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Hamsamu Cepees JIveosuua Cobosresa

BBenenue

B macrogmeit paboTe MBI paccMaTpUBAEM BTOPYIO KPaeByIo 33J1a4y B IUJIMHIPIIC-
ckoit obtactu Q = {(t,z) : t > 0,z € G C R?} nysa nsymepuoro ypasuenuss Cobojiera

AUy + Uy, = 0, (t,z) € Q,

uli—o = ¢1(),

Ugi—0 = pa(),

(%utt + Uy, cos(v,22))|og =0, t >0,

(0.1)

!Pa6oTa BEIIOIHEHA IPH YACTHUHON momnep:kke Komurera Haykn MuHHCTepCTBa 06pa30BaHUS M
nayku Pecry6snku Kazaxcran (npoekt AP05132041).
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4 I B. JEMIJIEHKO, E. A. JOMAKHHA

rje G — orpaHnyeHHas 00JIACTH C KyCOYHO-IVIAJIKON I'PAHUIIEll, V — BHEIIHS HOPMaJIb
K 0G. llenbio paboTh! ABJIACTCH MOy YeHIe ONEHOK pereHuii kpaesoii 3agaxdn (0.1) mpu
t>1.

Ypasuenue suga (0.1) nossunocs B pabore C.JI. Cobosesa [6] npu nsydenun ma-
JIBIX KOJIeOaHU Bpalaolleiicss uaeaJ bHON KUIAKOCTH. B 9T0it pabore OblLia n3ydeHa
Pa3pEIIMOCTh KPAEBBIX 33184 /ISl CHCTEMBI

v+ w, ] +Vp=0, dive=0 (0.2)
1 ypaBHEHUS
Autt -+ Ugpzn = O, (()3)

KOTODBIE B JIUTEPATYPE HA3BIBAIOTCs CUCTEMOiT n ypasuerunem CobosieBa, COOTBETCTBEH-
HO, & TaKxKe ITOCTaBJIeH P HOBBIX 33/1a9 MaTeMaTu4deckoil dpusukn. B vacTHOCTH, 3a-
Jlada O TIOBEJIEHNN PEeIeHnit KpaeBbixX 3aja4 s cuctembl (0.2) u ypasuenus (0.3) npu
t — oo (em. [6], [7]).

OTrmeTnM, 9TO OIEHKU PeIeHnil mepBoil KPaeBoil 3a/1a9u B IUJINHIPUIECKON 00,/1a-
cru gyt ypasuenust Cobosesa npu ¢ >> 1 6butn nosydens! B paborax [1], [3], [4].

1. ®opmMyIMPOBKa OCHOBHBIX Pe3yJ/IbTAaTOB

B sTom maparpade Mbl IpuBe/IeM OCHOBHBIE PE3YJILTATHI, HOJIyUeHHbIe B pabore. B
JabHeiemM OyieM Mpe/rnoararb, 9To 00/1actb G SBJIsIeTCS 3BE3HON OTHOCUTEIHHO
HEKOTOPOTO KpyTa.

Teopewma 1. ITycmov ¢1(x), @a(x) — dymryuu us waacca W3 (G), m > 2 — yeaoe.
Tozda 6 0600 enympennet, nodobaacmu G C G' C G daa pewenus u(t, ) kpaesol
sadayu (0.1), ydosaemeoparowezo ycaosuto

/u(t,x)d:t: =0, (1.1)
G
UMEET MECTNO OUEHKG

|| DiU(t,J}), WQm(G,) ||S c1+ Cthila [ > 2, (12)

2de Koncmanmut ¢y, ce > 0 3asucam om G', G, p1, P2 u ne zasucam om t.

CnencrBue. [lycmbv 6vinosnens. ycaocus meopemoi. Tozda das pewenus sadayuu
(0.1), ydosaemsoparowezo ycaosuro (1.1), cnpasedauso nepasencmeo

| Diu(t,z), W5 (G") [|< c1 +eat®™, 12>2, (1.3)
2de s=m —0,0 <6 <1, koncmaumot ¢, co > 0 He 3a6ucam om t.

Teopema 2. ITycmv ¢1(z), @o(r) — Pynruuu usz xaacca Wi(G). Toeda 6 moboti
snympennet nodobaacmu G' C G' C G das pewenua 3adawu (0.1), ydosaemsoparowezo
yeaosuto (1.1), das aobozo € € (0,1) umeem mecmo ouenxa

max |ug(t, )| < 1 + coe)t’, (1.4)
G/

ISSN 0203-3755 Turammudeckne cucremser, 2018, Tom 8(36), Nel



OIIEHKU PEIIEHUU BTOPOU KPAEBOU 3AJIAYM JIJISI YPABHEHNSI COBOJIEBA 5

ede Koncmanmol ¢, ca(€) > 0 ne sasucam om t.

Bameuanme. 113 TeopeMbl 2 BBITEKAET, YTO BTOpas NPOU3BOJHAS IO { peIIeHUs
kpaesoii 3agaan (0.1), yaoiersopsitorero yeaosuto (1.1), He MOKET UMETh CTEIeHHOM
pocT npu t — oo.

2. BayTrpennue onieHKu

B 510 maparpade Mbl JjoKaxKeM TeopeMmbl 1, 2.
[Ipexjie Bcero ormeTnM, 4T0 ecan i (x), o(x) — byukmun u3 kiracca Wi (G), us
paboTh! [6] BeITEKaeT cyriecTBoBaHue perennst Kpaepoit 3aaqau (0.1):

u(t, ) € CH(Ry; WING)), keN,

[PU 9TOM B CJIydae BBINOJHEHHsI YCJIOBUSA opToroHaiabroctu (1.1), perenme — enns-
CTBEHHOE.
14 79 .
s mosygenust onernok (1.2) BBejiem “npomexkyrounyro” nogobiaacts G

GcG cGcaG
1 paccMOTpUM BeromoraTenbuyto dyukiuio x(z) € C5°(R?), 0 < x(z) < 1 Takyio, uto
1, zed
Torpa mius dyuxun v(t, ) = u(t, ) x(r) uMeeT MECTO PABEHCTBO

(AD? + Diz)v(t, x) = QVX(;E)VDfu(t, x) + 2D, x(x)Dy,u(t, x) +

+ Ax(z)Dju(t,z) + D2 x(x)u(t,z). (2.1)

Ormerum, aro v(t,x) = 0 npu Becex ¢ > (0 B HEKOTOPOW MPUTPAHUIHON ITIOJIOCE
obsractu G.
O6o3naunm mpasyio 4dactb B (2.1) uepes F(t,x). Jokaxkem, uro npu Beex t > 0
CIIpaBeJINBa OIEHKA,
|| F(t,l’), Lz(G) ||§ c1 + Cgt, (22)

IJIe C1, Co — KOHCTAHTBL.
[Ipu jokazarenberse (2.2) Mbl OyiIeM UCHOJIB30BATH 3aKOHBI COXPAHEHUST SHEPIUU
6], |7] auist 3amaqm (0.1):

1
Et) = 5 /(|VD§u(t,a:)|2 + |Dy, D u(t, 2)[P)dz = Ey(0), 1> 1, (2.3)

G
n HepaBencTso [lyankape, ciipaBeuBoe Jijist pyHKIUI U3 COOOJIEBCKOTO ITPOCTPAHCTBA

W3 (G), onpejie/IeHHBbIX B 00/1aCTAX, 3B€3/IHBIX OTHOCUTEIBHO KPyTa:

| v(@), L(G) |I< (\ [y
G

T Vol), Lo(@) | ) (2.4)
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6 I B. JEMIJIEHKO, E. A. JOMAKHHA

rje koucranTa ¢ > 0 me 3asucur ot v(z) (cMm., HanpuMep, [5]).
U3 ToxkmecTBa J11s HHTErpasia sueprun (2.3), 09eBUIHO, IMeeM

/]Vut(t,x)IZdac <c' <2E,(0), (2.5)
G

/|Dz2u(t,a:)\2dx <c' <2E(0), (2.6)
G
a B cuty HepasencTBa [lyankape (2.4)

I e, Lo(@) 1< (

| Vs LG | )

/ wdx
G

Orcrona, yanrsiBast yeaoBus oproronaabHoctu (1.1), u3 omenku (2.5) nosrydaem
/]ut(t,x)\2d:v < é. (2.7)
G

N3 sroro nepasencrsa B cuty dhopmysibl Heiotona—/leitbnuma nmeem Takzxke
| w(t,z), Ly(G) ||€ &+ c*t, t>0. (2.8)

[ToBTOpsAs 10/I00HBIE pACCYKACHUS, 114 JIIOO0TO [ > 2 MOJIyYnUM CJIe/IyIONIHe OTICHKT

/[VD,l:u(t,a:)fdx <q, (2.9)
a
/|DI2Di_1u(t,a:)]2d:E <, (2.10)
G
/|Diu(t, x)]Qd:c <¢, t>0. (2.11)

G

B cuny onpenenenus dbyukiwpm F(t, ) u3 oneHok (2.5)—(2.11) nHemocpencTBeHHO
BBITEKAET HEPABEHCTBO (2.2).
[TpoBoIs aHAJIOMMYHBIE PACCYZKIEHUS, TIOJIyIUM TaKKe CJIe/LYIOIINe OIeHKH

| DIF(t,x), Ly(G) |[< e, 1>1, t>0, (2.12)

rie ¢ > 0 — KoHcTaHTa.
[Tepeiiziem K jokazarenbeTBy oreHok (1.2) mpu m = 2. nst storo npoauddepen-
mupyeM 1o t pasercTso (2.1), Torya

(AD} + D2 Dy)o(t,z) = DiF(t,x), (t,z)€ Q. (2.13)
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OIIEHKU PEIIEHUU BTOPOW KPAEBOW 3AJIAYU JIJISI VPABHEHUSI COBOJIEBA 7

A zarem YMHO2KHUM ITOJIYy4Y€HHOE PABEHCTBO Ha cbyHKLU/Ho AD?U(t, x) U IIPOMHTETPUPYEM
o obnmactu

/ AD}v - AD}vdr + / D? Dw - AD}vdx = / DyF - AD?vdz.

G G G

PaCCMOTpI/IM OTaeJIbHO HepBbeI HHTErpaJl cjaeBa. Nnmeem

/AD?U - AD}vdr = D, / AD?v - AD}vdx — /AD?U - AD}vdz,
G G G
TO €CTb
3 2 1 2 2
AD;v - ADjvdx = §Dt | AD;v, Lo(G) ||* -
e

PaccmorpuM Teneps BTOpOIT MHTETpAUI:

/ D? Dw - AD}vdx = / Dy, (D, Dy - AD?v)dx — / D,,Dwv - D, AD?vdx.
G G G

[lepBbiit waTErpas crnpasa B cuiy ompejesnenus v(t,x) u dopmynst Faycca — Octpo-
I'paJicKoro paseH HyJro. Torma

/ D? Dw - AD}vdx = — / D,,Dw - D,,AD}vdx
G G

= — / div(D,, Dy - D,V D?v)dx + /DmVDtv - D,,VD?vdz.
G G
I[TepBolit MHTErpas cupaba TakzKe papeH Hymo. Orcrona

1
/ D2,Dyw- AD}vdz = D, || Do,V D, LG |
G

[Tocsie Bcex mpeobpazoBaHmili mMeeM

1
3Dil AD?. La(G) I + | D,V Dy, La(G) ) = [ DiF - ADRuda:
G

[IpounTerpupyem 3T0 paBeHCTBO TIO t, TOT/Ia

t
| AD?v, Ly(G) || + || D2, VDsv, Ly(G) ||°= 2//DTF-AD3vdxdr+
G

0

+ || AD}vli—o, La(G) |I* + || Day VDi0lemo, La(G) |I* . (2.14)
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8 I B. JEMUJIEHKO, E. A. TJOMAKIHA
Orcrojia
t
| ADFu(t, ), Lo(G) [IP< e+ 2/ | D F, Ly(G) ||| AD7v, Lo(G) || dr.
0
[Tosromy, yuaurbiBas HepaBeHCTBO (2.12), mosyanm
t
| AD?u(t, ), Ly(G) ||*< c+5/ | AD?v, Ly(G) || dr,
0

rie ¢, ¢ > 0 — KoHcranThl. BBoasg obo3nauenne
A(t) =|| AD}v(t, x), La(G) |,

IIepelmiIeM 3TO HepaBEHCTBO B BUJIEC.

() < e+ / A(r)dr.

Hepr,HHO IIOKa3aTh, 9YTO U3 3TOI'O HEPABCHCTBa BBITEKACT OIICHKAa
A(t) < 1 + eat, (2.15)

rmue ci, ¢y > 0 — KOHCTAHTHI.
J11s1 aTOTO BBEIEM 0DO3HAUYEHUE

Torna

Tak kak A%(t) < B(t), o A(t) < /B(t) u, ciegosarennbho,

d

B <&VB(D).

[Tockombky ¢, ¢ > 0, A(t) > 0, To B(t) > 0 npu t > 0, HO3TOMY pa3/eJIUB HAIIe
HepaBeHCTBO Ha / B(t), noyanm

d -
= <7z
th B(t) <c
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OIIEHKU PEIIEHUNU BTOPOW KPAEBOU 3AJIAYN JIJISI VPABHEHI S COBOJIEBA 9

Orcrona

2(v/B(t) — v/B(0)) < ¢t.

Torna v/ B(t) < ¢; + ¢ot u HepaBercTBo (2.15) moKasaHo.
Urak,
| AD?v(t,x), Ly(G) || < ¢ + cot, > 0. (2.16)

W3 sroro nepaBeHcTBa MOXKHO TOJIYIUTH OIIEHKN BCEX BTOPBIX MPOM3BOIHBIX (DYHK-
muu D?v(t, ) 10 MPOCTPAHCTBEHHBIM TIEPEMEHHBIM

|| DazzimjD?U(t7x>a LQ(G) ||§ c1 + C2t, t> 0. (217)

HeiictBuresbao, mockoabKy v(t,z) = 0 npu x ¢ G”, 10, npojgoKas OYHKIHO
v(t, z) mynem na Bee R? u coxpansg oboznavenus, us (2.16) moryaum

| AD?v(t, ), Ly(R?) || < ¢ + cot, t> 0.
N3 pasencrsa IlapceBasida caemyer, 9To

I EPDFO(t,€), La(R?) [|< ¢4 + cot, > 0.
Orcroma pu JIO0BIX 7, §

| &&;Dio(t,€), La(R?) [|[< ey + eat, >0,

U BHOBb, UCIOJIL3Yd paBeHcTBO [lapceBasisa u cBoiicTBa npeobpazoBanus Pypbe, MosTy-

YUM OLECHKY
|| Diisz?U(taI)7L2(R2) ||S ¢+ CQt) t> 07

KoTopas Bieder (2.17).

Ha ocnoBanun omnpeesenns Gyukiwn v(t, x) upu ¢ € G’ cupaBeyInBO PABEHCTBO:
u(t,z) = v(t,z). llostomy u3 mepasercts (2.9), (2.11), (2.17) moay1aaem onenky (1.2)
upu m = 2, [ = 2. Hepasencrso (1.2) ipu | > 2 10Ka3bIBAETCST aHAJOTUIHBIM 06Pa30M.

OrMmernM, 9TO, HCIOIB3Ys HepaBencTso (2.16), u3 (2.14) MOXKHO MOIYyYNTH OIEHKY

| Do, VDyu(t, 2), Lo(G) |< 5 + eat, > 0, (2.18)

HeitcrBurensro, u3 (2.14) nveem
¢
| D, VDio(t, ), Lo(G) |IP< ¢+ 2/ | D.F, Ly(G) |||| AD?v, Lo(G) || dr.
0

Torpa, yunteiBasg nepasencrsa (2.12) u (2.16), moxyanm

t
| D2, VDyu(t, 1), Ly(G) [|P< c+5/(cl + coT)dT.
0
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10 I B. JEMIJIEHKO, E. A. JOMAKHHA

Orcrona caeayer (2.18).
AnayiornaHbIM 06pa3oM JI0Ka3bIBACTCS OICHKA

| Duy VD (t,7), Ly(G) ||< c3 +cat, t>0, 1> 1.

Hokaxkem rerepb HepaBeHcTBo (1.2) mpu m = 3. Jljist 9T0r0 BHAYAE TPUMEHUM
omneparop Jlamraca Kk paBencrBy (2.13):

(A’D} + AD? Dy)v(t,x) = ADF(t,z), (t,z) € Q, (2.19)

u ymuoxum na gynkumio AD?v(t, z). Torma nocie unrerpuposanust 1o objactu G
HOJTY TUM

/AAD?U - AD}vdx + /ADithv - AD?vdx = /ADtF - AD?vdz.
G G e

Bragasie paccmoTpum 1nepBbIii nHTErpaJi cieba. Mveem

/ AAD}v - AD?vdx = / div (VAD}v - AD}v)dz — / VAD}v - VAD}vdzx.
G

G G

Ucnonb3yst dopmyny Taycca — Ocrporpajickoro u yumtbiBasi, aro v(t,z) = 0 mpu
x ¢ G, nomyanm

1
/ AAD}v- AD}vdz = — Dy || VAD}v, Lo(G) |-

G

PacemoTpuMm Ternepb BTOPOI MHTETPAUT:

/ AD? Dw - AD}vdx = / D,,(D,,ADyw - AD?v)dx
G G

- / D.,ADv - D,,AD?vdz.
G

[TepBerit maTErpast cupasa B cuity (opmyssl [aycca — OcTporpajickoro paBeH HYITIO.
[TosTomy
1
/ AD2, D - AD}vds = 3D, || Dy ADw, 1o(G) |
G

[Tocsie TUX Tpeobpa3zoBaHmii MOJTyIUM PABEHCTBO

1
—§Dt(|| VAD?, Ly(G) ||* + || Dey ADyw, Ly(G) ||?) = /ADtF-Avadx.
G
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OIIEHKU PEIIEHUN BTOPOU KPAEBOU 3AJIAYM JIJISI YPABHEHHUSI COBOJIEBA 11

[IpescraBuM mHTErpasl crpaBa B BUJIE

/ AD,F - AD?vdx = / div (VD,F - ADv)dx — / VD,F -VAD?vdx
G G G

[Ipumenssa dopmymny 'aycca — OcTporpackoro, 0Tcio/ia Moy IuM

1
§Dt(|| VAD? 0, Ly(G) ||* + || DeyADyw, Lo(G) ||?) = /VDtF - VAD?vdx.
G

Nurerpupys 3T0 paBeHCTBO 1O t, ©MeeM

I VAD}v, Ly(G) |* + || Doy ADyv, La(G) ||*=

t
= 2// VD, F -VAD?>v dedr+ || VADv|i—o, L2(G) ||* +
G
0

+ || DayAD]i—o, Lo(G) |2 . (2.20)

Orcrona
t
| VAD?v(t, x), Lo(G) |IP< c—|—2/ | VD, F, Ly(G) ||| VAD?v, Ly(G) | dr.
0
OrmernM,dTo B cuity onpegenenus Gynknun F(t, x) u3 omnenok (2.5), (2.7), (2.9)-
(2.11), (2.17), (2.18) BBITEKAET HEPABEHCTBO

” thF(tvx)aLQ(G) ||§ c1+ CQta t>0.

Torna

¢
I VAva(t,x),Lg(G) ||2§ c+ 2/(01 + cor) || VAD?_’U,LQ(G) || dr.

0

BBogg oboznauenue
A(t) =|| VAD}v(t, x), Lo(G) |,

nepenuimeM 3TO HEpaBEHCTBO B BUIE
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12 I B. JEMIJIEHKO, E. A. JOMAKHHA

[TokazkeM, 9TO OTCIO/A BBITEKAET OICHKA
At) < ez + eqt?,
rue cz, ¢4 > 0 — KOHCTAHTHI.
ITo amanorun ¢ JokazaresbcTBoM (2.15) BBegeM obo3HadeHme

zxo=c+2/@a+@ﬂA@mr

0

Torna

d
aB(t) = 2(c1 + eat) A(2),

a tak Kak A%(t) < B(t), ro A(t) < /B(t) n, cienosarenbho,

%B@g2@+@wmw

(2.21)

[Tockombky B(t) > 0, t > 0, T0, pa3eauB Hallle HepaBeHCTBO Ha \/ B(t), noyanm

d
% B(t) S (Cl + CQt).

Orcrona
2

\/B(t) — \/B(O) < ct+ cz%,

a mockosbky A(t) < y/B(t), To nomyuaem (2.21), T. e.
| VAD?u(t, ), Ly(G) || < c5 + eat®
YuaureiBast 9Ty oneHky u3 (2.20), MOXKHO TOJIyYUTh HEPABEHCTBO
| Do, ADZv(t,7), Ly(G) ||< c1 + cot?, ¢ > 0.
OrmeTnM, 9TO u3 OIEHKH (2.22) BBITEKAET TAKXKe HEPABEHCTBO

H D3 va(t,x), LQ(G) ||§ c3 + C4t2, t>0.

TiT;Ty

(2.22)

(2.23)

,Z[JIH JO0Ka3aTe/IbCTBa 9TOI'0 JOCTAaTOYHO IIOBTOPUTL PACCY2KJ/A€HUA, KaK IIPHU BbIBOIE

(2.17).

B cumny onpenenenns dbynkmun v(t, x) n3 mepasercts (2.9), (2.11), (2.17), (2.23)
BoITeKaeT oreHka (1.2) mpu m = 3, [ = 2. Hepagenctro (1.2) npu | > 2 jg0Ka3bIBaeTCs

aHaJIOTUYHO.

Ananmusupyst cxeMy paccyzKJIeHUH Ipu JoKa3aTeabeTe oneHok (1.2) mpu m = 2,
m = 3, HETPY/HO yKa3aTh AJTOPUTM, CJIE/Lysl KOTOPOMY, MOXKHO JOKa3aTh oreHku (1.2)
pu JI00bIX m > 4. A UMeHHO, HYy»KHO PacCMaTpUBaTh JBa ciaydas: m = 2k u m =

ISSN 0203-3755 Turammudaeckme cucremsr, 2018, Tom 8(36), Nel



OIIEHKU PEIIEHUN BTOPOU KPAEBOU 3AJIAYM JIJISI YPABHEHHUSI COBOJIEBA 13

2k + 1, 1 mpoOBOUTH BCe OIEHKH IOCJIe[0BaTeIbHO. B ciydae, Korga m = 2k, Hy>KHO K
pasencTBy (2.13) BHAauaIe IpuMeHUTH oniepaTop AF~! ) a 3aTeMm moJsrydennoe paBeHCTBO
ymMHOKUTH Ha dynkiuio A¥D2y(t, z) ckanapho B Lo(G) 1 NpoBOAUTh paccyzKieHus,
aHAJIOTUYHBIE KaK IIPU M = 2.

B ciyuae, korma m = 2k + 1, Hy)kHO K paBeHcTBY (2.13) BHauaje IPUMEHUTH
omepatop AF, a 3arem mosydenHoe paBeHCTBO yMHOXKUTH Ha dymnkimio A*D2y(t, x)
ckaJsipHO B Lo(G) M IPOBOJUTH PACCy K/IeHsI, AaHAJIOTMYHbIE KaK Ipu m = 3.

Teopema 1 noxkazaHa.

Jloxazameavcmeo caedcmeua. Ilycrs Iy > ls >0, 0 € (0,1). s moboit byHKINI
v(z) € W (G) crpaBemBo HHTEPHOIAIMONHOE HepaBeHCTBO (CM., Hampumep, [2])

—0 0 1 - 2
| o, Wy R (@) <o, W@ | o, WR(G) |7

Orciona, yanteiBas orenky (1.2), momyqaaem (1.3).
CrencrBre J0OKa3aHO.

Zoxazameavcmeo meopemu, 2. Hamromunm, aro mjs npocrpancts Cobosea — Ciio-
GOJIEITKOTO TaKKe cIpaBeinBa TeopeMa Biaoxkennsa Wi(G) C C(G) mpu 21 > n. Io-
sTOMYy OreHKa (1.4) BBITEKaeT HEMOCPeICTBEHHO u3 HepaBeHCTBa (1.3).

Teopema 2 nokazaHa.
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Topological conjugacy of gradient-like flows
on surfaces'

V. Kruglov

Higher School of Economics
Nizhny Novgorod E-mail:kruglovslava21@mail.ru

Abstract. The class of C*-smooth gradient-like flows (Morse flows) on closed surface is the subclass
of the Morse-Smale flows class, which are rough. Their non-wandering set consists of a finite number
of hyperbolic fixed points and a finite number of hyperbolic limit cycles, and they does not have
trajectories connecting saddle points. It is well known that the topological equivalence class of a Morse-
Smale flow on a surface can be described combinatorially, for example, by the directed Peixoto graph,
or by the Oshemkov-Sharko molecule. However, the description of the class of the topological conjugacy
of such a system already requires the introduction of continuous invariants (moduli), corresponding
to the periods of limit cycles at least. Thus, one class of the equivalence contains continuum classes
of the topological conjugacy. Gradient-like flows are Morse-Smale flows without limit cycles. In this
paper we prove that gradient-like flows on a closed surface are topologically conjugate iff they are
topologically equivalent.

Keywords: gradient-like flow, Morse-Smale flow, conjugacy, equivalence, homeomorphism
1. Introduction and formulation of results

In 1937 A. Andronov and L. Pontryagin published the classical paper [1], in which
they considered a system of differential equations

T =v(x), (1.1)

where v(z) is a C'-vector field given on a disc bounded by a curve without a contact in
the plane and found a roughness criterion for the system (1.1). They established that
on the plane the rough system is exactly system whose non-wandering set consists of
finite number of hyperbolic fixed points and hyperbolic limit cycles and which does
not have trajectories connecting saddle points. Such systems were called Morse-Smale
systems when in 1967 S. Smale generalised such systems to multidimensional case in [8].
If a Morse-Smale system does not have limit cycles, then it is called as Morse system
or gradient-like system.

The present paper is devoted to the classification of Morse flows on a closed
surfaces S.

!The author was partially supported by Russian Science Foundation (project 17-11-01041), except
the local conjugation which was an output of the research project “Topology and Chaos in Dynamics
of Systems, Foliations and Deformation of Lie Algebras (2018)” which is a part of the Basic Research
Program at the National Research University Higher School of Economics (HSE).
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16 V. KRUGLOV

Let us recall that two flows f* and f* on surface S are called topologically equivalent
if there exists a homeomorphism h: S — S mapping trajectories of one flow into
trajectories of another preserving directions of moving. Flows f* and f* on surface S
are called topologically conjugate if there exists a homeomorphism A: S — S such that
ho ft = f"®oh for every real t.

It is well known that the topological equivalence class of the Morse-Smale flow on
surface can be described combinatorially, for example, by the directed Peixoto graph,
or by the Oshemkov-Sharko molecule. In more details.

The directed Peixoto graph introduced by him in 1971 in [6] for arbitrary Morse-
Smale flow on a closed surface, is the generalisation of the Leontovich-Mayer scheme,
introduced in [2] (1937) and [3] (1955) for flows on the plane (but not only Morse-
Smale). Their approach is based on the ideas of Poincaré-Bendixon to pick a set
of specially chosen trajectories so that their relative position fully determines the
qualitative decomposition of the phase space of the flow into the trajectories. The
Peixoto graph’s vertices bijectively correspond to fixed points and limit cycles of the
flow, its edges correspond to the connected components of the invariant manifolds of
fixed points and closed trajectories without the points and the trajectories itself (see
Fig. 1). To be a complete topological invariant such graphs contain the specially chosen
subgraphs as well.

a, a;

Sy S

Wy W
Directed graph

Fig. 1. An example of a gradient-like flow on a sphere S2, its Peixoto’s directed graph and its
Oshemkov-Sharko’s three-colour graph

However, in 1998 Oshemkov and Sharko in [4] found that the Peixoto’s graph is
not complete for all Morse-Smale flows, especially it does not always distinguish the
difference between two types of decompositions into trajectories for a domain bounded
by two limit cycles of the flow. For Morse flows they introduced the new complete
invariant — three-colour graph, its vertices correspond to the so-called triangular
domains, restricted by two saddle separatrices and one usual trajectory which are

ISSN 0203-3755 Turammudaeckme cucremsr, 2018, Tom 8(36), Nel



TOPOLOGICAL CONJUGACY OF GRADIENT-LIKE FLOWS 17

called sides, and these sides correspond to coloured edges of the graph, side of each
type corresponds to the edge of the certain colour. Then Oshemkov and Sharko in the
same work took three-colour graphs and elementary domains with simple behaviour as
atoms and constructed with these atoms the molecules, and proved that such molecules
are surely complete topological invariant for Morse-Smale flows on surfaces.

A description of the class of the topological conjugacy of Morse-Smale flows, in
a difference with the equivalence, requires an introduction of continuous invariants
(moduli), corresponding with the periods of the limit cycles at least. Thus, one class of
the equivalence contains continuum classes of the topological conjugacy. In this paper
we show that for gradient-like systems these classes are coincide, namely we prove the
following fact.

Theorem 1. If two gradient-like flows on a closed surface are topological equivalent
then they are topologically conjugate.

2. Necessary facts and statements

Definition 1. A map h of a metric space (X, px) to a metric space (Y, py) is called
Lipschitz, if there is some positive constant L called as Lipschitz constant such that
pY(h(I)7 h(y)) < L- /OX(xuy) for all T,y € X.

Let C‘O(R”) be the Banach space of bounded continuous maps from R” to R™ with
uniform norm ||u|| = sup{||u(z)|| : = € R"}.

Proposition 1 ([5], Ch. 2, Lemma 4.3). Let ¢: R" — R™ be a hyperbolic isomorphism.
Then there exists a value ¢ > 0 such that for every ¢1, ps € C°(R™) with the Lipschitz
constant less or equal than e there is an unique continuous map h : R” — R"” of the
form

h=1+u,

where I is the identity map and u € C°(R"), such that
WMo+ ¢1) = (¢ + @2)h.

Moreover h is a homeomorphism.

Proposition 2 ([5], Ch. 2, Lemma 4.9). Let F': R" — R" be a C"-vector field with the
equilibrium point 0. Then for every € > 0 there exists a C"-vector field G: R* — R”
and neighborhoods U C V of 0 such that:

1) G=F on U and G = DF; outside V;

2) G is Lipschitz and generates a flow ¢ on R™ of the form

g =06 +¢,

where ¢' is a flow generated by the vector field DFy, o' € CO(R") for all t € [—2,2],
©" has the Lipschitz constant less than ¢ and Dy} = 0.

ISSN 0203-3755 /lunamudeckue cucrempr, 2018, Tom 8(36), Nel



18 V. KRUGLOV

Now let M™ be a C"-smooth n-manifold.

Lemma 1. Let F': M™ — M™ be a C"-vector field with the hyperbolic equilibrium point
p. Then there exists a neighbourhood U of the point p where the flow f' generated by
F is topologically conjugated to the flow ¢' generated by DF,.

Proof. As the problem is local, and there exists some local map (V,0), where U C V/,
0:V — R™ is homeomorphism and 6(p) = 0, let us think that M"™ = R™ and p = 0.

As 0 is the hyperbolic equilibrium point of F' then ¢ = ¢! is the hyperbolic
isomorphism of R™. Let ¢ be a constant from Proposition 1 for ¢ and G be the vector
field from Proposition 2 for F' and . Then the flows f* and ¢' generated by F and
G, accordingly, are coincide on U and, hence, they are topologically conjugate on U.
Using an idea of the proof of Theorem 4.10 from Ch. 2 of [5], let us show that the flow
¢! is topologically conjugate to g in R™.

By Propositions 1 and 2 there exists an unique homeomorphism h: R™ — R" being
in a finite distance from the identity map such that hg = ¢h. Let

1
H = /(bthgtdt.
0

This map is continuous and, by Proposition 2, is in a finite distance from the identity
map. Let us show that ¢p°H = Hg® for all s € R, all we need for this is to consider the
segment from 0 to 1, because it is fundamental. Let us take and fix some s from [0, 1].
We have

1 1
¢_8Hgs _ ¢—s / qb_thgtdt gs _ / ¢—(t+s) hgt+sdt.
0 0

Let u=1t+ s —1, then

1 s
/¢—(t+s)hgt+sdt: / o~ hgt T dy =
0 —1+s

0 s
_ / ¢—u¢—1hglgudu+/gb—u—lhgu-i-ldu.
—14s 0

Let v = u+1 in the first sum and v = u in the second one and recall that ¢~ thg' = h.
It gives us the formula

s 1
¢ °*Hg® = /gb‘”hg”du + /gzﬁ_”hg”du =H.
0 s
It implies that H is the continuous map being in a finite distance from the identity

map and conjugating the flow ¢' with ¢*. As hg' = ¢'h and Hg' = ¢'H, uniqueness
of solving of this equation gives h = H. O
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TOPOLOGICAL CONJUGACY OF GRADIENT-LIKE FLOWS 19

Proposition 3 (|7], Ch. 4, Theorem 7.1). Let A and B be two n x n real matrices such
that all the eigenvalues of A and B have nonzero real part and the dimension of the
direct sum of all the eigenspaces with negative (and, obviously, positive too) real part
is the same for A and B. Then the two flows generated by the vector fields # = Ax
and © = Bz are topologically conjugate.

3. The proof of the main theorem

Let S be a closed surface and f': S x R — S be a C! gradient-like flow. Then for
every wandering trajectory £ of f* there are exactly two different fixed points p, ¢ of f*
such that the boundary of the trajectory has the form

cl(O\ = {p,q}

and the trajectory is directed from p to ¢. In this case we will denote the trajectory by
¢, , assuming that the trajectory is directed from p to g.

Let f* and f” be topologically equivalent C! gradient-like flows, i.e. there is a
homeomorphism h: S — S mapping trajectories of f* into trajectories of f”* preserving
orientation. It implies that A maps the fixed points of f to the fixed points of f", what
we will denote by p’ = h(p) for a fixed point p of f*. Then

h(gpq) — g;/q/

for every wandering trajectory £,, of f*.
By Lemma 1 and Proposition 3 there are neighbourhoods u,, u, of p, p’ respectively
such that ft\up, f’t]up, are topologically conjugated by a homeomorphism h,, : u, — uy.

Fig. 2. Neighbourhood u,

Let o be a saddle point of f. Without loss of generality we will assume that the
neighborhood u, has a form as on Figure 2, u,s = h,(u,) and a map h~'h, preserves
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20 V. KRUGLOV

separatrix of o. For a point z € S denote by O, (O.) the orbit of the flow f* (f")
passing through the point z. Let

V,= |J 0. Vo= | O
zecl(ug) zecl(u,r)

Let us extend h, up to a homeomorphism hy, : V,, — V,. by the following rule (see
Fig. 3). For a point z € (V,\cl(u,)) let {20} = O, N Iu, and f'*(z9) = z for ¢, € R,
then

hv, (2) = £ (he(20))-

Fig. 3. Main constructions for f* (on the left sphere) and for f’* (on the right sphere)

Let V' (V') be a union of all V, (V,/) and hy : V — V'’ be a homeomorphism
composed by hy, .

To extend the homeomorphisms hy up to ambient conjugating homeomorphism
note that the closure 7" of any connected component of the set S\ (V U Q) belongs
to the basin of a sink w. As h™'h, preserves separatrix of o then there is the closure
T" C W of an unique connected component of the set S\ (V' U Q) such that
h(T)NT" # (. Let us extend hy to T by conjugating homeomorphism hy-.

By Lemma 1 flows f*[,, and f"[,,,, are conjugate by means of 1, and
respectively to some linear flows in some neighbourhood of 0 on the plane. Let ~
be some closed curve without a contact, transversally crossing all trajectories of the
linear flows, and let v = ¥ (o), 7/ = ¥ (7). So we correctly constructed a closed
curve without a contact around w and w’.

Let Jr = yNT and let ag, a; be the endpoints of the arc Jr. Then there are saddle
points oy, 01 (possible oy = o01) such that a; € (Jr NV,,),i = 0,1. Similarly the arc
Jrr =~ NT is bounded by the points dg,a; belonging to V1, Vi, accordingly. Let
to,t1 € R so that f%(a;) = hy(a;),i = 0,1 and p: Jr» — [0,1] be a homeomorphism
such that p(a;) = 4,9 =0,1. Let

Jr = {f/tz(g) | z € jT/,tz =19+ (tl — tg)p(g)}.
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TOPOLOGICAL CONJUGACY OF GRADIENT-LIKE FLOWS 21

Define an arbitrary homeomorphism h;: Jr — Jp so that hy(a;) = hy(a;),i =0, 1.
Then every point z in 7' is uniquely defined by the point zp = O, N Jr and the value
t, € R such that f'*(zy) = z. Let us define a homeomorphism hr: T — T’ by the
formula

ho(f(20)) = f** (hy(20)).

Let us define the conjugating homeomorphism h.: S — S so that h.|y = hy, he|r = hr
and hc|th = h|th. Thus the conjugating homeomorphism is constructed and Theorem
is proved.
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K 3asade o IBUXKEHUHU Tejla BpallleHus 110
chepe!
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Amnnoramnus. PaccmarpuBaercs 3a/1ada 0 KadeHUU 0e3 MPOCKAJIB3bIBAHNS JUHAMUIECKHA CHMMETDPUY-
HOTO TeJjIa, OrPAHUYEHHOTO TOBEPXHOCTHIO BPAIEHUs, 110 HeNoABIKHOI cdepe. IIpeamonaraercs, aro
[IPUJIOKEHHBbIE K TBEPIOMY TeJly CHUJIbI, IMEIOT IIPUJIOKEHHYIO K IeHTpy Macc G Tejia paBHOJEHCTBY-
FOIIYI0, HAIpaBJIeHHYI0 K IeHTpy O OmOpHOi cdepbl W 3aBUCHILYI0 TOJHKO OT PACCTOSHUS MEXKILY
toukamu G u O. B 3rom cirydae perienne 3a7a9u CBOAUTCS K MHTEIPUPOBAHUIO CUCTEMbBI JBYX JIU-
HeitubIX aud depeHnuaabHbIX yPABHEHUI TIEPBOT0 TOPSIKA OTHOCUTEIHHO KOMIIOHEHT W3 W N YIJIOBOM
CKODOCTH TeJIa B IMPOEKINK HA €ro OCh JUHAMHYECKOW CHMMETPHUH M Ha HOPMAaJib K OIOpHOI cdepe
COOTBETCTBEHHO. VI3y4aeTcs BOIPOC: IPU KAKOM yCJIOBAU Ha (DOPMY IIOBEPXHOCTU KATSIIErOCs TeJla
YPaBHEHHE, KOTOPOMY Y/IOBJIETBOPSIET W3, MHTEIPUPYETCI METO/IOM Pa3/IeJIeHUs IIEPEMEHHBIX OT/IEJTbHO
OT APYTUX ypaBHEHUM.

KurouyeBbie ciioBa: Tesio BpalleHust; KadeHue Mo cepe; HHTErPUPYEMOCTDb B SIBHOM BHJIE.

Motion of a Rotationally Symmetric Body on a
Sphere

A.S.Kuleshov, D. S. Zueva
M. V. Lomonosov Moscow State University, Moscow 119991.

Abstract. The problem of rolling without sliding of a rotationally symmetric rigid body on a sphere
is considered. The rolling body is assumed to be subjected to the forces, the resultant of which is
directed from the center of mass G of the body to the center O of the sphere, and depends only on
the distance between G and O. In this case the solution of this problem is reduced to solving the
system of two first order linear differential equations over the projections w3 and n of the angular
velocity of the body onto its axis of symmetry and onto the normal to the sphere respectively. The
problem of determination of the shape of the rolling body for which the equation for w3 can be solved
by separation of variables is studied.

Keywords: rotationally symmetric body; body rolling on a sphere; integrability.
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KJIACCHIECKUX 33J1a9 MEXaHUKN HeroJoHOMHBIX cucteM. B 1897 romy C. A. Yamibirun
B pabore [1| ycranoBu1, 94To B CIydae KaueHUs TZKEJIOTO Tejia BPAIEeHHsl 110 TOPU30H-
TaJIbLHOM IJIOCKOCTHU PeIlleHrne COOTBETCTBYIONIEH 3a/1a4i CBOJUTCH K UHTEIPUPOBAHUIO
CUCTEMBI JIBYX JIMHEHHBIX quddepeHnnaabublX yPaBHEHNI IePBOrO MOPSIKa OTHOCHU-
TEJILHO JIByX KOMIIOHEHT YIJIOBOI CKOPOCTH Teja. B Toif ke padore |1] 6611 nccsrenoBan
BOIIPOC: TIPU KAKOM YCJIOBUU Ha (DOPMY MOBEPXHOCTHU KATSIIErOCs TejIa U pacipeiesie-
HIE MAacC B HEM OJIHO U3 JIBYX JIMHEHHBIX YPaBHEHUIl EPBOTO MOpsiKa (OTHOCUTEIbHO
KOMIIOHEHTBI yTJIOBOI CKOPOCTU TeJjia B IPOEKIUU HA €ro OCh JIUHAMUYECKON CHMMeT-
pHM) HHTEIPUPYETCsT OTJEJIBHO OT JPYTUX YPABHEHWN METOIOM Pa3JIe/IeHUsI IePEeMeH-
HBbIX. BBIIO yCTaHOBJIEHO, ITO COOTBETCTBYIOIIECE YPABHEHNE MUHTETPUPYETCA METOJIOM
pasjie/ieHnsl MepeMeHHBIX B CJIydae, KOraa KaTsIneecs 0 MIOCKOCTH TeJIO TIPeICTaBIs-
eT cobOil HEOTHOPOIHBIN TUHAMIYECKN CUMMETPHYHBINA Iap, IMEHTP MacCc KOTOPOro He
COBIIAJIAET C T€OMETPUYECKUM TIEHTPOM, HO JIEZKUT Ha OCH JIMHAMUYECKON CUMMETPHUH.

B 1910 romy II.B.Bopomeny, B paGore [2] mnokazams, d9TO paccyzKeHusl
C. A. HamibiruHa mepeHoCsTC Ha CJIydail KadeHusl Teja BPAIEHUS 110 TMOBEPXHOCTH
chepsl, ecin MPUIOKEHHBIE K TBEP/IOMY TeJIy CHJIBI HMEIOT PABHOEHCTBYIOILYIO, TPU-
JIOY)KEHHYTO K 1eHTpy Macc G Teja, HalpaBJIeHHyIo K 1eHTpy O omopHoit cdepbl u 3aBu-
CAIIYIO TOJIBKO OT paccroguus Mexk 1y Toukamu G u O. B sTom ciryuae 3a/1ada TaKkzKe
CBOJIUTCS K MHTEIPUPOBAHUIO CUCTEMbI JIBYX JIMHEHHBIX JuddepeHnnaabubiX ypaBHe-
HUI [I€PBOIO MOPSJIKA OTHOCUTEIBHO KOMIIOHEHT YTJIOBOW CKOPOCTU Tejia B IPOEKITUN
Ha €ro OChb JUHAMUYIECKON CUMMETPHUHU U HA HOPMAJIb K IMOBEPXHOCTH ChEpHI.

B nmammoit pabore m3ydaercs 3ajada O KadeHWH Tejla BPAIIEHUsT IO MOBEPXHOCTH
cdepnr 1ipu yeaosusx 11. B. Boponna. [loydena cucrema aByx JnHEHHBIX jiruddepen-
[UAJBHBIX yPABHEHUI IEPBOTO MOPSJIKA, K HHTEIPUPOBAHUIO KOTOPOI IIPUBOJIUTCS pe-
menne 3aja4u. VcemeaoBan BOpoc, Mpu KAKOM YCJIOBUU HA (DOPMY MTOBEPXHOCTU Ka-
TSAIIETOCs Tejla W PacIpe/ie/ieHne MacC B HEM JIMHEIHOe ypaBHEHHE IePBOrO MOPSIIKA
Ha KOMITOHEHTY YTJIOBOW CKOPOCTH TeJia B IIPOEKITNN Ha OCh TUHAMUIECKONH CUMMETPUN
WHTErpupyeTcss OTJeIbHO OT JPYTUX YPABHEHUIT METOJIOM pasfe/leHus IePEMEeHHbIX.
Takum obpazom, B paboTe HMOJIHOCTHIO HCCJIEJIOBAHA 3aJiava, aHAJOTMYHAs TOH, YTO
6buta pertena C. A. Hamibiruasiv B pabore [1| mist crydas aBuzKeHUsT TSIZKETOTO TeJia
BpAIIeHNs 110 a0COJIIOTHO IIIEPOXOBATON TOPU30HTAIBHO ILIOCKOCTH.

1. O6mias mocTaHOBKA 33JIa9M O KQUEeHNU TeJia BPaIlleHus 110
cdhepe. YpaBHEeHUS IBU>KECHUSI

PaccmorpuMm 3aj1a1y 0 KadeHUN TUHAMUYIECKH CUMMETPUIHOTO Teja, OrPAaHMIeHHO-
I'0 MTOBEPXHOCTBIO BpallleHusd, 110 aDCOJIIOTHO IepoxoBaToii cdepe pajmyca Ri. Creys
pabore II. B. Boponna [2]|, BBejieM 4eTbIpe cuCTeMbI KOOPJIMHAT (B CKOOKAX yKa3aHbl
eJINHIYHBIE BEKTOPBI 0Ceii):

Ox11121 (€4, €y, €,) — HEIOIBIKHAS CHCTEMa KOOPJIUHAT C HAYAJIOM B IIEHTPE OLOD-
HOIT cephl;

Gryz (e1,eq,€3) — cuCTEMa KOODJIMHAT, KECTKO CBSI3aHHAs C JIBUKYIIUMCS TBED-
JIBIM TE€JIOM; ee HavdaJj0 BeIOpaHO B meHTpe Mace (G IBUKYIIETrocs Tejia, a OCH HallpaB-
JIEHBI 110 I'JTaBHBIM OCAM HWHEPIINHN,

ISSN 0203-3755 Turammudaeckne cucremsr, 2018, Tom 8(36), Nel



K BAJTAYE O ABH2KEHWN TEJIA BPAIIIEHINA 110 CPEPE 25

Puwvn (e, e,, €,) — MOJBIKHAs CHCTEMa KOODJIMHAT ¢ HAYAJIOM B TOUKE KOHTaKTa P
TesIa ¢ ONOPHOI cdepoil U 0cMNU, HAIIPABJICHHBIME 0 KacaTeIbHbIM K KOODIMHATHBIM
JIMHAAM U 110 HOPMAJIU K IIOBEPXHOCTH TeJIa;

Pujving (ey,, €y, €y, ) — MOJBUXKHASI CUCTEMA KOOPJIMHAT, OCU KOTOPOIl HAIIPABJICHBI
10 KacaTeJbHBIM K KOODJIMHATHBIM JIMHUSIM U IO HOPMaJIU K OIOPHOI cdepe.

ITonoxkenne TOYKM KOHTaKTa P Ha IMOBEPXHOCTH S Tesa OIpeNeIaeTcs PaldyCOoM-
BEKTOPOM

p= P = z (u,v)e; +y(u,v) e + z (u,v) e,

I7le U U U — TayCCOBBI KPUBOJIMHEHbIE KOOPIMHATHI TOUKKN P Ha moepxHocTH S. Ko-
5 UIUEHTH TEPBBIX JABYX KBaIPATUIHBIX (OPM MOBEPXHOCTU S KATAIIETOCA Tesa
obosuaunm F, F', G u L, M, N coorBercTBenHo. ByjneMm canTarh, 9T0 KOOpPIMHATHBIE
JITHUU Ha TTOBEPXHOCTH COBIIAJIAIOT C €€ JIMTHUSIMU KPUBU3HBI, 1odToMy F' =0, M = 0.

Cdepuieckast TOBEPXHOCTH S, 10 KOTOPOI JBUKETCS TBEPJIOE TEJIO, 33/ I1aeTCs yPaB-
HEHUSIMHU:

pL= O?’ = x1€; + Y€, + z1e, = R sinuy cosv e, + Ry sinu, sinvye, + Ry cosue,,

rje u; U v; — TayCcCOBbI KPUBOJIMHEIHBbIE KoOpAuHaThl Touku P Ha chepe Sy. s
€JIMHIYHBIX OA3UCHBIX BEKTOPOB €y, €y, €, U €y, €, , €,, UMeeM CJieyiomnue (hopMyJIbL:

U7@8u7 ’U*\/aav7 n u (28]
(1.1)
1 0p, B 1 %

e, €, = €y, X €.

=535 > &nw=5
YR 0wy ' Rysinug Ovy’

Bzanmnas opueHTalud cucTeM Koop/uHaT Gmyz n Puvn olpejgesadercd 1IIpu 1IIoMo-
I MaTpUlbl HaIIPpaBJIAIOIIUX KOCUHYCOB, 3a/aBaC€MbIX Ta6JII/ILleI7I

x Y z
U | C | C2 | C13

<

C21 | C22 | Ca3
C31 | C32 | C33

upudeM KO3 UIMEHTE! ¢;; ABIAI0TCH (DYHKIUSMU TOJILKO HEPEMEHHBIX U U U U B
SIBHOM BUJI€ 3aIMCBIBAIOTCS CJIELYIONIM 00PA30M:

oo Oz 1oy 10 1 (0yoz 0z0y
" VEo P JEo P VEow YT VEG \Oudv  oudv)’
o O Loy 10 1 (0200 Ow0:
21_\/5821’ 22_\/581)’ 23_\/E8v7 27 JEG \oudv Oudv)’

C33 — —F/—— - — = =

1 G_xay 0y Ox
VEG \Oudv 0Oudv)’
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26 A.C.KYJIELIIOB, /I. C. BYEBA

Crenys Boponity [2], Gymem ornpeiessiTh moJoxKeHre Tejia rayCCoBBIMU KOOD/IMHATA-
MU U, U, U1, V1, 1 yIII0M 0 Mexx ity ocavu Pu u Pvy. [lpeanomoxkm, 9To Tes1o KAaTUTCS 110
OTIOpHOIT cepe 6e3 MPOCKAIL3BIBAHNUA. JTO YCIOBUE IIPUBOJIUT K TOMY, UTO HA CUCTEMY
HaKJIa/IbIBAIOTCS JIB€ HEI'OJIOHOMHBIE CBS3U, UMEIOIINE BU/IL:

Ry, = —V Eusin® + vVGo cos 0, Ry, sinuy = VEtcos 0 + vV Gisin 6. (1.2)

[TycTh BeKTOPBI CKOpoCTH W TeHTpa Mace G 1 YyIJIOBOM CKOPOCTH W TeJIa 38 1af0TCs
B cucTeMe KoopmHaT Gryz KOMIIOHEHTAMU W1, W, W3 U W1, Wa, W3 COOTBETCTBEHHO. 3
YCJIOBUS TOTO, YTO TOYKa KacaHus P Tejia HaXOAUTCA B MI'HOBEHHOM ITOKOE, TIOJIYYUM
dOpPMYIIbI, CBI3BIBAIONINE KOMIIOHEHTBI BEKTOPOB W M W:

wy +wez — w3y =0, wy+wsr —wiz=0, ws+wy—wr=0, (1.3)
a JJIsl KOMIIOHEHT W1, Wo, W3 BEKTOPA W CIPABEJIUBLI cieytorue hopmMysbl (eM. [2]):
w1 = 6117’1.}+6210'7:L+031n, Wo = ClgT?.}—f—CQQO"[L—f-CgQTL, W3 = 01371}—1—0230@—1—03371, (14)

(Y _YNa o= (L_LY\yE
G R1 E Rl
(1.5)
0 1 oF . 0G .
+ 2W/EG \ Ov Y ou v
Bynem npemosiarath, 9TO CHJIBI, JEHCTBYIONINE HA TBEPJOE TEJO, UMEIOT MOTEH-
[FaJi, ¥ 9TO TOTEHIMAIbHAs SHeprusi V' 3aBUCHT JIMIL OT KOOPAWHAT % U U TOYKH
kacanus P. Takoii cirydait Oyjier uMeTh MeCTO, HAIIPUMeEp, KOTJIa IIPUIOXKEHHBIE K TBep-
JIOMY TeJIy CHUJIbl UMEIOT PaBHOJIEHCTBYIOIILYIO, IPUJIOKEHHY0 K 1eHTpy Mace G rena,
HampaB/ieHHYI0 K 1IeHTpY O cdepbl U 3aBUCAIIYIO TOJIBKO OT paccrogausd Todek G u O
apyr ot apyra. Urak, mycrs V =V (u,v).
[Iycts © = O (4,0, u,v,n) — KHUHETHYECKAsS SHEPIHsi CUCTEMbI, BBIYHCICHHAS C
yIeTOM HEroJOHOMHBIX cBsizeil (1.2) u coornormennit (1.3)-(1.4). Ona BbrumcIsiercs 1o
cTaHIapTHOI dopmyJie

n= — U1 COS U .

20 (4, 0, u,v,n) = m (0] + wj + wj) + Awi + Asw; + Agw;,

I7Ie M — Macca JBIXKYyIerocs tena, a Ay, Ao n Az — ero riiaBHbIe IIEHTPAJIbHBIE MOMEHTHI
unepnun. Jlannoe BbIpazkeHne MOXKHO IEPEINCATh CJIELYIONUM 0OPA30M:

20 (1, D, u,v,n) = Kzzn® + 2 (K3t + Ko30) n + K102 + 2K 010 + Kop?,  (1.6)

npudeM Ha ocHoBaHuH (opmyt (1.3)-(1.5) MOXKHO ceraTh BBIBOI, 9TO KOI(DMOHUITHEHTHI
K;; aBnsiorcs GyHKIUAMI IIePEMEHHBIX © 1 v. Eeam Mbl 0003HaYMM Uepe3 p U € pac-
CTOSIHUSI OT TieHTpa Macc G Tejia 10 TOYKHU Kacauusi P u 710 KacaTeIbHOH MJI0CKOCTH K
nosepxHocTu S B TOUYKE P

p2 = 12 + y2 + zg, € = xC31 + YC39 + 2C33,
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K BAJTAYE O ABH2KEHWN TEJIA BPAIIIEHINA 110 CPEPE 27

TO MbI MOYKEM 3alliCaTh ypaBHEHUsI JIBUKEHUs Tejla B TakoM Bujie (eM. [2]):

d (00 a@_ LN VE 180 ap
a(%) e (EG 32)3— TRor T Mol

N 1 oV
_ i S - G2
me G(G Rl)nv v

d (00 B 00 . VG100 dp
@(7) o - VE (EG RQ)%“?J% nT g

1 .oV
+m€v (E—E) nu— —

d (09 \/_13@ VE100 . 0m o, O\, _ LG-NE.
Rlaﬁu R17'8v P c

% —u+ —0 \/E_G uv.
(1.7)

ou ov

[IpucoeuHsst K 9TUM ypaBHEHUsIM MOCJIeIHee u3 ypasHeHuit (1.5), a Takxke ypas-
HeHusi cBsi3edi (1.2), moJydnM cucTeMy IeCTH YypaBHEHWi, U3 KOTOPOH OIpeIesIsiioTcst
BCe HEM3BECTHBIE U, U, N, 6, U1, v1 KaK PYHKIIUU BPEMEHH.

[Ipeamookum Terepb, 9TO TBEPOE TeJO, KATAIIeecs 10 cdepe, ABISIeTCA TeIOM
BpaIlleHNs, TO €CTh €ro MOMeHTHI nnepiun A; u Ay orHOcuTebHO oceit Gx u Gy paBHBI
Mezk ity coboit (A; = Ay), a MOBEPXHOCTH S, OrPAHUYUBAIOIIAS TBEPJIOE TEJIO, SIBJISIETCST
[IOBEPXHOCTBHIO BpallieHus BOKPYT ocu (Gz:

= f(u)cosv, y=f(u)sinv, z=gu). (1.8)

B sToM ciiyuae KuHeTHUecKas dHepPrus Teja, Bbrauciagemas 1no ¢gopmyie (1.6), B
SIBHOM BHJIE 3IIAIIETCS CJICYIONINM 00pa30M:

20 (u, '1.1, u, v, Tl) = K11u2 + KQQ'I.}Q + K33n2 + 2K231'm,

2
"l et 1

K= (A1 +Mf*+ Mg?) (f? + ¢?) (M——) ,
(f2+g2 1

2
oo AP AP Mg —fg) (g f
22 f/2 +g/2 \/W Rl )
o 9”4 Asf? 4+ M (ST + g9)?
33 — f/2 + g/2 ’
oo M9f' = f9) (Ff +99) — (A5 — A1) f'g' g I
23— 24 g? f2+q¢? R '
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28 A.C.KYJIELIIOB, /I. C. BYEBA

31ech MTpUXOM 0003HAUEHa TPOn3BoaHAs 10 1. OYeBUIHO, ITO Bee KOIDPUITHEH-
Tel K;; OynyT dyHKIUAMI TOJIBKO HepeMeHHOH u. CrpaBelINBBI TaKzKe CJIeLyIOIe

COOTHOIIEHUS: 96 9 5V
oo, Loo =0
ov ov ov
B stom ciryuae jBa nocsieHuxX ypaBHeHus cucreMbl (1.7) maior:
d . N d . N -
pr (Kasn + Kypv) = (e1n + ko), T (K33n + Ka30) = (con + kav) 1, (1.9)
e KoapdunnmenTol Koo, Koz, K33, ¢1, Co, ki, ko aBIIIOTCS (DYHKIUSIMU TOJIBKO IIE€pe-
MeHHOI u. Kpome Toro, B BeIpazkenusx (1.4) /j1si KOMIOHEHT YIJIOBOiT CKOPOCTH Wy, We
" w3 OyzeM uMeTb co3 = 0, OTKyJIa CJIe/IyeT, UTO

U= —ws — —n, (1.10)

npudeM KO3(pOUIMEHTHI TTPU TIEPEMEHHBIX W3 U N TakKe Oy/yT (DYHKIUAMHI TOJIHKO
nepemenHoii u. [lepexonst B ypaBuenusx (1.9) K HOBOII He3aBUCHMOll epeMEHHON 1,
MIPUBEJIEM STU yDABHEHUS K BUJLY

Koy dw: Kogc: dn
—2 2 4 (Ko — =22 ) — = din + syws,
137 du c137 ) du
(1.11)
Kos dw Kssce dn
—23 —3 + K33 — 23753 - = dgn -+ SoWws,
c137 du 137 ) du

e dy, S1, do, So — DYHKIUU, 3aBUCAIIAE OT u. lTakuMm oOpas3oM, pelieHne 3aJaqu
CBOJINTCS K MHTEIPUPOBAHUIO CUCTEMbBI JABYX JUHEHHBIX YpaBHEHUI IIEPBOIO IOPSIKa
(1.11) orHOCHTEILHO KOMIIOHEHT yTJI0OBOi CKOPOCTH N U ws. Ecm Haiitu obiiee perenie
3TOI cUCTeMbl YpaBHEHU, TO 3a/lada CBOJUTCS K KBa/I[paTypaM.

2. IIpocreiilnme ciry4vam MHTErpUPOBaHUA YPaBHEHUII ABUKEHUS

Paspernm cucremy ypasuenuii (1.11) orHOCHTEIBHO TPOM3BOIHBIX U IPUBEJIEM €€
K BUJY:

d
—n =an + aoWs, _dw:} = bl’I’L + bQ(x)g. (21)
U

du

BorsicnnM, KakKuM JI077KeH OBITH BHJI IOBEPXHOCTU, OTPAHIMINBAIOINIEN TEJIO, ITOOBI
BTOpOe U3 ypaBHeHuii (2.1) HHTErpupoBaJoch METOJOM pasjieienus nepeMeHHbix. Co-
OTBETCTBYIOIIEE YCIOBUE 3alucbiBaeTcd B Buje by = 0. B aBHOM Bujie oHO MOXkKeT ObITh
[IPEJICTABJIEHO CJIEIYIONUM 0Opa30M:

g df  d2f dg df\> [dg\” df\> [dg\*> _ dg
(e ) - () () fﬂ@)*(@) |

df\°> [dg\* dg A A
f\/(@) - (i) —mi W@) (@) -0
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K BAJTAYE O ABH2KEHWN TEJIA BPAIIIEHINA 110 CPEPE 29

Takum o6pazoM, Bropoe u3 ypasHeHuit (2.1) mHTerpupyercs pas3jeeHreM epeMeH-
HBIX, €CJIN TIOBEPXHOCTH, OTPAHNYNBAIOINIAsT TBEPJOE TEJ0, Y/IOBJIETBOPIET YPaBHEHUIO

df \*  (dg dg
- ) - 2.2
f\/(du) * (du) Rldu 0 (22)
nJn ypaBHeHmo

dgdf d*fdg df ? df\* (dg\* _ dg
(@d——wa) = ((du) +<du)> f\/(@) *(@) T

(2.3)

Paccmorpum cnauana ypasuenue (2.2). Iomarast B wem f (u) = Ryu, npuBeem ero

dg 2 dg
2 — ) 2.4
uy | Ry + (du) T =0 (2.4)

K BUJLY

0611168 peaienue ypaBHeHud (24) umMeeT BU/L
g(u) = —Rl\/l —U2—|—Cl,

rie C] — mpou3Bo/IbHAS MMOCTOSTHHAST HHTErpupoBanus. Takum 0Opa3oM, OBEPXHOCTh
KaTdIIerocd Teaa B JAHHOM CIIydae YIOBJICTBOPACT YPABHCHUIO

2+ (g—C1)?* =R,

TO €CThb KaTsIleecd TeJIO IIPeJCTABIAeT co00il HeOIHOPOIHBIA IUHAMUYICCKHE CHUMMET-
PUYHBIN IIap TOTO K€ pajinyca, 9TO U pajumyc ornopHoit cdepsol. [entp macc sroro
mapa B OOIIEM CJIydae He COBIIQJIACT C MeOMETPHYCCKUM HEHTPOM, a OTCTOMT OT HEro
Ha paccrogare C] BIOIb OCH JIUHAMUYECKON CHMMETPUH.

Teneps paccmorpum ypasuenue (2.3). [onaras B wem f (u) = Rju, IpuBejeM ero

K BHLY
d?qg dg\’ dg dg
2= (R4 (2 2 = 0. 2.
Rludu2 (Rl - (du) du i+ (du) 0 (2.5)

Obriee perierne ypasaerus (2.5) mveer Bu/I
/ Ryv (C1R? 4+ Inv) dv
\/1 — (C1R2 +nv)*w

+027

rae Cp, Co — 1IIPOu3BOJIbHBIE HOCTOsIHHbIC HHTerpuposanus. [Tomaras C1R? = 1, npes-
CTABUM ypaBHEHUE TIOBEPXHOCTH B MAPAMETPUIECKOM BH/IE:

f(u) = R, g(u / vi+mv)dv o (2.6)
\/1—v2 (14 Inw)?
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30 A.C.KYJIELIIOB, /I. C. BYEBA

Ha Puc. 1 npejcrasiien obmmit B MOBEPXHOCTH, 3a/1aBAa€MOil ITapaMeTPUIECKU
ypasrenusamu (2.6) npu Ry =1 u Cy = 0.

Puc. 1.

Takum 06pa30M, HAMHI IIOJIHOCTBIO UCCJIEIOBAH BOIPOC O TOM, KaKOil JI0/ZKHA ObITH
bopmMa TOBEPXHOCTH, OrPaAHUIMBAIONIECH TBEPIOE TEJIO, YTOOBI BTOPOE U3 ypaBHEHWUIT
(2.1) a1t HErO MHTErPUPOBAJIOCH Pa3/ieJieHIeM MepeMeHHbIX. B 9ToM ciiydae TBepioe
TEJIO JINOO SBJISIETCS HEOTHOPOJHBIM JAUHAMIYECKN CHMMETPUTIHBIM IIAPOM TOTO IKe
pajimyca, ITO U paJnyc onopHoit cdepsr, mbo nmeer dhopMmy, 33 aBaeMyI0 COOTHOIIIE-
Husmu (2.6).
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CobcTBeHHBIE POPMBI IPSIMOYTOJIHLHOI
OPTOTPOITHOI NPU3MbI IPH PA3JINIHBLIX BIIAX
CIMMeTPHH

A. /1. JIsmmko, B. H. YexoB

Kpoivcknit denepanbubiii yausepcurer uM. B. . Bepuaackoro,
Cumdepomnosb 295007. E-mail: knightla@yandex.ru

Amnnoranus. B crarbe mo/iyueHbl HOBbIE aHAJIUTUYECKHUE [IPEJICTABIEHNUS PEIIeHUs] 3a1a9u JJIsl yCTa-
HOBUBIIIAXCsT KOJIEOAHUI TTPSAMOYTOJIBHON OPTOTPOITHON MPU3MBI JJIsi YeThbIpeX BUA0B cummerpuu. [1o
CPABHEHUIO C JPYTUMU U3BECTHBIMU AHAJTUTHIECKUMU [TPEICTABICHUSME JJIsI JTAHHBIX [IPE/ICTABICHUI
CYIIECTBEHHBIM 00OPA30M YIIPOIIEH AHAJIN3 PEryJIAPHOCTH COOTBETCTBYIOMINX OECKOHEYHBIX CHCTEM U
[IPUMEHUMOCTb MEeTOJa YJIY4IIEHHOW PEeIYKIIMH [JIs YUCJIEHHBIX OIIEHOK eé pemreHus. Jljis Kaxkioro
BHUJa CUMMETPUU YKA3aHO CYETHOE MHOYKECTBO 3JIEMEHTAPHBIX COOCTBEHHBIX YACTOT M COOCTBEHHBIX
dopM KojiebaHuUil, KOTOPbIE COOTBETCTBYIOT M3BECTHBIM MojaM Jlame Jijisi M30TPOMHBIX Ipu3M. BbI-
9UCJIEHBI TIePBble COOCTBEHHBIE YACTOTHI U COOTBETCTBYIONIHE COOCTBEHHBIE (DOPMBI KOJICOAHUN IIJIst
KBa/JIPaTHOU OPTOTPOITHOI IPU3MBI.

KurouyeBbie ciioBa: ycraHOBUBIIHMECS KOJIEOAHUsT OPTOTPOIHON TPU3MbI, METOJ, CyIEePIIO3UIUH, Pe-
ryJisipHast OECKOHEYHAs CUCTEMa JIMHEHHBIX ajredpandecKux ypaBHEHUil, cOOCTBEHHBIE YaCTOTHI Op-
TOTPOITHOM MPAMOYTOJbHON IPU3MBI, AaHAJIUTUYECKOE IIPEJICTABJIEHNE DEIIeHUs, YJIYYIIEHHbIIT MeTo/I

PeayKINN.

Eigenforms of rectangular orthotropic prism for the
different forms of symmetry

A.D. Lyashko, V. N. Chekhov
V.I. Vernadsky Crimean Federal University, Simferopol 295007.

Abstract. In this paper new analytical presentations of the solutions for steady-state oscillations of
orthotropic rectangular prism is found for four forms of symmetry. These presentations significantly
simplify the regularity analysis and application of the improved reduction method. Countable sets
of the elementary eigenforms for rectangular orthotropic prism that correspond to Lame modes for
isotropic prism are found for each type of symmetry. First eigenfrequencies and eigenforms are found
numerically for square orthotropic prism.

Keywords: steady-state oscillations of orthotropic rectangular prism, superposition method, regular
infinite system of linear algebraic equations, eigenfrequencies of rectangular orthotropic prism,
analitical presentation of solution, the improved reduction method.

MSC 2010: 65N25, 74E10, 74HO05, 74H10, 74H30, 74H45
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BBenenue

OpTOoTpOonHbIE TPAMOYTOJIbHBIE IIJIACTUHKU U IPU3MBI IBJISIOTCS OJHUMUI U3 HAOO-
Jlee PaCIpOCTPAHEHHBIX COBPEMEHHBIX 3JIEMEHTOB KOHCTPYKIMii. Pe3ymbraTnl u 0630-
PBI HCC/IeOBAHNN JIMTHAMUYECKOTO MMOBEJIEHNS OPTOTPOIHBIX TOHKUX IIJIACTHH W IIPS-
MOYTOJIbHBIX TIPU3M IpeJcTaBienbl B paborax [5, 6, 7, 8 9, 10]. Haubosee pacmpo-
CTpPaHEHHBIMU METOJAMU, NMPUMEHSEeMbIMA B JIAHHOU 3ajiavde sIBJISIOTCS BapUaIllOH-
HBIT MeTobl Pastes-Purna (8], a Takke pasimdnbie BADUAHTHI METO/A CYIIEPIO3UIIN
[1,2,3,4,5,6,7,8,9, 10, 14|. Mero cynepro3uruu B KJIACCHIECKOM BapuaHTe TIPH-
BOJIUT K OICHKAM peIeHnii 66CKOHETHOM CUCTEMbl JIMHEHHBIX ajredpandecKux ypas-
Hennit. B cratuke i m3ruba MpsiMOyTOJIBHBIX ILIACTHH Yy/IadHBI BapHaHT MeTOjIa
cynepriosurn 6b11 npeoker C.II. Tumomntenko B 1936 roxy (3, 4, 16]. Ha pacupo-
CTpaHeHUe JJAHHOT'O BapUaHTa MOBJIMAJIO CYIIECTBOBAHIE HYJIEBOT'O IIpEJIesIa JIjIs Pele-
HUSA COOTBETCTBYIONIECH OECKOHEUHON CUCTEMBI U «IIPAKTUYECKASd» CXOJUMOCTH METO/Ia
npocToii pejayknun. [Ipumenenune MmeTosa cynepio3uIun K 3aja4de o mI0CKoit gedopma-
MU U TJIOCKOM HalpsizKeHHOM coctosuuu |1, 2,9, 10, 12, 13, 14] npusoaur K cucremanm,
peleHnsi KOTOPBIX CTPEMATCA K HEHY/IEBBIM KOHCTaHTaM. Teopusi 0ECKOHEUHBIX CUCTEM
MTO3BOJIFET JIOCTATOYHO TOYHO OIEHUTD MPEJIE)T PEIIEHNs U aHAJTUTUIECKU ITPOCY MMUPO-
BaTb BCE PsJIbl B IPEJICTAB/ICHUH PEIICHUS, & TAK¥Ke OIPEJICTUTH COOCTBEHHBIC YACTOTHI
u coberBernbie Gopmbl Kosiebanuii. B crarbax [12, 13, 14| npencrabiienue perenus
CTPOMJIOCH TAKMM 00pa30M, 4TOOBI OHO IPHU TOJCTAHOBKE €IUHUIHOIO PEIICHUs CO-
OTBETCTBYIOIIEHl OECKOHETHO CHCTEMBI CYMMUPOBAJIUCH JIEMEHTAPHBIM 00pPa30M, UTO
obJreryaJio uccjie/IoBaHue 1 perieHne mojrydaeMbIX OeCKOHEYHbBIX cucTeM. B manmnoii cra-
The MPEJIIAraloTCsd MPeJICTaBICHU PEIeHns JIJId 3a/[a9u 0 KOJIEOAHUH MTPSIMOYTOJIHLHOM
OPTOTPOIHON MPU3MBI JIJIsi BCEX BUJIOB CUMMETPHil, 0018 1a101ue JAHHBIM CBOHCTBOM.

1. ITocTanoBKa 3ajia4un

PaccmarpuBaercs 3ajata 0 110CcKO# jiehopMaIiui IpsMOyTOJIbHON OPTOTPOITHOM
upusMmel (z,y) € [—a,a] X [—b, b]. IlmockocTn ynpyroit cuMMeTpUu COBIAIAIOT C TLIOC-
KocTaMu KoopmHAaT. luddepennnanbibie ypaBHeHUs JIBUKEHUS TPU3MbI UMEIOT CJie-

AyIomuil BUI;

004p 00y  O%u
or oy o 11)
90y, Doy 0% '

or oy o

[TepemerrieHnsi 1 HAIIPSIZKEHUsT CBsI3aHbl 0000IIEHHBIM 3aK0HOM ['yKa cormacuo [11]:

% _ 1-— V131/31U b V23V31U

ox E, o Ey v

ov 1-— V13131 Vo1 + Vo3l/31

a—y = El O'xx —_ E2 Uyy, (12)
ou Ov 1

a—y + % = —Gljza'xy.
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Bnecy Fy, Ey, B3 — moaynu FOHra 1711 pacTsizKeHusI-C2KaThs BJIOJIb IJIABHBIX HAIIPaBJIe-
HUil yIIpyTOCTH X,V,7; G — MOJYJIb CJIBUTA, XapaKTepU3yIOIuil H3MEeHEeHUe YIJIOB MeXK Ty
HaIIPaBJIEHUIMU X U V; V1o — Koaddunment [lyaccona, xapakrepusyomuii cokparieHue
B HAIIPABJICHUH Y [IPU PACTSI?KEHUU B HAIPABJICHUSAX X; Vo — KO3 duruent [lyaccona,
XapaKTepU3YIOIIUil COKpaIlleHe B HAIIPABJIEHUN X P PACTSI?KEHUU B HAIIPABJICHUH Yy
u T.;1. ['paHudHble yCI0BUs 388 IUM B YIIPOIIEHHOM BHJIE, YTOOBI YMEHBIIATH TPOMO3/I-
KOCTh:

Ua:a?|x::|:a = f(y)sinwt; Ta:y|m:ia =0; (1.3)

Oyyly—sy = 9(@) sinwt; 7ol = 0; '

[TockoJibKy MBI paccMaTpUBaeM yCTAHOBUBIIUECHA KOJICOAHNS, BBEIEM aMILIUTYIHbIE
XapaKTePUCTUKU HAIIPAKEHUI U IIepeMelleHn:

u = usin(wt); v = vsin(wt); (1.4)

Opy = Oz SiL(W); 0y = Fyy sin(wt); 04y = G4y sin(wt). (1.5)

Boipasum Hanpsizkenus u3 (1.2):

1 — vavo1 — V13131 — Vasli3a — 2U19003131 ou v
Ope = (1 — Vo3l39) — + (Vo1 + Va3V31) —
7, vz = ( 231/32) o7 (V21 231/31) ay
1 — v1a11 — V13131 — Vagli3p — 2112103131 ou v
Oyy = (V12 + V1330) — + (1 — vq3131) —
7, w = (V12 13 32)(9x ( 13 31)5’3/
1 ou . ov
—0 [ JR—
G "™ oy oz
(1.6)
JL1st yMeHbIIIeHnsT IPOMO3/IKOCTH BBEJIEM BCIIOMOTATEIbHbIE BEJTMINHDIL:
- Vig +Vigl32 Va1 + Vagli31
M=————"; Vo= ———;
1-— V13V31 1—- Vo3V32
3 I ) o (1.7)
F=— Ey=—-“-———.
1-— V13V31 1-—- Vo3lV32
JIist BBEJIEHHBIX BEJIUYMH BEPHO, UTO ElﬂQ == Egﬂl. C yuérom (1.7) 06oGIIeHHbII
sakoH ['yka (1.6) mocsie mpeobpazoBaHuii IpUMeT CJIe/ YOI BUJI:
1-— 5152 ou - ov
— = Ogxx — 7 + Vo),
E, Ox oy
1— 40y ou Ov
——0yy = UV1— + — 1.8
£, vy 1 o ay’ ( )
1 ou  Ov

ao'xy: a_y—i_%?

Broipaxenus (1.8) conajaror ¢ 3akoHOM ['yKa JIJIsi MJIOCKOTO HAIPSIZKEHHOTO CO-
CTOSIHUS OPTOTPOIHON ILJIACTUHBI, UCIOJB30BAHHOrO B cTarhax [6], [10] u ap., ¢ xo-
spdbunmentamu Ilyaccona oy, v, u momynamu FOura Ep, Ey Bmoas oceit OX u OY
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COOTBETCTBEHHO, a TakxKe MojyseM capura G. B manbHeiiniem Mbr Gyj1eM HCIOIB30BATH
B BBIPAKEHUAX TOJIBLKO 3T KOI(DMUIMEHTHI, MOTOMY OIyCTHM 3HAK <«THJIBIA» HaJl
HUMH.

[Toncranoska (1.8) B (1.1) npuBonut K cucteme nByX Aud GepeHImanbHbIX ypaBHe-
Huii:

E, 0%u 0*u Eivy 0% B o*u
+G +(G+ 8x6y—p8t2’

1 — vy Ox? Oy? 1—1vi1s

1.9
<G—|— Eyuy ) d*u 0% E, 0% 0% (1.9)

0xdy + Gc‘?xQ + 1 — vy Oy? ~Po

[MogncraBu Bhipazkenus: (1.4) B JaHHYIO CHCTEMY MOJYYIHM CJIEIYIONLYIO CHCTEMY
YPaBHEHUIT JIJIsi YCTAHOBUBIIIMXCS KOJIeOaHUI:

1-— 1Z40%)

2~ 25 2~
E1 8 4 G@ G 4 E1V2 8 v _ —pwzﬁ,
1 — 19 022 Oy? 1 —111s ) Ox0y
i N 4 (1.10)
G 4 Egl/l 82 i G82 E2 82 . w21~}
1 — 11y ) Oxdy Ox? 1 — V1l 8y Pt

[TockoJibKy B cTaThe PAcCCMATPUBAIOTCA TOJBKO aMILIATY/IHbIE XaPAKTEePUCTUKH T1e-
PEMeIeHN 1 HAIPSIXKEHU, BO BCEX TOCJIEYIONINX pa3/iesiax OIyCTUM 3HaK <«TUJIbIIa»
HaJ HAMHU.

2. IlpuBenenne K 6e3pa3mMepHOMY BULY

[Tepeiiiém U3 cucreMbl KOOPJMHAT, B KOTOPOI IIPU3Ma COOTBETCTBYET MHOXKECTBY
Touek (x,y) € [—a,a] x [=b,b], B cucremy koopmunar (z,y) € [—1,1] x [-n,n], ve
n = b/a. TakKe pa3jiesuM [epeMeleHns Ha [OJOBUHY IIUPUHbBI IIPU3MbI @, BBIIOJIHUB
sameny 4 = u/a, 0 = v/a. Torna cucrema (1.10) mpumer cieyromuii Bu:

E, 0% 0% Eivs 00 )
o Cop T (G 1z WZ) piog ~ PO -
<G+ Eany ) Ou GO B 0% —pw’a?o. Y
1 — 11y ) 020y 012 1 — w111y 0Y?
B kagectBe Ge3pasmepHoil 9acTOThl BO3bMEM () = \/gz‘;’—“ Breném ciemytorue

BCIIOMOTI'aT€JIbHbIE ITapaMeETPhbI:

0, = 0, =0, |10, — g, [FU 1)

Paznenum oba ypasuenusi cucrembl Ha F /(1 — v41y) u nepenuriem ux, Beejist 6e3-
pasMepHbIe TTapaMeTphbl, IPeJIoKeHHbe B [6]:

0% 0% 0%
a1 == —+ a6 == (&12 + a66) ~ + QHU 0,
012 01> 00y
B2 20, % (2:2)
(a12+a66)a§;ag+a66a +a118 2+le:0.
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Baech ayy = 1, afy = e/, a1g = o, ags = G(1 — 1111)/E; . B kadectse Gespas-
MEpHBIX HAIPSZKEHUIl BOZLMEM CJIeLyIONIAe BeTMINHDL:

N 1—V1V2 n ].—1/1V2 “ 1 (2 3)
Ore = — 1 Ozx;0yy = — 77 Oyy; Oy = F0zy- .
El vy E2 vy Y G Y

['parnunbie yeaosus (1.3) oTHOCHTENHHO GE3PA3MEPHBIX ITAPAMETPOB JJIsl aMILIH-
TYJHBIX XapaKTEPUCTHUK 3aIUIIYyTCs CJACTYIONUM 00pa30M:

0yy|y::t7] = %;Wg(aa:) =9(2); Txy|y:in =0;

Bakon ['yka orHocuTeIbHO 6€3PA3MEPHBIX MTAPAMETPOB 3aIUIIEM CJICIYIOMIM 00-
pa30oM:

Oz = Q11

ol ov 1 ( ot ,81}) . ou 0o (2.5)

St i2ozs Oy = |\ Qi2gs T a7 |5 Oy = 5= T 52

0 oy’ Y dl 0% og) Y 0y 01

B jambueifmem GyaeM paccMaTpUBaTh TOJNBKO BBIDayKeHHsl, COACPIKaIIie 6e3pas-
MEpPHBIC IIAPAMETPHI, II03TOMY OYIEeM OIyCKATh 3HAK «YIOJIKa» HaJ| HAMN.

3. IlocTpoenue 1ipejicTaBjieHUs pelieHusd

B cuny smmneitHOCTH KpaeBoil 3ajiavuu, IepeMelleHns MOYKHO ITPEJCTABUTh B BUJIE
CYMMBbI YeThbIpeX IlepeMelleHnuil /1jis1 KazKJ/IOro BapuaHTa YeTHOCTH U HEYEeTHOCTH Kpa-
eBbIX ycjoBuii. [1ojipobHO ocTaHOBUMCS Ha IMOCTPOEHUU ODINEr0 PEIIeHUs JJIsd CITydast
HEYETHBIX OTHOCUTEIBHO JIBYX oceil Kosrebanuamu. [locTpoenne mirst ocTaabHBIX CITyda-
€B IIPOU3BOJUTCSH AHAJIOTUIHBIM 00Pa30M.

B coorBeTcTBUM ¢ IPUHIIUIIOM CYIIEPIIO3UIIH OOIIEe PeIlieHne CTPOUTCS B BUJIE CyM-
MBI JIBYX PEIleHuit 1jIs IEPUOJIMIeCKN HarPyzKEeHHO 110JI0ChI, KazK/l0e U3 KOTOPhIX 1103~
BOJISIET Y/IOBJIETBOPUTH IIPOU3BOJIbHBIM YCJIOBUSIM Ha I1ape IPOTUBOJIEXKAIIUX TI'PaHeil:

WE

U=) (Aush(prny) + B sh(pzay)) cos(an)+

3
Il

_l’_
(e~

(Co M7, ch(q1m®) + D M; . ch(ge,m®)) sin(Bmy),

3
Il

(3.1)

h
NE

(Aan,n Ch(pl,ny) + BHMQ,TL Ch(pQ,ny)) Sin(a”m)+

3
Il

(]2~

+ (Crsh(qimz) + Dy, ch(gam)) cos(Bmy)-

3
1§

ITocsie10BaTEILHOCTH HOCTOAHHBIX KOI(PMUIUCHTOB Pk s Qmy My, 1 M]gm ompe/ie-
JINM, TIOTpebOBaB, ITOOBI KaxKJI0€ cjlaraeMoe B IIePEMENIeHNH YIOBIETBOPAIO CUCTEME
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36 A. . JIAIIKO, B. H. YEXOB

b depernnantbHbx ypapHeHuit (2.2). Jlis 95T0ro paccMOTPUM 10 OJHOMY U3 CJIarae-
MBIX CyMMBI (3.1):

U = sh(prny) cos(anz); V = My, ch(pg ny) sin(a, ). (3.2)
U= M,,, ch(grm®)sin(Bny); V = sh(gemz) cos(Bmy). (3.3)

IToxgcranoska (3.2) B cucremy (2.2) HO3BOJIAET OLPEIEJUTD HOCIEAOBATEILHOCTH Py 4,
u My, a nmoncranoska (3.3) — @i u M,
2 2 2 I a2 2 2
a11Q, — A66Pky — Q11_ . a1y B, — (665 m — S0 (3.4)
P (@12 + ags) Biniem (12 + aes)

Din, P2.ns Q1m U G2,m JOJIZKHBL OBITH KOPHSAMH CJICAYIOMNX OMKBaIPATHLIX yPaBHEHHIL:

Mkn:

)

) k,m

ayyaeep” + (71 (a3 + ags) + by ((arz + aes)” — (anay; + agg))) p°+
+ (allozi — Q%l) (agﬁai — Q%l) =0,
a1aesq” + (931(611 + ags) + B, (((112 + ag)? — (anay; + a?jﬁ))) ¢+
+ (alnﬁfn - Q%l) (%6572” - Q%l) = 0.

SaMeTI/IM, 49TO B CUJIy T€OPEMBI Buera IIpou3BeJICcHUA U CYMMbI KBaJpaTOB UMEIOT IIPO-

(3.5)

CTbIC BbIpazK€HUA:

(93, (a1, + ags) + ag, ((a12 + aes)® — (@110 + ags)))
aty age
S S (21 (a1 + aes) + 87, ((a12 + ae6)” — (analy; + a%a)))j
’ ’ 11066 (3.6)
(anap — ) (assp — 1))
a1 aee

q2 p2 _ (alnﬁfn - Q%l) (a66/872n - Q%l)
Lmd2,m 11066 '

pin +p§,n = -

Y

2 .2
pl,np2,n - )

[TocemoBaTe IbHOCTH (v, U (3, BBIOEPEM TaKUM 0Opa30M, YTOObI BXOJISIINE B BhIpa-
JKEHUST JIJIs HOPMAaJIbHBIX Hanpsizkeruit dyukiwmm sin(a,x) u sin(f,,y) Oblm mogHbl Ha
orpeskax [—1, 1] u [—n, n] cooTBeTCTBEHHO, a TaKKe, ITOOBI UX MPOU3BOIHBIE 0OpAIIa-
JIICH B HYJIb Ha COOTBETCTBYIOIINX CTOPOHAX. B cilydyae HEUYeTHBIX OTHOCUTEIBLHO JIBYX

oceit KojiebaHuit BOZbMEM CJICIYIOIINE TTOCIEI0BATE/IbHOCTH:
2n —1 2m —1
T, = —m. 3.7
3B = T (3.7)

BreruncimM kacareabHble HalIpA2KEHN A, COOTBETCTBYIOIINE JaHHOMY PEHICHUIO:

Ay =

o0

ny - Z (An(pl,n + Ml,nan) Ch(pl,ny) + Bn(p?,n + M2,nan) Ch(pQ,ny)) COS(anx)+

n=1

+ Z (Cm(M{,mﬁm =+ q1,m) Ch(q1,mx) + Dm<Méymﬁm + qQ,m) Ch(q2,mx>) COS(Bmy)'
m=1
(3.8)
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[Tocsie omcranosku (3.8) B Kpaesble ycaopust (2.4) Gaaromapst BBIGOPY MOCIEI0BATE b
HOCTel (v, U 3, TIOJIydaeM CJIeJyIOIue ypaBHEHU:

> (Con(M] B+ qrn) (q1m) + Din(Mp 1, B + G2,m) hi(g2m) ) co8(Bmy) = 0,

m

[y

(An(pl,n + Ml,nan) Ch(pl,nn) + Bn(pZ,n + M2,nan) Ch(pQ,nn)) COS(OénJJ> == O

(3.9)
N3 pasenctBa nymo pana Oypwe cieayer, uro Koapunmentsl psaga Oypbe paBHbI
myso. [losTomy mosryuaem, 1ro

NE

n=1

n M. ntn h n m T M/m m h m
A, = g Len t Manon hlpant) oo py G2 snlm ldzm) g0
pl,n + Ml,nan Ch(pl,nn) q1,m + Ml,mﬁm Ch(q1,m)
st ymobcTBa BBEJIEM CJIeIyIoNIe 0003HAUEeHMS:
h(p2,n h(qa,m
Xn — _R C (p2, T]) Ym ——D C (qQ, ) (311)

npl,n + A]M'lmofn7 mql,m + Mll,mﬁm

C ydeToMm BBeJEHHBIX ODO3HAYEHUIT aHAJIUTUIECKOE IIPEJICTABICHNE PEIIeHUST (3.1)
[IpUMET CJICeAYIOMUN BUI;

S sh n sh n
U= ;Xn <<p2,n + MQ,nan)ﬁ — (an =+ MLnOén)M) COS(anJ?)—f—

> ch(q1 mx) ch(ga,mx) )
+ 3 You (M (o + M3 ) e AL (G + M ) iz ) ¢
— ( (42 2aml )Ch((h,m) 2l L )Ch(%,m)
x sin(Bny),
> sh(qy.mx) sh(go.mx) )
V=3 Y ( (o + M3 ) o) (g 4 My ) 280 ) cos(By) +
2o (0 M) G025 = M) G025 (5

ch(p1ny)

— Ms . (p1., + My 0,) —————= | sin(«a,x).
hpray) e (p1, 1nOin) ) (anz)

+ Z X, (Ml,n(pzn + MQ,nan> Ch(pg n

n=1

(3.12)
[TocunTaB 10 JIAaHHBIM IIepPEMEIEeHUSIM HOPMaJIbHbIe HAIPs?KEHUsI U IIOJCTABUB UX B
IpaHUYHbBIE YCJIOBUs, TI0CIe U3BECTHON mporeaypsl 1| Meroga cynepnosuinuu MOXKHO
[OJIYIUTH OECKOHEUHYIO CHCTEMY JIMTHEHHBIX a/IreOpanvdecKnX ypaBHEHUI OTHOCHTE b
HO TIPOU3BOJIBHBIX MOCTOSHHBIX X, Yy (K =1,2,...). OnHako, mepes TeM Kak mpoJIoJi-
JKUATD, TTpeodpa3yeM aHAJTUTUYECKOE IPEJICTAB/ICHIE PEIIeHU TaAaKUM 00pa30M, ITOOBI
IIPU TIOJICTAHOBKE BCEX HEM3BECTHBIX KOI(MDMUIMEHTOB PABHBIMU €JIUHUIE, PAJIbI I
[IepeMeIeHniT U HalpsiKeHUH CyMMHPOBAIMCH K HEKOTOPHIM aHAJUTHICCKUM BbIpa-
kernsiM. B [12| s corydast [BOMHON CHMMETPUE B 9TOM KadecTBe OBLIM BBIODAHBI
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BBIpaXKeHUs, ABJIsIomuecs odooIenusMu Moyt Jlame Ha oprorporHbtil ciay4daii. g ko-
JebaHmil, aHTUCUMMETPUIHBIX OTHOCUTEIHHO JIBYX OCeil, OHM UMEIOT CJIEeTyIONIil B

ayy, + ars cos( Tlx) sin(Q’{Qy)‘

U - I

Oy anay; — a12 cos(§27;) cos(Q21,m) (3.13)

. Y ahy ann + a2 sin( 11117 ) cos(Q7,y)

Q4 apay; — C112 cos(§27;) cos(§21ym) ’
— _\/afsin(Qflx) sin(Q,y) 1 sin(Q2)sin(Qy) 0. (3.14)

T 1 ¥ * 3 —_— * * bl x - . .
cos(£27;) cos(§2351) v ayy cos(21;) cos(Q21ym) Y
3xecn

/
ay; + a2 f ai1 + ao
2 2 11

! / 2

Q= Qn

Jlanabie mepeMernienuss OyJIyT sBJAATHCA PEIIeHUEM OJHOPOJIHON KpaeBoil 3aja4un
IIPX CJICAYIONINX COOTHOIIEHUAX CTOPOH M JacTOTaX:

!
aiq + a9
ai1 + ao

/2
,Q:2k\/ dudn — %2, e N (3.15)

!
11066 + 12066

Paccunraem 1o (3.12) u (3.14) HopMasIbHbIe HAIPSAKCHUS 0y, PA3/I0KUB UX B BOTI-
uble psajabl Pypbe orHocuTebHO GyHKIuit sin(a,x) u sin(f,y) u npupasusas ko3 hu-
[IMEHTHI 3TUX PAI0B IMOJIYYUM OECKOHEYHYIO CHCTEMY YPaBHEHUI OTHOCHUTEILHO X,
Y.

Xo(=1)"™(p1,, — P5,) (a0l — QF)
n(a12 + a66)P1,nP2,nn
" (B2,a66(a1292%, — (annay, — afy)oq) + a1 (aesy — 211))
ahyaes(82, + pi,) (B2 +p3,)
Ym(‘””((ﬁ,m - qg,m)<alllﬂgw - Q%l) v
(a12 + a66)q1,mG2,mbBm (3.16)
. (a0 + (g, — Q) (an — (andly — aty)fn)) _
an1aes(Q + Qim)(ai + qgm)
0% Vay(ay + ain)(ain + az) (=) (=n™
n(anal, — afy) (a2 — Q2 LCLIQQ)(BQ — Q2 —dutas )

n 11‘1116‘/11*‘112 m 11&1161'11*&%2
n=1,2,....m=12,...)

X

+

+

Pemus cucremy (3.16), mosydum ciieyroniiue 3HAYEHUs IPOU3BOJIBHBIX TOCTOSIH-
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HBbIX:

o _ 2\/a,11(a/11 + ai2)(an + a2)(=1)"  prapen (@12 + ags)an

X, =
n / 2 2 2 2
2 _ 02 9t ro_ 2 — a2 —

<an Qllallah*aﬁ) (allall a’12)p1’n Pan n 1

)

(3.17)

Vo 2v/ahy(ay + ar2)(arn + a2) (=)™ qum@em (@12 + dae6)Bm

2 2 /32 522
2 2 _ai1+tai / 2 — a /3 —
n (Bm Qllana/n a%2> (auan a12) 4 m — 2m @11Pm 11

TakuM 06pasoM, MBI HONYUH/IN MOCIEIOBATCILHOCTH Xy, Yy, KOTOPBIC COOTBET-
crByior nepemerenuaM (3.13) u manpsoxenuam (3.14). Hocae samenst Xj, = X Xp,
Y, = V3. (k=1,2,...) uM Oy/LyT COOTBETCTBOBATH €IMHUIHOE PEICHUE X.=Y.=1
(k =1,2,...). IlpousBess 3Ty 3aMeHy U OIYCTHB 3HAK «TUJIbJA» HaJl OCTOSHHBIMI,
npeobpasyem nepemertenns (3.12) K cieayomneMy BrLy:

sh(p1ny) sh(pa,ny) )
U=-2 X, (=" | Bi,—————=+ By,,—— | cos(a,x)+
Z - ( Meh(pran) " ch(paan) (@)

o (3.18)
2 ch(qym) ch(gamz)\ .
+ — Y, (—1 m(M’mB’m—’+M'mB'm—’ sin(Bny),
n mzﬂ ( ) 1, 1, Ch(qum> 2, 2, Ch(q2,m> ( )
- Ch(pl ny) Ch(pQ ny)) .
V=-2 X, (=) | My ,B; ,——>"%+ M5, By ,,———2% | sin(a,x)+
> %) (0B 2 g, S i, -
2 sh(q1,m) sh(qo,m) .
+ - Y, (—1)™ (B’ m———> + By, ———= | cos(Bmy).
n m=1 ( ) b Ch(q1,m) % Ch(q2,m) ( )
31ech
B Vi (an + a12)(ahy + are)(arops ., — ) + a1103) e
kn —

(pi,n - Pﬁfk,n)(ana% — 03 ((analy — aiy)a? — QF(afy + ar2))’

/ \/a,11<a11 + ai2)(ahy + a12)<a12qg—k,n -0 + a&lﬁ%)ﬁm%,m

km — .
(Gon — G p) (@182 — Q1) ((anay, — afy) B2, — QFy (an + a12))

TTojcTanoBKa e uHIdHOro pemtennst Xy, = Yy = 1 (k = 1,2,...) B upejcrasienne
(3.18),(3.19) IpUBOAUT K CJICIYIOIIUM TOXKICCTBAM:

- Sh(pl ny> Sh(pZ ny)
— 2N (=1)" | By, 4 B, 2] n
;( ) ( S Ch(pran) 2" ch(ps.am) cos{anz)

2 & ch(qy mx) ch(g ma:)) )
+ - -0"™ M, By, — >+ M, B, ——"% ) sin(f,y) =
( ) ( 1, 1, Ch(qu) 2, 2, Ch(q2,m) (6 y)

_V aty ay + aizcos(Qf;2) sin(yy)
O apay — Q%Q cos(§27;) cos(€21,7m) ’
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- h(pl ny) Ch(pQ nlY
—2§ Xo(=1)" [ My, By ’ M, Bs ’ n
n=1 ( ) ( ' ' h(pl,nn) " . . Ch<p2,nn) Sln(a x>+

SN (B et) o, ) ) o, =

*
Van [ antap sin( nx cos(me)
Qu V anadl, —aly cos(Q) cos(Q,n)

Pazmoxkum yHKIUNT B TPAHUYIHBIX YCJIOBUSX JIJIsT HOPMAJIbHBIX HAIPSZKEHUN B psi-
el Pypbe:

o0

2 o0
== Z D™ fmsin(Bny); g Z ) gnsin(a,x). (3.20)
n m=1

=1

s kpaesoit 3amadu, cooTBeTCTBYIONIEH HanpsizkeHnaMm (3.14), nosydarcs ciey-
orre Ko3(PUIUEHThI FPAHUYIHBIX YC/IOBUIA:

QF .
fm \/ 52 152* 2 (Qll) (m: 1727>
2 (3.21)
1 Q1 '

—_— * —_—
gn = — 7 2 O 2 tg(QIQH) (n — ]-7 27 s )
AT b
[TocranoBka HAIIPsIZKEHHIi, pacCINTAHHBIX 110 TepemernennsM (3.18),(3.19), B rpa-
HIIHBIE YCJIOBUA JIJIT HOPMAJIbHBIX HAIIPS?KEHUIT TI0CTIe U3BECTHOM mpotieayphl [1] mero-
Jla, CyTIEPIIO3UIMN TIPUBOJIUT K [IAPHOMN CHCTEMe JIMHEHHBIX aaredpandecKux ypaBHeHH

OTHOCUTEJILHO HeolpejiesieHHbIX Koaddunuentos Xy, Yy (K = 1,2, ...):
1 — A
XnAn = m L + 9n
a7 i (analy —aty)B7, — (an + a2) %
P (3.22)
YmA; = Xn s - fm;
; (analy —afy)ad — (ay; + a2)f
e
1
An = (Bl,n(anam - Ml,npl,na/n) th(pl,nn) + B2,n(ana12 - M2,np2,na,11> th<p2,n77))

an
AL, = (Bi,m(ﬁmaJQ - M{,mQLman) th((h,m) + Bé,m(ﬁmam - Mim%mau) th(QQ,m))

Apm :2\/(1’11(@11 + aj2)(al + aj2)x
" (@192, — 12066903, By, + asn ((a110h, — aiy)Ba, — a1297))
ay1age (a2 + Q%,m)(&% + qgm) ‘
Jlyi ocTaJbHBIX TUIOB CUMMETPHIl IIpe/ICTaB/IeHId pellleHnii cTpoATCd aHaJIorhy-

HBIM 00pa3oM. B cirydae cuMMeETPUYHBIX 110 JIBYM OCSAM KoJIeDaHUil B Ka4ecTBe IOCIeI0-
BaTesbHOCTEH vy 1 [y, BBIOEDEM (v = N 1 [, = mn /7. Torga, ncrnonp3ys ykazaHHbIE
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BBIIIIC O6OSH&‘I€HI/IH, IIOJIyH9uM CJIeAYIONIE BbIPpaKe€HUA dJId HepeMeH_[eHI/HU/II

- h h

p— " sh(p1an) " sh(pa,nn)
p sh(q1 mx) sh(go,m)
+ - Y. (—1 (M’mB’ ———+ My By ——"2 ) cos(Bny)+  (3.23
n m221 ) 1 1 h( ) 2, 2, Sh(Q2,m) ( ) ( )
Ly, aly + ap \/ay sin(Qnx//an)

aril + ape T]Q%l SiIl(QH/w /CLH)

= sh(p1,ny) sh(p2,ny) )
V=-2 X, (=) | My ,B;,———= + M5, By ,,————= | cos(a,x)—
Z ( ) ( 1, 1, Sh(puﬂ?) 2,nP2, Sh(pQ,nn) ( )

=2 v (B Sty S 5, ) (3.20

an + az \/ah, sin Qny/\/ ayy)

-0 aly +ap Q% sin(Qq1n/+/al;)

Enunnanomy pernenuio st nepemeniennii (3.23),(3.24) coorBeTcTBYIOT Ciie/Iyomme
BbIpazKeHU:

p - Vi [t an sin(@2) cos(@iyy)
O anay; — a% sin(€27;) sin(27,7m) ’

V= Ve [ antain cos( 11x sin(Q7,y)

*
Qi \ anal; — a2y sin(Qf) sin(Q,n)

(3.25)

[lepemertenusi (3.25) 6yayT COOCTBEHHBIMU MOJAMH KOJEOAHUN IIPU CJICLYFOIIIX
COOTHOIIIEHNSAX CTOPOH U II€PEMENIECHUAX:

2m —1 CL’H + a2

_ — (2h — 1)) 0% %2
2k — 1 ap + CL127 a11 + CL12 a66

,m,k €N

B ciyuae cummerpudabix otHOCHTETHHO OcH OY W aHTHCHMMETPUYHBIX OTHOCH-
resibHO ocu OX KoJebaHuil Jijist TOro, 9To0bl MOC/IeI0BATEIbHOCTH (DYHKIHHA coS(a,T)
u sin(f,,y) 6bLIM NOJHBL, BbIOEpeM &, = nm u [, = (2m — 1)7/2n. [lepemenienus B
9TOM CJIydae OyIyT UMETb CJAELYIONINi B

sh(p1,ny) sh(p, ny)) .
U=-23" X, (~1)" (B, oon¥) g, SHP2nl) ) ) () +
; =) ( Yeh(pran) " ch(pann) (0n2)
5 h( ) h( ) (3.26)
sh(qime sh(qgo.ma _
+-> Y,.(-1 <M'mB’m—+M’mB'm—’) sin(Bny
77 ot ( ) 1 1 h( m) 2 2 h(CZ2,m) ( )
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ch(p1,ny) ch(pz,ny) )
V=2 X, (-1 M, By p———" 4+ M3, By ,————= | cos(a,x)+
; =1 ( b ch(p1,nn) o ch(pz,nn) (02)
2 ch(qy mx ch(qs
T n Z Yoo (=1)™ (Bi m$ + Bém%) cos(Bmy)+ (3.27)
m=1 s

L x ay + ayp v/ah cos(Qy/+/ay)
04/
aly +ap O3 cos(Qy1m/+/ay)
EuHraHOMY pemennio cooTBeTCTBYIOT IepeMeNleHNUs:
- Vval, aly + arp sin(Q5x) sm(Q{Qy)

Qi apay — a12 sin(€2};) COS(QTQU)

Vay, au + alz cos Qilx cos Quy).

% )

(3.28)
v

s namnOro THna cuMMeTpun repeMerterust (3. 28) 6y,zLyT COOCTBEHHBIMH MOJAMU KO-
JiebaHuii pu

/
CLllafn -

!/
a11+a12, — 2k —1)
2k —1 a1l + aqs all + a12 a66

,m,keN

B ciydae aHTHCHMMETPHYHBIX OTHOCUTENbHO ocn OY M CHMMETPUYHBIX OTHOCH-
tesibHOo ocn OX HanpszkeHuit BbIOEpEM IOCIIEI0BATEILHOCTH v = (2n — 1)7/2 u
Bm = M7 /1) TOIYIUM CJIE/IYIONHE BIPAYKEHUS:

- h h
U= QZXn(—l)” <B h(p1.ny) + By, “BPan) (pzmy)) cos(a, )+
n=1

sh(pran) " sh(poan)
p ch(qr mx) ch(qgmx))
- M, B "+ My,,B; ,,————" ) cos(Bny) (3.29
P 7 (M B G+ D B G ol (520

aly + ap \/ay cos(Qz/\/an)
ar + ayz Y3, cos(Q1//arn)

V=23 X,(-1)" (MLHBMM + ngnBQ,nM) cos(anz)+

+ Y5

sh(p1nn) sh(pz.nn)
5 o I ) I ) (3.30)
Sh{q1,m® ;S g2,m .
+=) Y, (-n)™ (B’ w——>+ B m—) sin(Bmy
0 mz_l CU" B ch(qim) ™ ch(gom) (Bt
E/MHUYHOE pellleHne CyMMUPYeTCs K CJIEIYIONMM BbIPAzKeHUsIM:
U= Vay | oal Fap cos(Qfx) cos(,y)
Qi \ analy — afy cos(Q) sin(Qyn) (3.31)

Vo Vo [ ant+aip sin( 1155 sin(Q27,y)

*
Q11 \ anal; — a3y cos(Q) sin(Q5,n)

ISSN 0203-3755 Turammudeckme cucremsr, 2018, Tom 8(36), Nel



COBCTBEHHBIE YACTOTHI [IPSIMOYT'OJIbHOU OPTOTPOITHOH ITPU3MBI 43

[Tepemerrenus (3.31) GyayT cOGCTBEHHBIMU MOJIAMU KOJIEOAHU{T TIPH

! 2
I T ke N
7 y 11l .
(an + a12)a66

4. OnpenenseHne COOCTBEHHBIX 4acTOT u (popM KoJiebaHmii

s uceeioBanus perysisipHOCTH HECKOHETHOM CUCTEMbI HEOOXOIMMO HANTH CYyM-
My abCOJIIOTHBIX BEJTUINH KOI(DDUIMEHTOB JJI KayKJIOTO YPABHEHUsI CHCTEMBI, pas-
Jiesiennbie Ha KoddduimenT B JjieBoit yactu. g vaxoxaenus cymMmMm Ko3hduimneHTon
ypaBHeHUit Oy/1eM MCIOIb30BaTh METOI, TIpe iiozkeHnblil B [13|. IIpumennm ero k cucre-
Me (3.22). Cucrema Gblia MOCTpOeHA TaK, 4TOObI KpaeBoil 3ajade ¢ KoaddunneHTamm
(3.21) coorBercrBoBaO eaumHnYHOE pemenne X = Yy = 1(k = 1,2,...). Ilogcranos-
ka Xj u Yy B (3.22) obpaiaer Kaxkjioe ypaBHEHHE B TOXKJECTBO, U3 KOTOPOI'O MOYKHO
9JIEMEHTAPHBIM 00PA30M IOJIYIUTh BBIPAYKEHUS JIJIST CyMM:

! Y A ay 1
513”: n,m :1+—tg *n 11
Aty m=1 (andyy — afy) B, — (an + a12) Anal, (€1 )a% —
Sy — 1 > Amm — 14 \ alll tg( * ) Tg
m Ax ot (@110}, — Q%Q)Oz% — (a}, + am)Q%l Ax 11 67271—— QT22

[Ipu pocraTodno HEOOIBIUX YACTOTAX BCe KOI(DMUIIMEHTHI MapHOil OECKOHEYHOI
CHUCTEMbI JIMHEHHBIX ypaBHEHUI (3.22) MOJIOKUTEIbHBI, TOITOMY CyMMa, MOJIyJIel COB-
najaer ¢ cymmoit KoaddurmenTon. 3 mosrydeHHbIX POPMYIT CJIE/LYET, UTO CUCTEMa, He
SIBJISIETCSI PErYJIsIPHON HUM IPU KaKOH YacToTe, IMOCKOJIbKY BCE CyMMbI OOJIbIE €/IMHH-
1ibl. OHAKO €€ BO3MOXKHO CBECTH K HECKOJIbKUM PEryJIsPHBIM CUCTEMAM C OJIMHAKOBO
MaTPHUIEl ¢ TIOMOIIBIO OMEPAIIN UCKTIOUEHHs IePEMEHHBIX, OMcanHoil B [15].

[IponutrocTpupyeM JaHHYIO Ollepalinio Ha OECKOHEYHOW CHCTeMe JIMHEHHBIX ypaB-
HEHUl B KaHOHWYECKOM Bujie. IlycThb MbI XOTUM UCK/IIOUUTH HEPBLIX [N HEU3BECTHBIX
T, GECKOHEUHOM CUCTEMBL Ty, = Y oo Cp Xk + by (n=1,2,...). Toraa 3amenoit (4.1) ona
Oyzer cBesieHa K cucremam (4.2).

N
xn:a::—i-Zx;k)a:k, m=N+1,N+2--) (4.1)
k=1

Xy = Z ck,na:;;—l—bk;xg) = Z CknP + cp
n=N+1 n=N+1
(k=N+1,N+2,...; j=1,2,...,N)

(4.2)

[Toncrasus (4.1) u perenne cucrem (4.2) B nepsole N ypaBHenuii 6eCKOHETHON crucTe-
MBI, IOJIyYHUM CJIeJyIONLyI0 KOHEYHYIO CUCTEMY YPaBHEHMH, PEIIuB KOTOPYIO IIOJIyYUM
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SHaYeHUud IJIid IIePBbIX N Hen3BECTHBLIX CUCTEMBL:

N

xn:Z Cn + i cn,mxgi) rr + | bp + i CrnmTo, | - (4.3)

k=1 m=N+1 m=N+1

B cay4ae cucremst (3.22), BO3MOXKHO JTIOOUTLCA PErYJISAPHOCTH cucteM (4.2), HCKIIo-
IUB JOCTATOYHOE KOJIMYECTBO HEU3BECTHBIX. 1OI/Ia BOIPOC O PA3PEIINMOCTH CHCTEMBI
OyzeT CBeJieH K BOILPOCY O Pa3peHINMOCTH KOHeYHOU cucreMsl (4.3).

Hannune y Geckoneunoii cucreMs! (3.22) perrenus, KOTOpOe CTPEMUTCsSI K HEHYyJIe-
BOfl KOHCTaHTe, IO3BOJISET CJEJIATh LPEIIOJOKEeHIE O TOM, YTO U B OOIIEM CIIydae
CIIPABEJIINB ACHMIITOTHICCKHI 3aKOH /ISl PEIICHIs OCCKOHETHO CHCTEMBI:

lim X; = lim Y, = L. (4.4)
k—>00 k—>o00
C y4eToM 3TOro mpejnoiozKeHusl, Jjisi pelleHus 3aa9i MOXKHO IPUMEHUTH MeTo [2]
yuydireHHoit peaykmnuu. CorjiacHo JTaHHOMY METO/L, JIeJIaeTCsl IPEeJIIOI0KEeHne, ITOo
HadYMHas ¢ HEKOTOPOro HoMepa P, Bce HEM3BeCTHBIE COBIAIAIOT ¢ Tipejiesiom L. [Tpouns-
BEJIEM CJIEAVIONIYIO 3aMeHYy:

(4.5)
Xp=L, Y=L (k=P P+1,...)

ﬂaHHaH 3aMeHa IIPpUBOAUT K ABYM CHCTEMaM JIMHEMHBIX aﬂI‘e6paI/I‘{eCKI/IX ypaBHeHI/H/I
C OJIMHAKOBOI MaTpHUIEll OTHOCUTEIbHO Xk,Yk u Xk,Yk s HAXOXKIEHUS IIpejieia
L BOCHOJIB3YeMCsl TIOJIXO/I0M, aHAJIOTMIHBIM U3J103KeHHOMY B [2]. [IpupasHsiB pasHoCTh
HOPMAaJIbHBIX HAIPSAKEHUM B YIVIOBBIX TOYKAX I'PAHUIIBI K M3BECTHOMY W3 3aIaHHBIX
I'PaHUYIHBIX yC.HOBI/Iﬁ 3HAYCHUIO, IIOJIydYaeM 3aBHUCUMOCTL ME2KAY PCIICHUCM 6eCKOHe‘-I-
HOI CHCTEMBbI, BXOJIAIIEM B OECKOHEUIHbIE PsIJIbl JIJIST HAITPSIKEHUIA:

02e(1,1) — 0y (1,m) = f(n) — g(1). (4.6)

[ToncTanoBKa BbIparKeHUI JIjId HAIPSKEHUN TPUBOJIUT K JUHEHHOMY YPaBHEHUIO OT-
HocuTesibHO L. Psjibl B 9TOM ypaBHEHUN CXOIATCA OBICTPO, MTOITOMY B OCHOBHOM OIIpe-
JIENSIOTCA 3HAYEHUSIMH TIePBBIX HEU3BECTHBIX.

JLnst onpejiesieHUsT COOCTBEHHBIX YaCTOT BOCIIOJIb3yeMCs TeM (paKToM, 4TO 3aJiada
0 CBODOJTHBIX KOJIEOAHUSX MMEET HeTPpUBUAJIbHOE pellenne. B cury 3Toro cobcTBeHHbIe
9acTOThI OY/IyT HyJIsIMU onipejiesiuTens (4.3), a HeTpUBHAJIBLHOE PEIleHne - COOCTBEHHbI-
Mu (bopMaMu KOJIeOAHMIA.

CobcTBeHHbIEe 9aCTOTHI U (DOPMBI OBLIH IUCJACHHO MCCJIEIOBAHDI I CIydas KBaJl-
paTHO# oprorponHoi mpu3Mbl ¢ V1 = 0.3/v/2, vy = 0.3v/2, G/E; = 1/2/2.6, paccmor-
pennoii B cratbe [10]. s onpe/iesieHns: 4acToT MCKIIIOUAIICEH [IEPBbIE 8 HEN3BECTHBIX
B COOTBETCTBYIOIINX OCCKOHEYHBIX CHCTEMaX, ITOCJIe Yero HAXOMINCh HYJIU OIPEIe/Th-
TeJist KOHeuHOi cucreMbl (4.3). Bouim onpeesiens! nepsbie 7 COOCTBEHHBIX YaCTOT W
dopMm KoJtebaHmit /s KayKI0ro U3 BUI0B cuMMeTpuii. [loryuennble 9acToThl IpUBeIe-
HBI B Tabsunax 1, 2, 3, 4. B marHbIx Tabaunax jijis cpaBHEHUsI IPUBEIeHBI COOCTBEHHBIE
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9acTOThI, moJrydeHtblie B crarthe [10]. [lockoibKy Yacrora BBOIMIACH IPYTUM 06pa3oM,
onu 66N pasjenensl Ha /2. CoberBentble GOpPMbI OTOOPaZKeHbl Ha pUCyHKax 1, 2, 3,

4.

Ta6ma 1. CobCTBEHHbBIe YACTOTH KBAJIPATHOMN IPU3MBI IpH Vo = 0.3v/2, vy /1) = 2, G/E; = v/2/2.6,

COOTBETCTBYIOIINE aHTUCUMMETPUIHbIM oTHOCHTENBHO oceit OX u OY koJsiebanusiM

k 1 2 3 4 5 6 7
QW) [ 1,2457 | 2,2760 | 2,6380 | 2,9287 | 3,5071 | 4,0102 | 4,1802
[10] | 1,2457 | 2,2760 | 2,6380 | 2,9287 | 3,5072 | 4,0102 | 4,1806

Ta6smma 2. CobCTBEeHHBIE YACTOTHI KBAJIPATHOM IPH3MBbI IIpH Vs = 0.3v/2, v/vy =2, G/E; = \/5/2.6,
COOTBETCTBYIOIINE AHTHCUMMETPUIHBIM OTHOCUTETHHO ocu OX U CHMMETPHYHBIM OTHOCUTEJIHHO OCH

QY xkosebannmsam

k 1 2 3 4 5 6 7
Q® [ 1,1589 | 1,9748 | 2,6660 | 3,4564 | 3,5911 | 4,0525 | 4.3021
[10] | 1,1589 | 1,9748 | 2,6661 | 3,4565 | 3,5911 | 4,0525 | 4,3022

Ta6/ma 3. CobCTBEHHbBIE YACTOTHI KBAJIPATHOMN IPU3MBI IpH Vo = 0.3v/2, vy /1) = 2, G/E; = v/2/2.6,
COOTBETCTBYIONUE CUMMETPUIHBIM OTHOCHTEILHO ocn OX U aHTUCHMMETPHYIHBIM OTHOCUTEIHHO OCH

OY koJiebaHuaM

k 1 2 3 4 5 6 7
Q® 11,4834 | 2,0370 | 2,6591 | 2,8526 | 3,4021 | 3,6847 | 4,1912
[10] | 1,4835 | 2,0371 | 2,6592 | 2,8526 | 3,4022 | 3,6848 | 4,1912

5. Ob6cyxk/JIeHne NoJiy9eHHbIX pe3yIbTaTOB

B nanHoit pabore mpeiokeHo 0600IIeHe pe3yIbTaToB, oIy YeHHbIX B [12] Ha Bee
npyrue dpopmbl cumMerpun. s Kaxk1oit u3 gpopM nosydeHbl odbodIeHus Mo Jlame,
[IOCTPOEHBI aHAJMTUIECKHE IIPEJCTaBICHUS peleHnsi. MeTomoM Cynepro3uiin moJy-
JeHa OeCKOHeYHasl CUCTeMa JIMHEMHBIX YPaBHEHU, KOTOpasi OTJINIAeTCs OT U3BECTHBIX
[6, 9, 10] Tem, 4TO MMeET TOYHOE €MHUIHOE DEIeHHe MPU CIEIUATBHBIX 3HATCHHUSIX
cBOOOTHBIX WieHOB. [lo/icTanoBKA €IMHIYIHOrO PEIIeHUd U 9TUX CIEIUAIbHBIX CBOOOI-
HBIX YJICHOB IIPEBpAIaeT BCE YPaBHEHHUSA CHCTEMBI B TOXKJECTBA, KOTOPbLIE MO3BOJIS-
IOT 9JIEMEHTApPHO 3alliCATh TOYHbIE aHAJTUTHICCKUE BhIPAXKEHUs I CyMM K03 uIm-
€HTOB KaXKJI0# CTPOKM MaTPHIbI OECKOHEUHOI crucTeMbl. IIponsBeneHo mcciegoBaHme
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Jl | A
i GHEHHE

L L L L L L L L L L L L
05 10 -10 -05 00 05 10 -10 -05 00 05 10

L
-10

QW =1, 2457 Q® =2 2760 06 =2 6380

Puc. 1. Co6erBennbie bopMbl Komebanuii KBagpaTHOil mpuaMel mpu vo = 0.3v/2, 1o /v =2, G/E, =

V/2/2.6, anTucummerpirdEbie otHOCHTETBHO oceit OX n OY

100 100 — T T T 10F
. ! T
05 05 05 1|
-10f | ———y —— -10F -10[ A\ }:_, <
QW =1,1589 0® =1,9748 06 =2 6660

Puc. 2. Co6erBennble bopMbl Komebanmii KBagpaTHoOil mpuaMel mpu vo = 0.3v/2, 1o /vi =2, G/E, =

V2 /2.6, anTucumMerpudnble orHocuTesbHO ocu OX u cumMerpudnbie orHOCUTENbHO ocu OY

T T [ e w

-10F = -0 Lo -10f \l\/
. . . . . . . . . . . . . .
05 10 -10 -05 00 [ 10 -10 -05 00 05 10

QM =1,4834 0 =2 0370 06 =2 6591

L
-10

Puc. 3. Co6erBennble bopMbl Komebanmii KBapaTHoil mpuaMel mpu vo = 0.3v/2, 1o /v =2, G/E, =

V2 /2.6, anTucumMerpudnble orHocuTesbHO ocu OX u cumMerpudnbie orHOCUTEbHO ocu OY
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Ta6sma 4. CobCTBEHHbBIE YACTOTHI KBAIPATHOI IIPU3MbL IpH Vo = 0.3v/2, 15 /v = 2, G/E1 = 1/2/2.6,

COOTBETCTBYIOIINE CUMMeTpUIHbIM oTHOCHTENbHO oceit OX u OY kosebanusiM

k 1 2 3 4 5 6 7
Q™ 11,3094 | 1,5939 | 2,0346 | 2,7269 | 3,2399 | 3,9374 | 4,0980
[10] | 1,3095 | 1,5939 - 2,7269 | 3,2401 | 3,9374 | 4,0980

10 b [~ —1T\ 10
-Lor -1or " ] -1or
QM =1,4834 Q2 =2 0370 QG =2 6591

Puc. 4. Cobcrennble GopMbl KoseGanmii KBapaTHOil mpu3Mbl 1pu Vo = 0.3v/2, ve/vy =2, G/E, =

\/i/ 2.6, cuMmMerpudHble oTHOCHTEIBHO oceil OX u OY

PEryJIdpHOCTHU IIOJIyY€HHBIX CHCTEM. BeCKOHe‘IHaH cucreMa JJjid aHTUCUMMETPUIHBIX
OTHOCHUTEJILHO JIBYX OCeil KoJiebaHuii, B OTIUYNE OT CHMMETPUYHOIO CJIydas [12], He
YJIOBJIETBOPSIET YCJIOBUIO PEryJIAPHOCTH HU TPHU Kakoil gactore. OMHAKO PerysipHOCTH
MOKHO JOOUTHCS IIPU ITOMOIIU UCKJIIOUEHUs U3 OECKOHEYUHON CUCTEMbI HEU3BECTHBIX 110
criocoly, npejyiozkerHomy B [15]. JIaHHBIHA MOXO0J MO3BOJIUII TOJIYYATH COOCTBEHHBIE
YaCTOTHI I KOJIeOaHUl BCeX TUIIOB CUMMETPHUIl KBAPATHON MPU3MBbI IIPH 33 IAHHBIX
napameTrpax Marepuasia. llepsbie yeThipe 3nadalye udpbl COBIIAIN C PE3yJIbTaTaMHU,
nostyaentbiMu B [10], a aust corydast Koebanuil, 061a1ai0Iux JBOWHON cuMMeTpuei,
obHapyzKeHa dacrtora, He yKazanHas B [10]. Tlocrpoenst coberBentbie (hopMbl KoJeba-
HUI KaK HeTPUBHUAJIbHDBIE PEIIeHUs IIPU HaNJIEHHBIX COOCTBEHHBIX JaCcTOTaxX.
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O crmocobax aHAJIUTUIECKOTO pacdera
YCJIOBUI Pa3BUTUAd HEYCTOMYUBOCTU
TOPU30HTAJIbHON MOBEPXHOCTU BA3KOU
JKNJIKOCTU, COBEPINAIOINIEN BEPTUKAJIbHBIE
KoJiebaHmsi
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Awnnorarnusa. [Iposenen cpaBHUTENBHBI AHAJIN3 ABYX AHAJIATHIECKAX ACHUMIITOTUIECKUX METOJOB
pacdera yCJIOBHUIl BOSHUKHOBEHUsI HEYCTOINYMBOCTH, HAOIIONAEMON Ha IIOBEPXHOCTH TOPU3OHTAJIHHO-
IO CJIOSI BA3KOHN KUJIKOCTU, COBEPIIAIONIEr0 BEPTUKAJIbHBIE KOJIEOAHUS: METOJA CBEJECHUS 339U K
uHTErpo-auddepeHmaj bHOMY YPABHEHUIO OTHOCUTEBHO AMILIUTY/IbI BO3MYIIEHUS U MeTOMA, OIU-
partorerocst Ha npuMeHenne Teopun PJioke K cucreMe ¢ HECKOJBKUMH IepeMeHHbIME. [lokazano, 9To
HEKOTOPBIE U3BECTHBIE PAOOTHI [0 JAHHOMY BOIIPOCY COJEPKAT HEKOPPEKTHOCTH, KOTOPBIE CYIIECTBEH-
HO YCJIOXKHSIIOT COIIOCTaBJIEHUE U BePUMUKAINIO PEe3yJIbTATOB, HOJIyIEHHBIX PA3HBIMUA METOIAMHU.
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djoke.

On analytical calculation methods of instability
conditions of horizontal surface of a viscous liquid
committing vertical oscillations

D. F. Belonozhko, A. V. Aparneva
P.G. Demidov Yaroslavl State University, Yaroslavl 150003.

Abstract. A comparative analysis has been conducted for two analytical asymptotic methods for
calculation of instability conditions of a horizontal surface of a viscous liquid which commits periodic
vertical oscillations. The first method leads to integro-differential equation for amplitude of surfaces
perturbations. Second one is based on the Floquet’s theory applied directly to the system of several
variables. It has been shown that some well known publications on the subject contain improprieties
which essentially complicate juxtaposition and verification of results obtained by different methods.
It has been revealed the second method is more preferable for analysis of the Faraday instability in
more complicated cases such as the problem with vertically oscillating two-layer liquid or a liquid with
surfactant film on it’s surface etc.
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BBenenue

Boutee mosryTopacra jeT Ha3al 3HAMEHUTBIN aHIUHCKNNT (HU3UK-IKCIIEPIMEHTATOP
Maiiks @apayieit ornucas sgBjeHne, KOTOPOE C Te€X MOP HOCUT €ro UMs — <«HEyCTONIH-
Bocth Papasiesi» [9]. Peus nier o «psibun Papajiesi», KoTopast BOSHUKAET HA H3HATATIBHO
CIIOKOMHO# IMMOBEPXHOCTU TOPU30HTAIBLHOIO CJIOS KUJIKOCTH, HAUUHAIOIIETO COBEPIIAThH
MaJible BepTUKaJIbHbIE KOJIEOAHHS JIOCTATOTHO BBICOKOI YacToThl. Eciu jefictBoBaTh B
paMKax TEOpHH UIeaJTbHON HEeCXKUMaeMON »KUJIIKOCTH, MOJIE/JIUPOBAHNIE ITOIO SIBJICHUS
He BBI3BIBACT KAKNX-TO MPUHIMIHAAIBHBIX TpyHOCTel |[5]. OnHako, i BA3KOH Kujl-
KOCTH, OCOOEHHO €eCJIi TPeOyeTcsd y4ecThb JIONOJHUTEIbHbIE JIUHAMUIecKue 3(PdeKTh
[6], [8], Bompock! anammsa ycaosuit peanusain Heycroitunsoct Papajest 10 cux 1mop
pa3paboTaHbl HEJOCTATOTHO OCHOBATE/IHLHO.

Hacrostimast paboTa MOCBsIIEHa CPaBHUTEJIBHOMY aHAJIN3Y JBYX HOJXOJ0B K aHa-
JIMTHIECKOMY ACHMIITOTHYECKOMY DACUery BJIMSHHS BS3KOCTH HA YCJIOBHsI BO3SHHKHO-
Benus HeycroitunBocru Papajies, CXeMaTHIHO ONUCAHHBIX B 9aCTO IUTUPYEMOH MOHO-
rpacdun [3]. B nepsom cirydae npejjiaraercst clielEaibHasi CXeMa, UCKJIIOYeHUs] U 3a-
MEHBI [IepeMeHHBIX [3], cBoagIast 3a1a1y K HHTerpo-1uddepeHnnajibHOMy yPABHEHUIO
OTHOCHUTEJIbHO OJIHON HEM3BECTHON — aMILIATY/IbI BOJHOBOTO BO3MYIIEHUSA CBOOOIHOL
nosepxuoctu. Coracuo [3], aHaIn3 MOCTPOEHHOTO YPABHEHHS J1aeT BO3MOYKHOCTD Dac-
CYMTATH yCJIOBUS PA3BUTHs HeycToWdInBocTu. Bo BTOpOM cilydae HENOCPEICTBEHHO KO
BCEM HEHM3BECTHBIM 33/1a4l (KOMIOHEHTAM I0JIsi CKOPOCTEil, IABICHUIO U BO3MYIIEHUIO
cBOGOJIHOf TIOBEPXHOCTH) TIPUMEHSIETCS TI0JICTAHOBKA, [IPOMKTOBaHHas Teopueil DJio-
K€, KOTOPasl CBOJUT 3a/1ady K OECKOHEYHON cucTeMe JIMHEHHBIX aJrebpaniecKux OJ[HO-
POJIHBIX yPABHEHUI OTHOCUTEIbHO BCIIOMOTATEIbHBIX KOHCTAHT. AHAJIM3 YCIOBUI pas3-
PEIMMOCTH TOfi CUCTEMBI TOXKe TI03BOJIsIeT HAITH yCJIOBHST PA3BUTHsI HEYCTOIIMBOCTH.
VIMeHHO BTOPOI MOJXO/I UCIOJIBb3YeTCst OOJIBITMHCTBOM aBTopos |7],[10].

[TpescraBiisiercst BecbMa 3aMaHYMBBIM MMETh HAJIEXKHBIA METOJ CBEJIEHHs 3aJ1ad
paccMaTpuBaeMoro THIa K YPABHEHUIO OTHOCUTEIHHO OJHON mnepemenHoii. OjHako,
U3JI0ZKEHIE COOTBETCTBYIONIEH METOJMKH, IIPEJICTABICHHOE B 3] B muTupyemoii aB-
TOpaMu 3TOi pabOThI JIUTEpaType, CIAUIIKOM cj1abo jaetajn3upoBano. OHO m300mIIy-
€T MHOTOYMCIEHHBIME OTIMCKAME U HEKOPPEKTHOCTSIMU, 3HAYUTE/THHO 3aTPY/THSFOIMI
BOCIIPOM3BEJIeHNe KJIIOUYEBbIX BBIKJIAI0K. Kak nokaszano B 1], Jaxke caMo nHTErpaabHO-
s depenImaabHoe YpaBHEHUE JIJIs aMILIUTY bl BOSMYIIEHUsT (BIIOCIEICTBIN [UTHDPY-
emMoe JIPYTUMHU HUCCIe0BATEISIMA, CM., HanpuMep, |[12]) sammucano ¢ onmoKoil.

B nacrositeit pabore MbI IOCTapPaAJIUCh JIATH OTKOPPEKTUPOBAHHOE U JIOCTYITHOE JIJIsT
BOCIIPDOM3BE/ICHUST M3JI0KEHIEe METOIUKH (3], ¢ MOMOIIBI0 KOTOPOil 3ajada O pacdere
ycaoBuil passutusg HeycroitunBoctu Papajiesi Ha TOPU3OHTAILHON TTOBEPXHOCTH B3-
KO KWJKOCTH CBOJUTCS K WHTETrPO-TuddepeHInaIbHOMY YPABHEHNIO OTHOCUTETHHO
o/iHOM nlepeMenHoit. CTtaBuyiach IeJib ITPOAHAIU3UPOBATD 1€JIeCO00PA3HOCTD U P deK-
TUBHOCTH 3TOM METOJIMKM 110 CPAaBHEHUIO C MeTo/ioM Ipumenenus Teopun Djoke K
HECKOJIbKAMHU II€PEMEHHBIM.
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1. MaremaTtudeckasi (popMyJIMPOBKa 33/ 29N

[IycTs HECKMMaeMasi KUJIKOCTh C IJIOTHOCTBIO p, KHHEMATUYECKOH BSI3KOCTBIO UV 1
KO3 DUITUEHTOM TTOBEPXHOCTHOI'O HATSIXKEHUS 7Y 3AII0JTHAET TOJIyITPOCTPAHCTBO 2z < () B
JIEKAPTOBOI PSAMOYTOJIbHOI cucTeme Koopaunat Oryz ¢ OCbIO 2z, HAIIPABJICHHON BEPTH-
KaJIbHO BBEPX IIPOTUB HAIIPABJICHUS JIEHCTBUS 0JIs CHTBI TsizkecTn g. Cucrema coBep-
AT BEPTUKAJIbHBIE TADMOHUYECKHE KOJIeOaHUsI ¢ aMILIUTYI0N @ U KPYTrOBOil 4aCTOTOI
2w. CraBuiach 3a/1a4ua UCCJIE0BATD YCTONIMBOCTH PABHOBECHOT'O COCTOSTHUS CUCTEMbI
[0 OTHOIIECHHUIO K MaJIbIM BO3MYyIIeHusIM z = & (f, ) cBOOOIHON MOBEPXHOCTH KUIKO-
cru (37ech t — BpeMst). Jjist IpOCTOTHI CUUTAJIOCH, YTO TI0JIe CKOPOCTEl U JIaBJIeHUi He
3aBUCUT OT BTOPO#l MOPU30HTAILHON KOOPAUHATHL Y.

Maremarmdeckas OPMYJIMPOBKa 33/1a49l PacdeTa BO3MYIIEHHOTO T0JIsI CKOPOCTe
U HOJIA JaBJIeHUdA COCTOUT U3 yPABHEHUN I'MAPOJUHAMUKY BA3ZKON HECXKUMAaEMOMR 2KU/I-
kocTu. Ha ¢BOOOIHOI TTOBEPXHOCTH U Ha IVIyOMHE 3a/1aBajIiCh CTAHIAPTHBIE JIJIT TAKIX
ypaBHEHUII KpaeBble YCJIOBHUA. B 1mepBoM NpHUOIMKEHUH 110 aMILIATYJIE BO3MYIIECHUS
3a/lada nMmeer craedyomuii sug [3],[1]:

1 1
z > 5 : atu + ;amp -V (azmzu + azzu) - O, (9tv + ;a@p — VUV ((9mv + (9221)) = O,

Oyu + 0,v = 0; (1.1)
z=E£: 0 —v=0;
—pg€ + daw?p€ cos (2wt) + p — 2pv0,v + Y0,e€ = 0;  Ou+ Opv = 0;
Z— —00: u—0; v—0.

Baech u=wu(t,x,z) m v =0 (t,x,z) — rOPU3OHTAIbHAS W BEPTHKAIbHAS KOMIOHEHTHI
oJtsi cKopocreit; p = p (t,x, z) — BO3MyIleHne PABHOBECHOTO 3HAYEHUS JIABJICHUS. 3a-
nada (1.1) npuBogniack K 6e3pasMepHbIM [epeMeHHbIM, B KOTOpbiX p = g =y = 1. 1o
BpPEMEHH ¢ OCYIIECTBJISICS IePeXo/] K BCIIOMOTATEeILHOMY HapaMeTpy T = wi:

2<0: wou+0p—v(Opu—+ 0,,u) =0; (1.2)
WOV 4 Opp — V (Opzv + 0,,0) = 0; (1.3)

Opu + 0,0 = 0; (1.4)

z2=0: wo§ —v =0 (1.5)

—& + 4aw?€ cos (27) + p — 200,v + 0,.& = 0; (1.6)

d,u + 0,v = 0; (1.7)

z— —00: u—0; v—0. (1.8)

Nnmenno Ttakast (hOPMYIUPOBKA sIBJISIETCS IIPEJIMETOM JIaJIbHENIIEero paccMOTPEHNS.
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2. CBegenne 3a1a49m K MHTErpo-andpepeHIiimaibHOMYy
YPaBHEHUIO

Cornacuo [3|, pemenue 3ajgaun (1.2)-(1.8) ciemyer UCKATh B CIIEYIONIEM BUJIE:

E=C((r)exp(ikx); p= P(1,2)exp (ikz); (2.1)
u=nh(r,z)exp(ikz); v=w/(T, z)exp (ikz).

31ech k — BOJIHOBOE YUC/IO BO3MYIIEHHU, aMILIUTY 18 KOTOPOro ((t) MaJia 110 CpaBHEHUIO
¢ mmunoit Bommer A = 27 /k. Ioxcrasnas (2.1) B (1.2)-(1.8), HeCI0XKHO HCKJIIOYUTD
HemsBecTHYIO h (t, z). Samada (1.2)-(1.8) npeobpasyercss K HOBOMY BH/LY:

2<0: wow+kP—v (Esz — k:2w) =0; (2.2)
z2=0: w0, ¢ —w = 0; (2.3)

—C (1+ k%) + 4aw?C cos (27) + P — 2v0,w = 0; (2.4)

d..w + k*w = 0; (2.5)

z— —00: w — 0. (2.6)

B (2.2) yureno, 4ro jaBjieHue p yJAOBJIETBOPsIET JIByXMEPHOMY ypaBHeHuIo Jlaria-
ca Opp + 0..p = 0. [l mokazaresiberBa 3T0oro akTa HeoOXoauMo poauddepen-
mpoBath ypasaerus (1.2), (1.3) cOOTBETCTBEHHO 10 & W MO Z, CJIOKUTH UX U YIECTh
BoinotHeHne coorHommenns (1.4). U3 ypasuenns Jlammaca mjis p u cTpeMyeHHsT 9TOM
BEJINYMHBI K HYJIIO IPH 2 — —00 (BMeCTe ¢ w) CJIeJIyer, 9To BCIoMOoraTeibHast (pyHKIIHs
P = P (1,z), BBesiernast B (2.1), siBjisiercs mponopuuonaibHoii  exp (kz). OuenuHO,
yro 0,P = kP.

C moMmorpio rpaHndHbIX yesosuit (2.3)-(2.5) ypasuenue (2.2) npu z = 0 npeobpa-
3yeTcs K COOTHOIIEHHIO [1]:

. . ow
w?C + 2wk’wC + ¢ (K° + k — dakw® cos (27)) = —2vk (8_) . (2.7)

z

z=0
3/ech 1 Jlajiee TOYKa HaJl BeJIUYINHON o3HadaeT juddepennupoBanne 1mo 7. B pabore
[3] 310 ypaBHenue npuBesIeHO € JIOCAIHBIMU OLEYATKAMEI, KOTOPbIE UCIPABJIEHbL B [1].
st uekmodennst u3 (2.7) nepemMeHHON w = w (T, 2) aBTOPHI |3| mpeIoKuIN nc-
[I0JIb30BaTh BCIIOMOTATE/ILHYIO (PYHKITHIO:

V=1 (1,2) = 0w — Kw. (2.8)

Eciu u3 npasoit wactu (2.8) BbIYCTH J€BYIO YaCTh IPAHUYIHOIO YCJIOBUS HA KACATE b
Hple Hatgxkenus (2.5), To mosmyunrcs, aro v (1,0) = —2k%w (1, 0). [TocTpoentoe cooT-
HOIIIEHUE ¢ TTOMONIBI0 (2.3) mpeobpasyercs B IPAHUYHOE YCJIOBHE, KOTOPOE HE 3aBHCHT
SIBHBIM 0OPA30M OT II€PEMEHHOM w:

¥ (1,0) = —2wk?(. (2.9)
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[Ipumensiss K obenm vactam (2.2) omneparop 0., — k* u yunrbiBag, urto P nponopiu-
oHasibHO exp(kz), HECIOKHO TOCTPOUTH ypaBHEHUE JIJisi BCIOMOTaTebHON (DYHKIHN

U (T, 2):
2<0: woyY=v (8zz¢ — k:27,b) ) (2.10)

C 1oMONIBIO 3aMeHbI TIEPEMEHHOM
vk?
1 = Uexp (——T) (2.11)
w

ypasaenue (2.10) mpeobpasyercst K 0JHOPOIHOMY YPABHEHHIO THIIA TEILIONPOBOIHOCTH,
C TPAHUYHBIM YCJIOBHEM, HE COJIEPKAIIM BEJINUINHY W:

0.0 — Yo, w0 (2.12)
w

W (7,0) = —2wk*¢ exp (%627') . (2.13)

Pemternne xkpaesoit 3aqa1u (2.12), (2.13) ¢ Hy/IeBbIM HAYAIBLHBIM YCIOBHEM XOPOIIO H3-
BecTHO (cM. [1] m murupyemyro tam Jsmreparypy). C ero moMOIIBIO JIEPKO BBIIHCATH
BBIpazKeHue Jijist :

T

w32k 2 wz? vk*o\ ;
Y(z,7) = — N /m exp (_E) exp (— ™ ) ((r = o)do. (2.14)
0

Cremyer OTMETUTD, YTO ABTOPSHI [3] MOy UM AHAJIOTHIHOE BhIpazKeHne, HO 6e3 KAKUX-
700 MOSCHEHU 3aMEeHIIN B HeM BEPXHUIT ITpejiesI HHTerPUPOBaHs Ha OECKOHEYHOCTb.

[Moncrasnss (2.14) B coorHomeHue (2.8) U pernas HOJIYYUBINEECS HEOTHOPOIHOE
ypPaBHEHIE OTHOCHTEJIHHO W (BasKHO y9IeCTbh, 9T0 w — 0 pH 2 — —00), MOYKHO TIPUIATH
K CJIeJIyIOIIEMY BBbIPaKeHUIO:

w = C(t) exp(kz)+

+—eXpé;kz) / (r,m) eXp(kn)dn—%(:z) / o(r,n) exp(—kn)dy.  (2.15)

Oynkius spemenu C(t) omnpe/iesisercst U3 rpaHUIHOTO yesoBust (2.3):
C(t) = wé + 2wk? / {(r — o)do. (2.16)
0

Coornomennst (2.14),(2.15),(2.16) 1m03BOJIAIOT BBIPA3UTH IMPABYI0 YaCTh ypPaBHEHUS
(2.7) gepe3 mepeMeHHYIO ¢ U HOCTPOUTH OTHOCHTEJIHHOIN STON HEM3BECTHOH MHTErpo-
nuddepeHImaIbHoe ypaBHeHHUE:

C+46¢ + ¢ (92 — 2q cos (27)) =
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T

_ 453/2/ L (r —;;_pr(—aa))

vo

[d
j— 2 J— .
do 45/d7_§(7' oerfelk = do; (2.17)
0

0

2 3

(5:&; Q2z—k —Zk; q = 2ak.
w w
3nech er fc — obozHaUeHME /TSI (DYHKIUH, JTOIMOJHATETHHON K (DYHKIUN OMIHOOK, § —
6e3pasMepHasi BSI3KOCTb, ¢ — Oe3pasMepHas aMILIUTY/a BEPTUKAIBHBIX OCIUJLISIITHI
cucTeMbl, a {2 — OTHOINEHHE YaCTOThl KAIUJLISIPHO-IPABUTAIIMOHHON BOJIHBI C BOJTHO-
BBIM YHCJIOM k K 9acToTe BePTHKAJbHLIX Kosiebanuit cucrembl. [Ipu § = 0 ypasuenue
(2.17) npesparaercs B u3pectHoe ypaBaenne Marbe-Xuuia. st ero aHaimsa mpuHsi-
TO UCIIOJIL30BATh IJIOCKOCTH MapaMeTpos (22 q), Ha KOTOpOil H306pazkaloTcst A3bIKOOG-
pasHble 00J1acTH HeyCToiunBoro noeeenus pemienus. C momornpio Teopun Proke [2]
OIIPEJIEIAIOTCS JIMHUK TPAHUI] 00J1acTell HeyCTOHYNBOCTH, KOTOPBIE BBIXOJST U3 TOYEK
ocu 2 ¢ koopmunaramu Q% = 1,4,9,...,n%..(¢ = 0) |2], [11]. DT Touku coorBeTCTBYIOT
[EPBOMY, BTOPOMY U IOCJIEAYIONMM PE30HAHCHBIM COCTOSHUSM, B KOTOPBIX BO3MYIIIE-

HUS JaKe CKOJIb YTOJHO MAJION aMILIUTY/IbI ABIAIOTCA HAPACTAIONUME BO BPEMEHH.
B pabore [3]| ypasuenme (2.17) 3ammcano ¢ OMmMHOKOf: aBTOPBLI HOTEPSIN BTOPOE
HHTErPaJIbHOE CllaraeMoe, a B IepBOM HEOOOCHOBAHHO 3aMEHUJIN BEPXHUN MPe/ el WH-
TerpupoBaHusi Ha OECKOHEYHOCTh. 1o ux yTBepXKjieHuio, npumenenne Teopun Pjioke K
HOJIyY€HHOMY UMU UHTErpo-IuddepeHajibHOMy YPABHEHUIO B aCUMIITOTHKE MAaJIbIX
) MO3BOJIMJIO TIOJIYYUTh YPaBHEHHME IPAHUIIBI IEPBOH 30HBI HeycToituuBocT. Coryac-
Ho [3], npu & > 0 MHHUMYM rpaHUIBI 3TOf 30HBI HA IJIOCKOCTH Hapamerpos (2 q)

capuraercs uz Touku ) = 1, ¢ = 0 B HOBOE MOJIOKEHHe:

O~ 1+2V28%% ¢~ 40. (2.18)

Hecmotrpst Ha BCro HEOPEKHOCTH MPEJICTABIEHHBIX B [3] BBIKIAIOK, ¢ dbusndeckoil
TOYKU 3PEHUsI Pe3yJIbTaT MOJIydnics BrojaHe pasyMubiM. Coracuo (2.18) myst BepTu-
KaJIbHO BUOPHUPYIONIETO BA3KOIO CJIOS YKUJKOCTH MapaMeTPUYeCKNil Pe30HAHC BO3HU-
KaeT, TOJILKO €CJIU aMILIUTY/Ia BUOPAIUil IPEBOCXOIUT HEKOTOPOE IIOPOrOBOE 3HAUEHUE.
[Topor orpeienisieTcst BA3KOCTBIO KUIKOCTU: €M OOJIbIIE BA3KOCTH, T€M 0OJIbIEe 3HAa-
YeHHe TOPOroBoil aMIuTyIbl. VIHTepecHO OTMeTHTh, 9TO B HeJaBHeil pabore [1] ms
aHasm3a ypasHeHusi (2.17) Oblia MpUMeHEHA METOJUKA YCPEJIHEHHUs 110 GECKOHETHOMY
IIPOMEXKYTKY BpEMeHU, OOOCHOBAHHASA I WUHTErpO-IuddepeHnaj bHbIX ypaBHEHU
no06H0ro0 pojsia B pabore FO. A. Murponosbckoro u A. H. @unarosa [4]. D1o nossosiu-
JIO KOPPEKTHO HANTH IpaHUIlbI IepBoit 30HbI yeroitanBoctu. Corvacuo [1| npubmken-
Hble paBeHCTBa (2.18) oKazamch JAefiCTBUTENHHO ClIpaBe/INBEI!

B nenom, meronuky cBejenus 3agaqn (1.2)-(1.8) k unrerpo-nuddepenimaabHOMy
ypaBHeHuto (2.17) Heb3s cunTaTh yHEBEpCaIbHON. OHa B CYIIECTBEHHOI CTEIIeHH OIH-
paercst Ha BOBMOXKHOCTD BBIPA3UTh MPABYIO YacTh ypaBHeHus (2.7) depes nmepeMeHHy0
(. Vmenno Jj1s1 9TOro BBOJIUTCS BCIIOMOTaTeIbHas (PYHKIIN 1, yJIOBJIETBOPSIONIAs Kpa-
eBoii 3a1a4e (2.10), (2.9). BaxKHO NO4ePKHY Th, UTO IIpaBas 9aCTh FPAHUYHOrO YCJIOBH
(2.9) 3aBuCHT TOJILKO OT Hen3BeCTHOH ( ¥ (DUKCHPOBAHHBIX MAPAMETPOB 3aJa4ud, UTO
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BBITEKAET U3 PACCYZKJIEHNUIl, IPUBEIeHHBIX Tocae coorHorenns (2.8). Hecimoxuo mpo-
BEPUTD, YTO 3Ta MENOYKA PACCYKIECHWI CIIpaBeJINBa TOJIBKO IPH YCJIOBUHU, UTO IIpaBast
qacth (1.7) obparmmaercss B HOJIb, T.€. KOIJIa HA [MOBEPXHOCTU IPUCYTCTBYET JIAIIb Ka-
caresibHOE HATsZKEHUe, JIeCTBYIONee CO CTOPOHBI KUJIKOCTH. B obiieM cirydae 5To He
TaK. ILOHO.HHI/ITG.HI)HBIG KacaTeJ/IbHbIC HAaTA>KECHU A HeI/I36e)KHI)I B ,HByXC.HOfIHOﬁ CucreMe;
Ha ITOBEPXHOCTHU 2KHUIKOCTH C ILJIEHKOM IIOBEPXHOCTHO-aKTHUBHOI'O BEIIECTBa,; Ha IIOBEPX-
HOCTH HEPABHOMEPHO MPOIPETOrO YKUJKOIO CJIOs W BO MHOTUX JPYIMX WHTEPECHBIX
06001IeHnax 3a1auu 0 HeycToitunBocTn Papaes.

3. HenocpescrBeHHOe npuMeHeHne Teopun PJioke K
HECKOJIbKUM IepeMeHHbIM

B kosebaTenpHoit cucTeMe ¢ IePUOIMIeCKI U3MEHSIIONIMCS BHY TDEHHUM [apaMeT-
poM T peasimsyercs napamerpudeckuii pesonanc. Corsacao teopun Pioke [2], [11],
ecyI apaMeTp U3MEHSeTCsl [0 3aKOHY X €0S(27), TO B COCTOSIHUM, COOTBETCTBYIOIIEM
IPAHUIE YCTONUINBOCTH, TIEPEMEHHBIC BEJIUIHHBI CHCTEMBl CTAHOBATCS MEPUOIUICCKIL-
mu GyHKIMIMI Tapamerpa 7. [Ipn 9ToM, ux mepros paBeH 7 Ha OJHOM THITE TDAHUIBI
30H HeyCTofunBOCTH U 21 — Ha JpyroM. B ciryuae 3ajaqan o Heycroitansoct Papaiest
pedb UJET O MOBEICHUN TOBEPXHOCTHOIO BOJHOBOI'O BO3MYIICHHS &, BO3MYIICHUI TTOJIsT
ckopocreii u nasienus. [locennue cBsazanbl ¢ { < exp(ike) TpAaHUYHBIMU YCIOBUSMHE
(1.5)-(1.7) m, 3HaunT, TOXKE JOJIKHBI OBITH HporopnnoHaabubl exp(ikx). Ilepnommy-
HOCTB 110 T C IIEPUOJAMU T U 27 HECJIOKHO YIeCTh, €CJIN UCKATh £ B BUJIE PA3JIOXKEHHs

B psiji Pypbe:

o0
£= Z cpexp(int — ikx). (3.1)
n=-—o0o
JJ1st IepeMeHHbIX U, v, p CJIejlyeT MPUHSTH BO BHUMAaHUE TOT (DAKT, 4TO KOIDMOHUITUEHTHI
pa3JIoKEHHsI MOI'YT 3aBUCETh OT 2:

o

u= Z fu(2) exp(inT — ikz); v = Z F.(z)exp(inT — ikx); (3.2)

n=—oo

o0
p= Z Gn(z)exp(int — tkx).
n=—00
DTo U ecTh IaBHAs WJesl PEIleHus], He TPeOyIolas CBEJICHNs 3a/a91 K yPABHEHUIO
OTHOCUTEJIBHO OJIHON IIePEeMEHHOM.
[Moacranssa (3.1) u (3.2) B ypasuenns (1.2)-(1.4) n yuurbiBas ycioBUs Ha IUIy-
6une (1.8), HECTIOKHO HOJIYIUTh BBIPAXKEHUs JIJIsl BXOAANIMX B (3.2) BCIIOMOraTeIbHBIX

byHKIIIL:

fn(2) = Apexp(kz) + Brexp(Qnz);  Fo(z) = iAexp(kz) + é—anexp(an); (3.3)

n

P .
Gr(z) = T teap(kz) Qu= [k + ==
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Bnecy A, B, — KOHCTAHTHI.

[Toacranoska (3.1)-(3.3) B rpanuunsie ycaosus (1.5)-(1.7) npuBogur K GeckoHed-
HOIl CHCTEeMe JIMHEHHBIX OJHOPOJIHBIX YPABHEHUIT OTHOCHTEJLHO KOHCTAHT, A, B, ¢,.
Koncrautsl A, B, jerko uckiovatorcs. Ocraercst 6eCKOHeUHas! OIHOPOJIHA CUCTEMA
JIMHEMHBIX aJareOpanvdecKux ypaBHEHUN OTHOCUTEBHO Cp:

M,c, — Q(Can + cn+2) = OJ (34)

M, = (92 — 12 4 4ind + 46% — 48%°\/5 + m) .

[IpuMmeuaTe/bHO, YTO TOYHO TaKasd YK€ CUCTEMa ypPaBHEHWI OTHOCUTEIHHO KO-
dburmenTos ¢, Bbimucana B Monorpadun [3]. Ilo yTBepKIeHII0 aBTOPOB, OHHU, CJIEITysI
teopun DJioKe, MOTYINIIN €€ TIOJICTABIIsISA COOTHOIIEHIE

o0

¢ = Z ¢ exp(inT) (3.5)

n=—oo

B cBoe mHTErpo-auddepennnaibuoe ypasuenne. Ho, Kak oTMeYeHO B IPEIbIILYIIEM
IyHKTE, aBTOpbI [3| 3amucanu sTo ypasHenue ¢ omubkoit (cMm. [3], ri.l, coorHomeHMe
(1.1.36)). Mo2KHO IPOBEPHUTD, ITO MOACTAHOBKA (3.5) He IPUBOJUT TAKOE ypaBHEHHE K
cucreme (3.4). ITpu sT0M, METOJI, KOTOPOMY TIOCBSIIIEH HACTOAIIUI IyHKT, B padore |3]
ToKe KpaTKo ormcad. CKiIapIBaeTCs BIIeYaT/ICHNE, 9TO ypaBHeHus (3.4) Ha caMoM JieJie
ObLIN TTOJTyYeHbI IMEHHO 3THM MeTOJ0M. Bo BCIKOM ciiydae, MPOUCXOXK ICHIE KBAJIpaT-
HOT'O KOPHS, IMEoIerocst B (3.4), MOKHO YeTKO COOTHECTH CO BCIIOMOTATeIbHbBIM Hapa-
MEeTPOM (), KOTOPBIIi BO3HUKAET Ha Talle YCTAHOBJIEHUs BU/Ia BCIIOMOTraTe/IbHBIX (DYHK-
it (3.3). Bee amu oca/iHble «HECTBIKOBKI» BMECTE C OIMMCKAMHU M HEKOPPEKTHOCTSIMU
[0 TEKCTY BECbMa 3aTPY/HSIIOT UCIOJIb30BaHue paboThl [3] jjig ocBOeHUs U JaabHET-
IIEro UCIIOJIL30BaHms MeTojia cBelenns 3aaaqn (1.1) Kk unTerpo-auddepenimaibHOMy
YPABHEHUIO OTHOCUTETLHO AMILTUTY/Ibl BO3MYIIEHUS.

Cucrema (3.4), Kak U B CJIydae KJIaCCHIeCKOro ypapennst Marbe-Xuuia, pacia-
Jaercs Ha JiBe HesaBucuMble mojcucrembl [11]. Omay u3 HEX 00pa3yoT ypaBHEHHS,
nocTpoeHubie 1o dhopmysie (3.4) mpu Bcex YeTHBIX 3HAYCHUAX 1. B 9Ty XKe mojcucremy
cJIeJlyeT BKJIIOUHUTH ypaBHeHue, noJrydaorieecs npu n = 0. Bee ocraibuble ypaBHEHUS
COCTABJISIOT JPYTYI0 HE3aBUCUMYIO OeCKOHeUHYIO mojcucteMy. llepBoiit ciryqait coor-
BETCTBYET MOBEJICHUIO PEIeHns 3a/[a9 Ha JIMHUU TPAHUI 0b/1acTeil HeyCTONINBOCTH,
KOTOpBIE Ha ILJI0cKOCTH napamerpos (2, q) 6msku 1o opme K HyJIeBoi, BTOPOii, uer-
BEPTOIl W CJIEIYIONIUM YeTHBIM 30HaM KJlaccumieckKoro ypasHenuss Marbe-Xwusnra. Ha
rpaHUIaX 3TUX 30H pelleHus uMeioT nepuos 2m. Bropoit ciydait — cucrema ypasHe-
HUI, COOTBETCTBYIOIINX HEYETHBIM 1 — OTBEYAET PEIICHUsIM, KOTOPhIE UMEIOT TIEePUO/T
T U peajn3yioTcs Ha JIMHUSX TPAHUI] HEIeTHBIX 30H HEYCTOWIMBOCTH.

C mpakTuaeckoil TOUKN 3peHunst Hanbojiee BayKHOM CANTAETCs TIepBasi 30Ha HEYCTO-
ynpoctn. Ecm § = 0, To smHnn ee rpanuipl naunnaiorea mpu 2 = 1; ¢ = 0. Ilepsag
30Ha HEYCTOWYMBOCTH, KaK IOKA3LIBAET OIILIT, HAMMEHee IOJBep:KeHa JIUCCUIIAINN 1
OCODEHHO YETKO HPOSIBJISETCS B SKCIIepuMenTe [5.
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Hng obecnievenns cxomumoctr psfga (3.1) koabuUImeHTsr ¢, JTOMKHBI yObIBATH
¢ BospacrauueM |n|. [Tosromy ycioBme paspermmmoctu cucremsl (3.4), ¢ ydeToMm ee
pacra/ia Ha JiBe He3aBUCHUMBbIE TIOJICHCTEMbBI, DEATU3YeTCst KaK CTPEMJICHHE K HYJIIO JIBYX
HOCJIEIOBATEJILHOCTEH OIIpeIe/InTe el

Ms —qg 0 0 0 0
Ms —q 0 0 —q M —q¢ 0 0 0
My —q —-q M, —q O 0O —-¢ My, —q 0 O 0
—q M| 0 —q My —q 0 0 —q M g 07 ’
0 0 —q Ms 0 0 0 —q Ms; —q
0 0 0 0 —q Ms

M, —q 0 0 0

Moy —q O —-q M5 —q 0 O
—q My —q| 0 —q My —q 0 [...—0

0 —q M 0 0 —q¢ My —q

0 0 0 —q My

[TocsietoBaTeIbHOE BBIYKUCIEHNE OINpEeIUTe/ el YeTHOrO TOPSIIKa U [IPUPaBHUBAHIE
HOJIYYUBIIMXCST COOTHOINIEHUH K HYJIIO IPUBOJUT K OECKOHEYHON IMOC/Ie/10BATEIbHO-
ctu ypaBHenuii. [lepBoe u3 HuX — TpPUOIMKEHHOE YpaBHEHUE I'PAHUIIBI IIEPBOIl 30HBI
HeyCTONYMBOCTH Ha IUIocKocTH Hapamerpos (2 ¢). Bropoe — Toxke npub/mzkentoe,
HO 60JIee TOYHOE 110 CPABHEHMIO C [IEPBbLIM, YpaBHEeHUe IPaHUIlbl 1epBoii 30HbI. K ToMy
K€, MOJIHOE MHOXKECTBO PEIIEHUH BTOPOrO yPaBHEHHsI OKA3bIBAETCH IIUPE, YeM Yy IHep-
BOIO: IOMUMO yPABHEHMsI I'PAHUIBI IIEPBOIl 30HBI, OHO 3a/a€T €Ile U IPAHUILY TPETheil
30HBI HEYCTONYINBOCTH. TpeTbe ypaBHEHUE ONKMCHIBAET I'PAHUIILI MEPBBIX TPEX HEUYeT-
HBIX 30H (mepBoii, Tperbeil u ngaroit). [lpuaem, nepseie nBe 0HO 3ajaer GoJee TOUHO,
geM npeplyipe ypasHenns. CMbIC/T CIEYONMX YPABHEHUT OUeBUIeH. AHATOITIHO,
[OCJIEIOBATEILHOCTD OIIPE/Ie/IUTe el HEIeTHOIO TIOPSIJIKa TI03BOJISIET MOCIE0BATETHHO
HOCTPOUTH NPUOJIMKEHHbIE YPABHEHHUs I'PAHUI] HYJEBONH U BCEX YETHBIX 30H HEYCTOM-
YUBOCTH.

Hanpumep, ypaBHenue rpaHulibl 1epBOil 30HbI HEYCTOWYMBOCTU B CAMOM I'PyOOM
IPUOJIUKEHUN OIIPEJIEIISIeTCs COOTHONIEHNEM BHJIA:

02 — 14 4i6 + 462 — 48326 + i —q

—q 02— 1 4 4i6+46% — 452517 |~

Bo BropoMm npubsmzkenuu 1o § moJiydaercs ypaBHeHue
1—2024+ Q% — 2 —4V/2(02 — 1)6%2 +8(0% + 1)6% = 0,

JIETKO pa3pernialonieecsds OTHOCUTETbHO ¢. B obnactu ¢ > (0 rpanuma mepBoil 30HBI
HEeyCTOM4YMBOCTU Ha ILJIOCKOCTHU IllapaMeTpPOB (92,q) OIMCBIBAECTCH ABHON (yHKIUEH

q = q(Q%):

q= \/(Qz —1)2 — 4V/2(02 — 1)83/2 + 8(Q2 + 1)62.
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Hecnoxkno HaiiTn mosozkeHe MUHIMYMa 3TOW PYHKIINN:
02 =14 2v20%% — 46% = 1 4 2v/25%/?

1 €ro 3HavYeHNe B IVIABHOM 110 0 IpuOIMm:KeHun: ¢, ~ 490. Pesymprar coBmagaer ¢ Tem,
4TO TpHBejieH B paborax [3] u [1] (cm. Bbparkenus (2.18)).

Omnucannas B HACTOSIIEM Pa3JIe/ie METO/IMKA PEIICHIs 3a/1a91 ABIIETCS JIOCTATOIHO
yHUBepCAJIbHOW. B omymann or 1moJixoa, pa3odpaHHOrO B MPEIbIIYINEM ITYHKTE, JIJIs
Hee HENPUHIMITUAIBLHO, HACKOJIBKO CUJIBHO BUJIOM3MEHSIOTCS IPAHUYHbIE YCJIOBUS IIPH
YCJIO2KHEHUN 3a/1a41. AHATNTUYECKNEe BBIMHUC/IEHUs] CBOJATCA K padoTe ¢ JIMHEHHBIMU
JuddepeHImaIbHbIMU U aJIreOpandeCKUMI COOTHOIIEHUSIME, KOTOPBIE, JlaXKe OyLydun
JIOCTATOYHO T'POMO3JKUMU, JIETKO IOJIAIOTCH 00pabOTKe COBPEMEHHBIMH CPEJICTBAMU
CUMBOJIbHO# KOMITBLIOTEPHON MaTeMaTHKH.

4. 3akKJ/II0o4eHue

AHamuTUYIeCKnit aCUMIITOTUYIECKHI pAcIeT BJIMAHUS BI3KOCTH Ha YCJIOBHS DEAJIU-
zanun Heycroituuoctn Papajiest cBOUTCA K aHAIN3y HHTErpo-audepeHnaibHOro
yPaBHEHMS OTHOCUTETBHO aMILIATY/ I BOJTHOBOI'O BO3MYIIEHIS TOJIBKO B paMKax OTHO-
CUTEIbHO HECJIOKHOI MOJeNH, KOTJla TOBEPXHOCTD YKUJIKOCTH MOYKHO CIUTATh CBOOO/I-
HOI OT JIeficTBUsT BHEIHUX KacaTeJbHbIX HaTsxKeHuit. Ciiejryer ¢ OOJIBIIONH OCTOPOXK-
HOCTBIO OTHOCHUTCH K IIPEJICTaBJIEHHBIM B JIUTEPATYPE IIPOIEyPaM BbIBOJIA 3TOIO ypaB-
HeHUs U K caMoit (popme ero 3ammcu. B o0Ie0CTyTHBIX HCTOYHUKAX HEPEIKO BCTPE-
qalorcd omubku. PunanbHoe HHTErpo-auddepeHImaIbHoe ypaBHeHne COAEPXKUT JTBa
MHTErpajbHbIX ciiaraeMbiX. JIJis1 ero anamsa CcymecTByeT 9eTKO 0OOCHOBAHHBIN CII0CO0
perrenust, paspaborannbiit B 70-e rogapl mporwioro croerus . A. Mutrpornobckum u
A. H. ®uratoBbiM, — METO/T YCPEIHEHUS 110 OECKOHETHOMY IPOMEXKYTKY BPEMEHH.

Meroiuka cBefenus 3ajadu 0 pacdere ycjoBuii neycroiumBoctu Papajies K
uHTerpo-nuddepeHImajIbHOMY YPABHEHUIO OTHOCUTEIBHO aMILIUTYIbl BO3MYIIEHUS
nMeeT BeCbMa OIPAHMYEHHYIO 00JIaCTh NMPUMEHEHUs. YCJIOBHUS €€ WMCIIOJIb30BaHUs Ha-
PYIIAIOTCs, €C/N MOBEPXHOCTH »KHUJIKOCTH He CBOOOJHAs, & WCIBITHIBAET BJIMSHUE JO-
[IOJTHUTEIbHBIX KacaTeJbHBIX HATdAKeHUil. Takue HaTIKeHus MOSABJISIOTCs, HallPUMED,
Ha [MOBEPXHOCTHU YKHMJIKOCTHU, IMOKPBITOH ILJIEHKOW OBEPXHOCTHO-AKTHBHOI'O BEIIECTBA;
Ha T'DAHUIE pa3jesa JIBYX KUIKOCTEll; Ha MOBEPXHOCTU HEPABHOMEPHBINH ITPOIPETOTO
JKUJIKOTO CJI0sT U T.JI. BO BCex 9TUX ciIydasx Hereecoodpa3sHo TPATUTh CHJIBI U BPEMsI
Ha [TOCTPOCHUE yPABHEHUS OTHOCUTEIBHO aMILIHTY/bI BO3MYIIECHUA. AHAJIUTHICCKOE
ACUMIITOTHYECKOe HccieioBanne neycroitunsoctu Papajies B 3a1a1uax 1mojgo0oHOTO pojia
CJIeJTYeT MPOBOJIUTD, IpUMeHss obIiue npuHIunbl Teopun Oioke cpazy KO BceMy HADO-
Py MepeMeHHBIX (KOMIIOHEHTAM II0JIs CKOPOCTE, TABICHIIO; €CTH Hy?KHO — K TeMIIepa-
Type, MOBEPXHOCTHON KOHIEHTPAIIUK IPUMECH U T.I1.). Takoil moIXo/ He nMeeT KaKux-
TO TPUHIUIUAIBHBIX OTPAHUIEHI Ha CII0YKHOCTH MCIOIb3yeMbIX TDAHIIHBIX YCIOBUIA.
Anasn3 oIy 9aronmuxcs COOTHOIIEHUN CBOJINTCA K MAHUIY/IAIIAM C JIMHEHHBIME J1radh-
depenruanibubiMu 1 anredpandeckuMu Boipazkenugmu. C Takoit 3a1adeit 3hheKTuBHO
CIIPABJIAIOTCS COBPEMEHHbBIE CUCTEMbI KOMIIBIOTEPHBIX aHATUTUIECKUX BBIMUC/IEHUN.
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IlocTpoenne ypaBHeHMil JUHAMUYECKNX

cncremM Co CBEIBSIMI/I1

P.T. MyxapasmoB

Poccuiickuit yauBepcurer napy2KObI HAPOIOB,
Mocksa 117198. E-mail: robgar@mail.ru

Amnnorarmsi. CocraBjienne ypaBHEHUI TUHAMUKN CHCTEM CO CBA3SIMH MPUBOJUT K HEOOXOJUMOCTH
omnpeJiesieHnsl BhIpayKeHnit MHOKuTeseil Jlarpanxka, Jijis 9ero HemoCpeICTBEHHO HCIOJIL3YIOTCS IIPO-
W3BOJIHBIE OT ypaBHeHUil cBsa3eil. Ilpm 3ToM mompasymeBaeTcs, UTO ypaBHEHUs CBA3€il COCTABJISIOT
IIepBble UHTEI'PAJIbl YPABHEHUI JUHAMUKH, YTO IIPUBOJAUT K HAPYIIEHUIO YPAaBHEHUIT CBsA3€il, BbI3BaH-
HBIX [OTPEITHOCTSIMA YHCJIEHHOTO PEIeHns U 33 HadaJbHbIX ycsoBuit. st obecrevenus crabu-
JIN3AIUK CBsI3eil MCIOJIB3YIOTCH METOJbI IOCTpoeHns AuddepeHnnaabHbIX yPaBHEHH C 3a1aHHBIMI
JacTHbIMU uHTerpasiamu. CocrapjieHre ypaBHEHUI BO3MYINEHUIT CBsI3€ll ¢ aCUMIITOTHIECKN yCTONYNU-
BBIM TPUBUAJILHBIM PEIIEHUEM ITO3BOJIsIET 00ECIIEYNTh CTAOUIN3AIINIO CBsI3€il P YUC/IEHHOM PElIeHUuN
YPaBHEHUIT JTUHAMUKH.

KuroueBble ciioBa: quHAMEUKA, CUCTEMA, YCTONINBOCTD, YPABHEHUsI, CBSA3U, CTAOMTU3AIIHSI.

Constructing equations of constrained dynamical
systems

R. G. Mukharlyamov
RUDN University, Moscow 117198.

Abstract. Constructing dynamical equations of constrained systems can lead to the determining of
the Lagrange multipliers. Derivatives of the constraints have to be used to determine their values.
But, it is assumed that the constraint equations are first integrals of the dynamical equations. This
fact can lead to the multiple deviations from the constraint equations caused by some errors of a
numerical method of integration and setting initial conditions. To provide a constraint stabilization
the methods of constructing differential equations with given set of partial integrals are applied.
Constructing equations of perturbed constraints with an asymptotically stable trivial solution can
provide a constraint stabilization during the numerical solution of dynamical equations.

Keywords: dynamics, system, stability,equations, constraints, stabilization.

MSC 2010: 70F20, 70H14
1. BBenenue

Huddepennuanbubie ypaBHEHUs] JIMHAMUYECKUX CHCTEM CJICJIYIOT U3 HPUHITUIIOB
JIMTHAMWKHU C Y9eTOM OIpaHWUYEHUl, BbI3BAHHBIX jeficTBueM cBazeil. Kciaum ypaBaenus
CBA3€H TIO3BOJIAIOT PEJCTABUTH COCTOSHUE CHUCTEMbI Yepe3 ODOOIEeHHbIE KOOP/IMHa-
Tl U CKOPOCTH, TO TOYHOCTb OIPEJCICHUA PEUICHUI YpaBHCHHHN JIMHAMHUKNA 3aBUCUT
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TOJIBKO OT BBIOOpA YHCJIEHHOIO MeTojia. B ciiydae, Korjia He ygaeTcs BBeCTU 0DOOIeH-
HbIe KOOPJIMHATHI U CKOPOCTH, JIJIsl yIeTa BJIUIHUS CBA3€# UCIIOIB3YIOTCS MHOKUTEIH
Jlarpanzxka. [Ipu 9TOM CBSI3M COCTABJISIIOT IEJIM yIIPABJIEHUs, & COOTBETCTBYIOIIUE Pe-
AKIUU SABJIAIOTCS YIPABJISIIONIIME CUIAMHU.

Baj1ava onpe/ie/IeHIs JIOTOJHUTETHLHBIX YIIPABJIAIONINX CHII, 06€CIIeIMBAIOIIUX HE00-
XOJMMbI€ CBOWCTBA PelIeHuil ypaBHEHUN JTUHAMUKN, OTHOCUTCS K OOPATHBIM 3aJ1adaM
JIMHAMUKH |1], epBbIe TTOCTAHOBKH KOTOPBIX COCTOSUIN B OINPEIEJeHUN CUJI, HOJ Jeii-
CTBHEM KOTOPBIX MeXaHWJIeCcKasi CHCTeMa COBEPINAET M3BECTHBIE JIBUKEHUsI WU Pellle-
HUA ypPaBHEHUi TUHAMUKN 00J1a/1al0T u3BecTHbIME cBolicTBamu. Tak Vcaakom HbroTo-
HOM 110 3akoHaMm Keriepa ObLia onpejesiena cujia npuTsxKenus [3], gauee 6bL10 yera-
HOBJIEHO [19], 9TO NBUKEHUE MAaTEPHAJIBHON TOYKHU 110 KOHIMIECKOMY CEIEHHIO 0becIie-
YMBAETCsI TIEHTPAJIBHON CHIION, 3aBuCsIeit oT moJoxkeHus: Touku [2],[20]. B [16] uccie-
JIOBaHa 3aJlava ONIpeeJeHUusT CUIOBON (PYHKIIMU, COOTBETCTBYIONIEH TOJIOHOMHOMN CH-
creMe € 3aJaHHBIMU MHTerpajamu, B [5],[6] npemioxken meros onpejiesieHus CHIOBOIL
byHKIME 10 JJAHHOMY CeMECTBY TPaeKTOPUil TOYKM Ha KPUBOJIMHEHHOM TTOBEPXHOCTH
U TIOJIy9IE€HO peIIeHne 3a/1a91 O IPOYHOCTH JIBUZKEHIS N300parKaromieil TOUKHI 110 TPAaeK-
topuu. Ob6miast Teopust yeroitunpoctu jemzxkenus A. M. Jlsnyrosa [8] mosBosrmia cdop-
MYJIUPOBATH KPUTEPHUH YCTOWYIMBOCTU MHOYKECTBA TPAEKTOPHIT M paspabOTaTh METOIbI
MOCTPOEHUsI CHCTeM T DepeHInalbHbIX YPABHEHNH, NMEIOIIIX 3a[aHHOe YCTONInBOe
UHTEerpajbHoe MHOroobpasue [7].

s obecnievenns crabumusanuu cBsieii B [12| npejjiaraercs ucmnoab30BaTh JHHET-
HYI0O KOMOMHAIIMIO YpAaBHEHUil CBA3ell M MX MPOU3BOJHBIX. Pasmudnble Mojaudukaymmn
MeTo/la cTabUIn3anun CBsA3eil, npe/yiokeHnbie B [18]-[4], cBomaTcs K aHaImn3y u moj-
oopy ko3 dunmeHToB JauHeiiHoit KomOuHanuu. B obieit mocranoBke mpobJiemMa crTa-
OuIM3anun CBsI3eil MPUBOIUT K TOCTPOEHUIO CUCTEMbI UM depeHInaIbHbIX YPaBHEHHI
JIBUZKEHUsI, JIOIYCKAIOIINX YPABHEH!sI CBsI3ell B KauecTBe YaCTHbIX MHTerpasios [11], 3a-
JIAIONIUX aCUMITOTUIECKU YCTORIMBOE MHBAPUAHTHOE MHOXKECTBO 13| miau unrerpasin-
Hoe MHOrooOpaswue [14] stoit cucremsl. Vcmosb3yst 00Iumil MOIX01 K PEIEeHNI0 00paTHBIX
3a/1a4 JIMHAMUKH, YIAeTCs TOCTPOUTD Jud depeHIraabHble ypaBHEHUs JIMHAMITIECKIX
CHCTEM, YHCJIEHHOE PeIlleHne KOTOPBIX Y/IOBIETBOPAIOT yPaBHEHUIM CBsA3eil ¢ Tpedye-
Moii TounocTbio [17]. CoBpeMeHHbIe JUHAMIYECKIEe AHAJIOMMHU [TO3BOJISIIOT UCTIOJIL30BATh
METOJIbl U YPABHEHMsI KJIACCUYECKON MEXaHUKK JIJIsd PEIIeHUs 3a/1a9 MOJIETMPOBAHIsA 1
YIpaBJICHNS UHAMUAKON CHCTEM Pa3InaHoil npupo/s! [15].

2. IlocranoBka 3ama4dn

PacemarpuBaercst jJuHamMuYecKasi CUCTEMa, COCTOIHUE KOTOPOM OIpeje/isieTcs Ha-
GopoM 060bmeHHbIX Koopauuat q = (¢l ... q¢"), d¢'/dt = V', v = (vl,... 0",
i=1,...,n. IIycrs L = L(q,V,t) — jJarpaHkuas CUCTEMbI, HEIIOTEHIIHAIbHBIE 0000-
[IEHHBIE CHUJIBI, JIEHCTBYIONE Ha Hee, 0003HaUNM BeKTOpoM Q = (@1, ..., Q,). Byaem

CHUTAThb, 9TO Ha CUCTEMY HaJIO?KEHbI CBA3U, 3a/laHHbIE YDaBHEHUAMUN

f(q,t)=0,f=(f",....f"), (2.1)
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f'(qv,t)=0,'=(f""....f),s<n (2.2)

Tpebyercsa mHOCTPOUTH CHCTEMY YPaBHEHHI JUHAMHUKN, KOTODBIE 00ECIeYnBaJIN ObI
[PU IUCJIEHHOM DEIEeHNH BBIOJIHEeHNe ypasHenuii ceszeit (2.1), (2.2) ¢ 3aganmnoii To4u-
HOCTBIO.

3. YpaBHEeHUs AUHAMUKHN PACIIUPEHHOI CUCTEMbI

st OoIeHKM OTKJIOHEHUU OT YpaBHEHWiIl CBsdA3ell BBeJIEM HOBBIE IIepeMeHHbIe

g = (@™....¢""), § = (™. "), vo= ("o, b=
(pntmtl TS v = (oL L 0™ TS)) onpeiesuB uX paBeHCTBaMME:
q—f(qt)=0, (3.1)
v-gl(q,v,t)=0, (3.2)
B (E8) &= govi o &=

C yderoM BbIpazkenuil (3.2) cocTaBUM CHCTEMY yDPABHEHUIl JJIsi ONPE/ICTICHUsT BID-
TyaJIbHBIX CKOPOCTEl CUCTEMBI
- g
Gov=0v, G ==, (3.3)
ov
[Tosiarast BeKTOp 0V HPOU3BOJILHBIM, OLPEJIEJMM MHOXKECTBO BUPTYAJIbHBIX CKOPO-
creit Jv cucreMsbl perenneM ypasaenus (3.3). Eciu crpoku marpunbt G inHeitHo He3a-
BUCHMBI, TO pemenne ypasuenns (3.3) ckaaapisaercsa 0v = (0v)” +(0v)" u3 obimero pe-
menust (0v)" = §c¢ [GC| ogropomHOro ypasHeHus n 4actHoro pemrenus (0v)" = GTov
HEOJIHOPOJIHOTO yPABHEHHUS:

ov = 6c[GC] + GTov. (3.4)

Baech d¢ — npoussosibHas ckajsipHas seauunna, (GC|] — BekTOopHOE NpPOU3BE/IE-
Hre BekTopoB g7 = (¢7,...,97), 0 = 1,...,s, COCTABISAIONUX CTPOKK MaTpuibl G, n
IIPOUBBOJILHLIX BeKTOpoB ¢” = (¢],...,c}),vy=s+1,....n—1, GT = GT (GGT)_I.

C ydeToMm BO3MOXKHBIX OTKJIOHEHUI OT ypaBHEHUI CBsi3eil, cCOCTaBUM HOBYIO (DYHK-

nuto Jlarpanwa L = L(q,v,q,V,t), yrosrersopsiomyio ycaosuo L (q,v,0,0,t) =

L(q,v,t), m nocrponm_dynxmmo D = D(q,v,q,V,t), obranamomyo coicTBamu:
D(q,v,0,0,t) = 0 u D(q,v,q,V,t) > 0, eciu {,V He 0OpaIamTCcs B HYJIb OJHO-
spemenno. O6osnauns R = (Ry,..., R,), R; — peakiuu CBs3eil, 3aluIeM ITPUHITHII

Hanambepa Jyis pacimupennoii cucremsl ¢ dpyuknueii Jlarpanxa L:
ob

E(q,v)+ Fr 0, (3.6)
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doL 0oL

E(qv)= 22 _ %%

(a,v) dtov  0q

YmuoxkuB paserctsa (3.5), (3.6) ckansgpHo Ha 6V U IV, COCTABAM CYMMY SJIEMEH-
TAPHBIX MOIIHOCTEl ¢ y9eTOM BbIpazkeHus (3.4):

, a4=1(4,q)

(E(a,v) - Q- R)"[GC]dc+

+ (E(q,v)—Q—R)TG++(E(q )+(3_€> ov=0. (3.7)

Pagemcrso (3.7) BO3MOXKHO TOJIBKO IIPH BBIIOJHEHUH YCIOBHIA:

(E(q,v) - Q-R)"[GC] =0, (3.8)

(E(q,v)—Q—R)TG++<E(q )+g—€) = 0. (3.9)

Boibepem Bektop R Tax, uro6nl BhinosHsnock pasenctso RT [GC| = 0, uTo coor-
BETCTBYeT UJealIbHbIM cBa3aM Hcexoauoi cucreMbl R = GTA, A = (A\q,..., \,). Toraa
u3 paseHcts (3.8), (3.9) cieayoT ypaBHEHNE, ONUCHIBAIONIECE NU3MEHEHNE 0O0OIIEHHBIX
KOODPJIMHAT CHCTEMbI U ypaBHEHHE BO3MYILIEHUil cBga3eil. B koneunom urore ¢ yduerom
KUHEMATHICCKIX COOTHOIICHI, paBeHcTB (3.1), (3.2) 1 HaYaIbHbIX YCIOBHUIA TPUXO/IIM
K crucreMe auddepeHnnajibHO-aaredpandecKux ypaBHEHIH OTHOCUTEILHO IEPEMEHHbBIX
q,v,q, Vv, A

dq doL L

—_— — — T
o=V o 74 = Q+ GT)\, (3.10)
dg _ _ d9L OL 0D
aq i 11
dt 0 dtov 8q oV (3.11)
g="f(q,t), a=(9,4), v=g(q,v,1), (3.12)

q(to) = do, 4 (to) = f (do,%0), a4 (to) = o, v (to) = Vo,V (to) = g (a0, Vo, to), (3.13)

s pemenus cucremsr ypasuenuii (3.10)-(3.13) HeoO6X0AuMO JTOCTPOUTH IIpaBBIE
gacru jauddepennuanbibix ypasaenuii (3.10), (3.11). 3nauenusi cuyr peaxiuii cBs3ei
OTIPEJIETIIOTCS BbIPaYKeHUEM MHOYKUTEA A, 00eCIeInBAIONIUM BbBIIIOJIHEHIE PABEHCTB
(3.12). Eciu yauThiBaTh, 9TO BEJIMYIMHA OTKJIOHEHHs PEIIEHUs CUCTEMbl ypDABHEHU
(3.10), (3.11) or ypaBHeHuil cBsi3eil OIpe/eIsleTCsl 3HAYCHUSIMU TIEPEMEHHBIX {, V, TO
pemienrie = 0, v = () 9TOil cUCTEMBI COOTBETCTBYET YPaBHEHUSM CBSA3€il, U yCTOWYU-
BOCTDb 3TOTO DEIIeHUs] 3aBUCHT OT BbiOopa (ynkimn Jlarpamka L ¥ juccunaruBHOM
dyuxIUN D. [Iycts dpynxmmm L D oIIpe/ie/IeHbl PaBEHCTBAMU

L=T-P,
2T = vT'Av + vTAv, 2P = q"Hg, 2D = v'Bv, (3.14)

ISSN 0203-3755 Turammudaeckme cucremsr, 2018, Tom 8(36), Nel



IIOCTPOEHUE YPABHEHUU CUCTEM CO CBSI3sIMU 67

A=A A-Aaa A= (P 0) B-p@a

Torna us ypasuenuit (3.10)-(3.12) caemyer soipaxkenne A = M~ 'h

_ - (0L [dA . L [dA 0L\ o9g Og
M=GA'G', h=A"1'=—-|—+B AN v - = |- 2Bv—2
GATG, <aq (dt+ >V>+G <dtv aq> oq" ot

q="~F(q,t), v=g(q,v,t).
CoorBercTBeHHO, ypaBHeHus quHaMuKH (3.10) ¢ yaeToM BbIparkeHuit L, §, ¥, ) kak
dyHKINiT TepeMeHHbIX (, V, t TPUBOAATCA K cucTeMe TuddepeHnnaabHbIX yPaBHEHMI:

dq dv oL dA
Ay, A= r 1
T =V ( q v+Q+G )\), (3.15)

L=1L(qv,f(qt),g(qv,t),t),

JOITYCKaIOIUX YaCTHbIEe NHTET'DaJIbL

f(q,t) =0, g(q,v,t) =0. (3.16)

YpaBHeHusi BO3MyIenuii csizeit (3.11), paspereHHble OTHOCUTETEHO TPOU3BO/IHBIX,
3alMCHIBAIOTCS B BUJIE CUCTEMBI
dq dv =

~ v\ ~ - v\ o~ X — v ~ 8A<qad>~
e 2 _ 1 r9A\4q,9)
il fhey S(q,4)a—K(q,9)v+A~ (q,9) (V 5 V) (3.17)

S(a.d) -A @@, Klad=A" () (W +B(q d)) .

4. YcTOIYMBOCTh MHTETPAJIBHOT'O MHOT'OOOpa3us

Hng crabunmmszarun ceazeit (2.1),(2.2) vHeobxoaumMo, 9To6bl HHTErpaJIbHOE MHOT000-
pasue cucreMbl auddepeniuaibabix ypasaenuit (3.15), 3ajannoe pasercrsamu (3.16),
OBLIO yCTONYNBO ACHMITOTHIECK.

YCTORYIMBOCTE MHTErPATBLHONO MHOIO00Opa3usi OIPEIETIAETCS COOTBETCTBYIOIIEHT
yCTONYMBOCTBIO TpuBHasibHoro pemenust §(t) = 0, Vv (f) = 0 cucremsr ypaBHeHmii
Bo3MyIennii cszeil (3.11). Ilonaras B pasencrsax (3.14) marpumst A, H, B mocro-
SHHBIMU, [OJIyYaeM ypaBHEHHs BO3MyIeHuil cBsaseil (3.11) Kak JmHeiiHyIO cucTeMy ¢
[IOCTOAHHBIMU KO huimeHTamMmm

dy
— =W 4.1

yZ(g),W=<_A01ﬂ _AElB)’ (4.2)
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e E — equanunas marpuna. Eciu Bce KOpHE XapaKTepUCTUIECKOTO YPABHEHUSI CU-
crembl (4.1) UMEIOT OTpHUIIATENIbHBIE JEHCTBUTE/IbHBIE YaCTH, TO TPUBHAJILHOE perlie-
e y = 0 ycroituuso acumnrorudecku. B [12] uccnenyercs 3aqaua o crabuinsaiun
FOJIOHOMHBIX CBsI3el, coorercryomas caydaio A = E, H = w?E, B = 7E. B [19]
IIPE/IJIOYKEH aJITOPUTM PeIleHns 3a/1a9u cTabuIn3alny B o011eit mocranoske. s ompe-
JIeJIEHHs] JIOCTATOYHBIX YCJIOBUH yCTORUIMBOCTH TpuBHAJIbLHOIO perterust = 0,V = 0
cucremsl (3.17) ncnonssyercs [10] meroz dynkunit JIsmynosa. Tak, ecin cBs3u ABIs-
I0TCsl CTAIMOHAPHBIME

(@) =0,g(q,v) =0,

TO B KadecTBe pyHKINN JIAyHOBa MOXKHO B3ATH OIPEIEIEHHO MOJIOKUTETLHYIO KBa/I-
paruunyio GopMy ¢ HocToanHON MaTpuieil kosdduruentos 2V = y! Uy. Ecim mpous-
BOJIHAsI 9TO¥ (DYHKIMHN, BEIYUCACHHAS C YI€TOM ypaBHeHUid cucreMbl (3.17), sBisiercs
OTIpEJIEIEHHO OTPUIATEIbHON, TO TPUBHAJIBLHOE perterne y = () yCTONYINBO aCUMIITOTH-
YECKU.

5. HucsaenHoe perieHue

Ecnn ypaBHenus: Bo3aMyIneHuii ¢Bsg3eil IMEI0T aCUMIITOTHIECKHA YCTOWINBOE TPUBH-
aJbHOE pellleHne, TO JJisi CTaOM/IN3aIMU CBsI3eil MOYKHO OI'PAHUYUTHCS JlarKe IIPOCcTeii-
UMY 9UCJIEHHBIMUA METOJaMU pellieHns ypapraenuii guuavuku (3.15). Tak, ucmosnso-
BaHUE PA3HOCTHOU CXEMBbI

Xpr1 = X+ 7Xp, X =X (tg), T = tgr1 — tr, X (to) = Xo,

X:<3)7X:<§<q,v,t>>’

OL dA
Plav.) =A@ (5 - By Qe + 6 v A @)

¢ yueroM ypasHenus (4.1) npuBOJUT K COOTHOIIEHUTO

2
el < B = 7 W flyell + 157, (5.1)
rje Tf) — OCTATOYHBI 4jieH pasJyoxkenus dyHkmu y = y (x(t),t) B psag mo cre-
[eH$M T B OKPeCTHOCTH 3HadeHust ¢ = t;. VI3 mepasencrsa (5.1) cieiyer oneHka
|lyks1l] < e, eciim npu Beex 3mavenusix k = 0,1,2,..., N BBIIOJHAIOTCS yCIOBUS

Iyell < e B - W] <a <1, ||TP] <2:(1-a).

Ecau i pemenns ypasraenust (3.15) ucnonbsyercs [20] pasnocTaas cxema
Xpi1 = Xp + AXy, Ax, =71(1—0) Xk—i-Tan,
Xk:Xk(ik,tk+aT), Xy =X, +arX,, 0>0, >0, k=0,1,2,...,N,
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a,0 — const, m upu Beex k= 0,1,2,..., N BBIIOJHAIOTCA yCJIOBUSI

2a0 = 17 ||y1<;|| < €, Im+r < B < ]-7

TP <6=(1- ),

TO OyzeT cripaBeiuBa OleHKa ||ygr1|| < €. YeioBus crabummsarum cBsi3eii, cOOTBET-
crByfomme Meroy Pynre-KyrTer momytdens: B [21].

6. IIpumep

Onpenenuts 3aK0oH u3Menenus cuyibl F, obecrieauBaroiieil yecToRvnBoOe JIBUKEHUE
pakersl 10 Tpaekropun f (z,y) = 0 . Pakery Oymem cuamraTh MaTepHaJbHO TOUYKOI,
TIOJIO?KEHNE U CKOPOCTh KOTOPOU ONPENeatoTC BEKTOPaAMUA

q:(l',y), V:(Uanvy)a Vg = Z_::’ Uy:%, (61)

1 Ha KOTOPYIO ,HeﬁCTByeT CuJla TAXKeCTUu g, HallpaBJieHHasd 110 BEPTUKaAJIN. OTkonenue
TOYKHN OT TPa€KTOPHUU W €I'0 ITPOU3BOJHYIO OIIpEAE/INM BEJIMINHaMMU

T x 7ﬁz—vx+—v_ 62
Brenem dbyukiuio Jlarpamka u JuccuiaTuBHy0 OyHKITHIO:

2L = mv? — 2mgy + ¥? — ¢, 2D = kv?,

v = vi + vj, ¢, k, g — const.

U3 pasencts (6.2) ciegyer ypaBHeHHEe
of

of .
axé T+ a—yéy = (SU,

13 KOTOPOI'O OIPEIE/IAIOTCS BUPTYaJIbHbIE IIEPEMEIIEHNsT TOYKH B 3aBUCUMOCTH OT IIPO-
U3BOJILHBIX BEJIMYUH 0S U OU:

Car af ((arNE (N ar af ((arNE . (ar\Y) .
oxr = ayé +8:1: ((%) +(8_y)> 00,0y = o (5+ay ((%) +<8_y)) 0v.

Wcnonb3ys npunnun lamambepa-J/larpanka

d oL oL 5 d 0L 0L S+ doL 0L 0D 55— 0
dtov, oz ) T \@a, "oy ) T \Gaw “aq v )" Y
COCTaBUM YpPaBHEHHA JUHAMUKU PaKeTbl

dx dy d af d

@ T g T g ) = A

(mv,) = —mg + %, (6.3)
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U ypaBHEHUsI BO3MYIIIEHUN cBa3ei

dq Ldv .
o = U o =l ko. (6.4)

O0603HAYUB [ BEJIMIHMHY CKOPOCTH OTIEIEHUS YaCTHUI] OTHOCUTETHHO PAKETHI M Y UM~
ThIBasi PABEHCTBO
d (mv) = dv dm v
mu — —
dt "t o]’

ypaBHeHus (6.3) MOKHO IIPEJICTABUTH B BUJIE:

dx dv, of dy dv,

of
&t e _p 9L Y Sy
at Ve My T T e T e My

=T,—mg+ )\a—y, (6.5)

Ho, dm 7oy dm
NG dat’ N R dt

IIpasere wactu ypasuennit (6.5) cogepxkar cuiy taru I = (1),,7T,), HanpasieHmyio
BJIOJIb KAcaTeIbHON K TPAEKTOPHN JBIKEHHsI, 1 peakiuio cBs3u R = A (0f /0z, 0 f /0y),
HAIPABJIEHHYO 110 HOPMaJIM. DTU JIBE CUJIBI COCTAB/IAIOT UcKoMyto cuiny F. U3 ypas-
uenuit (6.2),(6.4),(6.5) onpeensercs BbipakeHne MHOXKHUTENs Jlarpanxka

T, =

/\:_%<8—f§—|—26wyvxvy+ 02+Cf($y)+k< +g§ >+gg—£>—

1 of of 9 _ (8f af
_W\/UQTU; (ax“x + ayvy> dt o N* = (a_z) + <B_y>

JIBrmzkenne 110 TpaeKTopun OyIeT YCTORINBO aCUMIITOTUYECKH, €CIN KOPHH XapaK-
TEpUCTUYECKOro ypasHenust k2 + krx + ¢ = 0 cucrembl (6.4) uMeoT oTpunaTeabHbIe
JeficrBuTesibHble dacTu. Hucaennoe pererne cucremsl (6.5),(6.6)

xr (tk) = Tk,
Tyl = T + TUzk, Yk+1 = Yk + TUyk,
of T af
(Ux)k;+1 = (Ux)k +— ma (T + )‘ax) ( )k+1 (Uy)k + m_k (Ty —mg + /\a_y)k )
oyiaer npu Beex k = 0,1,2,..., K y/JI0BJIeTBOpSTH HEPABEHCTBY ||qk|| < g, ecau Oy-

< 26 (1 — ), tae

JyT BbImoJHEHB! yestosud ||qof| < g, |[E—7W| < a < 1, HTS)‘

W — marpuna ko3hduimenToB ypaBaenuii cucrembr (6.4), Tgf) — OCTATOYHBIN YJIeH
pazsioxkenusi B psiyt byukuun ¢ = f (z,y).

7. 3aKJIroueHmue

MGTO,IH)I pemeHud O6paTHbIX 3aJda49 JUHaMWUKHW 1 YCJIOBUA YCTOﬁqHBOCTH MHOZKECTB
TpaGKTOpI/Iﬁ IIO3BOJIAIOT pa3pa60TaTb AJITOPUTMBI pelieHnd 3a/a9 JUHaMUKNU U YIIpaB-
JICHUS JJUHaMUYIeCKHMU IIpOoIeCCaMi B CUCTEMaX pa3m/1qH0171 IIPpUPOABI.
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Abstract. We study multi-parameter planar dynamical systems and carry out the global bifurcation
analysis of such systems. To control the global bifurcations of limit cycle in these systems, it is necessary
to know the properties and combine the effects of all their field rotation parameters. It can be done
by means of the development of our bifurcational geometric method based on the Wintner—Perko
termination principle and application of canonical systems with field rotation parameters. Using this
method, we solve, e. g., Hilbert’s Sixteenth Problem on the maximum number of limit cycles and their
distribution for the general Liénard polynomial system and a Holling-type quartic dynamical system.
We also conduct some numerical experiments to illustrate the obtained results.

Keywords: multi-parameter planar dynamical system, global bifurcation analysis, field rotation

parameter, limit cycle.
1. Introduction

We develop geometric aspects of bifurcation theory for studying multi-parameter
planar polynomial dynamical systems. It gives a global approach to the qualitative
analysis of such systems and helps to combine all other approaches, their methods and
results. First of all, the two-isocline method which was developed by N.P. Erugin is
used [4]. The isocline portrait is the most natural construction in the corresponding
polynomial equation. It is sufficient to have only two isoclines (of zero and infinity)
to obtain principal information on the original system, because these two isoclines are
the right-hand sides of the system. Geometric properties of isoclines (conics, cubics,
quartics, etc.) are well-known, and all isocline portraits can be easily constructed.
By means of them, all topologically different qualitative pictures of integral curves to
within a number of limit cycles and distinguishing center and focus can be obtained.
Thus it is possible to carry out a rough topological classification of the phase portraits
for the polynomial systems. It is the first application of Erugin’s method. After studying
contact and rotation properties of isoclines, the simplest (canonical) systems containing
limit cycles can be also constructed. Two groups of parameters can be distinguished
in such systems: static and dynamic. Static parameters determine the behavior of the

!The first author was supported by the Netherlal}ds Organization for Scientific Research (NWO)
and the Institute of Advanced Scientific Studies (IHES, France)
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phase trajectories in principle, since they control the number, position and character
of singular points in a finite part of the plane (finite singularities). Parameters from
the first group determine also a possible behavior of separatrices and singular points at
infinity (infinite singularities) under the variation of the parameters from the second
group. Dynamic parameters are rotation parameters. They do not change the number,
position and index of finite singularities and involve the vector field into directional
rotation. The rotation parameters allow to control infinite singularities, the behavior
of limit cycles and separatrices. The cyclicity of singular points and separatrix cycles,
the behavior of semi-stable and other multiple limit cycles are controlled by these
parameters as well. Therefore, by means of the rotation parameters, it is possible to
control all limit cycle bifurcations and to solve the most complicated problems of the
qualitative theory of polynomial systems [4].

To control all of the limit cycle bifurcations (especially, bifurcations of multiple
limit cycles), it is necessary to know the properties and combine the effects of all of the
rotation parameters. It can be done by means of the development of new methods based
on the well-known Weierstrass preparation theorem and the Perko planar termination
principle stating that the maximal one-parameter family of multiple limit cycles
terminates either at a singular point, which is typically of the same multiplicity, or
on a separatrix cycle, which is also typically of the same multiplicity [4, 14]. This
principle is a consequence of the principle of natural termination which was stated
for higher-dimensional dynamical systems by A. Wintner, who studied one-parameter
families of periodic orbits of the restricted three-body problem and used Puiseux series
to show that in the analytic case any one-parameter family of periodic orbits can be
uniquely continued through any bifurcation except a period-doubling bifurcation. Such
a bifurcation can happen, for example, in a Lorenz system. Besides, the periods in a
one-parameter family of a higher-dimensional system can become unbounded in strange
ways: for example, the periodic orbits may belong to a strange invariant set, strange
attractor, generated at a bifurcation value for which there is a homoclinic tangency of
the stable and unstable manifolds of the Poincaré map. This cannot happen for planar
systems. That is why the Wintner—Perko termination principle is applied for studying
multiple limit cycle bifurcations of the multi-parameter planar polynomial dynamical
systems [4, 14].

We have already presented a solution of Hilbert’s Sixteenth Problem in the
quadratic case of polynomial systems proving that for quadratic systems four is really
the maximum number of limit cycles and (3 : 1) is their only possible distribution.
The proof is carried out by contradiction applying catastrophe theory. On the first
step, the non-existence of four limit cycles surrounding a singular point is proved.
A canonical system containing three field-rotation parameters is considered and it is
supposed that this system has four limit cycles around the origin. Thus we get into some
three-dimensional domain of the field rotation parameters being restricted by some
conditions on the rest two parameters corresponding to definite cases of singular points
in the phase plane. This three-parameter domain of four limit cycles is bounded by three
fold bifurcation surfaces forming a swallow-tail bifurcation surface of multiplicity-four
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limit cycles. Since the corresponding maximal one-parameter family of multiplicity-four
limit cycles generated by a field rotation is monotonic, it is proved that it cannot be
cyclic and terminates either at the origin or on some separatrix cycle surrounding the
origin. Besides, we know absolutely precisely the cyclicity of the singular point which is
equal to three and therefore we have got a contradiction with the termination principle
stating that the multiplicity of limit cycles cannot be higher than the multiplicity
(cyclicity) of the singular point in which they terminate. Since we know the concrete
properties of all three field rotation parameters in the canonical system and can control
simultaneously bifurcations of limit cycles around different singular points, we are able
to complete the proof of the theorem [4]. The same result can be obtained by purely
geometric methods as well [6].

We have also established some preliminary results on generalizing our ideas and
methods to special planar cubic, quartic and other polynomial dynamical systems.
In [5], we have constructed a canonical cubic dynamical system of Kukles type and
have carried out the global qualitative analysis of its special case corresponding to
a generalized Liénard equation. In [11, 12|, using the Wintner—Perko termination
principle of multiple limit cycles and our bifurcational geometric approach, we have
solved the problem on the maximum number and distribution of limit cycles in the
general Kukles cubic-linear system. In [2], we have established the global qualitative
analysis of centrally symmetric cubic systems which are used as learning models of
planar neural networks. In [3|, we have carried out the global bifurcation analysis
of a quartic dynamical system which models the dynamics of the populations of
predators and their prey in a given ecological system. We have also completed the
study of multiple limit cycle bifurcations in the well-known FitzHugh—Nagumo neuronal
model [7]. Besides, we have presented a solution of Smale’s Thirteenth Problem [15]
proving that the Liénard system with a polynomial of degree 2k 4+ 1 can have at most
k limit cycles [8]. Generalizing the obtained results, we have presented a solution
of Hilbert’s Sixteenth Problem on the maximum number of limit cycles surrounding
a singular point for an arbitrary polynomial system |[8].

In Section 2 of this paper, applying a canonical system with field rotation
parameters and using geometric properties of the spirals filling the interior and exterior
domains of limit cycles, we solve the limit cycle problem for the general Liénard
polynomial system with an arbitrary (but finite) number of singular points generalizing
our previous results which we obtained in [9, 10] under some assumptions on the
parameters of the Liénard system. In Section 3, we complete the global bifurcation
analysis of a quartic dynamical system corresponding to a new class of rational Holling-
type systems which model the dynamics of the populations of predators and their prey
in a given ecological or biomedical system. We also conduct some numerical experiments
to illustrate the results obtained in this paper [16].
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2. The General Liénard Polynomial System

In this Section, by means of our bifurcational geometric approach [2]-[10], we
consider the general Liénard polynomial system:

t=y, g=-c(l4+az+.. . +ayz™) +ylag+air+... + oy ). (2.1)

Suppose that a? + ...+ a3, # 0 in system (2.1). The finite singularities of (2.1) are
determined by the algebraic system

r(l+az+... +ayr?)=0, y=0. (2.2)

This system always has an anti-saddle at the origin and, in general, can have at most
2l + 1 finite singularities which lie on the z-axis and are distributed so that a saddle
(or saddle-node) is followed by a node or a focus, or a center and vice versa [1]. For
studying the infinite singularities, the methods applied in [1] for Rayleigh’s and van
der Pol’s equations and also Erugin’s two-isocline method developed in [4] can be used.

Following [4], we will study limit cycle bifurcations of (2.1) by means of canonical
systems containing field rotation parameters of (2.1) [1, 4].

Theorem 2.1. The Liénard polynomial system (2.1) with limit cycles can be reduced
to one of the canonical forms:

T =y,

y=—z(l+ax+... +ayz?) (2.3)

+ylo—P1—. .. = Bon—1+Lrr+aga®+. . 4 Bop_12° +agpa?F)
or
i =y= P(r,y),
y=a(r—1)(1+bx+...+by 1221 (2.4)
+ylag—P1—. .. = Par—1+Bix+aszr®+. . .+ Bop_ 122 T+ agz®) = Q(z, y),

where 1+ a1z + ... + ayx? # 0, ag, qa,..., aop are field rotation parameters and

b1, B3, ..., Pap_1 are semi-rotation parameters.

Proof. Let us compare system (2.1) with (2.3) and (2.4). It is easy to see that system
(2.3) has the only finite singular point: an anti-saddle at the origin. System (2.4) has
at list two singular points including an anti-saddle at the origin and a saddle which,
without loss of generality, can be always putted into the point (1,0). Instead of the
odd parameters aq, as, ..., ag_1 in system (2.1), also without loss of generality, we
have introduced new parameters (31, 33, ..., [fax_1 into (2.3) and (2.4).

We will study now system (2.4) (system (2.3) can be studied absolutely similarly).
Let all of the parameters ag, aa, ..., asx and Sy, O3, ..., Por_1 vanish in this system,

=y, y=a(x—1)1+bax+.. . +by 2%, (2.5)
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and consider the corresponding equation

dy z(z-—1DA+bhz+...+ by 1x?71)
de Y

= F(x,y). (2.6)

Since F(z,—y) = —F(z,y), the direction field of (2.6) (and the vector field of (2.5)
as well) is symmetric with respect to the z-axis. It follows that for arbitrary values of
the parameters by, ..., by 1 system (2.5) has centers as anti-saddles and cannot have
limit cycles surrounding these points. Therefore, we can fix the parameters by, ..., by
in system (2.4), fixing the position of its finite singularities on the z-axis.

To prove that the even parameters «y, qo,. .., ag rotate the vector field of (2.4),
let us calculate the following determinants:

Aoy =PQ, —QP. =y*>0,

AQQZPQ,Q{Q_QP, :$2y2207

Aoy, = PQ,, — QP =a"y*>0.

By definition of a field rotation parameter |1, 4, 14|, for increasing each of the
parameters g, s, ..., o, under the fixed others, the vector field of system (2.4)
is rotated in the positive direction (counterclockwise) in the whole phase plane; and,
conversely, for decreasing each of these parameters, the vector field of (2.4) is rotated
in the negative direction (clockwise).

Calculating the corresponding determinants for the parameters 5, 83, ..., Bor_1,
we can see that

Ag, :PQ’B1 —QP’1 =(z—1)v?%
Ag, = PQ/’83 — QP/’B3 = (23— 1)y

It follows [1, 4] that, for increasing each of the parameters (i, fs, ..., Bax_1, under
the fixed others, the vector field of system (2.4) is rotated in the positive direction
(counterclockwise) in the half-plane > 1 and in the negative direction (clockwise)
in the half-plane z < 1 and vice versa for decreasing each of these parameters. We will
call these parameters as semi-rotation ones.

Thus, for studying limit cycle bifurcations of (2.1), it is sufficient to consider the
canonical systems (2.3) and (2.4) containing the field rotation parameters ay, s, ...,
agr and the semi-rotation parameters 31, (s, ..., for_1. The theorem is proved. O

By means of the canonical systems (2.3) and (2.4), we will prove the following
theorem.
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Theorem 2.2. The Liénard polynomial system (2.1) can have at most k + 1+ 1 limit
cycles, k+1 surrounding the origin and | surrounding one by one the other singularities
of (2.1).

Proof. According to Theorem 2.1, for the study of limit cycle bifurcations of
system (2.1), it is sufficient to consider the canonical systems (2.3) and (2.4) containing
the field rotation parameters og, «s,..., a9, and the semi-rotation parameters
b1, B3y, Por—1. We will work with (2.4) again (system (2.3) can be considered in
a similar way).

Vanishing all of the parameters ag, ao,..., g, and By, Bs,..., Pog_1 in (2.4), we
will have system (2.5) which is symmetric with respect to the z-axis and has centers
as anti-saddles. Its center domains are bounded by either separatrix loops or digons of
the saddles or saddle-nodes of (2.5) lying on the z-axis.

Let us input successively the semi-rotation parameters Si, fs,..., Box_1 into
system (2.5) beginning with the parameters at the highest degrees of x and alternating
with their signs. So, begin with the parameter (5,1 and let, for definiteness, for_1 > 0:

T =y,
y=z(x—1)(1+bx+ ...+ by 1227 (2.7)
+ y(—PBak-1 + Bap—12%71).

In this case, the vector field of (2.7) is rotated in the negative direction (clockwise)
in the half-plane z < 1 turning the center at the origin into a rough stable focus. All
of the other centers lying in the half-plane x > 1 become rough unstable foci, since
the vector field of (2.7) is rotated in the positive direction (counterclockwise) in this
half-plane [1, 4].

Fix (for_1 and input the parameter Sy _3 < 0 into (2.7):

T =y,
J=a(r— 1)1 +ba+...+by 2% (2.8)
+y(—Par—3 — Bok—1 + Bop—32™ 7 + Pop 12”7,

Then the vector field of (2.8) is rotated in the opposite directions in each of the half-
planes x < 1 and > 1. Under decreasing (5 _3, when for_35 = —far_1, the focus at the
origin becomes nonrough (weak), changes the character of its stability and generates a
stable limit cycle. All of the other foci in the half-plane z > 1 will also generate unstable
limit cycles for some values of 3y _3 after changing the character of their stability. Under
further decreasing (9;_3, all of the limit cycles will expand disappearing on separatrix
cycles of (2.8) [1, 4].

Denote the limit cycle surrounding the origin by I, the domain outside the cycle
by Dy, the domain inside the cycle by Dy and consider logical possibilities of
the appearance of other (semi-stable) limit cycles from a “trajectory concentration”
surrounding this singular point. It is clear that, under decreasing the parameter (o5 _3,
a semi-stable limit cycle cannot appear in the domain Dy, since the focus spirals filling
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this domain will untwist and the distance between their coils will increase because of
the vector field rotation [4].

By contradiction, we can also prove that a semi-stable limit cycle cannot appear in
the domain Dy,. Suppose it appears in this domain for some values of the parameters
Bir_1 > 0 and G5, 5 < 0. Return to system (2.5) and change the inputting order for
the semi-rotation parameters. Input first the parameter Sor_3 < 0:

T =y,
Y= x(:v — 1)(1 +bix+...+ le_1$2l_1) (29)
+ y(—Bak-3 + B3 73).

Fix it under fBo,_3 = B;,_5. The vector field of (2.9) is rotated counterclockwise and
the origin turns into a rough unstable focus. Inputting the parameter fop 1 > 0 into
(2.9), we get again system (2.8) the vector field of which is rotated clockwise. Under
this rotation, a stable limit cycle Iy will appear from a separatrix cycle for some value
of Bor_1. This cycle will contract, the outside spirals winding onto the cycle will untwist
and the distance between their coils will increase under increasing fo;_1 to the value
Bar_1- It follows that there are no values of 33, 5 < 0 and 35, _; > 0 for which a
semi-stable limit cycle could appear in the domain Dy .

This contradiction proves the uniqueness of a limit cycle surrounding the origin
in system (2.8) for any values of the parameters 9,3 and (o1 of different signs.
Obviously, if these parameters have the same sign, system (2.8) has no limit cycles
surrounding the origin at all. On the same reason, this system cannot have more than
[ limit cycles surrounding the other singularities (foci or nodes) of (2.8) one by one.

It is clear that inputting the other semi-rotation parameters for_s,..., 51 into
system (2.8) will not give us more limit cycles, since all of these parameters are rough
with respect to the origin and the other anti-saddles lying in the half-plane x > 1.
Therefore, the maximum number of limit cycles for the system

T =y,
y=a(x—1)(1+bx+... 4+ by 1221 (2.10)
+ y(—ﬁl — .. — Pop_3 — Pop_1+ Prx+ ...+ 52k_3l‘2k_3 + ﬁgk_lx%_l)

is equal to [ + 1 and they surround the anti-saddles (foci or nodes) of (2.10) one by
one.

Suppose that 8, +. ..+ fBor_3+ Bor—1 > 0 and input the last rough parameter oy > 0
into system (2.10):

T =y,
y:x(x_1)(1+b1$+...+b2l_1$2171) (211)
+Z/(Oz0 - ﬂl — ... — 6214;—1 —|— ﬂll‘ + . + /6214;_11}2]671)_

This parameter rotating the vector field of (2.11) counterclockwise in the whole phase
plane also will not give us more limit cycles, but under increasing agp, when ay =
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b1+ ...+ Pog_1, we can make the focus at the origin nonrough (weak), after the
disappearance of the limit cycle I} in it. Fix this value of the parameter ag (g = of)):

T =y,
y=x(x—1)(1+bix+ ...+ by 12271 (2.12)
‘l‘?/(ﬁliﬁ + ...+ 5%_135%_1).
Let us input now successively the other field rotation parameters as, ..., a9k into

system (2.12) beginning again with the parameters at the highest degrees of x and
alternating with their signs. So, begin with the parameter awoy, and let ag, < 0:
T =Y,
y=z(x— 1)1+ bz + ...+ by 1227 (2.13)
+y(Bix + ... + Bop_ 12271 + ag ).

In this case, the vector field of (2.13) is rotated clockwise in the whole phase plane
and the focus at the origin changes the character of its stability generating again a
stable limit cycle. The limit cycles surrounding the other singularities of (2.13) can
also still exist. Denote the limit cycle surrounding the origin by I, the domain outside
the cycle by D; and the domain inside the cycle by Ds. The uniqueness of a limit cycle
surrounding the origin (and limit cycles surrounding the other singularities) for system
(2.13) can be proved by contradiction like we have done above for (2.8).

Let system (2.13) have the unique limit cycle I surrounding the origin and [ limit
cycles surrounding the other antisaddles of (2.13). Fix the parameter ag, < 0 and input
the parameter agy_o > 0 into (2.13):

T =1y,
y=a(x—1)(1+bix+ ...+ by 12271 (2.14)
+ y(ﬁlx + ...+ 52k_1$2k_1 + agk_2$2k_2 + a2k$2k).

Then the vector field of (2.14) is rotated in the opposite direction (counterclockwise)
and the focus at the origin immediately changes the character of its stability (since
its degree of nonroughness decreases and the sign of the field rotation parameter at
the lower degree of x changes) generating the second (unstable) limit cycle I's. The
limit cycles surrounding the other singularities of (2.14) can only disappear in the
corresponding foci (because of their roughness) under increasing the parameter agy_s.
Under further increasing aia_o, the limit cycle I's will join with I forming a semi-stable
limit cycle, I'j5, which will disappear in a “trajectory concentration” surrounding the
origin. Can another semi-stable limit cycle appear around the origin in addition to ['57
It is clear that such a limit cycle cannot appear either in the domain D; bounded on
the inside by the cycle I or in the domain D3 bounded by the origin and I'y because of
the increasing distance between the spiral coils filling these domains under increasing
the parameter.

To prove the impossibility of the appearance of a semi-stable limit cycle in the
domain Dy bounded by the cycles I and I'y (before their joining), suppose the contrary,
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i.e., that for some values of these parameters, o, < 0 and o;_, > 0, such a semi-stable
cycle exists. Return to system (2.12) again and input first the parameter agy,_o > 0:

T =y,
y=a(x—1)(1+bw+...+by_ 12271 (2.15)
+y(Brz + ...+ Pop—12® T + agp_ga® ).

This parameter rotates the vector field of (2.15) counterclockwise preserving the origin
as a nonrough stable focus.

Fix this parameter under a2 = o, _, and input the parameter ag, < 0 into (2.15)
getting again system (2.14). Since, by our assumption, this system has two limit cycles
surrounding the origin for ag;, > a3, there exists some value of the parameter, a2
(a3t < aiy, < 0), for which a semi-stable limit cycle, I32, appears in system (2.14) and
then splits into a stable cycle I} and an unstable cycle I's under further decreasing aogy.
The formed domain Dy bounded by the limit cycles I, I's and filled by the spirals will
enlarge since, on the properties of a field rotation parameter, the interior unstable limit
cycle I'y will contract and the exterior stable limit cycle I} will expand under decreasing
asr. The distance between the spirals of the domain Dy will naturally increase, which
will prevent the appearance of a semi-stable limit cycle in this domain for ag, < aiz.

Thus, there are no such values of the parameters, aj, < 0 and o, _, > 0, for
which system (2.14) would have an additional semi-stable limit cycle surrounding the
origin. Obviously, there are no other values of the parameters asg, and agi_s for which
system (2.14) would have more than two limit cycles surrounding this singular point.
On the same reason, additional semi-stable limit cycles cannot appear around the other
singularities (foci or nodes) of (2.14). Therefore, [ 4 2 is the maximum number of limit
cycles in system (2.14).

Suppose that system (2.14) has two limit cycles, [7 and I'y, surrounding the origin
and [ limit cycles surrounding the other antisaddles of (2.14) (this is always possible if
—Quak, > agg_o > 0). Fix the parameters aoy, a2 and consider a more general system
inputting the third parameter, ag_4 < 0, into (2.14):

T =1y,
g =x(x—1)(1+bx+... 4+ by 1221 (2.16)

+ y(ﬁlx + ...+ 62k_1l‘2k_1 + OéQk_4.Z‘2k_4 + OéQk_g.%‘zk_z + Oéle’Qk).

For decreasing agy_4, the vector field of (2.16) will be rotated clockwise and the focus
at the origin will immediately change the character of its stability generating a third
(stable) limit cycle, I's. With further decreasing asy_4, I's will join with I'y forming
a semi-stable limit cycle, I3, which will disappear in a “trajectory concentration”
surrounding the origin; the cycle I will expand disappearing on a separatrix cycle
of (2.16).

Let system (2.16) have three limit cycles surrounding the origin: I3, I's, I's. Could
an additional semi-stable limit cycle appear with decreasing a4 after splitting of
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which system (2.16) would have five limit cycles around the origin? It is clear that such
a limit cycle cannot appear either in the domain Dy bounded by the cycles I} and I'y
or in the domain D, bounded by the origin and I's because of the increasing distance
between the spiral coils filling these domains after decreasing aigr_4. Consider two other
domains: Dy bounded on the inside by the cycle I} and D3 bounded by the cycles I'y
and I'3. As before, we will prove the impossibility of the appearance of a semi-stable
limit cycle in these domains by contradiction.

Suppose that for some set of values of the parameters aj, < 0, o, _, > 0 and
a4 <0 such a semi-stable cycle exists. Return to system (2.12) again inputting first
the parameters agg_s > 0 and gy < 0:

T =1y,
y=x(x—1)(1+bx+ ...+ by 12271 (2.17)
+ y(ﬁlx + ...+ 52k_1$2k_1 + agk_4$2k_4 + Oégk.%’Qk).

Fix the parameter as;_o under the value aj, ,. With decreasing aoy_4, a separatrix
cycle formed around the origin will generate a stable limit cycle . Fix ag_4 under
the value a},_, and input the parameter ag, > 0 into (2.17) getting system (2.16).

Since, by our assumption, (2.16) has three limit cycles for agr > a3, there exists
some value of the parameter a3 (a3 < a3, < 0) for which a semi-stable limit cycle,
I'23, appears in this system and then splits into an unstable cycle I'; and a stable cycle
I's with further decreasing asg. The formed domain D3 bounded by the limit cycles I's,
I'3 and also the domain D; bounded on the inside by the limit cycle I} will enlarge and
the spirals filling these domains will untwist excluding a possibility of the appearance
of a semi-stable limit cycle there.

All other combinations of the parameters awy, qop_s, and as,_y4 are considered in a
similar way. It follows that system (2.16) can have at most [ + 3 limit cycles.

If we continue the procedure of successive inputting the field rotation parameters,
Qo - - -, (g, into system (2.12),

T =y,
y=a(r—1)(1+biz+...+by 122" (2.18)
+y(Brx + ..+ ok 2T+ ana® + L+ agpr?),

it is possible to obtain £ limit cycles surrounding the origin and [ surrounding one by
one the other singularities (foci or nodes) (—aog > Qoo >> —or_4 > Qo6 > .. .).
Then, by means of the parameter ag # f1 + ... + Pog—1 (0 > o, if as < 0,
and ap < of, if as > 0), we will have the canonical system (2.4) with an additional
limit cycle surrounding the origin and can conclude that this system (i. e., the Liénard
polynomial system (2.1) as well) has at most k+1+1 limit cycles, k+ 1 surrounding the
origin and [ surrounding one by one the antisaddles (foci or nodes) of (2.4) (and (2.1)
as well). The theorem is proved. O
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3. A Holling-Type Quartic Dynamical System

In this Section, we study a Holling-type rational system which models the dynamics
of the populations of predators and their prey in a given ecological or biomedical system:

. LY
—a (1D —
T=x < . 1) (prey),

- (3.1)

m) (predator),

y=-y (5 + -
where x >0 and y > 0; « >0, 8> —2y/a, 0 >0, A > 0, and p > 0 are parameters.
Dividing the second equation of (3.1) by the first one (left and right hand sides,
respectively), after algebraic transformations in the corresponding equation, we can
rewrite rational system (3.1) in the form of a quartic dynamical system

= z((1-Ar)(az? + Bz +1) —zy) = P,

' (3.2)
g =—y((0+ py)(az® + fz +1) —2?) = Q.
Together with (3.2), we will also consider an auxiliary system; see [1, 4, 14|

applying to these systems our bifurcational geometric approach [2]-[10] and completing
the qualitative analysis of (3.1).
Consider first a general polynomial system in the vector form

T = f(mv u’)v (34)

where & € R?; u € R"; f € R? ( f is a polynomial vector function).
Let us formulate the Wintner—Perko termination principle |4, 14] for this system.

Theorem 3.1. Any one-parameter family of multiplicity-m limit cycles of relatively
prime polynomial system (3.4) can be extended in a unique way to a mazximal one-
parameter family of multiplicity-m limit cycles of (3.4) which is either open or cyclic.

If it is open, then it terminates either as the parameter or the limit cycles become
unbounded; or, the family terminates either at a singular point of (3.4), which is
typically a fine focus of multiplicity m, or on a (compound) separatriz cycle of (3.4)
which 1s also typically of multiplicity m.

The proof of this principle for general polynomial system (3.4) with a vector
parameter p € R" parallels the proof of the planar termination principle for the system

$:P(l’,y,)\), y:Q<x7ya)‘) (35)

with a single parameter A\ € R [4, 14], since there is no loss of generality in assuming
that system (3.4) is parameterized by a single parameter A; i.e., we can assume that
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there exists an analytic mapping p(A) of R into R™ such that (3.4) can be written as
(3.5) and then we can repeat everything, what had been done for system (3.5) in [14].
In particular, if A is a field rotation parameter of (3.5), the following Perko’s theorem
on monotonic families of limit cycles is valid [4, 14].

Theorem 3.2. If Ly is a nonsingular multiple limit cycle of (3.5) for A = Ao, then Ly
belongs to a one-parameter family of limit cycles of (3.5); furthermore:

1) if the multiplicity of Lo is odd, then the family either expands or contracts mo-
notonically as X increases through Ao;

2) if the multiplicity of Lg is even, then Lo bifurcates into a stable and an unstable
limat cycle as \ varies from Ay in one sense and Lo disappears as \ varies from Xy in
the opposite sense; i. e., there is a fold bifurcation at \q.

Consider again system (3.2). This system has two invariant straight lines: © = 0
and y = 0. Its finite singularities are determined by the algebraic system

z((1 = M) (ax® + fz + 1) — zy) =0,

) ) (3.6)
y((6 + py)(ax® + Sz +1) —x°) = 0.
From (3.6), we have got: two singular points (0,0) and (0, —d/u), at most two points
defined by the condition

ar’ +pr+1=0, y=0, (3.7)

and at most six singularities defined by the system

vy = (1 = \x)(az?® + Br + 1),

(3.8)
y (04 py) = (1 - Az),
among which we always have the point (1/\,0). See [13] for more details.

The point (0,0) is always a saddle, but (1/A,0) can be a node or a saddle, or a
saddle-node. The point (1/A,0) can change multiplicity when singular points enter or
exit the first quadrant. In addition, a singular point of multiplicity 2 may appear in the
first quadrant and bifurcate into two singular points. In the case 5 > 0 (respectively,
—2y/a < 8 < 0), there is a possibility of up to one singular point (respectively, two
singular points) in the open first quadrant [13]. If there exists exactly one simple
singular point in the open first quadrant, then it is an anti-saddle. If there exists
exactly two simple singular points in the open first quadrant, then the singular point
on the left with respect to the z-axis is an anti-saddle and the singular point on the
right is a saddle [13]. If a singular point is not in the first quadrant, in consequence, it
has no biological significance.

To study singular points of (3.2) at infinity, consider the corresponding differential
equation

dy  y((d +py)(az® + fa +1) —a?)

dr — z((1-Azr)(aa? + Bz + 1) — zy)’ (3.9)
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Dividing the numerator and denominator of the right-hand side of (3.9) by z*
(x #0) and denoting y/x by u (as well as dy/dz), we will get the algebraic equation

u((p/AN)u—1) =0, where u=vy/z, (3.10)

for all infinite singularities of (3.9) except when z = 0 (the “ends” of the y-axis) |1, 4].
For this special case we can divide the numerator and denominator of the right-hand
side of (3.9) by y* (y # 0) denoting x/y by v (as well as dr/dy) and consider the
algebraic equation

v*(v—p/\) =0, where v=uz/y. (3.11)

The equations (3.10) and (3.11) give three singular points at infinity for (3.9): a simple
node on the “ends” of the x-axis, a triple node on the “ends” of the y-axis, and a simple
saddle in the direction of y/z = \/p.

To investigate the character and distribution of the singular points in the phase
plane, we have used a method developed in [3]. The sense of this method is to obtain
the simplest (well-known) system by vanishing some parameters (usually field rotation
parameters) of the original system and then to input these parameters successively one
by one studying the dynamics of the singular points (both finite and infinite) in the
phase plane.

Using the obtained information on singular points and applying our bifurcational
geometric approach [2]-[10], we can study the limit cycle bifurcations of system (3.2).
This study will use some results obtained in [13|: in particular, the results on the
cyclicity of a singular point of (3.2). However, it is surely not enough to have only these
results to prove the main theorem of this paper concerning the maximum number of
limit cycles of system (3.2).

Finally, we will see also that the main result of this paper is quite similar to the
main result of [3|, where a Holling system of type IV was studied, but the number
of singular points in the first quadrant and the distribution of limit cycles in the two
systems are different.

Applying the definition of a field rotation parameter [1, 4, 14|, i.e., a parameter
which rotates the field in one direction, to system (3.2), let us calculate now the
corresponding determinants for the parameters v and 3, respectively:

Ao = PQ;, — QP = x'y(y(d + py) — 2(1 = Ax)), (3.12)
A = PQjy — QP = z'y(y(d + py) — x(1 — Az)). (3.13)

It follows from (3.12) and (3.13) that on increasing « or 3 the vector field of (3.2) in
the first quadrant is rotated in the positive direction (counterclockwise) only on the
outside of the ellipse

y(0 + py) — (1 — Az) = 0. (3.14)

Therefore, to study limit cycle bifurcations of system (3.2), it makes sense together
with (3.2) to consider also an auxiliary system (3.3) with a field rotation parameter ~:

A, =P+ Q*>0. (3.15)

ISSN 0203-3755 /lunamudeckue cucrempr, 2018, Tom 8(36), Nel



86 V. A. GAIKO, C. VUIK

Using system (3.3) and applying Perko’s results [4, 14|, we prove the following
theorem.

Theorem 3.3. System (3.2) can have at most two limit cycles surrounding one singular
point.

Proof. First let us prove that system (3.2) can have at least two limit cycles. Begin with
system (3.2), where v = 3 = 0. It is clear that such a cubic system, with two invariant
straight lines, cannot have limit cycles at all [13]. Inputting a negative parameter /3 into
this system, the vector field of (3.2) will be rotated in the negative direction (clockwise)
at infinity, the structure and the character of stability of infinite singularities will be
changed, and an unstable limit, I'y, will appear immediately from infinity in this case.
This cycle will surround a stable anti-saddle (a node or a focus) A which is in the first
quadrant of system (3.2). Inputting a positive parameter «, the vector field of quartic
system (1.10) will be rotated in the positive direction (counterclockwise) at infinity,
the structure and the character of stability of infinite singularities will be changed
again, and a stable limit, I'y, surrounding I'; will appear immediately from infinity in
this case. On further increasing the parameter «, the limit cycles I'y and I'y combine
a semi-stable limit, ['1o, which then disappears in a “trajectory concentration” [1, 4].
Thus, we have proved that system (3.2) can have at least two limit cycles; see also [13].

Let us prove now that this system has at most two limit cycles. The proof is carried
out by contradiction applying catastrophe theory [4, 14]. Consider system (3.3) with
three parameters: «, (3, and v (the parameters d, A, and p can be fixed, since they do
not generate limit cycles). Suppose that (3.3) has three limit cycles surrounding the
only point A in the first quadrant. Then we get into some domain of the parameters
«, B, and v being restricted by definite conditions on three other parameters §, A, and
1. This domain is bounded by two fold bifurcation surfaces forming a cusp bifurcation
surface of multiplicity-three limit cycles in the space of the parameters «, 3, and .

The corresponding maximal one-parameter family of multiplicity-three limit cycles
cannot be cyclic, otherwise there will be at least one point corresponding to the limit
cycle of multiplicity four (or even higher) in the parameter space.

Extending the bifurcation curve of multiplicity-four limit cycles through this point
and parameterizing the corresponding maximal one-parameter family of multiplicity-
four limit cycles by the field rotation parameter v, according to Theorem 3.2, we will
obtain two monotonic curves of multiplicity-three and one, respectively, which, by the
Wintner—Perko termination principle (Theorem 3.1), terminate either at the point A
or on a separatrix cycle surrounding this point.

Since we know at least the cyclicity of the singular point which is equal to two [13],
we have got a contradiction with the termination principle stating that the multiplicity
of limit cycles cannot be higher than the multiplicity (cyclicity) of the singular point
in which they terminate.

If the maximal one-parameter family of multiplicity-three limit cycles is not cyclic,
using the same principle (Theorem 3.1), this again contradicts the cyclicity of A [13]
not admitting the multiplicity of limit cycles to be higher than two. This contradiction
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completes the proof in the case of one singular point in the first quadrant.

Suppose that system (3.3) with two finite singularities, a saddle S and an anti-
saddle A, has three limit cycles surrounding A. Then we get again into some domain
of the parameters «, #, and v bounded by two fold bifurcation surfaces forming a cusp
bifurcation surface of multiplicity-three limit cycles in the space of the parameters «,
B, and v being restricted by definite conditions on three other parameters 9, A, and pu.

The corresponding maximal one-parameter family of multiplicity-three limit cycles
cannot be cyclic, otherwise there will be at least one point corresponding to the limit
cycle of multiplicity four (or even higher) in the parameter space. Extending the
bifurcation curve of multiplicity-four limit cycles through this point and parameterizing
the corresponding maximal one-parameter family of multiplicity-four limit cycles by
the field rotation parameter 7, according to Theorem 3.2, we will obtain again two
monotonic curves of multiplicity-three and one, respectively, which, by Theorem 3.1,
terminate either at the point A or on a separatrix loop surrounding this point [4].

Since we know at least the cyclicity of the singular point which is equal to two [13],
we have got a contradiction with the termination principle (Theorem 3.1).

If the maximal one-parameter family of multiplicity-three limit cycles is not cyclic,
using the same principle, this again contradicts the cyclicity of A [13] not admitting
the multiplicity of limit cycles higher than two. Moreover, it also follows from the
termination principle that a separatrix loop cannot have the multiplicity (cyclicity)
higher than two in this case.

Thus, we conclude that system (3.2) cannot have either a multiplicity-three limit
cycle or more than two limit cycles surrounding a singular point which proves the
theorem. OJ
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ITamsaTu EBrenus IlerpoBuya benana

10 okrsabpss 2017 rogma mocie THAXKEIOW U TPOJOJIKUTEIbHOW Oosie3nu na 77
rogy ymén u3 xkusum Eprenuit I[lerpoBuu bBesan, u3BeCTHBINR yY€HBIH, JOKTOP
dusznKo-MaTeMaTHIeCKUX HayK, podeccop Kadeapbl auddepeHuajibabix ypaBHe-
HUIl 1 reoMmeTpun QakyabTeTa MaTeMaTUKn U uHpoOpMaTukn TaBpudeckoil akae-
mun (CTpyKTypHOE mnojpasjesenne KpbivMckoro ¢dejiepajbHOr0 yHUBEPCUTETA MUMEHU
B.U1.Bepna/ickoro).

Esrenmnii [lerposuu Bestan pogmica 28 despastsa 1941 roga B ropojie EBnaropum.
Ero mars Enena Edumorna Bososuk u orert [lerp Annpeesna Bean mo mponcxox ie-
HUIO OBLIN KpecThsiHaMu u3 zKutomupcekoit u Yepuurosckoit obstacreit. Bo Bpemst ro-
no7a 1930-X ToI0B ceMbe MPUIILIOCH TiepedbpaTrbes B ropo. [lerp AnppeeBud 3aKOHIUIT
npoduibHoe yumiuie u pabortas denbiainepom. Bo Bpems Benmkoit oreuecTBeHHOI
BOIHBI CeMbsI HaXO/IMJIaCh B 9BaKyalluu B ropojie XacaBbiopT Heueno-Muryiickoit pec-
nyosimkn. B 1943 romy B cembe pogutuck ere u 6yimsnensl Auapeit n Anexcarap. [loce
ocBoboXK Terns Kpbima cembs repeexasa B Cumdepornons. [lerp Arapeesud paboras B
CITeIUAJIbHON 00/IaCTHON KOMUCCHAM 10 CAHUTAPHON IIPOBEPKE IUIIEBBIX IPEIITPUITHIA.
Esrennit [lerposud yumiics B cumdeporiosibekoit mmkosie Ne16, u B 9TU Tojbl HA9a10Ch
ero ymJiedenne MareMarwkoil. [lo oxkomvanum mkossl B 1958 rojy oH mocTynmia Ha
dusnko-mMaTemMarnieckuit hakyabrer KpbIMCKOro rocy1apCTBEHHOIO TearoruieckKoro
nnctutyta uMmenu M. B. @pynse. B stu ron Ha dhakyabrere padoTtasn jgonenTbl Huko-
nait Aunpeesna Hukysmus, Bopuc Aponosrna Manszon, Bukrop Hukonmaesuda CKpbIios,
Bsadecnas I'puropnesuu Ecbko, Pyben ['puropbesud Bamanabsan u apyrue mpenojiasa-
TeJIN, TPEJICTABUTEIN PA3HBIX MATEMATUIeCKNUX IMIKOJI. KIE 10 OKOHYaHUd WHCTUTYTA
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¢ 1 auBaps 1962 roga o 30 oktsabpsa 1962 roga Esrenuit [lerpoBuy paboran yunte-
jJeM MareMaTukn n busuku. [locite okonvyanusa neamncturyTa B 1963 romy mo crre-
UaJIbHOCTH «MaTeMaTHhKa, dYepueHne n acTpoHoMust» EBrenwuit llerpoBuy moctynmi B
actimpanTypy Uucturyra martemaruku AH YCCP. CBou ucciieioBanust OH MPOBOJIHIT
B OT/IeJIe HeJIMHEHHBIX KOJIe0aHuii 1o/1 PyKOBOJICTBOM akajieMuka HOpus AjtekceeBudaa
Murporonbekoro. Bo Bpems yuéonl B actiupantype Eprenwmit [lerpoBud ObL1 ipusBan
B apMUIO, TJie CIYZKWJI JIeiTeHaHTOM apTuiuiepun. [locie okonuanms ciyKObl OH Bep-
HYJICSI B aCIIMPaHTYpY, KoTopyio okonumI 31 ntons 1968 roja c npejicraBjieHuEM JIUC-
cepranuu. Eprennii [lerposua B 1967 romy cozman ceMbio, U €ro »KeHa TakKe ObLia
npernogapareaeM Maremaruku. B 1968 romy y mHux poaumics ceiH AJjekceit, a B 1975
rogy — coil Muxamn. B CraBgrckom rocymapersentom unctutyre Eprenuit [lerposud
pabotas ¢ 1 uiosra 1968 Ha JoKHOCTH TIperofaBaTesis Kadegapbl MaTeMaTuku. B 91o
Bpems u3 30 npenojasaresieil pU3NKO-MATEMATHIECKOTO OBLIO TOJIHKO YeThIpe KaH I1-
Jata pu3nKo-MaTeMaTndeckux nayk. 22 anpess 1969 roga B Uncruryre maremMaTuxku
AH VCCP Eprenniit IlerpoBud ycremso 3aIiuTiI JACCEPTAIIMIO0 Ha COMCKAHNIE Hayd-
HOI cTelleHn KaHauiaTa (PU3NKO-MaTeMaTUIecKuX HayK 110 crenuaJgbHocTu «/Indde-
peHnuaIbHbIe YpaBHEHHUA», Ha OCHOBaHUU 4ero ¢ 15 nHogbps 1968 roma ObLT niepeBeicH
Ha JIOJIZKHOCTB CTapINero mpemnojasaress Kadeapbl MmareMaTuku, a 22 masd 1970 roja,
pemernem BAK CCCP nosyuani auriom KauaugaTa pU3NKO-MaTEMATHICCKIX HAYK.
B CiaBstackoM 1e1arornieckoM WHCTUTYTE Ha (DU3MKO-MATEMATUIECKOM (haKy/IbTeTe
¢ 1968 roga mpounTan Kypchl juddepeHmaabubIX ypaBHEHNH, aHAJIUTUIECKON reo-
MEeTPHUU, TTPOBOJIM 3aHATHS 10 MATEMaTUIECKOMY aHaJIn3y.

B 1971 rony Esrenunit Ilerposuu Bepuysics B Cumdeponosb u Havdag padoTaTb B
Kpsivckom rocynapcrBennoM meiarorndeckom nacturyrte umenn M. B. @pynze na Ka-
denpe maremarndeckoro anasmsa. Ilocie mpeobpaszoBanus neguacTuTyTa B Cumde-
POIOJILCKUI TOCY/IaPCTBEHHDIN YHUBEPCUTET Ha MaTeMaTudeckoM gakysbrere B 1973
rojty ObLta co3naHa kKadeapa auddepeHImaabHbIX U UHTErPAJbHBIX YPaBHEHUIT, KO-
topyio Bosriasui mpodeccop FOpuit Nocudosuu HYepckwuit. Esrenunit [lerposuy cras
JIOIIEHTOM CO3/IaHHOI Kadeapbl U B jajbHeiieM, B Tedenne 1977-1980 rojios, ucmoi-
HeJI 00I3aHHOCTH 3aBeytoniero Kadeapoii. Esrennit [lerpoBuy aurast jieknun 1o pas-
JIMYHBIM JTUCITUILIMHAM, B TOM YHUCJIE, 110 JuddepeHnnaabHbIM YpaBHEHUSAM, BapUAII-
OHHOMY HMCUUCJIEHUIO, METOJIaM ONTUMUBAINH, & TAKXKe 10 MHOI'MM CIIEIUAJIHHBIM JIHAC-
[UIJINHAM, B 9HCJIe KOTOPBIX Teopus OudypKalmii, Teopus yCTOWUIUBOCTH U JIPYTHE.
Byy4un crioKOHHBIM M JIeTMKATHBIM Y€/I0BEKOM, YBaXKUTEJIHLHO OTHOCIIIUMCH K CBOUM
KoJiieraM u cryiaentam, Esrennit [leTpoBud B cBoeil IpenoiaBaTe/ IbCKON JIeATETbHOCTH
ObL1 Beersa crporum u TpeboBarenbubiM. Korma B 1980 roay kadeapy auddepeniiu-
AJIbHBIX U MHTErPaJbHBIX ypaBHeHuil Bosriaasui mnpodeccop Cepreit Koncrantunosud
[Tepcuackuil, na Kadeape Hava ach aKTUBHAA HAYYIHO-IPUKJIAJHAS JI€ATETbHOCTD, B
kotopyto Bkjoumicd u Esrenuit [lerpoBuu Besran. OH BbINMOIHAT UCCIEI0BAHUS 110
MHOTHUM XO3/I0OTOBOPHBIM TemaM Kadeapbl, Bxou1 B coctaB oprkomurera KPOMIII u
opranuzoBannoit B 1993 roay KpbiMckoit maTemarudeckoii mKojbl «Metoj dpyHKImit
JIAmyHoBa 1 ero MpUIOXKEeHUsT».

Esrennit [lerpoBut Bmecte ¢ kadeapoit u pakyabTeToOM IPOIIEST Yepe3 MHOTHE pPe-
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OpTraHM3aIlii, 3aTPOHYBINNE 00PA30BATE/IbHYIO U HAYIHYIO JIeATeIbHOCTD, U IIPA 9TOM
MIPOJIOJIZKAJT CBOM HAyYHbIE UCCICTOBAHUS, 110 MaTepuajaM KOTOPBIX IMOJATOTOBUII JTOK-
TOpCKYyIo Jiuccepranuio. B ceoux nayunsix padorax E.Il. Benan paccmarpusasn kBasu-
JINHEHHbIE Tapabo/InIecKue YpaBHEHUs C IPe00PA30BAHUIME IIPOCTPAHCTBEHHBIX TIepe-
MEHHBIX, OTHOCSIIINECS K UCCJIEIOBAHUIO OETYIIINX U POTAIIMOHHBIX BOJIH, JIBUKYIIINXCS
(GPOHTOB, CTAIMOHAPHBIX TPOCTPAHCTBEHHO-HEOTHOPOIHBIX CTPYKTYp. V3ydamncs Tak-
JKe 33J1a9u 0 OudypKaluy poXKJICHUsT BPAIAIONIIXCS CTPYKTYP I TapaboMIecKOro
ypaBHEHUs Ha Kpyre ¢ IpeodpasoBaHueM MOBOPOTa M PaIUAIBLHOIO CXKATHA ITPOCTPAH-
CTBEHHBIX MEPEMEHHBIX, OUdypKaIUU POKICHUS IIEPUOJMICCKUX PEIIeHU Ha IJIa/l-
KOI1 oOs1acTu, OudypKaluu pozKJIeHI BPAIAIONTIUXCSI CTPYKTYD JJjId 1apadoMmIecKoro
ypaBHEHMs Ha Kpyre ¢ Ipeobpa30oBaHUEeM ITOBOPOTA U PAIUAIBHOIO CKATHUS MIPOCTPAH-
CTBEHHBIX ITEPEMEHHBIX, OMdypKAIUs POXKICHUS TEPUOINICCKUX PENICHU Ha TJIaJIKOM
obstactu. [lo ykazaHHBIM HAIPaBJICHUSIM €My Y/JIAJIOCH MOJYUUTDH PsiJl TPUOPUTETHBIX
Pe3yJILTATOB.

B 2007 romy B crnenmmanmsupoBaHHoM coBere WucTturyTta Maremarnkum AH
Ykpaunnbl Eprenuit [lerpoBud 3ammTuii JOKTOPCKYIO Jmccepraiumio Ha Temy «Me-
TOJI MHBAPUAHTHBIX MHOrooOpa3uii B Teopuu mapabOIndecKux U (DyHKINOHAIHLHO-
s depeHImaIbHbIX yPABHEHUI 1 ero MpuIozKeHus ». HaydHblil KOHCYJIbTAHTOM pa-
60Tbl ObLT gupekTop MuCcTHTyTa Maremaruku HAH Vipawnsl akajgeMuk AHaTowit
Muxaitopna Camoityienko. B masbHeiimem ncciremoBanust npodeccopa E. I1. Benana
CTAJIM COCTABHOW YaCThIO HAYYIHBIX HAIPABJIEHUN, O0ObEINHEHHBIX B HAYIHYIO MIKOJIY
«CrnekTpabHbIE U BOJIIONUOHHBIE 3319l » IO PYKOBOJICTBOM 3aC/Iy?KEHHOTO JIesSITe s
HAYKU ¥ TEXHUKH Y KPauHbI, JlaypeaTa rocyJapcTBennoii npemun npodeccopa Hukosras
JIvutpuesnya Kormagesckoro.

C magasra HoBoro crosietus Esrenuit [lerpoBud akTHBHO y9IacTBOBaJI B IIO/INOTOBKE
KaJIPOB BBICIIIEH KBaJIU(MUKAIINKA, PYKOBOINI HAYIHBIMUA UCCICTOBAHUAMU acIUPaHTOB.
[To ero pyKoBOJCTBOM ITOJTOTOBJIEHBI U 3AIUIIEHDI JIBE KAHUJIATCKNAE JIUCCEPTAIUN.
B 2012 roay B crnenuaaun3upoBaHHoM coBeTe TaBpUUIECKOrO HAIMOHAJILHOI'O yHUBED-
curera 3amutuia jguccepranuio Osbra [usna. Tema auccepranun — «Bydeprocts B
napabosmmdaeckux 3aadax Ban-nep-Ilosesckoro tumnas. Apyras yaenuna, FOmma Xaszo-
Ba, 3aIUTUJIA JUCCEPTAINIO TI0 TeMe «/ImHaMuKa CTPYKTYP B TapaboInIecKoil 3a1ade ¢
peobpa3oBaHreM IIPOCTPAHCTBEHHO IlepeMeHHoiT» B criencoBere HOxxHOTO dbesepainb-
noro yuusepcutera B 2018 romy, yKe 1mocse yxoJia u3 *KU3HU HAYIHOTO PYKOBOIUTEJIS.

Erennit [lerpoBud 1o mocsegaux jHell 3aHUMAJICST HAYIHBIMEU HCC/IETOBAHUSIMUI,
COTPY/IHUYAs C BEJIYIIUM HayIHbIM coTpyaaunkom Nucruryra marematukn HAH Ykpa-
unbl O. B. JIsikopoii, wierom-koppectongearom HAH Ykpanasr M. B. Muxaiesuuem,
akageMukoM A. M. CamoiiieHKo u apyrumu. Bxoaua B cocraB peaKIInOHHBIX KOJIIET il
HaYJHBIX KyPHAJIOB « TaBprdecKuil BECTHUK MaTeMaTuKu 1 nHdopmaTukn» u «/luna-
MUYIECKUE CUCTEMbIY.

Esrenwuii [lerpouu Besan ObL1 He TOJIBKO BHICOKOKBAIN(MDUIITPOBAHHBIM MaTeMaTH-
KoM 1 1ejaroroM. U aennl pakysibrera, U CTYIEHTHI XOPOIIO 3HAJM €0 ITPUHITATIHA b
HOCTB U TPeOOBATEILHOCTE B yueOHOM mporiecce. Esrenuit [leTpoBut Beeria TimareibHo
FOTOBUJICS K JIEKIIUSM U IIPAKTUIECKUM 3aHITHSAM, HO €Iié 0ojiee BhICOKHE TPeboBa-
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HUA OH IPEeAbABJIA] K CBOUM HaqubIM pe3yﬂbTaTaM. HOSTOMY cpean COaBTOPOB €ro
HayJIHBIX paboT Takwe BhIaronmecss ydaenble kKak A. M. Camoitnenko, O.B. JIbikosa,
M. B. MuxaJjieBuy.

[nybokas yBjiedeHHOCTH MaTeMaTuKo He Merasia Esrenuio [lerpoBudy »KuTh 1101
HOIICHHOM »KM3HbBIO CO BceMU eé 3aboramu 1 pagoctamu. OH 3HAJ KPLIMCKYIO IIPUPOLY U
ncroputo KpbiMa, XOpoIio 1miaBaJji, MOr' OBICTPO IPUTOTOBUTH OTJINIHBIN TOJTHOIIEHHbII
obeJ1 1 1ojiieprKaTh THTEPEeCHO Oece10ii 3acToIbe.

Mpur Bcerma Oymem nomunTh EBrennst IlerpoBuua Benana kak IpUHIUINAJIBHOTO,
[OPSITIOYHOrO U MYJIPOro KOJLIEr'Yy M TOBapHIIA.

O. B. Anamknn, H. /1. Konagesckuii, B. A. JIlykpsinenko, M. A. Myparos, 1. B. OpJios,
I'. C. Ocunenko, B. H. Yexos, C. H. Uyiiko.
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YIK 517.947

I.B. IJEMUJIEHKO, E. A. JIOMAKVHA. JlokajibHbIe OLIEHKHA peIieHnii BTOPoii KpaeBoii 3a-
naum auist ypasHenusi CobouteBa (pyccknii) // dnnamumaeckue cucremsl, 2018, — Tom 8(36), Nel. —
C. 3-14.

PaccmarpuBaercst Bropas KpaeBas 3a/ata B ITUJINHIPUIECKON 0OJIACTH JIjIsT JIByMEPHOTO YpaBHE-
uust CobosieBa. YCTaHOBJIEHBI BHYTPEHHUE OIEHKHU PEIIeHuil mpu O0IbIIuX t.

KuroueBbie cioBa: Bropasi Kpaesas 3ajiada, ypasaenne CobosieBa, cOOOJEBCKIE TTPOCTPAHCTBA.

Bubauorp. 7 ma3s.

YIK 517.938.5

B. KPYI'VIOB. Tonosiorndeckasi CONpsi>KEHHOCTH TOMOJIOM'MYECKN SKBUBAJIEHTHBIX I'PaIE€HTHO-
MoI0GHBIX IIOTOKOB Ha NOBepxHOoCTaX (aHriuiickuil) // Juaamuaeckue cucremsbl, 2018. — Tom 8(36), Nel. —

C. 15-21.

Knace Cl-rnagknx rpajimenTHO-TO06HBIX TIOTOKOB (MTOTOKOB Mopca) Ha 3aMKHYTOi TOBEPXHOCTH
JIe)KUT B Kjacce moToKoB Mopca-CMmeiisia, KOTOpbIe SBIJISAIOTCS IPYOBIMHU, UX HEOIY2KIAI0Iee MHOXKe-
CTBO COCTOUT TOJBKO U3 KOHETHOIO YUC/Ia THIIEPOOJIMIECKUX HEIOIBUAKHBIX TOUEK W KOHETHOTO YUCIIA
TUIepOOTMIeCKUX IPEIEIbHBIX [UKJIOB, a el y HUX HET TPAEKTOPHIl, COEMHSIONINX CE/[JIOBBIE TOYKH.
I'pagmenTHO-1107100HBIE TOTOKY 3T0 oTOKKM Mopca-Cwmeiisia 6e3 1pee/ibHbIX UKJIOB. B 31001 pabore
MBI JIOKA3bIBAEM, UTO TOIOJIOIMYECKN SKBUBAJIEHTHBIE I'DAJIMEHTHO-TIOI00HBIE IOTOKU HA 3aMKHYTOM
ITOBEPXHOCTHU TOIMOJIOTUIECKHU COIIPSIZKEHBI.

Kurouesbie ciioBa: rpajimeHTHO-110I00HBII 1I0TOK, 10TOK Mopca-CMmeiisia, COIpsizKEHHOCTD, SKBUBa-
JIEHTHOCTB, TOMeOMOPMU3M

Wan. 3. Bubswmorp. 8 Hass.

YIK 531.36+531.384

A.C.KVJIEIIIOB, I.C.3YEBA. K 3agaye o nBuxKeHuu Tesia BpamneHusi mo cdepe (pyc-
ckmit) // duuamudaeckue cucremsl, 2018. — Towm 8(36), Nel. — C. 23-30.

PaccmarpuBaercsa 3amada o kadernn 6e3 MPOCKAIb3bIBAHUS JUHAMUYECKH CHMMETPUIHOIO TEJIa,
OTPAHUYEHHOI'0 TIOBEPXHOCTHIO BPAIeHNs, 10 HeltoaBIKHOI cdepe. Ilpesmnonaraercs, aro npuioxken-
HbIe K TBEPJOMY TeJIy CHJIbI, IMEIOT IIPUJIOKEHHYIO K HeHTPY Macc G Tejia paBHOJEHCTBYIONLYIO, Ha-
npaBJieHHY0 K 1eHTpy O OMOpHOi cephbl U 3aBUCSIIYI0 TOJBKO OT PACCTOSTHUS MKy ToukaMmu G u
O. B srom ciaydae peleHue 3a/1a9u CBOIUTCS K MHTEIPUPOBAHUIO CUCTEMBI IBYX JIMHENHBIX Judde-
PEHIIMAJIBHBIX YPaBHEHUN NIEPBOTr0 MOPAIKa OTHOCUTEIBHO KOMIIOHEHT w3 U N YIJIOBOII CKOPOCTHU TeJIa
B IIPOEKIMH HA €r0 OCh JUHAMHUYECKONW CHUMMETDHUH U HAa HOPMAJIb K OINOPHOIl cdhepe COOTBETCTBEHHO.
WNsyuaerca Bonpoc: Ipu KakKOM ycCJIOBAU HA (DOPMY IOBEPXHOCTH KATSINIErocs Tejla ypaBHEHHE, KO-
TOPOMY YAOBJIETBOPLAET W3, NHTEI'PUPYETCH METOILOM Pa3lesIeHUs IIePEeMEHHDBIX OTHEJIbHO OT JAPYIuxX
ypaBHEHUNA.

KuroueBbie ciioBa: Tesio BpaleHus; Kadenue 10 cdepe; HHTerpupyeMOCTh B IBHOM BHJIE.

Wn. 1. Bubaumorp. 2 Ha3s.

YIK 539.3

A. 1. JIAIITKO, B. H. YEXOB. Cob6cTrBeHHbIe (POPMBI IPSIMOYTOJIBHOM OPTOTPOITHOM HPU3MbI
[Py Pa3InYHbIX BUAAX cuMmMerpuu (pycckuit) // duaamuaeckue cucremsr, 2018. — Tom 8(36), Nel. —
C. 31-49.

B crarbe nmosrydyenbl HOBble aHAJIUTUYIECKNE TTPEJICTABJICHUS PEIEHUS 319U I YCTAHOBUBIIIIX-
¢ KoJiebaHuit PSMOYTOJBHON OPTOTPOIHON MPU3MBI JJIs 9eThipex BuaoB cumMerpuu. [lo cpaBre-
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HUIO C JAPYTUMU U3BECTHBIMY aHAJUTUYECKUMU IIPEJICTABJICHUSIMU JJIS JIAHHBIX IIPEJICTABJIEHUIT CyIIle-
CTBEHHBIM 00Pa30M YIIPOIIEH aHAJM3 PEryJIspPHOCTUH COOTBETCTBYIONUX OECKOHEUHBIX CHCTEM U IIPU-
MEHUMOCTb METOJa YJIYUIIeHHON PelyKIINN NI YMCJAEHHBIX OIEHOK e€ perreHus. JIJs KayKa0ro BUIA
CHMMETPHH YKa3aHO CIETHOE MHOXKECTBO IJIEMEHTAPHBIX COOCTBEHHBIX YaCTOT U COOCTBEHHBIX (OPM
KoJiebaHuil, KOTOPbIE COOTBETCTBYIOT M3BECTHBIM MojaM Jlame st n30TPOIHBIX IPU3M. BhranciieHb
repBbie COOCTBEHHBIE YACTOTHI U COOTBETCTBYIOIINE COOCTBEHHBIE (DOPMBI KOJIEOAHUM 7SI KBaIPATHOM
OPTOTPOITHOM ITPU3MBIL.

KittoueBbie cjioBa: yCTaHOBUBIIHNECsST KOJIEOAHNSI OPTOTPOIHON PU3MbI, METOJ] CYIIE€PIIO3UIIAN, Pe-
ryJisipHas OECKOHEYHAs CUCTEMA JIMHEHHBIX ajredOpandecKux ypaBHEHUil, COOCTBEHHBIE YACTOTHI Op-
TOTPOITHOM HPAMOYTOJIbHON IPU3MBbI, aHAJIUTHUYECKOE IIPe/ICTABJICHNE PEeIleHusd, yJIydIIeHHbIl MeTos
PEayKIIUN.

Wn. 4. Tabu. 4. Bubauorp. 16 nass.

YIK 532.6,534

1. ®. BEJIOHO>KKO, A. B. ATTAPHEBA. O crioco6ax aHaJIUTUYIECKOT0 pacdeTa yCJI0BU pas-
BUTHS HEYCTOMYINBOCTH MOPU30HTAILHON IOBEPXHOCTH BSI3KOI >KUIKOCTY, COBEPIIAOIIEH
BepTUKaJIbHbIE Kosiebanus (pycckuit) // Junammdeckue cucremsl, 2018. — Tom 8(36), Nel. — C. 51—
61.

IIpoBeien cpaBHUTEIBLHBIN AHAJIN3 JIBYX AHAJTATHIECKAX ACUMIITOTUIECKIX METO/IOB PACIETa YCJIO-
BUil BOSHUKHOBEHUsI HEYCTONINBOCTHU, HAOIIOIAEMOM HA MOBEPXHOCTH TOPU30HTAJIBHOTO CJIOS BSI3KOM
JKHAJIKOCTH, COBEPIIAIOIIEr0 BEPTUKAJIbHBIE KOJEOAHUS: METOIA CBEMIEHUs 3aa9u K MHTErpo-audde-
PEHINAJIBHOMY YPaBHEHHUIO OTHOCUTEIbHO aMIIJINTYIbl BO3MYIIEHUS U METO/a, OIIMpPalolIerocs Ha Ipy-
menenne Teopun PJoOKe K CHUCTEMe ¢ HECKOJBKUMU ItlepeMeHHbIMU. [[oKa3aHo, YT0 HEKOTOPbIE U3BECT-
HbIe PabOTHI O JAHHOMY BOIIPOCY COJIEPKAT HEKOPPEKTHOCTH, KOTOPBIE CYIIECTBEHHO YCJIOXKHSIOT
COIIOCTaBJIEHNE U BEPU(PUKAINIO PE3YJILTATOB, IMOJIyYeHHBIX PA3HBIMU METOIAMU.

KJIIO‘IeBbIe CcJIOBa: HeyCTOfI‘{I/IBOCTb (Dapa,aeﬂ, BaA3Kad 2KUJIKOCTDb, CBO60,HHa.H IIOBEPXHOCTb, TE€OpUA
dioke.

Bubsmorp. 12 nass.

VIIK 531.36

P.T.MYXAP/IAMOB. ITocrpoenne ypaBHEeHHII NUHAMHYECKUX CHCTEM CO CBA3dMHU (pyc-
ckuit) // Huaamuaeckne cucrembr, 2018. — Towm 8(36), Nel. — C. 63-72.

Cocrapiienre ypaBHEHUI JMHAMHUKHA CHCTEM CO CBA3SIMU IPUBOJUT K HEOOXOMMOCTHU OIIPE/IeIe-
HP BBIpaXXEHUU MHOXKHTesel Jlarpamika, IJIs 9ero HEMOCPEICTBEHHO HCIOIL3YIOTCS IIPOU3BOIHBIE
OT ypaBHeHMT cBazeil. IIpu aToM 1o/Ipa3ymMeBaeTcs:, YTO YypaBHEHUsI CBSI3€il COCTABJISIIOT II€PBble MHTe-
rpaJibl ypaBHCHU JUHAMUAKY, 9TO IPUBOJUT K HAPYIIEHNIO yPaBHEHNI CBA3€1, BLI3BAHHBIX IIOIPEITHO-
CTSIMU YHCJIEHHOT'O PEIleHNs U 33/ I1aHus Ha4aJIbHBIX ycsaoBuil. JIa obecrieyenns ctabuan3anun cBa3eit
HCIOJIB3YIOTCST METO/IbI TTOCTPpoeHus G depeHInaIbHbIX yPABHEHH ¢ 33/ [AHHBIMU YaCTHBIMU HHTE-
rpajamu. CocraBiieHnne ypaBHEHUIl BO3MYIIEHUH CBs3eil ¢ aCUMITOTHIECKH YCTOWINBBIM TPUBUAJD-
HBIM DpeIlleHHeM II03BOJISIET 00EeCIIeYUTh CTaOUIM3AIMIO CBsI3€il IPH IMCJIEHHOM PEIIeHNN ypaBHEHUit
JAUHAMUKIA.

KimroueBsble ciioBa: [uHaMHUKa, CUCTEMA, YCTOMYNBOCTD, YPABHEHUs, CBA3H, CTAOMIN3AIINA.

Bubsmorp. 21 mass.

VIIK 517.925.42

B.A.TAVKO, K. PAYK. MHoronapamerpuyeckue rjiaHapHble JUHAMUYECKAE CUCTEMBbI: TJIO-
GasbHbIe GudypKanuy npeseiabHbIX UUKI0B (anrumiickuii) // JuanamMudeckue cucrembl, 2018, —

ISSN 0203-3755 Turamudeckne cucremsr, 2018, Tom 8(36), Nel



PE®EPATEHI 95

Tom 8(36), Nel. — C. 73-88.

Mpr m3yuaem MHOTOIapaMeTpUIecKue IIaHAPHBIE IMHAMUYIECKUE CUCTEMBI U ITPOBOINM TJIODA b
HbIit OndypPKAIMOHHBII aHAJIN3 TAKAX CHCTEM. UTOOBI KOHTPOJIMPOBATDH IJI00aJIbHbIE OrdYPKAIIH IIpe-
JIEJIbHBIX TUKJIOB B 9TUX CHCTEMAX, HEOOXOANMO 3HATH CBOWCTBA M KOMOMHUPOBATD JIEHCTBHE BCEX MX
[IapaMeTpoB, TOBOPAYUBAIONINX BEKTOPHOE MOJIE. DTO MOXKHO CJIeJaTh C IOMOIIBI0 pa3paboTaHHO-
ro Hamu OudypKAIMOHHO-TEOMETPUIECKOI0 METOJa, OCHOBAHHOI'O HA IPUHIIWIIE OKOHYAHUsI Y UHTE-
pa—Ilepko u mpuMeHeHNN KaHOHUYECKUX CHCTEM C IlapaMeTpaMu HoBOpoTa moJs. Mcmosb3ys stor
METOJ, MBI PeIaeM, HAIIPpUMep, MIeCTHAIIATYI0 mpobsemy ['minbepra 0 MAKCHMAJIBHOM UUCTIE U PAC-
[IPEJIEJIEHIH [IPE/IEIbHBIX IUKJIOB st O0IIeil MoJIMHOMUAIBHOM cucTeMbl JIbeHapa u KBapTUPHOIL /iu-
HAMWYECKOW CHCTEMBI TUIA CUCTeMbI XoJsutnHra. MBI TakyKe MPOBOJUM HEKOTOPBIE YHCJIEHHBIE dKCIIe-
PUMEHTBI JIJIsl UJLIFOCTPAIMH II0JIYY€HHBIX PE3YJILTATOB.

KiroueBble ciioBa: MHOromapamMerpudeckasi IJIaHApHAsl JUHAMHYECKAsl CHCTeMa, IJI00aIbHbINA Ou-
’
(bypKaL[HOHHBIfI aHaJIn3, IIapaMeTp IIOBOPOTa II0JIA, HpeILeJILHI;Iﬁ TUKJI.

Bubsmorp. 16 uass.
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MSC 2010: 35G15

G.V.DEMIDENKO, E. A. LOMAKINA. Local estimates of solutions to the second
boundary value problem for the Sobolev equation (Russian). Dinamicheskie Sistemy 8(36), no.1,
3-14 (2018).

We consider the second boundary value problem in a cylindrical domain for the two-dimensional
Sobolev equation. We establish internal estimates of solutions for large ¢.

Keywords: the second boundary value problem, Sobolev equation, Sobolev spaces.

Ref. 7.

MSC 2010: 37D15

V. KRUGLOV. Topological conjugacy of gradient-like flows on surfaces (English). Dinamich-
eskie Sistemy 8(36), no.1, 15-21 (2018).

The class of C'-smooth gradient-like flows (Morse flows) on closed surface is the subclass of the
Morse-Smale flows class, which are rough. Their non-wandering set consists of a finite number of hy-
perbolic fixed points and a finite number of hyperbolic limit cycles, and they does not have trajectories
connecting saddle points. It is well known that the topological equivalence class of a Morse-Smale
flow on a surface can be described combinatorially, for example, by the directed Peixoto graph, or by
the Oshemkov-Sharko molecule. However, the description of the class of the topological conjugacy
of such a system already requires the introduction of continuous invariants (moduli), corresponding
to the periods of limit cycles at least. Thus, one class of the equivalence contains continuum classes
of the topological conjugacy. Gradient-like flows are Morse-Smale flows without limit cycles. In this
paper we prove that gradient-like flows on a closed surface are topologically conjugate iff they are
topologically equivalent.

Keywords: gradient-like flow, Morse-Smale flow, conjugacy, equivalence, homeomorphism

Fig. 3. Ref. 8.

MSC 2010: 70F25; T0E18; 7T0E40

A.S.KULESHOV, D.S.ZUEVA. Motion of a Rotationally Symmetric Body on a Sphere
(Russian). Dinamicheskie Sistemy 8(36), no.1, 23-30 (2018).

The problem of rolling without sliding of a rotationally symmetric rigid body on a sphere is
considered. The rolling body is assumed to be subjected to the forces, the resultant of which is
directed from the center of mass G of the body to the center O of the sphere, and depends only on
the distance between G and O. In this case the solution of this problem is reduced to solving the
system of two first order linear differential equations over the projections ws and n of the angular
velocity of the body onto its axis of symmetry and onto the normal to the sphere respectively. The
problem of determination of the shape of the rolling body for which the equation for w3 can be solved
by separation of variables is studied.

Keywords: rotationally symmetric body; body rolling on a sphere; integrability.
Fig. 1. Ref. 2.

MSC 2010: 65N25, 74E10, 74HO05, 74H10, 74H30, 74H45

A.D.LYASHKO, V.N. CHEKHOV. Eigenforms of rectangular orthotropic prism for the dif-
ferent forms of symmetry (Russian). Dinamicheskie Sistemy 8(36), no.1, 31-49 (2018).

In this paper new analytical presentations of the solutions for steady-state oscillations of or-
thotropic rectangular prism is found for four forms of symmetry. These presentations significantly
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simplify the regularity analysis and application of the improved reduction method. Countable sets
of the elementary eigenforms for rectangular orthotropic prism that correspond to Lame modes for
isotropic prism are found for each type of symmetry. First eigenfrequencies and eigenforms are found
numerically for square orthotropic prism.

Keywords: steady-state oscillations of orthotropic rectangular prism, superposition method, reg-
ular infinite system of linear algebraic equations, eigenfrequencies of rectangular orthotropic prism,
analitical presentation of solution, the improved reduction method.

Fig. 4. Tbl. 4. Ref. 16.

MSC 2010: 7T6E17

D.F.BELONOZHKO, A.V.APARNEVA. On analytical calculation methods of instability
conditions of horizontal surface of a viscous liquid committing vertical oscillations (Rus-
sian). Dinamicheskie Sistemy 8(36), no.1, 51-61 (2018).

A comparative analysis has been conducted for two analytical asymptotic methods for calculation
of instability conditions of a horizontal surface of a viscous liquid which commits periodic vertical
oscillations. The first method leads to integro-differential equation for amplitude of surfaces per-
turbations. Second one is based on the Floquet’s theory applied directly to the system of several
variables. It has been shown that some well known publications on the subject contain improprieties
which essentially complicate juxtaposition and verification of results obtained by different methods.
It has been revealed the second method is more preferable for analysis of the Faraday instability in
more complicated cases such as the problem with vertically oscillating two-layer liquid or a liquid with
surfactant film on it’s surface etc.

Keywords: Faraday instability, viscous liquid, free surafce, Floquet’s theory.

Ref. 12.

MSC 2010: 70F20, 70H14

R. G.MUKHARLYAMOV. Constructing equations of constrained dynamical systems (Rus-
sian). Dinamicheskie Sistemy 8(36), no.1, 63-72 (2018).

Constructing dynamical equations of constrained systems can lead to the determining of the La-
grange multipliers. Derivatives of the constraints have to be used to determine their values. But, it
is assumed that the constraint equations are first integrals of the dynamical equations. This fact can
lead to the multiple deviations from the constraint equations caused by some errors of a numerical
method of integration and setting initial conditions. To provide a constraint stabilization the methods
of constructing differential equations with given set of partial integrals are applied. Constructing equa-
tions of perturbed constraints with an asymptotically stable trivial solution can provide a constraint
stabilization during the numerical solution of dynamical equations.

Keywords: dynamics, system, stability,equations, constraints, stabilization.

Ref. 21.

MSC 2010: 34C05, 34C07, 34C23, 37G15

V.A.GAIKO, C. VUIK. Multi-parameter planar dynamical systems: global bifurcations of
limit cycles (English). Dinamicheskie Sistemy 8(36), no.1, 73-88 (2018).

We study multi-parameter planar dynamical systems and carry out the global bifurcation analysis
of such systems. To control the global bifurcations of limit cycle in these systems, it is necessary to
know the properties and combine the effects of all their field rotation parameters. It can be done
by means of the development of our bifurcational geometric method based on the Wintner—Perko
termination principle and application of canonical systems with field rotation parameters. Using this
method, we solve, e. g., Hilbert’s Sixteenth Problem on the maximum number of limit cycles and their
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distribution for the general Liénard polynomial system and a Holling-type quartic dynamical system.
We also conduct some numerical experiments to illustrate the obtained results.

Keywords: multi-parameter planar dynamical system, global bifurcation analysis, field rotation
parameter, limit cycle.

Ref. 16.
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