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On obstructions to the existence of a simple
arc, connecting the multidimensional
Morse-Smale diffeomorphisms!
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Abstract. In this paper we consider Morse-Smale diffeomorphisms defined on a multidimensional
nonsimply connected closed manifold M™, n > 3. For such systems, the concept of trivial (nontrivial)
connectedness of their periodic orbits is introduced. It is established that isotopic trivial and nontrivial
diffeomorphisms can not be joined by an arc with codimension one bifurcations. Examples of such
pair of Morse-Smale cascades on the manifold S*~! x S! are constructed.

Keywords: Morse-Smale diffeomorphisms, bifurcation, smooth arc
1. Introduction and a formulation of results

The present paper has deal with a solution of the Palis-Pugh problem [10] on the
existence of an arc with a finite or countable set of bifurcations connecting two Morse-
Smale systems on a smooth closed manifold M". S. Newhouse and M. Peixoto [8] proved
that any Morse-Smale vector fields can be connected by a simple arc. Simplicity means
that the arc consists of the Morse-Smale systems with the exception in a finite set of
points in which the vector field deviates by at least way (in a certain sense) from the
Morse-Smale system. Below we give a definition of the simple arc for discrete Morse-
Smale systems.

Let Dif f(M™) be the space of diffeomorphisms on a closed manifold M™ with C'1-
topology and M S(M™) be the subset of Morse-Smale diffeomorphisms. Smooth arc in
Dif f(M") is a smooth map

£ M™% [0,1] — M™,
that is a smoothly depending on (z,¢) € M™ x [0, 1] family of diffeomorphisms
{& € Diff(M™), t € [0,1]}.

The arc ¢ is called simple if & € MS(M™) for every t € ([0,1] \ B), where B is a
finite set and for ¢ € B diffeomorphisms undergo bifurcations of the following types:
saddle-node, doubling period, heteroclinic tangency (see section 3 for details).

!The construction of simple arc was financial supported by RSF (Grant No. 17-11-01041), a study
of the simple connectivity components was supported by the fundamental research program of the
HSE (project 90) in 2017.
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104 A.DOLGONOSOVA, E. NOZDRINOVA, O. POCHINKA

As follows from the papers by Sh. Matsumoto [6] and P. Blanchar [1], any oriented
closed surface admits isotopic Morse-Smale diffeomorphisms, who can not be connected
by a simple arc. In the paper by V. Grines and O. Pochinka [3] necessary and sufficient
conditions were found for the fact that the Morse-Smale diffeomorphism without
heteroclinic intersections on the 3-sphere is connected by a simple arc with the “source-
sink” diffeomorphism. They also constructed examples of Morse-Smale diffeomorphisms
on the 3-sphere that are not joined by a simple arc due to the wild embeddings of all
saddle separatrices for one of them.

In the present paper we consider a f& MS(M™) which defined on a
multidimensional not simply connected manifold M™ for n > 3. Denote by M Sy(M™)
the class of homotopic to identity Morse-Smale diffeomorphisms. Let f € M Sy(M™).
Through O, we denote the orbit of the point x € M™ under the diffeomorphism f. Let
A Hl(Mn>

Following to [6], we say that a periodic orbit O, is homologically ~y-related to a
periodic orbit O, if there is a curve ¢ C M™ such that dc = {¢q} — {p} and for some
integer N such that f¥(p) = p and fN(q) = q, [fV(c) — ¢] = N~. The definition
independents on the choice ¢, N,p € O,,q € O,. We say that f is trivial if all periodic
orbits of the diffeomorphism f are O-related otherwise f is nontrivial.

In section 2 isotopic diffeomorphisms fo, fi € MSy(S"! x St),n > 3 will
constructed, one of which is trivial, the other is nontrivial. The main result of this
paper is the following theorem.

Theorem. There is no simple arc connecting a trivial diffeomorphism with a nontrivial
diffeomorphism from the class M So(M™).

2. The construction of a trivial-nontrivial pair of isotopic
diffeomorphisms

Let
Sn - {(ml,l'g, oo 7mn+1) S Rn+1 . 1'12 +l’22 + .. +xn+12 — 1}

For the sphere S' also consider its complex form
St ={e®™, 8 € [0;1]}.
Define a diffeomorphism ¢: [0; 1] — [0; 1] by the formula:
1
o0)=p+56-1(5-3).
Dynamics of a diffeomorphism of the circle sending a point €’*™ to the point e?27¢(%)

is shown in Figure 1. Notice that the diffeomorphism ¢ is isotopic to the identity since
there is an isotopy ¢;: [0; 1] — [0; 1] given by the formula:

o) =5+ eai5 -1 (5 3).
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ON OBSTRUCTIONS TO THE EXISTENCE OF A SIMPLE ARC 105

Fig. 1. Source-sink on the circle

for which ¢g = id and ¢, = g.
For n > 2 let us define a diffeomorphism v : S*~! — S"~! by the formula:

4 4 DTy — 3
1/1<I1,$2,...7I'n) = ( L -2 - )

5—3x, 5—3x,  '5-—3ax,
Figure 2 depicts the dynamics of such a diffeomorphism for n = 3. The diffeomorphism

oL

@

Fig. 2. Source-sink on the sphere

1 is also isotopic to the identity since there exists an isotopy ¢;: S"t — S"~! given
by the formula:

z1(1 + 3t) z2(1 + 3t) t(4—3)+x, >

Yl T o ) = (t(4—3xn)+1’t(4—3$n)+1’m7t(4—333n)+1

for which ¢y = id and ¢ = 1.

ISSN 0203-3755 Turammudeckue cucremsr, 2017, Tom 7(35), Ne2



106 A.DOLGONOSOVA, E. NOZDRINOVA, O. POCHINKA

Fig. 3. Dynamic of the trivial diffeomorphism fo: S? x St — §? x St

Let us consider the Cartesian product of our spheres S" ! x S! and define a
diffeomorphism fy: S*7! x St — S"~! x S! by the formula:

fo(z1, ... oy, e’%ﬁ) = (V(x1,...,2p), ei2”¢(5)).

By construction, the diffeomorphism fj is a Morse-Smale diffeomorphism and its non-
wandering set consists of one sink, one source, and two saddle points whose invariant
manifolds do not intersect. Figure 3 shows a phase portrait for the case n = 3. Since
there is an isotopy

fO,t(xla ey Iy, €i27rﬁ) = (¢t(x1, e ,xn), €i2ﬂ¢t('3))

such that foo = id and fy1 = fo, hence the diffeomorphism fj is isotopic to the identity.
In addition, it is easy to see that all its fixed points are trivially related.

On the sphere S"~! let us consider a subset of points (z1,...,x,), for which z,, €
[0, 2] (see Figure 4 for the case n = 3). It is diffeomorphic to n-dimensional annulus,
denote it by L. In the cartesian product S*~! x S! we obtain a subset K = L x S, z,, €
[0, 2]. We define a diffeomorphism ¢: S"7! x S' — S*™' x S! which is the identity
outside K and on K is given by the formula:

O(x1,. .. T, €2™) = (21,..., 2, ei2”(5+%x”)).

We show that the diffeomorphism ¢ is isotopic to the identity. To do this, we construct
the isotopy ¢, as follows:

1) o =id on the set K~ = {x1,...,7,,e2™) e S" 1 x §*: z,, < 0};

2) oi(T1,. .., 20, €2 (21, .., Ty, ei2”(5+§x”t)) on the set K;

ISSN 0203-3755 uramudeckue cucremser, 2017, Tom 7(35), Ne2
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Fig. 4. The parts of S? x St

Fig. 5. Dynamic of the nontrivial diffeomorphism fo: S x St — §2? x St

3) @iy, 20, €)= (21,..., 2, e?"BH)) on the set Kt = {(x1,...,2,,e?™) €
St x Stim, € [2,1)})
From the construction of isotopy ¢, it’s clear that ¢y = id, p; = . We define a
diffeomorphism f;: S*7! x St — S~ ! x S! formula

Ji=¢fo.

Then the diffeomorphism f; is isotopic to the identity by means of the isotopy fi; =
@i for- By construction, the diffeomorphism f; is a Morse-Smale diffeomorphism, its

ISSN 0203-3755 Turammudeckue cucremsr, 2017, Tom 7(35), Ne2



108 A.DOLGONOSOVA, E. NOZDRINOVA, O. POCHINKA

non-wandering set consists of one sink, one source, and two saddle points whose two-
dimensional manifolds intersect along a countable set of compact heteroclinic curves.
In addition, the saddle points are not trivially related. In Figure 5 we show the Morse-
Smale diffeomorphism f; for the case n = 3.

3. Simple arcs

Let us consider a smooth map &: M™ x [0,1] — M"™ — a smooth arc such that
& € MS(M™) for every t € ([0,1]\ B), where B is a finite set. For a generic set of such
arcs, the diffeomorphism &,, b € B has the finite non-wandering set, has no cycles and
under the direction of motion along the arc, undergoes bifurcations of the following
types: saddle-node, doubling period, heteroclinic tangency, for exact details see, for
example, [7]. Below we give an information about these bifurcations, for exact details
see, for example, [5].

Let p be a fixed point of a diffeomorphism f: M™ — M™". Differential D f, induces
a decomposition of the tangent space 7, M™ into a direct sum of invariant subspaces

T,M" = E" & E° & E°.

Linear maps Df,|gu, Dfy|ge, Dfy|ps have eigenvalues, respectively, outside, on the
boundary, inside the unit disc. There exists a unique smooth invariant submanifold
W3 (W;) of the manifold M™ tangent to £" (E®) at the point p and possessing the

property
W;:{yEM”:klim *(y) = p} Wy ={yeM": lim f*(y)=p}).
——00 k—4o00

It is called by unstable (stable) manifold of the point p. In particular, if dim E¢ = 0,
the point p is hyperbolic. Otherwise, there exists a smooth invariant submanifold W7
of the manifold M"™ tangent to E° at the point p. It is called the central manifold of
a nonhyperbolic fixed point. A central manifold is not unique but the maps flw. and
f |W; are topologically conjugated for any central manifolds W} and W}f

The central, stable and unstable manifolds of a periodic point of period k is defined
as the corresponding manifolds of this point as a fixed point of the diffeomorphism f*.

In the explanatory drawings, double arrows schematically show the directions of
motion with exponential contraction and expansion, and single directions indicate the
directions of motion along the central manifold of the nonhyperbolic point.

1. All periodic orbits of the diffeomorphism &, are hyperbolic with an exception in
a one orbit O, of the period k for which all eigenvalues of (D f*), different from 1 by
absolute values except one A = 1. The stable and the unstable manifolds of different
periodic orbits of the diffeomorphism §, intersect transversely and W N W = {p}.
The transition through &, is accompanied by a confluence and further disappearance
of hyperbolic periodic points of the same period. This bifurcation is called saddle-node
(see Figure 6).

ISSN 0203-3755 uramudeckue cucremser, 2017, Tom 7(35), Ne2
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\'4

Fig. 6. Saddle-node bifurcation

2. All periodic orbits of the diffeomorphism &, are hyperbolic with an exception in a
one orbit O, of the period k for which all eigenvalues of (D f*), different from 1 by the
absolute value except one A = —1. The stable and the unstable manifolds of different
periodic orbits of the diffeomorphism &, intersect transversely and W, NW}' = {p}. By
passing through &, along the central manifold an attractor becomes a repeller and a
periodic hyperbolic orbit of the period 2k is generated. Such a bifurcation is called a
doubling period (see Figure 7).

~. < ~ <

Fig. 7. Doubling period bifurcation

3. All periodic orbits of the diffeomorphism &, are hyperbolic, their stable and
unstable manifolds have transversal intersections everywhere except for one trajectory
along which the intersection is quasi-transversal. Such a bifurcation is called a
bifurcation of a heteroclinic tangency (see Figure 8).

4. Proof of the main result

In this section we prove Theorem. Namely, we consider two homotopic to identity
Morse-Smale diffeomorphisms fy, fi given on a not simply connected n-manifold M"
such that fy is a trivial and the diffeomorphism f; is a nontrivial. Let us prove that
there is no simple arc joining the diffeomorphisms fy and f;.

Proof. Assume the contrary: fo and f; can be joined by a simple arc. Then on this arc
there are two Morse-Smale diffeomorphisms gy and g; such that:

ISSN 0203-3755 Turammudeckue cucremsr, 2017, Tom 7(35), Ne2
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1) go and g; can be connected with a simple arc {g; }+c[,1) with only one bifurcation
point, 91 = h (see Figure 9);

2) go is a trivial diffeomorphism, g; — nontrivial.

N

\'4

Ao A\

%}
I
=

Fig. 8. Bifurcation of the heteroclinic tangency

N
A\ 4

A

f, 9 g,=h

Fig. 9.

From the description of possible for a simple arc bifurcations (see the section 3)
it follows that the non-wandering set €2, of the diffeomorphism A has a periodic orbit
saddle-node O, that is not trivially related to some (and, consequently, with any) other
periodic orbit; in a comparison with the Morse-Smale diffeomorphism ¢;,0 < ¢ < %,

ISSN 0203-3755 urammudeckne cucremser, 2017, Tom 7(35), Ne2



ON OBSTRUCTIONS TO THE EXISTENCE OF A SIMPLE ARC 111

two periodic orbits of the different indexes appear for the Morse-Smale diffeomorphism
g3 <t <1

Let m,k € N be the dimensions of the unstable, stable manifolds W, W of the
point p. Then m + k = n + 1. By an analogy with the properties of Morse-Smale
diffeomorphisms (see, for example, [2] Theorem 2.1), one can establish that

M= Jwr=Jw;

e, z€Qy

Since there are no cycles for the diffeomorphism h, there are hyperbolic points ¢, r €
such that
Wy nws #90, WinWwe#9. (4.1)

These points are not node as in this case p will O-related with ¢ or » by means a curve ¢
on W7 or W. From the transversality of the intersection of the stable and the unstable
manifolds of non-wandering points of the diffeomorphism A it follows that the invariant
manifolds W and W are arbitrarily close to the point p and, therefore, are close each
to other, this means that W; N W* # (.

It means that W7 N W # ) for every diffeomorphism g, for ¢ near % Moreover, if
t < % then ¢ and r are the nearest saddle points, that is the intersection W;N W # 0
consists of a finite number connected components, denote it N. Then there is compact
fundamental domains F; of f |W;\q containing exactly N connected components in the
intersection with W*. For ¢t = % the conditions (4.1) imply that there is a compact
subset C, of W \ r such that the number of the connected components in the
intersection Fy N C), is greater than N + 2. Due to transversality condition for gy, ¢
sufficiently near % the number of the connected components in the intersection £y N C,
is preserving, that is contradicting the definition of V. ]
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On periodic translations on n-torus!
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Abstract. We consider periodic translations on n-torus and investigate the set of all conjugating
homeomorphisms for topologically conjugated translations. It was shown by J. Nielsen [Dansk
Videnskaternes Selskab. Math.-fys. Meddelerer, 1937, Vol.15, 1-77] that two periodic homeomorphisms
of two-torus such that all points have the same period are topologically conjugate if and only if
they have the same period. We consider the problem when two periodic translations on n-torus
are topologically conjugate by means of toral automorphism. The main result is that two periodic
translations on n-torus of the same period are topologically conjugate by means of countable family
of toral automorphisms. Moreover, we show that for two periodic translations that are topologically
conjugate each homotopy class in the set of all conjugating homeomorphisms contains continuum of
homeomorphisms.

Keywords: topological conjugacy, toral automorphism, homotopy.
1. Introduction and statement of results

Periodic translations of the n-dimensional (n > 2) torus T" = R"/Z" are studied in
this paper. The transformation f: T" — T" is called periodic of period k, if f*¥ = id,
and for any k' < k the inequality f* # id holds.

Periodic translations of two-dimensional surfaces were considered in detail by
J. Nielsen [4]. Generally speaking, periodic translations of period k& may have points of
a period less than k. However, orientation-preserving periodic homeomorphisms have
only a limited number of points of a period less than £, while all other points have the
same period k.

In this article we study periodic n-dimensional translations such that all points have
the same period, that are described by a shift to an n-dimensional vector with rational
coordinates. The transformations f: T" — T™ have the following form:

4!

flx)=2a+ 7:2 mod 1. (1.1)

Tn

It is known (see, for example, [3]) that depending on the value of ;, the transformation
f can have the following type:

'The authors thank V. Z. Grines for posing the problem and for useful discussions. The first author
also thanks the Russian Science Foundation (project 17-11-01041) for financial support in the proof
of Theorems 1 and 2. The study of periodic surface mappings was carried out within the framework
of the fundamental research program of the HSE in 2017 (T-90 project).
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1. If all +; are rational, then all the points of f have a period equal to the lowest
common denominator of all ~;;

2. If ~; are linearly independent over the field QQ, then f is topologically transitive
and the trajectory of each point x € T" is dense in T";

3. If ~; are linearly dependent over QQ, but not all ~; are rational, then the closure
of the trajectory of any points of x € T" is a finite union of k-dimensional tori
T* where 1 < k < n — 1.

We denote by G, the set of all periodic homeomorphisms of the n-dimensional torus
of the form (1.1).

Nielsen [4] had shown that two periodic homeomorphisms of the two-dimensional
torus T? such that all points have the same period are topologically conjugate if and
only if their periods coincide. However, the problem whether two homeomorphisms of a
torus are conjugate by means of a group automorphism of the torus was not considered.
In this article we study the problem when two transformations from the class G,, are
topologically conjugate by means of the group automorphism of the torus T".

The main result of the article is presented in the following theorems.

Theorem 1. If two periodic homeomorphisms of the n-torus f: T™ — T™ and f': T" —
T, f, f" € G, have the same period, then there exists a countable family {h;},i € N of
group automorphisms of the n-torus h;: T — T" conjugating the maps f and f'.
From the results of D.Z. Arov [1] it follows that if two transitive translations of
the n-torus are topologically conjugate, then the conjugating homeomorphism must be

linear (a composition of a group automorphism and a shift). The opposite result holds
for periodic shifts.

Theorem 2. If two periodic homeomorphisms of the torus f: T™ — T™ u f': T" — T",
f, " € G, are topologically conjugate by means of homeomorphism h: T" — T™ | then
there is a continuum set of homeomorphisms of an n-dimensional torus {hg}, 5 € A,
hg: T™ — T™ homotopic to h such that hgo f = f' o hg.

2. Proof of the results

We denote the greatest common divisor of the set of integers as,as,...,a, by
((11, asg, ... ,an).

Lemma 1. For any pair of n-dimensional vectors

1/q p1/q
0 P2/q
vp=| . uve=1 . |, ¢€N, peZ,
0 Pn/q
such that (p1,p2,...,pPn,q) = 1 there exists an unimodular matrizx A and integers
My, My, ..., My, such that an equality Avy = vy + (my, ma, ..., my,)T holds.

ISSN 0203-3755 urammudeckne cucremser, 2017, Tom 7(35), Ne2



ON PERIODIC TRANSLATIONS ON N-TORUS 115

Proof. Suppose that the matrix A has the form

ay ... Gip
A=
Gpl --- Gpp
Let’s set the elements of the matrix A and numbers my, ms, ..., m,, in such a way that

they satisfy the conclusion of the lemma. Let elements a;;, i = 1, n be of the form a;; =
pi + gm;. We denote the complement minor of the element a;; by M;. Let us show that
the numbers my, ..., m, can be chosen in such a way that (p; +qm., ..., p,+qm,) = 1.
We introduce the notation r; = (p;, q), R = maxr;. Since p;/r; and q/r; are relatively

prime, it follows from the Dirichlet theorem (see, for example, [2]|) that any arithmetic
progression with coprime the first term and the difference contains infinitely many
prime terms. That is why, the sequence 2 + 1 —m;, where Biand I are fixed, and m; are
different mteger values, contains 1nﬁn1tely many simple terms We choose m; in such a
way that f +4 ;-m; will be different prime numbers exceeding in absolute value R. If we
chose m; in such a way, then an equality (a1, ..., a,) = 1 holds, since (ry,...,r,) = 1.
Expanding det(A) by the first column, we note that det(A) = > 7" (—1)"a; M;.
We will prove the lemma if we can choose integer elements a;;, i = 1,n, j = 2,n
in such a way, that the corresponding values of M;, i = 1,n, will be such that
n
Z(—l)lJri(lilMi = ]_
i=1
For this, we show that we can choose the corresponding integer values a;;, i = 1,n,
j = 2,n for any fixed set of integer values M} of complement minors M;, i = 1,n. Let

matrix A be of the form (2.1), i.e. a matrix Whose a; =0,1—353>1,7#1L

a1 Q12 a1z Q24 ... Ain—1 A1n
21 Q2o Q23 QA24 ... A2n—1 A2n,
azr 0 azz azs ... az-1 azn
A= an 0 0 au ... @ma 4w |. (2.1)
an—11 0 0 0 cer Op_ip—1 GOnp—1n
QAp1 0 0 0 c. 0 Qpn

We prove this statement, using mathematical induction on n. The statement is
obvious for n = 2, since the minors M, M, coincide with the elements a2, ass. Suppose
that it is true for n = k and show that it is also true for n = k + 1. Let

ay; Q12 Qi3 Q24 ... A1 G1k41
Q21 Q22 G23 Q24 ... A2  (2k41
azr 0 azz azy ... agr  A3pql
A= an 0 0 au ... Gy Gup | (2.2)
[02°5% 0 0 0 e Qe Akk+1
Ak+11 0 0 0 Ce 0 Ap+1k+1
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By M; we denote the minors obtained from A by deleting the i-st and (k + 1)-

th rows and the 1-th and (k 4 1)-th column. Note that M; = ajpipeiM;, @ = 1,k,
expanding M; by the last line. We set ayi1p41 = (M5, M, ..., M}). By the induction

hypothesis the numbers a;;, i —j > 0,7 = 2,k, j = 2,k can be chosen in such a way

that Ml = m, 1 = 1,k’

k —
Consider the minor My ;. We notice that My, = > (—=1)"*"*M;au1, expanding
i=1

M1 by the last column. We chose the elements in such a way that (]le, Mg, e Mk) =
1. For this reason we can choose the elements ajxi1,...,arks1 in such a way that the

k N
expression Y (—1)""*M;a;,.1 will take the value My, . L
i=1

Let’s an elementary lemma before proceeding to the proof of theorem 1.

Lemma 2. Let A and B be unimodular n X n matrices, and f: T" — T™ and g: T" —
T™ are the group automorphisms of the n-dimensional torus induced by them. Then the
group automorphism of the n-dimensional torus induced by the product AB coincides
with the composition of the maps f o g and the group automorphism induced by the
matriz A~ coincides f~1.

Proof. Let x € T" = R"/Z", that is, x = (x1,...,2,)7, 0 < z; < 1. We set Bx = y+v,
0 < y; <1, v; €Z. Therefore we have f o g(z) = A(Bx mod 1) mod 1 = A(y +v
mod 1) mod 1 = A(Bx —v) mod1 = ABx — Av mod 1 = ABx mod 1 by the
definition of f and g, and taking into account the integer property of the elements of
the matrix B. Let h: T™ — T"™ be a group toral automorphism induced by the matrix
A~! then, we have f o h = ho f = id by virtue of the just proved, considering the
product of matrices AA™! = A"1A=F. O

Lemma 3. If two periodic homeomorphisms of n-torus f: T" — T™ u f': T" — T",
f, " € G, have the same periods, then they are topologically conjugate by means of the
group automorphism of the n-torus h: T™ — T"2.

Proof. Let g be the period of the maps f and f’. Then f and f’ can be represented in
the form f(x) =z +wu mod 1, f(x) = x4+« mod 1, where

p1/q P1/q
p2/q P5/q

u = 2./ 3 ul - 2./ y  Dis p; € Za
Pn/q /4

and (p17p27"'7pn7q): 17 (p/17p/2""7p’ln,’q) :]“

2Two dynamical systems f: X — X u f': X — X , defined on a topological space X , are
topologically conjugate if there exists a homeomorphism h: X — X, ato foh = ho f'.
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Let g: T™ — T™ be a periodic toral homeomorphism of the following form ¢(z) =
r+v mod 1, where v = (1/¢,0,...,0)T

It follows from lemma 1 that there exist unimodular n x n matrices A and A’
such that Av = u (mod 1), A’v = «' (mod 1). Let us show that the group toral
automorphisms h: T" — T™ and A': T" — T" induced by the matrices A u A’ are
such that foh =hogand f'oh’ = h' o g. Fix the point x € T", 0 < z; < 1 and set
w = (z+v)—(z+v mod 1). We have hog(z) = A(xz+v mod 1) mod 1 = A(z+v—w)
mod 1 = Az+Av+Aw mod 1 = Az+u mod 1 = (Az mod 1+u) mod 1= foh(x).
Since the point = was chosen arbitrary, we have an equality f o h = h o g. The second
equality is proved similarly. We note that the group automorphism induced by the
matrix AA~! coincides with h o A'~! by the virtue of lemma 2. Now it is easy to see

that the desired conjugation has the form fo (hoh'™') = (hoh'™1)o f’. O
Lemma 4. Let a periodic homeomorphism of an n-dimensional torus g: T" — T™ of
1/q
a period q has the form g(z) = x4+ v, where v = . |. Then there exists a countable
0

set of unimodular n X n matrices a; such that the equality g o h; = h; o g holds for the
group automorphisms of the n-dimensional torus h;: T" — T™ induced by them.

Proof. Let’s denote a set of unimodular matrices such that the first column of the
1

0
matrix A; has the form | . | by {A;},i € N.

0
Fix the point z € T" and set w = (z +v) — (z +v mod 1). We have h; o g(z) =
Ai(z+v mod 1) mod 1 =A;(x+v—w) mod 1 = Az+Av—Aw mod 1 = A;z+v
mod 1 = (A;z mod 1+ v) mod 1 = g o h;(x) by the choice of A;. The equality
h; o g = g o h; is true since the point x was chosen arbitrary. O

2.1. Proof of the theorem 1

Proof. Let ¢ be the period of the maps f and f’, and let g: T™ — T" be the periodic
homeomorphism defined in lemma 4. It follows from lemma 3 that there are group
automorphisms h: T" — T™ and A’: T" — T" induced by the matrices A and A’,
respectively, for which the equalities ho f = go h, i/ o f' = g o i/ hold. It follows
from lemma 4 that there exists a countable family of unimodular matrices {A;},7 € N
such that the group automorphisms h;: T" — T" induced by them are pairwise non-
homotopic, and the equalities g o h; = h; o g hold. It follows from lemma 2 that the
group automorphism induced by the matrix A""'A4;A coincides with (h'~! o h; o h)
and the group automorphisms h'~! o h; o h are pairwise non-homotopic, since h; are

pairwise non-homotopic. It is easy to see that the desired conjugation has the form
(Wtoh;oh)of=fo(htoh;oh). [
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2.2. Proof of the theorem 2

Proof. Let ¢ be the period of the maps f and f’, and let g: T" — T™ be the
homeomorphism defined in lemma 4. We have ho f = f'oh by the condition of
the theorem. Since f’ and g have the same period, then there is a homeomorphism
h': T™ — T™ such that the equality b’ o f" = g o i’ holds. We consider the set {hsz} of
all possible homeomorphisms hg: T" — T" of the form

ug(xe, T3, ..., Tn)
0
hg(x) =z + ‘ mod 1,

0
where ug: T""! — R is an arbitrary continuous function of n — 1 variables, periodic
by each argument. Ntote that for any hg we have the equality hgog = go hg and each
homeomorphism {hz} is homotopic to the identical mapping. We set h, = h'"tohgoh'o
h. Tt is easy to see that for the homeomorphism h'~'ohgoh'oh the equality (W' ~!ohgo
h'oh)of = f'o(Wtohgoh'oh) holds. Moreover, the homeomorphism A'~*ohgoh’oh

is homotopic to h, since the homeomorphism A'~* o hgo b/ is homotopic to the identical
mapping. Thus, the set {h,} is the desired family of conjugating homeomorphisms. [
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MetaycToitunBble CTPYKTYPhI B
rmapadboIndecKoii 3ajgade ¢ oTpaKeHnem
ITPOCTPAHNCTBEHHOII IepeMeHHOII Ha OTpe3Ke

1O. A. Xa3oBa

Kpeivckuit denepanbbiii yausepcurer um. B. U. Bepraickoro,
Cumdepomnosib, 295007 E-mail: hazova.yuliya@hotmail.com

Amnnoramus. Vccienyercs: fuHaMuKa CTAIMOHAPHBIX CTPYKTYP B HEJIMHEHHOM OITHYIECKOM DPE30HAa-
TOpe ¢ IpeobpazoBaHneM oTparkeHust. MareMaTnaeckoit MOJEJIbIO CHCTEMBI SIBJISIETCST TAPADOTMIECKOe
yPaBHEHHE ¢ MPeodPa30BaAHUEM OTPAXKEHUST TPOCTPAHCTBEHHON MEPEMEHHON U YCJIOBUSIME [T€ PO/ Y-
voctu. Mccnemyercst 3posironusi pOpM U YCTONYUBOCTH CTPYKTYP IPU yMEHBbIIEHUU KodhduimenTa
guddysun. B pabore ucnosibyercss meros Lasepkuna. Peajmsyercst MupoKmii CIIeKTP CEIJI0-Y3JI0BBIX
oudypKaImit 1 METayCTONIUBLIX CTPYKTYP.

KuroueBble ciioBa: mapabosmtdeckas 3a/1ada, CYIIeCTBOBAHUE PEIIECHUsI, METAyCTONINBbIE CTPYKTY-

PbI, budypKaIus, yCTOWIUBOCTh, MeTO, [ amepKuHa.

Metastable structures in a parabolic problem with
reflection of a spatial variable on a segment

Yu. A. Khazova
V.I. Vernadsky Crimean Federal University, Simferopol, 295007.

Abstract. The dynamics of stationary structures in a nonlinear optical resonator with the
transformation of reflection is studied. The mathematical model of the system is a parabolic equation
with the transformation of reflection by a spatial variable and the conditions of periodicity. The
evolution of forms and the stability of structures with decreasing diffusion coefficient are investigated.
The Galerkin’s method is used. A wide range of saddle-node bifurcations and metastable structures
is realized.

Keywords: parabolic problem, the existence of solutions, metastable structures, bifurcation, stability,
Galerkin’s method.

MSC 2010: 35K20, 35K59, 35Q60, 78A05, 37L10, 35R10, 35B32, 35B10, 35B35, 35C07, 35C20
BBenenue

Pacmupenue ucciaeoBannii B HEJIMHEHOW ONTHKE B HACTOSIIEE BPEMsi BBI3BAHO
MHTEHCUBHBIM HUCIIOJIb30BAHUEM OINTUYECKUX CHCTEM B MH(MOPMAIMOHHBIX TEXHOJIOTH-
sax. Cpeny HeTMHEHHBIX ONTUYECKUX CHCTEM OJHOM M3 CaMbIX IOMYJIAPHBIX SIBJISIETCS
CHCTeMa, COCTOSIIASI U3 TOHKOI'O CJIOST HEJIMHEWHO! cpesibl KEPPOBCKOT'O THUIIA U Pa3JINY-
HBIM 00pa30M OPraHM30BaHHOTO KOHTYPa JBYMepHOI obpaTHOoi cBa3u. [Ipunnunma/ib-
Hast 0OCOOEHHOCTh TaKUX CHCTEM 3aK/I0YaeTCs B TOM, UTO BHEIIHUN KOHTYD OOpaTHO
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CBSI3U MOYKeT ObITh UCIIOJIb30BAH JIJIsT HEIIOCPEICTBEHHOT'O BO3/ICHCTBIS HA HEJTHHEITHY O
JIMTHAMUKY CHCTEMBI TTOCPEJICTBOM YIIPABJIAEMOr0 IPeoOPa3oBaHus TPOCTPAHCTBEHHBIX
[IepEMEHHBIX, BBITIOJHAEMbBIX TPU3MaMU, JTUH3AMU, JTHHAMUICCKUME TOJIOIPAMMAMU 1
JIPYTEMHU YCTPONCTBAMH.

[Tapabonuueckue pyHKIMOHAIBHO- U] EepEeHIAIbHBIE YPpaBHEHHS ¢ IIpeodpa3oBa-
HUEM apryMEHTOB UCKOMOM (pYHKIINU, UCIOIB3YEMbIE JJIs MOJACTUPOBAHUS ONTHIECKIAX
CUCTEM C JIBYMEPHOI 00PATHO CBA3BIO, IIPEJICTABISIOT COOOI HOBBIH KJIacC ypaBHEHUI
JIJIS UCCJIe/IoBaHns (peHOMEHa, CTPYKTYPOOOpa30BaHMS.

B rakux HeJIMHEHHBIX ONITUYECKUX CHUCTEMaX BHEITHHIT KOHTYP OOpaTHON CBSI3U MO-
JKeT ObITh UCIIOJIb30BAH JIJIsl YIIPABJICHUsT HEJTMHEIHON TUHAMUKOM CUCTEMbI ¢ TIOMOIIIBIO
YIPaBJISEMbIX KPYITHOMACIITaAOHBIX ITPOCTPAHCTBEHHBIX M BPEMEHHBIX KOOD/IMHAT, BbI-
[TOJTHIEMBIX MPU3MaMU, JTUH3AMA, JTUHAMIYIECKIMHI TOJJOTpaMMaMi U JIp. yCTPOHCTBA-
MHU. YK€ MPHU MMPOCTEHINIX BHIAX ITPEoOPa30BaHus: IOBOPOT, OTPayKEHUE OT KOOP/IH-
HaTHBIX OCEl, 3al1a3/IbIBaHIe PeATU3YIOTCs PA3IMIHbIE PEXKIMbI CAMOOPTaHU3AIINHI CBE-
TOBOI'O TI0JIST: MHOT'OJIEIIECTKOBBIE U POTAIIMOHHBIE BOJIHBI, OITHIECKUE CIIUPAJIN, BOJTHEI
[EePEKJII0YeH I, POJIIBI, TeKCaroHbl u ap. |1, 6, 2, 14].

Takum 0oOpaszoM uUcciie[oBaHNe MOJIE/IBHBIX yPABHEHUH I HEJTUHEHHBIX OITHIe-
CKHUX CHUCTEM C YIIPaBJ/IgeMbIM IIPeoOPazoBaHueM apryMeHTOB B KOHType 0OpaTHOM CBs-
31 SBJISIETCS AKTYAJbHBIM HAIPABJIEHUEM COBPEMEHHBIX HEJMHEHHBIX MPOIECcoB (Teo-
PETHYECKOIl 1 IPUKJIAIHON HesmHeliHoi ontuku) |3, 4].

Hesbto jaHHON pPabOTHI SIBJISIETCS WMCCAEIOBAHUE YCIOBUU DPOXKICHUS HOBBIX pe-
IIeHuil KpaeBoil 3a1a4u 110 PYHKIIMOHAIBHO- UM dEePeHIInaJIbHOr0 HapaboInIecKoro
ypaBHEHUSA € OTPaKEHUEM ITPOCTPAHCTBEHHON TIePEMEHHON U YCIOBUSIMHE TTEPHOIUIHO-
CTH Ha OTPe3Ke, TOBEJICHUs PEIIeHN B 3aBUCUMOCTH OT OM(ypPKAIMOHHOIO ITapaMeTpa
U aHAJM3 YCTOMIUBOCTH POXKJIECHHBIX PEIIeHUil Ipu 0TXoje OndypKaImoOHHOIO Iapa-
MeTpa B 00/1aCTh HAIKPUTUIHOCTH.

UccnenoBanue BoIoHEHO Tipy ToiepKKe [IporpaMMbl paszsutus ¢degepaibHOTO
rOCy/IapCTBEHHOTO aBTOHOMHOTO 00PAa30BATEILHOTO YUPEXKIEHUs BBICIIErO0 00pa3oBa-
nus «KpoiMekuit besiepanbubiit yausepeuter umenu B. 1. Bepnajickoros» na 2015-2024
roJibl 110 mpoekTy «CeTh akaJIeMuIecKoil MOOMIbHOCTH « AKaeMIudIecKas MOOMIBHOCTh
MOJIOJIBIX yueHbIX Poccuny B 2016 romy Ha 6aze jraboparopun jguddepeHnaibHbIX U
pasHocTHBIX ypaBHeHuil ncruryra maremaruku nm. C. JI. Cobosea CO PAH.

1. ITocTanoBKa 3ajia4un

Panee B paboTtax aBTOpa paccMaTpUBAJIOCH MapabOIUIecKOe ypaBHEHNE ¢ OTPaXKe-
HUEM [IPOCTPAHCTBEHHOI IIePeMEHHOI M YCJIOBUSMHU HMEPHOINIHOCTH HA OKPYKHOCTH:
yIpOIeHHasT MOJIeJIb |7, 5| u Mojiesib ¢ KBajiparudabiM cyiaraeMbiM |9, 10].

s

Z) OyJeT pacCMaTpUBAETCs KpaeBasl 3a/a4ua

B s10it cTaThe Ha IpOMEKyTKe (—3, 3

1 1 .
U + Lv = AlEQUQ — AEQUS, (11)

rie L = 1 — DA — AQ — nuneitastii oneparop, Qu(x) = v(—z) — oneparop orpa-
JKEHUS IIPOCTPAHCTBEHHOI mepeMenHoil, A = —Actgw — BbIYUC/IAEMasT IIepeMeHHast, ¢
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YCJIOBUAMU IIEPUOIUIHOCTHU

™ ™

Up(—=,1) = u(=,t) = 0. 1.2
(~2:6) = w(5,0) (1.2

JIemma 1.Oneparop L ¢ ycioBuem mnepuogunanoctu (1.2) mmMeer MOJHYIO OPTOro-
HAJIbHYIO CUCTEMY COOCTBEHHBIX (DyHKIHUil 1,sin ¢, cos 2, sin 3¢, cos4dy, ..., cOOTBET-

CTByIOH_H/IX CO6CTB€HHI)IM SHaAYCHUAM [8]
/\0:1—1\7 )\1:1+D+A, )\2:14-41)—‘/\7 )\3:1+9D+A,

Kpurnyeckumu siistiorest pyHKIUT sin , sin 3¢, sin 5y, . . ., cOOCTBEeHHbIE 3HAYEHUS
KOTOPBIX MOI'YT IIOMEHSTH 3HAK [PU U3MEHeHUs OuypKaIMOHHOTO mapamerpa D.

Ecin D > Dy = —(1 + A), To HyJeBoe peleHne — aCHMITOTHIECKH YCTOM-
uynpoe pemenue 3agadn (1.1)-(1.2). Ilpn ymenbimennnm D u ero mpoXOXKICHHU te-
pe3 snadenne D; = —(1 + A) HyseBoe perienne Tepser ycroiunBocThb. O6o3HAIMM
Dopi1 = (2k+1)"'Dy, k= 1,2,3,. ... njekc HeyCTONYMBOCTH HYJICBOTO PEIICHUS TIPU
D3 < D < Dy pagen 1. IIpu ymenbmienun D u ero TpOXOXK/IEHUN YePe3 CJIEJIyIONIne
snadenust Doy = (2k +1)7' Dy, k= 1,2,3, ... Kaxk/plil pa3 UHJIEKC HEYCTONYUBOCTH
pelenns w TOBBIMIAETCd Ha €JIUHUIYY U POXKJIACTCHd HOBOE ITPOCTPAHCTBEHHO HEOJIHO-
POJIHOE PeIeHue.

Teopema 1. Cywecmsyem §g > 0 maxoe, umo ecau 0 < Di—D < &y, mo 3adaua (1.1)-
(1.2) umeem 06a CMayUONAPHHLT NPOCMPAHCIMEEHHO HeodHoPpodHur pewenus v (z, D),

ede L2
A (D) ,
+ o 1
h (x,D)-:t(Cl(D)) sin x4+

M(D) ﬁ — —1 - — ~!cos2x
+(01(D)> 1 (Mo — 2X1) (A2 — 2A1) 2z) +

L Al(D) Vv 2 -1 —1\ . 2
iﬂ (cl(D)> (BAT(A2 = 2X1) " = A(A3 — 3\1) ) sin 3z + + O((D — Dv)?),

1 1 1
Cl(D) = —ZA% ((/\0 — 2)\1)_1 + 5()\2 — 2)\1)_1> + g/\, A1 == —Actgw < 0.

Pewenua vi(x, D) — sxcnonenyuanvio yemotivuen [8].

2. CTpyKTyphl IIapabomdecKoil 3a/ja9m ¢ KBaAPaTUIHbIM
cjlaraeMbIM Ha OTPe3Ke

ILJ'IH uccieJoBanud JUHaMUKN PO2K/IaIOIINXCA ITPOCTPaHCTBEHHO HEOJHOPOJIHBIX pe-
IEeHUI TTPU YMeHbIeHnn 6udypKamrmonHoro napaMerpa [) BocoJib3yeMcest (hopMaIn3-
MoM MeTojia asepkuna. PaceMorpum rajiepKuHCKYIO anmpokcuMaruio ypasaenus (1.1)

B BUJIE
N N

v=2zy+ Z zpsin(2k — 1)z + Z Zpan cos(2k)x. (2.1)

k=1 k=1
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[MomcraBum (2.1) B ypasaenme (1.1). Ilpupapuss 3arvem ko3 dumeHTH U
sin(2k — 1)z u cos(2k)z, k = 1, N, npuxo/uM K cucTeMe ypaBHEeHHi

Zo = —Aozo + go(2),
Zs = _/\QS—IZS + gS(Z)7 §=
Zk-i-N = —/\kak—f—N + gk+N( )

1 N (2.2)

Cucrembl ypasaenuit (2.2) obsajaror psjgoMm obmux csoiicrs. s kaxgoro N
HyJieBoe perienne (2.2) — acUMITOTHYECKH ycroitumso, ecain D > D;. HyneBoe pe-
mierre (2.2) TepsieT yCTOWYUBOCTHL IIPU MPOXOXKJIEHUN mnapamerpa [) depe3 3Hade-
une Di. MakcumaibHasi TOUKa CIIEKTPA HYJIEBOI'O PENIeHUs MPOXOIUT B 9TOM CJIydae
Jepe3 HyJIb C HEHYJIEBO# CKOpOCThIO. B pesyibrare 3Toil OudypKaiumm ot HyJId OT-
BETBJIAIOTCS JIBE YCTONYUBBIE HENPEPBIBHBIC BETBU HEMOJBUAKHBIX Touek +2! (D, N) =
+(23(D,N),2{(D,N), z3(D,N), ..., z5(D,N),0,...,0).

B cuiy (2.2) u onpesenienns z' (D, N) cupasejiiBo cieLyloliee paBeHCTBO

+oy(z, D) ~ 2} + Z (D, N)sin(2s — 1)z. (2.3)

s=1

OmnuiieM juHAMUKY 110 Tlapamerpy D cranuoHapHbIX perieruit +vi(x, D) ypashe-
aust (1.1), onmpasich Ha paBeHCTBO (2.3) M YUC/IEHHBIE PACUETHI HENPEPBIBHOI BETBU
+21(D, N) cranuonapubix Touek cucrembl (2.2), nposeienunie jis N ~ 33. g 3na-
gennii napamerpa D BOimsu Dy v (x, D) saBisiercs KBasurapMoHUYIecKoil dyHKIueit
¢ MaJIoit aMIIuTy 0. AMmiutuTyia dyHKImi (2.3) MOHOTOHHO BO3PACTAET ¢ yOBIBAHIEM
3Actg o.zi\/QA2 ctg? w+24A2—-24A .

rnapamMeTpa D, npubJimkasich K oA u D — 0. Ha puc. 1 npej-
cTaBJIeHbl TPUO/IMKeHHbIe perenus vy (z, D) momydentste cormacuo (2.3) maa N = 20.

— d=04
— d=03
- d=02
— d=0.1
— d=0.09
- d=0.08
— d=0.07
— d=0.06

— d=0.05
- d=0.04
— d=0.03
— d=0.02
- d=0.01

Puc. 1. Hpubmmxennsie pemenus (1.1) 4ol (x, D) N = 10, w = 0.317, A = —1.5.
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[lepeiiem Temepb K BOpocy 00 YCTOWYUBOCTH MPOCTPAHCTBEHHO HEOHOPOJHOTO
craronapHoro pertenns +uvp(x, D). C 91oil 1es1pi0 06paTuMcst K JMHAMUKE CIIEKTPa
o(z'(D, N)) BerBu HenomsuKubX Touek z'(D, N) cucrempr (2.2). TIpoBejieHHbII aHa-
JIN3 TIOKA3aJ1, 9TO 1PN yObIBaHUU ITapameTpa [) Touku criekTpa commzkatorced. [Ipu arom
MaKCUMaJIbHast TOUKa CHeKTpa fi < 0 — OTpHUIATe/bHA U NPAKTUIECKU HE MEHHAETCs,
a oCTaJIbHbIe TOYKM — BO3pacTaioT. B kKadecTBe npumepa npusegeMm 4 MakcuMaJjbHbIe
TOYKH criekTpa, Korma N = 20, A = —1.5

o(2'(0.4,20)) = {...,—3.596 + 0.1991, —3.596 — 0.1991, —2.243, —0.221},

o(21(0.1,20)) = {..., —2.019, —1.232 + 0.94121, —1.232 — 0.9412], —1.230},
o(21(0.06,20)) = {...,—1.997, —1.123 4 1.0681, —1.123 — 1.0681, —1.211},

o(2'(0.01,20)) = {...,—1.121 — 1.1141, —1.013 + 1.1311, —=1.013 — 1.1317, —1.222}.

3nech I — munmas equnnia. Ilposeaennniit ananns st N ot 16 1o 33 mokasagi, 9To
perienue vy (z, D) acuMnroTrdecku yeroitunso Ha BceM npomexkyrke (0, D) u3menenust
napamerpa D.

2.1. HeycroiiuuBble CTPYKTYPbI NapabomdecKoil 3a/laun ¢ KBaAPaTUIHbIM
cJlaraeMbIM Ha OTpe3Ke

[Iepeitgem Ternepb K aHaau3dy (OPMbI U YCTOMYUBOCTU CTAIIMOHAPHDBIX DPEITeHU
+wvs(z, D) ypasuenus (1.1). Dra napa perieHuil poxKjaaercs w3 HyJsd HeyCTOHINBOl
C MHJEKCOM HeycToiumBocTH 1 Torma, Korda mapaMerp [, yObiBas, IPOXOIUT depe3
Dy = %. s amanusa nosefenus +ovs(x, D) upn orxome mapamerpa D OT TOYKH
6udypkanun obparnmcsa K cucreMaM (2.2). B srux cucremax MHIEKC HEYCTOWIHBO-
CTH HyJIs TIOBBIIIAETCS Ha €JIUHUILYy ¥ CTAHOBUTCH PaBHBIM JIByM TOIJA, KOTJA Ila-
pamerp D, ybObiBasi, npoxoaur depe3 Diz. B pesyinbrare mmeer mecro 6udypKarmst
«BHJIKU» — OT HYyJI OTBETBJISIOTCA JBE HEIPEPLIBHLIC BETBU HEIOABUMKHBIX TOUYEK
+23(D,N) = £(0,2}(D,N), 22, y(D,N)), k = 0, N, rme OT Hy/IS OTJIMYHBI TOJIBLKO
KoOp/IMHATHI ¢ nHaekcamu 0,2, 5,8, .. ..

Kax u BblIilte, BOCIIOIb30BABIINCH PABEHCTBOM (2.1), MPUXOUM K CJIEIYIOIIEMY [TPU-
OJIMZKEHHOMY PABEHCTBY

N
+u3(D) = v3(z, D) ~ 25 + Y _ 23(D, N)sin(2s — 1)x. (2.4)
k=1

Pasencrsa (2.4) mozsossior onwcars auHaMuky +vs(z, D) npn yoemanun D. Ot-
mernMm, ato npu D — 0 tovs(z, D) npubimxkaercs K cTyrneHIaToi GOyHKIMH, TPUHI-

3A ctgwEy/9A2 ctg? w+24A2 247
27

MaroIeit 3HaYeHus 1 TOUKamu repexoja —3, 0, 7.

ISSN 0203-3755 /lunamuaeckue cucrempr, 2017, Tom 7(35), Ne2



124 FO. A. XA3B0BA

\Y

—  d=004

-~ d=0.03

-—  d=0.02

— d=0.01

d=0.009

d=0.008

— d=0.007
——  d=0.006

-—  d=0.005 L

NGRS
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Puc. 2. Heycroituusbie pemenust +vs(z, D) N = 20, w = 0.317, A = —1.5.

Ha puc. 2 upencrasiensl, coryacuo (2.4), npubsmkennsie perernst +vs(z, D), rie
N =20, w=0.317, A = —1.5 u pa3auvIHbIX 3HaUEHUIX Mapamerpa D.

Kak y»e ormeuasiocs pertienne +vs(x, D) poxKaaeTcs u3 Hy/Isd HEYCTONIUBBIM C HH-
JekcoM HeycroitunBoctu 1. Bonpoc 06 ycroitunsoctu +vg(x, D) npu yMeHbIICHIH T1a-
pameTrpa D IPUBOIUT K BOIPOCY O IOBEJCHUN MAKCUMAJIBLHOTO COOCTBEHHOTO 3HAYMCHU
perternst +vz(x, D). Obparumcs B 9TOH CBS3U K BOIPOCY O JTUHAMHUKE DU YMEHbBIIIe-
HuM mapaMerpa D MakCHMasbHOTO coOCTBeHHOro 3Hadenus (s (D, N) HemoqBUzKHBIX
touek +23(D, N) cucremsr (2.2). Criekrp maTpuipt yeroitunsocru +23(D, N) exku
Ha BENECTBEHHON OCH U ero MakcuMasbHas Touka (5 (D, N) npu mameix Dy — D > 0
IPUHAJIEYKAT HOJIOKNATEIBbHO 1osryocu. OcraibHble TOYKHU CIEKTPa JIEKAT Ha OTPH-
[ATEeJILHON I10JIYOCH.

CorJlacHO TIPOBEJICHHOMY aHa/Iu3y JuHaMuKa criekTpa +23(D, N) 3aBucuT oT mose-
nenus (13 (D, N) npu ymenbimennn D. C ymensienuem D p3(D, N) y6bisas npubsuzKa-
eTcsl K HyJIO, 3aTeM Me/[JIEHHO MeHAeTCsl BOIN3M HYJIA, OCTaBasICh Ha MOJIOXKUTETHHON

HOJTYOCH.

[Mpusegem wimoctpupytommit npumep: A = —1.5, £3(0.02,19) = 0.00853148,
13(0.01,19) = 0.000160262, 13(0.009, 19) = 0.000689485, 13(0.007, 19) = 0.00290803,
13(0.006, 19) = 0.00540983.

[IpoBejieHHbIN aHATM3 O3BOJISET CIEJIATH 3aK/II0UYeHne O ToM, 910 v3(p, D) Ha uH-
repsasie (0, D3) coxpaHseT UHJIEKC HEYCTONINBOCTH.

2.2. MeTaycToitunBble CTPYKTYPbl ITapaboJIMIeCKOro ypaBHEHUS C
KBQ/I[pPATUYHBIM CJIaraeMbIM Ha OTPE3KE.

B cucremax (2.2) pazmeproct N cOrIacHO IPOBeIeHHOMY OudypPKAIMOHHOMY aHa-
smuzy ang 3nadenuit N ot 20 mo 30 peanmsyercss MIMPOKUIl CIIEKTP CeJJI0-y3JI0BBIX
6udypkanuii npu cpenHux (He OYeHb MAJIBIX) 3HaUeHUsIX mapamerpa D. B pesysbra-
Te GudypKanuu ceio-y3esi B OJHOIApAMETPUIECKON crcreme (2.2) TMOsIBISIOTCS JIBE
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HepepbIBHBIE TI0 [) BETBU CTAIIMOHAPHBIX TOYEK, WHJEKCHI HEYCTOWINBOCTA KOTOPBIX
OTJIMYIAIOTCS Ha 1. DTH BETBU CTAIIMOHAPHBIX TOYEK OIPE/IETICHBI I BCEX TOJIOKUTE b
HBIX 3HAYeHUiT napaMerpa [, KOTOpble MEeHbIIIe COOTBETCTBYIONIEr0 61y PKAIMOHHOTO.
PaccMarpuBaeMbIM JIBYM BETBSIM CTAIIMOHAPHBIX TOUCEK (2.2) orBevator B cuity (2.4) nse
HellpepPbIBHbIE BETBU IPUOJIMZKEHHBIX CTAIMOHAPHBIX perenuii (1.1) Tuna BHyTpeHHEro
[EPEXOJIHOTO CJIosA. Bysem roBoputh, uro npubimzkenHbie perenns (1.1) ykazaHHOrO
THUIIA OTBEYAIOT CEJI0-Y3JI0BbIM OudypKaiusam B cucreme (2.2). Hekoropble u3 cejio-
y3710BbIX Oudypkaimii B (2.2) HOPOKIAIOT HENPEPbIBHbIE 110 [ BeTBU MPUGIMIKEHHBIX
crannoHapHbixX pemiennii (1.1) Tuna BHyTPEHHETO MEPEXOIHOrO CJIOsI ¢ TPeMsi TOUYKAMU
epexo/ia.

Peammzanus B cucreme (2.2) 6udypkanuii ceiio-y3e1 ¢ yKa3aHHBIME BbIIe CBO-
CTBaMHU BBbI3BaHa MeJJIEHHON SBOIONUEN BOIM3M HY/Id MAKCUMAJIBLHON TOYKH CIIEKTPA
BeTBeil cranuoHaphbix Touek +2°(D, N) Ha J0CTaTOYHO GOJIBLIIOM MHTEPBAIC H3ME-
nenus napamerpa D. [lasee Jjis onpeie/IeHHOCTH OPAHUYUMCS aHAJIU30M OudypKa-
1uii ceJIo-y3el1, CBA3AHHBIX C BETBBIO cTalnoHapHbix Touek +2°(D; N). Budypkaun
CeJIJIO-y3€/T YKa3aHHOIO TUIla 00beIMHAIOTCA B KOHeYHbIe HabOpbl OudypKalmii, KoTo-
pble Ha3BIBAIOTCH Jajlee KacKaJ aMU CeJIO-Y3JI0BBIX OndypKaImii.

PaccmoTpuM ofimH M3 KackaJloB, KOTOPBII MOPOXKIAeT MPUOJIMKEHHBIE PeITeHIs
Kpaepoif 3agaun (1.1) ¢ Toukamm Tepexo/ia, IPUHA/ICKAIIIME HHTepBaIam (—5, — %)
u (3,3%). Umeer mecro 2 Taknx Gudypkanmm ¢ 6udypKanmoHHbIM 3HadeHTsMH D =
Dy.k = 1,2, Dy > Dy. lloguepkuem, aro Dy, = Dy (N),k = 1,2, ybeiBator ¢ pocToM
N. IlpuBesiem Terepb B KadecTBe mjurocTparnuu jyid ciaydasd N = 20 npubnzKeHHbe
oudypKaImonnble 3Ha4eHns 1), COOTBETCTBYIONINE IM KOOPJIMHATEI TOUEK U H HANOOIb-

IINX TOYEK UX CIEKTPOB:
D, = 0.0221

(0.0736,0.0694, 0.362, —0.0461, 0.0519, . . .)
{...,—1.083 + 1.09741, —1.083 — 1.09741, —1.307, —1.164, —0.00657}
(0.0761, 0.0702, 0.366, —0.0481,0.0559 . ...)
{...,—1.066 + 1.1081, —1.066 — 1.1081, —1.490, —1.121, 0.00128}
Dy = 0.0146
(0.0734,0.167, 0.315, —0.065, 0.108, . ...)
{...,—1.063 +1.110/,—1.063 — 1.110I, —1.310, —1.198, —0.000113}
(0.0735, 0.138, 0.332, —0.0652, 0.096, . . .)
{...,—1.068 + 1.107I, —1.068 — 1.107I, —1.362, —1.255, 0.00203}

C 1esbIo COKPAIEHHsT MHOTOTOYHEM O0O3HAYEHBI OCTAIbHBIE KOODMHATHI CTAIIU-
OHADHBIX TOYEK, 37eCb | — MHHUMAasl eJMHUIA. YCTONYIMBasi M HEYCTONYMBAsi BETBU
HEIIO/IBIKHBIX TOUYCK, POAMBIIKECS B PE3YJIbTaTe CeII0-y3JI0Boil OndypKammu cucre-
MBI (2.2), pacxongarces MeJJICHHO ¢ yMeHblnenueM mnapaMerpa D. CooTBeTCTBEHHO Meji-
JIEHHO PACXOJIATCS ¥ OTBEYAIONTHE UM B Iy (2.1) HenpepbIBHbIE BETBU MPUO/IIZKEHHBIX
periernii Kpaesoit 3amaan (1.1).
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[IpuBemeHHBIM CcTAIMOHAPHBIM ToYKaM cucrembl (2.2), e N = 20, D = 0.05,
OTBEYAIOT MpUb/IMKEeHHbIe perernst 3aja4n (1.1) Ha puc. 3.

<

04

0.3

0.2

0.1

_— 2

————— d1=0.0221

"""" d1=0.0221

.- d2=0.0146

.- d2=0.0146

Puc. 3. ITpubamkennsie cranuonapusie pemennst (1.1), A = —1.5, w = 0.317, D = 0.05

O6oznaunm vy = vi(p, D, N), vy = vi(p,D,N), k = 1,...,4 HeupepsIBHbIC 110
D BerBu npubsnxkenubix pemtenuii (1.1), orBevarorue cooTBeTcTBeHHO B crty (2.1)
YCTOMYMBOHU, HEyCTOMYMBOU HEUPEPBIBHBIM BETBAM CTAIlMOHAPHBIX PEIIeHuil cucre-
MBI (2.2), POXKJICHHBIX B pe3yJibrare cejyio-y3j10Boii oudypkarmu ¢ Homepom k. [Tos-
YEePKHEM, YTO UMEET MECTO CJiadasi 3aBUCUMOCTD yKa3aHHbIX (DyHKIWI oT N.

[Monoxkum nanee N = 20. Pacemorpum pemenns Shvs, Shv¥ ypasnenns (1.1) ¢
HadaabHBIMU yesoBusMu vy = vi(e, D, N), v = vi(p, D, N). CoriacHo IucI€HHBIM
pacueraM Ha 3HAUUTEILHBIX IIPOMEXKYTKAX U3MEHEHUs BpeMenu pertenust Shovs, Shoy
MEHSIFOTCsI MeJIJIeHHO. [Ipub/inKeHHble pPelleHns v5, vy MOPOKIAIOT MEeTayCTONInBbIE
crpykrypst [12, 13]. Ha puc. 4 npejcrasieno pemtenne Shvs ypasuenns (1.1). Buso,
9TO ¢ TeYeHHEeM BPEMEHHU pelleHusi Shv§ MeyIeHHO MEHSIOTCA. 3aTeM 3a JI0CTaTOuHO
KOPOTKHII 110 CPABHEHUIO C STAIIOM MEJJIEHHOI 9BOJIONUN IPOMEXKYTOK BpeMeHn Shuvj
OKa3bIBaeTCsl BOJIM3U YCTOWINBOIO CTAIIMOHAPHOIO PEIICHUS.
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Puc. 4. Meraycroitunsas crpykrypa (1.1), A = —1.5, w = 0.317, D = 0.005

Ha puc. 4 nokazana meraycroitansas crpykrypa (1.1) Shvd ¢ nauanbnoit dynknueit

2
/l)k:-

3akJro4eHue

s napaboimaecKkoro ypaBHeHUsl ¢ OTPaKeHUeM IIPOCTPAHCTBEHHON TepeMeHHO
HA OTPE3KE PACCMOTPEHBI BOIPOCHI O CyIIeCTBOBaHUU, (DOPME U YCTOWIMBOCTH IIPO-
CTPAHCTBEHHO HEOJTHOPOIHBIX CTAITMOHAPHBIX PENTeHUIt:

1. C momoIpio MeTo/1a MEHTPAIbHBIX MHOIOOOpa3uil JoKa3aHa TeopeMa O CyIIeCTBO-
BaHUU POCTPAHCTBEHHO HEOMHOPOIHOI'O CTAIIMOHAPHOI'O PEIICHUS.

2. Ha ocnoBanuu dopmasmsma metojia ['asiepkuna ncciie/joBana JIMHAMUKA H3MEHe-
HUI HEOJHOPOHBIX CTAIMOHAPHBIX PELICHUN.

3. Hccnenosana 3a/1a4a 0 MpUOIMKEHHBIX CTAIIMOHAPHBIX PEIEHNSX YPABHEHMS TH-
& TePeXO/IHOrO CJI0d ¢ TPeMsl TOYKaMu Iepexoqia. MHOXKeCTBO MpuO/IMKEeHHbIX
CTaIITMOHAPHBIX PEIEHUI YKa3aHHOI'O BBIIIE TUIIA IPABUJIBHO OTpaXkaeT XapakTep
9BOJIIOIAUM METayCTOMUMBBIX CTPYKTYP C TpeMsl TOUKaMU Ilepexo/jia IIPpU yBeJimve-
HUM t ¥ TIPU CPEJHUX 3HAYEHUAX napamMerpa D.

4. Yuciennble pacueTsl ¢ IOMOIILI0 nakeTa Mathematica mokazasu, 9ro mpumene-
Hre MeTojia ['ajlepknHa IpUBOUT K KaUeCTBEHHO U KOJIMYECTBEHHO TTPaBUIbHBIM
pe3yJibTaTaM.
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5. Ilpm mccnemoBaHun MeTayCTOWYMBLIX CTPYKTYP 3aja4a O MPHUOJIMKEHHBIX CTa-
IIMOHAPHBIX PENIeHNIX ABJsgeTcs Kao4deBoil. [lokazanbl ycioBUsT BOSHUKHOBEHUS
METayCTONYMBBIX CTPYKTYP.
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Geometrically and physically nonlinear
optimization problem for the 3-bar truss
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Abstract. The analysis and optimal design problems are considered for the statically loaded
symmetric 3-bar truss with taking into account material nonlinearity and finite deformation. The
strain compatibility condition as well as the relationship between the cross-sectional areas of bars
and the stress levels in them was derived for the finite deformation. It is shown that even though the
problem of analysis of the truss is a nonlinear one, the optimization problem is a linear programming
problem. Properties of optimal designs are compared using various structural alloys.

Keywords: symmetric 3-bar truss, physical nonlinearity, geometrical nonlinearity, optimal design

problem.
1. Introduction

The use of simple test models is of great benefit for testing the methods of
structural analysis/optimization. Such models allow you to check results of the used
algorithm by using known solutions and also to represent a complicated process of
loading or designing the structure in an obvious form which is suitable for the aid of
comprehension or training. Among such simple models, a symmetrical flat three-bar
truss is often found. This is one of the simplest static indeterminate structures. There
is a rather detailed estimation of the stress-strain state and the safety margin of the
truss in educational literature, both in the linear-elastic formulation and the one with
taking into account plastic properties of the materials used (physical nonlinearity). For
example, the solution of this task in [3] is given under symmetrical loading for the
truss with an arbitrarily defined angle between the rods using different materials in the
central and lateral rods. The analysis of the truss deformation with the occurrence of
finite deformation (geometric nonlinearity) represents a more difficult task. Currently,
it is used for test calculations in works devoted to methods of geometrically nonlinear
structural analysis |9, 10, 13].

When considering the optimal design problem for the 3-bar truss, values of the cross-
sectional area of the rods are usually assumed as the design parameters. The problem
includes constraints on the stress levels in the rods [1], as well as constraints from below
on the design parameters: zero (to correspond the physical meaning of the problem) or
or positive (known as the tecnology constraints) to prevent degeneration of the rods.
Other types of constraints can also be added to the task [7]: the displacement value
in the loaded node, stability and/or the natural frequency. The above constraints can
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be specified simultaneously for several different loading cases, which contain different
values and directions of the external load. Usually, two loading cases are considered
[1, 4, 7]. In these publications, the truss is considered with the corner angle 7/4 and
with the behavior based on the geometrically and physically linear-elastic finite element
model. When optimizing the truss by taking into account the geometrical nonlinearity,
the consideration is most often limited to one loading case with a symmetrically applied
tensile external load [9, 11, 13]. The design of the single-material truss is considered in
the mentioned publications.

If the ability to specify its own material for each type of bar is added to the problem,
then an additional degree of freedom appears, resulting in phenomena that are not
present using just one material. In particular, it is possible here that the optimal
design obtained with allowance for physical nonlinearity proves to be heavier than the
same linearelastic one [12]. This contradicts the widespread view that the use of the
linear-elastic model for materials leads to the design “in reserve” and the growth of the
structural mass.

When taken into account, the material plasticity results in the increased level of
displacement and strain in comparison with the linear-elastic case. Therefore it is
necessary to take into account the geometrical nonlinearity to ensure the reliability
of results. Theoretically, this is difficult to do and, therefore, large deformations are
currently taken into account, usually only in practical calculations, using modern
packages of the finite element method. However, the simplicity of a 3-bar truss makes
it possible to theoretically consider the problem of optimal design taking into account
possible finite deformations and to estimate their influence on the accuracy of the
calculations. The results of such a study are presented in this paper.

2. Description of the analitical model

A symmetric three-bar truss shown in Fig.1 is considered. The truss is
symmetrically statically loaded at the point of intersection of the rods by an external
constant tensile force P. The possible appearance of large deformation under the load is
taken into account, so the initial state and the deformed one are assumed to be different
(for comparison, the similar relations for small deformation are given). All quantities
related to the initial configuration are denoted by a zero in the upper index. The angle
a® between the rods can be specified arbitrarily in the range 0 < a® < 7/2. All values
related to the central bar are denoted by the subscript “c”, and the quantities related
to the lateral bars have the subscript “s”. Two materials which may be different are set
in the central bar and in the lateral ones. We confine ourselves to the consideration of
standard structural alloys whose physically nonlinear behavior can be described using
the deformation plasticity theory [3]. The notation of the quantities and the scheme
of the deformation of the truss are shown in Fig. 2. It is obvious that only one kind
of rods (central or lateral) can be deformed arbitrarily, which uniquely determines
the deformation of the other rod(-s). Let’s define the compatibility condition for
deformations for the general geometrically nonlinear case.
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Fig. 2. The deformation of the truss
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3. The compatibility condition under an arbitrary deformation

Using the notation of figure 2, we can write the following obvious relationships:

1°=12cosa’, (3.1)
lc =lscosa, (3.2)

lo =12+ Al, (3.3)
a’ = a+ Aa, (3.4)
(3.5)

l, = 12 cos Aa + Al cos a.

By succesive elimination of the following terms from relation (3.5): Al. with the aid
of (3.3), I by the use of (3.2), A« by virtue of (3.4), and I° by means of (3.1), while
carrying out the necessary transformations and reductions, we obtain a fairly compact

expression

I, sina®

19 sina’

Similarly, eliminating the following terms from (3.5) successively: Al. with the aid of
(3.3), s by the use of (3.2), Aa by virtue of (3.4), and [? by means of (3.1), we derive

an expression
0

lo=102—.
tg o

These conditions can be more conveniently expressed in terms of stretch
)\ - l_o

which is an important value in the theory of large deformations.

- si‘n aO’ A — tg 040’ As _ cos 040. (3.6)
sin « tg o Ae  COSK

After squaring the last expression and eliminating sina from it using the first
expression, we derive after cancellations the strain compatibility condition for the 3-bar
truss:

A2 = 22 cos? o + sin® a’. (3.7)
If we express the compatibility condition in terms of strain
e=\A—1, (3.8)

then the first and second expressions (3.6) take the form

sin a® — sin o tgalcosa — sina
€s = - ’ c = .
sin o

sin o
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Dividing the first expression by the second one, after some transformations, we get

e, sina’sin Aa s 0
— = ———— 4 cos“a".
€e 1+ cos A
At small deformation Aa — 0, whence sin Aa — 0, cos Aa — 1. As a result, we obtain

the well-known formulation of the compatibility condition for small deformations:
s — cos?al. (3.9)

0= 7/4 gives e, = 2¢,.

In particular, a
4. Relationship between stresses in bars and their
cross-sectional areas

In projection to the axis of the central rod, the equilibrium equation for the forces
at the acting load point has the following form:

N.+ 2N ,cosa = P.

Here N. = o.F,., Ny = 0,F, — internal forces at the rods, o., o, — stresses at the rods,
F., F, — the cross-sectiona areas of the rods. Eliminating cos o from this equation by
using (3.6), we express the internal forces in terms of the stresses:

ot + ZUSFSﬁ cosa’ = P.
)\S
In addition, it is possible to take into account the true stresses in this equation. Allowing
for the fact that the cross-sectional area of a bar decreases while stretching the bar,
according to the generalized Hooke’s law [3| (here it is desirable for the materials to
specify the true stress-strain diagrams), the equation takes on form:

0e(1 — veee) FP + 205%(1 — ves)*Flcosa’ = P (4.1)
where v,, v, are the Poisson ratios of the used materials. Thus, the equation has been
obtained linking the cross-sectional areas of the rods with the stresses in them.

Equation (4.1) connects four parameters (the cross-sectional areas and the stresses).
Now, if we join it with the compatibility condition (3.7) (which connects the stresses
— two of these parameters) then we obtain a system which allows to specify values for
the two parameters and to derive values for the other two. The most simple from the
available possibilities is to set the stress in one of the rods and the cross-sectional area
of one of the rods (the choice of the rod is arbitrary in both cases). The procedure is
the following:

1. the strain value is obtained from the specified stress by the use of the stress-strain
curve of the bar;
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2. the stretch value is obtained from the strain value by means of (3.8);

3. the stretch of the other bar is obtained by the compatibility condition (3.7) from
the already known stretch;

4. the strain of the other bar is obtained from the its stretch;
5. the stress in the other bar is obtained from the its strain;

6. already known values of stress, strain and stretch are substituted in equation

(4.1);

7. the specified value of the cross-sectional area of one of the bars is substituted in
this equation;

8. the derived equality is the linear equation from which the cross-sectional area of
the residual bar is expressed.

It should be noted that even when physical and geometric nonlinearities are taken into

account, equation (4.1) linearly connects the cross-sectional areas F°, F? of the rods.

Therefore, in the plane of the variables F°, F?, lines of equal stresses will always be

the straight ones intersecting the coordinate axes at the points

A P P
F)=0, F)=2" =
{r T 20 0s(1 —veg)?cosal  og(1 — vey)? cosa}’
P
{F? = F) =0}

o.(1 —ve.)?’
Similarly, in the case of small deformations, according to (4.3), the intersection points
of the equal stress lines with the coordinate axes are

P P
}7 {Fcoz_> FsO:O}'

FO=0, F'=_———
{7 20 cos o O

S

Using the system (4.1), (3.7), we can also solve the direct problem of calculating

the stress values in rods for given areas of their cross-section. To do this, from equation

(3.7) we express the value of one of the stretches through the other one (noting that for

the problem being solved the physical meaning exists when A > 1). For compactness
of the result, it is more convenient to express the stretch of the central bar:

VA2 —sin? a0
)\c_ P
cos &

Substituting this expression in equation (4.1), we obtain a nonlinear equation from
which we can calculate A,:

)\2_ -2 0 2
— (1_M<3Li_ﬂﬂja_4>)}@+
_ 5 —sin _1

oclee)]

o - cos aY
o (e, VN st ad (1 — v, — 1))
o)l . ) F'=P. (42)
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Fig. 3. The stress-strain relations of the materials 30HGSA and D16

Let us see how the left side of this equation behaves. For example, let us set the
cross-sectional areas of all the bars to 1 cm?, and the materials: the 30HGSA steel
in the central bar, and the D16 aluminium alloy in the side bars. As a model of the
materials, we consider a linearly elastic 0 = Ee (with the values E. = 215 GPa and
E, = 72 GPa, and also the plastic one: with the linear hardening (passing through the
points {0, 0}, {0/ E, 0.}, {ep, 0} with the values o, = 830 MPa, 0y, = 1080 MPa, &, =
0.1, oys = 265MPa, 0p,; = 410 MPa, &, = 0.12), and with the power approximation
(0. = 1440¢Y%, o, = 6272 ®). The corresponding graphs are shown on figure 3. The
Poisson’s ratio for both the materials is given v = 0.3. Fig. 4 demonstrates the variants
of behavior of the left-hand side of equation (4.2). Numbers 1, 2, 3 indicate the left-
hand side graphs for the linearly elastic, linearly hardening, and power-law models of
materials, respectively. Numbers la, 2a, 3a indicate similar graphs for the case when
the reduction in the cross-sectional area of the rods is not taken into account when
they are stretched (by assignment v. = v, = 0). It can be seen that if we neglect
the decrease in the areas of the bar cross-sections under tension, then the behavior
of the left side of equation (4.2) is monotonic, having a unique solution for any level
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Fig. 4. Variants of behavior of the left side of equation (4.2) for various material models
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Fig. 5. Variants of behavior of the left side of equation (4.2) for various material models within the

limits of strength

of external load. Nevertheless, when taking into account the true stresses, even with
a linear-elastic model of materials, there is a range of values of the external load P,
in which the deformed configuration of the truss is not the only one (three solutions
become possible). However, the domain of non-uniqueness is beyond the real strength of
the material used; therefore, it is of no practical interest. Within the limits of strength,
behavior of the left-hand side of the equation written for all material models (it is
shown in figure 5 by solid lines) is monotonic and gives the equation a unique solution.
Although the curves in this area are rather close to each other, it is clear that neglecting
the transverse compression of the rods results in an underestimation of the strain level
near the ultimate strength by about 40%. It should also be noted that when using
non-smooth approximations for the stress-strain curve, the equation solution graph
will also have kinks, so when solving the equation by numerical methods one should
use methods that do not use the derivative.
For small deformations, equation (4.1) becomes

0 F? +20,F%cosa’ = P. (4.3)

ISSN 0203-3755 /lunamuaeckue cucrempr, 2017, Tom 7(35), Ne2



140 V. V.CHEKHOV

This equation, together with the condition of compatibility of small deformations (3.9),
form a set of equations, similarly to the set (4.1), (3.7) for large strain. The conclusions
obtained for the set (4.1), (3.7) are also valid for this set (except for the use of the
concept of stretch A). After eliminating the value €, from (4.3) (by the use of (3.9)),
we obtain a nonlinear equation with respect to ;. This equation is in fact a weighted
sum of stress-strain diagrams of the materials used. The behavior of the left side of
this equation is shown vs the scale of stretches in Fig. 5 by dashed lines. It can be seen
that a geometrically linear solution is even slightly more accurate than a solution for
finite deformations without taking into account the true stresses.

Being considered for the linear case, both geometrically and physically, the system
(3.9), (4.3) allow us to obtain explicit expressions for unknown parameters via given
ones [3].

5. The formulation of the optimal design problem

Consider the problem of optimization the symmetric statically loaded three-bar
truss, described above (see Fig. 1). It is required to find the values of the cross-sectional
area of the bars, which ensure the minimum of mass for the truss under constraints from
above on the stress levels in rods and the tecnology constraints. The design parameters
are F? and F? — the cross-sectional areas of the rods of each type. The mass value of
the truss is obviously expressed in terms of the design variables:

2ps
= 0 + 20 O = (oY oY)
cos &

where p., ps are density of the materials used (we neglect the change in density during
deformation).

Thus, the optimization problem is formulated as follows:

( 0 20s 0 :
pL. + ;Fy — min
Cos «v FO,F0
o, < O¢; 0s < O
) Uc:fc(/\c>; Us:fs(/\s)
Ac
oo(1 —ve)*FO + 203)\—(1 —vey)?Flcosa’ = P where e=)\-1
22 = 22 cos? a” + sin? o’
| EY>F; F) > F,

We can exclude dependent variables from the problem, and taking into account the
fact that the dependences o = f(\) are assumed to be monotonically nondecreasing,
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we can write:

(0, 2Ps o
pF. + ;Fy — min
cos a FO,F0
V(F1(8,))* = sin a?

Ae < f7H5); Ae <

cos o’
P
Ge(Ae) FY + 2g, (\/)\2 cos? a® + sin ao) FPcosa’ = "
f(A
where g(\) = (T)( A\ —v—1)?
| FY > F; F) > F,

For the case of small deformations, the problem of optimizing the truss is conveniently
formulated using the formulation of the stress-strain relation through the secant

modulus of elasticity (o = E*“¢):

2ps
’ pFY + ——=F? — min

cos a0 FO,FO
0. < O¢; Oy < Oy
sec. . . __ frsec.
= e os = B e

0. F? 4+ 20,Fcosa’ = P

S
—_COS2040
Ec
F'> F. FO>F
\ c = [63] s = S

It follows from the two bottom equalities that

eo( B F) + 2B F} cos® o) = P,

and the optimization problem can be written in the form:

[

P
EjeC'F(? + QESGC'FS cos® ¥ > — S cos? o
S

F) > Fy; F' > F,

\

It can be seen from the above formulations that, for both small and finite
deformations, the optimization problem of the considered truss is a linear programming
problem. Accounting for each type of nonlinearity only affects change in scale of
calibration of the coordinate axes. The acceptable region of the design variables and the
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Fig. 6. The feasible region and the range of the objective function gradient

range of possible directions for the gradient of the objective function for this problem
are shown in Fig. 6. Between the constraints on allowable stresses, one is active (i.e. is
the strict equality), and the other is passive (being a strict inequality). Also, another
low-probability event is also possible when the strains corresponding to the limiting
stress levels of the rod materials satisfy the compatibility condition (3.7). Then both
the stress limits will be active simultaneously, and in Fig. 6, their lines will coincide.
Under zero constructive constraints, the formulation is beyond the linear programming
problem, since one of the segments of the coordinate axes (shown in Fig.6 by the
thick line) should be added to the acceptable domain (this is due to the fact that in a
degenerate rod it is no longer necessary to impose the stress constraint and the strain
compatibility condition). We assume the technology constraints £’ to be non-zero but
small enough that the active stress constraint does not overlap. Thus, in order to find
the optimal design for the truss it is sufficient to consider only two solutions indicated
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in the figure by the letters C' (which have F° > F., FO = F,) and S (F° = F,,
FO > F,): one of them having a smaller mass is the optimal design. Also it is possible
(but improbable) the case when the gradient of the objective function is orthogonal to
the active stress constraint, and the designs C' and S have an equal mass. Then the

optimal solution is any design belonging to the segment C'S.

6. Influence of nonlinearities on the properties of the optimal
design

Let us consider how the appearance and properties of the optimal design are changed
while taking into account the physical and geometric nonlinearities. Restricted to small
deformations, simple examples [8] (such as pure bending or torsion of a beam, loading
of the considered here three-bar truss) clearly demonstrate that when considering the
actual plastic behavior of a material, the internal forces acting in it are distributed more
evenly compared to the linearly elastic case. As a result, accounting for the physical
nonlinearity shows the increased load-carrying capacity of the structure. Thereby, one
can meet assertions that a design based on the linear-elastic model of the material
should result in an increase of the safety margin, and, in turn, the development taking
into account the plasticity of the material should reduce the mass of the optimal design.
For example, “design taking into account nonlinear characteristics of the material allows
you to achieve an essential reduction in material consumption” [2|; “Elastic calculation
leaves unused reserves of load-carrying capacity in statically redundant systems. The
involvement of these reserves in the work, associated with significant savings in building
materials, is only possible with the moving to calculation taking into account the plastic
work of the material” [6]. It also notes that “The actual effect of the transition from
conventional to ‘plastic’ frame design is expressed in 25-30% of the metal savings.”
However, the simple models used as a basis for these observations contain only one
structural material. If more than one material is used then an additional degree of
freedom arises related to the ratio of the densities of the materials used. This degree of
freedom can result in the opposite effect. As for the nature of the influence of accounting
for geometric nonlinearity on the properties of optimal designs, there are no simple
examples that allow to draw unambiguous conclusions. With all this, it is obvious that

Table 1. The properties of the used materials

Material p (kg/m3) E (GPa) o; (MPa) o, (MPa) &, (%)
Bronze BrO10 8800 104 175 215 7
Brass L75 8630 103 110 370 60
Steel 30HGSA 7850 215 830 1080 10
Cast iron SCh35 7400 140 — 350 op/E
Titanium alloy VT6 4450 115 1030 1080 6
Aluminium alloy D16 2770 72 265 410 12
Aluminium alloy ML5 1810 43 90 160 2
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the simultaneous consideration of the physical and geometric nonlinearities should lead
to the most realistic and adequate design.

Several standard structural alloys [5] was selected for the investigation. Their
parameters are given in Table1. The properties of optimal designs were analyzed
with all possible combinations of materials use, i.e. altogether 49 possible options. The
optimization problem (5.1) was considered with the following parameters: {0 = 1 m,
a® = 7w/4, P =10 kN, F, = F, = 1 mm?, the strength limits & was specified by the
Itimate stresses o,. To describe the geometrically nonlinear behavior of materials, a
model with the linear hardening was used (except for the cast iron, which, through its
brittleness, was considered to be linearly elastic in all calculations).

Combinations of materials, giving rise to the minimum or maximum mass of the
optimal design, are shown in Table.2 (in this and the following tables, the used
materials are enumerated with specifying the material of the central bar, and then
through the dash, the material of the side rods). From the changes in the set of
materials, it can be seen that the physical nonlinearity has a greater effect on the
change in the properties of the optimal design than the geometric one. Wherein, even
though as expected on the basis of simple examples, use of physical nonlinearity results
in a decrease in the mass of the optimal design, optimal designs with the largest mass
were also obtained taking into account the physical nonlinearity.

Table 3 analyzes the nature of the changes in the mass of the truss at accounting
for each of the kinds of nonlinearity. In particular, taking into account the physical
nonlinearity leads to an unambiguous reduction in the mass of the optimal design
only when one structural material is used in all the rods. Meanwhile, already for
two materials, the cases of increasing as well as decreasing mass value appear. In
addition, in seven cases the mass and other parameters of the optimal design did not
change (all these cases are connected with the use of non-plastic cast iron in the fully
stressed element (i.e. the bar with an active stress constraint) and the compatible stress
level below the plasticity zone in the understressed element; among them there is a
rather strange design VT6-SCh35 in which the fully stressed element is simultaneously

Table 2. Optimal designs having the smallest and largest mass value

Taking into account Smallest mass Largest mass

nonlinearities materials  design m (g) materials design m (g)
Lin. elast., small def. | VT6-D16 C 47 | BrO10-BrO10 C 428
Plast., small def. VT6-ML5 C 46 | L75-BrO10 C 516
Lin. elast., fin. def. VT6-D16 C 47 | BrO10-BrO10 C 428
Plast., fin. def. VT6-ML5 C 46 | L75-BrO10 C 528

including for the one-material truss

Lin. elast., small def. | VT6-VT6 C 51 | BrO10-BrO10 C 428
Plast., small def. VT6-VT6 C 48 | BrO10-BrO10 C 423
Lin. elast., fin. def. VT6-VT6 C 51 | BrO10-BrO10 C 428
Plast., fin. def. VT6-VT6 C 48 | BrO10-BrO10 C 425
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Table 3. Change in the mass of the optimal project at accounting for the nonlinearities

Nonlinearity Miin, > Muonl. | Mlin. = Mnonl. | Miin, < Myonl.
under study other cases | Amy,.. | number of cases | AMynae
Physical ~ small def. | 27 355% 7 15 51%

fin. def. 25 359% 7 17 52%

Geometric  lin. elast. 1 0.03% 0 48 | 0.22%
plast. 14 | 1.57% 0 35| 8.3%

including for the one-material truss
Physical  small def. 6 6.2% 1 0 —

fin. def. 5 6.3% 1 1 7.6%

Geometric  lin. elast. 0 — 0 7 1 0.04%
plast. 1 0.06% 0 6 8.3%

prone to degeneration). The effect of increasing the mass of the optimal design, while
taking into account the physical nonlinearity, was manifested for 15 combinations of
the materials used, as can be seen from Table 3. In 7 cases (from these 15) this effect is
the most appreciable (weight increase is greater than 2.5%). The corresponding designs
are shown in Table4. Also, tables 3 and 4 make it possible to note that an additional
account for geometric nonlinearity has a weak influence on the quantitative trend of the
mass change. Nevertheless, here it is possible to increase the mass of a physically non-
linear design from one material (L75-L75), which is not obtained from the calculation
on the basis of small deformations and does not confirm the analysis of the simplest
examples.

It was analyzed how much the designs C' and S differ in their mass for the same
problem, and how realistic in practice is the optimality of the entire segment C'S. The
ranges in which there is a difference in mass between these designs are shown in Table 5.
As a matter of fact, both for small and finite deformations, linearly elastic calculation
gives the optimal design C in all 49 cases. However, when physically nonlinear
calculation was used, design S was already optimal in 11 cases. This demonstrates
the fundamental possibility of changing not only numerical parameters, but also the

Table 4. Optimal designs with increasing mass when allowance for physical linearity

Small deformations Finite deformations
Used materials Lin.-elast. Plastic Am | Lin.-elast. Plastic Am
L75-BrO10 C(252¢g) | C (516 g) | 51% | C (252¢g) | C (528 g) | 52%
L75-SCh35 C (246 ¢g) | S (427¢) | 42% | C (246 g) | S (426 g) | 42%
ML5-SCh35 C(130g) | C (191g) | 32% | C (130¢g) | C (191 g) | 32%
D16-ML5 C(72¢g) | C(92¢g) 23% C9deg) |C(120¢) | 21%
30HGSA-SCh35 | C (90¢g) |C (111¢g) | 18% C90g) | C(111¢g) | 18%
30HGSA-ML5 C(17g) | C(88¢g) 13% C(17g) | C(89g) | 13%
L75-L75 C(252¢g) | C (250 ¢g) | —0.7% | C (252 ¢g) | C (272 g) | 8%
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Table 5. Difference in mass between the designs C' and S (in % of mp)

Accounting of min. difference max. difference

nonlinearities materials opt. Am materials opt. Am
Lin. elast., small. def. L75-30HGSA C 649 | D16-BrO10 C 592
Plast., small. def. 30HGSA-BT6 C 104 VT6-L75 C 1843
Lin. elast., finite def. L75-30HGSA C 64.6 | D16-BrO10 C 591
Plast., finite. def. 30HGSA-VT6 C 9.7 VT6-L75 C 1822

including for the one-material truss

Lin. elast., small. def. | 30HGSA-30HGSA C 199 | BrO10-BrO10 C 276
Plast., small. def. VT6-VT6 C 679 | SCh35-SCh35 (C 263
Lin. elast., finite def. VT6-VT6 C 198 ML5-ML5 C 282
Plast., finite. def. VT6-VT6 C 67 | SCh35-SCh35 C 262

geometry of the optimal design, taking into account the physical nonlinearity. The
specified cases of changing the geometry are shown in the Table6. It can be seen
from the table that in all these cases the linear design has its technology constraints
active in the side bars, and the nonlinear one has them active in the central bar. At
the same time, in the linear case, the stress constraint is active only in the central
bar, but in the nonlinear case it is active in the central bar in 4 cases (are abnormal
projects in which the fully stressed element is simultaneously prone to degeneration)
and in 7 cases it is active in the side bars. Qualitatively, the same results were obtained
for finite deformations (in the table a comma-separated value of the mass relates to
the corresponding geometrically nonlinear design, if it differs from the geometrically
linear case). Thus, the physical nonlinearity has a greater impact on the change in the

Table 6. Optimal designs with a modified geometry after taking into account the physical nonlinearity

Optimal design

Materials Linear-elastic Plastic

(small and finite def.) (small, finite def.)
BrO10-SCh35 C (422 g) S (424 g)
BrO10-30HGSA C (419 g) S (177 g, 175 g)
BrO10-D16 C (413 g) S (187 g, 185 g)
BrO10-ML5 C (412 g) S (231 g, 229 g)
BrO10-VT6 C (415 g) S (91 g, 90 g)
ML5-VT6 C (122 g) S (87 g, 86 g)
L75-SCh35 C' (246 g) S (427 g, 426 g)
L75-30HGSA C (243 g) S (151 g, 149 g)
L75-D16 C (237 g) S (141 g, 139 g)
L75-ML5 C (236 g) S (232 g, 231 g)
L75-VT6 C (239 g) S (90 g, 89 g)
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configuration of the optimal design than the geometric one.

The existence of unusual designs having the fully stressed element, which is prone to
degeneration, can be explained by the fact that the other (underloaded) element made
of material with large allowable stress. And, despite its underload, the last element has
the stress level higher than that in the fully stressed one; i.e., this effect is due to the
use of different materials in the one structure.

7. Conclusion

In spite of its simplicity, the problem of optimal design of a three-bar truss can
exhibit quite interesting effects when geometric and physical nonlinearities are taken
into account. In general, the geometric nonlinearity affects the changes in the optimal
design appreciably weaker than the physical one. This is the most evident especially
in calculations performed on the basis of a linearly elastic material model. In this
structure, geometrically nonlinear effects can appear more significant while using
rubberlike materials which allow to achieve large deformations within the limits of
their strength.
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Hernangkme BapmalimoHHble 3a1a4u
C IMOABUKHON I'paHUIlEil C TOUYKUN 3pEeHnA
0000IIIEHHOT0 MeToJIa MHOXKHUTeJiell Jlarpanxka

E. M. Ky3bpmenko, C. 1. CMmupHoBa

Kpwivmckuit denepanbuniit yausepcuter uMm. B. V. Bepuajckoro,
Cumepornions 295007, E-mail: kuzmenko.e.m@mail.ru, si_ smirnova@mail.ru

Amnnoranusi. Meron muoXKuTeselt Jlarpan:ka o6o0Imaercss Ha ciiydail yCJIOBHOIO SKCTpeMyMa, cy6-
I8 IKOro (DYHKIMOHAJA TIPU CyOIVIaIKOM YCJIOBUM CBsi3u. Har mojxoji OCHOBaH Ha HEJIABHO IIPE/-
soxkenHoit B paborax I1.B. Oprosa cybriaakoit ¢hopme Teopem 06 0bpaTHO# U HesBHOU (DYHKINH, a
TaKzKe Ha OIEPATOPHOI 6a3e ITUX Pe3yaIbTaToB, M3JI0kKeHHo# B paborax 1.B. Opsosa u C.U. Cyup-
HOBOM.

VoMsiHy ThIe PE3YJIbTATHI ITO3BOJINJIN PACIIPOCTPAHUTD METOJI, MHOXKUTe el JlarparKa Ha cirydail
HETJIAJIKOT'O YCJIOBHOTO 9KCTPEMYMa, UTO COCTABIIAET COJIEPKAHME II€PBOi JacTu pabOTHI.

Bropast gacTb paboOThI MOCBSAINEHA HETJIAJIKAM BAPUAIMOHHBIM (DYHKIIMOHAJIAM U OMUPAETCA Ha
TEOPUIO CHIBHBIX Ccybauddepenmonanos, paccMoTpennyio B paborax U.B. OpJoBa, a Takke Ha Me-
TOJBI UCCJIEIOBAHUS HErJIAJKIX BAPUAIMOHHBIX (DYHKIIMOHAJIOB, ONMUCAHHBIE B COBMECTHOM YYeHOHOM
nocobun M.B. Opioa, @.C. Crouskuna u C.J. CmupHOBOi. 37eCh mOJIyueHO 0O00IIEHHOE YCIOBUE
TPAHCBEPCAJIBHOCTH, KOTOPOE YK€ PAaCCMaTPHBAJIOCh HAMH paHee B 0Ojiee YaCTHOM CJIydae, a TaKiKe
[IPUBEJIEHBI TIPUMEPBI €r0 TPUMEHEHU .

B uacraOCTH, B KayecTBe mpocTeiiiiero npuMepa OTMEYEH “KBA3WKJIACCHYECKU CiIydail, Korma
IJIaJIKO€E YCJIOBHE HA MOJIBUYKHYIO IPAHUILY KOMOMHUPYETCS C HETVIAIKUM HHTETPAHTOM BAPUAIIMOHHOTO
bYHKITTOHAIA.

KuaroueBbie ciioBa: HeraJKue BapUAIMOHHDBIE 331a9H, MMOABUXKHAS T'PAHUIEA, CUIbHBIE cyomudde-

peHInAIBI, MeTO, MHOKHTE el Jlarpamxka.

Nonsmooth variational problems with a moving
boundary via generalized Lagrange multipliers
method

E. M. Kuzmenko, S.I. Smirnova
V.I. Vernadsky Crimean Federal University, Simferopol 295007.

Abstract. The Lagrange multiplier method is generalized to the case of a conditional extremum
of the sub-smooth functional with a sub-smooth constraint condition. Our approach is based on
the recently proposed in the works by I.V. Orlov a sub-smooth form of the inverse and implicit
functions, as well as on the operator base of these results, described in the works by 1.V. Orlov and
S.I. Smirnova. The above results made it possible to extend the Lagrange multiplier method to the
case of a nonsmooth conditional extremum, which is the content of the first part of the paper. The
second part of the paper is devoted to nonsmooth variational functionals and is based on the theory of
strong subdifferentiable functionals, considered in the works by I.V. Orlov, and also on the methods
of investigating the nonsmooth variational functionals described in the joint textbook by I.V. Orlov,
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F.S. Stonyakin and S.I. Smirnova. Here we obtain the generalized transversality condition, which we
have already considered earlier in a more particular case, as well as the examples of its application.
In particular, the “quasiclassical” case is noted as the simplest example, when a smooth condition on
a moving boundary is combined with a nonsmooth integrand of the variational functional.
Keywords: nonsmooth variational problems, moving boundary, strong subdifferentionals, Lagrange
multiplier method.

MSC 2010: 47H04, 54C65, 46B22, 49N45, 47N10
BBenenue

Hamr nmosixo/; ocHOBaH Ha HeJABHO TIPEJIOKEHHON B pabore [6] cybriajkoii dbop-
Me TeopeM 00 00paTHOIl M HesBHOI (PYHKINHU, a TaKzKe Ha OIEepaTOPHOIl Oase 3THX
pesy/bTaToB, u3soxenuoi B [10]-13].

yHOIVI?IHyTbIe PeE3yJIbTaThbl IMO3BOJIMJIM  PACIPOCTPaHUTL METO/ MHOXKUTe1ei
Jlarpamzka Ha ciydaii HEIVIaIKOrO yCJIOBHOTO SKCTPEMYMa, 9TO COCTABIISCT CONEPrKAHIE
[IepBOil YacTu PabOTHI.

Bropas wacTh paboThI MOCBAIIEHa HEIVIAJAKAM BapUAIMOHHBIM (DYHKIIOHAIAM U
OIMpAETCs Ha TEOPHIO CUIBHBIX cybnuddepennnonanos, pacemorpennyio B [5], [7], [9],
a TaK2Ke Ha MEeTOJbI UCCJICA0BaHN A HETVIQJIKNX BapUalllOHHbBIX beHKLH/IOHa.HOB, OITnCaH-
usle B 1], [7]. 3aecs momydeno 06001eHHOE YCIOBHE TPAHCBEPCAILHOCTH, KOTOPOE Y2Ke
paccMaTpuBasIoch HaMU paHee B 6ojiee 9acTHBIX ciydasix [2]-[4], a Takke mpuBejeHbI
[PUMEPHI €r0 IPUMEHEHUS.

1. IIpuyoxkenne Teopembl InHaN 0 HeABHOI (PYHKIIMN K METO/TY
MHOXKkUTeseil Jlarpamka B cybryiagkoMm ciryvae

Berony nanee, X, Y u Z — BeriecrBernbie 6aHAXOBbI IpocTpancTia, Y = 7 Ulx,y)
SIBJISIETCSI OKPECTHOCTBIO HEKOTOpOoit Touku (z,y) € X X Y, orobpaxenuss F : X X
Y D U(r,y) > RuG: X xY D U(z,y) - Z uz xnacca Cl, a cy6-oneparop

ub?

G ;
— (x,y) cyb-obparnm. PacemorpuM 3ajady Ha YCIOBHBIH 9KCTPEMYM
sub

Ay
F—extr, G=0.

[Tpumenss kraccudeckuii meroy Jlarpamxka-JIocrepauka (cM., Harnpumep, [8]), BBe-
JIeM BCIOMOTaTeIbHOEe 0TOOparKeHne BUIa

d=F+\G) (AeZv),

KOTOpOE JIOCTUTAeT SKCTpeMyMa B Touke (z,y) Bmecre ¢ F. Ilpumenenne 0600IeHHOM
aemmMbl Pepma (em. [5]) k @ mpuBOANT K crCTeMe BKIIIOUCHHIL:

(B o) e

< (3).e0 2 () o)
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Hanee, corsacuo pesynbratam [10], kaxzprii cy6quddepeniman B cucreme (1) MOK-
HO 3aMEHUTDH CHCTEMON 6asucHBIX cenekTopos (A — Ay, = {A°}, o). Torma sropoe
BKJIIOUeHNE B (1) MOYXKHO BBIPA3UTh B BUJIE TOUHOIO PABEHCTBA!

e (]

NI HEKOTOporo s € S, rie <8—F)S(:E ) € <8—F) (z,y) n <8—G)8($ ) €
Y ay 7y ay SUb Jy 8y Jy

oG
— x,y). U3 (2) ciremyer
(ay)wb< -1 @) cres

(Y b () ] (2 e (29 e

Haxkowuer, nojcrasisist (3) B mepBoe BK/oUeHue u3 (1), MbI IPUXOMM K BKJIIOUCHIIO

Cdopmynupyem MoJIydIeHHBIN PE3yJIbTAT.

Teopema. [lycmov, npu SHUEYNOMAHYMBIT YCAOBUAT, PyHKyuonas F docmueaem 6
(x,y) yeaosrozo sxempemyma. Tozda pynxyua Jlazparnoca ® = F + A\(G) ydosaemeo-
paem 6 (,y) neobrodumomy ycaosuro sxcmpemyma 0 € Ogpy®(x,y), KoOmopoe mostcro
npedcmasumsv 6 eude (4).

Bamernm, uto B cKajagpHoM ciaydae (Y = Z = R, A € R) Briouenue (4) mo-
JKeT OBITh JIETKO BBIPAsKEHO Yepe3 BepXHUe W HUYKHUe [POU3BOJIHbIE (B COKPAIEHHOM
dbopme):

OF/0x OF/0y

9G]0z 9G /oy || (5)

Y

0 ¢ OF/0x OF/0y
0G0z 0G/dy

2. IIpuoxxeHne K 06000MIEHHOMY YCJOBUIO TPAHCBEPCAJIBHOCTH

PaccemorpuM BapralinoHHYI0 3a/1a49y C TOABUKHBIMU TPAHUTIAMHE B CJIeIyIONel ¢pop-
Me:

1
F(zy,y) = [ f(z,y,y') dz — extr;
2 / ) (6)
Gany) = [ g(z,y.y) d; (f,9 € Co)-
xo
Cuiestyer orMeTuTh, uTo cay4dait g(z,y,y') = ¢'(x) —y' upu f,g € C' npusomur x
KJIACCHYIECKOMY YCJIOBHIO TpaHCBepcasibHocTh (cM. [8]). Bremem dynkmmio Jlarpamxa,
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COOTBETCTBYIOMIYIO 3aja4e (6), caemytomum obpasom: & = F— -G (A € R). s npo-

0P
CTOTBI, BMECTO OIICHKHN (5) 6y,ZLeM HEIIOCPEJACTBECHHO HCIOJIB30BaTh OICHKY (—
sub

Jdy

B CJIydae HEHOJBIKHOI rpanumst (cM. [5]). Szecn (6_) MOZKHO BBIYHC/IUTH HEIO-
x

sub
CpeJICTBEHHO. TaKI/IM 06pa30M, OTCIO/la CJIeAyEeT

ve (g_i)) sub (xhy) - g_i)(xlay> = [f(ml,y,y') - Ag(‘rb%y/)] (f /\g)|r =z’

0¢e (2—?)%1) (z1,9)-h C rflé(f —Ag)(@.y. ) dos [ T(f = Ag)(a.y.y) dﬁ”] :

xo o

(7)

3tech Mbl 0003HaYaeM depe3 L u L, COOTBETCTBEHHO, HVKHUIT 1 BEePXHUI JlarpaH-
xkuaubl GyHkun (f — A\g):

Lf=2) = o= = 5 |22 =)

L =)= =2~ 5 | =)

!

Hanee, paBerctso B (7) Beger K A = =

v, - BKIIOUeHHE B (7) MOKHO IPHBECTH K
CJIEJTYIOIIUM JIBYM CJTyYasiM.

a) [lonaras h(zg) = h(z1) = 0 u cireayst 0OBIMHBIM IPEOOPAZOBAHIAM, MBI OJTy 9a€M
TaK HasblBaeMoe ekatouenue Jiaepa—/lazpanorca nis (f — Ag) (em. [5]):

€ [L(f = Ag); L(f — Ag)] (z,4,9). (8)

Hasosem Bkiiouenue (8) coemecmmuvim exatovenuem Staepa-Jlazpanoica nas 3a1a-
T (6).

0) Iomaras h(zg) = 0 mpu IPOU3BOJILHOM 3HaMeHUN h(x) u JoKausys h(z) BO/IU3H
21, MOJIyIUM OIEHKY

(- Ag>] (&9.9). )

B koHedHOM cueTe, MOJCTaB/IsId BuIYUCIeHHOe Bhime A B (8) u (9), Mbl HpuBOAUM
HEeOoOXOJIMMOe YCJIOBUE SKCTpeMyMa Jiyist 3aja4un (6) K cucreme

€ [L(g|$1 f f’m ’ ) _<g|11 f - f|w1 'ﬂ(ﬂf;y,y');
0 0
|:g’ f| ay/’ |x1 ’ a:gjc/ - f‘:vl ) 6_,5/:| (x7y)y,)‘

Baecy mepsoe Briodenwe B (10) sBAfETCH COBMECTHBIM BKJIIOUCHHEM Oiliepa-
Jlarpamxa /iyt cucremsl (6), a Bropoe Briiouenne B (10) siBiisercst 0600IEHHBIM BKJIIIO-
YeHueM TPaHCBepCaIbHOCTH JIJId JAHHOI 3a1a4u.

(10)
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B KauecTBe pocTefIero npuMepa pacCMOTPUM B 3aKJIIOUEHNE KBA3UKIACCHIECKUit
ciIydaii y‘zl = p(z1). 3aecs g(z,y,y') = ¢'(x) —y' u cucrema (10) npuHIMaeT BHT

0e [LU):LN] (x,y,9);

;o of of
0e (¢ -y, - {8_y’;8_y’

} (z,y,9') = fl,,- (1)

/ / af
Pazymeercst, oObIvaHOE yeoBue TpaHCBepCcaJIbHOCTH f |I1 = (¢ —vy )|I1 - —— 1 ODBITHOE

Jy
ypasnenne Diinepa-Jlarpanxa L(f)(z,y,y’) ciexyior usz (11) npu f € CL.

3. O6o00I1TIEeHHOE yC/I0BUE TPAaHCBEPCAJHLHOCTH
B CJIyYae MOJIYJISIHUU IJI1aJKOT0 MHTErPAHTA

PaccmoTpuMm 3a1a9y ¢ MOABUKHON TPAHUIE CJIEIYIONETO BUIA:
Bony) = [ p)ldesextr g, = plo) (FeClpec . (12
zo

1) B cyuae HenoaBuKHO# TPAHUIIBI BOIIPOC O BKJIOUeHNN Ditiepa-J/larpanxka jis
dyukmonana ¢ 6b11 uceaenosan B [5]. Tak kak B coryuae (12) narpamxuan L(g) = 0,
TO COBMeCTHOe ycjioBue Ditepa-Jlarpamxa jyist 3agaqn (12) cBOIUTCSA K yCIOBHIO:

0 LAARTID & | g KO A0 (13)

2) [asee, TIOCKOJIBKY

Ji
UDAY B A A
( )sub_ éqf

oy’ . — 0
Y [_171] '8_y,a npu f_Oa
TO 006001IIeHHOE yCI0BIe TpaHCBepcaabHocTh (11) mpuBoauTCS K BUIY:
. 8f
mibo f|, = (¢' =), -stenf-Z% (f#0);
5yf (14)
B305(0]0) f‘wl € [—1;1] ’(Sol—y/)‘m 8y (f:O).

O6beaunssi(13)—(14), TpUXOAUM B UTOTE K yCTIOBUSIM:

wn=o
MO S = @ v, s 5 (6], £ 0 (15)
b0 f‘m =
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3) PaccmoTpum B 3aK/IIOU€HNE KOHKPETHBIN KJIaCC TIPUMEPOB:

x1
(I)(a:hy) - f ’ylz - y2| dx — extr (’y(O) = O))
0

(16)
y\xl = p(z1) (peCh).

a) Kak mokazano B [5], Bkiouenue Diisiepa-Jlarpanka B JaAHHOM CJIydae MIPUHIMAET
BUJT a7bTepHATUBEL: /11160 ¢’ +y = 0; 6o ¢y £y = 0|. B yacrHOCTH, TAHHBIM YCIOBUSM
YAOBJIETBOPSET IJIaKast SKCTpEMaJsib BUIA

sin x, 0<z<7m/4
y:{ / (17)

%ex_”/“, /4 <z <m;

Ha KOTOPOii, B CJIydae HEMOJBUXKHON I'DAHUIIbI X1, PEAJU3YETCs CTPOrMid MUHUMYM
dyuknuonasna P.
6) I[Ipumensis K sxcrpemasnnu (17) yciaosue y’ml = p(x1), mveem:

B sin 1, 0 <z <m/4;
pla) = { \%e“_”/‘l, /4 < z1 < 0. (18)

COCTZLBI/IM7 HaKOHEI, YCJIOBHE€ TPpaHCBEPCAJIbHOCTU. Nmeem:

f‘ B { cos2xy, 0<ux <m/4;

0, /4 <z < o0
( o /)‘ o — COS Ty, 0§£E1§7T/4;
7Y e T \%eml_”/‘l —cos2x;, /4 <z < oo
af 2cosz, 0<xz<m/4;
(8_) =9 02, e=w/4
Y/ sub 0, /4 <z < oo.

[Toncrapmnss naiienunle 3uadenns B (15), momydaem:

z, =7/4+nm (neN).

SakJroyeHue

Taxum obpazom, onmcannag B paboTe METOIUKA IMO3BOJISIET MCC/Ie0BATh Ha 0000-
IMEHHYIO TPaHCBEPCAJIbHOCTH MHUPOKHUE KJIACChl BapUallXOHHBIX (byHKL[I/IOHa.HOB C IIO-
JIBUZKHO¥ I'DAHUIEiH, KOTOPbIE HE JIOMYCKAIOT MPUMEHEHHs KJIACCUIeCKIX METOOB.
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3aras3IbIBaHue B PEeryadiiuy MOy IAIIMOHHOI

JANHaMNKN — MOJAEJIb KJIETOYHOI'O aBTOMaTa1

A. HO. IlepeBaproxa

Cankr-Ilerepbyprekuit nacTUTYT HHPOPMATUKE U aBToMaTu3anuun PAH
CamnkTt-Iletepbypr 199178. E-mail: temp _ elf@mail.ru

Annoranusi. O6cyKaaercss MeTOJ, MaTeMaTH4eCcKol (PopMaju3alui 3alla3IbIBAIOIIEN peryJsissiun
OMOJIOTUYIECKUX TIPOIECCOB, B TOM YHUCJIE MPEJJIO?KEHHAsT HAMU MojuduKanmsa JauddepeHImaIbHOro
yPaBHEHUS JJIsi KPUTUYECKOTO BAPUAHTA PA3BUTHUs HOMYIANUOHHBIX (uykryanuit. Vcnosb3osanue
HOIYJISIIUOHHBIX MOJEJIeil ¢ OTKJIOHsIommMcs aprymeaToM & = rv(z) f(x(t — 7)) B HEKOTOPBIX CJryda-
X IPOTHUBOPEUNT JaHHBIM KCIEPUMEHTAJbHBIX HaO/rogennii. PaccMoTpena mpobiema CyIHOCTHOR
MHTePIPeTalui BeJIMUYUHBI 7 B KOHTEKCTE IIPUYUH €€ MosBjaeHus. st 1eMOHCTpAlK 3BOJIIOINN CHU-
Tyaluyu ¢ KOMILIEKCOM PEAJUCTUYHBIX (DAKTOPOB BPEMEHHOIO IOCIEAEHCTBUS IIPEJJIOXKEH aJlOPUTM
KJIETOYHOI'O aBTOMATa C TPOUYHBIM COCTOSIHUEM KJIETOK. YCJIOBUsI TPAHC(OPMAIMU COCTOSIHUSI KJIe-
TOK IOKa3bIBAIOT, YTO B ropas3jio OojbIineil creneru (opmain3yeMoe B ypaBHEHUSX XaTIUHCOHA, U
«blowfly’s equation» 3ama3apiBamne OTHOCUTCS K JUHAMEUKE B3aMMOIEHCTBHUS BUIa W IIOIICPIKUBa-
IOIIE yCIOBUS YKU3HU Cpedbl. B3auMomeicTBiue He MOXKET OTParKaTbCs KOHCTAHTHBIM IIapaMETPOM.
eiicTBrue 3ana3/bIBaHUs BECbMAa [IOBEPXHOCTHO MOYKHO OTOXKJIECTBJIATH C XapaKTEPUCTUKAMU HEIO-
CpeJICTBEHHO OroJiorndeckoro Bujia. JInddy3noHHy0 COCTABIIAONIYIO B HEJIOKAJIBHBIX MOIUMDUKAIIAAX
yPaBHEHUH JIOTUYHEE OTPAYKATH 3ABUCUMOI OT BPEMEHU PEAKIUH BEJTUIUHOM.

KiaroueBnle ciioBa: YpaBHEHU C 3alla3/IbIBaHNEM, KPDUTUYIECKHNE CIICHApUN HOHyﬂHHHOHHOﬁ JAMHaMM-

K1, MEXaHU3MbI PDEryJIdiuu, KJIETOYHBINT aBTOMAT.

Delay in the regulation of population dynamics —
cellular automaton model

A.Yu. Perevaryukha
St. Petersburg Institute for Informatics and Automation of the Russian Academy of
Sciences, St. Petersburg 199178 .

Abstract. The article discusses the technique of mathematical formalization delayed regulation of
biological processes. The modification of the differential equation proposed by us earlier for a specific
variant of development of the population process is compared with analogues. The use of population
models with deviating argument @ = rv(x) f (z(t—7)) in some cases, contradictory to the experimental
results. The problem of the intrinsic interpretation of the value 7 in the context of the causes of its
appearance is considered. To demonstrate the evolution of the situation with a complex of realistic
factors of temporary aftereffect, an algorithm for a cellular automaton with a ternary cell state is
proposed. The cell state transformation algorithm shows that, to a much greater degree, the delay
formalized in the Hutchinson equations and “blowfly’s equation” refers to the interaction dynamics of
the species and the supporting environment of the medium, which can not be expressed by a constant
parameter. The action of delay in a very abstract sense can be identified with a directly characteristic
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of a biological species. The diffusion component in the modifications of these equations is more logically
to represent by the time-dependent response of the systems.

Keywords: delay equations, critical scenarios of population dynamics, regulation mechanism, cellular
automaton.

MSC 2010: 34A09, 65L07

1. BBenenue

B ncropuyecku nepBoit Moj1e/11 SKCIIOHEHIINAIBHOTO POCTa YUCJIEHHOCTH TTOIYJIATIIT
N(t) = N(0)e" nist onmcanusi M3MEHEHUiT COCTOSIHUST MAJION TIOIYJISAIUI He TIPEIIo-
Jlarajiach OTJie/IbHAA (popMasn3arus JIeHCTBYIONINX MEXaHU3MOB PEryJIdniu B (HOyHK-
IIMOHAJIBHON (bOopMe, TOJTBKO Ha YPOBHE KOPPEKTUPOBKN 0A30BOI0 3HAYEHUS PENPOITYK-
THUBHOTO mapamerpa 7. [lapaMeTp r — penpoyKTUBHBII MOTeHINAT (OH YKe «MAJbTY-
3MAHCKUI apaMeTps ) OObsICHSJICS KaK Pa3HUIA MEXK/[y MIHOBEHHOI POXKJIAEMOCTDb U
cMmeprHOCTBIO: 7 = « — [3. [lonarasnocs anpuopu r > (0 HezaBucuMO OT t. YpaBHEHHE
N = N, 9KCIOHEHIHAILHOIO POCTA JABHO HE PACCMATPHBACTCA BCEPBE3, YIOMUHACT-
csl KaK Kypbé3 U3 MCTOPUU MaTeMaTHIeCKOi Ouosioruu [3|, XoTs 0OUeBHIHO U3 MHOIHX
[IPUMEPOB MHBA3UN YY2KEPOJIHBIX BHJIOB, UTO CBONCTBA PENPOJLYKTHUBHON aKTUBHOCTHU
[IPOCTO HE MOTYT cOXpaHATbcsd Vi. B masnbHelinieM pa3BUBaJIMCh JIBYXBHUIOBbIE MOJIETIN
B3aumoyieiicteus. OHON U3 MPOOJIEM CTAJIO MOATBEPKJICHUE Ha IIPAKTUKE HADJIIOJE-
HU WK B 9KCIIEPUMEHTAX CYIIECTBOBAHUS 3aMKHYTBIX UKJIUIECCKUX TPACKTOPUI JIs
YUCJIEHHOCTH MPOTHUBOOOPCTBYIONIUX TOIY/IAINN, KOTOPhIE TPEJICKA3bIBACT N3BECTHAS
Mojtesib Bosbreppa. OKazaioch, 9T0 YpOXKailHOCTh MMOKOJEHUH KaHaJICKUX 3ailleB u3
XPECTOMATHITHOIO IIpuMepa KoJiebsieTcs cama 1o cebe n Jlazke BHe apeaJa poiceit. Ko-
JebaHus JIBYX BUJIOB HoJyums B 3KcrepuMmentax C. VTuia i JIpyroro Tumna OHo-
JIOTUYIECKOTO B3aMMOJICHCTBUS «IIAPA3UT-XO3AWH», HO ITU (PJIYKTYaIluu KYKa U OCBHI
Jlayke MPUOJIM3UTETHHO He TOXOAUIN Ha OpOUTANIBLHO YyCTOWYUBBINA TUKII. g oObsc-
HEHUs TTPOTUBOPEYNI BOZHUKJIIA MUIIOTE3a, ITO 3P@PEKT caMoperyssinn JeficTByeT He
OT TEKYIIEro COCTOSHMS, HO OT CYIIECTBOBABIIEIO B IPOILJIOM U IPOSBJIAETCH HYepe3
HEKOTOpOe BpeMsi. Takas rumoresa Mmojxo/In/ia Jjis UMEBIIErocss MaTeMaTUuIeCcKoro all-
naparta u3 00/1acTH MOJIeJIUpOBaHUs yupyrux jgedopmaruii —— auddepennmaibHbIx
yPaBHEHUI ¢ OTKJIOHSIONUMCS apTyMEeHTOM.

2. @opmasmn3anus 3ana3abIBAIOINE peryasainun

B psage mabmonennit u 1abopaTOPHBIX SKCIEPUMEHTOB HOATBEPAMIOCh [16], wTo
dbaryKTyanum 9ucIeHHOCTH MOTYT BOSHUKATDH Y W30JIMPOBAHHBIX MOIYJIsIInil (He UCIIbI-
TBIBAIOIIEH MEKBHI0BOrO Tpodutdeckoro B3anMmoeiicrsus). ng dopmanmsanun mo-
SIBJIEHUS TIOIYJIATIMOHHBIX KOJIEOaHUI OHOBHJIOBOI caMOperynpyeMoil cucTeMbl XaT-
IUHCOHOM |14] IpeIoKEeHO JIOTUCTHIECKOe YPABHEHHE € 3alla3/IbIBAHNCM:

dN N(t—71)
%:TN(t) 1—T (1)
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rie K — moepKuBaoolas eMKOCTb Cpejbl obutanus. llpm yBenndeHun Bendn-
HBI 3ala3/ibIBaHusl T (UM PENpPOyKTUBHON r—XapaKTePUCTHKH) peajusyercs: 6udyp-
kanus Anjgponosa-Xomda [1]. Hame Bcero mnosiieHune 3ala3iblBaAHUSA CBA3BIBAIH C
HPOJIO/IZKUTETLHOCTBIO M 3TAITHOCTHIO (POPMUPOBAHUS B3POCJ/IBIX 1TOJIOBO3PEJIBIX Opra-
Hu3MoB. [Ipu 3amazapiBannm HEMHOTO OOJIBIIIEM KPUTHYIECKOTO 3HAYEHUsT BOZHUKIUI
UK OBICTPO MPUOOPeTaeT PEeIaKCAIMOHHYI0 (DOPMY € OU€Hb HU3KUMHU U MPOJIOJIZKHU-
TeJIbHBIMI MUHUMyMaMu. /s yurydimnenns XapaKTepUCTUK IUKJIa MOJIeN KoJiebaHuit
[PEJJIOKEHO 3HAYUTEIbHOE KOJIMIecTBO Mojaudukanuii ypasuenus (1) (manbosiee us-
BectHO «food-limited equation» [10], [11]), B ToM wUmcie ¢ mEpHOAMYIECKN BO3MYIIA-
embiMu KO3 dunuentamu B [12]. DKceTpaopauHApHOE YCIOKHEHHE TOBOPUT O TOM,
YTO METO/MKA COIJIACOBAHUSI MOJIe/Iell U JIaHHBIX HaO/I0eHuil 3amia B Tynuk. Mox-
HO BKJTIOYHTH HETOCPEJICTBEHHO B moKaszatenb crenenn N(t) = N(0)e™® dbynkimmo
f(z): flx+ Z) = f(x),max f(x) > 0,min f(z) < 0 nosyuus Koiebanus 6e3 BCIKOro
N(t — 7), HO BO3HMKHET HEPA3PEIIUMBIN BOIIPOC, OTKY/A B 9KOJOIMIECKUX (haKTOpax
(OIepHUPYIOMUX pPAIMOHATBHBIMU THCJIAMHI) MOTYT BO3HHKHYTH TPUTOHOMETPHYIECKOMN
dOpMBI 3aBUCHMOCTH. . .7

B skcnepumenTax aBcTpasiniickoro saromosiora Hukosbcona ¢ srabopaTopHoii 1mo-
MyJIsiieil MyXu BO3HHUKAJIHM CJIOXKHBIE (DIYKTyaruil MOKOJEHW W ITPOUCXO/IAIA CMe-
HBI PEXKMMOB TTOBEJIEHUS] TIPW W3MEHEHNN KOJUIECTBa W PEryJIsIPHOCTU TIOCTYILJIEHUST B
AMUKA ¢ MyXaMU KOPMa, [0 COBPEMEHHOMY aHAJIN3y y KOJIeOaHWl BBIJIEISIOTCS JIBE
gacToTHble cocTasisomue [5]. OHako, KOJIMIeCcTBO KOpMa He ABJIeTCs OudypKay-
OHHBIM NapamerpoM yisi ypaBaenusi (1). JocrymHoctu nmraresbHbix BemecTs B (1)
CKOpee COOTBETCTBYET MacIITabUpPYIOIlas aMILINTY Ly KoJjieOaHuii Bejnduna K, 0TOXK-
JIECTBJIsIEMAasl Jalle C MPEeJIesIOM «IKOJOTUYIECKOH HUIy. B cpeHeM 10/ IOBUTOCTD U
BpeMs ITPOXOXKJIEHNS CTa/INil OHTOreHe3a 0co0eil MOYKHO CUMTATh IMOCTOSTHHBIMU Ha, ITe-
puoj Habmoennit. O4eBUIHO, B 9KCIIEPUMEHTE MOXKHO OBLJI0O UMUTHPOBATH IT€PEMEHbI
CKOPOCTH BOCCTaHOBJIEHUS pecypcoB. HemocTtaTok nmuranus BiauseT Ha CMEPTHOCTD JIU-
YMHOK, HO JaHHAs BeJIMINHA He 000cob/ieHa B MOIN(UKAIINAX YpaBHEHIA XaTIMHCOHA.

st tydinero coryiacoBaHus SKCIEPUMEHTOB TPEOOBAJICS HEIOCPEICTBEHHBIN yUeT
MI'HOBEHHOIi yObLIM OT TEKYIIEil YMCIeHHOCTH [ (JIOMOTHUTEIbHBIH 6UudypKaInOHHbIIT
apaMeTp) OJHOBPEMEHHO C TI0J[aBIeHIeM KOHKYPEHIHell Pernpo/[yKTHBHOIO TOTEHIa-
J1a. BBLIo 1Ipe/iy102KeHo MPUHITUITHAIBLHO JPYToe YPaBHEHNE C 3ala3/bIBAHUEM, U3BECT-
Hoe Kak « Nicholson’s blowflies equation» [4] ¢ orseuatomieit 3a camoperysisiiuio 3bdex-
TUBHOCTH BOCIPOU3BOJICTBA IKCIOHEHIMAIbHOI HesmneitnocTwio (Y, 7y, 8 = const > 0):

N YN = 1) N Z N (), @)
dt

rJe 7 I0JIarajoch BpeMeHEeM, HeOOXOJUMBIM LI BLIXOJA WX SK3YBUA B3POCTIOU My-
XM, & BeJIndnHa 1/ XapaKTepu3yeT COCTOsSHIE HOIYIAIIN ¢ MAKCUMAJIbHO M HEKTHB-
HBIM Boctipon3BojicTBoM [13|. C moBemenneM MOJIeIN MSACHBIX MYX CBSI38HO HECKOJIBKO
OTKPBITBIX 11pobsiem [4]. TIpu GosbImux 7 peleHne NOKa3bIBAET CJIOKHBIE KOJeOAHs
(rpacduk 2 Ha puc. 1, 7 = 15,5 = 0.3). [Ipu menbIiem 3anas3abBanuu u Majbix [ < 1
JIEMOHCTPHUPYET 3aTyXaIuX ociuusaiun (Kpusast 2 va puc. 1: 7 = 8, f = 0.015) —
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cueHapHﬁ MATKOI'O 3aBEpHICHUA MHBASMOHHOI'O IIPOIECCa TYy2KE€POJIHOI'O BUda C €JIUH-
CTBEHHBIM ITMKOM, HE OTHOCAIIET'OCA K 9KCTPEMaJIbHOMY PAa3BUTHUIO BCIIBLIIIKH. K TaKOMY
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Puc. 1. PesakcaryoHHBIN UK 1 3aTYXAMONME OCIILIATIIT B (2).

CIIEHAPHUIO OTHOCHUTCS, HAIIpUMED, HHBa3us rpebuesuka Mnemiopsis leidy: B Yeproe Mo-
pe (puc. 2 u3 [15]), HO qUHAMEUKA €rO YUCIEHHOCTH 1ocie Beesenns B Kacnuiickoe Mope
B U3BECTHBIE MOJIEJIN HE YKJIAIbIBACTCs (MI0pobHee B CIIE/YIONIEil cTarbe). SHATUMOro
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Puc. 2. uBazus rpebueBuka Mnemiopsis leidyi B Uepmoe mope: 1 — aAuHaMUKa IUCJIEHHOCTH TpebHe-

BHUKA; 2 — 00ObEMBI BBLJIOBA AHIOYCA.

3alla3JblBaHud B PE3KOM IIaJI€HUN YJIOBOB aHI0yCa U UX BOCCTaAHOBJICHUU IIPpU HapacCTa-
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IOINell MHBA3UM IpeOHEBUKa Ha I'paduKe He MPOCIeKUBACTCA. XapaKTepucTuka v < 1
[O-BUIMMOMY ObljIa 3aMMCTBOBaHA M3 MU3BECTHON JTUCKPETHOW MOJIEN pacdeTa MOMoJI-
HEHUs 3a1acoB MomyJssdiuii peid Pukepa mocse ceona nepecra:

Nn+1 = TNnei’YNn - QN’H7 (3)

rie 0 < () < 1 — J10/19 IPOMBIC/IOBOTO u3baTud. TyT mapamerp T > 1 HECKOJIBKO
OTJIMYAETCS 110 TPaKTOBKe OT 7 13 (1), 1 BhIpakaeT MAaKCHMAJIbHO BO3MOKHYTO 3(dek-
THBHOCTDL TTonoaHenns upu e M — 1. Jlna (3) peamusyercs cleHapuii XaOTH3aIuH
M. @eiirenbayma [7] 4epes Kackajl yjBoeHuii nepuoja 1muKaa p = 2° npu Bospacra-
aun Y (wim cokpamennn (). B urepanmonnoit Momesnn (3) Toxke MOXKHO YIUTHIBATH
3ala3/bIBaHNe, yKa3blBasd B BBIMUCACHUAX N, _p:

Npi1 = TNye ™Mt — QN,,

HO Takoe BKJOUYeHne N, | IPHUBEJIET K KAUeCTBEHHO JPYyruM Meramopdosam (has3oBo-
ro TOpTperTa: MOSIBJIEHNIO aJbTePHATUBHBIX IUKJIOB, KOTOPbIE CJI0XKHO MHTEPIIPETUPO-
BaTh Omosiorndecku. B coBpemennoit Teopun (hOpMUPOBAHUS ITOTIOJTHEHUST TPOMBICIIO-
BBIX 3aI1aCOB PBIO IPUMEHSIOTCSI HEIIPEPBIBHO-IUCKPETHBIE MOJIE/IA BBIZKUBAEMOCTH HA
unrepsajte t € [0, 7] [17]. CymecrByer MHEHEE O TOM, YTO JUCKPETHBIE MOJIEJIH JIyIIe
HEIPEPBIBHBIX Jist onucanus Guykryanuil. B wrepanuax z,11 = ¥(x,;a) byHKIWmit,
Y/JIOBJIETBOPSIONMINX KPUTEPHsAM TeopeMbl CHHTepa, eCTeCTBEHHBIM 00Pa30M BO3ZHUKAIOT
nepuoueckue Touku " (r;) = " P(x;) mocse nmorepu yCTORUUBOCTH CTAIMOHAPHOMN
touku P (zr*) = x* npu Y/(z*) = —1,a = a, u B jajpHeiinmx OudypKarysax yaBoe-
Hug Hepuoja npu a > a,p = 24,1 = 1...00. OgHaKo, IOMIMO IIepHOJIA, IUKITUECKIE
tpaektopun {1"(xy)} pasiIngaTcs TOPSIKOM 00X0/[a COCTABIISIONIMX UX TOUYEK.

Heobxoumo yrmoMsiHy Th, METOMKA MOJICIMPOBAHNST PACIIAPSAIACH C PACCMOTPEHNU-
eM JIMHAMUKHU [TPOCTPAHCTBEHHOIO pacIpe/iesieHus ocobeii — BK/IOYeHust auddy3um.
O6brano rnpe/nosaraiach Tak Hasbiaemas «Fickian diffusions, rie norok ocobeit mpo-
HOPITMOHAJIEH UX KOHIIEHTPAINN, UTO IIPUBOIUIIO K MOIM(UKAIINE YPABHEHUIT ¢ 100aB-
nenueM auddysnonHoro ciaaraemoro, st (1) HampuMep Tak:

ON(z,t) N(z,t—7) O?N(z,1)
Eram rN(x,t) (1 - e +D 92

riae D — nuddysuonnbiii koaddunuent [9]. OnHako y mMOoI0OHOTO MOAXO0/a UMEETCsT
IPUHIUIKAILHOE BO3paskKeHue — 3alas3iblBaHue W IpocTpaHcTBeHHas auddysua He
ABJIAIOTCA HE3aBUCUMBIME, TO €CTh 0COOM HE HAXOMJINChL N3HAYAJIbLHO BMECTE B HEKO-
TOPBIA MOMEHT B IIPOILLJIOM.

B npespiayeit padore [2] mbr Mmogudunuposaau (1) ciemyrommm obpazom:

ﬂ:T1N<1—M>(H_N(t_T))’ (5)

(4)

dt K

rJie JIOTOJIHUJIA KOHIIEIIINIO MTPeJIeTbHON IMOJ/IepKUBAIOIIEil eMKOCTH cpeibl K jieii-
CTBYIOIIUM Ha, BBIPAXKEHHOCTb PErYJISIIAH ITPEIIOPOIOBBIM YPOBHEM YHCIEHHOCTH H.
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B HOBO#1 MOjIe M pestakcalmoHHbIi UKJT TTocsie oudypkrarun AHapoHoBa-Xormda oka-
3bIBAETCS TIEPEXOIHBIM PEKUMOM cylecTBoBanud. [locemnyrormiee obpa3oBanue 1ces-
JIONIEPUOIUIECKON HEOIPAHUIECHHON TPAeKTOPUM TPAKTYeTCsl KaK KaTracTpodudecKas
HOTYJISAIIMOHHAS TUHAMEKA, ciieHapuit «mpobsembl Rapa Nui» 3arajgounoii rubesn -
puwmsaruu 0. [lacxu. Crienapuit ¢ pazpyiieHueM cpejibl XapaKTepeH JIjis OCTPOBHBIX
TIOIYJIATINI, KaK B CIydae MCUE3HOBEHHS ObICTPO Pa3MHOXKABIIUXCA CEBEPHBIX OJICHEH
BBINYIEHHBIX Ha ocTpoBe Bepunra B kKonre XIX B., mpu 04eHb HUBKOM CKOPOCTH BOCCTa~
HOBJIEHUsI KOPMOBO#1 6a3bl — Jimmmaiiauka (B 9Ko10ruu ropopar o P/ B—kosdduruenre,
OTHOIIIEHUH [POLYKTUBHOCTH K Oumomacce). [lomobuble Moudbukammum Mojgean mpe-
CTaBJIAIOT 3HAYUMOCTD JIJIA UCCJIEJIOBAHUS PEJIKIX CIIEHAPUEB TOMYIAIMOHHON JITHAMU-
KH, KOTOpble Mbl Ha3bIBaeM 3KCTPEMaJIbHBIMU, KaK HaIpUMED MaCIITaOHbIE BCIIBIIIKN
YUCJICHHOCTH BpeJIUTE e, 3aKaHIuBalonuecs aedosmaiueil JIeCHbIX MacCUBOB B CyO-
APKTUIECKUX PErHOHAaX.

Takum oOpasoM, CyIIeCTBYeT Mpob/eMa 9KOJOIHIEeCKOr0 MCTOJIKOBAHUS 3allas3/Ibl-
BaHUsA T, OIPEJICJICHUS CBA3M €0 BEJIMINHDBI C KAKONH-TO HEIIOCPEICTBEHHON MO IS~
OHHOI XapaKTepPUCTUKON My cBoiicTBaMu ycjoBuili obutanus. MoxKHO Ha3BaTb MHO-
ro cJiydaeB, KOTJla BPEMEHHbIE MAacCIITabbl 00CYKIAEMbIX KPUTHICCKUX ABJICHUN JTaKe
npubIM3UTEILHO HEe coBNaIaoT B uaTepBasoM ¢t € [0, 7| uHINBYyaIbHONO DA3BUTHS.
[Ipu noBTOpsifOmMUXCs ¢ OoJIee YeM YeTBEPTHBEKOBBIME ITPOMEKYTKAMU ITHIO00PA3HBIX
BCIIBIIIKAX YUC/JIEHHOCTH HUKAKWE CJIBUTU XapaKTEPUCTUK OHTOreHe3a KOPOTKOIUKJIO-
BOIi 0A0OYKM €JI0BOl JINCTOBEPTKHM HE MOTYT OBITH TPUYMHON OmdypKaIuu, TpUBOId-
et K MOsIBJICHUIO CEPUU OTCTOSIIUX JIPYT OT JIpyra KpaiiHe MHOTOYMUC/IEHHBIX TTOKOJIe-
uuit [6]. JoaroBpemennbie dbJIyKTyaum XapakTepHbl J1Jisi TUXOOKEAHCKOM CeJTbJin, XOTs
9TOT BHU/L CIIOCOOEH JOCTUTraTh 3PEJIOCTU Ha BTOPOI 1oji. B yIOMSHYTHIX 9KcIIepuMeHTax
[POSIBJIETCs TOT (DAKT, 9TO CKOPOCTH BOCIIOJIHEHUSI PECYPCOB sIBHBIM 00PA30M BJIUSIET
Ha KoJiebaHusl, U BEPOATHO JIOJIZKHA OTPAXKAThCA B BEJUYUHE 3aITa3/IbIBAIONIEN pery-
Jianun notpeoureseit. J[sa nonnmanusg npobdjieM cUuTyaru, KOTOPYIO IPU3BAHBI MOJIE-
JINPOBATH YpaBHEHUS, II€PEBEIEM HEIIPEPHIBHYIO (DOPMYJIMPOBKY B 3aJ1a4y JUCKPETHOM
JIMTHAMUKHI, HO HE B UTEPAIMOHHYIO, & B aJITOPUTMUIECKYIO.

3. KiterouHblii aBTOMAT 3amna3/IbIBAIOIEil peryJssaiumu

HemnpepbIiBHOCTD €IMHUIL M3MEPEHUsT COBCEM He o0s3aTesbHa, I MOy IAIMOHHOMN
JAUHAMHWKHA, IIOTOMY BO3HHUKaIOT aJIbTE€PHATHUBHbLIC METO/bl OIIMCaHUA ITPOIECCOB, aBTO-
MaThI 1 KOTHUTHUBHBIE I'Padbl. Kiterounsrit aBromar, 3HaMennThiil kKak «Conway’s Game
of Life» [8], 6611 momyssipuzosan /Ixxonom Konseem 11t 00bsICHEHUST TIPOIECCOB CAMO-
OpraHM3allii B Pa3JIMIHBIX €CTECTBEHHBIX HAyKaX M IPOCTO KaK HATJIsIIHAA MOJE/h
1pu oOyvueHnn nporpaMmmMupoBanuio. [lomyasapHocTb 00bICHIETCS BCErO JBYMSI IIPABH-
JlaMHM pac4deTa CJIEAYIOIIETro ITIOKOJICHU A I'PYIIIILI KJIETOK, KOTOPbIEC MOI'YyT 6I)ITb 2KUBbIMUA
Jin00 MEPTBBIMU. Ec/n psiJioM ¢ MEPTBOI KJIETKOM TPU 2KUBbIE, TO MEPTBAA CTAHOBUTCS
»kuBoit. 2ZKuBast 0ocTaéTcst B CBOEM COCTOSIHUM, €CJIU PSJIOM €CTh JIBE MM TPHU JKUBBHIE.
Wrposoe moJsie MOXKeT OBITH OrpaHUYEHHBIM, 3aMKHYTBIM —— B BHJI€ KOMITBIOTEPHOIA
SMYJISIIIUU TTIOBEPXHOCTH Topa (HAMOOJIee 9aCTO BCTPEUAIONIMICT BAPUAHT) WK OECKO-
HEYHBIM, KaK U3HadYa/bHO noJiarai Kongeit. [Ipu sTom mpocrora mpaBui ¢ GuHapHBIM
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pasjiesleHneM KJIeTOK 0becrednBaeT OrpoMHoe pasHoobpasme (hopM U MHTEPECHBIX Ba-
PUAaHTOB PACCTAHOBKHU YKUBBIX KJIETOK B IIEPBOM ITOKOJICHUH, KOTOPBIE IIPUBOIAT yCTOT-
YUBBIM WJIH TEPUOJIMIECKIM BapraHTaM UTOTOBOI pacCTaHOBKH, Ha3bIBAEMbIX (bUrypa-
mu. CyrecTByeT MOIUMUKAIS UI'PBI ¢ HEMPEPBIBHBIM ITPOCTPAHCTBOM 0€3 KJIETOK €
O4YeHb BIICYATJIAIONICH BU3YaJIbHON peaJm3aliueil.

BBIJ'IO 6bI NHTEepPEeCHO CO3JaTh IPUHITUIINAJIBHO OTJIMYHBINI BapuaHT KJIETOYHOI'O aB-
TOMAaTa, I'/le MOYKHO OBLIO ObI pacCMaTpPUBATh BKJIOUYEHNE U BhIKJIFOUeHe 3(hdeKToB 3a-
nazapiBadus. s wiocTpanu npod/ieMbl TapaMeTpUIecKOro BhIpayKeHusl JIeCTBHS
3alla3/IbIBAHUSA B IMHAMIYICCKIX MOJIE/ISIX U KaK HOBBII OOBEKT JJIsI IToncKa popM caMo-
Opranu3anuy Mbl IIDEIJIO2KHUM MaTeMaTUYI€CKYIO UI'Py C 60.}'[68 CJIO2KHBIMU IIpaBUJIaMU,
e KJIETKa aBTOMaTa 6yﬂeT NMETHh HE JIBa, a TPU AOIIYCTUMbIX COCTOsSHMA. BO3MO)K—
HO, IIapaMeTp aBTOMAaTa, OTHOCAIIUNCA K CYNHOCTH BO3HUKHOBEHUS 3alla3/IbIBAIOIIECH
peryJidnun, Oy/1eT UHTEPECHO U3MEHATD 110 XO/Iy UTPhI, UMUTUPYS IBOJIIOIUNOHHYIO aJIall-
TaIUIO COODINECTBA K IMOSBICHUIO HOBOI'O BHJIA.

OmnpejiesiuM cJieIyIomue npaBuia ajropuTMa HOBOM UIPbI:

. Bamano anasormanoe nrpe «2KusHb» mojie KaeTok (B 3aMKHYTOM BapuaHTe).
Kaxnas kiaerka mMeeT 8 cMekHBIX. V3HauaIbHO B KasKJI0# KJIETKE IIPOU3Pac-
taeT Jy0. B KieTke cojepxkailieit 1yd MOXKET MOCETUThCS TPHI3YH.

I1. Bspociiblii TpbI3yH KazK/Iblil CE30H MOZXKET ILIOIUTh JIaBaTh 1'(= 2) MOTOMKA, eCJin
XOTs OBl B OJHOI U3 CMEKHBIX C €r0 KJIeTKOH TOYKe KUBET I'DBI3YH.

[II. Ecim BoKpyT rphI3yHa OKa3bIBaeTCsd 3aHATO O0jiee 5 KJIETOK, TO I'PHIZYH Orn0aeT
OT TIEPEHACEJIEHHOCTH, a Jy0 CTAHOBUTCS CBOOOJIHBIM.

IV. I'puzynsl nojaraduBaior Kopuu Jiepesa. /lyo najgaer u rpoi3yn mnorudaet. o ma-
JaHust ay6a IPHI3YH MOXKET Pa3MHOXKUTHCs He Gostee k(= 3) pas.

V. TloTtoMKu TphI3yHA CTAHYT B3POCIBIM Uepe3 JiBa Ce30HA, €CJIN K 9TOMY MOMEHTY
3alfiMyT MPUTOAHBII /1y, nHade on ruoHeT. HoBbIi IphI3yH 3aHnMaeT OJnzKaimit
cBODOOJIHBIN JIy0 ¢ HAMMEHBIIINM YHCJIOM 3aHATBIX COCE/IHUX KJIETOK, OCMaTpUBAas
CMEYKHBIE T10 9aCOBOil CTPEJIKE.

VI*. Jlna sanstus y6a rpei3yH MOKET MUTPHPOBATH 3a Ce30H Ha PACCTOsHUE He BoJtee
1(=2) cocennmx kieTok (amasor ckopoctu cBera B urpe Kompes). |Onmumonnoe
MUT'DAIHOHHOE YCJIOXKHEHHE. |

VII. Ha mecre ynasiero jiy6a BbipacTaeT HOBBbIii 3a t(= 6) ce30HOB.

B nmpaBuiax mpeodbpazoBaHus COCTOSTHUS KJIETOK 3aJI02KEHO CPa3y HECKOJIBKO aCIeKTOB,
OTHOCAIINXCA K fABJICHUIO 3ala3/ibIBaIoIIeil peryidiuu. boJsee Toro, 3tn haKkTOpbl sB-
JIAIOTCS TTPOTUBOOOPCTBYIONUME B urpe. [lapamerp t MbI ipe/iyraraeM ceaTh «yIpas-
JISTIOIITUM » J1JIsI OIIEHKHW BO3/IEMCTBUS B CIIEHAPUIX C 3aMe/lJIEHMEM TeMIIOB BOCCTAHOBJIE-
HUsI PECYPCOB, UTO He ObLIO B ajaropurme «2KusHms», HO COrJIacyercs ¢ SKOJOTUIecKOi
PeaJIbHOCTBIO.

ISSN 0203-3755 /lunamuaeckue cucrempr, 2017, Tom 7(35), Ne2



164 A. I0.IIEPEBAPIOXA

3akJro4yeHne

B anasmmze anropurma Konsest okazasics nnrepeceH OUCK HETPUBHAIBHBIX HAYAb-
HBIX PACCTaHOBOK, HO B JIMTHAMWKE SKOJIOI'MYECKUX ITPOIECCOB, CTPEMAININX K HEKOTO-
POMY YCTAHOBUBIIEMYCS CTAIMOHAPHOMY WJIM KOJIEOATETHLHOMY PEKUMY, HAadaIbHBIE
YCJIOBUS HE CTOJIb 3HAUNMas XapakTepuctuka. HoBbiil ajiropuTm npeobpa3oBaHus KJie-
TOK BKJIIOYAeT TPU JIMHAMUYIECKH B3aMMOJIEHCTBYIONNX (aKTOpa: OHTOT€HETHIECKYIO
3aJIEP¥KKY, HEOOXOIMMOCTb BOCCTAHOBJIEHHUS PECYPCOB JIJIsl JTAJIbHENINEro pa3BUTHS 110~
mysianuu u JudOy3M0HHY 0 COCTABIISIONIYIO, KAK Mbl BUIUM 3aBUCSIILYIO OT TEMIIa Pa3-
BUTHsI B3POCJIOTO Opranm3Ma, T.e. okasbiaercad D(T). Bymem cunrars, 4T0 9eTBEpTHIit
BO3MOXKHBII (haKTOP HAKOILJIEHUsT OTPABJIAIONIUX ITPOIYKTOB METa00/IM3Ma, CBA3AHHbIIMI
C 3aBHCUMOCTBIO OT TPEIIeCTBYIONINX COCTOSHMIA, MTPeoJIoeBaeTcs 3a cdeT auddy-
sun. Ipeokennnrii aBroMar Oa3upyercs: Ha TUIIOTE3€, UYTO 3ala3/IbIBAIOIIAs PeryJIs-
sl HEe OTHOCUTCS K CBOMCTBAM BHUJA WU TOJBKO CPEJIbI, HO MPEJICTaBIIAeT CODOM aJl-
JINTUBHYIO XapaKTEPUCTHUKY IIPOIECCa B3ANMOCHCTBUS WU IIPSIMOTO IIPOTUBOOOPCTBA
BHUJIa B KOHKPETHOM OMOTHUYECKOM OKpyKeHuu. L7151 pa3BuTUsA METOIOB MOJIETNPOBa-
HUSA TEPCHEKTUBHBIM BBITJIAAT IIEePECMOTP (GOPMATU3AINKA TIPEJIe/Ia IKOJIOINIECKOM
HUIIH, OT 4ero oTkasajmch B «blowflies equationy, HO 9TO MOXKHO BEpHYTb, UCIIOJIhb-
3ysd aJbTePHATUBHYIO Yze ¥ yHuMOJAJIbHYIO dyHKIMIO. B ycioBusx napacratomnieit
WHBA3WM 3Ta BeJIUYNHA HE MOXKET BbIPayKaTbhbCd €IUHCTBEHHBIM ITapaMeTpOM, He 3aBU-
CAINUM OT BPEMEHU, TaK KaK BUJIOM-BCEJIEHIIEM YACTO T€HEePUPYIOTCS MOCIEI0BATETHHO
YMEHBITAIONINECS MUKH YUCJCHHOCTU. B coBpeMeHHBIX paboTax MpoOJIeMy OIUCAHUS
9KCTPEMAJIBHON JIMHAMUKHN WHBA3Wl He yJAaeTcs Pa3penuTh 3a CUeT MeTOJ[a MHOXKe-
CTBEHHOCTH BKJIIOUEHHBIX BeJIMYMH ¢ 3anasjpiBanus |18] «multiple state-dependent
delays». AbTepHATUBHBIN TTOJIXO/ K MOJIEJIMPOBAHUIO 3aK/II0YAETCs B OMMMCAHUN HEIO-
CPEJICTBEHHOTO B3AMMO/JIENCTBUA B CUCTEME PECYPC MOTPEOUTEIIb, TJie MOXKHO OTPA3UTh
€CTeCTBEHHYIO 9KOJIOTHMYECKYI0 XapaKTepucTuky cpenbl P/B—kosdduiient, Ho 9TOT
CIleHapUil He TOJUTCS MU Tepexo/ia K KojaebaHusaM y Jab0PATOPHOI MOy ISINN.
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Teopembl 0 pYyHKIIMOHAJIBLHOI OTAEJIMMOCTHI

B ClI€EIINaJIbHOM KJIaCC€ HOPMHNPOBAaHHDBIX
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Awnnorarnus. Pabora mocesiieHa HEKOTOPBIM IIPOOJIeMaM aHAJIN3a B CIEIUAJTHLHOM KJIACCEe CTPOTUX
BBIILYKJIBIX HOpMupoBaHHbix KoHycoB (CBHK), koropblit HenaBHo Obl1 BBEIEH 1epBbIM aBTopoM. [To-
kazana merpusyemocth Besikoro CBHK u cymecrBoBanme cyOImHERHONO N30METPUIHOTO HEIPEPHIB-
HOT'O BJIOKEHUsI B HEKOTOPOE HOPMUPOBAHHOE MPOCTPAHCTBO. 110CTpOEH MILTIOCTPUPYIONHT TpUMED
COOTBETCTBYIOINIEH Tomosorun. ccmegoBana BO3MOKHOCTB 000DOIIEHNsT TeopeM O (DYHKITMOHAJIBHOM
OTIEeJIMMOCTH BBIITYKJIbIX 3aMKHYTBHIX HoaMHOXKecTB Ha kKJjiacce CBHK ¢ ucnosib3oBannem kak JinHe-
HBIX, TAK ¥ HEJUHEHHBIX (DYHKIIMOHAJIOB.
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GbYHKIMOHAJILHON OTJIEJIMMOCTH, CyOJIMHETHOe M30METPUYHOE HEIIPEPBIBHOE BJIOXKEHUE, OJHOPO/IHBII
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Theorems on functional separability in a special class
of normed cones
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Abstract. The paper is devoted to some problems of analysis in a special class of strict convex
normed cones (SCNC), which was recently introduced by the first author. We show the metrizability
of each SCNC and the existence of a sublinear isometric continuous embedding in some normed space.
An illustrative example of the corresponding topology is constructed. The possibility of generalizing
theorems on the functional separability of convex closed subsets on the class of SCNC using both
linear and nonlinear functionals is investigated.
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sublinear isometric continuous embedding, homogeneous functional, sublinear functional.

MSC 2010: 46A22, 46A20, 46B10

I'PaboTa BBIIOIHEHA [IPU YaCTUIHON (DHHAHCOBOIT HOIepKKe TpanTa IlpesunenTa Poccnitckoit ®e-
JepaIyy JijIst TOCYJIAPCTBEHHOM MOIIEPKKU MOJIOJIBIX POCCUMCKHUX yIEHBIX-KAHIUIATOB HAYK, IIPOEKT

MK-176.2017.1

© @.C.CTOHSIKHH, A. C. AHIPEEHKOBA



168 @.C.CTOHAKUNH, A. C. AH/JPEEHKOBA

BBenenue

B mnociennue necsaTuiieTuss aKTUBHO pa3BUBAETCA TEOPHUs TaK Ha3bIBAEMBIX abd-
CTPAKTHBIX BBIMYKJIBIX HOPMUPOBAHHBIX KOHYCOB (CM., Hampumep, |3, 4, 5, 6, 8, 10,
12, 13, 15]). HanmomuuM, 910 abempakmuoiMu 6unykibmMU KORYCAMU W 6biNYKAbL-
MU KOHYCAMU HA3BIBAIOT HAOOD 371eMeHTOB X ¢ 3aJIaHHBIMU OTIEPAINAMU CJIOKEHUS, a
TaK»Ke YMHOXKEHHS Ha HEOTPHUIATE/IbHBIN CKaJIAp, TpuiIéM X — KOMMYTATHBHAs I10-
JIYTPYIIIa 1O CJIOXKEHUIO W JIId TPOM3BOIBHBIX 4ncesl A, (> (0, a TakKe 3JeMEHTOB
2,y € X BepHbI COOTHOIIEHUS:

l-z=z; Me=ANpz); 0-2=0 MNz+y = x+Ay (A p)xr =+ px.

[TonyTHO, Kak NnpaBm/Io, TakzKe TPeOyeTcs: BBHIINOJHEHUE TAK HA3BIBAEMOI'O 34KOHA CO-
Kpauernus: +1y = Y+ 2z BEpHO TOIJIa U TOJBKO TOTJa, KOrJa & = 2. TOJIbKO IIpH BBITIOJI-
HEHHUH 9TOTO YCJIOBHA BBIIYKJIbIH KoHyc X JIMHEHHO NHHEKTUBHO BJIOXKEH B HEKOTOPOE
JUHEHTHOE TPOCTPAHCTBO.

BoimykibiMu KoHycamu Oy T, B 9aCTHOCTH, HAOOPHI BEKTOPOB ¢ HEOTPUIIATETHLHbI-
MU KOOP/IMHATAMU, HAOOPHI HEOTPUIATE/LHBIX (PYHKIINN, HEYObIBAIOMNX (PYHKIHUI C
€CTECTBEHHBIMU OIIEPAIUSIMU CJIOKEHUS M YMHOYKEHUsI Ha CKAJAp, a TaKyKe HAOOPDI
BBIIYKJIBIX KOMIIAKTOB OaHaxoBa IMPOCTPAHCTBa €O cjoxkeHueM 1o MwunkoBckomy. B
HEKOTOPBIX BBIMYKJIBIX KOHycax X BO3MOXKHO BBeCTH aHajor HOpMEL || - || : X — R :

[z][ 20, [[z]] = 0 = 2 = 0; [[Az]| = Allz[; [z +yll < [l=[] +[lyll ~ (0.1)

I Besakux o,y € X u npousBosibHOro A > 0. Berogy masiee OyneMm Ha3bIBATH TaKue
CTPYKTYPBI HOPMUPOBAHHBMU KOHYCAMU.

Boobirie roBopst, j1axke B ciiyvae BBITOJTHEHNS 3aKOHA COKPAIEHNsT HOpMa B KOHYyCe
MOXKET He ObITh CJIeJIOM OOBIYHONW HOPMBI (WMJIH TIOJIyHOPMBI) HEKOTOPOIO JIMHEHHOTO
[IPOCTPAHCTBA. B YaCTHOCTU, 9TO BBLINOJJIHAETCS [ KayKJOrO JIMHEIHOI'O MPOCTPAH-
CTBa C TaK HA3bIBAEMOIl Hecummempuunoti Hopmot (cM., Hampumep, |1, 2]). Ormernm
[IPUJIOZKEHUST HECUMMETPUYIHO HOPMUPOBAHHBIX ITPOCTPAHCTB K HEKOTOPBIM ITpOb/IeMam
reopermyeckoit nadopmatuku |3, 11, 13|, a Takke Teopun npubsmzkenuii |7, 9).

B nacrogieit paboTe MbI MOJIydaeM HOBbIE T€OpeMbl O (HPYHKIIMOHAJIHHON OT/IE/H-
MOCTH TOYEK U MHOXKECTB B CIEIHAaJIbHOM KJacce abCTPAKTHBIX BBITYKJIBIX KOHYCOB
¢ HopMoit. 3amerum, uro B [5, 10, 12, 13, 15| paccMOTpeHBI HEKOTOPBIE TEOPEMBI O
GyHKIIMOHATIBHON OTAEIMMOCTH TOUYEK M MHOXKECTB B CIIEIUAIBHBIX KJIACCAX HOPMUPO-
BaHHBIX KOHYCOB C UCITOJTb30BAHUEM JIUIITh HEOMPUUATMEALHBLL MOHOMOHHVLT TTHEHHBIX
dbyukImonanos (cm., Hanpumep, |2, 10, 12, 13, 15]). OgHAKO TOT MOIXO, IPUBOJUT K
HEKOTOPBIM Ipobsiemam. B wacTHOCTH, TaKie (DYHKIIMOHAJIBI MOTYT HE OT/IEJIATH TOYKI
HOpMUPOBaHHOTO KoHyca [10].

Mer B [14] npemiaraem paccMarTpuBaTh 60JIee MUPOKHUIA KIACC HEOTPHUIATETbHBIX
JIMHEHHBIX (DYHKIIMOHAJIOB U BBOJMM COIIPSIZKEHHBIN KOHYC (ompe/esienne 4) Kak HaBOD
JINHENHBIX OIPAHNYEHHBIX (DYHKITMOHAIOB, HEOTPUIIATETHLHBIX B HEKOTOPBIX HEHYJIEBBIX
TovuKax. TaKoil 1mo/IXo MO3BOJINII JIOKA3aTh CYIIECTBOBAHNE CYOJIMHEITHOIO H30MEeTPUY-
HOTO BJIOXKEHUS B JIMHEHHOE HOPMUPOBAHHOE MPOCTPAHCTBO B JIOCTATOYHO MIUPOKOM
KJIaCCe HOPMUPOBAHHBIX KOHYCOB.
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Mmuorue pe3y/abTaThl TEOPUU BBIMYKJIBIX HOPMUPOBAHHBIX KOHYCOB CBA3aHBI C BO3-
MOXKHOCTBIO UX HaJIeJIeHUsI METPHUIECKON CTPYKTYpOil (MEeTPHKOl MM HEKOTOPBIM ee
anasiorom). Ormerum usBectHyo Teopemy J. Radstrom [8] o simneitnom nzomerpuanom
BJIOKEHUU KOHYCa B HOPMHUPOBAHHOE IIPOCTPAHCTBO C OJTHOPOJIHON METPHUKOI, MHBapH-
aHTHOI oTHOCUTebHO caBuros d : X x X — R™:

d(Az, \y) = Md(z,y) dz+zy+2) =d(z,y) YVz,y,ze€ X,A>0.

B nmemasuux paborax |2, 4, 10| mokazaHno, 9T0 B HOPMUPOBAHHBIX KOHYCAX MOZXKHO
BBECTH TaK HasblBaeMylo keasumempury q : X x X — R koropas moxker ObITH
HecuMMeTpuUHO (Kak mpasuwio, ¢(z,y) # q(y,z)). OrMeTnm, 9TO BO3MOXKHO JHOO
q(z,y) = 400, mbo q(zr,y) = 0 I HEKOTOPBIX T # y. 3aMeTUM, YTO TaKas KBa-
3UMETPHUKA OJHOPOJHA U CYOUHBAPUAHIMHG OMHOCUMEALHO €08U206 (CM., HAIIPUMED,
12, 4, 10]):

gz +z,y+2) <qlr,y) Vz,y,zeX. (0.2)

Hama pabora ocHoBana Ha 14|, rme ObLT TOKa3aH aHAIOr TeopeMbl XaHa-Banaxa
0 TpojIoJKeHN (DYHKIIMOHAA B AOCTPAKTHBIX BBIMYKJIBIX KOHYCAX U PACCMOTPEHBI
HEKOTOpbIe ero npuioxkenus. B gacraocru, B ([14], em. pasmen 4) 6bL1 BblIeeH clie-
IUAJBHBIN KJIACC cMpo2ux 8uinykavix nopmuposannur konycoe CBHK u nokazamno cy-
IIIECTBOBAHNE CYOJIMHEHHOIO NHHEKTUBHOIO M30METPUYIHOTO BiiozkeHus Besskoro CBHK
B OAHAXOBO ITPOCTPAHCTBO F.

B nacrostineit pabore Ha 6a3e nosrydenHoil B [14] miis cnerpaibHOTO Kiiacca cmpozus
BUNYKABT HOPMUPOBAHHHIT KOHYCOS8 TEOPEMBI O (DYHKITMOHATBLHOM OT/IETNMOCTH TOUEK
(Teopema 1) BBoJMTCs ClielaibHasg KOHEUHas OJHOPOJAHas MeTpuka dy : X X X —
R*. Hcnonb3ys 3Ty MeTpHUKY, MbI JOKa3blBaeM anajor teopeMbl J. Radstrom o cy-
MIECTBOBAHUH CYOAUHETH020 M3OMETPUYHOTO HEIIPEPLIBHOI'O BJIOXKEHUS BCAKOI'O CTPOTO
BBITTYK/T0T0 HOpMupoBanHoro konyca CBHK B nmmeiiHoe HOpMEpOBaHHOE MPOCTPAH-
crBo (cM. Teopemy 3). Boobire roBopsi, JIMHEHHOCTH TAKOTO BJIOXKEHHsI HEBO3MOXKHA
(em. 3amevanue 6). Ha 6aze Teopembl 3 HaMu HCCIe0BaHa BO3MOKHOCTD OOOOIICHHSE
TeopeM O (PYHKIIMOHAJIBHON OT/IEJIMMOCTH JIJIsi BBITYKJIbIX 3aMKHYTHIX B Kaacce CBHK.
HamoMHIM HECKOJIBKO BCIIOMOTATEJIbHBIX MoHsATHI U3 [14].

Onpenenenue 1. Bynem ropoputh, 910 X — CTPOTHil KOHYC, €CJIM BBIITOJIHAETCS CJIe-
AyIoliee CBOMCTBO:

r+y=0=2=y=0 g scex z,y € X. (0.3)

B KazKJ0M CTPOroM BBIIYKJIOM KOHyce X Mbl MOXKEM PacCMOTPETH CJIeLy IOl
YACTUYHBIN OPsiIoK [14]:

x Xy ecau y =+ z g HEKOToporo z € X. (0.4)

Tenepb HAIIOMHIM CBOMCTBO HOPSIKOBON OTIEJINMOCTH JJIA CTPOIUX BBITYKJIBIX KO-
HYCOB U IOHATHE CTPOroro BLIIYKJIOro Hopmuposannoro konyca CBHK, pacemorpen-
Hble HaMu B [14].
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Onpegenenne 2. Bynem roBoputh, uto X HOPAJIKOBO OTJEINM, €CJIU IS BCAKUX
z,y € X:
ar Ry X frymBeex a <1< f=y=u. (0.5)

Omnpenenenne 3. AGCTPaKTHBIN BBIMYKJIbI KOHYC X HA3BIBAETCS CTPOTUM BBIITYK-
abiM HopmupoBanubiM Korycom CBHK, eciim X — mopsaikoBo oT/eiuMblit BBITY KL
HOPMUPOBAHHBII KOHYC C 3aKOHOM COKDAIleHus U JJId BeeX =,y € X:

2y =zl <yl (0.6)

[Tpuseném npumep CBHK, He BI0XKEHHOTO JIMHEHO M30METPUIHO HE B KAKOE HOD-
MHPOBaHHOE POCTPAHCTBO (cM. [14], mpumep 8).

IIpumep 1. Paccmorpum HAOOP YUCIOBBIX IIap
Xo={(a,b)|a,b>0ua=0=>b=0}

¢ Hopmoii ||(a,b)|| := a.
EuHu4HbI ap ¢ MeHTPOM B HyJie B 9TOM CJIydae IPUHUMAET BUJI, YKA3AHHBINA Ha
pucyske 1.

Pucynox 1.

1. ®yHKIIMOHAJIbHAS OT/IEJIMMOCTh TOYEK B HOPMUPOBAHHBIX
KOHYCax

Hanmomuum mostydenustii B [14] anasor reopembl Xana-Banaxa o dbyHKIMOHATBHOI
ornerumoctu Toyek B Kiaacce CBHK. /st mopmupoBaHHbIX KOHycoB B [14] BBeIeH
CJIEJTYIONINIT aHAJIOT IIOHATUS COIPS2KEHHOTO IIPOCTPAHCTBA.

Onpenenenune 4. Yepes X* Oymem obo3HadaTh HAOOP JUHEHHBIX (DYHKITMOHAJIOB { :
X — R, npuHUMaIONUX HEOTPHUIATETHLHOE 3HAUEHNE XOTs OB B OJIHOM TOUke To # 0 u
OTpaHUYEHHBIX IO MOJIYHOPME

{(x
1]l = sup 22
Pl
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OxaspIBaeTcs, BO3MOXKHO IIPUBECTH IIPUMep HOPMHUPOBAHHOTO KoHyca X , JIJIst KOTO-
poro {(xq1) = l(x9) npu Besikom £ € X* jis pasiudHbIX o1, To € X. Jlng nocrpoenust
9TOro IpUMepa M JIPYIUX BOIPOCOB MBI OyJIE€M HCIOJIL30BAThH CJIEAYIOIIee BCIOMOra-
TeJILHOE yTBEPIKICHUE.,

Jlemma 1. Beaxut aunetinvid gpyrrxyuonan 2 Xo — R, 2de

Xy ={(a,b)|a,b>0ua=0=b=0}

umeem 6ud
(((a,b)) = Xa + ub. (1.1)
OAA HEKOMOPYIT KOHCTMAHM A U [i.
Ecau move paccmompum nopmy ||(a,b)|| := a na X, mo conpastcennonds xonyc x Xo
umeem 6uo:
5> ={l((a;0)) = Xa+pb| A >0,u <0} (1.2)
Jloxazamenvcmeo. Bo-niepBbix, Besakuil GhyHKIMOHAN £ OJIOKUTEIHHO OJHOPOJICH:
(A (a,b)) = M((a,b)) YA > 0. (1.3)
Eciin Mbl Bo3bMeM HEKOTOPYIO mapy Ty = (ag,bg) € Xo, TO B HAIpaBeHUH JIy4a

{Azo}r>0 mmeem it g # (0,0):
((Axg) <OVA >0, mwmn  £(Azg) > 0 VA >0,
win {(Azg) = 0 VA > 0. (1.4)

Ecan (1.4) Bepro, 10 {AZo}A>0 Ha30BEM nedmpanvroim Aywom nis L.

a) Ecom ¢ # 0, To He cymecTByer Gosiee 0J{HOrO HedTpaJbHOro Jyda. JleficTBuresnb-
HO, €CJIM CYIIECTBYET J[Ba PA3JIMYHBIX HETPAIbHBIX JIyda Pi U Pa, TO JIJIs BCSKOf Hapb
x = (a,b) mmeem ¢(x) = 0 B KoHYyCe K{ (CM. puc. 2), OrpaHUYIEHHBII Jy9IaMu p; U Pso.

A Q

Pucynok 2. "JIBa neiirpanbHbIx jyda'.

N3 nuneitnoctu ¢ umeeM, uto ¢ MpUHUMAET HYJI€BOE 3HAUCHUE BO BCEX TOYKAX KO-
HYCOB, CUMMETPUYHBLIX K /) OTHOCHTEJIHLHO p; U Po. BO3MOXKHO HMOKPBHITH KOHYC Xo
KOHEYTHBIM MHOYKECTBOM TaKNX KOHYCOB Kak Ky, T.e. £ = 0.

b) Eciu oxun HefiTpaibHbIil JIyd cyIiecTByeT Jyisi £, TO B TOYKAxX Jiydeil, napaji-
JIEJIBHBIX 9TOMY JIy4y, (DyHKImoHa  { MPpUHAMAET MOCTOsTHHbIE 3HAaYeHus (CM. puc. 3),
r.e. { 3amaercs B Buje (1.1).
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Pucynok 3. "Omun nefirpanbubrit jgya".

¢) Eciu jyist  mer HedTpasbHbIX Jiydeil B Xo, TO Ha BCeX JIydax, 3a/aHHBIX B
Bugie {\xo}r>o0 (xo # (0,0)) ¢ npurIMaeT OO MOIOKUTETbHBIE, JTUOO OTPUIATEIbHBIE
3Hadenusd. BospMeM ciremyioniue Tpu Jiyda pi, pe u ps (cM. puc. 4) u BbbepeM Takue
TOYKHN ,y U z Ha nux, 4ro {(x) = {(y) = ((z) # 0. D10 MOKeT OBITH JOCTHIHYTO
BBIJIY OJHOPOIHOCTH (DyHKIMOHATA {.

Al
P1

Pucynok 4. "Tpu ayqa'.

Od4eBuiHO, 9TO y = A\ + A9z JUIsT HEKOTOPBIX A1, Ay > 0. Torma
U(y) = Ml(x) + Xl(2) = (M1 + A)L(y),

oTKyia A1 + Ay = 1, mockosbky £(y) # 0. Dro o3HaYaer, 9TO T,y U 2z JEKAT Ha
oaHoit mpsimoii. CureroBaresibho, 1t Kaxkjioro C' # (0 MHOXKeCTBa, 3aJlaHHbIE B BUJIE
{z € Xo|l(z) = C} aBusrorcs dacTsMy TApaJUIeIbHBIX HPSMBIX, T.e. { 3a7aeTcs B
suze (1.1).

Pucynok 5. "Her neiirpasibaoro jyda'.
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Cuyuait £ = 0 TpuBHaJIeH.

Yeqosue ¢ € X5 oznagaer, uro Aa+ pub < Ca jyis Beex (a,b) € X u 111 HEKOTOPOTO
qnciaa C' > 0. fcno, aro s Becex p > 0 MOXKHO BBIOPATH J0CTATOIHO OoJibIoe b > 0,
JIU1st KOTOporo HepaBeHCTBO Aa+ub < Cla mapymraercd. Ananoruyano, aisa A < 00 & X,
CnenoBarenbio, (1.2) BoimosHasercs. O

[IpuBeiém Terepb MpUMEDP BBHITYKJIOTO HOPMHUPOBAHHOI'O KOHYCA, TJie JUHEHHbIe 110~
JlyorpaHuYeHHble (PYHKITMOHAJIBI MOTYT HE pa3JIeisiTh TOYKU.

IIpumep 2. llycrs X = X} = {(a,b)|a > 0,0 € R;a = 0 = b = 0}. Hopma na X}
BBOJIUTCs crerytormum obpasoM ||(a, b)|| = a.

a

Pucynok 6. "Konyc X}".

ITo nemme 1 i kazkporo suneiinoro dyuxkumonana £ : Xy — R £((a, b)) = Aa+ ub
JIJIsT HEKOTOPBIX (bUKCUPOBAHHBIX A 1 1. [TockobKy a # 0 u b MOXKeT ObITh TPOU3BOJIb-
HBIM YHCJIOM, YCJIOBUE OI'PAHUIEHHOCTH

(((a,b)) = Xa+ ub < Ca

1ist Hekoroporo C' > () osuavaer = 0 (B IPOTUBHOM CJIyvae HEPABEHCTBO He BBIIOJIHS-
eTCsl TP COOTBETCTBYIOIIEM Bbibope b). Odesumo, dyuknuonassr suja £((a,b)) = Aa
HE Pa3IessioT TOYKH X 5.

Samevwanue 1. Konyc X)) sKBUBaIEHTEH CJIE/IYIONIEMY KOHYCY

Xy = {[o: f] | e < B; o, € R} {0}

C HOpMOit
ez Bl = B8 — a € X5,

[IpuBenéHHBIE TPUMEDPHI TOKA3BIBAIOT, YTO JIJIS BBIMOTHEHUS (DYHKIIMOHAJIBHONW OT-
JIEJITMMOCTH 3JIEMEHTOB HOPMUPOBAHHOT'O KOHYCa HEOOXO/IMMO BBECTH HEKOTOPBIE JOTOJI-
HUTEJIbHbIEe TPEOOBAHUS U PACCMATPUBATH COOTBETCTBYIONIUN TTOJIKIACC HOPMUPOBAH-
HBIX KOHYCOB. [IpuMepomM Takoro mojk/iacca MOXKET CJIYZKUTb, HAITPUMED, BBEICHHBIN B
[14] xmace cTporux BhITYKJIBIX HOpMupoBaHHBIX KoHycoB CBHK. B zaBeprienun nan-
HOTO IyHKTa HAIIOMHUM HECKOJIBKO BCIIOMOTaTeIbHbBIX Pe3yibraToB u3 [14].

Teopema 1. I[Tycmv X — CBHK. Tozda daa 6cex x1 # xo(x1, 19 € X) cywecmeyem
dynryuonan € € X*\0, marot wmo €(x1) # £(x2) u l(x1) > 0 uau £(x2) > 0.
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3amevarue 2. OTMETHM, 9TO B BBITYKJIOM HOPMHUPOBAHHOM KOHYCe U3 Ipumepa 2 (171st
KOTOPOI'O He BBIMOJHEHO CBOUCTBO (DYHKITMOHATBHON OTJIETMMOCTH TOYEK) CIPABEJIJIH-
Bol Bee akcroMbl CBHK, kpome (0.5). [Tyt Toro, 4Tobbl IpOBEpUTH 3TOT (DaKT, J10CTa-
TOYHO paccMorperh napel ¢ = (1,1) u y = (1,0).

Jlns mponsBosibHOTO JHEfHOTO byHKIMoHAa £ € X* paccMOTpUM CJIeIyomuit
OrpaHUYIEHHBIN (DYHKIIMOHAT:

pe(x) = max{0,l(x)}. (1.5)
13 reopembl 1 BBITEKAET
Teopema 2. IIycmv X — CBHK. Tozda das ecex xy,x1,w9 € X:
(i) ecau xg # 0, mo cywecmsyem £ € X*\0, maxot wmo ||€||. =1 u pe(zo) = ||xol;

(i1) ecau x1 # x9 Mo cywecmeyem dynrkyuonanr £ € X*\0 makot, wmo
pe(w1) # pe(x2).

Samevanue 3. AHaJOrHIHBIN yTBepXKIeHNIO (1) TeopeMbl 2 pe3ysbTaTl W3BECTEH B
CIIEIUATBHOM KJIACCe HOPMHUPOBAHHBIX KOHYCOB X JIJIsi HEOTPHIATEIBHBIX JIMHEHHBIX
dbyuxmonanos f : X — R (cm. [13], reopema 2.14). Onako, BoobIe roBopsi, HepaBeH-
ctBo f(x0) = ||zo|| HEBOZMOKHO (CcM. 3amedanue nociie Teopemsl 2.14 B [13]). Ormernm,
qro yeaosue £(xg) = pe(xo) = ||zo]| B yrBepKaeHun (i) Teopembl 2 CyIIeCTBEHHO JIJIst
HEKOTOPBIX GA30BBIX PE3Y/IBTATOB (HAIPHUMED, J/Id TeopeM 1 u 3).

2. MeTpu3yeMoCTh CTPOTHUX BBITYKJIBIX HOPMUPOBAHHBIX
KOHYCOB

[lepexoanM K M3JI0KEHHUIO TOJIYIEHHBIX HAMU PE3YJIBTATOB.

C ucnosp3oBaHueM TeopeM 1 1 2 MBI JIOKa3bIBaeM T€OPEMY O HEIIPEPBIBHOM BJIOKE-
HUM IIPOU3BOJILHOTO CTPOrOTO BBIIYKJJIOIO HOPMUPOBAHHOTO KOHYCA B HOPMUPOBaHHOE
POCTPAHCTBO (CM. TeopeMy 3 Jajtee). st 5TOro BBeIEM aHAJIOT BTOPOTO COMPSIZKEHHO-
ro mpocrpaHcTsa B paccmarpusaemoM Hamu Kiacce CBHK. 113 Teopembr 2(ii) coremyer,
qr0 dbyskimonassl Bujga (1.5) pasuessior rouku Besikoro CBHK X. O603naunm yepes
X, HANMEHBIIHI BBIIYKJIbIT KOHYC, copepzKaiuii Bee dbyHkImonass! Buga (1.5).

OyieM Ha3bIBaTh cyOconpszkeHHBIM KonycoMm K X. Ha X,
HOPMY:

sub
p €ECTECTBEHHO MOXKHO BBECTHU

p\x «
[ pp— {—( >}Vpexsub. (2.1)
zeX\{0} ||$||

*

> — R ¢ ecrecTBen-

Paccmorpum Terneps Habop JIMHEHHBIX (DyHKIMOHATIOB 1) @ X
HBIMU OITEPAITISME CJIOKEHUS W YMHOYKEHUS Ha CKaJIsp:

(1 + ] (p) = 1(p) + 2(p); [MV](p) := A (p)
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*

JIUIS JIIOOBIX JIMHEHHBIX (DYHKIMOHATIOB ¥, Y12 : X, — R, mpomssosbHOrO CKasgpa

A€ Rup e X}, DByieMm naseiBaTh CONPAKEHHBIM IIPDOCTPAHCTBOM K X , Habop

. . v
MuHeHBIX dyHKInonasuos ¥ : X7, — R orHOCHTEIEHO HOPMBI

—w V)1
[ = p{o}{ } b o)

pEX] HpH* p:||pl|«=1

sub

Ykaszaunoe npocrpancTso (X7, )* =: X** Oy/JeM Ha3bIBATH BTOPBIM COIPIZKEHHBIM

k CBHK X. CupasemjuBa cieyrolias TeopeMa.

Teopema 3. Bo scaxom CBHK X cywecmesyem odnopodnas mempura dy : X x X — R
makaa, wmo d.(0,z) = ||z|| Y € X u X cybauneino, unsexmueno, usomempuiio u
d~HENPEPBIBHO BAONHCEH 60 BMOPOE CONPAAHCEHHOE NPOCMPaHcmeo X **.

Sameuanue 4. OTMeTnM, 9TO BO3SMOXKHO BBECTH €Ile OJIHY MeTpuKy d, : X X X — R:

do(z,y) = sup |max{0,4(z)} —max{0,l(y)}| < d.(z,v),

teX*:||]] =1

riae X* — conpsikennsiit konyc Kk CBHK X (cm. onpenesenne 4 Boiie).

Samevwanue 5. Cucrema d,-okpectrocreii (u d.-okpecrrnocreii) Touek 8 CBHK X omnpe-
JIEJISIETCST CJICTYFOIIIM eCTeCTBeHHBIM obpasoM (x € X, & > 0):

Oc(x) ={y € X |d.(z,y) <e}; (2.2)

O2(x) = {y € X |do(x,y) < e} (2.3)

OueBnHo, 1t Kaxkaoro © € X n e > (
Oc(x) C O(z), O:(0) =02(0) ={z € X[[lz]| < e}. (2.4)

Tertepsb npousutiocTpupyeM d,-OKpecTHOCTH TO4YeK T € X B HOPMUPOBAHHOM KOHYCE
u3 npuMepa 1.

Ipumep 3. Pacemorpum CBHK
Xo={(a,b)|a,b>0una=0=b=0}

¢ Hopmoii ||(a, b)|| := a. ITo memme 1 Begkuii muneiinsiit dyukmmonan f: X — R umeer
Bux f((a,b)) = Aa+ ub, e A > 0 u p < 0 — puKCHpOBAHHBIE KOHCTAHTHI:

X" ={l((a;0)) = Aa+ pb| A >0, <0} (2.5)

Takum obpasom,

b>0 a b>0

((a;b Aa + pb b
161 = im0, 66, =sup 1520 —sup 202 s (A2 ) =,
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re. |||« =1 <= {((a;b)) = a+pb ana nexoroporo p < 0. Takum obpasom, ciieyiormee
PABCHCTBO BEPHO

dos(A, B) = sup | max{0, a; + pby } — max{0, as + pbs}|, (2.6)

<0

rae A= ((Zl,bl), B = (az,bz) e X = Xs.

[Tomoxum
g9(A, B, ) :== max{0, a; + pb; } — max{0, ag + pbs}.
Ecmu a1 2 # 0 1 by 2 # 0, TOrja BO3MOXKHBI CJIEYIOIINE CJIydan:
1) 9(A, B, p) = ax — ag + pu(by — ba) st p > max{_'i_i5 —Z_i};
2) g(A, B,p) = ar + pby i —3+ < p < =32
3) g(A, B, ) = —(az + pby) for =2 < < —4;
4) g(A, B, 1) = 0 B IpoTUBHOM CJIyuae.

Jlerko Bugieth, uto s dukcuposanubix A u B dyukuus |g(A, B, u)| nocruraer
cBoero mMakcumyMa Ha o < g < [ ToibKO jid p = « wim jgiag p = [. Orcoga, B
cydae —¢t < — 32 Haubouibllee BO3MOKHOE 3HAYCHHE lg(A, B, )| MoxkeT GbITH OJHUM

n3 CJICAYIOIUX YUCEJI:

| | Clgb albg—ale
a — ay|, ay — —by = ——-"—,
1 2l, a2 = 301 by
a a a1by — agb a1by — agb
al_a2_b_§(b1_62) = Gl—a2—b—jb1+a2 = 12b2 21 = 12b2 21;
u Jid Z—i > ‘Z—; (b1, be # 0) umeem
by — asb
do(A,B):maX{|a1—a2|,M}.
by
Anastornuno, juist 32 > ¢+ (b1, by # 0) umeem
by — aib
do(A,B):maX{|a1—a2|,W}.
1
Takum obpazom, st by, by > 0 (u orcoma ap, as > 0)
by — aib by — ash
d.(A, B) :max{|a1 —a|, 22 1b1 % & ng a2 1}. (2.7)
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a2

Host by = 0 umeem do(A, B) = sup [max{0,az + pbo} — as|. Jonst by > 0w p < —32
u<0

uveem | max{0, ag + pbo} — ay| = ay; ast p > — %2 BBIIOJIHEHO CJIEJIYIOIIee OTHOIIEHNE:
| max{0, as + pubs} — a1| = |ag — a1 + pbe| < max{ay, |a1 — as|}.

B cayuae by = by = 0 do(A, B) = |a; — ag|. Takum 06pa3om, BBIIOIHEHO CIIEIYIOIEe
OTHOIIICHHE:

max{ay, |a; — aq|}, s by = 0,0y > 0;
do(A, B) =  max{as, |a; — as|}, aus by > 0,by = 0; (2.8)
lay — as|, st by = by = 0.

Beimeykaszamnubie coornomenus (2.7) u (2.8) M03BOJIAIOT HAM SBHO OLHCATD
d.-0KpecTHOCTH JII000T0 3seMmenTa Ag = (ag, by) € Xo:

0°(Ag) = {A = (a,b) € X | do(A, Ag) < £} (2.9)

Ecan by > 0 10 A = (a,b) € O2(Ap) miaa b > 0, eciu BBIIOJHAIOTCS CIIEYIOIITE
HEPABEHCTBA
ap—€ < a<a+Ee,
a— ‘;—gb <e,

ap — 3bo < g,

YTO JJIsL JIOCTATOYHO MasleHbKoro € > 0 3ajgaer Tpamermio (cm. Puc. 7).

ag + £ 5+
ag 41
aQy — € 3+
7 s
e - |
r |
£ l*/ // I
0 ‘ l ‘
0 1 2 3 4 5 [ 7
by b
Pucynoxk 7.

Kpome sToro muoxkecTBa d,-OKPECTHOCTH OyJAeT Tak:Ke BKJIOYATh B ceOsl TOUKH
BUJIa,

A ={(a,0) : max{ag, |a — ap|} < e},

TO €CTh, Jisl 4y < € 9TO OTHOIIEHUEe OyJIeT yIOBIETBOPITEL BCeM a : |a — ag| < e. Takum
obpazom, ecin ag < € To do.-okpectHOCTb Ay = (ag, by) Oymer umersb hopmy, MOKa3aH-
uyto Ha Puc. 8. Kak MOXKHO BUJIETDH, 9Ta OKPECTHOCTb — HEBBIIIYKJIOE MHOXKECTBO.
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O0<agy<e
ap + ¢ 3—/| b0>0
£ 24 I
|
a(,l———1— —————————
oA I L L

Pucynoxk 8.

CoorHorenus (2.8) MO3BOISIIOT HAM ONIPEICIUTh do-OKpecTHOCTb Ag = (ap, 0). Ecm
0 < ap < &, TO Takas OKPECTHOCTH OyzeT mMerh dopmy mosockl (em. Puc. 9), kak B
caygae ag = 0 (em. Puc. 1).

{0<a0££

Pucynoxk 9.
Eciu ag > € 1o d,-okpectHOCTh HMeeT hopmy cireyomero orpeska (em. Puc. 10)

{(a,0)|ag—e <a<ag+e}.

{a0>€>0
by =0

Pucynok 10.
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Sameuanue 6. Boobie ropopsi, merpuku d, u d, He CyOMHBAPWMAHTHBI OTHOCUTETHHO
cauros (cm. (0.2)). HeiicrBurensno, mist y € Xo Bozmoxkuo O.(y) C y + O:(0) (cm.
npumep 3, puc. 8). Ecim x € O.(0) (re. ||z]] <€) u x4y & O:(y), Torga

[z]| = di(z,0) = do(2,0) < do(x +y,y) < du(z +y,9).

3. Teopembl 0 PyHKINOHAJIBHON OT/I€JIMMOCTI MHO>KECTB B
CTPOTruX BBIMYKJIbBIX HOPMUPOBAHHBIX KOHYCaX

Teopema 3 ykasbiBaeT Ha BO3MOXKHOCTBH meperoca B Kjiaacce CBHK kmaccmaeckmx
pe3yJIbTaTOB aHa/M3a B OAHAXOBBIX IPOCTpaHCTBaX. B jlaHHOM IyHKTE PabOTHI MbI
pacCMOTpUM aHaJorn TeopeMbl XaHa-banaxa o (GpyHKIMOHAJLHON OTIETUMOCTU TOU-
KN U 3aMKHYTOrO BBITYKJI0ro MHOKecTBa B Kjaacce CBHK. Coxpansisi oboznavieHunst
MPEJIBIAYINAX IIYHKTOB, HAIIOMHIM, 9TO OTHOIIEHUsI YACTUTHOTO TOPSIIKA = BBOJUTCS
B X™ Tak:

Vipro € X b1 2o & i(p) < ha(p) p € X3y (3.1)

HaH_H/I paccyKaeHud OCHOBaHbI Ha CyHI€CTBOBaHUU CY6JH/IHGIU/IHOFO NHBEKTUBHOI'O
M30METPUYHOrO U d,-HelpepbIBHOIO Biioxkenus ¢ : X — X ™ (cM. Teopemy 3 Bbiiie).
CyO6JIMHEITHOCTD 3/1eCh MBI IOHUMAaEM B CJIEJIYIONIEM CMBbIC/IE:

(,0(131 + ZL’Q) = QO(.Z‘l) + QO(IQ) V[L’l, Te € X.

HenuneitnocTb BJIOXKEHUS (0 TOPOXKJIACT MPOOJIEMY OIUCAHUs CBOMCTB MHOYXKECTBA
e(U) € X** na U € X, B wacTHOCTH, TIPOBEPKY cBoiicTBa Bhimykiaoctu ¢(U). Omno-
3HAYHO MOYKHO yTBEDPXKJIaTh BhITYKI0CTh ¢(U), ecu

a) U olHOTOYEeYHO;

6) U=[a;0]- {2} ={ r|a <A< B5a,8>0} Ve € X;

B) U={ zr|a <A< +o0}Va>0,z € X.

Beraenum kitace nogvmoxkects U C X rtaknx, 4to ¢(U) Boimykio B X*.

Onpepesienne 5. Byuem rosoputs, uro U C X *-Boinykiio, eciau ¢(U) BBIIYKIO B
npocrpancTse X **.

[Ipocreiitie TpuMepHI *-BBIMYKJIBIX MHOXKECTB IIPUBE/IEHBI Bbille. BBejieM Takke
cBoiicTBO *-3aMmkHyTOoCcTH U C X, onmpasicb Ha MeTpuky d, : X X X — R, cymecrso-
BaHUE KOTOPOil 0D0OCHOBAHO B TeOpeMe 3.

Onpegesienne 6. Bynem naspiBarh MuHoxkecTBo U C X #-3aMKHyTBIM, ecau U 3a-
MKHYTO B MeTpuaeckoM rpocrpanctse (X, dy).
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[Iycts U — *-BhiyKJI0€ 1 d,-3aMKHYyTOEe MHOXKeCTBO B X, 2o & U. Torma

di(zo,U) = irel[f]d*(:co,u) =ec>0.

Ecm B = O (0) = {¢ € X* [[|[¢|| < §} — samkuyTbIif map paayca § ¢ IeHTPOM B

0 B mpocrpancrse X**, 10 (p(x0) + B) N (p(U) + B) = 0, rae p(U) — zambikarme o(U)
B npocrpanctee X **. Tlosromy ¢(xg) & m,m — B3aMKHYTO U BBIIIYKJIO B X ™.
9To 03HAYAET, UTO IO CTaHIAPTHOI TeopeMe Xana-Banaxa o QyHKIMOHAJIBHOI OTie-
JIIMOCTH TOYKH U 3aMKHYTOI'O BBIIIYKJIOI'O MHOYKECTBA B HODMHPOBAHHOM IIPOCTPAHCTBE
A e (X)) = X\ {0}:

U(p(x0)) > sup l(p(U)) = sup L(p(U)). (3.2)

Pacemorpnm dyrknnonarn £(¢(+)) : X — R. s Beskoro

ze X |Up()] < |l

xeme - [Jp(@)] [ xee = [[€]]xene - []]]

BBUY U30METPUYIHOCTHU ¢ IIO Teopeme 3. Heprﬂ‘HO TaK2Ke IIPpOBEPUTH OJHOPOIHOCTDL
dyuxmonana £(p()) : X — R. Takum o6pazom, cripaBejinBa Caeyomnas

Teopema 4. Ecau muoocecmeo U C X *-6unykao u *-3amrknymo, xo € U, mo cywe-
cmeyem 00HOPodHbILT oepanuderHHull dynryuonan h @ X — R:

h(xg) > sup h(U).

Bameuanue 7. Hekoropoit npobieMoii siBJIsleTCsl OLUCAHNE *-BBIIYKJIbIX 1 *-3aMKHY ThIX
noamuozkecTs X. B arom miame Mbl MoxkeM Juiib npuBectr npumepst: U = {zo} u
U = [o; 8] - {0} mna Besikoro 9 € X u 0 < o < .

Cdopmynupyem TakzKe ecTecTBEHHOE cJiejicTBre u3 TeopeMbl 4. [Iycrs

O.(z) ={y € X|di(z,y) <}, O(U)= U O.(U)

uelU

g Beskux © € X, U C X uwe > 0.

CaencrBue 1. Ecau U C X x-6vnykao u x-3amknymo, a xo & O (U), mo cywecmey-
em 00Hopodnbitl o2paruvertuitl pyrrxyuonan h : X — R:

h(xo) > sup h(O:(U)).

Samevanue 8. HerpynHo nokasarb, uro B Teopeme 4 u caencrsuu 1 dbyHKIuoHa  h
HeJIb3s, BOOOIE roBOPS, BLIOPATH JIMHEHMHBIM W OrpaHUYEeHHBIM 110 HOpMe. [leiicTBu-
resbro, B8 CBHK Xy = {(a,b)|a,b > 0:a =0 = b = 0} ¢ mnopmoii ||(a,b)||x, = a
muoxkecTBo () = {(a,0)]|ag — e < a < ap + €} GyAeT BBILYKJIBIM, *-BBILYKJIBIM,
d,-3aMKHYTBIM (CM. TIpuMep 3 U3 npeaplaymiero myukra). [lo jgemme 1 st Besikoro
0 e X5 l((a,b)) = Xa+ pbupu A > 0, < 0. Torga £((ag, b)) < £((ap,0)) < supl(Q),
To ectb {((ag, b)) > sup £(Q)) HeBepHO HU TpU KakoM ¢ € X,
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Samevarue 9. Omupasich Ha puMep 3, MOXKHO TOKa3aTh, YTO B CJIydae HEBBIITYKJIOTO
muaO)kectBa U C X dyuknuonas h, BoobIe roBopsi, HEJIb3sd BbIOPATH CYOJIUHEHHBIM
(BBIILYKJIBIM ).

Tem ne Menee, BO3MOXKHO c(hOPMYJIMPOBATH aHAJIOT TeopeMbl XaHa-banaxa o pyHK-
IIUOHAJIBHON OTIETUMOCTU TOYKH W *-3aMKHYTOT'O BBIITYKJ/IONO MHOXKECTBA JIJIA JIMHEH-
HBIX (DYHKIIMOHAJIOB B crieruaj baoM Buje — ¢ Tpebosanuem O (0) C U, rue

0.(0) = {z € X|d.(0,2) < e} = {z € X |||z]| < &.

Teopema 5. ITycmv U — *-3amrnymoe svinyraoe mmoocecmeo 6 X, O(0) C U daa
nexomopozo € > 0. Feau xg & U, mo I € X*:

l(xg) > sup L(U).

Jloxasamenvcmeo. 3pech paccyxKienus OyiyT BecbMa OJIM3KUME K CTaHIapTHBIM. Pac-
emorpum dynkimonan Munkosckoro py(z) = inf{\ > 0|z € A"'U}, xoropsiit Kone-
ven i Besikoro x € X BBugy O, C U. dcno, uro py(x) < 1 Ve € U u py(z) > 1
Beuy *-3amMkuyroctn U C X. Takxe u3 O:(0) C U cnenyer py(z) < Lf|z||x as
Besroro € X. Ecim X — CBHK, to gya muokectBa Xg = {Azg|A > 0} € X u
JmHeitHoro GyHKIMoHaNa Py Ha X MOXKHO [IPUMEHUTH aHAJIOr TeopeMbl XaHa-Banaxa
o npojosKenun byHkImonaaa u3 [14]. 113 sroro pesysibrara BBITEKAET CYIIECTBOBA-
nne smneiinoro dynkmponana ¢ : X — R: {(xg) = py(xg) n l(z) < L[z|[x Vo € X
(a Takxke ((z) < py(z) x € X). dcno, aro £ € X* u Ve € U l(z) < py(z) < 1, a
U(x0) = pu(zo) > 1, To ecTb yHKIHOHAT ¢ — NCKOMBIIL. O

Sameuanue 10. [lpumep w3 3amedanusi 8 yka3blBaeT Ha CYIIECTBEHHOCTH YCJIOBUSI
0.(0) C U. Haxe ecan B 0603HAUEHUAX 9TOr0O IpuMepa nooxutb U = (ag, 0) + O (0)
JIst KOTOPBIX ag > 0 1 € > 0, 1o ms Besikoro £ € X5 (((a,b)) = Aa+ pbupu A > 0 u
w < 0. Ecin a < ag — g, 10 £((a,b)) < €((ap,0)) < supl(U) upu Besrom b > 0, xoTs
(a,b) ¢ U, T0 eCTh HEPABEHCTBO U3 TEOPEMBI 5 He MOXKET OBITh BBIIOJHEHO HU IPU
kakoM ¢ € X*.

3akJro4eHue

B zaBepriennn orMeTuM, UTO PE3YILTATHI PAOOTHI MOTYT OBITH ODODIIEHBI Ha CJie-
AYIOMIUIl KJIaCC BBIIYKJIBIX KOHYCOB C HOPMOW.

Onpenenenue 7. Bynem Ha3bBATH YTO AOCTPAKTHBIN BBITYKJIbIH KOHYC X BBIITYKJIBIM
yrnopsijodeHabiM HopMupoBanHbiM KornycoM CBHK| eciin X ectb crpormit BeimyK/ibIit
MOPSIKOBO OTJIE/IUMbBIII HOPMUPOBAHHBIM KOHYC C 3aKOHOM COKPAIEHUSA W JIJIs BCEX
r e X:

z# 0= inf{lylle 2y} >0. (3.3)

Bamenanue 11. Ouesunno, (3.3) caemyer u3 (0.6). Cregosarensho, Kax it CBHK sis-
nsiercst CBHK, w0 cymecrBytor CBHK 6e3 croiicrsa (0.6). [Ipumep Takoii cTpyKTyphbI
paccMOTpEeH HUZKE.
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IIpumep 4. Tlycrb X — MHOXKECTBO map HEOTPHUIATEIbHBIX dnces (a, b):
X ={(0,0)} u{(a,b)|a>0mub>0}.

Brenem nopmy B X cremyomum oO6pasom:

2

b
a0l = max {a | s a2 00,00 = 0

fcno, uro ||(a,b)|| = pw((a,b)), vae pw(-) — dyurimonas MUHKOBCKOro MHOXKe-
crea W, orpanndennnlii napabosoit a = b u npsamoii sunueit a = 1 (cm. Puc. 11).

a

[uny
——— e — ) ——————

|
|
:
|
e >
1

b
Pucynox 11.
Taxum ob6pasom, || - || — sbmykistit dyskimonan va X . [lokaxkem, gro || - || Mmoxker
He OBbITH MOJYHOPMOIT B JimHefiHOM mpocrpancTBe F D (X)) i BCIKOro JIMHERHOro

MHBEKTUBHOIO BJIOKeHUH ¢ : X — [, [leficTBUTE/IBLHO, 715 T1ap (l Z) + (Z 1) =(1,1)

878 878
LT\
8’8/l 8’

\(gg)“ = =1,

e (]| )

T.e. HEpaBeHCTBO ||(ay, by)|| + ||(a1,b1) + (az, b2)|| > ||(az, b2)|| He BBIMOMHSETCS.

Mo2KHO TIPUBECTH €I11e OJIUH IIPUMED BBIITYKJIOI'O0 HOPMUPOBAHHOI'O KOHYCA, KOTOPBIH
JITHEMTHO MHHbEKTUBHO N30METPUYHO HE BJIOYKEH HU B KaKOe JIMHEITHOe HOPMUPOBAHHOE
ITPOCTPAHCTBO.

IIpumep 5. Ilycrb X — MHOXKECTBO map HEOTPHUIATETbHBIX duces (a, b):
X ={(0,0)} u{(a,b)|a>0mub>0}.

Brejsiem citejrytoryio nopmy Ha X:

2

a’ b
el = max { 5. b 20w 10,00 =0

HAcno, aro ||(a,b)|| = pw((a,b)), rne pw(-) — byaxmonas MUHKOBCKOro MHOXKe-
cra W (em Puc. 12).
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Pucynox 12.

HpeﬂCTaBHHGT nHarepec ,ILaJIbHefHHee nccJieJoBaHue CBOMCTB BBe,ZLéHHI)IX KJIaCCOB

HOPMUPDOBaHHBIX KOHYCOB, & TaK2K€ UX HpI/IJ'IO}KeHI/Iﬁ B Pa3HbIX 3a/lav9aX aHaJIld3a.
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12.
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1. BBenenue

PaccmarpuBaercs 3a1ada 00pabOTKNI CBEPXIITHPOKOIIOJIOCHOIO PaINOJIOKAIIMOHHOIO
CUTHAJIA, OTPAXKEHHOI0 OT KOCMUYecKoro oobekra. Kak nokaszano B [1], ogaum u3 oc-
HOBHBIX 9((HEKTOB, MEIIaIoNX TaKoi 00paboTKe, sABJIsIeTCs JUcCIepcust HOHOChHEpHOi
mwia3Mbl. Jlanubiit 3hdeKT npodBsieTcss KaK JIONOJTHUTETbHBIN (DA30BbIA CJIBUT, 3aBH-
CSIIIUI OT YACTOTBI U TTOJTHOTO 9JIEKTPOHHOTO cosiepzkanist (total electron content, TEC)
BJIOJIb ITyTH pacipocTpanerus curnaia. CremoBaresnbHo, npu u3sectnom TEC MoxkHO
co371aTh (UILTP, MO3BOJIAIONINN KOMIIEHCUPOBATHL MOHOCheEpHbIe ncKaxKenus. Cyiie-
CTBYeT HEeCKOJIbKO criocoboB oreaku TEC. Onuum u3 HanboJsiee mepCreKTUBHBIX SBJIs-
eTcst ABYXIOJIOCHBIIT MeTO/T |2], He TpebyroIuil HeroIb30BaHus CUTHAJIOB CIIEIUATBLHOTO

Pabora BeImosHena npu nosyiepKKe rpanTta Ipesugenta PO (Ne HITI-6831.2016.8)

© A.K.CTPOEB



186 A. K. CTPOEB

BUJIA WJIX OOJIBIIIONO KOJIUYECTBa (PUIBTPOB, HO TO3BOJIAIONINI IIPU 9TOM KOMIIEHCUPO-
BaTh MeJKoMaciTabuble noHochepHble HeogHOpoAHOCTH. B padore [2| manubIil MeTo
ncc/eIoBaH 6e3 y4aera JO0IIEPOBCKOro ¢iBura. B HacTosIei paboTe OImuchIBAETC MOJIE-
JINPOBaHMe 00PabOTKU CUTHAJIA, OTPAXKEHHOI'O OT OBICTPO JIBUKYIIET0OCS KOCMUIECKOTO
00beKTa, ¢ IPUMEHEHHEM JIBYXITOJIOCHOI'O METO/Ia.

2. MaremaTrndyecKas MOJeJb PaJUOJIOKAIIMOHHON 00paboTKMI

[IycTh n3mydaeMbril CBEPXITUPOKOIIOJIOCHBIN CUTHAJI ¢ HECYIIEH 9acTOTON wy Ipe/I-
CTaBJICH B CIICKTPAJIbHOM BHJE

s(t) = Age—ieot / S(Q)e= 40, (2.1)

rae Ayg — aMIuIITya U3Iy9aeMoro curuana, s (1) — cuekTp ormbarorieii curaaJa.
HpI/IHI/IMaeMBIﬁ OT TOYE€YHOI'O 06'])eKTa CHUT'HaJl TOr'Jla mMeeT BU T

2

u(f;) = Ale_iwo(t_TR) /5<Q)e_i9(t_2£%)ei2@(g)dﬂ, (2.2)

rae A; — aMIumTyia TPUHEMAEMOr0 CUTIHaJIa, R — paccTosiHue 10 HabJ1101aeMOro 00b-
ekTa, ¢ (1) — monosHUTeIbHAST (Da30Bast 3a/IepKKa, BbI3biBaeMasi noHocdepoii. Besu-
qrHa JTAaHHON (bas30Boil 3a1epKKu 1aeTcs hopmysioi |3

P(w) = SL(w), (2.3)

riae L(w) — momomHuTe bHBIH (ha30BbIil 1IyTh, BBI3bIBAEMBIN HOHOCGhEPOii, KOTOPHIi
MOXKET OBITh BBIYMCJICH 110 (hopMyJie

L(F) = —— - TEC, (2.4)

riae F' = w/2r — gacrora B MI'n, TEC = fOR N(lo)do — monHas 3J1eKTPOHHAS KOH-
nenTpaius B M2 (31ech N(r) — pacipejiesienue 3J1eKTPOHHOI KOHIEHTPAIMU B IPO-
crpaHcTBe, | — eMHUYHBII BEKTOD BJIOJIh HAIIPABJICHNST PACIIPOCTPAHEHNSI CUTHAJIA), U
K =40.3-107"2 MI'i® - M°, Tak 9T0 pe3ysbTaT n3MepseTcs B MeTpax. Kak ciemyer n3
(2.3) u (2.4), nonocdepnast aszoBasi HoNpaBka OOPATHO MPOMOPIMOHATIBHA YACTOTE.
Y106HO HPEJICTABUTD €€ B BUJE TPEX CJAraeMbIX CJIEAYIOIUM 0OPa3OM:
Wo Q QQ Wo
p(wo +€2) = —L(wo) — —L(wo) + ———7— L(wo), (2.5)
c c wo(wo + ) ¢
rJIe IIepBOE CJIaraeMoe — HeCyIeCTBEeHHBIN pu 06paboTKe IIOCTOSTHHBIH (ha30BbIil ¢IBUT,
BTOPOE OIPEJIEISAET JOTOJIHUTENBLHYIO TPYIIIOBYIO 3a/€PIKKY, & TPEThe BbI3bIBaeT UCKa-
JKerre (GOPMBI UMILYJIbCA U YXYIIIECHAE OTKIMKA CONJIacOBAHHOrO (huibTpa. JIByxionoc-
HbIil MeTos1 onpeiesiernst TEC ocHOBaH Ha M3MepEeHUN PA3HOCTH MPYIIIOBBIX 3a/IEPIKEK
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MOJEJINMPOBAHUE /IBYXIIOJIOCHOI'O METO/ZA 187

CUTHAJIa HA PA3HBbIX YacToTax. [yig 9Toro npuHuMaeMblii curnaj oopadaTbiBAeTCs PH
MIOMOIIH JIBYX MOJIOCOBBIX (DHJIBTPOB € TIEHTPAJIHLHBIMI YaCTOTaMU W1 U Wy. BpeMeHnHble
3aJIEPKKU B KaXKJOM U3 3TUX (PUIHTPOB OYJIyT PABHbI:

o 2L (2.6)
C C

A C)) (2.7)
C C

[Moncrasiss (2.4) B (2.6) — (2.7) u peras cucreMy ypaBHEHHUIH, HOTyInM CJIE/YIOIIEe
BbIpaxkenue st oreaku TEC:

T2 —T1

TEC = .
2K - (G — )

(2.8)

3. IIporpamMHOEe MO/ieJTMpOBaHUE PaJIOJIOKAIIMOHHON CUCTEMBI

JL71st IpOBEPKH TTPEJIJIOZKEHHOT'0 aJITOPUTMa ObLIa CO3JaHa MporpaMMa, TO3BOJIAIO-
mas MOJICTMPOBATH PACIIPOCTPAHEHHE CUTHAJIOB Yepe3 noHocdepy n ux oopadoTky. [pu
9TOM B MOJIEIN JIOJIZKEH YUUTBIBATHCA P 9PDEKTOB: IIyM, JIUCIIEPCHOHHOE PACILIbI-
BaHUE MMIIYJIbCa, JOIJIEPOBCKUI CIBUT, CIOKHag GopMa OTK/INKa oT obbekTa. Omnu-
IeM CHadaJia HanboJiee MPOCTYIO BEPCUIO MOJEN 0e3 BeeX MepedncIeHHbIX 3P HEKTOB.
N3zinyvyaemMblit CUTHAJT OIPEJIE/ISIeTCsl KOMILIEKCHOM ormbaroieil m HecyIeid 9acToOTOil.
[Iporpamma 1103BOJIIET AHAJIM3UPOBATH CUTHAJIBI PA3JIUIHOTO BUJIA, OJHAKO B JAHHON
pabore mbl orparuunmcs JIYM curnasiom, orubarorast KOTOPOro MMeeT BUJL

Al it AFt? T <i< T
( ) = eXp ( T > ’ 2 — = 27

rae AF — nmojioBuHa MMUPUHBI TIOJIOCKI 9aCTOT CUrHaa, 1T — IIUTeIbHOCTD. s Mo-
JIeJIMPOBaHUA CUTHAJIA HEOOXOAMMO IIePeiTH K JUCKPETHOMY BHLy ormbapomeii A, =
A(ty), tae t, = —Z +n - 6t. CiekTp curaasa paccUnTHIBACTCS IPH TOMOILM GBICTPOTO
npeobpazoBannsg Oypbe CIeIyIONIM 00Pa30oM:

N-1 k-n
Ap =) Ay exp (mT), (3.2)

n=0

(3.1)

riae N — 4HcjIo OTCYeTOB CUrHaJia, k — HOMEpP OTCYeTa B CIeKTpaJjbHoil obnactu. Ha-
OJII0aeMbBIil OOBEKT OIPEIENIAETC COBOKYITHOCTBIO OCHOBHBIX IIEHTPOB PACCESTHUS —
OsecTamux Touek. Kazkgas OJiecTsimnas TOUKa 3a/1aeTCA ee KOOPAUnHATaMI OTHOCUTE b~
HO YCJOBHOTO IeHTpa o0bekTa 1 cBoell a¢bderTuBHOil miomaapio paccesaus (DIIP).
Kpowme Toro, cymecTByer BO3MOKHOCTD 3a/IaTh yTOJI HAOJIIOIEHNsT 00 beKTa — M3MeHe-
HUE 9TOTO yIjla BO BPEMEHH I03BOJISIET MOJIyYaTh JAByMEpHbIe M300parkeHusi o0beKTa.
OTHOCHTE/IBHOE PACCTOSIHUE JI0 M-l OJIecTsIeil TOUKN:

R,, = x,, cOs © + Yy, sin . (3.3)
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188 A. K. CTPOEB

OTKIMK OT CJIOKHOTO OO'bEKTa BBIUUC/ISIETCA B CIIEKTPAJbHOM BHJE. DTO, BO-TIEPBBIX,
IIO3BOJIAET JIEFKO MOJIEJIMPOBATh 3aJIePKKY, He KPaTHYIO Iary JUCKPETU3alluu 110 Bpe-
MEHH, & BO-BTODPBIX, YIIPOIIAET JlajibHelilnee jgo0aBjenne nonochepHoit jgucnepcuu. B
JINCKPETHOM BHUJI€ Orudarorias MpUHIMAEMOI'0 CUTHAJIA UMEET BU/I:

47 F;
up = ZAkam exp (—i Wc kRm>, (3.4)

rae o, — IIIP m-it 6aecrsmeit touku, Fy = Fy + kdF — gacTora COOTBETCTBYIOIIEH
CHEKTPAJILHOM KOMIIOHEHTHI, F{y — dacTora Hecyteil. [lomy4uennnii curnaa odpadaTbl-
BaeTCs MIPU TIOMOIIH COTJIACOBAHHOTO (PUIIBTPA CO CHEKTPAJIHHON XapaKTepUCTHKOIL:

rJIe 3Be3/I09KOi 0003Ha9eH0 KOMILIEKCHOe conpsizkenne. OTKIMK GpuabTpa B CIeKTpalb-
HOM BHJIC:
47 F;
2 . k
Vi = Z |Ag|“om exp (—z . Rm) . (3.6)
m
[Toce npeobpazopanua Pypbe BO BpeMEHHYIO 00/IACTh IIOJIY9aeM:
A F; n-k
_ 2 _AmE o n-k
VH—ZZMM amexp( i— R, + 27 & ) (3.7)
k m
VuuTBIBas, YTO IO CBOMCTBAM JUCKPETHOro mnpeobpasobanns Dypoe % = 0t OF, nan-

HYI0 (POPMYJTy MOZKHO TPEJICTABUTH B BHUJIE:

V, = zk: Z |Ak|20m exp (—2’47TCF0

Ecnu paccmarpuBaTh OTKINK OT OTJ/IEJIBHON OJIECTSIINE TOYKU, TO BUIHO, 9TO MOJIY/Ib
OTKJINKa (PUJIbTPa OyIeT MaKCUMaJIeH Ipu 1 0t &2 2"%, 9TO ¥ 00eCcIeInBaeT IOCTPOEHNE
JIAJILHOCTHOTO mopTpera Habsogaemoro obobekTa (em. Puc. 1 B «Ilpumepax»). Ecin
Ke OOBEKT COEP:KUT HECKOJIBKO ILIOXO PAa3peliaeMbIX OJIECTAINX TOYEK, TO (opma
OTKJINKA MOYKET OKa3aThCsl CJIOKHON m3-3a ux mHTepdepenimn (Puc. 2).

[Iepeitnem Terepb K MomempoBannio ajaropurma omneHku TEC aByxmomocHbIM Me-
tomoM. [[ist Havasta OO THUM MOJIe/b BinsgHreM noHocdepnl. [IpuHuMaeMblit curaal

Tor1a OyJIeT ONMUCHIBATHCS CJIELYIONTIM 00Pa30M:

R, + 2w kdF (n ot — QR’”)). (3.8)

C

U;c = uy exp (12¢%) , (3.9)

e @ OIINCBbIBACT ,ZLOHOJIHI/ITGJIbelﬁ (baSOBbIIL/'I CIABUI' 1 HaXOJUTCA B COOTBETCTBUUM C
(2.3) 1 (2.4):
21K - TEC

3.10
-, (3.10)

Pk
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MOJEJINMPOBAHUE /IBYXIIOJIOCHOI'O METO/ZA 189

[Ipumep OoTKIMKA OOBIMHOI'O COTJIACOBAHHOTO (DUIBTPA Ha CUT'HAJI, UCKAXKEHHBIH MOHO-
chepoit, mpusenen wHa Puc. 3. B uccienyemom anropurme onenkun TEC curmas o6-
pabaThIBAeTCs JIByMs Y3KOIOJOCHBIME (DUJIBTPAMEU CO CJIEIYIONIUMU CIHEKTPAJIHHBIMU

XapaKTEePUCTUKAMU:
¥, Iy < B
_ ko k> 1L'b1
Hyy, = { 0. Fo>F, (3.11)
0, Fk < Fb2
Hqp = , 3.12
2k { v P> Iy ( )

rie Fy u Fy — cOOTBETCTBEHHO HUKHSAA U BEPXHAS IPAHIIHbIE 9acTOThI. POpMyIIbl 06-
paboTKU CUrHAJIA TP TIOMOIIU JIAHHBIX (DUIBTPOB aHAIOTHIHBL (hopMmysiaMm (3.6)—(3.8).
O6o3naunM OTKIMKNA PUabLTpoB Vi, u Va,. Mbl 0:KHmaeM, 4TO OTKIMKHA OTJIMYAIOTCS
CBUTOM HA HEKOTOPYIO BeJnMuuHy, 3aBucsdiryio ot TEC:

JI1st HAXOXKICHUs CJIBUTA MCIIOJIB3YETCsl KOPPEIAIMOHHBII MeTos, |5

0 = argmax | > Vi, Vo) (3.14)

Koppessanusa Beraucisgercs ¢ UCIOIb30BaHUEM CBOUCTB mpeobpazoBannsa Pypbe:

> VinVaoyy = IFFT [FET [Vi] - (FFT [Va])"], (3.15)

rie FFT — npamoe, a IFFT — obpatnoe npeobpazoanne Pypbe. [lockombky 1mosio-
JKeHne MaKCUMyMa, He 00s3aHO OBITH IeJIbIM YHUCJIOM JIUCKPETOB, JIJIS €r0 HaXOXKIIe-
HUS UCIOIB3YeTCs IpeicTaBaeHne (DyHKINI KOPPEIAIuu B Buae paga KorebHUKOBA.
OrnieHKy 3a/epKKN OJIyduM 1o hbopMmyJie:

=400t (3.16)
[Toncrasus (3.16) B (2.8), mosyunm oKOHUATEIbHOE BhIpazkenue st ornenkun TEC:
T
2K (g2~ 2)

[Ipumepbl OTK/IMKA BHICOKOYACTOTHOTO U HU3KOYACTOTHOT'O (PUIHTPOB M KOPPEIAIINOH-
Hoit (pynknuu mnpusejiensr Ha Puc. 7-8.

TEC = (3.17)
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4. Yder myma

Bceposmozknbie ITyMBI allllapaTypPbl 1 BHEITHUE ITOMEXN MOJACJIUPYIOTCA B IIpOIrpaM-
Me aJJUTUBHBIM OeJILIM rayCCOBBIM IIIYMOM. HpI/IHI/IMaeMI)Iﬁ CUTHaJI C y4YEeTOM IIyMa
paBeH:

e up — IpUHUMaeMbIil curHaj 6e3 ydera miyMma, £ — IIOCJI€I0BATEIHLHOCTh HEKOP-
PETUPOBAHHBIX TayCCOBBIX CIYYAMHBIX BEJMYUH C HYJIEBBIM CPEJIHUM W JTUCIIEPCHE,
3a/1aBae€MOil OTHOIIIEHUEM CHIHAJI-IITyM. PaccMOTpuM, KaK BBIYUCUTD ITY JTUCIEPCUIO.
[To ompejieiennio, OTHOIIEHNE CUTHAJI-IITYM PaBHO:

E
SNR = —, (4.2)
No
rne ' — sneprug curnasa, Ny — clieKTpaJibHas MOITHOCTH Iyma. KoppendarmumonHas
dyukius 6esoro nryma:
()&M) = Nod (t —1). (4.3)
Buamo, uro mcrnosbp3oBaTh B MOJETH HEIOCPEICTBEHHO BXOIHONW O€JIbIif IIyM MBI He
MOZKEM, TaK KaK ero jiucrepcus Oeckonedna. /[uckpernas ciydaiinas 1mocjie1oBaTe /b-
HOCTDL &, TIOJIyYaeTCs IIyTEeM YCPEJIHEHHs BXOIHOTO OeJIoro IIyMa Ha WHTEpBaJe JIUC-
KPETU3AIIH:

.
b= / £(t) dt. (4.4)

U3 (4.3) u (4.4) HaiigeM HCKOMYIO TUCIEPCHIO:

t

S

(@) =55 [ [ewewyad =3 (1.5

Kak BumaHO, Ipu 3a/JaHHOM OTHOINEHUU CHUTHAJ-NIIYM JIUCIIEPCUS IIyMa OOpaTHO IPO-
MOPIMOHAJIbHA MHTEPBALY JUCKpeTn3anuu. JIJaHabIil pe3y1bTaT BayKHO YUUTHIBATE IIPH
MoziesmpoBanuu. s mporpaMMHO# TeHEpAIUU T'ayCCOBBIX BEJIUYUH C 3aJIaHHON JTUC-
nepcueii HeoOXO/IMMO TTPUMEHHUTb OJIMH U3 M3BECTHBLIX aJropuTMOB. B ommchiBaemoi
nporpaMMe ucnoJb3yercst agroputm Mapcanbu-Bpes [4]. [Ipumep orkimka duibrpa
Ha 3aIlyMJIEHHBII curHAJ TIpuBesieH Ha Puc. 4

5. Y4deT HOMJIepoOBCKOI'O0 CABUTA

[Ipu HabIOEeHNN 38 OBICTPO JBUKYIIUMUCT KOCMUYIECKIMU O0ObEKTaMU HEOOXO/ -
MO TaKzKe€ YIUTBIBATH JOIJIEPOBCKUT CIBUT 9acTOThI. [[0CKOIBKY yecKOpeHueM ¢BOOOTHO
JABU2KYIIINUXCA O6'beKTOB Ha KOPOTKOM BPEMEHHOM IIPOMEKYTKE JTJIMTEJIbHOCTU CUT'HaAJIa,
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KaK IPAaBUJIO, MOXKHO IPeHeOpeyb, MPEJICTaBUM 3aBUCUMOCTH PACCTOSHUSA JI0 00HEKTa
OT BPEMCHU B JIMHCHHOM BHJE:

R = RO + Ut, (51)

rae Ry — paccrosgHue 10 0ObeKTa B HyJIEBOiIl MOMEHT BPEMEHH, U — PaJHa/IbHas CKO-
poctb obbekTa. Ilogcrasus (5.1) B (2.2), momyanm:

u@):Aﬁgwd??>/Q«neﬂw—?*T%ﬂﬂmam (5.2)

[TpoBesem Teneph 3ameny mepeMeHHbIX 2 = vQ, roe v = 1 — 2—0” Torya (5.2) npumer

BUJL:

! (2 oo 2

ult) = e [ s (Q) o020 20(%) goy (5.3)
Y

Kax BumHO u3 (5.3), IPOU30IIIEN CIBUT 9aCTOTBl — HECYIIast MePeMeCTHIaCh Ha JacToTy
YWwp, & ormdaroIas MPUHIATOrO CUIHaJIa Ha dacTtore {2 oKasajiach IPOMOPIMOHAIBHO
orubaroreil 3Jy9eHHOr0 Ha 9acTOTe %/ Ot 1Ba 3pderTa HeOOXOIMMO YIeCTh B MO-
nenmpoBannu. Vckaxkenne dpopmbl orudaroreit onucbiBaeTes HopMyJIoii:

uy:U<@), (5.4)

v

rie U (f) — HenpepsIBHBII CIIEKTD OrubakoIeil, COOTBETCTBYOIIUIT TUCKPETHOMY CIIEK-
Tpy orubatoreii uy, = U (F). 3HaueHns: HENPEPBIBHOIO CIIEKTPa B HHTEPECYIONINX HAC
TouKax Haiijiem 1o dopmyse paiaa KorenbHukosa:

Uy Sin (f_§° — k)

U(f)=). ﬂLﬁ_@ . (5.5)

oF

OTmeTnM, 9TO JApyrHe AlIPOKCHMAIIOHHBIC (DOPMYJIBI (HAIIPUMED, JIMHEHAST AIllIPOK-
CI/IM&HI/IH) HE ABJIAIOTCA IIPUMEHHMMBbIMH, TaK KaK CIEKTP MIMNPOKOIIOJIOCHOT'O CHUI'HaJia
He SBJIIeTCs JOCTaTOYHO IIAaBHO m3MeHsiomneiics dynkiumeit. Popmyity ke psga Ko-
TEJbHUKOBA MOYKHO NPUMEHATH, TaK KaK JJINTEIbHOCTh CUT'HAJIA OTPAHUYIEHA, CJIeI0-
BaTEILHO, €r0 CIEKTP MOXKHO CIMTATh (PYHKIHEH ¢ (PUHUTHBIM «CIIEKTPOM>.

Hpyrum s3¢dpdekToM, BbI3BIBAEMBIM JIOIJIEPOBCKUM CIBUTOM, SIBJISIETCS HECOBIIAJIE-
HUEe Hecyllell 9acTOThl TPUHUMAEMOr0 CUTHAJIa U Hecyleld 9acTorhl dpuabrpa. [lycTnb
IPUHUMAEMBIH CUTHAJ omnuchiBaercst (popmysioii (2.2). Beiaeanm B HEM Jpyryio Hecy-
VIO 9acToTy wy' # Wo:

.z ’ s s _% .
u(t) = Aje 0 ZAWt/s(Q)e K=" ei20 D g, (5.6)
e Aw = wy — wy'. MHOKuTEIb €A HeoOXOAMMO BHECTH II0J] 3HAK MHTerpaja i
npoBecTH 3aMeHy mnepeMeHHbIX () = € + Aw. B pesynbrare mosydmm, 4TO CHEKTD
orubaromieil IpUHIMAEMOr0 CUI'HAJIA Ha JAPYIOil 4aCcTOTe MMEeT BHI:
u(Q)=u(Q — Aw). (5.7)
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Broruncienne 3naveHuns clieKTpa Ha 3a[aHHON YacTOTe, KaK U PaHbIlle, IPOU3BOIUTCS
npu nomotmn psga Korenbaukosa. Cremyer OTMETUTb, UTO HECOBIAJEHUE HECyIeit
JACTOTHI CUT'HAJIA ¥ OTIOPHON YaCTOTHI 00PadaThIBAIOIIETO (PUIBTPA MOXKET BhI3bIBATHCS
HE TOJIbKO JIOILJIEPOBCKUM CJIBUTOM, HO WM, HAIIPUMEP, HEUJICAJTbHOCTBIO AllllapaTyphl.
[Tpumep oTkauKa puabTpa, HE COTJIACOBAHHOIO 110 JIOILIEPOBCKOI YacToTe, IMPUBEJIEH
na Puc. 5.

6. ITpumepsr padboTbl MO/1€JTA

[Ipumepnsl OTKIMKA CHCTEMbI OOPADOTKU B Pa3/IMYHLIX YCIOBUAX IPUBEICHBI HA

Puc. 1-6.

OrnbatoLLias curHana Ha BbIxoge unbTpa OrubatoLasi curHana Ha Bbixoge dunbTpa
PaccTtosiHne, m PaccTtosHne, m
-30 -20 -10 0 100 20 30 -10 0 10 20 30 40
1 1
08 %08 /\
> >
: i : i
z 06 I \ Z 06 , \
c | =
Z 04 I \ Zo4 \
o /\/\/\/\I V\/\/\/\ o A !
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Puc. 1. UneanbHbIit OTKINK. Puc. 3. Wonocdepnnie nckaxkenuns TEC = 50
TECU.
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Puc. 2. OTrimk or 06beKTa CI102KHO# (hbopMbI (Tpu
GJiecTsIe TOYKH, PA3HECeHHbIe Ha 3-4 MeTpa). Puc. 4. Curnan ¢ mymom.
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OrunbatoLjas curHana Ha Bbixoge unbTpa
PaccTtosiHne, m
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Bpewms, mkc

Puc. 5. Hey4arennslit JI01/I€pOBCKHl CIBUT C pa-

JIUAJIBHON CKOPOCTBIO 2 KM/ C.

193
OrnbatoLjas curHana Ha BbIxoge unbTpa
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Puc. 6. /loriepoBcKuilt CABUT C YyIETOM TOJBKO

CABUTa HeCyIen.

I'pacduknu, gemoncrpupyiomue onenky TEC AByXI110710CHBIM METOIOM, TTOKa3aHbI Ha,

Puc. 7-8.

LF n HF curHansl n nx koppensuns

PacTtosiHve, m — LF Output
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Puc. 7. Ouenka TEC B uzneanbaoM ciryuae.
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LF n HF curHansl n nx koppensauus

PacTosiHue, m — LF Output
-20 0 20 40 60 === HF Output
1 \ — Correlation
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Puc. 8. Onenka TEC npu ciaoxuoit hopme OTKINKA, HAJIMYAN TIyMa U HEYITEHHOrO JOIJIEPOBCKOTO

C/TBUTA.

MO,[[QIII/IpOBaHI/Ie IIPOBOJINJIOCH CO CJIEJAYIONIMMU XapPaKTEPUCTUKaMU:

® J[JINTEJIbHOCTL UMIIYJIbCa 5 MKC,

IIpUHUMaeMas JIJINTeTbHOCTh curnaja 10 Mk,
qacToTa 1500 MI'm,

nojioca 100 MI'n,

mucnepcust 50 TECU (1 TECU = 10 m—2),
OTHOIIIeHUE cUTrHAJI-TIyM -1 1B,

pajaIbHast CKOPOCTh 2 KM/ C.

7. BuiBoabI

CozanHas IporpaMMa IO3BOJIsIET MOJIEJIMPOBATH PA3/JIUIHbIE CIEHAPUH PaJIHOJIO-
KAITHOHHOI'O HAOJIIOJEHNsI, YTO TOAUTCHA, B YaCTHOCTH, JJIsi U3YUEeHUA PabOTOCIOCOD-
HocTn aByxmosiocHoro Meroaa omnenku TEC. Ilpumepsr paboThl IporpaMMbl IPUBEIE-
Hbl Ha PUCYHKaX. BbIJe/enbl HEKOTOPbIE HIOAHCHI MOJ00HOTO MOJIC/IUPOBAHUS, TAKHE,
KaK HEOOXOJIMMOCTH ydUeTa 3aBUCUMOCTU JIUCIIEPCUU JUCKPETHOTO IIyMa OT YaCTOThI
JIUCKPETU3aIuil U HeoOXOIMMOCTb UCIIOJIb30BaHusa dpopmybl psaaa KoreabHukoBa st
AIIIPOKCUMAIIAH CIIEKTPA.
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PEOEPATHI

YK 517.938
A. JOJITOHOCOBA, E. HO3JIPUHOBA, O.IIOYNHKA. O npensarcrBusiX K CyIIeCTBOBAHUIO

npocTtoii ngyru, coeguHsonieii MuHoromepHusnie quddeomopduszmbr Mopca-Cmeiina (anrimii-

ckmit) // duunamuaeckne cucremsl, 2017. — Tom 7(35), Ne2. — C. 103-112.

B macrosimieir pabore pacemarpubaiorces auddeomopdusmbr Mopca-Cumeitta, 3aanHble Ha HEOI-
HOCBSI3HOM 3aMKHYTOM MHOroobpasuu M"™, n > 3. g Takux cHCTEM BBOIUTCS ITOHSTHE TPUBUAJIBHON
(HeTPUBHAJIBHOI) CBSI3aHHOCTH UX NEPUOIMIECKUX OPOUT. YCTAHABIMBAETCS, YTO M30TONHBIE TPUBH-
aJIbHbIe U HeTPUBUAJIbHBIE (D PeoMOpIU3MbI HE MOI'YT ObITH COEIUHEHbI IyTOi ¢ OudypKAIUIMU KO-
pasMepHOCTH oauH. [locTpoeHE! IpIMepHI TAKUX Kackanos Mopca-Cueita Ha MEOroobpaszmm S” ! xSt

Kitouessbie cioBa: jquddeomopdusmbr Mopca-Cumeitsa, budypkamnms, ryiajgkas 1yra

M. 9. Bubmmorp. 10 Hazs.

VIIK 517.938

E.J. KYPEHKOB, K. A.PA3BAHOBA. O nepuoauveckux caBurax Ha n-ropax (aHrimickuit) //
Hunammaeckne cucremsr, 2017. — Tom 7(35), Ne2. — C. 113-118.

B nacrosimeit pabore paccMaTpUBaIOTCs, IEPUOINIECKHE CIABUIU HA N-MEPHOM TOPE, U JJIsl IBYX
TOIIOJIOTUYECKH COIPSI?KEHHBIX CIABUIOB MCCJIEyeTCsl MHOYKECTBO COIPSITAIOIINX UX TOMEOMOP(MOU3MOB.
U3 pesysbraros J. Nielsen [Dansk Videnskaternes Selskab. Math.-fys. Meddelerer, 1937, Vol.15, 1-77]
CJIEIyeT, 9TO NI MEPUOANIECKUX TOMEOMOPMU3IMOB JIBYMEPHOI'O TOPA TAKUX, YTO BCE TOYKH MMEIOT
OJINH TIEPUOJI, TEPHUOJ, SBJISETCS IIOJTHBIM WHBAPUAHTOM TOIOJOTUYIECKON COIPSIZKEHHOCTH. B HacTOs-
1meit paboTe UCCIeLyeTcst BOIPOC, KOIJIA JIBa, IIEPUOMIECKUX CJIBUTa HA N-MEPHOM TOPE TOIIOJIOI TIeCKH
COIIPSI?KEHBI C MTOMOIIBIO IPyHIIOBOro aBroMopdusma. OCHOBHBIM pe3yJIbTaTOM PabOTHI sIBJISETCS J0-
Ka3aTeJIbCTBO TEOPEMbBI O TOM, UTO JBA MEPUOJUIECKUX CIBUIA, HA N-MEPHOM TOpE, MMEIOIINX OUH
[IEPUO/T, TOMOJOTUIECKHU COIPSKEHBI MIOCPEJACTBOM CUETHOTO CEMECTBa IPYIIIOBBIX aBTOMOPMU3IMOB
topa. Kpome Toro, mokazaHo, 9to Jjis JIByX (DUKCHPOBAHHBIX TOIOJOIUIECKH COTPSI?KEHHBIX CJIBU-
OB MHOXKECTBO COIPSATAIONIAX UX FOMEOMOPMU3MOB B KaXKIOM T'OMOTOIIMYECKOM KJIACCE COJEPIKUT
KOHTUHYYM OMEOMOP(MU3MOB.

KitioueBbie cjIoBa: TONOJIOIMYECKAs COMPIKEHHOCTD, AaBTOMOPMU3MBI TOPA, TOMOTOIIHS

Bubmmorp. 4 na3s.

YIK 517:957

10. A. XABOBA. MeraycroiiuynBbie CTPYKTYPbl B IapaboJiMYecKoil 3a/jade C OTpPa>keHuem
IIPOCTPAHCTBEHHOM NepeMeHHOU Ha orpe3ke (pycckuii) // Huumamudeckue cucremsr, 2017. —
Tom 7(35), Ne2. — C. 119-129.

Uccnemyercs tuHaMuKa CTAIMOHAPHBIX CTPYKTYP B HEJTHHEHHOM OIITHYECKOM PE30HATOPE C ITPeod-
pasoBaHHeM OTpakeHus. MaTeMaTnIecKoi MOJIEJIbIO CHCTEMBI SIBJISIETCs TTapaboIMIecKoe ypaBHEHHE C
IpeoOpa30BaHNeM OTPaXKEHUsl ITPOCTPAHCTBEHHOM IMEPEMEHHOM U yCJIOBUSIMU TiepuoandHocTu. Vccire-
JIyeTcst IBOJIONMS (DOPM M YCTONYUBOCTH CTPYKTYP IIPU yMeHbIeHnn Kodddunmenta muddysuu. B
pabote ucronb3yercs meror lanepkuna. Peasusyercs mupokunit CrieKTp ceio-y3JI0Bbix oudypKrauit
U MeTayCTONIUBBIX CTPYKTYP.

KiroueBbie ciioBa: napabosimdeckasi 3aj1a9a, CyIECTBOBAHUE DPEIIEHUs, METAyCTOWINBbIE CTPYKTY-
pbl, OudypKanus, yCcToiInBOCTb, MeTo, [ 'ajgepkuna.

WNax. 4. Bubnmorp. 14 uass.
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VIIK 139.3

B.B. YEXOB. 'eomerpuyecku u pusndecKn HeJMHEHHAS 33/[a9a ONTUMU3AINN TPEXCTEPXK-
HeBo# (epmbrl (anrmiickuit) // Huaamuaeckne cucremst, 2017. — Tom 7(35), Ne2. — C. 131-148.

PaccvarpuBatores 3a1a4m anaan3a U ONTUMAJIHLHOTO TPOCKTUPOBAHUA CTATUYECKU HATDYKEHHOM
CHMMETPUYIHON TPEXCTEPKHEBOI (DepMBbI ¢ yIETOM HEJMHEHHOCTH UCIOJIB3YEMbIX MATEPUAJIOB, & TaK-
ke Koneunoctu gedopmaruii. [losydueno ycimoBue coBmectHocTH jedOpMariiii, a TakKe CBIA3b IIJI0-
majeil ceueHuit cTepKuel ¢ yPOBHIMN HAIpPsKEHUt B HUX pU KOHEYIHBIX gedopmarusax. [Tokazano,
49TO, XOTd 33ja4a aHajan3a (epMbl B O0INEM cilydae HeJMHe(Ha, OHAKO ONTHMU3AIMOHHAA 33Ja4a
SIBJISIETCsI 3aJiadeil JTUHEHHOro nporpaMMupoBanusi. CpaBHUBAIOTCS CBOWCTBA OITHMAJIBHBIX IPOEKTOB
IIPA UCIOJIB30BAHUN PA3JINYHBIX KOHCTPYKIIMOHHBIX CILIABOB.

KuroueBbie ciioBa: cumMerpudHast TpEXCTepKHEBast hepma, hdusnmdecKas HeJIMHEHHOCTb, T€OMETPHU-
qecKasd HEeJIMHEHHOCTD, 3a/a49a ONTUMAaJIbHOI'O TPOEKTUPOBAHUS.

Wn. 6. Tabu. 6. Bubaumorp. 13 nass.

YIK 517.98

E.M.KY3bMEHKO, C.11. CMPHOBA. Hersagkune BapualiOHHBbIE 330a4M C IIOABUXKHOM
rpaHuneii ¢ ToOYKu 3peHus oboOlmeHHOro merona MmHoxkureseh Jlarpan»ka (pycckuii) //
Hunamuraeckne cucremst, 2017. — Tom 7(35), Ne2. — C. 149-156.

Merox muoxxureneit Jlarpamxka 06001aeTcs Ha Caydail yCJIOBHOTO SKCTPEMyMa CyOryIaakoro pyHk-
IHOHAJIA TIPU CYOIJIAIKOM YCJIOBUU CBsI3u. Halll mo/ixo1 OCHOBAH Ha HEJIABHO TIPE/JIOYKEHHON B paboTax
1.B. Oposa cybriaukoii (popme TeopeM 06 00paTHOl 1 HesIBHON (DYHKIMK, a TAKKe Ha, OlIepaTOPHOI
baze 9TUX Pe3ysbTaToB, n3joxkenHoi B paborax .B. Opiosa u C.M. CMupHOBOIi.

VuoMsiHy ThIe PE3YJIbTATHI TO3BOJIMIN PACIPOCTPAHUTD METO, MHOXKUTe el Jlarpamka Ha caydait
HEIIAJIKOTO YCJIOBHOTO SKCTPEMYMA, ITO COCTABJIAET COJIEPXKAHNUE ITEPBOI IacTU PAbOTHI.

Bropas gacTh paboThI MOCBSAINEHA HETJIAJIKAM BAapUAIMOHHBIM (DYHKIMOHAJIAM U OMUPAETCS Ha
TEOPUIO CHIIBHBIX cyOauddepeninmonanos, paccMoTpennyio B paborax U.B. OpJoBa, a Tak»ke Ha Me-
TOZBI UCCJIEIOBAHUS HETVIAIKNX BaPUAIMOHHBIX (DYHKI[MOHAJIOB, OIMCAHHBIE B COBMECTHOM y4IeOHOM
mocobun M.B. Opsoa, @.C. Crouskuna nu C.J1. CmupHOBOit. 37eCh mOIyIeHO 0DODIEHHOE YCIOBUE
TPaHCBEPCAJTBHOCTH, KOTOPOE Y¥Ke PaCCMaTPUBAJIOCH HAME paHee B DOJiee YaCTHOM CJIydae, a TAK¥Ke
IIPUBEJIEHBI TIPUMEPHI €r0 TPUMEHEHNS.

B uacrHOCTH, B KayecTBe mpocCTeiilero mpuMepa OTMEYeH “KBa3WKJIACCHYeCKuil” ciydail, Korjua
IJIaJIKO€ YCJIOBUE Ha TTOIBUKHYIO TPAHUILY KOMOMHUPYETCS C HETVIAJKIM HHTEIPDAHTOM BAPUAIMOHHOTO
DYHKIITOHAIA.

KurouyeBbie ciioBa: mersiajikue BapuaIlMOHHbBIE 3a/a4H, IIOJABUKHASA 'DAHNIA, CHJIbHBIE CyOmudde-
peHInaJIbl, MeTo MHOKHTes el Jlarpamxka.

Bubsmorp. 13 mass.

VIIK 517.929

A.I0.ITIEPEBAPIOXA. BanazapiBanue B PeryJisiiiuy MOMYJISIIMOHHON AUHAMUKN — MOIEJIb
KJIeTO4YHOro aBromara (pycckuii) // Hunammudeckue cucremsr, 2017. — Tom 7(35), Ne2. — C. 157—
165.

O6cyKaeTcs MeToJ] MaTeMaTHIeCKOl (hOPMAJIM3aIU 3al1a3/(bIBAIOIIEl peryisanun Guoaorude-
CKHUX TIPOIIECCOB, B TOM YHCJIE IpPEeIOyKeHHast HamMu Moaudukanus auddepeHnanbHoro ypaBHeH sT
JIJIS KDUTUYECKOTO BAPUAHTA PA3BUTHs MOIYJIAIMOHHBIX (hiryKTyanuii. Vcrnoap30Banue nOIy Isuon-
HBIX MOJIeJIell ¢ OTKJIOHSIomMMCs apryMentoM & = rv(x) f(x(t — 7)) B HEKOTOPBIX CJIydasx IMPOTUBOPE-
YUT JAHHBIM 9KCIIEPUMEHTAIbHBIX Habmoennil. PaccMoTpena npobiieMa CyImHOCTHON HHTEPIPETAIIUT
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BEJIMYMHBI T B KOHTEKCTE IIPUINH €€ TOosIBIeHus. /[JIsT JIeMOHCTpAIMY BOJIFOIUY CUTYaIlui ¢ KOMILIEK-
COM PeaIUCTUIHBIX (PAKTOPOB BPEMEHHOTO ITOC/IEAEHCTBUS IPEJJIOXKEH AJITOPUTM KJIETOTHOI'O ABTOMA~
Ta C TPOMYIHBIM COCTOSHUEM KJIETOK. YCJIOBUsT TPAHC(HOPMAIINNA COCTOSTHUS KJIETOK TOKA3bIBAIOT, UTO B
ropaszzo OoJiblleii crenenn popMaIu3yeMoe B ypaBHEHUsIX XaTunHcoHa u «blowfly’s equation» 3amnas-
JBbIBAHNE OTHOCUTCS K JUHAMUKE B3aUMOIEHCTBUS BUJA U IOJJIEPXKUBAIONIEN YCIOBUS KU3HU CPEJIBI.
BzaumoseiicrBue He MOXKeT OTpazkaThCsl KOHCTAaHTHBIM ITapaMerpoM. /lelicTBue 3amas3ibiBaHus BEChMa,
[TOBEPXHOCTHO MOXKHO OTOXKJIECTBJISITH C XaPaKTEPUCTUKAMU HEIIOCPEJICTBEHHO OMOJIOTMYEeCKOr0 BUIA.
Huddy3noHHYIO COCTABISIONIYIO B HEJIOKAJIBHBIX MOIUMDUKAINAX YPABHEHUI JJOTHIHEE OTPAXKATD 3a-
BHUCHMOI OT BPEMEHU PEAKIIUN BEJIUIUHONA.

KuaroueBbie cjioBa: ypaBHEHU C 3aI1a3/IbIBAHIEM, KDUTHIECKUE CIIEHAPUN TOITYISITNOHHON JTUHAMIU-
KM, MEXaHU3MBI PEryasaliui, KJIeTOYHbI aBTOMAaT.

M. 2. Bubnuorp. 18 Hass.

VIIK 517.98

®.C.CTOHAKUNH, A. C. AHAPEEHKOBA. Teopembl 0 (by HKITMOHAJIBHONI OT/I€JIMMOCTH B CITe-
IUAJIBHOM KJIACCE HOPMUPOBAHHBIX KOHYCOB (pycckuii) // Imuamuueckue cucrembl, 2017. —
Tom 7(35), Ne2. — C. 167-184.

Pabora mocsimena HEKOTOPBIM MpobJIEMaM AHAIN3A B CIEUAIBHOM KJIACCE CTPOTUX BBIMYKJIBIX
HopMupoBauHbIx KonycoB (CBHK), koropslit HesiaBHO 6611 BBEJIEH IIepBbIM aBTOpOoM. [lokazana MeTpu-
syemocTb Besikoro CBHK u cymecrBoBanue cybJIMHEHHOTO M30METPUYHOIO HEIIPEPBIBHOI'O BJIOXKEHUSI
B HEKOTOPOE HOPMHUPOBAHHOE ITPOCTPAHCTBO. [TocTpoeH MilTIOCTPUPYIONHii IPUMEP COOTBETCTBYIONIEH
tonosioruu. MccireioBana BO3MOXKHOCTH 000011IeHUST TeopeM O (hyHKIIMOHATIHHON OT/IETMMOCTH BLIIYK-
JIBIX 3aMKHYTHIX ToaMuokecTB Ha Kiacc CBHK ¢ ucronmp3oBanneM kak JTUHEHHBIX, TAK U HEJTMHEIHBIX
DYHKIIMOHAJIOB.

KitioueBbie cjioBa: CcTpOrmii BBITYKJIBIE HOPMUPOBAHHBIN KOHYC, OJHOPO/JHAS METPHUKA, TEOPEMa O

7 )
GYHKIMOHAJIBHON OTIEIUMOCTH, CyOJIMHERHOe N30METPUIHOE HEIIPEPBIBHOE BJIOXKEHUE, OJHOPO/IHDIN
GYHKIIMOHAJ, CYOIUHERHBIN (DYHKITMOHA.

Bubauorp. 15 nazs.

VIIK 621.371.1

A.K.CTPOEB. MogenupoBatue CBEPXIIUPOKOIIOJIOCHOI'O PASNOJI0KATOPA, UCIOJIb3YOIIe-
ro ABYXIIOJIOCHBIM MeTOJ KOMIIEHCAIIMU MOHOChEPHbIX ucKaxkeuuii (pycckuit) // Hunavude-

ckue cucremsl, 2017. — Tom 7(35), Ne2. — C. 185-195.

PaccmoTpena 3aa4ya MOIeIMpOBaHIS CBEPXITHPOKOIIOJIOCHOH PAMOJIOKAIIMOHHOM CTAHIUN, IIPEI-
Ha3HAYEHHOW JJIsT HAOJIIOJEHUs 338 KOCMUYIeCKUMHU oObekTaMu. Ha mocTpoeHHON MOojienn uccae0BaH
JIBYXIIOJIOCHBII METOJ KOMIIEHCAIINN NOHOC(EPHBIX NCKAXKEHUI TP HAJIMYUN IIIyMa U JOILJIEPOBCKOIO
CIBUTA 9ACTOTHI

Kirogesnle ciioBa: ﬂByXHOJIOCHbeI MeTO/, HOHOCd)epa7 CBEPXIIINPOKOIIOJIOCHaA PaJIUOJIOKAIIUSA.

Wan. 8. Bubnwmorp. 5 Ha3zs.
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MSC 2010: 37C05, 37D15

A.DOLGONOSOVA, E.NOZDRINOVA, O.POCHINKA. On obstructions to the existence of
a simple arc, connecting the multidimensional Morse-Smale diffeomorphisms (English).
Dinamicheskie Sistemy 7(35), no.2, 103-112 (2017).

In this paper we consider Morse-Smale diffeomorphisms defined on a multidimensional nonsimply
connected closed manifold M™, n > 3. For such systems, the concept of trivial (nontrivial) connect-
edness of their periodic orbits is introduced. It is established that isotopic trivial and nontrivial
diffeomorphisms can not be joined by an arc with codimension one bifurcations. Examples of such
pair of Morse-Smale cascades on the manifold S*~! x S! are constructed.

Keywords: Morse-Smale diffeomorphisms, bifurcation, smooth arc

Fig. 9. Ref. 10.

MSC 2010: 37B05

E.D.KURENKOV, K. A.RYAZANOVA. On periodic translations on n-torus (English). Di-
namicheskie Sistemy 7(35), no.2, 113-118 (2017).

We consider periodic translations on n-torus and investigate the set of all conjugating homeomor-
phisms for topologically conjugated translations. It was shown by J. Nielsen [Dansk Videnskaternes
Selskab. Math.-fys. Meddelerer, 1937, Vol.15, 1-77] that two periodic homeomorphisms of two-torus
such that all points have the same period are topologically conjugate if and only if they have the same
period. We consider the problem when two periodic translations on n-torus are topologically conju-
gate by means of toral automorphism. The main result is that two periodic translations on n-torus
of the same period are topologically conjugate by means of countable family of toral automorphisms.
Moreover, we show that for two periodic translations that are topologically conjugate each homotopy
class in the set of all conjugating homeomorphisms contains continuum of homeomorphisms.

Keywords: topological conjugacy, toral automorphism, homotopy.
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MSC 2010: 35K20, 35K59, 35Q60, 78A05, 37L10, 35R10, 35B32, 35B10, 35B35, 35C07, 35C20

YU. A.KHAZOVA. Metastable structures in a parabolic problem with reflection of a spatial
variable on a segment (Russian). Dinamicheskie Sistemy 7(35), no.2, 119-129 (2017).

The dynamics of stationary structures in a nonlinear optical resonator with the transformation
of reflection is studied. The mathematical model of the system is a parabolic equation with the
transformation of reflection by a spatial variable and the conditions of periodicity. The evolution
of forms and the stability of structures with decreasing diffusion coefficient are investigated. The
Galerkin’s method is used. A wide range of saddle-node bifurcations and metastable structures is
realized.

Keywords: parabolic problem, the existence of solutions, metastable structures, bifurcation, stability,
Galerkin’s method.

Fig. 4. Ref. 14.
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V.V.CHEKHOV. Geometrically and physically nonlinear optimization problem for the
3-bar truss (English). Dinamicheskie Sistemy 7(35), no.2, 131-148 (2017).

The analysis and optimal design problems are considered for the statically loaded symmetric 3-bar
truss with taking into account material nonlinearity and finite deformation. The strain compatibility
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condition as well as the relationship between the cross-sectional areas of bars and the stress levels in
them was derived for the finite deformation. It is shown that even though the problem of analysis of
the truss is a nonlinear one, the optimization problem is a linear programming problem. Properties
of optimal designs are compared using various structural alloys.

Keywords: symmetric 3-bar truss, physical nonlinearity, geometrical nonlinearity, optimal design
problem.

Fig. 6. Thl. 6. Ref. 13.

MSC 2010: 47H04, 54C65, 46B22, 49N45, 47N10

E.M. KUZMENKO, S.I. SMIRNOVA. Nonsmooth variational problems with a moving bound-
ary via generalized Lagrange multipliers method (Russian). Dinamicheskie Sistemy 7(35), no.2,
149-156 (2017).

The Lagrange multiplier method is generalized to the case of a conditional extremum of the sub-
smooth functional with a sub-smooth constraint condition. Our approach is based on the recently
proposed in the works by I.V. Orlov a sub-smooth form of the inverse and implicit functions, as well
as on the operator base of these results, described in the works by I.V. Orlov and S.I. Smirnova. The
above results made it possible to extend the Lagrange multiplier method to the case of a nonsmooth
conditional extremum, which is the content of the first part of the paper. The second part of the
paper is devoted to nonsmooth variational functionals and is based on the theory of strong subdiffer-
entiable functionals, considered in the works by I.V. Orlov, and also on the methods of investigating
the nonsmooth variational functionals described in the joint textbook by I.V. Orlov, F.S. Stonyakin
and S.I. Smirnova. Here we obtain the generalized transversality condition, which we have already
considered earlier in a more particular case, as well as the examples of its application. In particular,
the “quasiclassical” case is noted as the simplest example, when a smooth condition on a moving
boundary is combined with a nonsmooth integrand of the variational functional.

Keywords: nonsmooth variational problems, moving boundary, strong subdifferentionals, Lagrange
multiplier method.
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MSC 2010: 34A09, 65L07

A.YU.PEREVARYUKHA. Delay in the regulation of population dynamics — cellular au-
tomaton model (Russian). Dinamicheskie Sistemy 7(35), no.2, 157-165 (2017).

The article discusses the technique of mathematical formalization delayed regulation of biological
processes. The modification of the differential equation proposed by us earlier for a specific variant of
development of the population process is compared with analogues. The use of population models with
deviating argument & = rv(x) f(z(t—7)) in some cases, contradictory to the experimental results. The
problem of the intrinsic interpretation of the value 7 in the context of the causes of its appearance
is considered. To demonstrate the evolution of the situation with a complex of realistic factors of
temporary aftereffect, an algorithm for a cellular automaton with a ternary cell state is proposed.
The cell state transformation algorithm shows that, to a much greater degree, the delay formalized in
the Hutchinson equations and “blowfly’s equation” refers to the interaction dynamics of the species
and the supporting environment of the medium, which can not be expressed by a constant parameter.
The action of delay in a very abstract sense can be identified with a directly characteristic of a
biological species. The diffusion component in the modifications of these equations is more logically
to represent by the time-dependent response of the systems.

Keywords: delay equations, critical scenarios of population dynamics, regulation mechanism, cellular
automaton.

Fig. 2. Ref. 18.
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MSC 2010: 46A22, 46A20, 46B10
F.S.STONYAKIN, A.S. ANDREENKOVA. Theorems on functional separability in a special
class of normed cones (Russian). Dinamicheskie Sistemy 7(35), no.2, 167-184 (2017).

The paper is devoted to some problems of analysis in a special class of strict convex normed cones
(SCNC), which was recently introduced by the first author. We show the metrizability of each SCNC
and the existence of a sublinear isometric continuous embedding in some normed space. An illustrative
example of the corresponding topology is constructed. The possibility of generalizing theorems on the
functional separability of convex closed subsets on the class of SCNC using both linear and nonlinear
functionals is investigated.

Keywords: strict convex normed cone, homogeneous metric, theorem on functional separability,
sublinear isometric continuous embedding, homogeneous functional, sublinear functional.

Ref. 15.

MSC 2010: 00AT1
A.K.STROEV. Simulation of ultrawideband radar using a two-band ionospheric distortion
compensation method (Russian). Dinamicheskie Sistemy 7(35), no.2, 185-195 (2017).

The problem of modelling an ultrawideband radar for observation of space objects is studied. On
the constructed model, a two-band method of ionospheric distortion compensation in the presence of
noise and Doppler frequency shift is investigated.

Keywords: two-band method, ionosphere, ultrawideband radar.

Fig. 8. Ref. 5.
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