeMe JJOKa3aTeIbCTBa oreHKn (3.5).

ycrs t > Z ul > (Wff;). Ouenny pasuocts 1 — Sy (¢). Buauaie samerum, 4to

-1 -1

, L
0<1— S (t) = e emnt > —(wmlﬂw < ety (Wrmisrt) 70

| (3 —
pr A — i +1)...(1-1)
-1 11—
_ e_wmlet me_l.t l 1 Z l—1—j
l — ]_ = wml+1t ’
ml+lt

[TockoJibKy [ BBIOpAHO TaK, 9TO > 1, To nosryyaem

-1 I —1— 1
Somm) < lomm) <
= Wit Wni+1t 1—

Wmit1t
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222 I' B. JEMIJIEHKO, 1. A. VBAPOBA

Hcnonw3ys 3Ty ONEHKY, nMeeM

t)=t 1
1 _ ml+1 7wml+1t (wml+1
0< Sl+1 ()<€ (l—l)' <1_ . )
Wmi41t
W (Wimni1t)! 1
—e mi41l ll ot 1 . (324)
) ( T )
[Tpumensist wHepaserctBo Crupsmura (3.3), mosydaem
0<1—Sm(s) < ! et (g )] (9>l.
Y mef)
CureioBaTeIbHO, U3 HEPABEHCTBA
mi+1t 207 (1
Dttt s €/2 upn  ml> u +€), t [—(1+5),T}
l € m
[IOJIy YaeM
2
0<1—8mt(t) < (3.25)

IRV ol

Hns nokazaresiberBa onenku (3.21) g06aBUM U OTHUMEM €
HEPABEHCTBO TPEYTOJbHUKA. 3aTeM I KaKJIOI'0 U3 CJaraeMbIX, OYEBHIHO, Oy/ieMm
MMEeTh HEPABEHCTBO CJIEJIYIONIETO BUJIA

—00=7/m) g ppuMennM

Wﬁl{d _ ptt=1/m)
- 1 T/m m T/m m
S € 0t< (1 _ 9_7'>l 60 / SH—ll—i_l( >+60 / ( Sl+lf_1(t))> )
ml

a UCIOJIb3Ysl OleHKY (3.25), nosryanm

1 0
T/m
—— —e¢
(i- %y

N e@T/m
Vi)
Orcroma tipu I > 7 BeITeKaeT HepaBeHCTBO (3.21).
JokazareaneTBo oreHkn (3.22) IPOBOIUTCS IO CXEME JJOKA3aTeIbCTBA OIeHKH (3.6).
Ornenum cravana Ly-Hopmy pasnoctu u3 (3.22) ma kaxkgom n3 unrepsasos (0, 7/m(1—
e)), (r/m(1 —e),7/m(1 +¢€)), (r/m(1 + &), T).

Ha IIEpBOM HHTEPBaJI€, O9€BU/HO,

’@bﬁll—’_l —e G(t—T/m)‘ S e—@t(

Ny = sz’?ﬁfl t) — O (), Ly(0,7/m(1 —5))H
H%m-lﬁfrl ,L1(0,7/m(1 —¢) H + nglf;rl 1), L1(0, 7/m(1 — 5))” '
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[Tosromy, Kak u 1pu nostydeHnn HepaBeHcTBa (3.15), mMeem

4
Nl S T y lQ > ll-
&?mh
Ha unrepsase (7/m(1 +¢),T) nmeem
Ny = || (e) = i (00, L m(1+ ), 7) | <
_Wﬂf = eI, L(r /(1 + ), T) | +
+ HTWJJ%;A —e blt=r/m) Ll(T/m(l + 5 H =J + Jo. (326)

Paccmorpum mepsoe ciaraenmoe J;. Jobasum i otHIMeM dynKimo e ¢¢=7/m Sznfrlfr L(t).
13 mepaBencTBa TpeyrosbHuKa u (3.24) ciemxyer

J; < +

e o ((1 - 0—T>_ 9”’”) S (), La(7/m(1 +€), T)

mh

Hle M = SPEETD), La(r/m(1+ ), T)| <

+ Ay [le™, La(r/m, T)].

mlq [
2¢ te ~ T <mt> (™Y Li(r/m(14¢),T)
T

Ucnonbays Tenepsb dopmyiy (3.14), moaydaem

2T

J1 < - + Ay lle”, Ly(r/m,T)|.

s Broporo ciraraemoro Jo B (3.26) cupaBeyinBa TOYHO Takasi YK€ OINECHKA. TakmM

obpa3oM, umeem

4T

N; < l + 24, ||e™, Li(7/m, T)).
1

Jnst nenrpasnbioro unrepsasa (7/m(l — ), 7/m(1l + €)), yunTsiBasg HEpaBEHCTBO
(3.1), moyvaem

Na = [0 0) = 957 (1), La(r/m(1 = &), 7/m(1 + )| < 8" er/m.
CyMMI/IpyH OI€HKU Ha KazKJIO0M M3 MHTEPBaJIOB, IIOJIYyYaeM

H%ﬁl IR, L0, T)|| < Ky + Ko+

<

+ 24 le™, Li(r/m, T)|| + 8" et /m.

8ml

Orciona BbITeKaeT onenka (3.22).
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Jlemma tokaszana.
Bameyanue. 113 nokazaresbeTBa HepaBeHCTBa (3.22) cieflyer, YT0 KOHCTAHTHI (3,
¢4 > 0 me zasucar or T. Tlosromy, nepexosst B (3.22) K nipesesty T — 00, UMeeM OIEHKY
Cq

H;@l”fﬂfl(t) (e, Ly (0, oo)H St —r b>h (3.27)
1

4. IIpenenbHbIE TeOpeMbl Ha IIOJIyOCH

YBeauauBas HeOIPaHUIEHHO Yncio ypasHenuii B (1.1) u paccMaTpuBasi TOJIBKO TI0-
CJIEJIHIOI0 KOMIIOHEHTY DelleHns KaxKJI0i u3 3a1ad Koy, 1moaydaeM 1oc/ie0BaTel b-
Hocrb yuknuit {2 (¢)}. B srom maparpade Mbl u3yunm mnpejieibHble CBOCTBA 3TOM
1I0C/IEI0BATEILHOCTHY TIPU HEKOTOPBLIX HA00pax HAYaJbHBIX JaHHbX 1"

Bravasie paccMOTpuM Oc/IeI0BaTeIbHOCTD 3aja4 Ko suga (1.1), npeanonaras,
Y9TO BEKTOPbI HaYaJIbHbBIX JaHHbBIX UMEIOT II0CJ/ICIHIOIO KOMIIOHEHTY, OTJIMYHYIO OT HYJIA,
a BCe 0CTaJIbHbIE KOMIIOHEHTHI — HyJieBbie. 10 eCTh BEKTOPBI HAYaIbHBIX JaHHbIX B (1.1)
UMEIOT BUJL

2" =(0,...,0,a)". (4.1)

Teopema 2. [Tycmo g(t,0) = 0, swnoanenvs ycaosua (1.5), 0 < L < 6 u navaavroe
darnrwie umerom eud (4.1). Tozda nocaedosamenvrocms {x'(t)} pasnomepro cxodumes
na mobom ompesxe [0, T):

xn(t) = y(t), n— .

IIpedesvnasn gynruua y(t) asasemea pewenuem credyrowets nawarbrotl 3a0a4u

d?(/j_it) = —0y(t) +g(t — .yt —7)), t>7,
y(t) = ac, e 0,7 “2)

y(7+0) = ae ",
npu amom cyuecmeyem ng = no(6, T, L) maxoe, wmo npun > ng umeem Mmecmo ouerka

sup Je(t) — y(t)] < 94, (4.3)

t€(0,00) \/ﬁ

2de xoncmanma ¢ > 0 ne zagucum om n.

HokazarenbcTBo. B cuity stlemmbr 1 it nocsie/iHeil KOMIIOHEHTHI 2 (1) perneHus
3ajaau Komm (1.1) BBIIOJIHEHBI COOTHONICHHS

2"(t) = ae” + /&Z(t — 8)g(s,xn(s))ds. (4.4)
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Torma s r00BIX N, [ TMeeM

) / (it — ) = 50t — 5)) gls, 22 14(s))ds
0

/@/)” (t = s)(g(s, 2371(5)) = g(s, 2 (s)))ds = L, (t) + I3, (t). (4.5)

Orernm epBoe crnaraemoe I (t) B mpasoit acru (4.5). YanreiBas ycuosus Ha hyHK-
o ¢(t, z), uveem

(s, 2 1())] = lg(s, 2371()) — g(s, 0)] < Llzj3i(s)]-

Torna B crIy 9TOrO HEpaBEHCTBA M TEOPEMBI 1 MOTydaeM

124 r<cL\ar/

A B cuty nemmbr 8 u omenkn (3.19) mpu n > 207(1 + (n — 1)/2) + 1 cnpasenmso
HEPABEHCTBO

DIt = s) = dp(t = s)| ds

t

/

0

dii(s) = dhls)|ds <

rjJe KOHCTaHTa ¢; > () He 3aBUCUT OT N U ¢t U MOYKET OBITH SIBHO BBIYHCJIEHA. [aKIM
00paszoM, MoJIydaeM CJIeIYIONLyI0 OIEHKY

11, )] < %L_‘ n>20r(1+(mn—1DY)+1, t>0. (4.6)
’ n

Ina Broporo unterpana I2,(t) B cuty ycaosust JIUmmumna uMeeT MeCTo OIEHKa,

20| < L/W‘ (1= 9l ) = a2(s) ds <

< L max [a234(s) = 2(0)| [ 1636t - )] ds. (4.7)

s€[0,T

Kak ormeuasocs Beie, st nociaegoBareasuocru {9 (t)} upu mobsix € > 0u 1 > 7
HMEET MECTO PaBHOMEPHAs CXOANMOCTS (2.13) u Boimosena orenka (2.5). Torga B cury
TeopeMbl Jlebera nmeem

y R 1— e—@(t—T)
/[¢Z(s)|ds e
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226 I' B. JEMIJIEHKO, 1. A. VBAPOBA

CrenoBaresibHO, HaiigeTcss qucyio ny = nq(f, L), Takoe, 9ro jis Bcex n > ny Oyaer
BBLITIOJTHEHO HEPABEHCTBO

” L+6
/yw s < S0 120 (4.8)

YaursiBas 91y onenky, (4.6) n (4.7), u3 npeacrasrenus (4.5) mosydaem

n+l n é|a'| L + 9 n—+l
znfi(t) — 2p(t)] < n g ax apii(s) —an(s)l,  n>ne(0,7,L).
CrietoBaTeIbHO,
n+l 26|(1,|0
max |zp7(t) — 2y (t)| <

(0= L)vn
Otcrofia BeITEKAET paBHOMEPHAsT CXOMMOCTh IocsenoBarebaoct {x!(t)} Ha ro6oM

orpeske [0, T]. Ilepexojist B 9TOM HEpaBEHCTBE K MpeJiety npu [ — 00, JJIs MPeeTbHOM
dbyukimm y(t) mosydaeM OLEHKY

t€[0,T)

max |y(t) — a(t)] < 209

te[0,7] (0 —L)y/n

[Tepexosg Teneps B (4.4) K mpejiesty Ipu 1 — 00, MOJIy9IaeM TOXKJIECTBA

(4.9)

y(t) = ae™, 0<t<r,

t—1

y(t) = ae % + / et g(s,y(s))ds, t>T.
0

Crenosaresbno, y(t) aBiseTcs peneHneM HavagbHON 3a1a4u (4.2). A B cuity TOro, 9To
npasasi yacThb HepaseHcTBa (4.9) we 3asucut or T, To Ha Beeii noayocu {t > 0} umeer
MECTO paBHOMepHast oreHka (4.3).

Teopema joxazana.

Pacemorpum mocsteioBarenbrocTh 3aa4d Kormm Buga (1.1), npeamomnarast, aro n =
2] + 1 u BeKTOp HaYaJbHBIX JAHHBIX UMEET BU/I

a0 = (270, a0, 2l =a, x?’o =0 mpu j#I1+ 1. (4.10)

B pabore [6] mokazaHo, 9TO /17151 TPOM3BOIBHBIX ¢(t, 2) MIPU TAKNX HAYATIBHBIX YCIIOBUSX
Ha so6om koneunoM nntepsase (0,7) mocienoBarenbrocTs {z) (1)} TakKe CXOIUTC,
OJIHAKO B 9TOM CJIydae CXOAUMOCTD yKe He sIBJIAeTCs PABHOMEpPHOit, a To1bK0 B L, (0, T'),
1<p<oo:
n
[ (&) = y(@), Lp(0, T)[| = 0, 1 — o0,
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Opu 9TOM TpejesbHas YHKIWs Yy(t) TPUHAJIEKUT CODOJIEBCKOMY IIPOCTPAHCTBY
Wpl(r, T') u sBasieTcss 06OOIIEHHBIM pPellleHneM HadaJIbHOM 3a1adm:

(dy(t) =—Oy(t)+ gt —7,ylt —7)), t>r,

y(t) =0, te0,7/2), (4.11)
y(t) = ae 72t e (7/2,7],

| y(7 4+ 0) = ae™ /2.

Ceituac Mbl JIOKazKeM aHaJIOl TOr0 yTBEP:KIeHus Ha Beeit nosyocu (0, 00).

Teopema 3. [lycms svinoanervl ycaosus meopemvl 2 u Havarvroud éexmop 6 (1.1)
umeem eud (4.10). Toeda obobwennoe pewenue y(t) navarvnot sadavwu (4.11) npunao-
aesicum coboaescromy npocmpancmey Wi(r,00), u evnoansemea ouenka

llxn(t) — y(t), L1(0,00)] < \|/7_L|, n=2+12>ny0,T,L), (4.12)

2de xoncmarwma ¢ > 0 ne 3asucum om n u a.
HoxkazareabcTBo. B cuny siemmbr 1 ipu n = 2 + 1 1 nocsieineli KOMIIOHEHTBI

pelenud 3a1a49u Ko CIIpaBE€JINBO MHTECI'PaJIbHOE PaBEHCTBO
2l+1 2l+1 72041 2l+1
S = a2 )+ [ DL - 9g(s. a1 e)) ds.

Torma s 006X m u [, m > | umeem
OB SOR CAROREtAR0)
t

+ [ (st =9 = B8 - 9) gls.adni(e) ds

4 / JEH (- 5)(g(s, 22 (5)) — g(s, 2271 (5)) ds.

Orcrona

a3 i) = a3 (0). La(0, 00| < laf |25 (8) = 2T (1), L1 (0, )|

/ 3t — 5) — 031 — )| lo(s, a3} ()| ds, 110, o0)
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/Iﬁfﬁ (t = s)llg(s, 25mT1(s)) — (s, 2571(5))] ds, L1(0, 00)

=1+ I+ 1 (4.13)

B cuny nemmbr 9 u HepasencTBa (3.27) uMeeM OICHKY

01’(1‘
]1 <—, > 07 1—|—V2l, 4.14
Im = /—2l ( ) ( )

rie KoucranTa ¢; > (0 He 3aBHCHAT OT N.
Paccmorpum Bropoe citaraemoe B (4.13). Mcnosb3yst 06001IeHHOE HEPABEHCTBO
MunkoBckoro u ycjioBue Jlummmniia, nmeem

12, < L[ 0) = 03 0), 110, 00)|| B h(s), L (0, 00)]1

A 1ocko/IbKY B cumity TeopeMbl 1

cla|

lantds), L0, 00 < 521,
TO, KaK ¥ paHee, yIUThIBas jJeMMy 9 u HepaBeHCTBO (3.27), moTydnm

colal
V2l

st moro, 4robbl oneHUTHL TpeThe ciaraemoe B (4.13), BHauae Takyke HPUMEHUM
00001IeHHOE HEpaBeHCTBO MUHKOBCKOIO

2, < 1> 67(1+V2I). (4.15)

B0 < |[03 0, 210,00 || lg(s, 231 (5)) = g, 23 (5)), L (0, 00)]|.
[Ipurnmast Teneps Bo BHuMaHue ycsosue Jlummmmna (1.5) u onenky (4.8), moaydaem

L + 0, 4
I < =5 Ml (t) — a3 1(8), Li(0,00) I, 7> ny. (4.16)

[Toacrapiss onenku (4.14)-(4.16) B HepaercTso (4.13), Moy InM, 9TO CyIIECTBYET
ng = no(@, 7, L) Takoe, 9ro 1pu n > ngy 6yJIeT BHIIOJHATHCS OIEHKA

- (c1+c2)|a| L+0, .
73 (8) = s 0, L0 00 < S 25 I3m i (®) = 231 (8), L1(0, 00)|.

Orcrona, yunteiBas, ato 0 < L < 0, numeem

20 (c1+ ¢2)lal
2m+1 20+1 . L < .
25 t1 () — 255 (2), L1(0,00)]| < 0—L ol
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2041 "
Taxnm obpasom, mocaeoBaTeIbHOCTD {5 (1)} aBageTca dbyHIaMeHTaIbHO 1, ce-

noBaresibHo, cxopsieicst B Ly(0,00). Tlepexosst B 95T0M HepaBeHCTBE K MPeJeTy Ipu
m — 0o, noiydaem (4.12).

[Tockombky y(t) € L1(0,00) u |g(t,y(t))| < Lly(t)|, To u3 ypasuenus (4.11) BbiTe-
xaet, ato 24 € [, (7, 00). Crnenosaremsho, y(t) € Wi(r,00).

Teopema jgokazaHa.

[ToBTOpsis cxeMy JOKa3aTe/IbCTBa TEOpPeM 2 W 3, Mbl MOKEM JIOKa3aTh PAJ aHAJIO-
FUYHBIX IPEJIEIbHBIX TeOpPeM JIjIsd Pa3JuIHbIX HAOOPOB HAJYaJbHBIX JAHHBIX B 3a/iade

(1.1). [IpuBeseM HEKOTOPBIE U3 HUX.

Teopema 4. [Tycmv ewnosnenv, ycaosus meopemvr 2, n = ml + 1 u navasvroie
ycaosua 6 (1.1) umerom eud

n0 _ (.10 n,0\T n0 __ n0 .
g™ = (), ant) v =a, 2y =0mnpuj#Fl+ L

Tozda nocaedosamenvrocmv {xk(t)} cxodumen ¢ Li(0,00). Ipedeavhas dynryus y(t)
npunadaesicum coboresckomy npocmparcmey Wi(T,00) u asaaemes obobuenmvim pe-
wenuem credyrouets navasonot 3a0ayu

(dy(t)

72—93/(2?)+g(t—7',y(t—7')), t>,

y(t) =0, te0,m=tr),

W), e (),

<

~—~
<~

~—
I

L y(T +0) = ae”07/™,

Teopema 5. I[Iycmov evinoanenvt ycaosus meopemv, 2, n =ml+1, 0 < s <m —
yeaoe u Havasvhve yeaosus 6 (1.1) umerom ud

n,0 _ (,.n0 n,0\T n0 n,0 .
g™t = (), wgy =a, xy =0 npuj £ s+ 1.

Tozda nocaedosamenvrocmv {xk(t)} cxodumes ¢ Li(0,00). Ipedeavhas dynryus y(t)
npunadaesicum coboaescromy npocmpancmey Wi(r,00) u asasemea 06obwennvim pe-
weruem caedyrowet Hauaivholi 3a0au

( dy(t)

7:—99(7?)‘1‘9(75—7'&@—7))7 t >,

y(t) =0, te[0,2=7),

[ y(T+0) =aefm.

Teopema 6. [lycmv svinoanenv, ycrosus meopemo, 2, © € N — durcuposaro u
Hauasvroe dannvie 6 3adave Koww (1.1) umerom 6ud

n,0

2" = (ay,...,a;0,...,0)T.
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Tozda nocaedosamenvrocmv {zl(t)} crodumes 6 Ly(0,00). IIpedesvnan dynxyus y(t)
npunadaescum coboaescromy npocmpancmey Wi(r,00) u asasemea 06o6uwennvim pe-
weruem caedyrowet Hauaavhoti 3adavu

dy(t)

Tz—ey(t)—l—g(t—T,y(t—T)), t>r,

y(t) =0, tel0,7),
y(r+0)=a; + -+ a;.
MokHO IpUBeCTU aHAJIOTMYHBIE ITPeJIe/IbHbIE TEOPEMbI Ha ITOJIYOCH (O, oo) B cJlIy4ae,

Koryia TpenenbHas QyHKIws y(t) Oymer 0OGOOIEHHBIM DPEIeHneM HAJaJbHOM 3a/1aun
JUT YPaBHEHU C 3aI1a3/bIBAIONINM apTyMEHTOM

dzil—gf) =—0Oy(t)+g(t—1ylt—71)), t>T,
y(t) =p(t), telo,7), (4.17)
y(r +0) =a,

C HEKOTOPOii KyCOYHO-HeIpepbIBHON (yHKIHeH ¢(t), mMeroreii KOHeTHOe YUCI0 pas-
pBIBOB mepBoro pona. IlpuBesem Baxkublii mpumep (cm. [6]), Korga

p(t) = e " omr(t/T),
rae @mi(s) — bynknun Xaapa

om/2 s e (k—1)27, (k—1/2)27™),
Omr(s) =< —2m2  se[(k—1/2)27™ k2™™),
0, s¢[(k—1)27™ k27™),

meNU{0}, k=1,2,...2"

CdopmymupyemM COOTBETCTBYIOILYIO TEOPEMY, MOJIOKUB JIjId OIpPeIeJeHHOCTH m = 1,

k=1

Teopema 7. IIycmv svinoarerv, ycrosus meopemor 2, n = 4l + 1, xomnonernmau.
0
nauarvnozo eekmopa x™° = (277, ... 2N 6 zadave Kowwu (1.1) umerom suo

n0 _  _for n,0 —01/2
xy =ae "7, x21+1—\/§e /2,
n70 —_ —6’7’ 4 nzo N
Ty = —2+/2e707/ , Ty = \/5,

0CManbHvle KomMnonenmos pashvr wyato. Toeda nocaedosamenvrocmy {z(t)} cxodum-
ca 6 L1(0,00), npedeavras dynxuua y(t) npunadsesicum npocmpancmey Wi(r, 00) u
ABAAEMCA 0000UWELHHDIM PEUEHUEM HAYaAbHOT 3adavu (4.17) ¢

p(t) = e p1a(t/7).
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[Ipuseiem Terepsb (pOPMYITUPOBKY IIPEIETbHON TEOPEMBI C YKa3aHIHEM CKOPOCTHU CXO-
JIIMOCTH.

Teopema 8. [Tycmb 6vinoanensl Yero6us meopemvt 2, U nocaedo6amesdbHOCMb Ha-
waavnoir 6exkmopos {x™0} 6 sadave (1.1) maxas, wmo nocaedosamesvrocmy {x™(t)},
COCTNABAEHHAA U3 NOCAEOHUT Komnorenm pewenuti 3aday Kowu euda (1.1), cxodumca
6 L1(0, 00) x pewenuro navarvrol 3a0auu 04s Ypashenus ¢ 3ana3ov6arouum apeymeH-
mom (4.17) ¢ nexomopoti kycowno-nenpepviehot pyrkyuet p(t), umerowed paspuiesy
nepeozo poda. Tozda cywecmeyem ng = no(0, T, L) maxoe, wmo npu n > ng(0, 7, L)
CNPAGedAUBa OUEHKA

¢3 Jap”)
J7(0) = w(t). La(0.00) | € 4=

2de koncmanma ¢ > 0 e 3asucum om n U HAYAALHO20 6EKIMOPa fL’n’O. Hpu IMOM

lz5 () — y(t), Wi(r,00) = 0, n — oo

5. 3akJiroueHue

B pabore paccmorpena 3aada Ko jjis cucreMbl 0ObIKHOBEHHBIX i depeHIu-
AJIbHBIX YPaBHEHMII BBICOKOI Pa3MEPHOCTHU, BO3ZHUKAIONIEH B OMOJIOTMYECKUX 3a/1a9aX
[IPU MOJIEJTUPOBAHUN MHOTOCTAIUIHOTO CHHTE3a BenecTBa. Uucjo cTajuil onpeesser
qucsio ypasHeHuil B cucreme. KommoneHThl x;(t) MCKOMOil BeKTOP-DYHKIMH OTIpe/ie-
JISTIOT KOHIIEHTPAIIMIO BeIecTBa Ha i-ii cTajum mporecca. Hambosbimmit naTepec s
OMOJIOrOB IIPEJICTAB/ISET KOHIEHTPAIUs KOHEYHOTO MPOJIYKTa, T. €. 3HAYEHUs IOCJIE]I-
Hell KOMIIOHEHTHI perterust T, (t). Ho mockosbky 4mnciio crajuii cuaTe3a MOXKeT OBbITh
o4eHb GOJIBIINM U JIOCTUTaTh (paHTacTuuecKoil Bejmannbl (Hanpumep, 102 umm 1030),
TO mpu pernennn cucreM Buja (1.1) BosHuKaeT “npobaema 60avwotl pazmeprocmu’”.

Ha masom Bpemennom untepsase (0,7) sra npobsema Gblia perena B padbore |9
HA OCHOBE HEKOTODPBIX IPEJE/IbHBIX TeOPEM, KOTOPBIE YCTAHABIMBAJIM CBIA3U MEXKLY
perienusiMu cucteMbl ypasHeruit (1.1) m ypaBHeHUs ¢ 3ana3/IbIBAIONIIM apryMeHTOM
(1.2). DT cBaA3U MO3BOIIIN OOOCHOBATH METOJ] TIOCTPOCHHS PUOINZKEHHOTO BBIUNC-
JIEHNST TOCJIe/IHel KOMIIOHEHTEI Ty (1) perenns cucreMsl (1.1). 3aTem ObLIO Oy 9€HO
000011IeHEe 9TOr0 METO/Ia Ha, JIPyTrue KJacChl cUCTeM JInddepeHInaIbHbIX ypaBHEHU
BBICOKOI Pa3MEepHOCTU U Ha [IPOM3BOJIbHBIN KoHeuHbI naTepsas (0,7).

B nacrosineit pabore Mbl u3ydaeM yKazaHHYIO “TIpo0JieMy OOJIBIION pasMepHOCTH’
Ha Bceit mosryocn (0, 00). [Ipr HEKOTOPBIX yCI0BHsX Ha HeJauHelHble wieHbl B (1.1) Ha-
MU TIOJIYI€HBI OTIEHKY PEIIeHN CUCTEeMbI, XapaKTepU3yIoIIe SKCIIOHEHITHATbHOE YObI-
BaHUE TIPU ¢ — 00 HE3ABUCHMO OT Pa3MEPHOCTH N W JIOKA3aHbI IpeJeTbHbIE TEOPEMBI,
B KOTODBIX, KaK ¥ Ha KOHEYHOM WHTEPBAJIE, YCTAHOBJIEHBI CBA3M MEK/Ly DelleHUSMU
cucteMbl T depeHImajibHbIX yPaBHEHNIT BHICOKO pa3MepHOCTH U ypPaBHEHUI C 3a-
naszpiBaomM aprymearom. Ha ocHOBe 3TuX pe3y/IbTaToOB MbI HOJIYYAEM METOJ, JIJIst
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pUOJIMZKEHHOT'O IIOCTPOEHUS MTOCIeIHEN KOMIIOHEHTDI PEIEHNsI CUCTEMbI BBICOKOI pa3-
MepHOCTH Ha Beeil mosyocn (0, 00) U ycraHaBIMBaeM II0OAJIbHbBIE OIEHKH AlTPOKCHMa~
muuy upu n > 1.
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Xupyprudeckasi ornepalusi
njag sHgoMopdu3ma AHOocoBa ABYMEPHOI'O
Topa He JlaeT pacTAruBaloluiica arTpakTop'

B. 3. I'punec, E. B. 2Ky>xkowma, E. /1. KypeakoB

HannonaabHbIil nccieoBaTeIbCKUi yHIBEPCUTET BBICIIasT MTKOIa SKOHOMUKN
Huxunit Hosropoy 603005. E-mail: vgrines@hse.ru, nzhuzhoma@hse.ru, ekurenkov@hse.ru

Annoramusi. B 1967 roxy C. CMmeils npeyioxKuii criocod MOCTPOEHUs TUIEPOOINIECKUX aTTPAKTO-
POB W peIe/iepoB KOPa3MepHOCTH OjuH auddeoMopdu3MOB, 33/IaHHBIX Ha 7N-MEPHOM TOPE, OTTAJI-
KUBasiCh OT ajrebpanmdeckoro apromopdusma Anocosa. Pakruuecku, C. CMel CXeMaTUIHO OIUCAJT
JIOKQJIbHOE M3MEHEHHE TaKOro aBTOMOpdU3Ma, Ha3bIBAEMOE XUDPYPTUUECKOl oreparyeil, B pe3y/IbTa-
Te KOTOPOro IoJIydaercs Tak HasbiBaeMblii JIA-muddeomopdusm. Hebyxmatonee maoxkecrso JIA-
nuddeomopduzmMa COCTOUT B TOYHOCTH U3 OJHOTO PACTITHBAIONIETOCsS ATTPAKTOPA KOPA3MEPHOCTH
OJIVH U OJJHOW UCTOYHUKOBOI HEITOIBUKHON TOYKH, MJIM B TOYHOCTH OJTHOI'O CXKUMAOIIETOCS Perejepa
KOPa3MePHOCTU OJIVH U OJIHOI CTOKOBOI HEIOJIBMKHOI TOYKHU. B HacTosiIeit paboTe ycTaHABINBAETCS,
4TO mpuUMeHeHue xupyprudeckoii oneparuu C. Cumeitna K anrebpandeckoMy sugoMopdusmy AHocosa,
SIBJISIIOIIAMCST KOHEYHO-JIUCTHBIM HAKPBITHEM CTEIIeHU HEe MEHbBINEH BYX, He MPUBOJIUT K TTOCTPOEHUIO
A-s3uioMopdu3Ma, HEHIIYKIAIONMEe MHOXKECTBO KOTOPOI'O COIEPXKUAT OJIHOMEDHBIN PACTITHBAIOIIHIACS
aTTPaKTOP.

KiroueBbie ciioBa: runepOoJIMIecKuil aTTpakTop, pernesep, sugoMopdu3Mbl AnocoBa, akcnoma A.

Surgery operation for Anosov endomorphism gives no
expanding attractor

V.Z. Grines, E. V Zhuzhoma, E. D. Kurenkov

National Research University Higher School of Economics
Nizhny Novgorod 603005..

Abstract. In 1967 S.Smale proposed a method how to construct hyperbolic codimension one
attractors and repellers of diffeomorphisms given on n-torus. The construction was based on Anosov
toral algebraic diffeomorphism. In essence, he described local modification of such automorphism that
leads to so-called derived from Anosov diffeomorphism. The nonwandering set of DA-diffeomorphism
consists either of an expanding codimension one attractor and a trivial source or of codimension one
contracting repeller and a trivial sink. In the present paper we show that Smale’s surgery operation
applied to Anosov endomorphism that is k-fold covering map of degree not less than two does not
lead to an A-endomorphism with one-dimensional expanding attractor.

Keywords: hyperbolic attractor, repeller, Anosov endomorphism, axiom A.

'Pa6ora BHIMOMHEHA TPH (bUHAHCOBO# o IepKKe Poccmiickoro mayanoro dbona (PH®, rpant 17-
11-01041), Kpome JI0KA3ATENBCTBA TPEIJIOKEHNS 2 U CJEJCTBAS U3 HEr0. JTO JIOKA3ATENbCTBO ObLIO
noepxkano [IOU HIY BIIS u nosryueHo B paMKax MporpaMMbl (DyHIAMEHTAIbHBIX UCCJIe0BaHUI
HUY BIID, npoexr T3-95, B 2018 romuy.
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1. BBenenue

B 1967 roxy Cwmeiin [13| npeyioxkui crnocob MOCTpOeHusi HETPUBHAJILHBIX Oa3uc-
HBIX MHOKECTB, OTTAJIKUBasiCh oT Juddeomopdusma ArocoBa (OCHOBHBIE IOHSITHS U
bakTHI TEOPHN IMHAMUYIECKUX CUCTEM CM. B KHUTaX |3, 6] n o630pax [1, 13]). Pakrute-
cku, CMeiT CXeMaTUIHO OIHUCAJI TUPYP2udeckyto onepayuto Hax auddeoMopdu3sMom
AnocoBa, B pesybrare KoTopoit nmosydaercs JIA-muddeomopdusm (a66pesuarypa JTA
HOJIydaeTcst U3 mepBbix OykB cioBocoderanuss Derived from Anosov) ¢ GasucHbIMU
MHOKECTBAMU, UMEIOIIUMU TOMOJIOTUIECKYIO PA3MEPHOCTD Ha, €JIMHUILY MEHBIIYIO, TeM
Pa3MEpPHOCTb HECYIIEro MHOTr0OOpa3us. AKKYypPATHOE OIUCAHNE XUPYPIrUIeCKOil onepa-
muu i aproMopdusma Anocosa Fy: T? — T? nymepHOro Topa, 3aamHoro Gpopmy-
noii (1.1), umeercst B moHorpadusx |8, 11].

-
TEATY ed 1 (1.1)
=X

+y

<

UNnes xupyprudeckoit orepanmi COCTOUT B TOM, YTO BMECTO HEIOJBUKHOU CeJIO-
Boit Toukn O = (0;0) B ee MaJIoii OKPECTHOCTH OIPEIEIEHHBIM 00pa3oM 00pa3yeTcst
O/IHa Yy3JIO0Basd (CTOKOB&H nJjim HCTOHHHKOB&H) n aBe cedJiIOBbI€ HCEIIOABUZKHBLIC TOYKMH.
HpI/I 9TOM OJMHAKOBO BO3MO2KHBI CJICYIOIIUE JIBa CIIEHapPUA: 1) y3J10Bad HEIIOABU2KHaA
TOYKa ABJIAETCA NCTOIYHUKOM, 2) y3J10Bad HEIIOABU2KHaA TOYKa ABJIACTCA CTOKOM, CM.
puc. 1.

Puc. 1. Boamoxkubie crieHApUn XUPYPTHIECKON OTIEPaIini.

B nepBoMm cityuae mHebIIy K 1ato1ee MHOXKeCTBO oty deHHoro JIA-muddeomopduzma
COCTOUT U3 UCTOYHUKOBON HEIOJBUZKHON TOYKHU OJHOMEPHOI'O PACTATUBAIOIIETOCS aT-
TpakTopa. Bo Bropom ciiydae (CM. JIeByIO 9acTh puc. 1) HEOIyXKIAroIee MHOKECTBO
nostyaentoro JIA-muddeomopdusma cocTONT U3 CTOKOBOW HETIOABUYKHON TOYUKN U O/I-
HOMEPHOI'O CyKUMAIOIerocsi pemnesepa. [[oCKoIbKYy XUpyprudeckas olepalinsi CKOH-
[EHTPUPOBaHa BOJIM3M MaJjOil OKPECTHOCTU CEJJIOBOM HEMOBUKHONW TOUYKH, TO JIA-
s deomopdusM roMororeH (JaxKe, W30TONEH) UCXOAHOMY aBToMOopdusMy AHocoBa.
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s nepsoro crieHapust (CM. MpaByIO 9acTh PHUC. 1) B Pe3y/abraTe XUPYPrHIeCcKOn
oudypkarmn noaygaerca JIA-mmnddeomopdusm F: T? — T? co ciepylomuMu CBOii-
CTBaMU:

1) F asnsierca A-nuddeomopdusmMom, TO ecTb ero HebIIyKIaromee MHOXKECTBO siB-
JISIeTCS TUIIEPOOTMIECKIM U MHOZKECTBO TIEPUOIUIECKUX TOUYEK ILJIOTHO B HEDJIY K-
Jlalole MHOXKeCTBE;

2) HeOIIy K IAI0IIee MHOXKECTBO F' COCTOUT B TOTHOCTH U3 JBYX OA3UCHBIX MHOXKECTB:
HEITOJABIYKHON MCTOYHUKOBONH TOUYKH () M OJHOMEDHOI'O PACTATHMBAIOIIErOCS aT-

tpaktopa A (10 ectb F'(A) = A= F~'(A) u U, W*(z) = A);

3) kaxkjoe HeycToitunsoe MHOroOGpasue W (x), x € A, siBjsiercs OJIHOMEPHON He3a-
MKHyTOIl KpuBoif, mpiiaem Muozxectso | J, ., W*(x) obpasyer ogmnomepmyio amu-
HAIHIO, JIOKAJTLHO TOMEOMOPMHYIO ITPOU3BEJICHUIO OTPE3KA HA KAHTOPOBO MHOZKe-
cTBO (0 JIAMMHAIUSIX CM., HApumep, [2]);

4) nonosmenue T? \ A k A apjistercst 061acTbIO, FOMeOMOP(HOIl OTKPBITOMY JIUCKY,
KOTOpas COJEPKUT HEMOABUKHYIO TOUKY (), M JOCTHKUMAasg U3HYTPU I'DAHUIA
obsactu T? \ A cocrouT U3 ABYX CJI0€B JaMuHaIn A.

Bropoii crienapuit aHaI0rudeH mepBoMy, HO HEOJIYKJIAI0NIee MHOKECTBO TIOJTY 9€H-
uoro /IA-muddeomopdusma cocTOUT U3 CTOKOBOI HEIOBUXKHONW TOUYKU U €/ INHCTBEH-
HOT'O C2KUMAIOIIETroCsl OJITHOMEPHOro peresiiepa. [Ipu aToM cBoiicTBa 1oy aeHHOTo qud-
dbeomopduzma ananorndnsl coiicream 1)-4) muddeomopdusma B mepBoM ciydae (¢
OYeBUJIHBIMU U3MeHeHusMu). B cuny [5] so6oit nuddbeomopdusm Axocosa iBymep-
HOTO TOpPa COIPsI?KEH aJrefpandeckoMy TUIepOoInIeckoMy aBTOMOPMU3MY (TO eCTh
aBTOMOP(MU3MY, 3aJAHHOMY TEJIOUNCIEHHON YHUMOLY/ISIPHON MaTpuiieii, cobcTBeHHBIE
3HAYEHUST KOTOPOIi He PABHBI 110 MOJLYJI0 euHuIe). [[o3ToMy B HOHATHOM CMBICTIE MOXK-
HO CYUTATh, YTO XUPYpPrudecKas orepalus CTPOUTcd Jijis Jitoboro jmddeomopduzma
AHocoBa Ha JIByMEpPHOM TOPe.

CyriectBenno 6oJiee MUPOKUIT KJIACC JUHAMUYIECKHX CHCTeM AHOCOBa Ha JIBY-
MEpPHOM TOpe 00pas3yroT 3HI0MOPhu3Mbl AHOCOBA, HE SBJIAIONINECS, BOOOIE MOBOPS,
B3aMMHO-0/IHO3HAYHBIME OTOOpazkeHusiMu. VI3BecTHO, 9TO MMeeTCsi MACCUBHOE MHOKE-
CTBO HeaJIredpamvIecKnx SHI0MOPGU3MOB AHOCOBA, HE CONPS?KEHHBIX HU C KAKUM aJl-
rebpamdeckuM su0Mopdusmom [14]. Ilpuanunuasabaoe orandue SH10MOpGU3MOB AHO-
coBa oT juddeomopdu3mMoB AHOCOBA COCTOUT B BO3MOXKHOI 3aBUCHMOCTH HEYCTONIN-
BBIX MHOI000pa3uii TOYEK OT OTPUIATEIbHBIX OJIyopOUT. 1M (hakToOM 00YCIOBIICHA
CTPYKTYpHas HEYCTOMIMBOCTH SHIOMOPGU3MOB AHOCOBa, He sBJAOMUxcs auddeo-
MopdusMamu uin pactaruaomumu saoMopdusmamu [10]. HemocpeacrsenHo mpose-
psieTcs, ITO JJist ajredpandecKnx SHI0Mopdu3MoB AHOCOBA, 3a/JaHHbIX HA JIBYMEPHOM
TOpPE, HEYCTOWYNUBBIE MHOIO0OPa3Ksa TOUYEK HE 3aBUCAT OT OTPHUIATEIbHDBIX MTOJIyOPOUT.
[Tosromy mpejicTaB/IsieTcs: BIOJHE €CTECTBEHHBIM IIIArOM CIIEpBa PACCMOTPETH XUPYP-
FUYECKYIO OIEPAIUI0 UMEHHO I AJIre0PantIecKuX SHIOMOP(PU3MOB, HAIIPUMED, JIJIsd
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suyiomMopdusma Anocosa fo: T? — T2, samannoro dgopmyioit (1.2).

T =3
:f Y mod 1 (1.2)
J=z+y.

[Tockombky fo sB/IsIeTCs JTOKAJIBHBIM TuddHeoMopdu3MOM U JIOKAJTHHO TOIIOJIOTH e~
cKU conpsizkeH ¢ muddeomopdusmom Fy B OKpeCTHOCTH CEJII0BOM HEITOABUKHON TOUKI
O = (0;0), To 0ba creHapHsT XUPYPrUIECKOii onepanuu (HhOPMaTbHO BOZMOXKHbI.

B pa6ore [4] peanmsoBan Bropoii crienapuii xupyprudeckoii omneparmn Cumeiia st
asrebpanaeckoro suoMopdusma Anocosa sua (1.2). B pesyabrare 6b11 moctpoer A-
sagomopdusm f: T? — T? nByMepHOro TOpa, HeOIyZKIaIoNee MHOXKECTBO KOTOPOTO
COCTOHUT U3 IUIEPOOTMIECKOrO C2KUMAOIerocs pemnesiiepa A, HeycToiYuBbIe MHOI000-
pasusi KOTOPOr'o He 3aBUCAT OT BLIOOPA OTPUIIATEILHOMN TTO/IyOPOUTHI, U OJIHOM CTOKOBOI
uenoBrKHON Toukn O. [Ipu sToMm MHOXKecTBO A 00/18/1a€T CIICAYIOMUME CBOMCTBAMU:

1) A aBigerca cTporo unBapuanTHBIM (TO ecTb, f1(A) = A);
2) A obpa3syer JaMUHAIMIO, HE COIEPIKAILYIO CJI0€B, TOMEOMOPMHBIX OKPYKHOCTH;

3) JoCTHZKHMMast U3HYTPH TPAHUIIA JIF060H KOMIIOHEHTHI CBA3HOCTH MHOKecTBa T2\ A
COCTOUT POBHO U3 JIBYX CJIOEB JaMUHAIIN A.

Opnako, Kak OyJeT cjeoBaTh U3 OCHOBHOI'O pe3y/IbraTta JAaHHON paboTbl, mep-
BbIii crienapuii it suoMopdusma Anocosa (1.2) we mpuBoaut K A-sH710MOpdU3MY
C HETPUBUAJBHBIM OJJHOMEPHBIM PACTATUBAIONIMMCH aTTPAKTOPOM, O0JIaIAIONINM aHa-
JIOTUIHBIMHA CBOHCTBaMH.

Teopema 1. [Tycmo f: T? — T? — A-sndomoppusm, asasouudica k-naxpoimuenm,
k > 2. Tozda f ne umeem odnomeprovixr ammpaxmopos N, ydosaemeopsarowux caedyro-
WSUM YCAOBUAM.:

o A\ sasasemcs Cmpozo UHeaPUAHTHHIM,

o neycmotuusoe mrozoobpazue W (x) waosrcdolt mouxu x € A ne sasucum om ee
OMPUYAMEALHOTL NOAYOPOUMDL U ABAAEMNCA OOHOMEPHOT HE3AMKHYMOT KPUBOT,

o umeem mecmo pacencmso | J,cn W' (x) = A u A obpasyem ramunanuro roxarvio
20MEOMOPPHYI0 NPOUBELICHUINO OMPESKA HA KAHMOPOBCKOE MHONACECTNEO;

e obas docmusicumas, USHYMPU ePpaHUYad KOMTNOHEHTbL CE8A3HOCTNU MHOHCECTNEA
T2 \ A cocmoum us xoneunoz0 wucaa caoes AAMUHAUUU A.

Dror pesynbrar corsacyercs ¢ pesyiabratamu [ly6a [12] u Hurenku [9], ornocs-
IUMCsT K HeoCOObIM 3H10MOpdu3Mam okpyxkuoctu. Hamomuum, uro emé B 1969 romy
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[Iy6 [12] onmcan XUpypruvdecKyro OMeparuio JTHHEHRHOTO PACTATHBAOIIEr0 0TOOparKe-
HUSI OKPY?KHOCTH?, B Pe3yJIbTaTe KOTOPOI IIOJIydaeTcs HeocoOblit 3HI0MOPMU3M ¢ H30-
JIMPOBAHHBIM UCTOYHUKOM U PEIeJLIEPOM KaHTOPOBCKOro Tumna. epes rog Hurenku 9]
JIOKa3aJ/l, 9TO HETPUBHUAJIbHBIC Oa3UMCHBIE MHOXKECTBa Heocoboro A-suiaomopdusma
OKPY2KHOCTH {ABJIAIOTCA pelejijiepaMu.

2. IlpenBapurenbHbie CBeJIeHUS

[Iycte M™ — n-mepuoe (n > 1) 3amkHyTOE MHOroOOpasme. Bymem wasbBaTh C7-
riakoe (r > 1) cioppektuBHoe orobpaxkenue f: M™ — M™ CT-andomopdusmom uim
C"-2nadxum a1domopdusmom.

Op6wuroit win f-opbumot Toukn xy € M = M™ Ha3bIBACTCA MHOXKECTBO {; }5°_ =
O(zo) Takoe, aro f(x;) = ;41 Jyisg moboro i € Z. Muoxecro {z;}5°, = O1(z9) C
O(xy) HA3BIBACTCS NOAOAHCUMENLHOT NOAYOPOUMOT TOUKE To. [losoxKuTebHast TOITY-
opbuTa ompeiesieHa OJIHO3HAYHO, B TO BpeMsl KAK MHOYKECTBO OPOUT, ITPOXO/ISIIINX Tepes3
(UKCHPOBAHHYIO TOYKY, B OOIIEM CJIydae MOXKET ObITh KOHTUHYaJbHbIM. s hukcu-
posanHoit opoutsl {z;}°*, = O(zo) muOkecTBO {7;}° . = O~ (20) Ha3BIBACTCH OMPU-
yameavnot nosyopbumots opoutsr O(xy).

Touka x € M »sunomopduszma f: M — M uasbiBaeTcs Hnebaysrcdaroweti, ecm
s J1i060it okpectrnoctr U Toukn x m joboro ig € N Haiigercs ¢ > iy Takoe, 4TO
FHU)NU # 0. MuoxkecTBO HEOILY 2K JIAIOMIX TOUEK 00pasyeT HebAyaicIauee MHoice-
cmeo sumomopdusma f, u obosnauaercs depes NW(f). UsBectHo, uTo HEOITY K 1a10-
Iee MHOYKECTBO sIBJIIETCA MHBAPUAHTHBIM OTHOCHTEIHHO JEHCTBHUA SHI0MOpdu3Ma f,

to ectb f (NW(f)) C NW(f).

o0 J—

Onpepesienne 1. Opburta O(xg) Ha3BIBAETCH 2UNEPOOAUYECKOT, €CTHA CYIMECTBYET
HEIIPEPBIBHOE PACCIOEHNE KacaTe/IbHOTO MO IPACC/TIOCHUS

To@nyM = G T, M =E (PE" = G E:. PE:,

1=—00 1=—00

MHBapuaHTHOe oTHOcuTeabHO D f, n Takoe, 410
0 < |[Df™ W) < cu™[[oll, IDf™(w)]| = ¢ ™ Jw||  ana v € B, weE", ¥meN
JIJIST HEKOTOPBIX MOCTOAHHBIX ¢ > (0, 0 < p < 1 u pumanosoit merpuku ua 1'M.

OrmernM, 9TO HeycToiunBoe mojpaccioenne E'(xg) 3aBucut, BoobIIe ToBOps, OT
oTpunaTe/bHol nosyopoutsl {x;})_ . Moxker okazarbes E¥(xg) # E¥(yo) mis xg =
yo ¢ O(xg) # O(yp). Takoit abdekT HEBOZMOXKEH IS yCTONIMBOTO MOJPACCIOCHUST
E* (), 3aBUCAIIErO TOJIBKO OT HAYAJbHON TOUYKH To. MHOXKeCTBO A Ha3bIBaeTcs 2u-
nepbosuyeckum, ecim f(A) = A, u mrobas opbura, Jjexkarasa B A runepbosmaeckasi,
npuyeM noctogHHable ¢ > 0, 0 < 4 < 1 B BBINENPUBE/IEHHBIX OIEHKAX HE 3aBUCAT OT
BBIOOpA OPOUTHI (ITOTOMY HHOLJIA TOBOPSIT O PAGHOMEPHOT 2UNEPOOAUHHOCTIU).

2310 oTOOpAXKEeHNUe, B CHJIY CBOMCTB yCTOMYMBOCTU U TPAH3UTHBHOCTH, MOYKHO PACCMATPUBATEH KAK
HEKOTOPLIA aHaJjor asromopdusma AHocoBa
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Onpenenenune 2. dumomopdusm f: M — M, HazbBaeTcs SHIOMOPGU3MOM AHOCO-
Ba, €CJIM Bce oObeMIiolee MHOroobpasue M™ aBiigeTcs TuepOoInIeCKIM MHOYKECTBOM
sHI0MOpduU3Ma f.

XoporIo u3y4deHHbIMU HI0MOpdu3MaMu AHOCOBA SIBJISIIOTCST PACTATUBAONINAE JH-
JIOMOPGU3MBI, TO €CTb TaKHe SHIOMOPMU3MBI, JJIsi KOTOPBIX pasyoxkenue E° G EY Tpu-
BUaJIbHO, E° — HysbMepHO, a pasmepHocTb EY coBnajaer ¢ pa3sMepHOCTHIO 00bEMITIO-
mero Muoroobpasus. B yacrnocru, B pabore [12] mokazano, aro eciau M KOMIAKTHO, TO
[IEPUOINIECKIE TOYKU PACTArUBaoIIero sugpoMopdusma f miorasl B M. Takum obpa-
30M, JIIO0O# pACTATUBAIONIII SHIOMOP(PU3M KOMIAKTHOIO MHOIOOOpa3us aBTOMAaTHIE-
CKU yI0BJIeTBOpsieT akcuome A, a ero HeOJIyKIafo1ee MHOYKECTBO COBITAIA€T CO BCEM
obbeMTIONIM MHOTOOOpasneMm. B Toii »xe pabore ObLIO ITOKAa3aHO, UTO JIFOOOE IJIaIKoe
KOMIIAKTHOE MHOTOOOpa3ue, JOIMYyCKAIoIee pacTAruBaloNInii SHJI0MOPGMU3M, UMeeT Jii-
JIEPOBY XapaKTEePUCTUKY PaBHYIO HYJIIO, & €r'0 YHHBEPCAJIbHOE HaKPhIBAIOIIIEE IIPOCTPAH-
crBo nuddeomopduo R™. Eciu koMuakTHOe MHOrooGpasue M aBiisercs MIOCKUM®, To,
Kak cjejyer u3 paboTsl |7, Ha HEM CYIeCTBYeT pACTATUBAIONIAN SHIOMOPGMU3M.

B pab6otre [12] 6but0 mokazano, 4to ecau MHOroobpasme M" muddeomopduo n-
MepHOMy TOpy T, TO pacTaruBaronuit SH10MOpGU3M f TOMOJOIUIECKN COINPSIZKEH C
aJredOpamdecKuM pacTATTBAIONIIM aBTOMOP(MU3IMOM 3TOTO TOPA.

Onpenenenne 3. C"-rmagkuii (r > 1) sanomopdusm f: M — M HasbiBaercs A-
andomopPusmom, eciu ero HebryKpatoree MuaozkecrBo NW (f) runepbosmdeckoe, u B
NW (f) BCiofy IUIOTHBI HEPUOJANIECKHAEC TOUKH.

Hanomunwm, uro orobpakenue f: N — N Ha3bIBaeTCHd MPAH3UMUBHDIM, €CJIN CY-
IECTBYeT Touka © € N, mojoKuTeabHas noayopourta Koropoit miorna B N. [Ipusejiem
dopmymupoBKy ciemyromnieii Tak HazbiBaeMoii CriekTpasibHON TeopeMbl st A-9HI0-
Mopdu3MoB, JokazanHoi B [10], 1 sBistomelicst 06001eHIeM TEOPEMBI O CIIEKTPAJIBHOM
paznoxennn C. Cwmeitsia jist auddeomopdusmos [13].

IIpennoxkenne 1. Hebayorcoarowee mroocecmeo NW (f) A-andomoppusma f: M —
M eduncmeentvim 06paA30M € MOYHOCTDBIO 00 HYMEPAUUL NPEICMABAAECMCA 6 6ude
00BeIUHEHUA BAMKEHYMBLT U NONAPHO HENEPECEKANULULCA MHONHCECTNE

NW(f)=QU...UQ, 4NQ=0 npu l#j,
MaKUT, 4mo
o f(Q) =K daascex1<j<IL
o flo,: Q5 — Q; mpansumusen daa ecex 1 < j < 1.

MmuoxkectBa €2y,. . . ,$2;, yIoBaeTBOpsIONe TeopeMe 1, Ha3bIBAIOTCA 0a3UCHBLMU MHO-
2HCECTNEAMU.
_ ~1 _
Bamernm, uro u3 yeaosus f(§2;) = €; Boobiue rosopst me ciemyer, 9ro f(€);) =
2;. B cBa31 ¢ 3TUM maauM ciIefylolee oIpesesieHue.

3To ecTb TaKuM, y KOTOPOTO KPHBU3HA BCIOAY PAaBHA HYIIIO.
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Omnpenenenne 4. Basucuoe maoxkectBo A A-suomopcdusmaf: M — M uasbiBaeTcs
CMPO20 UNEAPUAHMHDLM, €CITH UMeeT MecTo paseHcTBo [~ H(A) = A.

st loka3aTe/IbcTBa OCHOBHOTO PE3yJIbTaTa HaM IMOHAI00UTCs CJIEIYIOIIee TOIIO I0-
TUYEeCKOe yTBEPIK/JIEHNE.

IMpennoxkenune 2. [lycmv X — monoaozuueckoe npocmparcmeo, obaadarousee 6a30
B, cocmosweti us ceasnur muoocecms, u nycmo N C X — 3aMKHYMOE MOOMHOMCE-
cmeo. Tozda xastcdas xomnonenma ceésaznocmu donoanenus X \ N asasemea omrpoi-
MBLM MHOACECTEOM.

Jloxazameavcmeo. Pacemorpum npoussosibayto Touky © € X \ N. Tak kak X \ N —
OTKPBITOE MHOYKECTBO, TO HAMJIETCs CBI3HOE OTKPBITOM MHOXKecTBO U € B Takoe, 1T0
x € U. Ilyers K — komnonenta cesisHoctn X \ N, cofepakarias Touky . Tak kak K
ecTb HanboJbiee cBsA3Hoe nojMHOKecTBO X \ N, cozepxaliyto Touky x, a U cBs3Ha,
umeer Mecto BKitouenne U C K. JlokasbiBaeMoe yTBEp:KJIEHHE Telepb HeMeIeHHO
caelyeT U3 MPOU3BOJIBHOCTH BBIOOpA TOUKHU . O

CaencrBue. [lycmo M — samxnymoe mmnozoobpadue, a N C M — ez20 3amxnymoe
nodmmoocecmeso. Tozda waorcdas womnonenma ceaznocmu M \ N asasemcs ompoi-
MBLM MHOAHCECTNEOM.

Zoxazameavcmeo. B kadecrBe 6a3b1 B, cOCTOsAIIEH U3 CBSI3HBIX MHOYKECTB, JOCTATOTHO
B34Th 00be/IMHeHne Beex MHOXKecTB Buja ¢(B,(p)), rae ¢: R" — M — koopauHaTHOE
orobpazkenune aryiaca Muoroobpasus M, a B.(p) — OTKPBITBIi IIap pajmyca 7. O

3. /lokazareabcTBO TeopeMbl 1

[Ipe/Imo10KIM TPOTHBHOE, TO €CTh, UTO cymecTByeT A-sumomopdmsm f: T? — T2,
obJamaronmii arrpakTopoM A ¢ yKasaHHBIMU B (DOPMYJIUPOBKE TEOPEMbBI CBOCTBAMMU.

Tak kak HeycroitunBoe Muoroobpasue W (x) mroboit Toukn x € A sBigercs Hesa-
MKHYTOI KpuBoii 6e3 camonepecedenuit, u f(W"(z)) = W*(f(z)), To orpanndenue
JlWw(z) ABISETCH MHBEKTUBHBIM OTOODAYKEHHEM.

[Tokazkem Ternepb, uto B jonomnennn T2 \ A mmeercs KommonenTa cBssnocTn K,
cojiepaKaliias HeKOTOpyIo rmepuojndeckyio Touky O sumomopdusma f. Tak kak A sB-
JISIeTCS aTTPAKTOPOM, TO HalijieTcss ero 3aMKHyTasi oKpecTHOcTb U D A Takasi, 9T0

o0

fU) cint(U), u N fA(U) = A. PaccmoTpum TpousBosibHyIo Touky 4o € T2\ U u ee
1=0

[POU3BOJIBHYIO OTpHIATENbHYIO moxyopouty O~ (yg). U3 Brmouenus f(U) C U uemo-
CpeJICTBEHHO BhITeKaeT, uTo nepecedenne O~ (yo) N U mycro. Tak Kak a-mpejiesbHOe
MHOZKeCTBO 060t Toukn x € T? comepxkuresa B nebmyxaomemM muoxectse NW(f),
to 3ambikanue cl(O~ (yo)) comepxkur Touky w € NW(f)\ A. Torna B cuny mnpesyio-
enus 1 cymecTByer GazucHoe Muozkectso Ay C T? \ U, ormanoe ot A, cojepzKaiiee
TouKy w. B 6asucnom mHO)kecTBe A BhIOEpEM TPOUBBOJIBHYIO MEPUOIUIECKYIO TOUKY
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O mekoToporo HamMenbirrero nepuoja k. Ecim k > 1, To MOXKHO TTpoBecTH JiajbHel-
e paccyxKIeHns /Ia oTobpazkenns fF. TakuM oOpa3oM, MOKHO 6e3 OrpaHmdeHns
OOITHOCTH CYUTATH TOUKY () HENOJIBUKHON TOUYKOI oToOpazkenus f.

[Tycth K — KoMIIOHeHTa cBA3HOCTH fornosHenns T2\ A, cojepzKaiiast HeIoIBIKHY IO
touky O. Oboznaunm depe3 §(K) gocrukumyio u3HyTpu K IpaHuily KOMIIOHEHTHI K
u BozbMeM cjtoit | C A smamunarmn A w3 §(K). Ilo yenosuto, | siBisiercst HeyCTOIH-
BbIM MHOTOOGpasueM HekoTopoii Touku u3 A. I[Tokazkem, uro f"(1) = [ miasg HEKOTOPOrO
r € N. [leficTBUTE/IbHO, JOCTUKUMOCTDh U3HYTpU K O3HAYAET, 9TO JJIs JIOOOH TOUKH
z € | cymecrByer jgyra d ¢ KouieBbiMu Toukamu O u z Takas, dro d \ {z} C K.
[TockonbKy f sBisiercs jokaabubiM muddeomopdusmonm, a A u T? \ A unBapuanTHb
orHOocuTesbHO f, To ananmormuHas jayra f(d) cymecrsyer jst Touku f(z). CiemoBa-
TesibHO, f(z) npuHammexkuT goctmxkumoMy u3 K cioro f(l) namunanmu A. D10 03Ha-
gaer uHBapuaHTHOCTH MHOKecTBa O (K ). Tlockosbky O (K) cOCTOUT U3 KOHEYHOTO YUC/Ia
cioes, To f7(l) = | nys wekoroporo r € N. Ilepeitng k urepamuu ™, ecium HeOOX0IU-
MO, GyJIeM Jlajiee CIuTaTh, ITO Teleph Bee cioun gamuHarnmu A u3 0(K) MHBApHAHTHBI
OTHOCUTEJILHO f.

Paccmorpum iponsBosibayto ToUKy p € [. Tak Kak f sBisercsa k-Hakpbituem, k > 2,
TO MoJIHbIH Tpoobpas f~1(p) comepxut Touky p; # p. Tak kak f(A) = A = f~1(A), To
p1 € A. B cuty uHbeKTUBHOCTH OrpaHmyeHus flyw () umeeM py & l. dcuo, uro p; e
npuHa IeRuT gocrukumoit u3 K rpanure §(K). HeiicrBuresbro, ecu py € Iy, rie [,
— nocTKuMbIH n3 K ciioit jamuHanun A, ”HBAPUAHTHBIN OTHOCUTEIBHO f, OTJINIHBII
or I, to f(l,) = l.. C apyroii croponsl, f(l,) =, 4ero He MOXKeT OBITB.

Tak Kak f siBjasercs HakpbiTHeM, a MHOkecTBa A u T? \ A uHBapHaHTHBI OTHOCH-
TEJIbHO f, TO U3 PACCMOTPEHUS TOAHATHSA IIyTH COCTUHAIONEro TOUKU p u O ¢ HAYAJIOM
B TOYKE Pp CJIEJIyeT, YTO TOYKA Pi MPUHAJJIEIKUT JIOCTHKUMON U3HYTPU TPAHUIIE HEKO-
TOpOil KOMIOHEeHTHI cBazHocTH K| MuoxkectBa T2 \ A. Bosiee Toro, p; npuHajIezKuT
cJI010, cKaxkeM [, mamuaanun A takomy, aro f(ly) = [. VI3 npeapLaymero BeITEKAET,
qro l; ¢ 6(K). llostomy K # K;. Bosee toro, B K7 nmeercs touka Op Takas, 9TO
f(O1) = O. Ananoru4no noKasblBaeTCd, 9TO HOJHBIH 1Ipoobpas f~1(p1) colepKutT Tou-
Ky po & {p,p1}, npuHayiexkantyio Komnonente Ko jononnenus T2 \ A x A Takoit, aro
Ky, ¢ {K, K}, u cymecrByer Touka Oy € Ky takas, aro f(Oy) = O;. Ilpomosmkas
9TOT IPOIIECC, MOIY9IUM OTpHUNaTesIbHyo moayopoury O~ (p) = {p = po,p1,P2,---},
f(pj+1) = pj, Toukn; p, u mocaegosareabuocts {K = Ko, K1, Ko, ...}, f(Kj+1) = K;
CO CJICAYIOIINMU CBOMCTBAMU

1) Touka p; € K; npuHa/IeKUT JOCTIKUMOI 13 K; rpanure obmacru K; i Bcex
i e Nu{0};

2) K; cyTb nonapHo pas3juyHble KOMIOHEHTHI cBstzHocTu gonosnennsa T2\ A k A;
3) cymecrByer orpuiarensuas noixyopoura O~ (0) = {0,01,0q, ...}, f(Oj41) =
;, Toukn O takas, 1ro O; € K; nia Beex ¢ € NU {0}.

Taxk kak O € T*>\ U, u f(U) C U, To nmeer mecro Bkmoderne O~ (0) C T?\
int(U). U3 srmouennst O~ (0) C T? \ int(U) u komnaktaocTn muozxectsa T2 \ int(U),
cresyer, uto noceposareabnocts O~ (O) mmeer npegenbuyio Touky O* € T2\ int(U).
[Tycth K* — komIoHeHTa cBsisHocTH MHOxkecTBa T2 \ A, comepxaiasa Touky O*. B
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CUJIy CJIEJICTBHSA U3 IPEJJIOKEHUS 2 KOMIIOHEHTa CBA3HOCTU K ™* ABJIsIeTCS OTKPBITHIM
MHOKeCTBOM. Torjia HailyTcs JBa Pa3IMIHbIX dHucaa Ny, ne € N raknx, uaro O,, € K*
n O,, € K*, uro nporuopeunt ToMy, 4to K, u K, — pa3jIudHble KOMIOHEHTHI
CBA3HOCTH JiomoHeHus T2 \A. O
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1. Kpurepwuii paBHOMEpHOII peryjasspHOCTH

Ha orpeske 0 < x < 1 paccMOTpuUM KpaeBYIO 3a/iady
H(e)u =u— D(et,z)u” — Ai(et, 2)u’ — Ay(et, 2)u = 0, (1)

(v + Bi(et)u)|z—0 = (u' + Ba(et)u)|z—1 = 0. (2)

Baecs u € R™, 0 < ¢ < 1, ssemenramu marpun, D(7,z), A;(1,x), Bj(1,2) (j = 1,2)
SIBJISTIOTCA TPUTOHOMETPUIECKHUE 10 T MHOTOYJICHDI ¢ 9ACTOTAMU, HE 3aBUCAIIUMHU OT T,
marpuria D(T,z) nuMmeer coOCTBEHHbIE 3HAUEHUST C MOJOXKUTETHHBIMU (PABHOMEDHO 110
T € (—00,00), € [0,1]) BemecTBeHHBIME YACTAMHI, 3aBUCUMOCTH OT T JOCTATOYHO IJIaJI-
kas. IIpn gocrarodno MaibIx € m3ydnmm Bompoc 06 ycroiiunsoct B Cloq) pernrenmuii
kpaeoii 3ajaun (1), (2). g oObikHOBEHHBIX juddepeHnnaabHbIX ypaBHEeHWd 10
craBeHHas 3aJada usydanach B [1]-[5], a st ypaBHennii ¢ 3anasapiBanneM — B [3].
B nepuoguaeckoM 110 T = £t cirydae pasBepHyThIE HCCIEIOBAHNS U3I0KEHBI B MOHOIDa~
dusix |6, 7, 8] u B crarwe [9]. st napabosmyeckux ypaBHEHUH HEKOTOPBIE PE3YIbTATHI
npusezieasl B [10].

st bOpMyYJIMPOBKU OCHOBHOIO Pe3yJIbTaTa MOHaJI00UTCsT OPEIEIeHIe PABHOMED-
HOII PeryssipHOCTH ¥ HEeKOTOpble obo3HadeHusi. Hamomunm, aro omeparop H(e) Ha-
3BIBACTCS Pe2yAApHbLM, ecan Tipu Kaxk ot f(t,z) € C' (C — 6aHAXOBO MPOCTPAHCTBO
HEIPEPBIBHBIX U OrPAHUYEHHBIX TIpH ¢ € (—00,00), x € [0, 1| dyHKIWmii co cTanapTHOR
HOPMOIi) HEOJIHOPOJIHAS KpaeBas 3aja4a

H(e)u = f(t,x) (3)

umeet pemrenne us(t,z) € C. Ilpu srom (cm. [11]) Boiosrena orenka

lug(t, z)|c< NIf(t 2)le (!f(t,l’)!cz Stllflf(t,if)hw) : (4)

rjae N > 0 e 3asucut ot f(t,z) € C. Oneparop H (&) HABBIBAIOT PA6HOMEPHO PE2YAAD-
HoLM, €CIT HalijeTces Takoe £g > 0, aro mpu Beex € € (0, £q) OH peryssipeH u BBIIOTHEHA
orerka (4), B koropoii nocrosanasg N > ( He 3aBHCHUT OT £.

BeesieM B paccMOTpeHHe CeMeiicTBO JUINIITUYeCKUX ornepaTopos L(T), 3aBucsmx
or napamerpa T € (—00,00) :

L(t)v = D(1)v" + Ay (1, 2)v" + As(T, x)v,
(V' 4+ B1(1)v)|pm0= (V" + Ba(T)v)|z=1= 0.

Bysem rosoputh, uro criektp onepatopos L(7T) omdeaen om mHumot ocu, eCau Ipu
BCeX T € (—00,00) cOOCTBEHHBIE 3HAUEHMSI YTOTO OMEPATOPA JIEZKAT B 9ACTH KOMILJIEKC-
HOU TIJTOCKOCTH, BBIJIEIsIEMOIT HEPaBEHCTBOM

IReA| > Ao > 0. (5)

Kak u B cirygae 0ObIKHOBEHHBIX JudhepeHnua bHbIX yPaBHEHN TMEET MECTO CJie-
JYIOIINI pe3yIbTarT.
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Teopema 1. /Jlaa mozo, wmobw, onepamop H(g) 6vin pasHOMEPHO PELYAAPHVIM HEOD-
xodumo u docmamowro, wmobu, cnexkmp onepamopos L(T) 6vwn omdesern om mHumol
ocu.

st mapabosmmaecknx KpaeBbix 3aa4d Buja (1), (2) cupaseiymuBbl o01Iue yTBEp-
KyeHns paboTel [11] (¢ mMOMOIIBIO MPOCTHIX 3aMeH, He MEHSIONIUX BUJA ypPABHEHUs
(1), ymaercs ciesiaTh aBTOHOMHBIMU KpaeBble ycsioBust). [losromy mpu ycioBum ot-
JIEJIEHHOCTH OT MHHUMOII OCH CIIEKTPOB OIepaTopoB L(T) W IpH JOCTATOYHO MAJbBIX €
Jutst kpaesoit 3agaun (1), (2) uMeer MeCTO SKCHOHEHIUATbHAsT JUXOTOMUS PEIleHWH.
[Ipocrpancrso C(g1) HAYAJBHBIX YCJIOBUI B IPOU3BOJILHBEI MOMEHT BDEMEHH T pac-
MIEIJISIETCST B MPAMYIO CYyMMY TaKHUX Tojrpocrpancts By (7,¢) u E_(7,€), 4To perre-
Hust uy (t,7,2,€) ¢ HAUATBHBIME yCJIoBUsIMU 1pu ¢ = 7 u3 F,(t,&) onpejeneHsl npu
t > 7, nupuHajIeKaT moAnpocTpancTBy E. (t,€) U 9KCHOHEHINAIBHO 3aTyXaroT (10
nopme Clg 1y ) npu t — 00, a pemtenud u_(t,7,%,€) ¢ HAYAIBHBIMI yCJIOBUAMHI (IPH
t =7) u3 E_(7,¢) oupejenensl npu t € (—o00, 00), npuHajyexar E_(t,e) u 9KCHOHEH-
UaJILHO pacTyT pu ¢t — 00. [Tokazaresn SKCIOHEHIMAIBLHOIO POCTa 1 yObIBAHKUST HOPM
perennii u4 (t, 7, x,€) oraenensl or Hyas npu € — 0. Ilognpocrpancreo E_(t,€) Ko-
HEYHOMEPHO U Pa3MEPHOCTH €0 COBIAAeT ¢ KOJMIECTBOM COOCTBEHHbBIX 3HAUEHUH OTe-
paTopoB L(T), UMEOIuX MOJI0KUTEIbHBIE BelllecTBeHHbIe YacTu. [Ipoekropsl Py (T, ),
ocymiectisonme pacuiensenne Cg 1y Ha £ (7,€), nourn nepuogmynsl no 7. Kak u
JUIsE Ciydas OOBIKHOBEHHBIX JinddepeHnnalbHbIX ypaBHEHNI MOKHO [TOKa3aTh, 9TO Ha
KazK10M sstemente ¢(x) € Cg,1) BBIIOJIHEHO PABEHCTBO

Jim sup |[(Px(r.2) = Pe(r)p()l sy = 0, (6)

riae P (1) (P-(T)) — mpoekTop Ha KOPHEBOE IMOIIPOCTPAHCTBO oreparopa L(T), or-
Bedakolee COOCTBEHHBIM 3HAYEHHUSIM C OTPHUIIATETbHBIMU (TIOJIOXKUTEJBHBIMI) BeIIe-
cTBeHHbIMHI dacTsivu. OTCI0/Ia, B 9aCTHOCTH, BBITEKAET, YTO [IPU YCJIOBUU OT/ICIEHHOCTH
OT MHHUMOII OCH CIIEKTPOB 011epaTopoB L(T) HEOOXOAUMBIM U JOCTATOYHBIM YCJIOBHEM
yeroitunsoctu pemtenuii (1), (2) sBisiercs TpeboBanue, 4To6bI Bce COOCTBEHHBIE 3HAYE-
Hust L(7) mMesn OTpHUIATeIbHBIE BEIeCTBEHHbIE TaCTH.

HokazaresnbcTBo Teopembl 1 u paBeHcTBa (6) MPOXOAUT IO KCHOJIB30BaHHON B [3]
cXeMe, OCHOBAHHOW HA TEOPHHU 9KCIIOHEHIMAJIBHON juxoromun [11] u Ha pesyibrare
paborsl [12]. TTospobree Ha 06OCHOBaHUE HE OCTAHABIMBAEMCS.

2. YcToiiunBOCTh penieHnii B KPUTUIECKuil cirydasaX “ImpocTbIX
YMCTO MHUMBIX COOCTBEHHBIX 3HAUEHMIT’

[Ipeanonaraem 37ech, aro oneparopbl L(7) umeror mgy (0 < mg < 00) HIPOCTHIX

(paBHOMEPHO OTHOCHTEBLHO T) COOCTBEHHBIX 3HAYEHUIA, JIeyKAIlNX HA MHHMOW OCH, a
BCE OCTAJIbHbIE COOCTBEHHbIE 3HAYEHUS YIOBJIETBOPAIOT HEPABEHCTBY

ReA(7) < —Ag < 0. (7)
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ITpu cliesTaHHBIX TPeIOKEHUSIX HCCIeyeM BOIIPOC 06 YCTONIMBOCTH PENIeHHIT Kpa-
eBoii 3aa4n (1), (2). OrmernMm, 9T0 15t CIydas OOBIKHOBEHHBIX D bepeHInaIbHbIX
ypaBHeHW ocTaB/IeHHas 3a/1aua peliena B padore [13]. Kak okasbiBaercsi, pe3yibTaTs
u3 [13] gomyckator 0600IIeHre Ha paccMaTpUBaeMbIil 3/1eCh KJIace 3a/1ad.

CHavasa W3/I0KHM AITOPHTMHYECKYI0 dacTb. llyers iw;(1) (j = 1,...,m°,
0 mo 0 mo — 1
M = —=, eCIM HET HYIICBOTO COOCTBEHHOTO 3HAYEHUS, U M. = — B IIPOTHUBHOM

cllydae) — BCe Te YUCTO MHUMBbIEe COOCTBEHHBIE 3HAUeHus oneparopa L(T), s KoTo-
poix w;(7) > 0. fdco, uro Bee PyHKIMU w,;(T) MOUTH IEPUOJUIHLI BMECTE CO CBOUMHE
IIPOU3BOJHBIMI U KaXKJOW U3 HUX OTBEYaloT cobcTBeHHble byHKImu a;(T, z) u b;(7, z)
onepatopos L(7) u —L*(7), coorBercTBeHHO. 3716Ch

L*(t)v = D*(r,x)v" 4+ 2D*(7,2)" — A} (7, 2)|v" + (A5(7,x) — A (7, 2) + D*(1,2)")v,

(D" (7, 20" + (BI(7)D*(7, 2) = Ai(7, 7)) = D*(7, 2)")0]a=0= 0,
(D" (7, 20" + (B3 (1) D*(7, 2) = Ai(7, 7)) = D*(7,2) )0l =1= 0.
Bes morepu ofmHOCTH MOXKHO cYnTarh, 4r0 max |a;(7,z)|lgm > vy > 0 m

{a;(1,2),b;(1,2)) = 1, {a;(1,2),b;(1,2)) =0 (j = 1,...,m°), re

(a(r, &), b(r, &) = / (a(7,2),b(7,2))dz.

¢
Kpowme s1oro, Gyaem canrars, aro dbyukiun [ |w;(s)— M (w;(t))]ds noaru nepuogussl.
0

3/1ech IPUHATO CTaHJIAPTHOE 0DO3HAUEHHE

[IpucTynum HemocpejcTBEHHO K OIMUCAHWIO aJropuTMa. BBejemM B paccMoTpeHue
dopmaIbHbIE PSIIbI
_ 2
Oéj(&“)—é‘Oéjl—i‘E Oéj2—|—"' y (8)

vj(1,2,€) = v(T)a;(T,x) + ca (1,x) + 52aj2(7', x)+ -0, T =gt 9)

IJie Qj; — HEKOTODBIE HOCTOSHHbIE, V;(f) — CcKaxApible, a a;j(t) — BEKTOPHBIE HOYTH
nepuojnaeckue byHKIUH, TPOU3BOJIHBIE KOTOPBIX MOYTH Hepuogndnbl 1o 7. Koaddu-
eHTHI psAoB (8), (9) OymeM moc/e10BaTeIbHO ONPEIeIATh 13 (OPMAbHBIX TOXK/IECTB

ovj(r,x,6) _
Q- L(m)v(7, @, ) — |a(e) + 1wy (7)]v; (7, @, €), (10)
vi(7,0,) + Bi(7)v;(1,0,6) = 0, vi(7,1,€) + By(7)v;(7,1,€) = 0. (11)
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YanreiBas B (10) Beipaxkenus (8) u (9), Oyuem npupaBHUBATH KOIMDMOUITHEHTHI TPU O/TH-
HaKOBBIX crenensx €. [Ipu ¢ = 0 kpaesas 3ana4da (10), (11) obpariaercst B TOXKIECTBO,
cobupast Ko3hMUIMEHTHI IPU IEPBON CTEIEHH €, IPUXOIUM K BBIPAZKEHIAM

(L(7) —iw;(1))aj (1, 2) = 7;(1)a; (1) + 7;(7)[a; (7, 2) + ajna;(,2)], (12
s, (7,0) + Bi(7)aji(7,0) = ajy (7, 1) + By(7)a;(7,1) = 0. (13)

YcaoBueM pasperruMocTu Kpaesoit 3aga4au (12), (13) oraocuresnsuo aji (7, x) aBis-
eTcsl OPTOrOHAJIBHOCTE IpaBoil wactu (13) dyukiwn b, (7, x). Orcioga mosydaem, 9To

V(1) + [y (7, %), bi(7, 7)) + aj]y;(7) = 0. (14)
g cymecrBoBaHUS TOYTH TIepHOdecKoro perennst (14) Heo6GXxoaumo, ITo0bl
aji = —M(Re(a;(t, ), b;(t, x))).

D10 ycsoBue OyJIeT U JOCTATOIHBIM, eCJIn (DYHKITNS

/0 ety (), by ()} — M({a (8, 2), by (1, )]

TOXKe OyJIeT mouTu nepuojndeckoii. Huxke canraem, 94To 910 U Jipyrue 1Mo 100HOTO pojia
YCJIOBHS BBIOJTHEHDI.

ITocste Toro, kak dyukims 7;(7) oupeneseHa, HAXOAUM U3 Kpaesoi 3ajadn (12),
(13) dyuxmmio aji (7, z). Ee MOXKIHO IpegcTaBuUThL B BHJIE

aj (1, @) = a)y (1, 2) + y;1(7)a; (T, 2),

rae af,(7,2) — Kakoe-mu060 (pUKCHPOBAHHOE MOYTH IEPUOMIIECKOE DEIIeHNe 3a,1atH
(12), (13), a v;1(7) — HpoOU3BOIbHAS HOYTH HEPUOIIIecKas (BMECTe CO CBOEH IIpons-
BOJIHOI ) cKaJisipHast (DyHKIUA.

Cobupast na BropoM mare kodbduimentst B (10), (11) npu €2, nosyunm Kpaesyio
3aJlady Jist OLPeIeJIeHus G jo(T, ). YCIOBHE ee Pa3PEelIIMOCTH IPUBOIUT K yPABHEHUIO
OTHOCUTEJIBHO ;1 (T):

7]'1(7_) + [<aj(7_7 l‘), bj(T’ ZE)> + ajl]/le(T) + <a21(7_7 ZL‘), bj(7_7 ZL’)) + O‘jQ/Vj(T) =0.

N3 ycnoBus cymiecTBOBaHUSA MTOYTHU MIEPUOTUIECKOTO PEIIeHU STOTO yPABHEHNUSA Ha-

XOJINM
-

aja = M((aj, (7, 2), bj(7, 2)) eXp/de(S,x),bj(S,I)) + aji]ds).
0

Buas oy, HAXOMUM CHadasa V;1(T), MOTOM aj(T,x) = aly(T,2) + Yj2(T)a;(7) u T 1.
Takum obpasoMm, Bce ssmemeHTHl psaioB (8), (9) mocsemoBarenbro onpejessitorcs. Te
JKe TI0OCTPOEHUsT IIPOXOJAT U JUIsl CJIydasi TOKJIECTBEHHO HYJIEBOTO 10 T COOCTBEHHOIO
sHadeHns: L(7T), MOITOMY OTJIEJILHO 9TOT Cilydail He BbleiseM. Byjaem caurarsb, 9ro
[IPM HAJIMYUM HYJEBOro COOCTBEHHOrO 3HadeHus L(T) coorBercTByromuM psijam (8),
(9) orBeuaer unjekc j = 0.
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Teopema 2. [Ipednosostcum, 4mo nepevie OMmAUMHLBIE 0M HYAL KodPduyuenmov, ecex
pAdos

€0y + 82R€Oéj2 + 83R€Oéj3 + - (15)

OMPUUATNENLHDLE.

Tozda cywecmeyem 9 > 0 makoe, wmo npu € € (0,&¢) pewenua xpaesot 3adayu
(1), (2) axcnonenyuasvro yemotwuen. Ecau oice nepswi nenyaesol koapduyuenm
xromsa 6w, 00H020 U3 Pados mosoxcumeneH, mo natidemcs maxoe €y > 0, wmo npu
e € (0,e0) pewenua (1), (2) neycmotuusot.

3. ObocHOBaHNE TeOpeMbI 2

CdopmynupyeM cHadaja B BHUJIE JIEMM JIBa Pe3y/IbTaTa, U3 KOTOPBIX U Oyjer cje-
JIOBaTh yTBepxKaeHue TeopeMbl. [Tomoxxum

aji(e) = eajy + -+ hayy,
V(1,2 €) = vi(T)a;(T,x) + - - + 8kajk(7', x).

Jlemma 1. /Jlas xaotcdozo nomepa k natidemes maxotl AuHetHvl OMHOCUMEALHO
u(T, ) noumu nepuoduueckull no T U 02PAHUEHHBIT PABHOMEDHO OMHOCUMEADHO T, T, €
onepamop By (T, x,€): Co1) = Cro,1), wmo dymryuu

T

7
wik (7, ,€) = vjg(T, 2, €) exp[g /wj(s)ds + o (e)1]
0

(Tjk(T,2,€)) Asrmomes peweruamu kpaesots 3a0auu
K(e)u =10 — (L(1)u + e"By(7,2,6,u)) = 0, (16)

(v 4+ Bi(7)u)|p=0 = (v + Ba(7)u)|,=1 = 0. (17)

[IpesamonokumM 3areM, 9TO HU OJUH U3 pAgoB (15) He cocToUT U3 OJHUX HYJIeil.
ITycte Re ojk; — mepBblil oTJM4HBIN OT Hy/Id KO3 @UIueHT storo pana. Ilomoxxmm
ko = max k;. VImMeer MecTO ciemyiommee yTBepK/IeHHE.

JIemma 2. Cywecmesyem makoe g > 0, wmo npu e € (0,eq) onepamop K () peeyaapen
u dns pewenus up(t,x) € C xpaesoti sadavwu K(e)u = f(t,z) v (17) (f(t,xz) € C)
UMEET. MECTNO OUEHKA

|uf<t7x)|0§ N‘S_k0|f(t7‘r)|07 (18>

ede N > 0 ne sasucum om f(t,x) € C' u om e.
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[TokaxkeMm Tenepb, Kak ¢ TMOMOIIBIO JiIeMM | U 2 3aBepIIUTh 000CHOBAHKUE TEOPEMBI,
a 3aTeM JOKazKeM 3TU JICMMBI.

[IpemnonokuM cHavYasa, 9To He Bee KO UIMEHTh Kaxk0ro u3 psiyios (15) HyJe-
Boie. [lostoxkum k = kg + 1 u ¢ kpaeBbivMu yeoBusiMu (17) paccMOTPUM BbIDAYKEHIE

Hy(e, p)u =0 — [L(T)u + " By(7, 2,6, u) — pe®By(r, z, €, u)],

riae p € [0,1]. U3z onenkn (18) cpasy nosyuaem, uaro npu Beex i € [0, 1] omeparop
Hy(e, p) perynspen npu £ € (0,e9), riie €9 > 0 u He 3aBucut or p. Tak Kak CBOIi-
CTBa yCTOWIMBOCTH 1IpH BeexX (i € [0, 1] oMHAKOBBI, TO OTCIO/A MOy IaeM 0OOCHOBAHIE
IIepBOIt YacTh TEOPEMBI 2.

Ocrasiocs pazobpaTh TOT ciydail, Korja cpean psajgoB (9) ecTtb Takuwe, KOTOPbIe
MOI'YT COCTOSITH W3 OJIHUX HYyJIell, a MepBbI OTJIMYHBIA OT Hy/d KOI(MDMUINEHT XOTs
Obl OJIHOIO M3 PACCMATPUBAEMbBIX PAJIOB IoJioKuTeIeH. OB03HAYMM ero HOPsIKOBbIi
HOMep B cooTBeTcTBYyIomeM pay depes kY. Bemomnum B (1), (2) sameny

u = vexplas® 1),

rjae « > 0. OueBuIHO, YTO BbIpayKeHusl, aHajorunduble (15) st mosyvaroreiics Kpae-
BOI 3aj1a4u oTyimvaioTcesi or psiyios (15) Ha caaraemoe —ask"*+1 34 cuer IIOJIXO/ISAIIETO
BBIOOpA (v MOXKHO cJies1aTh Tak, 9To0bl (kY + 1)-ble wjleHbl Beex 9TUX PSAJ0B OyjyT
nenysesble. Ocraercs ML HOJOKUTL kg = kY + 2 1 BOCIOIB30BATLCS IPEJIbITY 1~
Mu paccykaeHuamu. OTMeTHM, HaKOHEI[, 9TO U3 HEYCTONYIMBOCTU PeIeHuil KpaeBoit
3a/1a4u

i = (L(7) — e Y, (o + By(r)u)loo = (uf + Bo(r)u)]oms = 0

Tem Gostee cieyer HeycroianBocTh pertennit (1), (2). Teopema 2 mokasana.
Ocrasiock obocHoBaTh JiemMbl 1 u 2. JIa jokasaresbcTBa JieMMbl 1 paccMOTpUM
CHCTEMY JIMHEHHBIX ajareOpanvecKux ypaBHeHHi

Z fj<Ujk(7', Z, 5)7 bT(Tv x)> = <u<t7 x)v bT(Ta x)) (19>

31ech mMTpuX y 3HaKa CyMMBI 03a49a€T, UYTO IPH YETKOM 11y OTCYTCTBYET CIaraeMoe,
orseuatoree j = 0 (1. e. — HyJIeBOMY cobCTBeHHOMY 3Hauenuio). VHjeke r npuHuMaer
Te ke 3HaUenHud, 9To u j. Kpome Toro, v (7, z,€) = vi(T, x,¢), b;(1,2) = b;(1, ). U3
onpesesenust v, (7, x,€) u b;(7,x) cpady 3akiodaeM, 4To perrennst & (T, x,€) cucre-
Mbl (19) — smHeitable IOUTH TIeproAnYecKue (Mo T) QYHKIMOHAJBI, OrPAHIYCHHBIE 1
HEIIPEPBIBHBIE 110 £ PABHOMEPHO OTHOCUTEILHO T, IPUIEM

Ein(T, v (T, 2, €), €) = 0. (20)

[TosmoxkmM, HAKOHETT,

mo,
By (T, x,6,u) = Eip(Tu,e)a(r,x) (a_ju(r,z) = Ejk(T, x)).

J=—mo

ISSN 0203-3755 /lunamudeckue cucrempr, 2018, Tom 8(36), Ne3



252 C. A. KAIIEHKO, /1. O. TJOTHHOB

YuaureiBasi B 910it dopmysie pasencrsa (19), 3akmodaeM, 9ro By (T, x,€,u) yiaoBie-
TBOpSAET BeeM C(hOPMYJIUPOBAHHLIM B JIeMMe 1 TpeOOBAHMSAM.
[TepeitneM K J0Ka3aTeJIbCTBY JIeMMBI 2. PaccMOTpuM KpaeByio 3aady

U= L(1)u+ e"By(1, 7,6, u), (21)

(v + By(T)u)|p=0 = (¢ + Ba(7)u)|o=1 = 0. (22)

U3 pesynbraToB, NPUBEIEHHBIX B IPEIBIIYIIEM IIyHKTE, BHITEKAET, YTO IIPOCTPaH-
CTBO HaYAJbHBIX YCJIOBUI 3TON KpaeBON 3a/1a4M PACIIENIIACTCS IIPA KaxKJIOM ¢ U HOCTa-
TOYHO MAJIBIX € B MPIAMYIO CYMMY JIByX WHBAPHAHTHBIX OTHOCUTEJILHO pernenuii (21),
(22) mogmpocrpancts F (t,¢) u E_(t,¢), upudem E_(t, ) — my-MepHO, a JIJIsd pereHuit
u(t,x) ¢ HavasbHBIME yesoBusiMu U3 F (S, €) cpaBejinBo HEPABEHCTBO

lult, 2,2l < Me expl—a(t — )] Ju(s.2)llcp, —o0<s<t<oo.  (23)

[Tpoekropsl Py (t,e) u P_(t,€), OCyIIECTBIIAIONIE PACIIEIIEHIEe, TIOUTH TIePUOJUIHbI
o t. fcuo, uro pemtenus Re wji (7, z,€) u Im ;i (7, 2, €) 1pu KaykI0M T HPUHAJJIEIKAT
noxnpoctpancTBy E_(et, €). Vcmonb3ys 3aTeM siBHBII BHJ TAKUX PEIIEHU, TPUXO/IM
K BBIBOLLY, uT0 E_(t,€) paciierisiercst B IPAMYIO CYyMMY JBYX HOAIPOCTpancTs Fi (i, €)
u FEs(t,e), obragaromux cJieiy oM CBOCTBAME: BO-IIEPBBIX, TPOEKTOPbl P (t,£) u
Py(t, €), ocymiecTBisiolue 310 paclieljieHnue, OUTU EPUOJUIHBL TI0 ¢ U PABHOMEDHO
orpanndensl npu ¢ — 0; Bo-BrOpbIX E;(t,€)(j = 1,2) MHBAPUAHTHBI OTHOCUTEJILHO
perternii kpaesoit 3agaqn (21), (22); B-TpeThbux, HallyTCsS TaKWEe YHUBEPCAIbHBIE TI0-
crogaabie My, My, vy, 72 > 0, uTo

”Pl(tv s)u(t, x)HC(D,l) < ||P1(57 e)u(s, g)||C(0,1)“]wl exp[—'ylgko(t - S)]?

(24)
—00 < s<t<oo,

”P?(tv 5)u(t7 I)| < ||P2(37 5)“(8’ E)HC(O,I)MQ exp[—'ngkO(t - 8)]7

—0<s<t<oo.

|C(0,1) (25)

Ompegennm 3arem dyukiwo ['puna G(t, s, €), TOI0KUB

(Py(t,e) + Pi(t,e))U(t,x,e), upm t>s
—Ul(t,s,e)Ps(s,¢), npu t<s

G(t,s,e) = {

rie U(t, s, e) paspematormmuii oneparop Kpaepoii 3ajgaqu (21), (22), obpamatomuiicss B
TOXKJIeCTBeHHbII pu ¢ = s. Perynsgprocts oneparopa K (¢) (mpu MajbIX €) U OlEHKA
(18) BeiTeKaroT u3 oneHok (23)-(25) u u3 bopmyJIbl

o0

up(t,x) = /G(t,s,s)f(s,x)ds (f(s,z) € C).

—0o0

ISSN 0203-3755 Turamudeckue cucremsbr, 2018, Tom 8(36), Ne3



YCTOWYUBOCTD PEIIEHUN YPABHEHUU ITAPABOJINYECKOI'O TUIIA 253

4. O6 ycroiiunBocTH B DoJiee CJIOXKHBIX KPUTUUIECKUX CJIyYdasax

[IpeamonokumM cHavYaIa, 910 onepaTopbl L(T) uMeoT paBHOMEPHO (110 T) JABYKpaT-
HOe HyJIeBOe COOCTBEHHOE 3HAYeHNEe, KOTOPOMY OTBedaeT OJHOIapaMeTpHYecKas IPyI-
na pemennii. B sToM caydae HaiijgyTcd Takue rUIaKHe IOYTH IIEPUOAMYECKUE II0 T
BGKTOp—d)yHKLLI/H/I Qo (7—7 l.)a bO(Ta l’), 60(7—7 l’), d0(7_> 33)7 qTo

L(m)ag(r,z) =0, L(7)bo(7,x) = ao(T,x),
L*(T)eo(t,2) =0, L*(7)do(7, ) = co(T, ),
1= <CL()(7’, x)? d0<7_7 I)> = <bO(Tv ZB), CO(T’ ZE)>,

0 = (do(T,2), co(T,2)) = (bo(T, ), do(T, 2)) = {ao(T,x),co(T, x)).

Cunraem, 94TO BCe OCTaJIbHBIE COOCTBEHHbIE 3HAaUeHUs L(T) yIOBIETBOPSIOT HEPABECH-
crBy (7). Bmecro kpaesoit 3agau (1), (2) paccmorpum 6osee obILyio

= L(T)u+ eDy(1,2)u" + A1 (1, 2)u' + Ao (T, 7)1, (26)

(u' + [B1(7) + eB11(7)]u) |a=0 = (' + [Ba(T) + £Bo1(7)]u) | z=1 = 0, (27)

rJle 3JIEMEHTBI BCeX MATPUI] ABJISIOTCS TPUTOHOMETPUYECKMMU 110 T MHOTOYJICHAMH,
YACTOTHI KOTOPBIX HE 3aBUCAT OT T, a 3aBHCUMOCTL KO3 PUIUEHTOB OT T — TJIaJIKasl.

[Tpu wcceoBaHUy yCTOWUNBOCTH pellieHuii KpaeBoil 3ajaun (26), (27) Bocmosib-
3yeMcsl CHadaJla BhIBOJaMu, c(OPMYJINPOBAHHBIMU B IIEPBOM IIYHKTE 3TOIO Iaparpa-
da. I3 Hux BbITEKaeT, YT0 Ga30Boe IPOCTPAHCTBO paccMaTPUBaeMoOil KpaeBoil 3a1a4n
pacIerisieTcst B MpsaMylo CyMMy JByX mnojnpocrpancts E. (t,¢) u E_(t,¢), Bropoe
U3 KOTOPBIX JIByMEPHO, a pemienusi u3 F (t,€) 9KCHOHEHIUAILHO YObIBAIOT 10 HOPME
upu t — co. Takum obpazom 3a/1ata CBOJAUTCH K U3YUIEHUIO YCTONIUBOCTU PEIeHU n3
JBYMepHOTO Topoctpancrsa E_(t, ). Jasnee, npoekropst Py (t, €), OCyIeCTBIAIONITE
yKa3aHHOe pacIelieHne, MMeroT (CusbHbIi) tpenest npu € — 0. B aBymepHoii obiactu
sHavenuii mpoekropa P_(t,0) umeercs mourn nepuojgndeckuii 6asuc ao(7,x), bo(7, ).
Tem cambiM mostydaeM, 910 B E_(t,€) cyliecTByeT TiajKuii 1mo € modYTH Iepuojmde-
CKuil BMecTe ¢ mpou3BojHOl 110 ¢ 6azuc (“Giuskuii” npu € — 0 K ao(7, ), bo(T,x)).
Tenepnb yzke JIeTKO BBINUACATH CHUCTEMY U3 JIBYX OOBIKHOBEHHBIX jHpdepeHImaIbHbIX
ypaBHeHuit Jjis1 perennii B E_(t, ¢):

dOél
T elan(r) +eQi(t, &)lon + as[l +eQa(t, €)],
dOéQ
dt
Baech gepe3 Q(t, ) obo3HAUEHDI IIOYTH [EPHOJUIECKHE 110 ¢ I OrPAHUYEHHbIE BMECTE
C IPOU3BOJHBIMUE 110 ¢ QyHKIMH, a Jyist DYHKIU a5 (T) IMEIOT MeCTO (DOPMYJIBL

= 5[@21(7') + EQg(t, 8)]0(1 + E[CLQQ(T) + €Q4(t, 8)]0[2. (28)

(111(7') = —<d0(7’,$), do(T, ZE)> + <(Io(’7’, .T), Ll(T)do(T, ZE)> + ((Dl(T, O)Bl(T)+
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+D(7,0)B11(7) + Di(7,0) — C1D1(7,0) — Ay (7,0))ao(t,0), do(7,0)) — ((D1(7,1) Bo(T)+
+D(7,1)Bo1(7) + Di(7,1) — C2Dy(7,1) + Ay (7,1))ao(, 1), do(7, 1)),
an1 (1) = —(ao(7, ), co(7, x)) + (ao(7, ), L1 (T)co(7, )) + ((D1(7,0) Bi(7)+
+D(7,0)By1(7) + Di(7,0) — C1Dy(7,0) — Ay (7,0))ao(r,0), co(7,0))—
—((D1(1,1)Bo(7) + D(7,1)Bay(7) + Dy(7,1) — CyD1(1,1) + Ai(7,1))ae(7, 1), co(7, 1)),
aga (1) = —{bo(7, ), co (T, 2)) + (bo(7, ), L1 (7)o (T, x)) + (D1 (7,0) By (7)+
+D(7,0)By1(7) + Di(7,0) — C1Dy(7,0) — A1 (7,0))bo(7,0), co(7,0))—
—((D1(1,1)Bo(7) + D(7,1) By (1) + Di(7,1) — CoD1(7,1) + A1(7,1))bo(7, 1), co(T, 1)),
e
Li(m)u = Di(1,2)u" + (2e DY (7, ) — A7, (7, 2))u’ + (A5, (7, x) — A}y (7, ) + D" (7, x) )u,
C1 = (D(7,0)By(1) — Ay(7,0))D (7, 0),
Cy = (D(7,1)By(1) — A1(7,1)) D (7, 1).
CdhopmyaupyeM pe3yabTaThI.

Teopema 3. ITycmwv das npoussosvhozo 0 > 0 ewnoanenvs yerosus o = M(aqi (1) +
a2 (7)) < 0 u ag (1) < —0(17 € (—o00,00)). Tozda natidemea maxoe €9 > 0, wmo npu
e € (0,e9) pewenus xpaesot zadawu (26), (27) yemotwuewv. Ecau oce o > 0 uau
ag (1) > 0, mo natidemca maxoe €y > 0, wmo npu € € (0,e0) pewenusn (26), (27)
HEYCMOUYUBDL.

B ciesrytonieM yTBep K IEHUH TIPE/IIOJIAraeTcsi, ITo K03 GUIMeHTh KpaeBoii 3a1a1u
(26), (27) mepuouaeckue.

Teopema 4. [Tycmov o < 0, a dynryusn as (1) — snaxonepemennan. Tozda npu e — 0
yemotinusocms U Heycmotiuusocms pewenutd kpaesots 3adavu (26), (27) beckoneuro
YePedYMCA.

DT J[Be TEOPEMBI CICAYIOT U3 aHAJIN3a YCTONYUBOCTU DEIICHU CUCTEMbI ypaBHE-
Huit (28). JokasaresbecTBO MOCIEIHEH TeOpeMbl OCHOBAHO Ha pe3ysbrartax u3 |[14].

[Iycrb  rmemepb HysmeBoe cobcTBeHHOe —3Hadenme L(7T) wMeer  KPATHOCTH
k > 3 m eMy oTBe4aeT OJiHOIIApaMETpUYecKas TIPyIIia COOCTBEHHBIX BEKTOPOB. B
9TOM cirydae (B IIPEIIOIOKEHUN TUIIA OOIHOCTH TOJI0KEHNUs) [IPU MAJIbIX € PelleHust
(1), (2) HeycTOIMBBI. DTOT K€ BBIBOJ CIPABEJIUB U TOINA, Korja L(T) numeer IucTo
MHIMO€E COOCTBEHHOE 3HaUeHre KPaTHOCTH GoJIbIe 1 ¢ oJfHOIapaMeTpuIecKoil Ipymoii
penteHunit.
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5. YCcTOYMBOCTh pellleHnii KpaeBbIX 331249 C “OoabIimum’
Ko purimenToM auddy3nn

PaccemorpuMm kpaeByio 3ajady
w=AD(t)u" + A1 (t, x)u" + As(t, z)u, (29)

U om0 = ']z = 0, (30)

e u € R™, D(t) — HOJIOXKUTENBHO ONpe/ieJieHHas PABHOMEPHO OTHOCUTENLHO t €
(—00, 00) Marpura, suementsl Marpurny D(t) u A;(t,x), j = 1,2, aBisioTcss TPUIOHO-
METPUYIECKUMH 110 ¢ MHOIOYJIEHAMHU C YacTOTAMHU, HE 3aBHUCAIIAMEH OT I. DJIEMEHTBI
matpun A;(t, x) mocrarodno riaakue orHocuTeabHO x. Vcciemyem Bompoc 00 ycToii-
YUBOCTHU pellenuii kpaesoii 3aga4n (29), (30) npu Gombmmx A > 1.

Bresiem B paccmoTpenne oObIKHOBeHHOE JuddepeHinaibHoe ypaBHEHNEe

1

0= Ayp(t)v, rtme Ag(t) = /Ag(t,x)dx. (31)

Teopema 5. ITycmv das ypasnernusa (31) umeem mecmo sxcnonenyuaivras Ouromo-
mus pewenut. Tozda natidemes maxoe Ng, wmo npu X > Ny das kpaesot 3adauu (29),
(30) umeem mecmo SKCNOHENUUANLHAA OUTOMOMUA DEWEHUT, NPUIEM PAZMEPHOCTIU
nooNPOCMPAHCME IKCNOHEHUUAABHO PACTYWUT (N0 coomeememeyouum Hopmam R™
u Coy(R™)) nput = oo pewenuti ypasrenus (31) u xpaesot sadavwu (29), (30) cos-
nadarom.

JL1s1 060CHOBaHUST ITOI TEOPEMBI JTIOCTATOYHO BOCIIOIb30BATHCSI IPUBEIEHHON B pas3-
sesie 6 cxemoii, cauTas Mpu 9TOM (DUTYyPUPYIONIKi TaM HoMep paBHbIM 1. OTMeTnM, 910
TeopeMa 5 0CTaeTCst BEPHOI U B TOM cJiydae, Korja BMecTo Marputisl D(t) crout 6oee
cioxkHast Marpuna y(t, ) D(t) ¢ TeMu Ke, 9TO U BBIIIE CBOWCTBAMH, & MOYTH [EPHO/IH-
JecKas 10 t U IaJKast 110 ¢ U & cKajsipHast GyHKus 7 (t, ) MOJI0KUTeTbHA 1 OTeIeHa
or myJs. st caydas ere 6ostee obimeii marpurpt D(t, x) Teopema b nepecraer, BoooIe
rOBOPsi, OBITH BEPHOIA.

5.1. I3ydyeHue KpUTUIECKOTO CJIydas

[Ipu nceneoBaHAN yCTORYINBOCTH B CUTYAIUH, KOT/Ia Juist ypaBHernus (31) He nmeer
MEeCTO JKCIOHEHIINAIbHASA JUXOTOMUSI, TPUMEHUMBbI 1TocTpoerns u3 §§1 — 5. B kawe-
CTBe MOJIEJIBHOI'O PACCMOTPHUM 37eCh cilydail, Korja Marpuiia Asg(t) aBroHoMHa, T.e.
Ago(t) = Agg, m Agg MMeeT apy 4nMCTO MHUMBIX COOCTBEHHBIX 3Hauenuii +idy(dy > 0),
a BCe OCTaJIbHBbIE €€ COOCTBEHHbIE 3HAYEHUsI UMEIOT OTPHUIATE/IbHbIE BEIECTBEHHbIE da-
cru. Obo3zHaunM Uepes ag u by cOOCTBEHHBIE BEKTOPHI Ay M —A%, COOTBETCTBEHHO,
OTBEYAOIIIE COOCTBEHHOMY 3HAYUEHUIO 10y, IPUIEM

(ao,bo) = 1, (ao,go) =0.

ISSN 0203-3755 /lunamudeckue cucrempr, 2018, Tom 8(36), Ne3



256 C. A. KAIIEHKO, /1. O. TJOTHHOB

Bsejiem B paccMmoTpenue (hopMaIbHbBINA P/l

up(t, z,e) = a(t, z,e) exp(idy + a(e))t, (32)

e
04(8) = )\71@1 + )\72062 + - (33)
a(t,z,e) = ag+ N tay(t,x) + XN 2ay(t, ) + - . (34)

3aech o — CKaJgpHbIe BEJIHIHIBL, a a;(t, ) — BEKTOPHbIE TPUIOHOMETPUYECKHE 110 ¢
MHOrOWIeHbL. [TokaxkeM, 4To Bee ssieMenTsl u3 (33), (34) onpesessorcs u3 Gopmasib-
HOT'O TOKJICCTBA

Uo(t,x,e) = AD(t)uy(t, x,e) + Ar(t, v)ug(t, x, &) + Aa(t, x)uo(t, z, €), (35)
ug(t,0,e) = uy(t,1,e) = 0. (36)

Koaddunuent npu neppoii crenern A B (35) mysesoii. Cobupast ciaraemble, CTOSIIHE
MuozKuTesieM 11pu A, IpuxXouM K paBeHCTBaM

D(t)a] = —As(t, x)ag + idpa, a)(t,0) = a}(t,1) = 0. (37)

Orcrona BoiTekaet, aro ay(t, ) = ay(t, ) + ayo(t), rue

T

iyt x) = D(1) / (z — 5)(i60T — As(t, 5))aods,

0

a a10(t) — TPOM3BOJILHBIN TIOYTH EPUOMIECKIIT TPUTOHOMETPHIECKHiT MHOrOWIeH. Ha
cJIe tyIoIeM Iare, cobnpas Ko3bUIMEHTH TP A~ !, TTOJyIuM pPaBeHCTBA

D(t)ag = &1<t, l’) + alo(t> + ’L(S(](Eh(t, .73) + (llo(t)> + arag—

—Ai(t,z)d | (t,2) — As(t, 2)an (¢, 2) — As(t, ¥)aio(t), (38)
ay(t,0) = as(t,1) = 0. (39)

U3 ycnoBus paspermumvocTn KpaeBoii 3agaqn (38), (39) mosydaeM cOOTHOIIECHHE
dlo(t) + (250[ — Ago)alo(t) = —(1Qp + f(t), (40)

B KOTOPOM
/A1 (t,x)ay(t, z)ar(t,x) — a1 (t, x) — idoar (t, x)]dz.
0

BHaueHne oy onpejessiercsa u3 ycaosus paspernmmoctu (40) B Kiacce TPUTOHOMETPH-
YeCKUX MHOTOYJIEHOB:

ay = M((f(2),bo)).
[Tocste Toro, Kak oy Haidijneno, u3 (40) onpegensiem aqo(t), a uz (8.10), (8.11) — ax(t, z)(=
dg(t, .T) + &Qo(t)) n T.n1.
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Teopema 6. IIpednonoosicum, wmo popmanvroid pad
A 'Rea; + A 2Reay + - - -

He cocmoum u3 ooHux nyaetd. Obosnavwum weped Reay, mepeviti nenyresots koapduyu-
enwm amoeo pada. Hatidemes maroe Ao, wmo npu A > g pewenus Kpaesot 3adavu
(29), (30) axcnonenyuanvro yemotuusn, (neycmotuuesn), ecau Reoy < 0 (Reay, > 0).

Cxema 0GOCHOBaHHsI 9TOTO PE3YJIbTATA IIOJHOCTHIO [OBTOPSIET CXEMY JIOKA3aTeJb-
crBa Teopembl 2 (u 1).

6. lccaegoBaHme yCcTOMYMBOCTHU ITapabOINYIeCKNX KPaeBbIX
3a/1a4 ¢ OBICTPO OCHUJIJIMPYIOMIMMHU 10 HPOCTPAHCTBEHHOM
nmepeMeHHo Ko3ddunuenraMmn

PesybraTsl 97010 pasesia TeCHO IPUMBIKAIOT K yTBEPKIeHUIM, c(hOPMYTUPOBaH-
HBIM B IIPEIBbIIYIINEeM maparpade.
PacemorpuMm kpaeByio 3ajiady

w = D(t)u" + A (t,wx)u’ + As(t, wr)u, (41)

u/|x:0 = ullle =0, (42)

riae u € R™, marpuna D(t) ta xe, aTo u B pasjene 4,

m
A8 = ) Ap(t) expiogé
k=—m
(j=1,2,00 = 0,0 = —on, A_ji(t) = A (1)),
ssementamu Marpur, A (t)(j = 1,2,k = —n, -+ ,n) gBIAIOTCH TPUTOHOMETPUIECKUE
o ¢ Muoro4uiensl. [locraBum Bompoc 06 yeTolIMBOCTH peleHuii Kpaesoit 3a1aan (41),
(42) tipm yenosuu, Korjaa Ko3hOUIUeHThl GbICTPO OCIIITUPYIOT [0 TPOCTPAHCTBEHHOM
IlepeMeHHoi, T.e. w > 1.
Bsesiem B paccMoTpenne ycpeHEHHYIO KPAEBYIO 3a/1ady

0= D(t)v" + Ajp(t)v + Ag(t)v, (43)

UI’:U:O = 'U/|z:1 =0. (44)

CdopmynupyeM OCHOBHO# Pe3yJIbTaT, IPOCTOe 0OOCHOBAHIE KOTOPOI'O MOJIYyYaAeTCs
Ha TOM 2Ke IIyTH, 9TO U OOOCHOBAHUE TEOPEMBI J.

Teopema 7. Ilycmv das pewenus xpaesot sadavu (43), (44) umeem mecmo sKcno-
Henyuasvras ouromomus pewernut. Toz2da natidemes makoe wy, 4Mo NPu 6CET W > Wy
UMEEM MECTNO IKCNOHEHUUANHAHA QUTOMOMUA pewerul kpaesot 3adavu (41), (42), u
PASMEPHOCTIU NOONPOCTNPAHCNG IKCIOHEHUUAADHO PACTAYWUT Npu t — 00 pewenut
obeuxr Kpaesvlr 3aday cosnadarom.
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6.1. YcTOoiiYMBOCTh B KPUTUIECKOM CJIyYae

[Iycrs koaddunmenter (43) ot ¢ He 3aBucar, T.e. D(t) = D, Ay(t) = Ao, Axp(t) =
Agg U TIyCcTh oTepaTop

Hv = Dv" + Ajpv’ + Az, v'(0) =2'(1) =0

UMeeT Mapy 9IMCTO MHUMBIX 3HadeHuit +idy, dg > 0, a Bce ocTajbHbIe €ero COOCTBEHHBIE
3HAYCHUS UMEIOT OTPUIlaTe/IbHBbIE BellecTBeHHble YacTu. depes ag(r) u by(r) 0bo3Ha-
YUM COOCTBEeHHBIE (PYHKIMU oneparopa H M CONpsKEeHHOTO K Hemy oreparopa H*,
OTBeJaoIIe COOCTBEHHBIM 3HAYEHUSIM 10g U —10y, COOTBETCTBEHHO. YI00HO CIUTATH,
9TO

1

{ag(x),bo(z)) =1, {(ao(x),bo(x)) =0 (a(z,t),b(z, 1)) = /(a(:p,t), b(x,t))dt

0

[Tomo6uo dopmyaam (32)-(34) cocraBum GOpMATBHBII Psijt

u(t,z,w) = a(t, z,w) exp(idy + a(w))t, (45)

e
a(t,z,w) = ag(z) + wtay(t, 2) + w2ay(t, z, &) + -+, € = wr, (46)
a(w) =w oy (W) + wag(w) + -+ . (47)

Bekrop-dbynknus a;(t, z,§) saBisgercs TPUTOHOMETPUIECKIM MHOIOUIEHOM 10 ¢ 1 &, &
cKayIApHas GYHKIWMS (v (w) MOYTH IePHOANIECKI 3aBUCAT OT HapaMerpa w. s ompe-
nenennst Beex durypupyommx B (46), (47) Besmunn mojcraBuM Bbipakenue (45) B
(41), (42) u B mosryuuBIIeMcst (popMaJIbHOE TOXKIeCTBe OyjieM IpupaBHUBATL KO3(hdu-
IUEHTHI IPU OJMHAKOBLIX crenensx w !, Ha mepsom mare, cobupas kKo3¢pHIEenTsI

pu w°, TOTyYINM BBIPAsKEHUS

D(%—gf+ ag(x)) + A1(t, ag(x) + Aa(t, §ao(x) = idoao(x), (48)
(0 a0, P 0w
ap(0) = ag(1) =0, %€ |y~ €| 0. (49)

Yepeanss B (48) o &, 1yt onpesenenns ag(x) momyanm pasencrsa Hag(x) = idpag(x),
ay(0) = ag(1), KoTOpBIE BHIIOIHAIOTCA B CUILy BeIOopa ag(x). [locse sToro /s naxox-
JIeHUsA ag = ao(t, x, &) n3 (48), (49) mosryunm KpaeByio 3a/1ady

D 0? a2 8&2 aa?

8_52:.](1(1:73:75)7 0_55 0:8_557 =0, (50)

B KOTOPO#A
filt,2,8) = (Ao — Aw(t, §))ag(@) + (A2 — Aa(t, §))ao(z).
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OTa Kpaepas 3aj1ada, BOOOIE TOBOPs, HE UMEET PEIIeHNs, TO3TOMY PACCMOTPUM JIPY-
I'YIO KPAeBYIO 3319y

92 1]
DE%Zﬁ@%Q—;/ﬁ@%WWa
0

8&2

£=0
E=w

koTopas oriudaercs ot (50) ciaraembiv nopsiyika w™'. 13 (51) cpasy mnosyuaem, 4To
a2<t7 z, g) = &2(t7 xz, 5) + a20(t7 ‘r)a rue
& . w
altn§) = [(hltan) = [ fito o))~
0 0

a TPUTOHOMETPHYECKUI 110 ¢ MHOTOWIEH ago(t, ©) — mpoussoseH. Cobupast Ha BTOPOM
mare K03 PUIUEHTHI IPX W™ B BBEJIEHHOM BbIIIe (hOPMaJIbLHOM TOXKICCTBE, MOJTYYUM

COOTHOIICH ST
a1(t, ) + idpar (t, ) + o (w)ag(z) = D(a;—;;’ + af(t,z))+
+ Ay (t, §)(ay (t, ) + %’;’O) + As(t, §)an(t, x) + /wh(t,:v,n)dm (52)
0
4 (1,0) = ay(t,1) = 0, %_‘? =0 (53)

Yepenusisa B (52) mo €, NpUXOIUM K KpaeBoil 3ajiatde OTHOCUTEIHHO

ay + 0o — Hay = —Oél(W)CLO(iU) + /fl(t,:v,n)d%
0

T
o1 Oas(t, x,
+ Jim /Al(tm)%dn, atlz=0 = aife=1 = 0. (54)

0

Ocrasoch BOCHOIB30BAThLCsI yeJoBHeM paspentuMocTi (54) B Kiracce TPUTOHOMETPUIe-
ckux MHOrowreHoB. OTciofa cpasy MoJiydaeM BbIpaykKeHue JJjIs MOYTH HePHOIuIeCcKOi

dbyukmun o (w):

w T
o1 das(t,z,n)
ar(w) = ([ filt,z,n)dn + lim — [ Ay(t,n)——7——"=dn, ao(z)).

0

I[Tocse sroro u3 (54) oupenensem a(t, z), morom u3 (52), (53) maxogum as(t,z,§) =

as(t,z, &) + aso(t,z) u r .
O6o3naunm depes 7y (w) HAUOOIBIIHI XapaKTEPUCTUICCKHI TIOKAa3aTe/b (IKCIIOHEH-
[MAJBLHOTO POCTa) PeleHuit Kpaesoii 3agaqau (41), (42).
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Teopema 8. /[aa kaoicdozo nomepa k umeem Mecmo acumMnmomuieckoe pasencmeo
Y(w) — (W Rear (W) + - - - + w " Reay,(w)) = o(w™).

OTymane pacCMOTPEHHOIO 3/1€Ch CJlydasl OT COOTBETCTBYIOIIUX PE3Y/IbTATOB IIPE/Ibl-
ayrero naparpada (TeopeMa 7) COCTOUT B TOM, YTO IPU W — OO 3/IeCh BO3MOXKEH (J1a-
JKe B IIPEJITOIOKEHUAX TUIA OOIIHOCTH MOJIOYKEHNs) HeOrDAHNIEHHBIIT [TPOIECC CMEHBI
ycroitunBocTH perennii kpaesoii 3amaan (41), (42). Ilyts obocHoBanus TEOPEMBI 8 TOT
JKe, 9TO U TEOPEMBI 7.

BriBoabl

PaccmoTpenbl BOIIPOChI yCTONYNBOCTH BayKHBIX /I PUJIOKEHUN pereHuil JuHeii-
HBIX CHUHTYJISIPHO BO3MYIIEHHBIX CUCTEM MapaboMYecKoro Tuna. B nepBoit qactu u3y-
YaeTCsl CUCTEeMa € MEJJIEHHO MEHSIONUMUCS TMOYTH MEePUOIUICCKIMEI KOd(hdUImeHTa-
M. ChopmyInpoBaH OTBET Ha BOIPOC 00 YCTOWYMBOCTH PEIeHT B TaK HA3BIBAEMOM
perysigpaoM ciydae. [Ipu paccMoTpennn KpUTHYECKHX CIydaeB paspadoraH 3ddek-
TUBHBIN aJICOPUTM HCCIeoBanns ycroitauBoctr. Ocob0 OTMETHM, 9TO PACCMOTPEHBI
KPUTHIECKUE CJIydan JJIsI U30JIMPOBAHHBIX U JIJIsi KPATHBIX KOPHEH XapaKTepUCTUYIe-
CKOT'O YpaBHEHUSI.

Bo BropoMm pazmesie paccMaTpuBaroTCs MapabOJMIecKne CUCTEMbBI ¢ OOJIBITNM KO-
s dunmentom muddysun. I[Tokazano, 4To oTBET Ha BOIPOC 00 YCTOWIUBOCTU PEITEHUI
CBOJIUTCS K HUCCJIEOBAHUIO CIEIUAIBHBIX CHCTEM OOBIKHOBEHHBIX JTud hepeHInaabHbIX
ypaBHEHUA.

B tperbem pasjesie mcciieIoBAHBI CUCTEMBI ¢ OBICTPO OCIUJITUPYIOMIMME I10 IIPO-
CTPaHCTBEHHOI mepeMeHHON Kodddurnmentamu. BoigeseHbl KpuTudeckue cjiydam U
pa3paboTaH aJropuTM IMOCIEI0BATEILHOIO BBITUCICHUS [TOKa3aTe /e, OTBEYAIONIUX 38,
YCTONYMBOCTD PEIIeHUi.
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How to check if one-dimensional solenoid in
the sense of Williams can be realized as
hyperbolic attractor of surface
diffeomorphism

A. Yu. Zhirov

Moscow Aviation Institute (National Research University)
Moscow 125993. E-mail: alexei  zhirov@mail.ru

Abstract. In the paper, an algorithm is presented that allows for a given one-dimensional solenoid in
the sense of Williams to answer the question: does a surface diffeomorphism with a one-dimensional
hyperbolic attractor exist such that the restriction of the diffeomorphism to this attractor is
topologically conjugate to the shift automorphism of the given solenoid.

Keywords: solenoid, hyperbolic attractor, branched manifold.

1. Introduction

In 1967 R. Williams [1| proposed the concept of generalized solenoid for modeling
the dynamics generated by a diffeomorphism of a smooth manifold with a hyperbolic
expanding attractor. The initial results of his theory are the following theorems. The
conditions (S1-S4) specified in them will be formulated below.

Theorem 1 (Williams [2]|). Let M be a smooth manifold, U C M be an open set, [ :
U — M be a smooth embedding, A C U be a one-dimensional hyperbolic attractor for f.
Then there exsist a branched 1-manifold K and a smooth map ¢ : K — K satisfying the
conditions (S1-S4) such that the solenoid defined by the pair (K, ) is homeomorphic A,
and its shift automorphism is topologically conjugate to the restriction f|x.

Theorem 2 (Williams [2]). Let K be a branched 1-manifold and ¢ : K — K be a
smooth map satisfying the conditions (S1-S4). Then there exist a smooth manifold M,
an open set U C M, a smooth embedding f : U — M, and a one-dimensional hyperbolic
attractor A C U for f such that the solenoid defined by the pair (K, ) is homeomorphic
to A, and its shift automorphism is topologically conjugate to f| .

For brevity, the statement of the theorem 2 will be said that the given solenoid can
be realizable as an attractor on the manifold M.

Question. Under what conditions additional to those of the theorem 2 it can be
confirmed that dim M = 27

In the proposed paper, an algorithm will be presented with which the following
questions can be answered for given solenoid.
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264 A.YU. ZHIROV

1. Whether the given solenoid is realizable as an attractor on an orientable surface
and, if so, what is the minimal genus of a such surface? In this case the algorithm
defines whether or not the embedding f generating the attractor preserves the
orientation of the surface.

If the answer to the first question is negative, then

2. Whether the given solenoid is realizable as an attractor on an non-orientable
surface and, if so, what is the minimal genus of a such surface?

2. Definitions and combinatorial description of solenoid

Let K be finite graph (one-dimensional CW-complex) and a its edge (open 1-cell),
semi-edge is component of the set a \ {x}, where x € a. Two semi-edges are said to be
equivalent if their intersection is semi-edge also. The equivalence class of semi-edges
contained in a given edge is called its end. The end e of any edge is called to be incident
to the vertex O if it is incident to semi-edge, which is a representative of the given end.
The number of ends incident to a given vertex is called its valence.

Definition 1. Graph K is called branched (one-dimensional) manifold if the following
conditions hold

(BM1) There are no vertexes of valency 1.

(BM2) For each vertex the partition of the set of ends of incident edges onto two
nonempty disjunct subsets is fixed.

The ends belonging to one of these subsets will be called outgoing from a given
vertex, and the ends belonging to the other one will be called incoming into it.
Vertices of the graph will be called branch points of branched manifold K.

The smoothness of branched manifold will be understood in the sense of the
following definition of the smoothness of the arcs lying in it. By an arc in K we mean
an image by the action of a continuous mapping v of a segment of a real line into K,
which is a local homeomorphism onto image.

Definition 2. The arc v C K is called to be smooth if for each ¢y such that v(tg) is
branch point there exists € > 0 such that

1) arcs 7v|(t—eto) and Y|(t,10+2) are semi-edges belonging to ends of some edges
incident to this vertex (to);

2) these ends belong to distinct subsets onto which the set of all edges incident to
v(to) is parted according to condition (BM2), i.e. one of this ends is incoming
while the other is outcoming.
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ONE-DIMENSIONAL SOLENOID IN THE SENSE OF WILLIAMS 265

A continuous map of a branched manifold K into a branched manifold K’ (into a
smooth manifold M) is called smooth if the image of every smooth arc in K is a smooth
arc in K’ in the sense of previous definition (smooth arc in M in the usual sense).

Definition 3. Let K be branched manifold and ¢ : K — K be smooth map such that
the following conditions hold

(S1) the set of all branch points of K is invariant under ¢;

(S2) the non-wandering set of ¢ coincides with K;

(S3) ¢ is expanding in some metric;

(S4) for each branch point there exists a neighborhood U and an integer m > 0
such that ¢™U is a smooth arc.

Solenoid in the sense of Williams is the limit of the inverse spectrum

K& K& K&
and the homeomorphism ¢, : Ko — K, defined by

Voo (T1, T, x3,...) = (pr1,21,T2...).

is called its shift automorphism.

Combinatorial description of the branched manifold 1) Let n be the number
of edges of K. We enumerate in some way their ends by subscripts from the segment
1, 2n of the natural series and define the map o : 1,2n — 1,2n, assuming that j = o (i)
if 7, j are the numbers of the ends of the same edge. It is clear that ¢ is a permutation
on the set 1,2n, decomposing into a product of cycles of period 2.

2) Let m be the number of vertices of the graph K. We enumerate them in some
way by indices from the segment 1,m of the natural series and denote by ¢ and ¢, ,
respectively, the number of outgoing and the number of incoming ends of the edges
for the vertex number k. Denote by T = (tf,...,t}:t;,... ) the sequence of 2m
numbers thus defined.

Thus the branched manifold defines a pair (o,t). Conversely, each pair of (o,t),
where o is a permutation of the set 1,2n, all cycles of which have a period 2, and
T = (tf,...,th:t;,...,t) is a sequence of 2m natural numbers with the condition
S (65 +t;) = 2n defines a branched 1-manifold. Therefore, we call the pair (o, 7)
associated with the branched manifold in the manner described above configuration
of the branched 1-manifold. Of course, the configuration is ambiguous: it depends on
the choice of the numbering of the ends of the edges, the numbering of the vertices,
and which of the subsets of the ends in (BM2) are declared incoming and which are
outgoing. Nevertheless, it is clear that knowing one of the configurations of a given
branched manifold, one can write out all the others using a formal algorithm.

Combinatorial description of the map of branched manifold defining the
solenoid. We enumerate the edges of the graph K with the index i € 1,n, endow
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each of them with orientation, and denote the oriented edge number ¢ by a;. Through
a; we denote geometrically the same edge with opposite orientation. Let ¢ : K —
K be a smooth map satisfying condition (S1). Then each edge a; is partitioned by
preimages of branch points into arcs such that the restriction of ¢ to each of them is
one to one map onto some edge that can be overpassed in either a positive or negative
direction. Therefore, with each edge a; the word w; = ¢(a;) in the alphabet A =
{ai,...,a,;@1,...,G,} can be associated. From the smoothness condition it follows
that this word is irreducible, i.e. does not contain subwords of the form a;a; and @;a;.
Thus, with the map ¢ an ordered set of words w = (wy,...w,) be associated.

Conversely, a set of irreducible words w = (wy,...w,) defines a unique, up to
homotopy, map ¢ of the graph K continuous on each edge and which is a local
homeomorphism onto image in a neighborhood of each point that is not a branch
point.

Now we establish the conditions under which this map is continuous at the branch
points and satisfies the conditions (S1-S4) of the definition of solenoid.

Let’s start with agreeing on the numbering of the vertices of the graph and its
edges.

1. We number the vertices O, with the index k& € 1, m.

2. Enumerate the ends of the edges, satisfying the condition: the outgoing ends for
the vertex O; get numbers from 1 to ¢, outgoing ends for Oy — from ¢ + 1 to ¢ +t5
end so on; incoming ends for the vertex O; get numbers from ¢ + 1 to ¢ +¢], incoming
numbers ends to Oy — from ¢ + 7 + 1 to ¢ +¢; +¢; and so on, where t =Y " | ;.

3. We enumerate the edges a; with the index i € 1, n lexicographically with respect
to the numbering of their ends: the smaller is the minimal number of two ends of the
edge, the smaller is the number of the edge.

4. Orient the edges considering the positive direction from the end with the smaller
number to the end with the larger one.

The end of the edge a;, which has a smaller number in the numbering of the ends
(2), will be called first end, and the other end call the second one. These ends will be
denoted by a; and @; respectively. (The fact that the same symbol denotes different
things will not lead to misunderstandings, but it will be convenient.) The number of
the first end of the edge a; in the "continuous” numbering of the ends will be denoted
beta_(7), and the number the second denote B (7). The number of the edge that has
one of its ends the end number j in continuous numbering will be denoted «(j). Thus,
we obtain three maps of the sets of indices o : 1,2n — 1,n; B_, B4 : I,n — 1,2n. It is
easy to see that these functions are determined by the conditions

al) =1, ,a(i)=alc(i)), a(i)<a(j)< min{i,o(i)} <min{j,o(j)};

B_(j) :=min{i: a(i) = j};  B4(j) == max{i: a(i) = j};
The passage at the vertex Oy will be called an ordered pair of characters (two-letter
word) in the alphabet A = {a;,a; : i € 1,n} denoting ends of edges in this vertex, such
that one of them belongs to the upper partition and the other to the lower one.
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We will call pass ¢;¢; image (where ¢; is a; or @;, and ¢; is a; or @;) to be two-letter
word, the first letter of which is the last letter of the word ¢ (¢;) and the second is the
first letter of p(¢;).

Then the condition of continuity of the map ¢ be

(SCO0) Each two-letter subword of each word w; = ¢(a;) is a passage at some vertex.
And the condition of smoothness of the map ¢ be
(SC1) For each vertex, all its passes images are the passages at the same vertex.

Thus, calculating the images of passes, we can check the continuity condition ¢,
and at the same time to find the map of the vertices w defined in the first part of the
following

Definition 4. 1. The map of the vertices w is such permutation that

©(Or) = O

2. The intersection matriz G = (g,;) of the map ¢ is defined by
9ij = #{a;, @; € w;},

where # denotes the number of elements in finite set.
3. The intersection vector g = (g;) of the map ¢ is defined by

9i = Zgij-
J

4. The sequence £ = {e1,...,e,} of signs e, = £, depending of the way by which the
map ¢ turns the directions of passages on the vertex Oy into directions of passages
in Ow(k)Z

- +, ¢f “ingoing — outgoing” +— “ingoing — outgoin”;
71 =, if “ingoing — outgoin” — “outgoing — ingoing”.

Lemma.
1. Conditions (S2) and (S3) together are equivalent to
(SC2) The intersection matriz G is primitive i.e. some power of it is a positive matriz.
2. Condition (S4) is equivalent to
(SC3) for each wvertex, some iteration of all its passes is the same pass, up to the
reverse.

Proof. According to the Perron-Frobenius theorem primitiveness and integerness of the
matrix G imply that it has eigenvalue which is greater than one (Perron eigenvalue),
which corresponds to positive eigenvector (Perron eigenvector). Therefore, it is possible
to define on K a Lebesgue measure such that the length of each edge be equal to the
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corresponding component of the left Perron eigenvector, and the map will be a uniform
expanding with a coefficient equal to Perron eigenvalue. Since ¢ is expanding and the
matrix G is primitive, it does not have open invariant sets and the periodic points
of ¢ are dense in K. So primitiveness of the matrix implies conditions (S2,S3). The
converse, as well as the second statement of the lemma, is obvious. O

All the above means that each one-dimensional solenoid define the set of data
(o, T;w) by which it is possible to find the matrix G' and the permutation w. This
makes the following definition natural.

Definition 5. The collection of data (o, T;w), where o is permutation on 1,n with
all cycles of the length 2; T = (tf,... t5;t,...,t,) is the sequence of 2m positive
integers (m > 1) with the sum equal to 2n; w is the ordered set of irreducible words
in alphabet A = {a;,a; : i € 1,n} is called solenoidal code if the condition (SC0-SC3)

holds.

Of course, the code is determined by the solenoid ambiguously because of the
following elements of arbitrariness

1. The choice of the numbering of vertexes.

2. The choice of which of the two possible subsets of the set of the ends of the edges
incident to each vertex is considered to be the outgoing (ingoing).

3. The numbering of each of the sets of outgoing and ingoing edges of the edges.

In what follows, considering the solenoid given by any of its codes, we will save the
first two choices while we will have to consider all the codes obtaining while changing
the choice of edge ends.

This means that the sequence will not change while the o permutation changes. The
latter implies a change in the sequence of words w occurring due to a corresponding
change in the numbering of the edges of the graph and a possible change in their
orientations. The change in the numbering of the ends of the edges is determined by
the permutation 7 : 1, 2n <, which leaves invariant each of the subsets of the set 1,2n
of indices of the form

o+ Lt (kel,m, t7 =0)

and

ttt +Lt+t, (kelm tg=0t=>» tf)
k=1

Definition 6. We will call the permutation 7 of 1, 2n which leaves invariant the above
subsets to be admissible.

If the admissible permutation is given we can to calculate the changed code
(o7, T;wT) (T is the same) as follows.

The permutation of ¢ is transformed into a permutation of ¢”, the cycles of which
are obtained from the cycles of o follows. Let (4, 7) be a cycle o. Then it corresponds

to the cycle (7(4),7(j)) of o7. Of course it means that 6™ =7 1ocgorT.
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To calculate the sequence of words w”, we note that the letters of the words w;
correspond to the cycles o. Namely, if (¢, (i), where ¢ < o(), then this cycle determines
some letter a;. We will write a; o~ (¢,0()), and the index of this letter can be defined
as follows. We write the permutation ¢ in the form of a product of such cycles, order
the factors by the first index and enumerate them according to this ordering. Then j
is the number of the cycle (i,0(7)) in this numbering. Keeping this ordering of cycles,
replace each of them with the cycle (7(i), 7(c(7))), keeping a sequence of characters in
each cycle. The words w] which define the map ¢ a) — w] must be written in the
alphabet A’ = {a!,d’; : i € 1,n} the letters of which denote the same edges of the graph,
renumbered and, possibly, with a changed orientation. The letter a’,, denoting the same
edge of the graph as the corresponding letter a;, is defined by the cycle (7(i), 7(o(7)))
and its number j’ is the number of this cycle in their numbering in ascending smaller
the indices of the permutation cycles of 7. The orientation of this edge coincides with
its initial orientation i.e. aj, = aj, if 7(i) < 7(0(7)), and opposite to it otherwise, i.e.
a;., = aj_l.

Thus, to find the words w7, that define the map of ¢ in new numbering of the ends
is necessary in the correspondences a; — w; to make the appropriate replacement of
letters a; and aj’l on aj and a;,l.

Definition 7. We will say that the solenoid code obtained from given code by means
of the described procedure using the admissible permutation 7 is 7-equivalent to the
initial one.

3. Band surfaces and codes of attractors

The solenoidal representation of a expanding one-dimensional hyperbolic attractor
A of a diffeomorphism f : U — M in Williams Theorem 1 is obtained as follows. A
tubular neighborhood N of the set A which is fibered onto (dim M — 1)-disks lying in
the stable manifolds of the points of A is constructed. The partition of N onto these
disks as leaves is semi-invariant with respect to f so that corresponding factorization
of N defines branched manifold and its expanding map which define the solenoid.

In the case dim M = 2 the tubular neighborhood may be constructed in the form
of band surface 3] i.e the surface II with boundary arranged as follows.

1. There is a finite collection of simple disjoint arcs (called base segments of 1)
I, ..., I, of stable manifolds of some periodic points of f each of them containing
corresponding periodic point. This collection is semi-invariant i.e. f(I;) C Ik, where
w is some permutation on 1,m.

2. There are two partitions D, (upper partition) and D; (lower partition) of each
base segment [;, onto ¢; and t; segments (¢;,¢; > 1). Along some pairs A, A’ € D :=
U.Di" U D, of these segments a band IIa as is glued to the base I := J, Iy. The
band surface is union of this bands. What is more, if z € ANIIa as then the connected
component of unstable manifold intersection W*(x)NIIa Ao/ containing x is the arc with
endpoints on segments A, A’ (called ends of the band) and the connected component
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of stable manifold intersection W#(z) N IIa o/ containing « is the arc with endpoints
on two other opposite edges of IIa o (called margins of band). The collection of all
such arcs of stable manifolds defines partition of II onto 1-discs which is semi-invariant
and define via factorization the branched 1-manifold K and its map ¢ satisfying to the
conditions of definition of a solenoid.

We will also need a combinatorial description of the map f|j7 introduced in [3] to
be a collection of data (0,7, 0;w,E%, E g, L) called the code of the attractor A with
respect to band surface II. These data formally are

1. o is permutation on 1,n (n the number of bands) all whose cycles are of period 2;

2. T =(tf,...,t5;t;,...,t) is asequence of 2m natural numbers (m is the number
of base segments);

3. 0 ={o01,...,0,} — sequence of signs +;
4. w — permutations on 1,m;
5. &5 ={e5,...,e5}, & ={e¥, ... "} — sequences of signs +;
6. g — integer n-vector of natural entries;
7. L=Aly,...,l,} finite integer sequence.
Definition 8. The data set listed above is called a formal code.

To define the geometric meaning of these data let us we introduce the following
agreements.

Let us fix a positive direction (say “from the left to right”) on each base segment;
positive transverse direction (say “from bottom to top”) to each of them. In the case of
orientable surface suppose that each pair of these direction define the same orientation
of the surface.

Now we assign the numbers to the ends A € D of the bands so that for A; € Df
and Ay € D;i/ (s, = £) i < i if and only if either ¢ = +,5/ = — or s = »/ and
Jj<jlorsx=s j=7 and A, lies on I; to the left of A;.

So the permutation o be well defined and it means that the bands are glued to the
base segments along the pairs of ends of the form (A;, A,¢)). The bands are numbered
in such a way that the band IL; is glued to segments Ag_(;), Ag, ;) (B-(j) < B+(4),
a(f-(5)) = a(B+()) = 7).

The numbers ¢}, ¢, of the sequence T denote the numbers of ends of bands which
are glued to the base segment I; to the top and bottom, respectively.

The signs 0; = — of the sequence o means that the band II; is twisted when gluing
and 0; = + in other case. In the case of an orientable surface, there are no twisted
tapes, while for non-orientable ones they should be.

The triple (0,7, 0) is called the configuration of the band surface.
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The remaining data of the code characterize the action of the map fyj on the base
segments and bands.

Permutation @ shows that fiily = lom).

Signs e, are "+"ore "—"depending of whether fi7 move positive direction of I into
positive ore negative direction of I ;). Signs €j; means the same with respect transverse
directions.

Component g; of the vector g is the common number of component of intersection
of the band II; with images of other bands.

Element [, of the sequence L is she number of components of intersection of images
of all bands with that component of I\ f(I_1)), which is to the left of f(I,-1) (I =0
if left end of f(I,-1) coincides with that one of Ij).

In [3], it is shown (Lemma 2.4.1) that the code of the attractor satisfies some
conditions that need to be formulated here. This requires the following notation. By
formal configuration (o, T, 0) define integral vectors V?, (j € 0,¢) and V. (j € {,1 + u,

t=>t  u=3t;)
V) =V :=0; V5 =V 4+ e,

Here €' is the vector with all entries 0 except for i-th which is 1.

k O Tk Tk—l. k e Tm+k’ Tm+k:—1
vi =V -V " vi=V, " -V , kelm

Here T}, = Zle t;r for k<mand 1), =t+ Z§:1 ty
In these terms, the conditions mentioned are
(FC) (VI + VEW, g) > 1 44
(FC2) (VI = V=W, g) = e (i] — )
(FC3) 0 < Loy < S((VTW 4 VEW o) — (17 + t,;)).
Here (-,-) denotes the usual scalar product.

Definition 9. The formal code is said to be admissible if it satisfies to conditions
(FC1-FC3).

In [3] the conditions (FC1-FC2) immediately included in the definition of a formal
code.

We note that condition (FC3) is especially important now, since it implies the
finiteness of the set of formal codes with given n and m, and an estimate of their
number can be easily obtained.

Solenoidal representation of attractor A is obtained from band surface Il and the
map f|7 as follows. Branch points (vertexes) of branch manifold K are images under
factorization of base intervals I}, and them are numbered by the same indexes. So, the
permutation w is the same as permutation of branch points. Partitions of ends edges
of K onto ingoing and outgoing ones corresponds to partitions of segments I onto
upper and lower ends of bands D} and D, . Edges a; of K are factors of bands II;
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and are enumerated y the same indexes. Orientation of the edge a; corresponds to the
"vertical"direction on II; i.e. direction from its end Ag_(;) to Ag,
The Theorem 3.1.1 [3] implies that each solenoidal representatlon of an attractor is
obtained by the method described above.

4. Algorithm for checking the realizability of
a solenoid on the surface

The data o, T, w which give combinatorial description of solenoid enables to find a
part of the data composing the code of the attractor: o, 7, w, g, £* = £. Hence, if the
solenoid is given, it is possible to enlarge these data to obtain the formal code. This
can be done in various ways of specifying missing data o, £®, £. What is more, in the
source data we can replace o and w by performing a permissible permutation 7 of the
indices. In any case, the number of opportunities to do all this is finite and can be
estimated through initial data. Thus, it is possible to consider all the various additions
of the solenoidal code to the formal code.

In [3] an algorithm for checking if the formal code is realizable by some attractor via
some band representation of it is described. It is based on the some ancillary algorithms
(subroutines in terms of computer sciences) i.e. so called Algorithms A, B and D. We
will not give a description of these algorithms here because it requires too much space,
but it is necessary to specify their input and output data along with a brief comments.

Algorithm A.

Input. Formal (n, m)-configuration (o, 7, 0).

Output. 1. The sequence B = {by, b1, ...} of nonnegative integers such that almost
all (but not all) of them are equal to zero.

2. The finite set of nonempty words R = {p, ..., p"} in alphabet A = {a;,a@; : i €
T},

COMMENT. In the case when the configuration on input is indeed that one of
some band surface of the attractor we have by = 0 (it is essential for our goals),
while other elements of B define so called boundary type of the attractor (see [3| for
definition, we need not for it now). The set of words R defines some co-representation
{ay,...,an|pt, ..., p°) of fundamental group of the band surface.

Algorithm B.

Input. Formal (n,m)-code (o, T,0;w, &%, E" g, L)

Output.

1. Formal configuration (3,7 ,0).

2. Ordered set W = {0y, ..., ®,} in alphabet A = {a;,a; : i € 1,n}.
3. Sequence L= {lAl, o ,Tm} of non-negative integers.

COMMENT. If the formal code on input is indeed a code of some attractor then the
data on output (o, T 0) and L are the same as on input, while the sequence of words
w is that one which define the map ¢ : K — K which defines solenoid. In any case w
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defines in the same way as w some integer matrix G and the corresponding vector g.
We will need of them to check the condition of realizability.

Algorithm D.

Input. Formal (n, m)-code (o, T,0;w, &%, E*, g, L); integer N > 1.

Output. Formal (n,m)-code (o, T, 0; @™, 5N gulN) g(N) £(N))

COMMENT. If the formal code on input is indeed a code of some attractor of f
then the code on output is the code of the same attractor considered as that one with
respect to N-th iteration of f.

This algorithm of checking realizability of solenoid as an attractor on surface is
based on the following criteria.

Theorem 3 ([3|, Theorems 3.8.1, 3.8.2). The following conditions are necessary and
sufficient for the realizability of the formal code (o,t,0;w, % E" g, L).

(RCO) The number by calculated by algorithm A is zero and the formal configuration
(6, T,0) calculated by algorithm B coincides with the initial one.

(RCO) The vector composed of the sum of rows of the matrix G calculated by Algorithm
B coincides with g.

(RC2) None of the words in the set {p(p) : p € R} is cyclically trivial. Here $ is the
map a; — W;.

(RC3) The matriz G is primitive.

(RC4) For minimal N € N such that @™ = id, &W) = &™) = 4 and for each
k € 1, m the following conditions hold

(VI Vg™ 1™ i forallie 1t — 1
(VImerat ity Tmeioyg(N) 2 N G for allio e 1,5, — 1

Now we are ready to formulate the desired algorithm.
Main algorithm

Input. An abstract 1-solenoid defined by a branched manifold with m branch
points and n edges given by its solenoidal code (o, 7T;w). (The code must satisfy the
conditions (SC0-SC3)).

Move 0. By the sequence of words w define the permutation @ and the sequence of
signs £ (Definition 4).

Move 1. Enumerate all admissible permutations of 7 and for each (including the
identity) calculate the transformed code (o7, 7;w7).

Move 2. For each of them (we omit the index 7 below) define a vector g by a
sequence of words w and write down all formal codes (o,t,0;w, &% % g, L) with
o= (+,...,4), " =E,E =& or £ = —&" and L satistying to the condition (FC3).
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Move 3. For each of these formal codes check the conditions of Theorem C and, if
they are not satisfied for any of them, to conclude that this solenoid is not realizable
on any oriented surface. Go to move 6.

Move 4. For each code that satisfies the conditions of Theorem C, check equality
W = w, where w is the sequence of words which is calculated for using Algorithm B
and w is that one from initial solenoidal code. If it is not satisfied for any of them,
make the same conclusion.

Move 5. If we find a code that satisfies all these conditions then the solenoid is
realizable on orientable surface. And calculating for these codes (using the Algorithm
A) a set of words R we define via corresponding co-representation of fundamental group
topological types of these surfaces. So we obtain minimal genus of such surface. What
is more, if £° = £ then generating the attractor diffeomorphism preserves orientation
and it reverses it in the case £° = —&". The end of the procedure of the Algorithm.

Move 6. For each of transformed solenoidal codes calculated on the Move 1 write
down all formal codes with all sequences o with at least one entry ”—7, £* = &£, all
possible sequences £° and all sequences L satisfying to the condition (FC3).

Moves 7 and 8. For each of these codes check the same conditions as on the Moves
4 and 5. And if these are not valid for each of them than the solenoid is not realizable
on any surface.

Move 9. If we find a code that satisfies all these conditions then the solenoid is
realizable on non-orientable surface and we can define minimal genus of such one in
the same way as in orientable case using Algorithm A.

The end of the procedure of the Algorithm.
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yPaBHEHUS ¢ Mpeobpa3oBaHUeM OTPayKeHUsl TPOCTPAHCTBEHHON MepeMeHHoi B Kpyre. /lokaspiBaercs
TeopeMa O CyIecTBoBaHuU, (hOpPMe U YCTONIUBOCTH TPOCTPAHCTBEHHO HEOTHOPOHOTO CTAIIMOHAPHOTO
PpeIlleHrs [TOCTaBJIEHHON 3a1a4H.
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Abstract. The paper considers a mixed boundary value problem for a nonlinear parabolic equation
with a transformation of the spatial variable on a sphere. It seems the proof of the existence, shape
and stability of spatially inhomogeneous stationary solution of the problem.

Keywords: parabolic problem, existence theorem, bifurcation, stability.
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BBenenue

B pmamnoit  pabore  mnpojoykKaeTcs — HccieoBaHue  (PYHKIIMOHATIBHO-
nuddepeHImabHOr0  MapadboInIecCKOro ypaBHEHUsI C [Ppeo0pa30BAHMEM IIPOCTPAH-
CTBEHHOI nepemeHHOl. Panee ObLIM M3yYeHbI C/lydan BOSHUKHOBEHUs U JaJIbHeHIast
JIMTHAMUKA PeIeHnit mapaboInIecKoil 3aadn ¢ mpeodpa3soBaHUEeM OTParKEeHUsT MPO-
CTPAHCTBEHHOIT TlepeMeHHO Ha okpyzkHOocTH |1, 3, 4, 8] u Ha npsmoii [2, 7], a Takxke ¢
npeobpasoBaHieM TIOBOPOTa IPOCTPAHCTBEHHOI TlepeMeHHON Ha OKpy2KHOCTH |5, 6.

Uccnenosanune BoimosineHo mpu mojiepxkke [IporpamMbl pazsutust deiepajibHoro
rOCy/IapCTBEHHOTO aBTOHOMHOI'O 00PA30BATEIHLHOTO YUPEXKJIECHUS BBICIIErO 00Pa30Ba-
nug «KpbeiMckuit degepasibibiit ynusepcurer umenu B.U. Bepuajickoro» na 2015-2024
rojibl 110 poekTy “CeTh aKaJIeMuIecKoil MOOMIBHOCTH «AKateMraecKkasi MOOMIBHOCTh
MOJIOABIX yueHbIx Poccun»” B 2017 rony wa 6a3e @PI'BYH UncturyT MmaTemaTnku nme-
uu C.JI. Cobonea CO PAH, maboparopus nuddepeHuaibubIX U PA3HOCTHBIX YpaB-
HEHU.
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1. ITocTanoBka 3ajja4un

PaccmarpuBaercs mapabonmieckoe ypaBHEHUE B KpyTe

COSW . o sin w
ST AT

Lv=v— DAv+ Kvysinw Qu.

v+ Lv=—Kv Que,

(1.1)

rie v = v(r,¢,t) — nckomas dyskmmsa, 0 < r < r, 0 < ¢ < 271, t > 0,
10 (powy 1w h

Av =1L (ple) 4 4 5,2 — oueparop Jlaliaca B IOJISIPHOI CHCTeMe KOOPJHAT.
Ha ypasnenue (1.1) makmaipiBarorcst cieyrommue yciosus: ycaosue Helimana wa

TPaHUIE TIPA T = T'q

v (Tla 2 t)
— =0 1.2
ar ) ( )
YCHOBI/IG IEepuoJNIHOCTHI
v(r,p,t) = v(r, o + 2m,1); (1.3)
ycJjoBrE€ OI'paHUYI€HHOCTH B Ha4aJie KOOp/JIuHaT
00,6, 8)] < ¢ < o0 (14)
1 Ha4daJIbHOE YyCJIOBUE
’U(?“, P, O) = QO(ra 90) — W = . (15)

Jlemma. Jluneiinbie omeparop L ypasrenusi (1.1) mmeer cobcrBeHHbIE (DYHKIHN
BHJA

{Te(Afnr) cos ke, Ji(Ag,,r) sinkp},

KOTOPBIM COOTBETCTBYIOT CcOOCTBEHHBIE 3HAYCHUST

2
¢ =D (,u:_m> + (—=1)*Kysinw + 1,
1

in=D (’%)2 + (1) Kysinw + 1, (16)
k=0,1,2,...,m=12,...,
e Jy(x) — yurmnus Beccestst, iy, — KOpHU ypaBHEHHsI
T () = 0, k=0,1,2,...,m=1,2,.... (1.7)

ILOKaBaTeJ'H)CTBO IIPOBOUTCA METOA0M pa3/ie/IeHUudA IIEePpEeMEHHDbIX.
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2. ®opMyIMPOBKa 1 JI0KA3aTEJIHbCTBO TEOPEMBI

Teopema. Cywecmeyem oy > 0 makoe, wmo ecau 0 < D — Dy < g, ede
D Krysinw —1
1= 9

2
(&

(Him/71)
nue (1.1) umeem dsa acumMnmomuuecku Yemotuusus peuenus 6ula

— nepeoe bugyprayuonroe 3navenue napamempa D, mo ypasre-

D — D,

1/2
_ J1 (XS 1) cos o+
Cl(Dl)) 1( 11 ) @

vi(r,go, D)=~ + <

1 D—D A c c \— c c \— c
b i (o) 5ot (0 — 2067+ (4, — 246 cos2) )

1 (D—D;\*? A3
+ = ¢ _3)X¢ -1 ———A2t2 c_9)¢ -1
31 (01(D1)) (Als ) 1 gt e w(Af ) X
X JHAG ) J3(ASy7) cos 3,
3deco A = —K~ysinw,

A1 _ 1 _

(D) = |5 ~ e (06 - 2607 + 506 - 2607 )| 206 <0
Jlokasamenvcmso. Bynem uckarh perernst ypasHenus (1.1) mpu moMorum MeToia 1eH-
TpaJIbHBIX MHOrooOpasmii. B paccmarpuBaeMoM ciydae HEHTpaJbHOE MHOroobpasue
IpeacTaBuUMO B BHJIE

1 1
U= Z‘]l()‘flle) Cos  + EQZ(Z7 e, D) + 593(27 T, ¥, D)? (21)
riae Qo(z,7, ¢, D), Q3(z,7,¢,D),... GopMbl BTOPOii, TpeThell CTENeHn OTHOCUTEIbHO

z = z(t).
Ha nenTpajbHOM MHOrOOGPA3UU MCXOIHOE ypaBHEHNE IPUHUMAET BT

i=-2,(D)z+ (D)2 + ... (2.2)

Haiinem koaddunumentor pasznoxkenuit (2.1), (2.2). C »3roil meapio mojcra-
um (2.1), (2.2) B ypasaenue (1.1) u npupaBHseM KO3DbUIMEHTHI IPU OJUHAKOBBIX
crenensx z. [Momoxkum Qy = qo(r, )22 Torna ypasuenue jijist onpejeenus ¢(r, )

[pUMET BH/L
(L —2IX¢) g2 = ActgwJZ (XS, r) cos® .

Omnupasich Ha JIEMMY OJJHO3HAYHO HAXOMM BbIDAsKeHUE Jist ¢a(r, )
A C Cc Cc — C Cc —
Q@ (r, ) = b) ctg WJ12()‘117“)[(>‘10 —2)1) L+ (Al — 2A%)) ' cos 290]- (2.3)

[Tonaras Q3 = q3(r, )2, IPUXOAUM K 3aKJIIOYEHUIO, YTO G3 YJOBICTBOPSAET ypaB-
HEHUIO
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1 A
5([’ —3X{1)qs + c1(D)J1(A]yr) cos p = —5 ctg wJi (A7) cos pQqa+

A A
+ T3NS, 7) g Cos¥ + 5y cos 3o, (2.4)
rjie qo(r, ¢) OIpeJiesIeH BBIIIe.

s paspermumvoct ypasaenust (2.4) HE0OX0MMa U JTOCTATOYHA OPTOrOHATHHOCTE
npaBoil dacTu ypasHeHUsi (2.4) peIIeHusIM COOTBETCTBYIOIIEH OHOPOJIHOM 3aadu.
YcnoBrue paspenmMOCTH 9TOTO ypaBHEHUs MPUBOJINAT K OJHO3HATHOMY OIIPE/IeIEHUIO
ko durmenta c; (D)

A 1 A 2 c c \—1 1 c c \—1 2/\c
e Z( ctg w)” [ (Ao —2A%;) " + 50‘12 —2)\7,) Ji(Air) < 0. (2.5)

Cl(D) = 8

Ypasuenue (2.4), upu yKazanHoM Bbioope ¢ (D), mMeeT perenue Toro e Buja, ITo
U €ro HEOAHOPOIHOCTD

(AN 3 c e \— c c
q3(r, @) = ( 13— 3)‘51) ! <_ — A2 Cth wW(ATy — 2)\11) 1) J12()\117“)J3()‘117") cos 3.

4 4
(2.6)
Pemas ypasaenue (2.2) ¢ TOUHOCTBIO 70 KyOUYIECKOTO CJIAraeMOro, IOJIydaeM

e \/ ¢1(D) |
01(D> + exp(2)\fj1(D)(t - C))

Paznoxum A, B okpectHoctu Toukn Di: A, (D) ~ (D — Dy).

U3 ycnosuii ¢1(D;) < 0, A{; (D7) = 0 caeyer, 9To UMeeT MECTO CYHEPKPUTHIECKAST
OndypKanus THIIA «BUIKa» U U3 HYJIEBOTO PEINeHHs YPABHEHUS OTBETBJIAIOTCS JIBa
ACUMIITOTUYECKH YCTOMUNBBLIX PEIICHUS

+ _ D—D, 2 _ 1/2
2 i(qwn> +O((D — Dy)"?). (2.7)

CrenoBaTejibHO, HMEET MECTO CyIepKpUTUdIecKas OudypKamusa PoxKICHUS

ACUMIITOTUYECKM YCTOMYMBBIX HEOJHOPOJIHBIX —CTAIlMOHAPHLIX pemeHuid. B cu-
ay (2.3), (2.6), (2.7) noxyaaem

D— D\ 2
vE(r, o, D %:I:(—1> J1(A\{7) cos o+
( % ) Cl(Dl) 1( 11 ) 2

1 (D—-D;\ A B . o .
+5(01(D1)1> §Ctgw(( fo = 2117+ (Afy — 2X5)) T cos 20) JE (NG )+

1 (D —D;\*? (A
+— A —3A) | ——
3' <CI<D1)) ( 13 3 11) 4
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—%AQ ctg? w(Xé, — 2A§1)_1> JE(XE 1) J5 (X6, 7) cos 3, (2.8)
roe A = —Kvysinw,
(D) = 5 — flherzal? (06 - 260 + 506 - 2607 )| 2060 <o.
UJ
3aKJ/IroueHue

ABTopamu ObLIa JTOKa3aHa TeopeMa O CYIIECTBOBAHIH, (pOPMe U YCTONINBOCTH IIPO-
CTPAHCTBEHHO HEOJIHOPOJIHOIO CTAIIMOHAPHOI'O PEIICHUs CMEITaHHOi KpaeBoii mapabo-
JITYECKON 3a/a4un ¢ IIpeodpPasoBaHUEM OTParKeHUsl IIPOCTPAHCTBEHHON IIepeMeHHOI ¢
ycaoBUSAMU Ha Kpyre. JlokasaTe/sbeTBO OnUpaeTcs Ha METOJ IEeHTPaJIbHBIX MHOI000-
pasuii. [Tokazan MPUHIUIT TOCTPOEHUS aCUMIITOTUIECKOH (DOPMBI POKIAIOIINXCS TTPO-
CTPaHCTBEHHO HEOAHOPO/JIHBLIX CTalUOHapPHbIX peHleHI/IfI n olpeaeJsieHa yCTOﬁ‘IHBOCTb
POXKJIEHHBIX perennii. TeopeMa HOCUT JIOKAJbHBIN XapaKTep, TOITOMY JJIs JlajIbHeil-
arero umcciieaoBanngd JUHaMMUMKH HEOJHOPOIHbIX peHIeHI/IfI H€O6XOLLI/IMO HCIIOJIb30BaTHh
JIpPyTrue MeTOJIbl, HAIpuMep MeToj1 ['aiepKuHa.
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MetaycToiiunBble CTPYKTYPhI YPaBHEHUS
Kana-Xummiapaa
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Amnnoramnusa. Ha orpeske paccmarpuBaercs ypasuenne Kana-Xuurapaa ¢ kpaesbiMu yeimoBusamu. s
UCCJIEJIOBAHUS 33/]a91 O METAYCTOWINBBIX CTPYKTYPaX PACCMATPUBAEMOTO yPaBHEHHS HUCIOJIb3yeTCs
meros lamepkunaa. CTaloHAPHBIM TOYKAM CHCTEM OOBIKHOBEHHBIX Jn(dEPEHINATHHBIX yPABHEHHIH
OTBEYAIOT PUOJIMKEHHBIE CTAIIMOHAPHBIE PEIeHUs] UCXOAHON 3aaun. B 9TuxX cucreMax peajn3yercs
6orarTbeiii HAOOp CeI0-y3JI0BbIX Oudypkamnuii. HenmpepbIBHBIM BETBsIM HEIOJBUKHBIX TOYEK, KOTOPHIE
POXKIAIOTCS B PE3yJIbTATE ITUX CEJJIO-Y3JI0BBIX OndypKaIuii, 0TBEe9alOT HellPEPhIBHbIE BETBU TPHUOJIU-
JKEHHBIX CTAIMOHAPHBIX PEINIeHuiT NCXOTHON 3a/1a4uu. B pabore moka3aHo, 910 TpUOINKEHHBIE CTAIIHO-
HAPHBIE PEIeHns], B3sThle B KAYECTBE HAYAIbHBIX (DYHKIIUH UCXOMHOM 38891, TIOPOXKIAIOT MEJIJIEHHO
MEHSIIONIAEC PeIleHus (MeTayCTORIUBbIE CTPYKTYPBI).

KuroueBbie ciioBa: MeraycToitamBbie CTPYKTYPbI, MeTo, ['arlepkuHa, rpajJueHTHas cucrema, oudyp-

Kallisl, BHyTPECHHUI IIepeXONHBINA CJION.

Metastable structure of the Cahn-Hilliard equation

S. P. Plyshevskaya
V.I. Vernadsky Crimean Federal University, Simferopol 295007.

Abstract. The Cahn-Hilliard equation at a segment with the boundary condition is considered. For
the construction and analysis of stationary solutions of slowly varying solutions we use the Galerkin
approximations of the average dimensions (30 — 40). It is found that in two-parameter families
of differential equations there are realized saddle-node bifurcations, to the continuous branches of
stationary solutions of which, the continuous branches of approximate stationary solutions of the
transition layer type with two and three transition points correspond. These solutions generate
metastable structures (slowly varying solutions). The analysis conducted suggests that the use of
the Galerkin method in the problem of metastable structures leads to qualitatively and quantitatively
correct results.

Keywords: metastable structure, stability, Galerkin’s method, gradient system, bifurcation, internal
shock layer.

MSC 2010: 35B32, 35B35, 35K35, 35K55
1. ITocTanoBka 3aja4u
Jannas paboTa IIOCBAIIECHA UCCJICIOBAHUIO MEJIJICHHO MEHSIONMXCS PEINICHUIT ypaB-
HEHUS ,
U = (—%Uppy — U+ 1)y, O0<ax<m, >0, (1.1)
uz(0,8) =0, uy(m,t) =0, Upee(0,8) =0,  Upge(mw,t) =0, ’
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rie € > 0 - MocTosiHHAA.

[Tapamerp €2 apngercs Ko3DhUIMEHTOM IPU TPaJINEHTHOIN SHEPrun B (DYHKIINOHA-
se T'uns6ypra-Jlangay u mpornopuuona/eH BeJITYuHe MOBEPXHOCTHON SHEPIUH Ha MEXK-
dazHoil rpanmIle, BOZHUKAIOIIEH Ipu pacciaoennu KoHmneHTparuu nupu 1 — 1., roe T,
— KpUTHYecKasl TeMIepaTypa. II0CKOIbKY €JIMHCTBEeHHBIM MEXaHU3MOM IIepeHOCca aTo-
MoB sBjistercest uddy3uonnblii MexanusM (cM., Harnpumep, [6]), To €2 o< D, rue D —
ko3bdurment auddyszun [1].

Kpaesas zajaqa (1.1) gomyckaer cyIliecTBOBaHUE aTTPAKTOPA: T.e. IPU ¢ — 00 eé
pellleHnsl CXOAATCS K PellleHHAM CTAlMOHAPHON 3a1a41

(—%Upe — U+ U)o = 0, 1p(0) = Up(T) =0, Uy (0) = Ugge () = 0. (1.2)

D70 yTBepXKICHNE JTOKA3aHO B [4].

UccenenoBanne KUHETUKA PACCIOEHNsT B OMHAPHBIX CMECAX C 3aJIaHHON KOHIEHTPa-
el KOMIIOHEHTOB SIBJIAETCS OHOM U3 aKTYaIbHBIX 33189 (PU3NKHA KOHIEHCHPOBAHHOIO
cocrostus [1].

VYpasuenne Kana-Xwuuiapaa (1.1) - 970 ofiHa U3 caMbIX 3HAMEHUTBIX MOJIEJIeil, KO-
TOpas OIKCBIBAET TPOIECC M30TEPMUYECKOr0 pasjieienus (a3 KoHieHnTpanuu [3|, rie
HensBecTHas (DYHKIUSA ABJISeTCH KOHIEHTPAIuei OHOi 13 KOMIIOHEHT GUHAPHOH cMe-
cn.

Ypasuenne Kana-Xumrapzaa (1.1) paccmarpusasiocs B paborax MHOTHX aBTOPOB. B
JacTHOCTH, B [1] paccmaTpuBaeTcs GuHAPHAS CMECh, KOTOPasi TPAHUYIHT € HOJIOZKKOMN 1
BaKyyMOM 1 0oOpasyer ILIEHKY. Paciipe/iesienne oHOM 13 KOMIIOHEHT CMECHU OIIUCHIBAET-
cs ypasHenueM Kana-Xumapia ¢ HECUMMETPUIHBIMU IPAHUIHBIME YCJIOBUAMHE, YU~
THIBAIOIIUM IPOIECCHI (CMAaYMBAHS ), TPOUCXOJAIINE HA TPAHUIIE U IIPUIIOBEPXHOCTHBIX
CJIOSIX TIJIEHKK U, BO3MOXKHO, BJIMSIHIE BHEITHErO MOCTOSTHHOIO MArHUTHOT'O IOJIS.

[Tpu crnmHOZAIBLHOM paciiaje MOKHO HabJII0JaTh CIHOHTAHHBIC KOPPEJIMPOBAHHDBIE
[OBEPXHOCTHBIE 1(UJjin) 0O6'bEMHBIE CTPYKTYPbI, COCTOSIIIIE U3 KJIACTEPOB MOBBIIIEHHON
(nonmzkenHoit) Kouenrpanuu. B paborax |5, 6] ypasuenune Kana-Xusiapaa moiesu-
pyeT pacipejeseHie KOHICHTPAIIUN.

B pa6ore [3| N. Alikakos, P. W. Bates, G.Fusco (1991) nokaszano cymiecTBOBaHme
MeTayCTONYMBBIX CTPYKTYDP (MEIJIEHHO MEHSIONMXCcs pertennii) ypasaenus (1.1) npu
MaJIbIX 3HAMEHHSX IapaMeTpa £2.

B ngannoit pabore paccMaTpuBaeTcs CIeLyIomas 3a1a9a; MoKa3aTh ¢ IIOMOIILIO YhC-
JICHHBIX PACYETOB CHeHApUil BOZHUKHOBEHUS IIPH yMEHBLIIEHHU IIapaMeTpa £2 MeTa-
YCTOWUIUBBIX CTPYKTYD (MEJJIEHHO MEeHsIoImXcst periennii) ypasaennst (1.1). st pe-
HIEHUS STON 381891 CTPOUTCA M IMPOBOIUTCH aHAJNS3 NEPAPXUH YIIPONIEHHBIX MOJIE/Iel
ypasaenusi (1.1) — ranepkunckux anmnpokcumMaruii (1.1).

ISSN 0203-3755 Turamudeckue cucremsbr, 2018, Tom 8(36), Ne3



METAYCTOWYUBBIE CTPYKTYPhI 283

2. Annpokcumanuu ypaBuenus (1.1)

PaccmorpuM rajiepkrHCKYO anmpokcumaruio ypasaenus (1.1) B Bue

N
u=z+ sz cos k. (2.1)
k=1

[Mogcrasum (2.1) B (1.1) u npupasusiem 3arem koaddunuenTsl npu cos kr, k =
0,..., N. B pesyabrare npuxoauM K IpaJdeHTHONR CUCTEMEe YPaBHEHHMIA:

_8GN(Z, 8)

E=1,...,N 2.2
aZk; ) ) ) ) ( )

b0 =0, %=
riae z = (2o, ..., 2n ), a Gn(z, €) — moreHnuatbHast PYHKIWS, IPEICTaBIEHIE KOTOPOIi
OILyCTHUM.

13 nepBoro ypaBHEHHsI CUCTEMBI CJICAYET, UTO 2y = CONSt = @ ABJIACTCA IIOCTOSH-
HBIM IIaPaMETPOM.

B cucreme (2.2) cemeiicrso pemennit +(a,0,...,0), a € R, ycroiiuuso npu &2 > 0,
ecmu |al > % Ecmu |a] < ﬁ, TO ceMelicTBO pelenuil ycroituuso npu 2 > 1 — 3a?.
Pemenus +(1,0,...,0) ycroituusn mis €2 > 0. [Ipu nepexojie napamerpa €2 uepes
snadenne 2 = 1 — 3a? cemeiictso pemennit 4=(a,0, ..., 0) cTaHOBATCS HEyCTONUMBBLIM
¢ nujekcoMm meycroiunsoctu 1. B pesynbrare sroit 6mypkanun or cemeiicTBa perme-
HUil OTBETBJISAIOTCA JIBe BETBU HENOJBUZKHBIX Touek +2z'(e, N, a), onpejenénnnle 1o &
na [0, 1 — 3a?). Bee kommonentot 23, (¢, N, a), k=1,2..., naxogarcs B6/uszu 0, npu-
uéM z{ > —zi > zi > .... CiejoBaTe/bHO, CIIpaBeJIMBO CJlejlyIolee IPUOIIMKEHHOe
PaBEHCTEBO:

N
v1(z,e,a) = a+ Z 2 (e, N, a) cos kz. (2.3)
k=1

Cornacro [3] pu jocraTouno Maibix €2 u dbuxkcuposannoM a dbyHKIUM (T, €, a)
OJIMBKN K CTYNeHIaThIM (DYHKIUSAM CO 3HAYeHUAMHN 1, —1 1 ofHOI TOUKOH nepexoa.

Awnanus menpepoisaoit Betu 2! (e, N, a) HenoaBuKHLIX To4eK (2.2), BBIIOJTHEHHDIIT
st N ot 30 710 40, paBencTBo (2.3) 1aéT ocHOBaHMe JJIs CJISIYIONUX 3aKT0YeHni. Ec-
mm 1 —3a%—&? > 0 maso, To dyuKIma (7, €, a) UMeeT KBa3UrapMOHUYECKYI0 (hOpMy
¢ MaJioit ammuryoit. Pemenue ;1 (z, €, a) MoHOTOHHO yObIBaeT Ha mpomexyTke [0, 7,

npudeM npu a = 0 @1(57&@) =0, ¢i(mr—z,e,a) = —pi(x,e,a).. na kaxmoro
dburcuposannoro x, Hanpumep, npu a = 0 x € [0,7/2), ¢1(x, €, a) MOHOTOHHO BO3pAac-

TaeT UpU yMEHbIeHUH mapamerpa €, ¢1(z,e,a) — 1, ¢ — 0. Ilpuuém ¢ yBeamaennem
a TIPOMEKYTOK, Ha KOTOpoM dyHKIWs ¢1(x,€,a) — 1 Bo3pacraer. Cieyer orMeTnm,
4TO IpaBas 4acTh paBeHCTBa (2.3) IpH MabIX €2 B cuiTy sBjenust [ ub6ca Kosebercs.
Takum obpasom, ykazaHHOe BbIIIe TOBeeHne GyHKIMI (-, €, a) cornacuo (2.3) mpu
MaJIBIX €2 cIpaBeI/InBO 10 MOJIYJIO aBjaeHns ['udoca.
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Crenys [2|, ¢ momormpio TpUHIMNA TOJ00US MOYXKHO IMOCTPOUTH, ONUPAsACh Ha
v1(z,€,a), pemenus ¢i(r,e,a), k=2,3,..., kpaesoii zagaqau (1.2). [lycrs p(z, ¢, a)
- omm4HOe or HyJs pemienne (1.2), ompemesnennoe st Beex 0 < ¢ < a. IIpomosn-
KM DYHKIWIO ©(T,€,a) HA TPOMEXKYTOK [—7,0) 9€THBIM 00pa3oM, a 3aTeM Ha BCIO
OChb T TIO IePUOJINYHOCTH ¢ rtepuojioMm 27. Torma rpu jirobom HaTypaabHOM k (DyHKIISA

a
o(kx, ke, a) 6yner ynosaersoparh kpaesoit 3ajade (1.2) aig Beex 0 < g2 < T Orcrona

1
BBITEKAET, YTO Ha IpoMexRyTKe () < e? < E CIIpaBeJJIMBO PABEHCTBO:!
or(x,e,a) = p1(ke, ke a), k=2,3,... . (2.4)

1
JTunamuka po(x, €, a) IpU YMEHBINEHUH €2 OT KPUTHICCKOTO 3HAYEHHST Yo 3a? cnenyer

u3 pasencrba (2.4). TlomuepknéMm, 9To IpH MalbIX &2 @o(T,€,a) ABIAETCS PeIleHt-
em (1.1) Tuna BHYTPEHHErO MEPEXOHOTO CJIOS C JIBYMS TOYKAMU [EPEXOJIA.

[lepeiiziém Temepb K Bompocy o6 ycroifumBoctu +gi. Dra napa pemennii (1.1)
pOXKJIaeTcd yCTONUMBON. XapaKTep YCTOMYUBOCTU 11 COXPaHAETCS Ha IMPOMEKYTKE
0,1 — 3a?) usmenenus napamerpa 2. Touku crekTpa HenoBuzKHON Toukn 2! (g, N, a)
s Beex 0 < €2 < 1 — 3a® jeskar Ha OTpUIATEILHOM MOIYOCH W IPU yOLIBAHUU £2
COMMKAIOTCA: MaKCUMaJIbHas TOYKa yObIBAET, MUHUMAJIbHAsT BO3PACTAET.

[lepeitiém  Temepb K BoOImpocy OO0 YCTOWYUBOCTH CTAIIMOHAPHBIX — PEIIeHU

+po(x, e, a). Dra napa pemenuit (1.1) poxgaercs npu £2 = 1 3a? meycroituupoit ¢

MHJICKCOM HeyCTOiInBocTH pasHbIM 1. XapakTep ycroitumsoctu pemennit +po(z, €, a)

coxpaHsleTcs, a eJIMHCTBEHHOe I0JI0KUTEe/ILHOe COOCTBEHHOe 3HAaUYCHUe CIeKTPA, IKCIIO-
C

HeHImaabHo Maso, Oe™ < ).

s ananusa noseenns ciiekTpa pertennst (1.1) po(2, €, a) Ipn cpeiHnx 3HaeHIIX
napameTpa &2 obpaTumcst BHOBb K cucteme (2.2). Jlst kaxaoro N B cucreme (2.2) npu

YMEHbIIEHNU IIapaMeTpa 52 " €ero Iiepexoae 9epe3 sHadeHue — — 3&2 MHIECKC HeyCTOﬁ—

YUBOCTU CeMelicTBa pelleHnii yBejumduBaercs Ha 1. B pesynbrarte 3Toit Oudypkrarmm
OT ceMefcTBa peIleHnii OTBETBIIAIOTCS J[Be HEIPEPHIBHbIE BETBU HEIO/BUKHBIX TOYEK
+2%(e, N, a), onpenenéunnie na [0, 272 — 3a?). Bee neuérnbie komnonentsl z2(g, N, a)

pagubt (. Yérnble KoMmonenTo! 24, (g, N,a), k= 1,2,..., OTJIMYHBI OT HyJIsl, IPUYEM
22 2 >0, k=0,1,.... Cregosare/bHo, CIpaBeJIMBO ClIeJlyTolee IPuOINKEHHOe
PaBEHCTBO:
m
po(,e,a) = a+ Zzgk(g, N, a) cos 2kz, (2.5)
k=1

m-+1= N,ecsmu N — nweuétno, m = N,eciu N — 4YETHO.

Pacemorpum 371ech 3a/1ay 0 MOBEJIEHUN MAKCHMATHHOIO COOCTBEHHOIO 3HAYCHHUSI
perenns @o(x,€,a) IpU CPeJHUX 3HaveHusaX mapaMerpa 2. O6paTuMcs B 3TOfl CBd-
31 K BONPOCY O JMHAMHUKE 110 IAPAMETDPY £2 MAKCHMAJBHOTO COOCTBEHHOIO 3HAYE-
mus A (e, N, a) nenonsmkubix Touek 22(g, N, a) cucrempr (2.2). Crnekrp ycroitunsocTn
2*(g, N, a) Je:KuT Ha BENIECTBEHHOI OCH, & ero MakcuMa/ibHas Touka A\; = Ai(g, N, a)
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1
1P MaJIbIX 1 3a? — €2 > (0 mpmHaIeKUT HOJOKUTEIbHOH Toayocn. OcraibHble

1
TOUKH CIIeKTpa HenojsuzKHoil Touku 22(e, N,a) aua seex 0 < &2 < 1 3a? nmexxar

Ha OTPHIATE/ILHOM TI0JyOCH U NPU yObIBAHUM €2 COMMAKAIOTCS: MAaKCUMaJIbHast TOUKA
yObIBaeT, MuHnMaJsbHast Bo3pacraer. Coryiacno ancieHaomy anaansy it 30 < N < 40
noseienne \; sasucut or N. Eciim N — uérno, To \; yonBaer npu yobisanun £2. Ilpn
IpuOJIMKEHNHT A; K HYJIIO CKOPOCTb U3MEHEHHs \; yMeHbiaercs. [Ipu srom Boiiessiercs
unrepsan (e2(N),e2(N)) usmenenust €2, na KoTopbix Ai(g, N, a) MeJJIEHHO MEHAETCS
BO/m3n mysst. [Ipu yOpisanmm €2 or 3Havenus £2(N) A\ IPUHEMaeT OTPHIATETbHBIE
3HAYEHUsI ¥ MeJJIEHHO, MOHOTOHHO yObiBaer. [lycte N — meuérHo. Torma Ai(e, N, a)
He NIPUHUMAaET OTPHIATEJbHBIX 3Hadenuil. [Iporecc meennoit sBosmomun \; Ha nH-
tepsasie (¢2(N),e3(N)), na KOTOPOM | IPHHAMAET MAJIbIE [OJOKUTE/IbHBIE 3HATCHHUS,
IIEPEXOJIUT B CTaJIMIO MEJJIEHHOO MOHOTOHHOT'O BO3PACTAHUS MPU YMEHBIIEHUH €2 OT
e2(N). Ormerum, uro Bospactanue N npusogut K Bozpactanuio £3(N) —e2(N) u y6ui-
Banuio 3(N).

[Tyctb a = 0.3. Ilpuseaém wunocTpupylomue npumepsn: £5(29) ~ 0.02, £3(29) ~
0.04; 2(0.04,29,0.3) = 0.00007, A;(0.02,29,0.3) = 0.00002, A;(0.01,29,0.3)
0.001; £%(30) ~ 0.03, £2(30) ~ 0.04;  A;(0.04,30,0.3)
0.00007,  A1(0.03,30,0.3) = 0.0000076, A;(0.02,30,0.3) = —0.00004.

1
Junamuka @3(z, €, a) Ipu yMeHbIIEHUH £2 OT KPUTUUECKOTO 3HaueHus — — 3a® ciie-

ayer 3 pasenctBa (2.4). [oguepkuém, uro npu Masbix € @3(z, €, a) ABIETCS pere-
aueM (1.1) Tuia BHYTPEHHErO IIEPEXOHOTO CJIOS C TPeMsl TOUKAMHU IIePEXO/Ia.
[lepeitgém Termepb K BOINpPOCY OO0 YCTOWYUBOCTH —CTAIMOHAPHBIX — PEIICHUT

+p3(x,e,a). ra napa pemennii (1.1) poxgaercss npu £2 = 9 3a® HeycTOWIMBOI
C MHJIEKCOM HEYCTONYINBOCTH PABHBIM 2.
s ananmusa noseenns criektpa pererns (1.1) ps(z, €, a) pu cpeHIX 3HATCHIIX

napamerpa €2 obpaTumcst BHOBB K cucreme (2.2). T kaxaoro N B cucreme (2.2) npu

YMEHBINEHIN HapaMeTpa €2 1 ero Iepexo/ie uepes3 3HadeHne — — 3a2 MHJEKC HeyCTOod-

YUBOCTH CeMeliCcTBa pellleHnii yBeJimunBaeTcs Ha 1.

B pesysibrate sroii budypkamnun oT ceMeificTBa perieHuii OTBETBIISIOTCA JIBE HEllpe-
PbIBHbIC BETBU HENOJABHKHBIX Touek *23(g, N, a), onpenenénnbie na [0, 372 — 3a?).
Komnonentst 25, (2, N,a), k=1,2,..., ormmunsl or mynd. Ciie0BaTe IbHO, CIPABE]I-
JIUBO CJIEJIyIOlee TPUOINKEHHOE PABEHCTBO:

p3(x,e,a) = a+ Z 23 (e, N, a) cos 3k, (2.6)
k=1
m = Nyeem N = 3, | = 1,2,...; m = N —2ecm N =3 +2, [ =
1,2,...; m=N-—1l,ecm N=3l—-2, [=23,....

[lepexouM K aHaIM3y CHEKTpa HEMOJABUKHLIX Touek =+2z°(g, N, a). Touxu
+23(e, N, a) poxjalorcsa HEyCTOMYMBBIMU C UHJIEKCOM HEyCTOWYMBOCTH 2: JiBe TOUKH
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cuekrpa Ai(g, N,a) > Ay(e, N,a) > 0, a ocTaJabHbIE TOYKU PUHAIJIEIKAT OTPULIATE b
Hoit Trosyocu. IIpn yMeHbIIenny mapaMeTpa €2 OTpHIATeIbHbIe TOUYKH CHEKTPa COMH-
JKAIOTCS: MaKCUMaJIbHasg TOYKa yObIBaeT, a MUHUMAJIbHASA BO3pacTaeT. SHAYNTEIbLHbIA
UHTEpEC MpeJIcTaBisieT Bopoc o nosejenun (e, N, a), k = 1,2. Ilpusenem 3mech pe-
3yJIbTAThI aHAJIN3a 0 ToBeJeHnn \;(e, N, a), k = 1,2 mua 30<N<40. IIpu ymenbiieHnn
napamerpa &2 gyuxuun \y(g, N, a), k = 1,2, MOHOTOHHO yOBIBAIOT U IPUOJIMZKAIOTCS K
uy/o. [Tpu mojaxoie 3rux PYHKINH K HYJII0 CKOPOCTH UX U3MEHEHUsI CTAHOBUTCS MAJION.
[Ipu TOM HaBJIIOAINCH HHTEPBAIbl U3MEHeHUs €2, Ha KOoTophiX \x(e, N, a), k = 1,2,
MEJJICHHO MEHSIOTCS BOIM3K HyJ/Is. YKasaHHbIe HHTepBajbl 3apucat or N. Ilpu yeio-
BUM YMEHDBIICHUS €2 U BLIXOJA U3 COOTBETCTBYIONIEr0 HHTEPBAJIA MEJICHHON 9BOJIOINH
IMeeT MeCTO MOHOTOHHOe yObIBaHme min Bozpacranue (e, N,a), k = 1,2. Oyuximnm
Ai(e,N,a), k=1,2, monoronHo yo6siBator, ecsiu N =614+6, N =61+7, [ =0,1,...,
U [EPEXOSAT C IOJOKUTEJHHON Ha OTPUIATENBHYIO IOoayocu. [loguepkuém, 4ro 3Ha-
JeHus IapaMerpa £2, IpH KOTOPBIX PeaIn3yercd 3TOT IIePexXojl, ABIAIOTCS JJOCTATOUHO
omuskumu. g N = 30, a = 0.1 B KadecTBe WJIIOCTPAIMN YKA3aHHOI'O ITOBEJICHUS
criekTpa +23(¢, N, a) npuBojsTCst €ro 4eThipe Hanbo/IbIINe TOUKH:

e =0.016, {-—17.497,—14.593, 0.00011, 0.00344};

e2 =0.015, {—17.541, —14.758, —0.0002, 0.00230};
e2 =0.014, {—17.579, —14.923,—0.0006, 0.00135};
e2 =0.013, {—17.610,—15.088, —0.0013, 0.00057};
e2 =0.012, {—17.633,—15.251, —0.0025, —0.00005};
e2 =0.010, {—17.648, —15.567,—0.0072, —0.00144};
€2 =0.001, {—17.487, —16.568, —1.2095, —0.34948}.

[Iycts Tenieps N =6l —1, [ =1,2,.... Toryma umeer MecTo MeJIJIEHHOE yBEJTHYCHUE
Me(e, N,a), k = 1,2, upu ymenbiienun napamerpa &2. Ilepexos stux dbynxuuit uepes 0
He HaOMoMaeTcd. B KadecTBe MITIOCTPAIME YKA3aHHOTO TTIOBE/IEHUS CIIEKTPA ITPUBEIEM
npumepsl i N = 35, a = 0.1. [Ipu aroMm, KaK u BbIIe, yKazKeM deTbIpe HanbOoJIbIIne
TOYKH CIIEKTPA:

e =0.014, {-17.576,—14.923, 0.0020, 0.00029};

2 =0.013, {—17.606,—15.088, 0.0015, 0.00028}:
e2 =0.012, {—17.627,—15.250, 0.0012, 0.00032}:
e2 =0.011, {—17.637,—15.411, 0.0012, 0.00042};
2 =0.010, {—17.634,—15.566, 0.0017, 0.00058}:
2 =0.001, {—15.440,—15.149, 0.9990, 0.30013}.
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[Iycte Teniepp N = 6l +2, N =6l +3, N =6l+4, | = 1,2,.... OyHxiuun
Mi(e,N,a), k = 1,2, MOHOTOHHO yOBIBAIOT U A, N,a) MEPEXOJUT € TOJOKUTE b
HOIT Ha oTpunaTeabHyI0 nosyocu. Torga kKak Aj(g, IV, a) He IPUHUMAET OTPUIATETHHBIX
sunadenuii. [Iporecc MeieHHOI 9BOTIONUET ) HA UHTEpPBaJie, Ha, KOTOPOM A; IIPUHIMA-
€T MaJible IIOJIO2KHUTEJ/IbHBbIC 3HaYCHU A, IIEPEXOaUT B CTaJUI0 MEIJIEHHOI'O MOHOTOHHOI'O
BospacTanus pu yMenbnennn £2. na N = 34, a = 0.1 B KadecTBe WILTIOCTPAIINH YKa-
3aHHOTO MoBeJleHns ciekTpa +23(g, N, a) IpUBOJAATCA ero YeThbipe HauGOJIbIIIe TOUKH:

e2 =0.012, {—17.627,—15.250, 0.00013, 0.0008};

€2 =0.011, {—17.637,—15.411, 0.00009, 0.0005};
2 =0.010, {—17.634, —15.566,—0.00002, 0.0006}:
2 =0.001, {—15.473,—15.149,—0.00983, 0.3107}.

3. MetaycToiiuuBblie CTPYKTYPbI C AByMs TOYKaAMU Hepexoaa

B rpajumentHbix cucremax (2.2) pasmeproctu N COTIaCHO MpoBejieHHOMY Oudyp-
KaIMOHHOMY aHam3y g 3uadenuit N ot 30 o 40 peanusdyercd MIMPOKHI CIHEKTP
CeIIO-y3II0BLIX O6I(ypKAImil IPH MaJIbIX 3HAMEHUAX ITapaMeTpa 2. B pesyabraTe 6u-
dbypKarmu cejio-y3ei1 B JIByXIapaMeTpryIecKoil cucreme (2.2) HOSIBIISIIOTCS JIBe Herpe-
PLIBHBIC 10 €2 BETBU CTAIIMOHAPHBLIX TOYEK, MHJEKCHI HEYCTOMYUBOCTH KOTOPBIX OTJIH-
JaloTcd Ha 1. DTH BEeTBU CTAIIMOHAPHBIX TOYEK ONPEICICHBI I BCEX TOJIOKUTETbHBIX
3HAYEHUN apaMerpa €, KOTOPbIe MEHbIIIE COOTBETCTBYIOIIero budypramuontaoro. Pac-
CMATPUBACMBIM JIBYM BETBSM CTAI[MOHADHBIX TOUeK (2.2) orsedaior B cmiay (2.1) ase
HePEePbIBHbIE BETBH MPUO/IMIKEHHBIX Pelllennii Kpaesoii 3a1aun (1.2) tuna BHyTpeHHe-
'O [IEPEXOJHOTO CJI0st. ByeM roBopuTh, 1aro npub/imkenHbre perienns (1.2) ykazaHnHOTro
THUIIA TOPOXKJIAIOTCS CeJII0-y3JI0BbIME Oudypkanusyu B cucreme (2.2). Hekoropsie u3
ceI0-y310BbIX GudypKanuii B (2.2) MOpOXKIAI0T HENPEPLIBHBIE 110 €2 BETBU MPUO/IH-
JKEeHHBIX DellleHnii KpaeBoil 3ajaun (1.2) Tulia BHYTPEHHEro IIePEXOHOTO CJIOSI C JIBYMs
Toukamu nepexoja. Cesio-y3/0Bbie OHMYpPKAIUN B 9TOM Cydae 00JaaloT CJIe/LyIo-
IIIUMU CBOfiCTBaMU. XapaKTep YCTOWYMBOCTH COOTBETCTBYIONINX BETBEN CTAIIMOHAPHBIX
ToueK (2.2) He MEeHsIeTCsI, a MAKCUMAJIbHBIE TOUYKH UX CIHEKTPOB MEJJIEHHO OTXOJSIT OT
HyJISE ¢ yMEHbBIIEHIEM apaMeTpa 2. TUMH cBoiicTBaMu 6udypPKaIN CeI0-y3ell YKa-
3aHHOT'O BBIIIE THUIIA BIIOJIHE OIPE/IEISTIOTCS.

PaccmoTpuM onuH #3 clieHApUeB SBOJIIONNNA MeTayCTONYMBBIX CTPYKTYD C JIBYMS
Toukamu mepexojia. OH XapaKTepu3yeTcs Mepexo0oM MeTayCTONINBOM CTPYKTYPHI 0~
cJle CPaBHUTEILHO MAJIOTO MO CPABHEHUIO C TAIOM MEJJIEHHOI'O U3MEHEHUs IePeXo/I-
HOI'O IIPOIeCCa B KJIaCC METAYCTOMYMBBLIX CTPYKTYP C OJHON TOYKON Ilepexoia.

DTOT BapUAHT IBOJIIONMUHN XapPAKTEPEH MeJJICHHBIM JBUKEHUEM IPU yBeJIUIeHun t
[IpaBOil TOYKM TePeXoJla PACCMAaTPUBAEMON CTPYKTYPBl K T W MeJJIeHHBIM YKe JBU-
JKEeHUeM JIeBOH TOUYKHM Iepexojia K ojiHoil u3 Toyek npomexxyrka (0, 7). Beuay nnsa-
puantHoctu (1.1) orHOCHTETBHO Tpeobpa3oBanuilt x — m — x ypasuenue (1.1) mmeer
COIIPSI?)KEHHYIO CTPYKTYPY C OUEBHIHON IBOJIIONMEH TOYEK I1€PeXo/ia.
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Kax BblIiie oTMedaoch, B rpajineHTHBIX cucremax (2.2) pazmeproctu N peasmsyer-
¢ MUAPOKUIA CIIEKTP CeJJI0-y3JI0BbIX Oudypkalmii. PaccMoOTpuM MOPOXKIEHHBIE CEJIJIO-
Y3JI0BbIMU OM(DYPKAIUSMI HEIPEPBIBHBIE BETBU HEIOJBIKHBIX TOUEK (2.2), KOTOPHIM
B cuity (2.1) oTBedaroT JiBe HEMPEPBIBHBIE BETBY MPUOJIMKEHHBIX PEIleHuii KpaeBoii 3a-
maan (1.2) Tuna BHYTPEHHETO MEPEXOIHOT0 CJI0sl ¢ IBYMsI TOUYKaMHU Hepexo/a. Kaxtas
[apa HeIPEpPBIBHBIX BeTBeil HEMOJIBUKHBIX TOUEK (2.2) YKA3aHHOIO BBIIIE THUITA Me]l-
JIEHHO MeHsdeTcd TIPH yMeHbIennn napamerpa 2. CreoBaTebHo, MeJIeHHO MEeHAIOT-
Csl TIPH 9TOM M COOTBETCTBYIOIIME MM BETBH NPUO/IMzKeHHbIX perternii (1.2). Ormernm,
4ro HaiiTu GudypKalUOHHbIE 3HaYeHHs IapaMeTpa &2, KakK IIpaBuUiIo, He ynaércd. B
STOI CBA3MU JaJiee IPUBOAATCS UX HPUOINZKEHHDBIC 3HAUCHH £2 1 IS KazKJI0T0 U3 HUX
COOTBETCTBYIOIIHE CTAIMOHAPHBIE TOUKHN (2.2), MHIEKChI HEyCTORINBOCTH KOTOPBIX OT-
Jmdaiorced Ha 1. PeanusyroTes ciieiyroniye JiBa ciydas:

1) ofiHAa U3 HEMOJBUYKHBIX TOYEK — YCTOWIHBA, JIBE ee OIM3KIe HYJTI0 TOUKH CIIEKTPa
[IPUHA/JIEZKAT OTPULIATE/IHLHOM ITOJIyOCH, Y BTOPOIi 2Ke JiBe OJIM3KUE HYJII0 TOYKHU CIIEKTPa
JIEYKAT 110 Pa3HbIe CTOPOHBI OT HYJIS;

2) nBe GJIMBKIE HYJTIO TOYKHU CIIEKTPA OJ[HOMN U3 HEMOBUKHBIX TOUEK JIEZKAT 10 Pa3-
HBIE€ CTOPOHBI OT HYJIdA, Y BTOPOil 2Ke JiBe ee OJIM3KKE HYJII0 TOYKHU CIIEKTPa ITPUHAICKAT
MTOJIOXKUATEIbHON TToJ1yocu. [lojluepKHEeM, YTO MHJIEKC HEYCTOWIUBOCTU HEIIOIBUKHBIX
TOUEK Ha KarKJ0il ee HelpepbIBHOI BeTBHM coxpaHgeTcd. IIpw 3ToM ¢ yMeHbIIeHHEeM
napaMeTpa £2 JBe MaKCUMaJIbHbIe TOUKU CIIEKTPa HEIOIBUKHBIX TOUEK MeJJICHHO OT-
XoHAT oT Hy/ist. OcTaJbHbIe TOYKHU CIIEKTPA IMPUHA/JIE’KAT OTPUIIATETLHOM MTOJIYOCH.

[lepeiijieM K MUTIOCTpAIMN KacKaJOB CeJJI0-y3JI0BbIX Oudypkarmit B (2.2), rue
N = 30, a = 0.1, u npubinKEeHHBIX perennii Kpaesoii 3agaun (1.2), oTBevaromumx
oM KackazaM. /[lamee mpuBomdTcsd 8 mpUOIMKEHHBIX OUQYPKAIMOHHBIX 3HATCHUS
napamMeTpa €2 Kackaja. KaxkoMy 3Ha49eHnio €2 oTBeqaloT JBe OJIN3KHe HEelloBUKHbIC
rouku (2.2). Mbl npuBojum ux 3 HauGOJIBINNE TOYKH CIIEKTPOB:

e? = 0.0149, {—8.101, —7.099, —0.0000002}, {—8.345, —6.111, 0.0000002};

e2 = 0.0141, {—8.9560, —6.377, —0.000007}, {—9.6120, —5.881, 0.000011};
2 = 0.0137, {—10.538,—5.149, —0.000012}, {—10.724, —4.977, 0.000014};
2 = 0.0114, {—11.285,—4.273, —0.000089}, {—11.399, —4.043, 0.000121};
2 = 0.0098, {—11.528,—3.535, —0.000219}, {—11.550, —3.427, 0.000273};
g2 = 0.0078, {—11.521,—2.969, —0.000756}, {—11.518,—2.907, 0.000909}:
2 = 0.0057, {—11.393,—2.519, —0.002546}, {—11.371,—2.489, 0.002904}:
2 =0.0034, {—11.279, —2.167, —0.031504}, {—11.038, —2.123, 0.042570}.

N3menenne mepBbIX MATH KOOPJAUHAT 21, 29, 23, 24, 25 LIEPBOI yCTOMYMBON BETBU IIpU
yMeHbInennn 6udypKamoHHoro sgadenns mapamerpa 2 ot 0.0149, rae N = 30, zy =
a = 0.1, nmokazano Ha puc. 1. [loguepknem, aTo 6udypKarmoHHble 3HaYCHUS TTapaMeTpa
€2 zapucar ot nopsgaka N cucrembl (2.2). C ysemmuenuem N GudypKalyoHHbBIE 3HA-
YeHusl IapaMeTpa €2 COOTBETCTBYIOIINX CeJJI0-y3/I0BbIX 6udypkammii yobsaoT. Tax
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npub/ImKenHoMy 6udgypKalmoHHoMy 3HadeHuio napaMerpa &2 = 0.0149 cucrembr (2.2)
nopgaka N = 30 orsevaer npubmmxkentoe suadenne €2 = 0.0147 cucrempr (2.2) mo-
paaka N = 31. C yBesim4ueHneM Ke @ YBEJIMYMBAETCS UUCI0 TPUOJIMKEHHBIX Ondyp-
KaI[MOHHBIX 3HadeHus mapamerpa €2. Taxk npu N = 30, a = 0.3 310 uucsio pasuo 10.
Henoapuzxkubiv mepsbiM 4 napam touek (2.2), rae 2 = 0.01, a = 0.1, NopoxK I8HHBIM
YKa3aHHBIMU BBIIIE CEJJIO-Y3JI0BbIME OUypKaIMAMU, OTBEYAIOT 4 Taphbl TPUOIUKEH-
HBIX pellleHuii Kpaesoit 3ajaqn (1.2) wa puc. 2.
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= =014

=1
Puc. 2. lpubmxénnnie pemenus (1.2), €2 = 0.01, a = 0.1

[Tpubsinkennbie perienus (1.2) Tuia BHYTPEHHETO MEPEXOHOTO CJIOsI € JIBYMS TOU-
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290 C.I1. IIJIBIINIEBCKA A

KaMU Ilepexo/ia, IPUHATHIE B KauecTBe HAavYa bHbIX (DYHKIWI ypaBHenus (1.1), mpuBo-
JIAT K METAayCTOHYIMBBIM CTpyKTypam. MiumocTparmeil 9Toro mpeiyioXKeHus sABJISIeTCs

puc. 3, rae npejcrasiaeno pemenue (1.1) ¢ €2 = 0.01, a = 0.1.

== 1=18000
=== £=16500
=== £=15000

—  t=1000

Puc. 4. IIpodum pemenns (1.1), 2 = 0.01, a = 0.1

31ech B KauecTBe HAYAILHOW (DYHKIMM TPUHITO NpHOIMKEHHOe pernenne (1.2),
npejicTaBiaeHHoe (OYHKIIE, KOTopas Ha PHUC. 2 UMeeT 9eTBEPTYIO TOUKY nepexoja. ['pa-
duk sToro perienus, noJyueHHbI npuMmenenueM naketa  Mathematica”, pencras-
Jlen Ha puc. 3. Kak BuiHO, pelenne MeJIJIEHHO MeHdeTcd B Tedenue BpeMenn ~2 19500.
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BareM 3a JOCTATOTHO KOPOTKUI 110 CPABHEHHWIO C ITAITOM M€ JIEHHOW IBOJIIOIMN TTPO-
MEKyTOK BPEMEHH OKAa3bIBaeTCH BOJIM3W MeTayCTONIMBBIX CTPYKTYP C OJHONM TOYKOI
nepexogia. [Ipoduin pemenns (1.1), IponuIIOCTPUPOBAHHOIO HA PUC. 3, TIPEJICTABJICHBI
Ha puc. 4 Ipu paz/IMIHbIX {.

4. MeTaycToitunuBble CTPYKTYPbI C TpeMs TOYKaMU Ilepexoaa

HexoTopble 13 ce/1/10-y3/10BbIX 6udypKaiuii B (2.2) HOpozK,1aloT HelpepbIBHbIE 110 £2
BeTBH NPUOJIMIKEHHBIX PelleHuil Kpaesoii 3ajaqu (1.2) Tuna BHYTPEHHETO HePEX0[HOIO
CJI0s1 C TPeMsi TOUKAMU IIePexo/Ia.

Bajiava nccsiejoBanus MeTaycToiiunBbix cTpyKTyp (1.1) ¢ Tpemst Toukamu mepexo/ia,
pa3yMmeeTcd, CJIOYKHee, 9eM COOTBETCTBYIOIIAA 3a/1a4a JIJId MeTayCTOUIUBLIX CTPYKTYP
C JBYM$ TOYKAMU MEPEXOJIA.

Paccemorpum crienapuii 9BOJIIOIUN METAyCTONIUBBIX CTPYKTYP C TPeMs TOUKAMU I1e-
pexoga. OH XapaKTepusyeTcs Iepexo0M MeTayCTONYINBOl CTPYKTYPBI IOC/I€ CpaBHH-
TEJILHO MAJIOTO TI0 CPABHEHUIO C 3TAIIOM MEJ[JIEHHOTI'O U3MEHEHUS TIEPEXO/THOTO ITPOIIECCa
B KJIACC METayCTONYUBBIX CTPYKTYP C OJIHOH TOYKON IIepexo/ia.

Cpasy mepeiijieM K HLTIOCTPAIUN KACKaJ0B CeJI0-y3I0BbIX Ondypkanuii B (2.2),
rae N =30, a = 0.1, u npubiuzKeHHbIX perienuii Kpaepoii 3a1a4un (1.2), oTedaronux
9TUM KackagaMm. lajee mpuBoasdTces 4 mpuOJIMKEHHBIX OndyPKAIMOHHBIX 3HAUCHUS T1a-
pameTpa 2 Kackaja. KaxxiaoMmy 3nadennio €2 oTBedaior jBe OJIM3KHE HEIOJBUKHBIC
o4k (2.2). Mbl npuBognM ux 3 HaubOOJBIIIE TOUKH CIEKTPOB:

e? =0.00394, {—9.103,—0.084, —0.0011}, {—9.148,—0.077,0.0011};
£? = 0.00374, {—5.700,—0.120, —0.0019}, {—5.753, —0.096,0.0022};

£? = 0.00354, {—3.895,—0.130, —0.0029}, {—3.917, —0.104,0.0040};
e? = 0.00325, {—2.694,—0.736, —0.0040}, {—2.674, —0.952,0.0046}.

=00
= e ———
—ts
a4
TP e ————
O O O O O O O i r i’
. 0000 0313 T
—a3
+--I-Ij\'|
a4
—_— T O o e 0 gy
l---h
— _h
Puc. 5.

ISSN 0203-3755 /lunamudeckue cucrempr, 2018, Tom 8(36), Ne3



292 C.I1. IIJIBIINIEBCKA A

N3menenne nepBbIX MATH KOOPJMHAT 21, 2o, 23, 24, 25 IEPBOil YCTONYNBON BETBU
IpH yMeHbImennn 6mndypKannonHoro 3Hadenns mapamerpa €2 or 0.00394, rne N =
30, 2o = a = 0.1, mokazaHo Ha puc. H.

Henompuzxubiv 4 napam Touek (2.2), rae €2 = 0.001, a = 0.1, moposI8HHBIM yKa-
3aHHBIMU BBIIIE CEJIJIO-Y3/I0BBIMU OMpypKAIUAMU, OTBeYaIOT 4 mapbl TPUOIUKEHHBIX
periernii Kpaesoii 3agaun (1.2) Ha puc. 6.

see el
--- Fabgnie |5
== fe0o0xm
s= gl =l00%E
—  fe0o0x

— el

EERT ™ T v ]

EREI ™ T v

Puc. 7. lpubmmxénnsie pemenns (1.2), 2 = 0.003, a = 0
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[lepeiizieM K MUTIOCTpAIMN KacKaJOB CeJI0-y3J0BbIX Oudyprarmit B (2.2), rue
N =31, a =0, u npubJnzKeHHbIX peleHuit KpaeBoil 3aja4n (1.2), oTBevaromux 3Tum
kackajgam. [lamee npuBojgaTca 4 npuOIMKEHHBIX OMQYPKAIMOHHBIX 3HAYEHUS I1apa-
MeTpa €2 Kackaja. Kaxk oMy 3nadennio €2 oTBedaloT JBe OJN3KHE HEHOIBUKHBIC TOY-
K1t (2.2). Mbl npuBo/uM ux 3 HAMOOJIBINTHE TOUKH CIIEKTPOB:

e2 = 0.010600, {—12.74,—-0.005, —0.0005}, {—12.17, —0.004, 0.0006};

2 = 0.008300, {—7.578,—0.019, —0.0004}, {—7.520,—0.019, 0.0004}:
2 = 0.005910, {—4.915, —0.096, —0.0062}, {—4.837,—0.095, 0.0068}:
2 = 0.003497, {—3.386,—0.481, —0.0164}, {—3.357,—0.468, 0.0170}.

Henonpmwkueim 4 napam touek (2.2), rae €2 = 0.003, a = 0, NOPOKIGHHBIM yKa-
3aHHBIMU BBIIIIE CEJIJIO-Y3JI0BBIMU OUpYpPKAIUAMI, OTBEYAIOT 4 1apbl MPUOINKEHHBIX
perenuit kpaesoit 3agaun (1.2) ma puc. 7.

[Tpubmzkennpie permenns (1.2) Tuia BHYTPEHHETO EPEXOHOIO CJIOS ¢ TPEMs TOU-
KaMU TIepexo/ia, IPUHSTHIE B KauecTBe HAaYabHbIX (hyHKIuil ypasuenus (1.1), mpuso-
JIAT K METAyCTONYUBBIM CTpyKTypam. MiumocTparueit 3Toro mpejijiozKenns siBageTCs
puc. 8, rje npejcrasyeno pemenue (1.1) ¢ €2 = 0.01, a = 0.

Puc. 8. Ilpubmmxénnsie pemenns (1.2), €2 = 0.01, a =0

B1ech HauaabHOU (byHKIMEH sBIgeTcs MpUOIMKEHHOe perenne (1.2), mpeacras-
JleHHoe (byHKIIMel, KOTopas Ha PHUC. 7 UMeeT BTOPYIO TOUKY mepexoja. CorjmacHo puc. 8
pellenre MeJIJIEHHO MeHsieTcsd B Teuenne BpeMenn ~ 6550. 3aTeM 3a JIOCTATOYHO KOPOT-
KU 110 CpaBHEHUIO C ITAIIOM MEJJICHHON 9BOJIIOIUYU IIPOMEZKYTOK BPEMEHU OKa3bIBaCTCA
BOJIN3M METayCTOWYMBLIX CTPYKTYP C OJIHON TOYKOW MEPEXOIA.

[Ipoduin pemennst (1.1), TPOMILIIOCTPUPOBAHHOIO Ha PUC. 8, MPEJCTABICHBI Ha
puc. 9 npu paz/IMIHbIX I.
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Puc. 9. Ilpousu pemenns (1.1), €2 = 0.01, a =0

5. 3akJroueHue

B rpajimenTtHoii cucreme ceJio-y3/10Bbie OMdypPKAIIT TTOPOXKIAIOT TPUOTUKEHHDBIE

pelenns KpaeBoil 3a/1a491 THIa BHYTPEHHEro IIePexoIHoro ¢jiod. B cBoo odepennb, npu-
OJIMKEHHBIE PEHIeHUs TUIIA BHYTPEHHErO HMePexOIHOr0 CJIOA ¢ JABYMs U TPeMs TOYKa-
MU IePexo/1a IMPUBOIAT K METAyCTONYUBBIM CTPYKTYpPaM. DKCIEPUMEHTAILHO IOKA3AH
OJINH U3 CIIeHAPWEB BO3HUKHOBEHUS METAyCTONYUBBLIX CTPYKTYp. s 3roro crpouscs
U TIPOBOJIMJICS aHAJIN3 MePAPXUN YIIPOIIEHHBIX MoJiesieit ypasHenus (1.1) — rajgepkus-
ckux armpokcnmanmii (1.1) cpeHux pazmepHOCTei.

1.
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PEOEPATHI

VIK 517.925.5 + 517.929
I.B. IJEMUJIEHKO, 1. A. YBAPOBA. IlpenesibHble TeOpeMbl JJisi OJHOW CHCTEMBI OOBIK-

HOBEHHBIX JauddpepeHIMabHBIX ypaBHEHNI BBICOKOII pa3sMEpHOCTH M ypPaBHEHHUsI C 3a-
nasapIBAIIUM apryMmeHToM (pycckuit) // Junammdeckue cucremer, 2018. — Tom 8(36), Ne3. —
C. 205-234.

PaccmarpuBaercst cucrema OOBIKHOBEHHBIX JudDepeHIalIbHBIX yPaBHEHNI BHICOKONH pa3sMepHO-
CTH, BOBHUKAIOIAsi B OMOJIOMMIECKUX 3a/1a9aX [IPU MOJIEJINPOBAHUN MHOTOCTAIMHHOTO CUHTE3a, Bellle-
crBa. [Ipn HEKOTOPBIX YCIOBUSX HA HEJUHENHbIE YJICHBI Oy YeHbI OIEHKN PEIeHN CHCTEMBbI, XapaK-
TepU3YIOIIe SKCIIOHEHITNAILHOE YObIBAHUE ITPU { — 00 HE3ABUCUMO OT PA3MEPHOCTHU 7 U YCTAHOBJIEHBI
CBSI3W MEXK/Ty PEIeHUsIMU CHCTeMbI T depeHnnalbHbIX YPABHEHUN U yPABHEHUI C 3aI1a3/IbIBAIOTIIIM
aprymenToM. Ha ocHOBe 9TUX pe3y/IbTaToB MOJIyYaeM METOI JJIsl HPUOJIMYKEHHOTO ITOCTPOEHUSI TIOCIE -
Hell KOMIIOHEHTBI PElIeHMsi CUCTEMbI BBICOKOW paszmepHocTH Ha Beeil mosyocu (0,00). YcTaHOBJIEHDI
r100aJIbHBIE OIEHKU AMPOKCUMAIMY 11pn 1 > 1.

KitoueBblie ciioBa: cucremMa OOBIKHOBEHHBIX JIU(MD(MEPEHITNABHBIX YPABHEHUI BBICOKOU DPa3MepHO-
CTH, YPABHEHNE C 3aIa3/IbIBAIOIIIM apryMEHTOM, IpobsieMa OOJIBIION PA3MEPHOCTH, IJI00ATbHBIE OIIEH-
KM alllIPOKCUMAaIlNH, IIpeJe/ibHble TeOPEMBI.

Bubsmorp. 20 nazs.

YK 517.938

B.3.TPUHEC, E.B.2KVY2KOMA, E. /1. KYPEHKOB. Xupyprudeckasi onepanusi AJisi 9HJIO-
Mopdusma AHOCOBaA ABYMEPHOI'O TOPA He JAeT PAaCTATNBAIIUCA aTTpakTop (pycckuii) //
Hunamuaeckne cucremsr, 2018. — Tom 8(36), Ne3. — C. 235-244.

B 1967 romy C. Cmeiist mpeyioKut criocod MOCTPOEHIS THIIEPOOIMIECKIX aTTPAKTOPOB U PeIteJiie-
POB KOpa3MepHOCTHU OJuH J1udHeoMopdu3MOoB, 33 IaHHBIX HA N-MEPHOM TOPE, OTTAJKUABAsICh OT aJireb-
pamdeckoro aBromopdusma Anocoa. Pakruuecku, C. CMeilyi cXeMaTUIHO OIMHUCAJI JIOKAJIbHOE H3Me-
HEHIE TaKOro aBTOMOPdU3Ma, Ha3bIBAEMOE XUPYPIrUIECKON omeparueil, B pe3yaIbTaTe KOTOPOro MOJLy-
qaercs Tak HaszbiBaemblit JIA-muddeomopduszm. Hebiryxnaromee muoxkectso JIA-muddeomopdusma
COCTOWT B TOYHOCTH U3 OJHOTO PACTATHUBAIONIETOCS ATTPAKTOPA KOPA3MEPHOCTH OJWH W OJHON WC-
TOYHUKOBON HEIOABUKHON TOYKH, WJIA B TOYHOCTH OJHOI'O CXKHUMAIOIIErOCS peresijiepa Kopa3Mmep-
HOCTU OJIMH ¥ OJIHOI CTOKOBOW HENOJBUYKHOI TOYKH. B Hacrosieil pabore ycTaHABJIMBAETCS, UTO
npumerenue xupyprudeckoit oneparuu C. Cumeiiia K ajsrebpandeckoMmy 3u10Mopdusmy AHocosa, siB-
JISTIONIIUMCS. KOHEIHO-JINCTHBIM HAKPBITHEM CTEIeHN He MEHBINeH JBYX, He HMPUBOAUT K MOCTPOEHUIO
A-3uiomMopdusmMa, HeHIIY K IAIOIee MHOXKECTBO KOTOPOTO COJIEPXKUT OJTHOMEPHBINH PACTITUBAIOIIANCS
aTTPaKTOP.

KoroueBbie ciioBa: runepbosimaecKuii arTpakTop, pernesuiep, suaoMopdu3mbl AHocoBa, akcnoma A.

Wn. 1. Bubawmorp. 14 nass.

VIIK 517.9

C.A. KAIITEHKO, 1. 0.JIOTMHOB. ¥YcroiiunBocTh pelneHuii ypaBHEHHN MapaboImdecKoro
TUNA C MEAJIEHHO MeHsiomumuca kodddurmentamu (pycckuii) // JuHaMudecKue CUCTEMBbI,

2018. — Towm 8(36), Ne3. — C. 245-262.

PaccmarpuBaercst Boripoc 06 yCTONIMBOCTH pEIeHUil JIMHEHHBIX CUCTEM ypaBHEHUi mapabosimae-
ckoro tuna. OCHOBHOE BHUMAHUE yJIE/J€HO U3YUYEHUIO YCTOWINBOCTU PEIIeHUil ¢ MeJIJIEeHHO MEeHSOIIIN-
MUCS [TOYTHU [TEPUOINIECKUMU KOI(D(MUIIMEHTAME U € TEPEMEHHOI 00/1acThIO opeteieHus. Boigerennr
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KPUTHYECKHE CIydau B 3ajade 00 yCTONINBOCTH U pa3paboTaH 3 MEKTUBHBIN aJrOPpUTM HCCJIeI0Ba-
HUsI 33J1a9 yCTOMYMBOCTU pernennii. Kpome 3Toro paccMoTpensb! moo0HbIe 3a0a4n JJjIsi CUCTEM I1apa-
6oJImIeCKUX ypaBHEHU ¢ 6osbmuMu Kodddunmentamu nuddy3un U Ay CUCTEM ¢ OBICTPO OCIIMJLIN-
PYIOIIUMU TI0 TPOCTPAHCTBEHHOM NIepeMeHHON KoIhdUIMmeHTaMu.

KurouyeBbie ciioBa: mapaboIndecKne CUCTEMbI, YCTOWINBOCTh, KDUTUIECKHE CJIydan, aCUMITOTHKA.

Bubanorp. 14 nass.

VIIK 517.938

A.10.2KNPOB. Kak mpoBepuTb, MOXKET JI OJHOMEPHBbII coJsieHou B cmbiciie Williams
OBITH peaJin30BaH KaK runepbosimvyecKuii aTTpakTop HoBepXHOCTHOTO aAuddeomopdusma
(anrsmiickuit) // Junamudeckue cucremsl, 2018. — Tom 8(36), Ne3. — C. 263-274.

B crarhe mpejcraBieH asropuTM, KOTODBIN MO3BOJISET 33JaHHOMY OJHOMEPHOMY COJIEHOWY B
CMBICJIE Y MIIBSIMCA OTBETUTD HA BOIIPOC: CYIIECTBYET JIX OBEPXHOCTHBIH IuddeomMopdu3M ¢ ogHOMED-
HBIM TUIEPOOJTUIECKIM aTTPAKTOPOM TAKOI, ITO orpanumdenne auddeomopdusmMa Ha ITOT ATTPAKTOP
TOIOJIOTMYECKH COIPSI?KEHO CO CIABUTOBBIM aBTOMOP(MU3MOM JIAHHOTO COJIEHOHIA.

Kurouessbie ciioBa: solenoid, hyperbolic attractor, branched manifold.

Bubaunorp. 3 mHa3s.

YIK 517.957

FO. A.XA3O0BA, O.B.IIIN4H. Teopema o CyIiieCTBOBaHUU U yCTONYNBOCTH PEIIEeHUs] OTHOTO
napaboJsimdyeckoro ypaBHeHus (pycckuii) // Hunammuueckue cucremsr, 2018. — Tom 8(36), Ne3. —
C. 275-280.

PaccvarpuBaercs cMmernanHas KpaeBas 3aJada I HEJIUHEHHOTO MapabOMIeCKOrO YpaBHEHUS
¢ Ipeobpa30BaHMeM OTpaKeHUsI MTPOCTPAHCTBEHHON mepeMenHoi B kpyre. Jloka3biBaeTcst Teopema o
CyIIecTBOBaHUU, (POPME U YCTONYNBOCTU IPOCTPAHCTBEHHO HEOIHOPOHOIO CTAIMOHAPHOTO PElIeHUsI
HOCTAaBJIEHHON 331a4u.

KuroueBble ciioBa: napabosimdeckast 3a/1a4a, TeopeMa CymecTBOBaHus, OudypKaIus, yCTORINBOCTD.

Bubsmorp. 8 nass.

VIIK 517.957

C.IL. IIJIBIITEBCKA ¢I. Meraycroituusbie crpyKTypsbl ypaBuenus Kana-Xusnapaa (pycckuii)
Hunamunueckue cucremst, 2018. — Tom 8(36), Ne3. — C. 281-295.

Ha otpeske paccmarpuBaercs ypasHenue Kana-Xwuiiap/a ¢ KpaeBbiMu yeaoBusamu. JLms uccire-
JIOBaHUS 33491 O METAyCTOWUNBBIX CTPYKTYypPax pPacCMaTPUBAEMOIO YPaBHEHUs UCIIOIb3YeTCsT METO/T
lanepkuna. CrannoHAPHBIM TOYKAM CHCTEM OOBIKHOBEHHBIX JuddepeHINaIbHBIX yPABHEHN OTBEYa-
10T IPUOJIMKEHHBIE CTAIMOHAPHBIE PEIIeHns NCXOIHON 3a/1a4u. B 9Tux cucremax peasmsyercs 60raThbIit
HaboOp CeI0-y30BbIX Oudypkaruit. HempepbIBHBIM BETBAM HEMOIBUKHBIX TOYEK, KOTOPbIE POXK/Ia-
FOTCs B PE3YJIbTATE ITUX CEJJIO-Y3JI0BBIX OudypKalyii, 0TBEYaIOT HEIIPEPHIBHBIE BETBY ITPUOJINKEHHBIX
CTAIMOHAPHBIX PEIIeHN UCXOAHON 3aa4un. B pabore MOKa3aHO, YTO MPUOJIMKEHHBIE CTAIMOHAPHBIE
peIlleHust, B3sIThle B KAUECTBE HAYAJBHBIX (DYHKITUIT UCXOIHON 3a/1a91, TIOPOXKIAIOT MEJJIEHHO MEHSIO-
npecs pereHus (MeTaycToRYuBble CTPYKTYPBI).

KurouyeBbie ciioBa: MeTaycToiduBbie CTPYKTYPhI, MeTOJ, [ ajlepkuHa, rpaJueHTHas cucrema, oudyp-
Kallisdd, BHYyTPEHHIH IIePEXOIHBIN CIION.

WNan. 9. Bubnuorp. 6 nass.
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MSC 2010: 34K05, 34A12, 34A34

G.V.DEMIDENKO, I. A.UVAROVA. Limit theorems for one system of ordinary differen-
tial equations of high dimension and delay differential equations (Russian). Dinamicheskie
Sistemy 8(36), no.3, 205-234 (2018).

We consider a system of ordinary differential equations of high dimension arising in biological
problems when modeling multi-stage substance synthesis. Under some conditions on nonlinear terms
we obtain estimates of solutions to the system characterizing the exponential decay as t — oo regardless
of dimension n and establish connections between solutions to the system of differential equations and
delay equations. Based on these results we obtain a method for approximate construction of the last
component of the solution to the system of high dimension on the entire semi-axis (0,00). Global
estimates of approximation are established for n > 1.

Keywords: system of ordinary differential equations of high dimension, delay differential equation,
problem of high dimension, global estimates of approximation, limit theorems.

Ref. 20.

MSC 2010: 47N10, 49J20, 49J35, 93C20, 7T0E99

V.Z.GRINES, E.VZHUZHOMA, E.D. KURENKOV. Surgery operation for Anosov endomor-
phism gives no expanding attractor (Russian). Dinamicheskie Sistemy 8(36), no.3, 235-244
(2018).

In 1967 S.Smale proposed a method how to construct hyperbolic codimension one attractors
and repellers of diffeomorphisms given on n-torus. The construction was based on Anosov toral
algebraic diffeomorphism. In essence, he described local modification of such automorphism that
leads to so-called derived from Anosov diffeomorphism. The nonwandering set of DA-diffeomorphism
consists either of an expanding codimension one attractor and a trivial source or of codimension one
contracting repeller and a trivial sink. In the present paper we show that Smale’s surgery operation
applied to Anosov endomorphism that is k-fold covering map of degree not less than two does not
lead to an A-endomorphism with one-dimensional expanding attractor.

Keywords: hyperbolic attractor, repeller, Anosov endomorphism, axiom A.

Fig. 1. Ref. 14.

MSC 2010: 47D99

S. A.KASCHENKO, D. O. LOGINOYV. Stability of solutions of parabolic equations with slowly
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The question of the stability of solutions of linear systems of parabolic equations is considered.
The main attention is paid to the study of the stability of solutions with slowly varying almost
periodic coefficients and with a variable domain of definition. Critical cases in the problem of stability
are identified and an effective algorithm for studying problems of solution stability is developed. In
addition, similar problems for systems of parabolic equations with large diffusion coefficients and for
systems with coefficients rapidly oscillating in spatial variable are considered.
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A.YU.ZHIROV. How to check if one-dimensional solenoid in the sense of Williams can
be realized as hyperbolic attractor of surface diffeomorphism (English). Dinamicheskie Sis-
temy 8(36), no.3, 263274 (2018).

In the paper, an algorithm is presented that allows for a given one-dimensional solenoid in the
sense of Williams to answer the question: does a surface diffeomorphism with a one-dimensional hy-
perbolic attractor exist such that the restriction of the diffeomorphism to this attractor is topologically
conjugate to the shift automorphism of the given solenoid.
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YU.A. KHAZOVA, O.V.SHIYAN. The theorem on the existence and stability of a parabolic
equation solutions (Russian). Dinamicheskie Sistemy 8(36), no.3, 275-280 (2018).

The paper considers a mixed boundary value problem for a nonlinear parabolic equation with a
transformation of the spatial variable on a sphere. It seems the proof of the existence, shape and
stability of spatially inhomogeneous stationary solution of the problem.

Keywords: parabolic problem, existence theorem, bifurcation, stability.
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S.P.PLYSHEVSKAYA. Metastable structure of the Cahn-Hilliard equation (Russian). Di-
namicheskie Sistemy 8(36), no.3, 281-295 (2018).

The Cahn-Hilliard equation at a segment with the boundary condition is considered. For the
construction and analysis of stationary solutions of slowly varying solutions we use the Galerkin
approximations of the average dimensions (30 — 40). It is found that in two-parameter families of dif-
ferential equations there are realized saddle-node bifurcations, to the continuous branches of stationary
solutions of which, the continuous branches of approximate stationary solutions of the transition layer
type with two and three transition points correspond. These solutions generate metastable structures
(slowly varying solutions). The analysis conducted suggests that the use of the Galerkin method in
the problem of metastable structures leads to qualitatively and quantitatively correct results.

Keywords: metastable structure, stability, Galerkin’s method, gradient system, bifurcation, internal
shock layer.
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