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Abstracts. Magnetic charging topology explains many energy processes (flares, prominences, etc.) in
the solar corona by changing the domain structure associated with the appearance or disappearance
of the separators. It is known that at most of the nulls of the magnetic field are prone. In this paper
it is proved that a topology of the domains of a field with the prone nulls is completely described by
a multi-color graph. In addition, we give an efficient algorithm for distinguishing of these graphs.

Keywords: magnetic fields, model of corona, photosphere magnetic reconnection, dynamics

prominences, multi-color graph, polynomial-time algorithm.
1. Introduction and the formulation of the results

Understanding the energy processes in the corona of the sun is very important
to explain many of the laws of nature. This paper considered a possible model to
explain such effects in the photosphere as the flares and the prominences. Their origin is
connected with the restructuring of regions (domains), on which the fans and the spines
of the null points of the magnetic field divide the corona of the sun — reconnection.
Therefore, the main questions for this approach are the qualitative partition of the solar
corona into domains, as well as the existence of the separators (the lines of intersection
of fans) — marks of upcoming or already occurred reconnection. There are different
approaches to the study of the topology of domains, such as the construction of graphs
that reflect the structure and the relative position of the domains [3] or footprints —
traces of spines and fans on the photosphere [8]. We have proposed a new approach
consisting in distinguishing of traces of fans on some circle on the photosphere. We
describe these trace on a language of multi-color graph whose isomorphic class is a
complete invariant for the topology of domains and gives information on the number
of the separators. In more detail.

By the topological approach the magnetic field in the corona is believed to arise from
a large number of dipoles in the solar interior. The dipoles are interpreted as locations
where flux tubes originating in the solar interior break through the surface and spread
out into the atmosphere (see figure 1). We use the assumptions of Magnetic Charge
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4 D. MALYSHEV, O. POCHINKA

N \ | / corony

Puc. 1. The dipoles in the solar interior

Topology |7], where photospheric flux patches are modeled as point sources (charges) on
the photosphere. Although this suggestion violate the solenoidal condition, but each
source is considered to represent a flux tube passing through the solar surface and
spreading out into the overlying corona, then this simplification is allowable. Following
[2] for a model of the magnetic field B with point sources the two-dimensional sphere
P = {(z,y,2z,w) € S* | w = 0} in three-dimensional sphere S* = {(x,y,2,w) €
R* | 22 4+ y? + 22 + w? = 1} is used as the photosphere and the region {(x,y,z,w) €
S? | w > 0} as solar corona. Moreover we suppose that B is symmetrically extended
to the region {(z,y, z,w) € S* | w < 0} being termed the mirror corona and, hence, it
k

is defined on M = S*\ |J ¢; where gy, ..., g, are the points on the photosphere where
the charges are situatedl. '

Magnetic nulls are the points where the magnitude of magnetic field vector vanishes.
Due to the solenoidal condition V - B = 0 three eigenvalues A;, A\s, A3 of the critical
point satisfy the equality A; + Ay + A3 = 0. Since B is potential then all eigenvalues are
real number. Generically each eigenvalue is different from 0, thus each null of B is a
saddle point. Two quite distinct families of field lines tends to a null point: the spine is
a line and the fan is a surface. For a null p denote by S, the spine and by F,, the fan of
p. The spines of different nulls have no intersections in general position. A null is called
positive (negative) if Ay - Ag - Az > 0 (A - A2 - A3 < 0). The topological structure of a
magnetic field B is largely defined by null points, spines, fans, and separators, the union
of which forms the so-called skeleton of the magnetic field. There are several types of
nulls. A null which belongs to the photosphere is called photospheric. A photospheric
null point whose spine lies in the photosphere is called prone, whereas a photospheric
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DESCRIPTION OF DOMAIN STRUCTURES 5

null with a spine directed vertically is called upright. The coronal null is a null above
the photosphere. It follows from [1] that the most nulls are prone.

When two fans have intersection they form a separator, which joins two oppositely
signed null points. Fans divide the corona into different regions which called domains.
Appearance and disappearance of separators change the topology of domains splitting.
Such situation is called separator reconnection, which is one of the major reconnection
mechanisms [15]. Much papers [3], [10], [11], [12] were devoted to classification of the
magnetic field configurations that arise from such point-source models. It is naturally
to introduce the following definition which goes back to the classic paper [14], see also
[16].

Definition 1. One says that two coronal magnetic fields B, B’ are topologically
equivalent if there is a homeomorphism H : M — M sending magnetic lines of B
to magnetic lines of B’ with preserving orientation on the lines.

Denote by B the set of the magnetic fields B with the following properties:

1) each null of B is prone;

2) if two fans of B are intersected then they are either coincide, either have
contact along one curve on the photosphere or have transversal intersection along two
symmetric with respect to the photosphere curves;

3) the closures of the spines of different nulls have no intersection.

Now let B € B.

Theorem 1. For each magnetic field B € B there is a circle C' C P which is transversal
to the flow generated by B on P and such that each fan intersects C' at exvactly two
points.

We will called such circle C' by photosphere section. Denote by N the set of nulls

of B.Set W =P\ | Sp, F= |J F, and X = C N F. Denote by N* (N¥) the set of
pEN peEN
positive (negative) nulls of B. Set F* = |J F, (F°*= U F,), X*"=CnF" (X* =
PENy pEN,

CNF%) and X' = X" N X5,

In order to introduce a combinatorial topological invariant of the magnetic field
B € B we recall the following definitions.

A finite graph T" is an ordered pair (V| F), such that the following conditions hold:
V' is a non-empty finite set of vertices; E is a set of pairs of vertices called edges.

If a graph contains an edge e = (a,b), then each of the vertices a, b is said to be
incident to the edge e and the vertices a and b are said to be connected by the edge e.

A path in a graph is a finite sequence of its vertices and edges of the form:
bo, (bo,b1),b1, -+ ,bi—1, (bi—1,b;),bs, -+ - br_1, (bg_1, bx), by, & > 1. The number k is called
the length of the path, it is equal to the number of edges involved in the path.

A cycle of length k, k € N in a graph is a finite subset of vertices and edges of the
form {bo, (b(], b1)7 bl, T 7bi—1a (bi—lu bz)7 bi7 tet bk—h (blc—h bo)} A simple CyCl@ is a CYCIG

all of whose vertices and edges are pairwise distinct.
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6 D. MALYSHEV, O. POCHINKA

A graph T is called multi-color graph if the set of vertices or edges of I is the union
of finite number subsets each of which consists of the vertices or edges of the same
color.

Two multi-color graphs I" and I are said to be isomorphic if there exists a one-to-
one correspondence & between the sets of their vertices which preserve the relations of
incidence and the color.

For our invariant we will use three colors, we denote these colors by the letters s, t,
u and, for brevity, refer to these vertices or edges as s-, t-, u-vertices or s-, t-, u-edges.
We construct a multi-color graph I'g, corresponding to a magnetic field B € B as
follows (see figure 2 where s, ¢, u are green, blue, red, accordingly):

Puc. 2. Magnetic fields and their multi-color graphs

1) the t-vertices are in a one-to-one correspondence with the points of the set X*;

2) the s-vertices (u-vertices) are in a one-to-one correspondence with the points of
the set X*\ X" (X™\ X7);

3) the t-edges are in a one-to-one correspondence with the connected components
of C'\ X and two vertices of the graph are incident to an t-edge if the corresponding
points are boundary points for corresponding connected component;
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DESCRIPTION OF DOMAIN STRUCTURES 7

4) two vertices of the graph are incident to an s-edge (u-edge) if the corresponding
points are exactly F, N C for some null p € N* (p € N*).

Theorem 2. Magnetic fields B,B’ from B are topologically equivalent if and only if
their multi-color graphs I'g, I'g are isomorphic.

Theorem 2 motivates to ask the question about the computational complexity of
distinguishing two multi-color graphs corresponding to magnetic fields. An algorithm
solving the graph isomorphism problem is considered to be efficient if its running time
is bounded by a polynomial on the number of vertices of input graphs. This problem
can really be solved in polynomial time for the graphs of magnetic fields.

Theorem 3. Isomorphism of multi-color graphs corresponding to Solar magnetic fields
can be recognized in polynomial time.

2. Necessary and Sufficient conditions for the topological
equivalence of magnetic fields from B

To prove the results we compactify the magnetic field lines in the places of point-
charge by the bundle of straight lines, such idea was used in [6] for the finding of the
separators of magnetic fields in electrically conducting fluids. Then the magnetic lines
of the field B coincide geometrically on M with trajectories of a three-dimensional flow
f7:S? — S? with the following properties:

1) the non-wandering set Q(f7) of f7 consists of finite number hyperbolic
equilibrium states? all of them belong to the photosphere P;

2) all trajectories of f7 are symmetric with respect the photosphere P and number
of sinks coincide with number of sources;

3) the closures of one-dimensional invariant manifolds of different saddle points are
disjoint;

4) if two-dimensional invariant manifolds of different saddle points are intersected
then they are either coincide, either have contact along one curve on the
photosphere or have transversal intersection along two symmetric with respect
to the photosphere curves.

Denote by G the set of flows with properties above. By the construction we see the
following interrelation between magnetic field B € B and its compactification f7 € G:

2An equilibrium state w of the flow f7 is called hyperbolic if it has no eigenvalues with zero real

part. Any hyperbolic equilibrium state w of the flow f7 possesses invariant manifolds: stable manifold

Ws ={yeS: lirf d(f7(y),w) = 0}, unstable manifold W* = {y € S*: lim d(f(y),w) = 0}
T—400 T——00

which are homeomorphic to R™s, R" where ny, n, — the numbers of the eigenvalues with negative
and positive real parts, correspondingly, d — a metric on S3. We will denote by dim W2 = ng,

dim W} = n, the dimensions of W, and W,.
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8 D. MALYSHEV, O. POCHINKA

- the charges coincide with the sink and source equilibrium states,
- the null points coincide with the saddle equilibrium states,

- the fan (spine) of each null coincides with two-dimensional (one-dimensional)
invariant manifold of the corresponding saddle,

- the separators coincide with heteroclinic curves — connected component of the
intersection of two-dimensional invariant manifolds of the saddle points,

- the magnetic lines of B coincide with the trajectories of f7 on M

- magnetic fields B, B’ are equivalent if and only if corresponding flows f7, f'" are
equivalent.

Let f7 € GG and o be a saddle point of f7 with the unstable manifold W} and
the stable manifold W?. Denote by € (€23) the set of saddle points o of f7 such that
dim WY =1 (dim WY = 2) and by Q (£23) the set of sinks (sources). Let us set

A=Jawy, RrR=Jaw;
oe o€Qo
The following proposition is due to [16] (see also [5] for details).

Proposition 1. For each flow f™ € G the following statements hold:

i)S* = U W = |J W and each invariant manifold W? (W) is a
z€Q(fT) z€Q(f7)
submanifold® of S?;

i) cl W Wy #0if and only if Wy nW; # 0;
iii) the sets A, R are pairwise disjoint and each of them is connected.

Proof of Theorem 1
Theorem 1 follows from lemma below.

Lemma 1. For each flow f7 € G there is a circle C' C P which is transversal to
the flow f7|p and such that two-dimensional invariant manifold of each saddle point
intersects C' at exactly two points.

Proof. Let us set ¢™ = f7|p. It follows from the description of class G that f7 is a flow
on S? with finite hyperbolic non-wandering set, then by Lefschetz formula |Qq| — || +
Q5] — |Q3| = 0, where | - | is the cardinality. In the other side ¢" is a flow on S* with
the same non-wandering set, then |Qq| — |Q| — [Qa] + |Q3] = 2. Thus

Qo] — [1] = 1.
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DESCRIPTION OF DOMAIN STRUCTURES 9

o

Puc. 3. Neighbourhood U(A)

Let us choose neighbourhood U(A) of the set A on P such that OU(A) is transversal
all trajectories in (W5 \ A) N P (see figure 3). Due to item iii) of Proposition 1, U(A)
has euler characteristic 1, it means that U(A) is 2-disk. By item i) of Proposition 1,
Wi5\A=WE\R. Set Q =W35\ Aand C = 90U(A). By item i) of Proposition 1
and symmetry property of f7, each two-dimensional manifold of saddle point intersect
Q N P along exactly two trajectories. Thus C' is required photospheric section. O

Proof of Theorem 2
We assign a flow f7 € G for each magnetic field B € B, also we have a graph I'p
corresponding to B. Then theorem 2 follows from the next lemma.

Lemma 2. Flows f7, f'" are topologically equivalent if and only if multi-color graphs
I'p, ' are isomorphic.

Proof. First, we prove necessity. Suppose that f™ and f'7 from G are topologically
equivalent, that is, there exists a homeomorphism h : S* — S? which sends the
trajectories of f7 to trajectories of f7 with preservation of orientation. Let us prove
that multi-color graphs I'g, ['p: are isomorphic. We assume without loss of generality
that the graph I'p was constructed by using the photospheric section ¢’ = h(C).
Since the conjugating homeomorphism A takes invariant manifolds of fixed points of
f7 to invariant manifolds of f’7 with preservation of the stability, it follows that this
homeomorphism takes X, X! X"to X', X', X" Then the requaired isomorphism
¢ :I'gp — I'pr is defined by the formula £ = 7rf/h7r]71 where 7y, 7y are one-to-one maps
of the set X, X’ onto the sets of vertices of the graph I'g, I'gs, accordingly.

Let us prove sufficiency. Consider the multi-colour graphs I'g, I'g: of the flows
f7, f™ € @G, respectively. Suppose that there exists an isomorphism & between the
sets of vertices of I'g, I'g which preserve the relations of incidence and the color. We
construct step by step a homeomorphism A : S* — S? conjugating f7 and f'7.

3Let € {0,1,2,3}. A subset Y of S? is said to be its p-dimensional submanifold if for every point
y of the set Y there is a neighbourhood U, of y and a homeomorphism #, : U, — R? for which
¥y (U, NY) = R* where R* C R? is the set of points whose last (3 — u1) coordinates are zero.
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10 D. MALYSHEV, O. POCHINKA

Step 1. Set V = S3\ (AUR). Similar to proof of Lemma 1, for each flow f7 € G there
is a 2-sphere 3 C M which is transversal to the flow f7| and such that two-dimensional
invariant manifold of each saddle point intersects ¥ at exactly one circles. Moreover,
it is possible to construct ¥ such that ¥ NP = C. Set C* = X N F* (C* = ¥ N F?),
C'=Y"NY* and do the same for f'7.

By the construction all vertices and all t-edges the multi-color graph form a simple
cycle and £ preserves such cycle with the preserving of the color of the vertices than
there exist an orientation-preserving homeomorphism hy, : ¥ — ¥’ such that hy(C") =
C", hs(C®) = C” and hx(C') = C". We denote by I, (I)) the trajectory of f7 (of
f'™) passing through z € S®. According to Proposition 1 there are unique pair of
the equilibrium states a(l,), w(l;) ((l;), w(l;)) such that I, C (W, , N W5, )
(L € (Waay "W). By Proposition 1 we have the following possibilities for point
T € X
) € Qs, w(ly) € Q for x e ¥\ (C*UC*);

) € Q, w(ly) € Qo for x € (C*\ C%);
lz) € Q3, w(ly) € Q for x € (C*\ C¥);
lz) € Qa, w(ly) € Q for x € C".

For points 41,2 € cl (I,) denote by [y1,ys] the length of arc [y;,ys] C I,. For each
point y € [, situated between x and «(l,) (w(l.)) set p(y) = [x[z(gﬂ)] (p(y) = [I[Z(Zﬂ)])
Similar situation is for points from ¥'. For any point x € 3, we set 2/ = hy(x). As
hs(C®) = C", hg(C*) = C"™ then on the set [, a homeomorphism h;, : I, — [, is
well-defined by the formula

_a(
_a(
_a(
_a(

h,(y) =y where p'(y') = ply).

Denote by hy : V — V' a map composed from h;, ,x € 3. By the construction hy is a
homeomorphism which sends two-dimensional invariant manifolds of the saddle point
o of f7 to the two-dimensional invariant manifolds of the saddle point ¢’ of f'7. Let us
show that hy (w(l;)) = w(ll,) for each x € 3.

Step 2. Denote by Q C S® compact 3-ball bounded by ¥ and containing €. Then
Q C W§,ua, and the set D, = W7 N Q is a 2-disk for each o € Q. Denote by Y a
connected component of the set @ \ W, . Then there is a unique sink w € €y such

that w € Y C W. Simultaneously there is a unique connected component Ky of the
set ¥\ C* belonging Y and such that Y\ A= |J (l. NY)Uw. Similar situation is

.’EGKY
for flow f'7. Since hx(X \ C*) = X'\ C” then hy(Ky) is a connected component of

¥\ C" belonging to a connected component Y’ of the set Q' \ Wé,l containing a sink
W' € €. By the construction hy (Y \ A) = Y’ \ A’ and, hence hy(w(l,)) = w(l.,) for
each x € (X\ C*). By the continuously hy (w(l,)) = w(l,) for each x € C*.

Thus hy can be uniquely extended to the sets g, 2;. We keep the notation hy for
the homeomorphism thus obtained and set p’ = Hy (p) for each p € (Qy U ).
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DESCRIPTION OF DOMAIN STRUCTURES 11

Step 3. Let o € ;. Denote A™ flow in R? generated by a system of linear equations

T =z,
Y=Y,
zZ=—z.

This flow has a unique equilibrium state — hyperbolic saddle located at the origin O.

Puc. 4. Linearization of saddle equilibrium state neighborhood

Stable manifold of this saddle is plane XOY', unstable — axis O. Set
U={(z,y,2) € R®: (2* +9*)2* < 1}.

It is immediately verified that U is invariant with respect to the flow A™. Due to [13]
there is a neighborhood V,, C S? of the saddle equilibrium state ¢ and a homeomorphism
H, : V, — U such that the homeomorphism sends the trajectories of flow f7|y. to the
trajectories of flow A7|y (see figure 4). Similar neighborhood V,» and a homeomorphism
H, : Vy, — U exist for flow f'7. Set H,, = HU_,lHo : V, — V. Without loss of
generality we can assume that homeomorphism H, ,» sends one-dimensional separatrix
of o which contains a sink w in its closure to one-dimensional separatrix of ¢’ which
contains a sink w’ in its closure (in opposite case we use (H, instead H, where
C($, Y, Z) = (ZL‘, Y, _Z))
Step 4. For p € (0,1) let us set

Up=A{(z,y,2) €R*: (2* +y*)2" < p}
and V, , = H;*(U,). Choose p such that H,,(V, )\ W2 C Hy(V,). Set Z =cl (V, \
Vo) and Z' = cl (Hy(V,) \ Hyo(V;,,)). By the construction the sets Z, Z” consists of
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12 D. MALYSHEV, O. POCHINKA

two connected components 7, Z_, Z' , Z" each of them is homeomorphic to W = St x
R'x[0,1]. Denote by Hy, : Zy — W, Hy : Z_ — W, Hy 22 =W, Hy 2L =W
corresponding homeomorphisms sending trajectories of flows to lines {s} x R! x {t}.
For t € [0,1], 6 € {+, —} set W; =S! x R! x {¢} and

Hso = Hz,Hy o Hy ! \wy - Wo = Wo,  Hsy = Hz,HyHy !y, : Wy — Wi,
As Hy and H, , send trajectories of f7 to trajectories of f'7 then Hsg, Hsi have view
Hso(s,7,0) = (Hs0.5(s), Hs0.(7),0), Hsi(s,7,1) = (Hs1,5(s), Hs1.0(r), 1).
Let us define homeomorphism Hs; : Wy — W; by formula
Hsi(s,mt) = (1 —t)Hso5(s) +tHs1.5(s), (1 —t)Hs0,(r) + tHs1 (1), ).

Denote by Hy, 7 : Zs — Zy homeomorphism composed for each ¢ € [0,1] by
H;gl HsHz,| HZ (W) Let us define homeomorphism Hy, by formula

_ | Hzz (%), x € Z,
HVG<$) - { ng/(l'), = Va,u-

By similar way we can define homeomorphism Hy, for each o € €25. The required
homeomorphism A : S* — S? is defined by

Hy(z), e S3\( U V,),
h(z) = oe(Q1UQ2)
HVU(ZE), T € Vg, o€ (Ql U Qg)

]

3. Algorithm to solve the distinguishing problem for multi-color
graphs

In this section, we consider the distinguishing problem for multi-color graphs and
present an efficient algorithm for its solution. An algorithm to solve the problem is
considered to be efficient if it occupies polynomial time on the number of vertices of
a given graph. The notion of an efficiently solvable problem rises to A. Cobham, who
asserts that a problem can be feasibly computed on some computational device only
if it can be computed in time, bounded by a polynomial on the length of input data
[4]. The complexity status of the general graph isomorphism problem, i.e. for graphs
of the general type, is unknown. That is, neither polynomial-time solvability neither
intractability was proved for it. The graphs, associated with Solar magnetic fields,
have some peculiar combinatorial properties. Namely, they have bounded degrees of
vertices. Recall that degree of a vertex of a graph is the number of edges incident to it.
A finite graph is called simple if it does not contain coloured vertices, loops, multiple
and directed edges, coloured edges, simultaneously.
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Proof of Theorem 3

It is known that for some concrete constant ¢* and function f(-) the isomorphism
problem can be solved in O(f(A)n¢A™A) time for simple n-vertex graphs with
maximum degree A [9]. For each fixed k, this result gives a polynomial-time algorithm
to solve the isomorphism problem in the class of all simple graphs having degrees of all
vertices at most k. This observation and the facts that the graphs of Solar magnetic
fields have degrees of all vertices at most three, the three colors are used to color their
vertices and edges lead to the following idea. By the graphs I'p, and I'p, of magnetic
fields By and B,, we construct simple graphs I'; and I, such that I', and I'p, are
isomorphic if and only if Iy and I';, are isomorphic. The graphs I and I, will
have degrees of all vertices at most 9, which implies polynomial complexity of their
distinguishing, by the result of Luks.

Recall that a multi-color graph is a graph I', equipped by two functions ¢; : V/(I') —
{1,2,...,k1} and ¢ : E(I') — {1,2,...,ko}. Let A(I') be the maximum degree
of vertices of the graph I'. By I', we construct a simple graph I" as follows. An s-
star implantation into an edge (a,b) of a graph is to delete the edge from the graph,

add vertices ¢, ¢y, ..., cs and the edges (a,c), (¢, b), (¢, c1), (¢, ca),...,(c,cs). Inscribing
an s-cycle in a vertex v of a graph is to add vertices vy, vs,...,v,_1 and the edges
(1)7/01)7 (Ula V2, )7 cey (U5727

vs—1), (vs,v) to the graph. For each v € V(I'), we inscribe a ¢;(v) 4+ 2-cycle in v. For
each e € E(I"), we implant a cy(e) + A(T")-star into e. Clearly, the number of vertices of
[ is at most (k1 +2)|V(I)|+ (ko + A(I') +1)|E(T')| and degrees of all its vertices are at
most ko + A(I') +2. As the sum of degrees of vertices of I is equal to 2| E(T")|, |[E(I')| <
SAD)|[V(T)]. Hence, [V(IV)| < 5((k2 + A(T) + 1)A(T) + 2k; 4+ 4)|V(T')]. Given I”, one
can uniquely restore I as follows. All vertices of I'" having degrees at least A(T") 43 are
the central vertices of the implanted stars. This observation permits to restore all edges
of I' with their colors. Deleting all vertices of all stars from I produces a disjoint sum
of |V(I')| simple cycles. The number of vertices in each of the cycles determines the
color of the corresponding vertex of I'. Therefore, two multi-color graphs I'; and I'y are
isomorphic if and only if the corresponding simple graphs [} and I, are isomorphic. We
may consider that |V/(I'y)| = |[V(I2)| = |V] and A(T'y) = A(I'2) = A, ¢, : V(I;) —
{1,2,...,k1} and ¢3 : E(T;) — {1,2,..., ko} for each i = 1,2, otherwise I'; and T’y
are not isomorphic. Therefore, isomorphism of I’y and T'y can be tested in O(f (ks +
A+2)(3(A(ky+ A+ 1) + 2k +4))c ket At2)inlkatAt2) [}/ (kat At2)In(ke+A42)) time. For
the graphs of magnetic fields, A = ky = ky = 3.
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Amnnoranus. PaccmarpuBaercst 3a/1a9a BEIYUC/IEHAS] XaPAKTEPUCTHIECKUX TIOKA3aTeseil BCeX TPaeK-
TOpHUil KOMITAKTHOTO MHBApUAHTHOIO MHOXKecTBa. CriekTp Mopca ecTb MHOYXKeCTBO moKazaresieit JIsiry-
HOBAa TceBnoTpaekTopuii. [lokazano, YT0 3TOT CHEKTP MOYKHO JIOKAJIN30BATh, UCIOJb3ys CUMBOJIAIE-
ckuit 00pa3 JUHAMUYECKON CHCTEMbI, KOTODBII SBJISIETCS OPUEHTHPOBAHHBIM IpadoM, HOCTPOECHHBIM
JUIsT KOHEYHOT'O MOKPBITUS (DAa30BOro mnpocrpancrsa. VccieqoBanus CHMBOJIMYECKOro obpasa I103BO-
JITIOT JIOKAJIM30BaTh IEITHO-PEKYPPEHTHOE MHOXKECTBO U OleHuTh crekTp Mopca. TodHOCTh OTIeHOK
3aBUCHUT OT JUAMETPa HMOKPBITHS U MOJYJs HenpepbiBHOCTH muddepennuasia. [Ipusenen auciieHHbIi
9KCIIEPUMEHT OIeHKU crieKTpa Mopca u mpoBepKu runepOoIMIHOCTA HETPUBUAIBHOTO HHBAPUAHTHOTO
MHOXKECTBA.
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Abstract. The problem of calculating the characteristic exponents of all the trajectories of a compact
invariant set is considered. Morse spectrum is the set of the exponents of pseudotrajectories. It has
been shown that this spectrum can be localized using the symbolic image of a dynamic system which
is a directed graph constructed for the finite covering of the phase space. Research of the symbolic
image allows estimating the Morse spectrum. The accuracy estimation depends on the diameter of
covering and the continuity module of the differential. The numerical experiment of Morse spectrum
assessment and verification of hyperbolicity of nontrivial invariant set is given.
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16 I C. OCHUIIEHKO

1. BBenenue

OiHUM U3 OCHOBHBIX TOHATHI TEOPUHU JUHAMUYICCKUX CHUCTEM SIBJISIIOTCS XapaK-
TEPUCTUYECKHE MMOKA3aTeIN, KOTOpble ObLn BBeJeHbl JIsamynosoiM B 1892 rojy B ero
JoKTOpcKoit nuccepranuu [4]. Ceituac 9Tu mokas3arean HA3BIBAIOT JISIIYHOBCKAMHU O~
Kazarensamu. Ecan auHaMudecKasi cucreMa, siBJIsSieTCs JIMHeHOi cucteMoit aud depen-
IIMaJIbHBIX YPaBHEHUH € IIOCTOAHHON MaTpuiei

TO XapaKTepUCTU4YeCKHe IIOKa3aTe/JIn COBIIaJal0T C ,HeﬁCTBI/ITeJIbeIMI/I JaCTIMHU COD-
CTBEHHbIX YMCEJI MaTPHUIIbI An XapaKTepU3yroT 3KCIIOHECHIaJIbHYIO CKOPOCTDb HpI/I6HI/I—
2KEeHUA NN yJaJIeHUd TPaCKTOPUU OT HYJIEBOI'O PEIIEHU . Ecim JMHaMIYIeCKad CUCTEMa
ABJIACTCA ,ZLI/ICerTHOﬁ " 3a/la€TCA Pa3HOCTHBIM JIMHENHBIM YpaBHEHUEM

Tpy1 = Bz,

C TIOCTOSIHHOM MaTpHUIiei, To XapaKTePUCTHIECKUe OKA3aTe Il 3TO JIOrapudMbl MOJTY-
Jieit cCOOCTBEHHBIX YUCEeT MATPUIbl B. DTH 9mc/a TakKKe XapaKTepPU3yIT SKCIOHEHITH-
aJbHYIO0 CKOPOCTh M3MEHEHUsI PACCTOSHUSA MEXK]Iy TpaeKTopusMu cuctembl. VHBapu-
QHTHOE IOJIITPOCTPAHCTBO C OTPUIATEBHBIMUA ITOKA3aTEJISIMI HA3bIBAIOT YCTONYNBBIM,
TPaAeKTOPHUHU Ha 3TOM IOAIIPOCTPAHCTBE SKCIIOHEHITUAJIBHO CTPEMSITCA K COCTOSIHUIO PaB-
HoBecusl. MlHBapuaHTHOE IIOAIPOCTPAHCTBO C IIOJOXKUTEIBHBIME ITOKA3aTe s IMU HA3bI-
BalOT HEYCTONYUBLIM, TPAEKTOPUU HA 3TOM IOJAIPOCTPAHCTBE IKCIOHEHIINAIBHO YXOJISAT
OT COCTOAHUS paBHOBecus. Fcim y juneitnoit cucrembl puddepeHnuaabHbIX ypaBHe-
HUN C TOCTOAHHON MaTPHUIIEH NUMEIOTCH MOJIOZKUTEJIbHBIC U OTPULATEIbHBIC TIOKA3aTCIN
U HET HYJIEBBIX ITOKA3aTeJIell, TO COCTOSHIE PABHOBECUS HA3BIBACTCH THIIEPOOTUICCKUM.
Ecmu cucrema nuddepeHimaabHbIX ypaBHEHNN SIBJIAETCA HEJMHEHHOM

¥ = F(x), (1.1)

TO U3ydUeHue TOBeJIeHNsT TPaeKTOpuil BO 3K perenust ¢ (t) CBOAUTCS K MCCJIETOBAHIIO
pasnoctu = — p(t) = y. Hoacrasngas x = ¢(t) + y B UCXOMHOe ypaBHEHUe, Haiigem
ypaBHeHUe I Y

y = g—i@(ﬂ)y +7(t,y),

rje HejmHeitHasi yactb Y(t,y) ectb o-majioe or |y|. Jluneiinoe ypaBHenue

. OF

= 55 ey, (1.2)

Yy

HA3bIBAIOT JINHEAPU30BAHHOI cucreMoii BO/n3n perenns ¢(t). AHAJIOIMYHO, U3y YeHre
JMHAMHUKI BOJIM3U HEKOTOPOU TPAEeKTOPUU PA3HOCTHOI'O YPaBHEHUsI CBOJUTCA K U3yUe-
HUIO JIMHEIHOIO Pa3HOCTHOI'O YpaBHEHHA BHUIa

Upr1 = B(n)v,.
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OIIEHKA TTOKA3ATEJIEN JISAIIYHOBA 17

XapakTepucTruIecKne MoKa3aTe/ il JUHeapU30BAHHON CHCTEMBI YaCTO OIPEIE/IAI0T eo-
METPUYECKYIO KapTUHY IIOBEJICHUS pEeNIeHnii BOJIMU3U PEIIeHUus WMCXOIHON HeJmHei-
HOli cucrembl. Hampumep, eciu jmHeapusoBanHasi cucrema (1.2) siBjsiercs rumep6o-
JIMYeCKOii, TO HesmHelHas cucreMa (1.1) BOim3u pemiennst ¢(t) uMeer ycroitanBoe u
HeyCTOfI‘—II/IBOG MHOFOO6pa31/IH, KOTOPbIE ABJIAIOTCA TVIaJIKUMH aHaJIOT'aMn yCTOﬁqHBOFO
U HEYCTOMYMUBOI'O MOAIIPOCTPAHCTB JIMHEAPU30BAHHON CHUCTEMBI.

Ba}KHOCTb 1 aKTYyaJIbHOCTb I/ICC.HG/IOB&HI/Iﬁ CBA3aHHBIX C IIOKa3aTeJIdAMN HHHYHOBa
HEBO3MOXKHO TIepeoleHnTh. B Kuurax |2, 3, 5| moapobHO omucanbl TeOpUsi U HPUIIO-
JKeHus nokazaresieit JIsamyHnosa. B Hacrodinee BpeMsi Mbl MMeeM XOPOIINAE METOJbI U
KOMIIbIOTEPHBIC ITaKEThI JIJId BbIYUCJICHUA XapPaKTEPUCTUICCKUX IIoOKa3aTeen NHIUBU-
JlyasJbHON TpaekTopun (3, 7, 16].

Ecim Kaxkjass TpaeKTOpUs CUCTEMbBI ABJISIETCS TUNEPOOJIMIECKOI, TO YCTOWYUBDBIE
(HeycToiunBBIe) MHOrOOOpasust 06pa3yioT NHBAPHAHTHOE CJIOEHHEe, KOTOPOe HA3bIBAET-
Csl YCTOWIMBBIM (HEYCTOWIMBbBIM) cjioenneM. OTucaHHbIe CUCTEMbI BIIEPBbIE HCCIIEI0BA
J.B. Auocos [1]. I'taBHBIM CBO#CTBOM IUIIEPOOINIECKUX NMHBAPUAHTHBIX MHOYKECTB $1B-
JIAEeTCd UX YCTOI'-/’ILH/IBOCTB OTHOCHUTEJIBHO BOSI\lYHJ‘eHI/Iﬁ ,Z[‘I/IHaMI/ILIeCKOIU/I CUCTEMBI. LIaCTO
HaJIMINE XaOTHUYICCKUX PE2KHMMOB CBA3aHO C I‘I/IHep6OJH/ILIHOCTbIO nHBapuaHTHBIX MHO-
JKeCTB, a IoKazarean JIdmyHoBa JaloT CyMecTBeHHYI0 WHMOPMAIMI0 O IapaMeTpax
JIMHAMUKHI CUCTEMbI (SHTPOIIHsI, PA3MEPHOCTb Xa0THIECKUX MHOXKECTB U T.JI.).

B nacrosiiee BpeMsi akTyaJIbHOI 3a/1ateil dBjIseTcs BbIUucaeHue nokasareseit Jls-
IIyHOBa BCEX TPAECKTOPUIl N3 HETPUBHAJIHLHOIO MHBAPUAHTHOIO MHOXKecTBa. Kak mpaBu-
JIO, TaKHE MHO2KeCTBa IIJIOTHO 3allOJIHEHBI IIEPUOUYICCKUMU TPAaCKTOPUAMU, IIPU 3TOM
[IEPUO/IbI TPAEKTOPUI He OTPAHWYEHBl B COBOKYITHOCTH. B 9TOM cirydae MBI HE MOYKEM
CBECTU M3ydeHue Tokaszareseil JIdmyHoBa K HMCCIEOBAHUIO OTJETbHBIX TPAeKTOPHIL.
Kpome Toro, Mbl JIO/2KHBI yIUTBIBATH, YTO UCCIEIOBAHUS OCYIIECTBIISIOTCS C [TOMO-
IbIO KOMIIbIOTEPa, T.€. BCEr'/la C HEKOTOPbIMHU MaJIbIMU IIOT'PEINIHOCTAMMU.

B macrogimieit pabore m3ydaercs Ipejie/ibHOe MHOYXKECTBO IoKazareseil JIdmynosa
HePHOJIIeCKUX TceBoTpaekTopuii (ciektp Mopca). [leeBgorpaekTopun 510 TpaeKTo-
PUU C MaJBIMU IIOIPEINTHOCTAMEI, YTO UMEET MECTO NPU KOMITHIOTEPHBIX BHIYHCJIEHUX.
[lepuoinyaeckue 1ceBI0TPAEKTOPUN 3TO TPAEKTOPUU, KOTOPbIe Ha KOMITBLIOTEPE BBITJIs-
AAT KaK IIE€PpUOJNIeCKue, 0JJHaKO OHU MOI'YT U HE 6])ITI) TaKOBbBIMH B p€aJIUuU. CHeKTp
Mopca cofepKuT moka3aTen Kak HACTOSIINX TPAeKTOPHUil, Tak u ux Bo3mymnieHuit. On
CYILIECTBEHHO OolIpeaeideT JTUHaAaMUKY CUCTEMbI, HalIpUMED, OTCYTCTBUE HYJISA B CIIEKTDE
Mopca rapantupyer runepboanasocTs [13].

2. Cuektp Mopca

PaccmorpuM JIMCKPETHYIO IMHAMUYECKYIO CUCTEMY

Tnt1 = f(2n), (2.1)
nopoxk aeanyo guddeomopbuzmom f: M — M xkommakTHOro Muoroobdpaswus. lud-
depentman Df(x) = (%) 3a/18€T JIMHEHHOE PACIINPEHUE CUCTEMbI

U1 = Df(xn)vn, (2.2)
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Ha KacaTeJbHOM pacciaoerun 1" M.
JIro6oe HeBLIPOXKIeHHOE rHeitHoe oTobpaxkenne A : RY — R? MoKHO Tpe/icTaBUTh
B BUJIE:

Av = |Av| - Av/|Av| = r|Ae| - Ae/|Ae| = r|Ae| - As(e),

rie v = |v|, [v] # 0, e = ﬁ € S 891 _ enunnunas chepa. Takum obpasom,

qmHeitHoe orobpaxkenue A : v — Av ecTb IpoM3BeCHNE JIBYX 0TOOPaKEHMUi
e — Ag(e) = Ae/|Ae| u r —r |Ae,

rJie mepBoe JielicTByeT Ha cdepe S4=1 " a BTOpOE JeficTByeT Ha IOJIOXKUTEJIbHON I10J1Y-
npsamoit RY. IIpoekTusnoe mpoctpanctso P! MoxKeT GLITH IOTYYEHO ITyTeM OTOXK-
JIeCTBJICHAS THAMETPAILHO HPOTHBOIOIOKHEIX TodeK cdepsl S9! CuMMeTpraHoCTD
orobpazkennsi Ag(e), orHocurenbno m3Mmenenns 3uaka Ag(te) = A (e), mossosser
HaM ompe/iesTh oTobpaskenne PA(e) = Ae/|Ae| ma nmpoextusrom npocrpancTse P41
OTOXKJIECTBJIAS IIPOTHBOIOJIOKHBIE TOUKN Ha cdepe. [ Touek nmpoctpancTsa P11 Mur
COXpaHUM 00O3HA4YEHHe €, T. €. € 0003HAUAET OJHOMEDPHOE MOJIPOCTPAHCTBO U (WJIN)
eJIMHIYHBLIA BEKTOP Ha HEM, YTO HE IPUBOAUT K HEIOpa3yMeHUAM. Takum 0OpazoM,
MBI TIOJTy9aeM OTOOparKeHue

Pf(z.e) = (f(x). u@jﬁ—&)

Ha mpoeKTHBHOM paccioermn P = {(z,e) : x € M, e € P¥!(z)}, koTopoe mopoxaeT
JIUCKPETHYIO JIMHAMHYECKYIO CUCTEMY BHJIA

Df(zn)en

Df(en)en (23)

Tpy1 = f(xn)7 €nt1 =

Ha poeKkTHBHOM paccioennn P. [Tomoxurensroe uncio a(x,e) = | D f(x)e| ectb K03b-
dbunmMenT u3MEeHEeHs JIMHBL Ha TOIIPOCTPAHCTEE € Mo, eficTrem auddepennnana B
TOYKE .

[TocienoBaresibHOCTL TOUeK {Z,} HasbiBaeTcs TpaekTopueii cucrembl (2.1), eciu
f(zn) = Tpy1, s a060r0 n. AHAJIOTHYHO ONPEJIEISeTCs TPAeKTOPUst cucTeMbl (2.3).
Ecmu £ = {(xg, ex), k=0,1,2,---} asusiercst nosryrpaekropueit cucremsr (2.3), Toria
upeiest

ME) = T+ In D" (wg)ea| = lim sup % In | D f"(xo)e| (2.4)

n—oo

€CTh ToKa3aresb JIdmynoBa 3Toit nmosyrpaekropun. Nmeem

1D f™(xo)eo| = |Df(f* (a0)) D" (xo)eo| =

n—1
Dfr(z )Zz| 1D Y(wo)eo| = |Df (2n_1)en1||Df"(xo)eol.

0
\Df(iﬂnfl)m
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OIIEHKA TTOKA3ATEJIEN JISAIIYHOBA 19

[Ipumensas TOTyUeHHYIO PEKYPPEHTHYIO (DOPMYITY, ITOJTYIIM

n—1
|Df"(z0)eo| = H D f(zy)ex]
k=0
u 1okasaresb JIsamyHoBa
&) = lim — Ly lln\Df(xk)ek\ (2.5)
R Gaslayn

Tak kak mpegesn (2.5) cymecTByer, TO HARIETCS MOANOCIEIOBATEILHOCTD M,y — 00,
JUId KOTOPO# mpejien

Nom—1

AME, np) = lim 1 > In|Df(zi)ex| (2.6)
k=0

N =00 My,

CyIIECTBYET U
A, nm) = A(S)-

Ecian nocnenoBaresnsnocts £ = {(xg, €,)} ABISETCH P-IIEPHOIMYECKOl, TO BCE BBIIIE
HePEeYnCICHHbIE IIPEeJIeJbl CYIIEeCTBYIOT U COBIAJAIOT CO CPEJHUM apUPMeTHUCCKUM

dbyuxmun o(x,e) = In|Df(x)e| no nepuomy:

A(§) = lim —ln|Df”(:v0 eo| = Zln|Df T)er| = ng Tg, €k) (2.7)

n—oo M

Jtst aucienHoit onenky mokasaresieil JIsmyHoBa yJgo6HO pacuupuTh MHOYKECTBO IO-
CJIeJIOBATEJIbHOCTEI, JIJisl KOTOPBIX JIOIyCKaeTcs npuMeHenue gpopmysibl (2.6). Dro pac-
[IMPEHUE COCTOUT B CJIELYIONEM: BMECTO TPAEKTOPUI MbI OyJIeM paccMaTpUBaTh IICEB-
JIOTpaeKTopun (onpejeseHne ¢M. HukKe) u npejen (2.6) Oyger IpuMeHATbCs JIJId BCeX
HOJIIOCIIEI0BATEIBHOCTER, JIJIsT KOTOPBIX OH CYIIECTBYET. $ICHO, UTO B 9TOM CJIydae MbI
OyJleM BBIYUCIATH OoJiee IMMPOKOe MHOMKECTBO YHUCEN, B KOTOPOE BXOJIAT MOKa3aTe I
JIsimynoBa TpaekTopuii.

Onpepesienne 1. Beckoneunasi B 06e CTOPOHBI MOC/IEI0BATELHOCT TOYEK {T;} Ha-
3bIBAETCH e-TpaekTopueil (uam ncepjorpaekTopueii) cucrembr (2.1), eciu paccrosiHue
p(f(x;), xip1) < € misg moboro i.

AHAJIOrUYIHO ONPEIETSIOTCS TICEeBJIOTPACKTOP s cucTeMbl (2.3), The paccTosiHue
MEZKJTy TOAIPOCTPAHCTBAMU €CTh YT'OJI MEXKJTy HUMU.

Omnpenenenne 2. Cruexkrp Mopca omnpejesnsercs Kak

{N € R: cywecmeyrom e, — mpaexmopuu & cucmemot (2.3)
maxue, wmo € — 0, A\(&) — A npu k — oo}.
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20 I C. OCUIIEHKO

IIpeanoxenue 1. Ilycrs & = {(zk,e), k € N} asnsierca e-nosyrpaekropueii u
CYIIECTBYET CXOAAIASCS TTOANIOCTICI0BATEIHLHOCTD

Nm—1

A ny) = lim 1 Z In|Df(zg)exl,
k=0

Nm—00 My,

TOIIA HAfiIeTCsl [0CIIeI0BaTeIbHOCTD IIePHOJNIeCKUX 2e-TpaekTopuit {£,} Takux 4o,
&) = A&, nyy,) npu p — oo.

HokazarenbcTrBo. He TpynHo nmokasars, uro npegen (€, n,,) He 3aBUCUT OT KO-
HEYHOIO YHUC/Ia HAYAJbHBIX To4ek mnocjepoBarenbuoctu & = {(xg,er), k € Nt}
T.€., €CJIN BMECTO IOCJICIOBATEILHOCTH & PACCMOTPUM TI0CIeA0BaTeIbHOCTE &(Ny) =

{(xkaek)a k > NO}7 TO

nm—1

) 1
A& ny) = lim N kZN In|Df(zy)ex|, 2de ny, > Ny.
=No

T —+00 Ty, —

Tak Kak mocjae10BaTelbHOCTh { (X, ,€,, )} JIEKUT HA KOMIIAKTE, TO CyIIECTBYET
HOJIIOC/IEIOBATEIbHOCTD CXOJIsIIasAcs K HeKoil Touke (¥, e*). He orpannunsast ob1iHO-
CTH, MOKHO CYMTATh, YTO CaMa MOCJEeI0BATEBHOCTD { Ty, , €, )} cXopures K (z*, €*).
[To 1peIo/I0KEeHNIO, UCXO/IHAS TI0CIIEI0BATE/ILHOCTD & SBJISIETCsI E-1I0JIy TPAEKTOPHEii.
IIycts U ecthb €/2-okpectHocth Touku (¥, €*). CymecrByer HOMep Ny Takoif, 4To
Bce {(zn,,,€n,,), Nm > No} Jexxar B U u, clieoBaTeIbHO, PACCTOSIHUE MEXKJly HI-
vu Mmenbie e. Torma komednast mocseoBarTesbHOCTL &, = {(7y,e;), Ny < k <
n,} ABJISETCA MEPHOANYIECKOil 2e-Tpaekropueil. [leficTBUTEIBHO, O HPE/IIOI0KEHHIO,
{(x,ex)} aBAsIeTCH e-TpaeKTOpHeEil, CIe0BATEIbHO HAJIO OIEHUTH PACCTOSIHUE MEK-
15 P (i t1reny 1) B (@ ). TI0 HOCTDOGHIO, H{(TNys €Ny (s Emy)) <
p<Pf(1:np*17 enp*1)7 ('Tnzﬂ enp)) < €, TOI'/Ia p(Pf(‘rnp*17 enp*1)7 (xNO7 €N0>> < 28'

Yepenuenne Ha &, = {x), No <k <n,}

&) = o 2 WIDf(@eerl.

T

Takum o6pasomM, A(E,n,,) = lim, o0 A(§y). YTBepxaenue mokaszano. Bimskoe yrBep-
JKJIeHHe JI0Ka3aHo B pabore [9].

N3 VrBepxkjenus 1 ciegayer, YTO CIEKTP 2 COBIQJ@AET C IHPEJe/IbHbIM MHO-
JKECTBOM YCPEIHEHMI HaJ IIEPUOAMYECKUMU e-TpaeKropusmu upu & — 0, Te.

Y ={N € R: cywecmeyem nociedosamesbrocms nepuoduieckur
en — mpaekmoputi {&, }, €, — 0 maxux, wmo X\ = lim A(&,)}.
n—o0

Taxum obpazom, criekTp Mopca ecTh pejie/ibHOe MHOXKECTBO IToKaszaTe el JIsamyHosa
HMEePUOINIECKUX e-TpaeKTopuit mpu € — 0. Harreit niesibio siBsiercst MeTost, (aaropurm )
BBIYHUCJIEHUs crieKTpa Mopca TuHAMUYeCKOl CUCTEMBI.
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3. CBoiicTBa cnekTpa Mopca

Onpenenenune 3. Touka T Ha3bIBaeTCA IEIMHO-PEKYPPEHTHON, €CU X SBJILETCH -
[EePUOJINYIECcKOil st jirodoro € > 0, T.e. HallJeTcs MepuoiniecKasi e-TPaeKTOpus, IPo-
XoJ/idIIas yepe3 TOUKY .

[HemHo-pekyppeHTHOE MHOYKECTBO COCTOUT U3 BCEX IEIMTHO-PEKYPPEHTHBIX TOUEK U
obozuauaetcsa depe3 C'R. llemHo-pekyppentHoe MHO)KecTBO C R ABJIsIeTCsd NHBAPUAHT-
HBIM 3aMKHYTBIM U COJIEPXKUT BCE THUILI BO3BPATHLIX TPAEKTOPHIl: IIEpUOIMIECKUE,
IIOYTHU-IIEPUO/INICCKUE, He6.}1y)K,ZLaIOHLI/Ie, TI'OMOKJ/IMHNYCCKHE 1 T.II. OTMeTI/IM7 qTo, eCcJina
IIEITHO-PEKYPPEHTHasI TOUKa He siBjisieTcd nepuogudeckoit u dim M > 1, To cymiecTBy-
eT CKOJIb yTOoHO Majoe BosMymienne f B CP-Tomosorum, /s KOTOPOTO JaHHAs TOUKA
siBJisieTcsl epuojndeckoii [17]. MoxkHO cKazaTh, 4TO IEMHO-PEKYPPEHTHBIE TOYKU T10-
POKJIAIOT Iepuomieckue Tpaektopun npu CC-Bo3MymeHnx.

Onpenenenue 4. Muoxkectso () C CR Ha3bpBaeTcd KOMIIOHEHTOH IIEITHO-
PEKYPPEHTHOIO MHOXKECTBA, eCJIM JIIOObIe JBe TOUYKM u3 ) MOXKHO COEJIMHUTH MEPHUO-
JIMIECKOll e-TpaeKkTopueit s jodoro € > 0.

IIpensoxkenue 2. Ilycrs {&.} [OCJIEIOBATEIBHOCTD  [EPUOITIECKUX
en-Tpaekropuit, &, — 0. Torma mnpemespbHOE MHOMXKECTBO IMOC/IEI0BATEIBHOCTH
{&€,} cocrouT u3 1EMHO-PEKYPPEHTHBIX TOUEK.

Jloka3aTeabCTBO 1POBeJieM Jjis oToOpaxkeHus f, joKa3areabcTBO i P f ocy-
IEeCTBIgeTCs anajgormdHo. Ha kaxoit Tpaekropun &, OTMETUM TOYKY Z,. 1aK Kak
M - KoMIIakT, TO CyIIECTBYET CXOJSMIALC IIOIIOCIeI0BATE/IBHOCT TaKasd, 9TO Ly, —
r*, T.e. TOUKa ¥ gaBjgercs nupepenabHoil. [lokazkem, 4To TOUKa ¥ SABJISIETCS IEITHO-
pekyppenTHoii. [locTpouM TmOCIEI0BATEIBHOCTD TIEPUOUICCKUX  ICEBIOTPACKTOPHIT
{wk}, 3amensis B Tpaekropun {&,, } Touky x,, Ha z*. Ilokaxkewm, uro {wy} sBiger-
csl €x-TpaekTopueit ¢ 5 < €,, + Yk, 0 Y = max{no(dx), Ok}, Ok - PACCTOSIHUE MEKLY
T, B T, No(p) - MOAYIL HenpepslBHOCTH f . JleficTBUTEIBHO, 110 OCTPOCHHIO, IMEEM
p(f(Zp-1), Tn,) < En, U p(Xp,, %) = Ok, Torma p(f(zn,—1),2") < €n, + 0r. Kpome
roro, mvmeeM p(f (T, ), Tng1) < &ny 1 p(f (@n,), f(27)) < 10(dk), Torma p(f(27), 2n,) <
n,, +1(9k). Tak Kak €,, u o cxonsres x 0, To € — 0. Takum obpazom, Hocse0BaTE b
HOCTD IIEPUOJNIECKUX £)-TPACKTOPHil {wy} Takas, 4To KaxKjas {wy} IMPOXOIUT depe3
x* n e — 0. CienoBarenbHo, ™ gBjseTcs NEIHO-PEKypPPeHTHON. JloKazareabcTBO
3aKOHYIEHO.

[lpenenbrasg Touka x* JIeKHT B  HEKOTOpPOW  KommoHenTte () IEIHO-
PEKYpPPEHTHOrO0 MHOXKecTBa. Kciam x** japyras mnpejesibHas TOYKA IIOJIIOCIIEI0BA~
TeJILHOCTH {&,, }, TO MOXKHO HOKa3aTh, 4T0 ™ € ().

Pacemorpum nocsieioBaresibHOCTD {&, } IePHOANTIECKUX €,-TPACKTOPUil Ha IIPOEK-
TUBHOM paccyoernu P, g, — 0 takyio, 9to A = lim,_,, A(§,) u ee npejeapHas TOY-
Ka (z*,e*) JeXKuT B HEeKOTOPOil KOMIOHeHTe () TeMHO-PEeKyPEeHTHOr0 MHOXKeCTBa. B
9TOM CJIydae MbI OyJIeM TOBOPHUTDH, YTO YCPEJHEHHE A peajm3yercs Ha KOMIIOHEHTE
Q. OTMeTuM, YTO YUCIO A MOXKET PeaM30BATLCI Ha PA3HBIX KOMIIOHEHTaX IEITHO-
PEKYPPEHTHOIO MHOXKECTBA.
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IIpensioxkenune 3. Ilycrs {,} mocienoBaTesbHOCTD MEPUOIMIECKIX [ICEBIOTPACKTO-
puil ommcaHHBIX Bblie. Torma CymecTByeT MOCIEA0BATEILHOCTD {w, } MEPHOANICCKIX
£f-rpaekTopuii, Takux 4ro (r*,€*) € wy, € — 0 1 Aw,) — A.

HokazarenabcTBo. Pacemorpum nocieioBareibHOCTD {wy, }, OCTPOEHHYIO [IPU J10-
Ka3aTeJIbCTBe IPEIbLIyInero Y Teepxkaeana 2. [Io nocTpoennio, Kazkaas ICeBI0TPACK-
TOpUS W, MoJydeHa u3 &, 3aMeHOil TOUKU (T, €,) Ha Opele/bHyI0 TOUKY (%, e*), w,
SIBJIFIETCS TIEPUOIMUIECKOil & -TpaekTopueil, ¢ — 0. Paccrosiaue p((x,,e,), (z*,€*)) <

Op — 0. Ecmm &, = {(x1,e1), (z2,€2), -+, (xp,ex) = (z0,€0)} mepuogmaeckas Tpa-
eKTOpHsI C OTMEYEHHON TOYKOi (Zg,€e), KoTopasi coBmaigaer ¢ (Tn,e,), TO w, =
{(‘Tlael)v(x?’e?)?"'v (mk—laek—1)7(x2762> = ($8,€8)}, rae (ZL‘S,&S) = (JZ*,G*) u

p((xo,e0), (z5,€5)) = p((xn, €n), (x*,€*)) = §,. Haiigem ycpennenne dbyuximn o(x, e) =
In [Df(x)el

N

) o(xi,€;) = %(i o(zi, €) + (a7, €")) + %(s@(w'm en) — p(z*,€%)) =

i=1

=

)‘<€n> =

s
Il
=)

= /\(wn) + Ena
rie E, = 1(p(xy, €,) — o(x*,€*)) — 0 upu n — 0. YTBep:KICHUE T0KA3AHO.

ITpennoxkenune 4. Ecim A\ u Ay peanusyrorcs Ha KOMIIOHeHTe (), TO JF000€e 9nucio A
MEXKJy A1 U Ao TaKzKe peajmsyercs Ha ().

HoxkazarenbcTBo. [1o 1peonoKeHno, CymecTBYIOT JBe II0C/Ie0BATeLHOCTH
nepuoandeckux e-rpaekropuii {&,} u {¢,} Takue, aro

n—oo

Ay = nh_)rgo A(n).

[IpenesibHOE MHOXKECTBO Kazk 101t mocaeaosarensaoctu {€, } u {1, } nexur B 2. Ciemo-
BATEJILHO, HANYTCS JIBE TOCIIEI0BATEILHOCTH TOYEK {(Zy, €,) € &} U {(Yn, Un) € Ui},
KOTODBIE CXOJATCA K JIByM ToukaMm (x*,e*) € Q u (y*,v*) € ), coorBercrBenno. Co-
[JIACHO Y TBEPZKCHIUIO 3 MOXKHO CIMTATh, YTO MEPUOJANIECKHUE HIceBaoTpacKkTopun {&, }
IpoxXoAT 4epes (z*,€*) u mepuopnmdeckue TceBnoTpaekTopun {1, } mpoxomsT depes
(y*,v*). Tak xak (z*,e*) u (y*,v*) jgexkar B omHON KommoHeHTe (2, TO JIst JIEOOOrO
e, > 0 Haiizercst nepuogndeckas e-tpaekropust {£*}, npoxospsimast depes (z*,e*) u
(y*,v*). Ilpu sTom nepexof or (z*, €*) k (y*,v*) Brons {£*} HazoBeM 1epBoil MOJIOBH-
Hoit {£*}, a mepexof ot (y*, v*) K (z*, e*) mazosem Bropoii mososuuoit {£*}. IlocTponm
HEPHUOJITIECKYIO [ICEBJI0-TPACKTOPHIO X, M3 TPEX MEPUOIUIECKHUX TICEBI0-TPACKTOPHIA
{&}, {&.} v {¢,}. Haunem ¢ Touknu (z*,€*) u caemaem N [uciao o60poroB 1o &,, 3a-
TeM WJIEM 110 TepBoii nosioBute Tpaekropun {£*} mo Touku (y*,v*), 3arem nenaem K
060POTOB 110 1, 1 BO3BPAIAEMCsl K MCXOJIHOI Touke (¥, e*) 1mo Bropoil moJIoBUHE TPa-
exropun {£*}. YepeHenne BIOIb X, 3aBHCAT OT [uces oboporoB N u K, KOTOpbIe
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MOKHO BBIOPATDH ITPOU3BOJILHO O0JIbIMU. [Ipu 9TOM yepe iHeHre BJI0JIb COEIMHATOIIEH
nceBoTpacKkTopun £ pukcupoano. JIoboe 9ucio A MexKIy Ay U Ay UMeeT BU/I

A= Oé)\l + (1 — Oé))\g,
e 0 < a < 1. Ilepuoj mocrpoennoit Tpaekropun X, pased NTi + KTy + T3, rie T,
Ty u Ty nepuonst {&,}, {¢n} u {{*}, coorBercTBennO. Yepeamenue BIOIb Xy,

1 NT1+KT+T5—1

= . 1
)\(Xn) NT]_ +KT2+T3 ; Sp(xz7€25> (3 )

Cymma cocTouT u3 Tpex JacTeil, eppas 4acTh mopoxKjena N oboporaMu IO TICEBJO-
TpaekTopuu &,, BTopas dacTb IOpoxKJeHa K obopoTaMu 10 IICEBJIOTPACKTOPUH 1), U
HocJIeIHsS 9acTh MOPOK/JIeHa TiceBioTpaekTopueii £*. [IpuBeieM 1moo00HbIE U ITeperu-
IeM yCpeJTHEeHUE B BUJIE

1

Ay) =
=N T rn T
Bribepem unciia N u K Tak, 9T00bBI
NT1 NT2
— Q,
NT, + KT, + Tj NT, + KTy 4+ T;
T3
NT, + K15+ T;
mpu N — oo u K — oo. g 9Toro Mbl HOCTPOUM IMOCJIEIOBATEIbHOCTD HEJIbIX YHCEs
V u W rakytwo, uro V, W - ocoun V/W — a. Tak kak 0 < a < 1, 70 0 < V < W.
Omnpenenum mocsaegoBaTeabHOCTh dncesa N n K Tak, 910
NT; 4
NT,+ KTy, W’

(NTIA(E,) + KToA(6n) + TAAE)).

= (1-a),

— 0,

HAIIPUMED,
N=TV, K=T\(W-V). (3.2)
Ecmu Ty, Ty u Ty ¢dpukcupoBaHbl, TO
13
NT + KT
NT; NT; NT, + KT,

= —
NI+ KTy +15 NT1+ KTy NT)+ KT + T3

npu N — oo u K — 00. Beibepem nociemoBarensuoctu N, — oo n K, — 00 Kak

OIIMCaHO BbIIIE. TakuM 00pa30M MbI ITOJIYIHIN MTOCJIEI0BATEIBHOCTD X, TaKylO, 9TO

Axn) = aA(&) + (1 — a)A(¥n) + o,
rie 0, — 0. Orcioga caemyer, 910
AXn) = ar + (1 — a),

IIpu N — 00 YTBEP:KJIEHNE JIOKA3aHO.
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CaenctBue 1. Kaotcdas xomnonenma $2 4enHo-pexyppeHmmo20 MHOHCECTEA TOPOXHC-
daem ompesox [a(€2),b(2)], 2de a = Ains(2) u b = A\gyp(2) HuOKCHAA U BepTHAA 2pary
yepednenuti Had NeEPUuodUMECKUMU NCeBIOMPAEKMOPUAMU KOMNOHEHMDL §2.

Kaxmast kommonenta (), 1emHo-pekyppeHTHOro MuoxkectBa CR(Pf) Ha
IIPOEKTUBHOM pAaCC/IoeHnn P TpPOeKTUpyeTcs Ha HEKYH KOMIIOHEHTY (); IIeIHO-
pekypperrnoro wmuoxkectBa CR(f) wma wmuoroobpasum M. Yucno  nemnso-
PEKYPPEHTHBIX KOMIIOHeHT Ha M He orpanudeno. Hampumep, ypasruenne x’ = x> sin%
uMeeT OECKOHEYHOE HYUCIO COCTOSHHI pPaBHOBECHSI, KOTOPbLIE COBIAJAIOT C IEITHO-
pekyppeHTHbIMI KOMIOHeHTaMu. OJIHAKO, IUCI0 KOMIOHEHT () C P HIpPOeKTUBHOTO
pacc/IoeHns, KOTOPhIE TPOEKTUPYIOTCs Ha (PUKCHPOBAHHYIO KommoneHnty ), C M
He IpeBbiaeT pasMepHoctu MHoroobpasust M [13]. Takum o6pasom, Mbl JIOJKHBL
OIEHUTH OECKOHEYHO MHOI'O MHTEPBAJIOB, YTO HEBO3MOXKHO B o0IeM ciydae. O1HaKo,
KaK Mbl YBHJIUM B HAaIlleil CUTYalldd, 3TU HHTEPBaJIbl TaKyKe KaK U KOMIIOHEHTBI
IEITHO-PEKYPPEHTHOIO MHOXKECTBA CI'YIIAIOTCs, KAK 9TO UMEET MECTO B PACCMOTPEHHOM
BBIIIIE IIPUMeEpE. DTO IMO3BOJIIET s PUKCUPOBAHHON BEJIMYINHBI allllpoKcuMaruu € > ()
IIOCTPOUTH KOHEYHOE YHCJI0 UHTEPBAJIOB, HEKOTOPbIE U3 KOTOPBIX COjepzKaT OECKOHe-
HO MHOI'O MHTEPBAJIOB clieKTpa. ZlcHo, uro npu € — 0 YuCI0 ammpoKCUMHUPYIOITIX
UHTEPBAJIOB MOXKET pacTu J0 OeckonedHocTr. OCHOBHBIM MHCTPYMEHTOM BbIUMCJICHUS
CIIEKTPa €CTh CHUMBOJIMYECKUI 00pa3 JMHAMHYIECKOH CUCTEMbI, KOTODBIH SBJSETCs
OPUEHTHPOBAHHBIM IPagOM.

4. CuMBoJImviecKnii oopa3

B ocnoBe nanbHERIIErO M3JI0KEHUs JICKAT HOHATHE CHMBOJIMYECKOrO obpasa [iu-
HaMITIecKoit cucreMsl |13, 14|, koTopoe coeInHIIO B cebe CHMBOINIECKYIO JTHHAMUKY
[8, 10] u unciennsie merompr [11].

IIycts C'={M(1),..., M(n)} ectb KOHeUHOE MOKPLITHE MHOrOOOpas3ust M 3aMKiy-
TBIMU [OJMHOKecTBaMu, M (i) GyjeM Ha3bIBAThH sTUEHKO HHJEKCA 1.

Onpepnenenne 5. [6] [Iycrs G sBisiercst opueHTHPOBaHHBIM TpadoOM ¢ BepIITHHAMA
{i} coorBercrByomumu siueiikam { M (i) }. Bepiussl i u j cBsi3aHbI OPUEHTUPOBAHHBIM
pebpoM (Jiyroit) ¢ — j TOrJa U TOJBKO TOrJIA, KOTJIa

FOM@@) (M) # 0.
I'pad G naswiBaeTcd cuMBOIMYEeCKUM 0Opa3oM orobpazkenus f jura nokpoitusg C'.

CuMBoJIMIecKHil 00pa3 sSIBJIETCA TeOMETPUIECKIM CPEJICTBOM JIJIsi TUCKPETHU3AIIAN
JIMHAMUYECKOIT cucTeMbl. VcciiejoBanne CUMBOJIMYECKOro 00pas3a II03B0JIAeT MOy YNTh
HOJIe3HYI0 HH(MOPMAIMIO O INIOOAIBHON CTPYKTYpPe JUHAMHUKHA cHcTeMbl. CHMBOJIMYC-
cknit 0bpas 3aBucuT OoT NOKpbITUA C, U3MEHEHHE KOTOPOI'O MEHSET CUMBOJIUYCCKUI
obpas. CymecrBoBanue pebpa ¢ — j rapaHTUPyeT CYIIECTBOBAHME TOYKHU I B sS9eiiKe
M (i) Takoit, ato ee obpas f(x) € M(j). HApyrumu cioBamu, pebpo i — j sIBJISETCS
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caresiom niepexona © — f(z), e x € M (i), f(x) € M(j). Eciu pebpo i — j He cyiie-
crByet, To HeT Touek = € M (i) Takux, uro ux obpas f(x) € M(j). Ilycrs mokpeiTue
C' cocTout U3 sueeK, KOTOPhIE SIBJISIOTCS TTapaJliesenIeaMu, TePeceKarouMUcs 110
FPAHUYIHBIM JiucKaM. VI3 9Toro mokpwiTus Mbl Oy/ieM cTpouTh paszdbuenue C*, cocrosiiee
U3 IIOJIYOTKPBITHIX IapaJlIeJICIINIICA0B, Y KOTOPhIX I'PaHUYIHbIC JUCKU IIPUHA/ICZKAT K
OﬂHOﬁ U3 IIPUMBIKaIOIINX A9€CK.

Onpenesienne 6. Beckoneunasi B 06e CTOPOHBI MOCJIEJOBATEIBHOCTD {2} BepImuH
rpada G HazbIBaeTCs IyTeM (WM JOIyCTUMBIM IyTeM ), ecn [ Kaxkoro k rpad G
COJIEP2KUT HAIIPABJIEHHYIO JIYTY 2 — Zk11-

IIycte diamM (i) = max(p(z,y) @ z,y € M(i)) ecrb auamerp sueiiku M (i) u
d = diam(C') = max; diamM (i) wHazoBem nmuamerpom nokpeitus C. CyiiecTByer ecte-
CTBEHHOE COOTBETCTBHE MEKJLy JOIMYCTUMBIME IyTsIME Ha CHMBOJIHYECKOM obOpasze n
£-TPACKTOPHUAMI 0TOOpazkeHns f.

Teopema 1. Cinaboe cBoiicTBO oTciexxuBaHus [135/

1. Ecau nocaedosamenrvrocmo {zp} ecmov donyemumodl nymv na cum6osUNECKOM
obpase G, mozda cyuecmeyem nocaedosamesvrocms movex {xy}, xp € M(zy),
Komopas asasemca e-mpaekmopuets f oas aobozo € > d.

B wacmmuocmu, ecau nocaedosamenviocmv  {zy, 2o, .., Zp} AGAAEMCA
p-nepuoduveckoli, mozda  e-mpaexmopus  {Ti, Ta,.., Tp} ABAAEMCA
D-NEPUOIUUECKOU.

2. Cywecmsyem wucao p > 0 makoe, 4mo, ecau nociedosamesvhocms movek {xy}
asasemes e-mpaexmopuets [, € < p u xy € M(z), mozda nocaedosamenvrocms
{2z} asasemes donycmumvim nymem wa cumsosuseckom obpase G.

B wacmmocmu, ecau e-mpaexmopus {x1, T, ..., Tp} AGAAEMCA P-NEPUOOUNECKOT,
moezda {z1, za, ..., zp} Acaaemca p-nepuoduveckum nymem na G.

['pybo roBopst, JOIMYCTUMBII IIyTh €CTh CJel e-TpacKTopuu u Haobopor. Tak 4rTo
IIyTh HA CUMBOJIMYECKOM 0Opa3e MOKHO PacCMaTPUBAThL KaK KOJIUPOBKY TPACKTOPUIA.

Onpenenenue 7. Bepiuny cuMBOJIMYECKOr0 00pa3a HA30BEM BO3BPATHOM, €CJIN Yepe3
Hee MPOXOJUT MEePUONIECKUil myTh. MHOXKeCTBO BO3BPATHBIX BEPIINH 0DO3HAYAETCS
RV. ]IBe BO3BpaTHBIE BEPIIUHBI ¢ U j HA3BIBAIOTCH SKBUBAJECHTHBIMU, €CJIM CYIIECTBYET
[IEPUOJINYECKUT ITYTh, IPOXO/SAIINI Yepe3 ¢ U J.

MuozkecTBO BO3BpaTHBIX Bepiinia RV paszduBaercss Ha K/IaCChl SKBUBAJEHTHOCTH
{H}. B reopun rpados Hj Ha3BIBAIOT KOMIIOHEHTAMHU CHJIBHO CBSI3HOCTH.

Mpbr OyaeM NpUMEHSTH MPOIECC O/ Ipa30oUeHs TMOKPBITUNH U CTPOUTH IOCJIE/I0BA~
TeJIbHOCTh CUMBOJINYIECKUX 00pa30B. PaccMoTpuM ryIaBHBIN IIar mporecca moapas3one-
mus. [ycrs C'= {M (i)} - nokpbitue u G - cumBosnyeckuii 06pas jyist C'. [Ipemamnoso-
JKUM, 910 HOBOe OKpbiTue N C' siBjigercs nogapa3duenueM mokpbitust C. 9TO 03HAYTAET,
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910 Kaxkas siaeiika M (i) mogpasbusaercs Ha staeiiku m(i, k), k= 1,2, ..., Te.
mi, k) = M)
k

O6oznaanm NG HOBBII cuMBosIaecKuii 06pa3 s nokpeitus NC' = {m(i, k)}. Bep-
muabl NG obosnadarores Kak (i, k). Takoe mocrpoerne renepupyer oTob6parkeHue s 3
NG na G, KOTOpOE TepeBouT BepimHbl (i, k) Ha Bepriuhy . 113

f(m(i k) nm(j,1) # 0

CJIeJIyeT, YTO
JM(@) VM (j) # 0

CaemoBaresibio, pebpo (i, k) — (j,1) orobpaxkaercst Ha pebpo i — j. CiegoBaTesbHO,
s orobpaxkaeT opueHTupoBanubiii rpad NG Ha opuentupoBanubiii rpad G. [Hostomy,
KasK/JIbIil JTomycTuMblil myTh Ha NG mnpeobpasyercss oToOparkeHneM S Ha HEeKHUil JIOIry-
ctuMblil yTh Ha . B wacTHOCTH, 00pa3 MEpHOANYIECKOTO MYTH €CTh HePUOINICCKU
yTh, a 00pa3 BO3BPATHOI BEPIIUHBI €CTh BO3BpaTHas BepiinHa. Bojee Toro, obpas
kjacca N H 5KBUBAJCHTHBIX BO3BpaTHbIX BepriuH (Ha NG) jexkur B Kiaacce H 5KBu-
BaJICHTHBIX BO3BPATHBIX BepIiinH Ha G.

[TocTpoum MHOTO3HAYHOE OTOOpaXKenue h u3 MHOrooobpasusd M Ha MHOXKECTBO Bep-
muH Ver(G) cumBomaeckoro o6pasa, COIOCTaBIsAst TOUKE T BCE BEPIIHUHBI { TAKHE, ITO
x € M(1). Orobpazkenue h objajaer CaeyOnEMI CBOHCTBAMMU:

® eCIM T - TEMHO-PEKyPPeHTHast ToUKa u ¢ € h(x), TO ¢ - BO3BpaTHAas BEPIIIHA,

® eCilU Ty U Ty JIexKaT B ojiHON KommonentTe (), a iy € h(xy) u iy € h(xsy), T0O i1 U is
SKBUBAJICHTHBIC BO3BPATHBIC BEPIIUHEI.

U3 s1ux cBoiicTs ciemyet, aro 06pas3 h({2) KoMIOHEHTHI §) JIEXKUT B HEKOTOPOM KJIACCE
9KBUBAJICHTHBIX BO3BPATHBIX BEPIINUH, KOTOPBIi Oyiaem obosradars H (£2), a KOMIIOHEH-
ta () nexur B {|J, M (3), i € H(Q)}.

O6oznaunm P(d) obbemunenue sgaeek M (i), s KOTOPBIX BEPIINHA i SIBJISETCS
BO3BPAaTHOM, T.e.

P(d) = {U M (i) : i - so36pamnas eepuunal, (4.1)

rae d - anamerp mokpbitud. Ilpemmonoxkum, uro C' = Cy gBIgeTCS UCXOIHBIM II0-
kpbituem u C7, Cy, ... TOJIyIeHBI OMUCAHHBIM IIPOIECCOM TOAPA30MeHUsI, MHOXKECTBA
Py, P, Py, ... nocrpoenst cormacuo (4.1).

Teopema 2. Jlokasnm3arusi HemHO-pPeKyppPeHTHOro MHOXKecTBa [13/ [locaedosa-
meavrocmsb mruoocecms By, Py, Ps, ... obaadaem caedyrowumu c60tcmeamil.

1. Kaowcdoe Py, ecmb 3amMKEHYMaA 0KPECmMHOCTIL UEnHO-DEKYPPERMHO20 MHOAHCECTNEA

CR,
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OIIEHKA TTOKA3ATEJIEN JISAIIYHOBA 27

2. Py saooicenn, dpye 6 dpyaa
PhD>P,D>PFP,>..D>CR,

3. Ecau duamempur nokpumudi di, — 0, moada

k

k—o00

Caencrue 2. ITycmo Q) asasemes komnonenmot CR, {{JM (i) :i € H(Q)} = P(Q)
3amMEHymas oxkpecmuocms xKomnonenmot 2. Ecau duamemp dp — 0 moezda

Py(2) D Pi(Q) D P(2) 5.5 Q u lim Py(Q) = P:(Q) = . (4.2)
k

5. BeruncijieHne coekTpa

JIJ1st BBIUUC/IEHNST CIIEKTPa Mbl [IOCTPOMM CUMBOJIMYECKUii 06pa3 G orobpazkeHust
Pf u ocuamenue rpada G, bukcupysa sesmauHy alij| st kaxaoro pebpa i — j
caepyiomum obpasom. Ilycrs i — j - pebpo Ha G. Bosmem 1ouky (r,e) u3 siueiiku
M (i) n monmoxum alij] = In|Df(x)e] = p(z,e). Ormernm, uro ocHammenune alij| we
3aBUCHT OT j 1, ecan (x*,e*) - npyras Touka B M (i), a*[ji] = p(z*, e*), To MBI UMeeMm
OIEHKY

|a”[ij] — alij]| = le(z,e) — p(z7, )| < n(d),
rje 1)(d) ecTh MOJYJIb HEMPEPBIBHOCTH (DYHKIWMU © U d - THAMETD HOKDBITHUSL.

Onpepnenenue 8. Ilapy G u {a[ij]} HA30BEM OCHAIIEHHBIM CHMBOJIIYIECKUM 00PA30M
u oboznaguM Gp,.

Ycpenenue OCHAICHAS HaJl KOHEIHBIM IIyTeM w = {Zp, 21, ..., Zp} €CTh CpPeJee
apudMeTuIeCcKoe
p
1
AMw) = - Za[zk_lzk].
P4

B uacraocrn, ecom w = {21, ..., 2, = 20} ABJIAETCS HEPUOJUIECKUAM IIyTeM, TO A(w) €CTh
cpejiHee 3HaYEHMe OCHAIeHus Ha nepuoje. Eem w = {2z, k=0, 1, 2, ... } aBiserca
OECKOHEYHBIM ITyTeM, TOT/Ia ITPeIes

1
)\(6) = lim — a[zk_lzk]
n—o0 1
k=1
Ha30BeM ycpelHenueM HaJ w, €CJIU TaKOM IIpejgesr CymecTBYyeT. B Tom cjIydae, Koriaa
JIAHHBIH TIPEJIesT He CYIIeCTBYeT, TO (T. K. OCHAIIEHUE OIPAHIYEHO) HAMIETCs MO/II0CIe-

JI0BaTEJILHOCTD N,y — 00, JIJIsi KOTOPOM IpeIes

1 Nom—1

AMw,np) = lim — Z alzk 2] (5.1)
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28 I C. OCUIIEHKO

cymectByer. Takue MOJIIOC/IEI0BATEIHLHOCTH HazoBeM cxoggmmmucs. CrekTp yepeiHe-
HUSI OCHAIIEHWsI HaJl W €CTh MPEJETbHOE MHOMKECTBO YCPEJIHEHUH HaJl CXOIAINMUCS
HOJIIOC/IEIOBATEIbHOCTSIMU

Y(w) = {X € R| cywecmeyem ny, — oo makue, 4mo A = Aw, ny,)}.

Onpenenenune 9. CrekTp ycpeHeHUsI OCHAIIICHHOTO CUMBOJINYECKOTo obpasa Gy, ecThb
IIpe/ieIbHOE MHOYKECTBO YCPEIHEHHUI Hal BCEMU JIOMYCTUMBIMU Iy TSIME

Y(Guw) ={A € R| A= lim A\, Ay € B(wp), w-donycmumviti nymov}.
m—0o0

IIpennoxenne 5. Ilycrs w = {z, K = 0, 1, 2, ... } gaBiserca GeCKOHEUHBIM
nyrem Ha G u Haiijercst cxojsimasics mojmnocsieaoareabHocTs (5.1). Torma Haiimer-
sl HOCJIEe0BATEILHOCTD Ilepuoutdeckux myreit {w,}, p — 00 Takux 410, A(w,) —
AMw, ny,) npu p — oo.

HoxkaszareabcTBo. He TpyuHo nokazars, aro mupejen (5.1) He 3aBUCHT OT KOHEY-
HOTO YHCJIa HAYaJbHBIX TOYEK MOCJIe0BATETLHOCTH W, T.€.

1 Nom—1
Mw,np) = lim ——— E alzkzp41)-
=no

Tak kak cuMBoOJIMYEeCKUii 00pa3 COJEP:KUT KOHEYHOE YKMCJIO0 BEPIINUH, TO Haijercs
BepIInHA 2* = 2y, KOTOPast MOBTOPSAETCA B W OECKOHETHO MHOTO pa3 2™ = 2, p — O0.
Tora KoHeUHAs MOCJIEIOBATEIBHOCTD Wy = {2k, Mo < k < n,} aBisercs nepuognte-
ckuM myrem Ha (. Ycpennenue HaJ Wy

Mwy) = ——— alzez .
() = oy 2 el

Takum 06pazom, A\(w, ny,) = limy, oo A(w)). YTBepKAeHne T0KA3aHO.

CaencrBue 3. Cnexmp 3(Gy) cosnadaem ¢ npedesvHvim MHOACECTNEOM YcpedreHul
HA0 NEPUOOUMECKUMU NYMAMU, M. €.

Y (Gw) = {\ € R| cywecmesyem nocaedosamenvrocms nepuoduseckur nymet

{wn} maxuzx, wmo A = lim A(wy,)}.
n—oo
TakuMm 06pa30M, CIEKTD OCHAIIEHHOI'O CUMBOJIMYECKOrO 00pasa Onpejessiercs Ha
BO3BpaTHBIX BepruHax RV. PaccMoTpum 1oc/ie1oBaTe/ IbHOCTD MEPUOJIMIECKIX Ty Teit
{wn}, n — oo, Ha KoTOpOIl MocTuraercs A € X(Gy). MuokecrBo RV pasbuto Ha
KOHEUHOE YUCJI0 KJIACCOB S9KBUBAJEHTHBIX BO3BPATHBIX BepimH. Kax bl kinacc H co-
JIEPKUT HEKOTOPOE MHOYKECTBO JIEMEHTOB 10CIIeI0BaTeIbHOCTH {w), }. Eciu aro MHO-
JKECTBO KOHEYHO, TO COOTBETCTBYIOIIUE 3HAUCHUSA A(w,) He BJIUSAIOT Ha NPEJEIbHOE
3Ha4YeHHue )\ HOSTOMy MO2KHO CHHUTATb, 9TO TaKHUX 3JIEMEHTOB HET. OCTaIOTCﬂ TOJIBKO
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OIIEHKA TTOKA3ATEJIEN JISAIIYHOBA 29

KJIACCHI, KOTOPBIE COJIEPIKAT GECKOHEUHOE YHCJIO DJIEMEHTOB [I0C/Ie10BaTeIbHOCTH. Eciiu
[OCJIeIOBATEILHOCTD {wy, } stexkut B Kiacce H u A = limy,_, A(wy,), TO OyiemM roBopuTh,
9TO TI0Ka3aTe b A peasusyercs B Kiaacce H. Crnekrp Kiacca H onpejeinsiercs Kak

Y(H) = {X € R| cywecmsyem nocaedosamenvrocmsv nepuoduseckur nymed

{wn, C H} maxuz, wmo X\ = lim A wy,)}.
n—oo
IIpennoxkenme 6. Ecim Ay u Ay peanusyrorcs B Kjiacce H, To jiroboe 9ucio A Mex1y
A1 B \g TakKe peajusdyercd B Kiacce H.

JlokazaTeIbCTBO JIAHHOTO YTBEPKIEHUS TIOBTOPSET JIOKA3aTEILCTBO Y TBEPIKIEHUS
4.

Caencrue 4. Cnexmp xaacca H ecmv ompesox [a(H),b(H)|, 2de a = Ant(H) u
b = Aeup(H) - nusrcnas u eeprran epanu ycpeduenud Had nepuoduteckumy nYmamu
us H.

[lepuogmueckuii myTh w = {z1,...,2, = 2o} HA30BEM IPOCTLIM HJIH IUKJIOM, €CJIH
€ro BEpIIUHBI 21, ..., 2, ABJIAIOTCA PA3IMYHBIMU, T.€., 2; 7# 2; 1y © # j; 4,7 = 1,...,p.
[Tokarkem, Kak JI0OOM EPUOIUICCKUI IIyTh MOXKHO PA3JIOKUTH B CYMMY ITUKJIOB.

IIycte w = {21, ..., 2, = 20} ABIAETCS HEPUOANIECKUAM IIyTeM Hepuosa p. Ecim w ne
ABJIAETCA IPOCTBIM, TO CYMIECTBYET BePIINHA 2* TaKad, 9T0 2* = 2 = Z4p,, 0 < p1 < p.
PaccmorpuM /1Be KOHeUHBIE [OCTIEI0BATENBHOCTH W* = {21, ..., 211, Zi4pys -, Zp = 20} 1
w* = {2141, ., Zi4p, = 21}. Tak KaK MyTh W ABJISETCA JOLMYCTHMBIM, TO CYIIECTBYIOT
OYTU 21—1 —> 2] = Zi4p; U Ziq4p, = 2 — 241, IOITOMY IIOCJIEJOBATEJILHOCT Wi U Wa
SIBJIAIOTCS TTEPUOIUIECKUMHE JIOMYCTUMBIMU IIYTAMU C MEPUOJAMEU D1 U P = P — D1,
COOTBETCTBEHHO. ZICHO, 4TO Py + po = p. B 3TOM ciydae MbI Oy/ieM TOBOPHUTD, UTO MY Th
W eCTh CyMMa MEPUOINIECKUX ImyTeil w* n w** n nucathb

w=w"+ "

MpbI MO2KeM IIPUMEHUTDH OITUCAHHOE pa3JjiokeHue K myTaM w* u w**. [loBropgad 3ToT mipo-
I[ecC Pas3JIoXKeHnd, IPUJIEeM K Pa3JIozKeHUIO W B CyMMY HePHOINYECKHUX IIyTel wy, ..., W,
HEePUoOJOB Pi, ..., Pg, P1 + ... + Py = p. fcHo, 9TO 3TOT MpoIecc Koneden u UHAIBHOE
pasJiozKenne W = @1 + @2 + ... + ¢, COCTOUT TOJTHKO U3 TPOCTHIX MEPUOINIECKUX Ty Tel.
Hukibl ¢, ..., ¢, MOTYT coBlajarTh. Keim myTh w* noBropsiercss k pa3 B Pa3jioyKeHUH
W, TO MBI OYJIEM TIHCATH W

w = kw* +w™.

Tax Kak 4ncjIO BepPIIMH KOHEYHO, TO HUHCJIO IHUKJIOB TakKe Konedno. IIycTs ¢1, ..., ¢,
ecTb HAOOp BCeX NUKJIOB Kjacca H u pi, ..., p, ABIAIOTCA II€PHOJAMH STUX IyTeil, co-
oTBeTcTBeHHO. Haiinem ycpeHeHns Ha 3TUX TUKJIaX

bj

A6 =~ al,#)

J k=1
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Paccmorpnm nepnogmaecknit myTh w C H n mpeanonoknM, 910 w = ki¢y + ... + k0,
€CTh Pa3JIozKeHNe Ha IIPOCThIE IIePHOINIecKUe Iy TH, IIEPHOJL W eCTh P = kip1+...+kypy.
He orpanmuuBasg OOITHOCTH, MBI MOYKEM CUHUTATDh, UYTO KasKIbIH UK @; BXOIUT B W
¢ koaddumnuentom k; > 0, mpu sToMm ciaydait k; = (0 o3HaUaeT, 9TO w peasbHO He
IPOXOUT depes ¢;). Ecin w = k¢ +...+ky¢,, TO OyIeM rOBOPHUTD, UTO IIUKJI ¢)j CXOIUT
B W C BECOM [lj = %. dcno, garo 23:1 i; = 1. He Tpyano jiokaszaTh ciejyoniee.

IIpenmoxkenme 7. YcpejHeHre OCHAINECHUsI HAJ| MEPUOIUIECKUM IIyTeM w = k¢ +
... + ky¢4 BoIUHCIACTCA 110 (DOpPMYyTIE

Mw) = Zﬂj/\(%’)a

kj pj

rae pu; =

IIycTn

Amin(H) = min{\(¢;), j=1,...,q},
Amax(H) = max{\(¢;), j=1,...,q}

€CTb MUHUMAJIbHOE U MaKCHMAaJbHOE 3HAYEHUs YCPeJHeHus Ha IuKaax kinacca H. U3
YVTBepxKIeHus 7 ciieayer

IIpensioxkenune 8. Vepennenue \(w) HaJl TFOOBIM IEPUOJITIECCKIM IIyTEM W U3 KJIaCCa
H ynosnerBopsieT HEPaABEHCTBY

>\min<H) < )\(O}) § /\maX(H)'

IIpensioxkenune 9. Cuekrp yepenuenns kiaacca 2(H) = [Amin(H), Amax(H)], T€. st
7106010 A € [Amin(H), Amax(H)] HalimeTcst mocie10BaTeIbHOCTD EPHOMIECKUX Ty Teil
{wm} B H makux, aro A(w,,) — A upu m — oo.

HoxkazareabcTBo. Bes norepn oBIMHOCTH MBI IIPEJIIOIOKAM, 9T0 X\ = Amin (H) +
(1 — ) Amax(H), 0 < a < 1. [Iyetb ¢min = {27, ., 27} 1 Prmax = {275, ..., 25"} ecTh
IUKJIBL PEAJIH3YIONIHE YCPEHEHUA Apin(H ) 1 Apax(H ), coorBercTBenno. Tak kax z; u
27" ABIAIOTCA SKBUBAJEHTHBIMU BO3BPATHBIMHU BEPITHMHAME, TO CYIIECTBYET ITE€PHOIH-
wqeckuit myTh ¢ = {21 = 2§, ..., z; = 2}%, ..., 2,}, IPOXOJANIHIl Yepe3 BepIIMHbI 2 1 z;*.
[TocTpoum JOIyCTUMBII IEPHOANYECKUIT Iy Th w ciIegyomumM obpasoM. Haunnaewm ¢ 2/
u caesnaeM k* 000POTOB 1O @iy, 3aTEM HJEM 10 Y OT 2 10 21*, nenaem k** obopoTos
110 Prax 1 BO3BPAIAEMCsI 110 1) K UCXOJIHON BEpIITHE zl* . [TocTpoeHHbIil TTepUOIMIECKUI
IIyTh W UMEET PA3JIOKEHNE

W= k*¢min + k**¢max + @D
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[Iycts p*, p*™* U q ABAAIOTCA MEPUOTAMUI Dpiin, Pmax U 1, COOTBETCTBEHHO. B 3TOM
o k*p* _ k**p**
cliydae BeCa Omin, Pmax U ¢ UMEIOT 3HAYCHUS [i(Ppin) = ==, p(Pmax) = —I—u
w(y) = %, e p = k*p* + K p*™ + ¢ ectb nepuos w. YcpeaHerue HaJl w

)\(w) = M(¢min>A(¢min) + /L<(bmax)‘<¢max) + M(¢>A(¢)

Ecmun k* u k** — oo, To p(y)) = 1% — 0. Boibupag amncia k* u k** — 00, Kak 310 OLLIO
CIIJIAHO TIPU JOKA3aTeIbCTBE Y TBEPXKJACHUS 4, IIOCTPOUM MOCICI0BATEILHOCTD Iy Teil
W TaK, 4To

Mwm) = @Amin(H) + (1 — @) Apax (H) = A

YTBep:K/IeHne JIOKA3aHO.
Criestyronasi TeopeMa SIBJISICTCS CJAEACTBUEM Y TBEpKIeHmit 8 u 9.

Teopema 3. Cnexmp ochawennozo cumsosuseckozo obpaza L(Gy,) cocrmoum us un-
mep6anos [Amin(Hy), Amax(Hy)], 2de {Hy} ecmv noanoe cemeticmeo kaaccos sxeusa-
AEHMHBLT 6036PATMMHBLT SEPUWUH CUMBOAUYECK020 obpasa G.

PacemorpuMm (pukcupoBaHHBIN CHMBOJIMYECKHl 0Opa3 u ero ocHaienune. CoriacHo
IpeAbLAyIIeil TeopeMe Mbl MOZXKEM HaWTH CIIEKTP YCPEJHEHNS OCHAIIEHHOT'O CUMBOJINYE-
CKOT'0 0Opasa 3a KOHETIHOe Yuc/io maroB. BosHukaer Borpoc o0 onenke crektrpa Mopca
Jepe3 CIEeKTP OCHAIMEHHOTO CUMBOJIMIECKOTO 00pasa.

Teopema 4. Cnexmp Mopca 3 aescum 6 pacwupeniom cnekmpe O0CHaULeHHO20
cumeoaueckozo obpaza X(Gp), womopwudi cocmoum u3 UNMEPEAA0S [Amin(Hg) —
N(d), Amax(Hg) + 1n(d)], 2de {Hi} ecmov noanoe cemeticmeo kaaccos sK6USANEHMHDLL
B03BPATMHBIT BEPUIUH CUMBOAUNECK020 00pasda G, d - duamemp nokpwmus u n(-) - mo-
dyav wenpepwerocmu gynkyuu o(x,e) = In|D f(x)el.

HoxkazarenbcTso. [lycrs & = {(21,€1), (22, €2), ..., (7p,€,) = (%0, €0)} ecTb nEPH-
onmueckast e-rpaekropus orobpazkenns P f. Corsacuo Teopeme 1 06 orciie:kuBanuu,
Haiigerca v > 0 takoe, uro ecau € < r u (ry,ex) € M(z), TO HEPHOIUIECKUIN Iy Th
w={z1,29,...,2, = 20} aBagercs gounycrumbiM. Haiijilem ycpenenne dbyHKImn ¢ Ha

§
A(§) = 1 Z o(zk, ex)
P

n ycpeanennue OCHallCHUA Ha IIEPUOAUYICCKOM IIyTH W

1 <& 1< ..
Aw) = = Z@[Zka Zh1] = — Z@(%a €r);
p I

k=1

rjie TOuKu (T, e;) u (x5, ;) nexar B sueiike M (z). [lpu stom p(z, ex) — p(zk, €)) =
a, |ax| < n(d). Torma
AE) = Aw) + E,
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rae |E| = \% b_rag] < n(d). IIycts A sexkur B crekTpe Y ycpegHeHus (QyHKINT
(, T.e. CYIIECTBYET MOCIE0BATEILHOCTD EPUOJANIECKIX €,-TpaekTopuit {&,}, €, — 0,
rakux 910 A(§,) — A, upu n — 0o. PaccMOTpuM Ty 9acTh HOCIIEI0BATEILHOCTH, TJe
e, < r. Ilocrpoum nepuopndecKue JIONyCTUMBIE IyTH {w,} KaK 9TO CJEJIAHO BBIIIE.
Tora Mbl UMeeM OIEHKY

A&n) = Mwn) + En,

riae |E,| < n(d). He orpanmamBasi 0OOITHOCTH, MBI MOYKEM CUUTATH, YTO MOCJIEI0BA-
resibHoCTH A(wy,) U E, cxomares Kk A* u E* . Ecau 910 He Tak, TO MbI HepeiigeM K
OO IeIoBaTeIbHOCTAM. TakuM 00pa3oM, Mbl UMeEeM PaBEHCTBO

A= N+ B, |EY| < n(d). (5.2)

ITo ompepenenuio, IpeeabHOe 3HaYeHIe \* JIEXKUT B CIEKTPE OCHAIICHHOTO CHMBOJIU-
geckoro obpasza L(Gp). Orcioa cieayer yTBepK/IeHIe TeOPEMBI.

Taxum 06pa3oM, Jjis OLEHKHU clieKTpa Mopca HCXOIHOM cucTeMbl HaM HY»KHO HaiTH
CIIGKTP OCHAIIEHHOI'O CHMBOJIMYECKOro obpasa. dTa 3a/a4da CBOJUTCA K HAXOKJICHHIO
OUKJIOB C MUHUMAJIBHBIM U MaKCHUMaJIbHBIM XapPaKTEPUCTUYICCKHUM IIOKa3aTCJIAMU. HO—
HATHO, 9TO IIOUCK TaKNX ITUKJIOB C IIOMOIIBIO Hepe60pa HEBO3MO2KCH B HalllUX yCJIOBUAX,
TaK KaK [IPH UTEePAIMOHHBIX IIOCTPOCHUSX CHMBOJINICCKOrO 00pas3a YiC/I0 MUKJIOB pes3-
KO Bo3pacTaeT. 1109ToMy /Il TOCTUKEHUs TIe/IH UCIIOJIL3YeTCsl METO/I, CBOSIIMI HAIILy
38129y K CIIEIUATLHON TPAHCIOPTHON 3aja4e JIMHEHHOro porpaMmmupoBanust [14].

6. Yucienuble 3KCIIepUMEHTHI

Puc. 1. Arrpakrop MmoaudunupoBaHHOr0 oTobpaskenns: VIKe b

Paccmorpum momuduriupoBannoe orobpazkenue ke br:
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1 = 2—-09(xcosT(z,y) —ysin7(z,y))

Yy = 0.9(xsin7(z,y) + ycosT(x,y)), (61)
rjie
(x,y) =04 0
7— = . —_— .
Y 1+ 22+ 42

Orobpazkenne (6.1) obragaer CBOMCTBOM CxKaTHs ILJIOMIAIEH U NMeeT TI0OATbHbII
arTpakTop Ag, cM. puc. 1. CymecTByeT eJIMHCTBeHHAA I'UIepOOIIICcKas HEOIBIK-
Hag Touka H(1.3815,—2.4746). Kpome Toro, orobpazkeHue UMeeT eJIMHCTBEHHYIO 2-
nepuojanyeckyto tpaekropuio Pp = {(0.2338,—0.7031), (1.9995,0.6681)}, ycroituusoe
U HEyCTOWYMBOE MHOTI000pa3usi KOTOPOil IepeceKaloTcs 1 00pa3yoT FrOMOKINHUYECKUT
UK.

Usgecrno [13], uro, eciu ciekTp Mopcea He COIEpKUT HyJisl, TO IEMHO-PEKYPPEHTHOE
MHOXKECTBO CUCTEMbI SIBJII€TCS TUIIEPOOIUIHBIM |, CJIeJ0BaTe/IbHO, {2-ycToliunBo. BoI-
YICJICHUA [T0Ka3bIBAIOT, YTO aTTPaKTop A, He aBiIdeTcd runepbosmdeckum. Ham xore-
JIOCh OBbI HAWTU HETPUBUAJIbHOE MHBAPUAHTHOE MHOYKECTBO, KOTOPOE OKaYKeTCs THIIep-
6ommaeckum. MBI paccMOTpesn 9acTh 9TOTO aTTPakToOpa, a MMEHHO, MaKCHMaJIbHOe
[EITHO-PEKYPPEHTHOe MHOXKeCTBO §)g B obsactu [—1.1,3.5] x [—1.5,1.8]. IIpumenenue
OIIMCAHHOW BBINIE TEXHUKU JIOKAJIU3AIUN JIAeT cjejyionme pe3yabrarsl. [Ipn nagasn-
HoMm pasduenun 6a3br 10 X 10 craprosele pazmepst sueiiku Obumn 0.46 x 0.33. Ilocse
HECKOJIbKIX nureparuii (mpu pasmepax saeiiku 0.0071 x 0.0051) mHOXKecTBO ) pacia-
JlaeTcsd Ha JIBE KOMIIOHEHTBI () U {J5, COOTBETCTBYIOIINE JABYM KOMIIOHEHTAM CHJILHOI
CBSI3HOCTH HA CUMBOJIMYIECKOM OOpa3e.

NupapuanTHoe MHOXKECTBO () 0Ka3ajoch 6-tiepuojnieckoit opouroit. s sryreit
JIoKa/In3aIuyn B 0a3e MpPOBEJIEHO HECKOJIBKO UTEpPaIldil JI0 MOMEHTA, KOIJa pPa3Mepbl
staetikn coctaBuin 0.00045 x 0.00032. ITocTpoenue ocHAIIEHHONO CHMBOJINYECKOTO 00-
pasza MPOBOJIMJIOCH O MOMEHTa, IOKa Pa3Mep A9elKd B IMPOEKTHBHOM IIPOCTPAHCTBE
e cras pasen 0.0003. IIpu Takmx gaHHBIX paccrosnme Mexkay cuekTpoMm Mopca uc-
XOJIHOIM CHCTEMBI U CIIEKTPOM CUMBOJITYECKOTO obpasa He mpeBocxoaut (0.01. B pesyib-
TaTe BBIYUCJICHUN HA IMPOEKTUBHOM PACCIOCHUU IOJTyYIEHbI JIBE KOMIIOHEHTHI U CIEKTP
Mopca Haj MHOKeCTBOM (21 cosepKuTcst B 00bequnennn uarepsaios [0.522,0.523] u
[—0.734,—0.733], T.e. Oy sBAsIeTCH G-IIEPUOANIECKOT TUIIEPOOTMIECKON TPAEKTOPUEH.
OTHU BbIYUCIEHUE OBLIN IIPOBEPEHBI IIPSIMBIM BBIMHC/IEHUEM ToKazaTeseit JIsmyHosa 6-
[IEPUOINYECKON TPACKTOPUU.

WNuBapruanTnoe MHOXKeCTBO )y 0Ka3aj0Ch HETPUBUAJIHHBIM KAHTOPOBBIM MHOXKe-
ctBoM. Urepanuu B 6aze nposojuiuck j10 pazmepa sdeitku 0.00089 x 0.00058. 3arem
CTPOWJIMCH UTEPAIUH OCHAIIIEHHOI'O CHMBOJINYECKOTO 00pa3a JI0 pa3Mepa sueiiKu 1o yT-
sy 0.00038. AHAJIOrT9IHO BBIYUCICHUSIM JIJIsT IEPBOMl KOMIIOHEHTBI, DA TAKUX JTAHHBIX
creKTp Mopca MCXOTHON CHCTeMBI OTJIMIAeTCsS OT CIIEKTPa CHMBOJINYECKOro 0bpa3a Ha
0.01. B pesysbrare nosydenst asa uarepsasa [0.632,0.793] u [—1.004, —0.843], xoro-
pble SBJIAIOTCH PACIIMPEHHBIMA WHTEPBAJIAMK OCHAIIEHHOTO CHMBOJIMYIECKOrO obpasa.
OTU UHTEPBAJIBI HE COJIEPIKAT HYJIs, CJIeI0BATEIbHO, MHOXKECTBO )y SABJISETCS TUIIED-
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GosmaeckuM 1 -yCTORYIMBBIM, T.e. OHO OyleT coxpaHaThes 1pu Cl-BosMyImenusx cu-
CTEMBI.

7. 3aKJIroueHue

B pabote nokazano, uro nokazaresn JISmyHoBa BceX TPACKTOPHU TVIa KO TuHAMU-
YeCKOI CHCTeMbI MOYKHO OIEHUTH, UCIIOJIb3YsI CUMBOJIMIECKUiT 00pa3 cucreMbl. Teopema
4 ontuchiBaeT HAOOP OTPE3KOB, TJIe pacloJiaraioTcsd moKas3aresu JIamyHoBa mceBoTpacK-
topuii cucrembl (crektp Mopca). CumBosinaeckuii obpas siBJISeTCsT OPUEHTUPOBAHHBIM
rpacdoM, KOTOPBI CTPOUTCA I 3aMKHYTOI'O KOHEYHOI'O MOKPBITUs (ha3zoBOrO IIPO-
CTpaHCTBa. BepIuHbI CHMBOJIMIECKOTO 00pa3a COOTBETCTBYIOT SYEHKAM MOKPBITH, &
pebpa cooTBeTCTBYIOT JuHaMuKe (oTobpazkenuio) sdeek. Cumposmdeckuii obpas cras
YAOOHBIM UHCTPYMEHTOM JIJIsl [IOJTy 9€HUsT TEOPUTHIECKUX pe3yabTaros (eM. [15]). TIpes-
JIO?KEHHBIE JIOKA3aTeJIbCTBA TEOPEM ABJISIOTCA KOHCTPYKTUBHBIMHE U JOITYCKAIOT TIOCTPE-
HIE COOTBETCTBYIOMNX aJropurMoB. CuMBOInIecKnii 00pa3, Kak KOHeJIHbII rpad, 10-
[IyCKAeT KOMIIbIOTEPHOE U3YUeHHe, UTO JlaeT UH(POPMAIMIO O TVIODAIBHON THHAMUKE
cuctembl. ToIHOCTH Takol MHMOPMAIUN OIPE/IEISIETCS TUAMETPOM sTI€eK MOKPBITHSI.
Takum obpa3oM, yBeJmdeHne TOYHOCTH TOJIYIeHHOW MHMOPMAIUN PUBOIUT K POCTY
YUC/Ia sT9eeK IMOKPBITUS U, CJIeJ0BaTeIbHO, K PocTy BepinuH rpada. HuciaeHHnbe sKc-
[IEPUMEHTBI IOKA3BIBAIOT, UTO UCCJIC0BAHUS CHUMBOJIMYECKOTO 00pa3a Ha COBPEMEHHBIX
[IEPCOHATBHBIX KOMIIBIOTEPAX JIAI0T XOPOIINE PE3Y/IbTAThl B PeabHOM BPEMEHU, €CJIN
YHCJIO y3JI0B (BEPINMH) He TpeBbliaer Mu/umoH. st 6oee MOITHBIX KOMITBIOTEPOB
9TO YUCJI0 MOXKET OBITh YBEJIMYEeHO Ha MOPsIOK. [Ipm 9ToM, mpuMeHeHMe OC/eI0Ba-
TeJIbHOCTU CHMBOJIMYECKIX 0Opa30B (Kak 9To ommcano B Teopeme 2 o JoKajn3anuu
[EITHO-PEKYPPEHTHOTO MHOYKECTBA) 3HAUUTEIbHO COKpAIiaeT BpeMst Bbraucenus. Omu-
CAHHBIN YUCJICHHBIN IKCIEPUMEHT MOKA3BIBAECT, UTO MPEJICTABICHHAS TEXHOJIOTUS 03~
BOJISIET TIPOBEPUTH TUIEPOOJIMIHOCTD HETPUBUAIHLHOIO NHBAPUAHTHOTO MHOYKECTBA.
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Amnnorarusi. Mbl paccMarpuBaeM MOJIEb MATHATHOTO TOJISI ¢ TOYEYHBIMU 3apsi/laMU, KOTOPbIE MO-
JIEJINPYIOT 00JIACTY C MHTEHCUBHBIM MarHUTHBIM ITOTOKOM. VICITOJIb3YsT METOJIbI TEOPUH JUHAMUIECKUAX
CHCTEM, B CTaThe MOJIyIeHbl YCJIOBUsI OTCYTCTBUS U HAJIMYNS CEIAPATOPOB MATHUTHOT'O TIOJISI B XOPOIIIO
upososieit cpege (mnasme). [pusoaures Tunuanas 6udypKaius PozKIEHNs CElapaTOpoOB, KOTra BCe
3apsibl JIeXKAT B IUTOCKOCTH. 1loaToMy sTa OndypKamus MOXKET CIIyKUATH MOIE/IBIO POXKJIEHUs Cela-
paropos B dorocdepe Cosrrria.
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Birth of separators in magnetic fields

E.V.Zhuzhoma, V. S. Medvedev
Higher School of Economics, Nizhniy Novgorod 603155.

Abstract. We consider the model of magnetic field with point charges that model regions with an
intensive magnetic flux. Using methods of Dynamical Systems Theory, in the paper, one gets the
conditions of the absence and existence of separators in a nice conducting fields (plasma). One gives a
typical bifurcation of birth separators, when all charges belong to a plane. Therefore, this bifurcation
can be the model of birth separators in the photosphere of the Sun.

Keywords: Morse-Smale dynamical system, separator, magnetic field.
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OO61enpuHsTOE B HAIIK JIHA TTOJIOYKEHHE COBPEMEHHON acTPpOPU3NKN OTHOCUTEIHHO
COJIHEYHBIX BCIBIIIEK COCTOUT B TOM, UTO BBIJIEJIEHNE SHEPTUU ITPUA COJTHEUHBIX BCITHIIII-
Kax ITPOUCXOJAT B pe3yJIbTaTe MarHUTHOI'O ITepecoeIMHEHHs, TO €CTh Iepepacipesie-
JIEHUF MATHUTHBIX ITOTOKOB, IPUBOJSAINEE K U3MEHEHUIO TOIOJOTUN MATHUTHOTO ITO0JIS.
MarauTHOe 1epecoeInHeHre MPOUCXOIUT B PE3yJIbTaTe pa3pbiBa CUIOBLIX JUHUN Mar-
HUTHOTO TIOJIg B TaK Ha3bIBAEMBIX HYJIEBBIX TOYKAaX, I'Jle MaruuTHas uHayknud B = 0,
u OnypKaIUK CUJIOBBIX JINHUN (MHTErPAJbHBIX KPUBBIX MATHUTHOTO I0JIs) B HOBYIO
TOHOJIOTHYECKY IO KOH(MDUTYpaInio, KoTopas obJajaer Menbiiei sneprueit (12, 15|, Boi-
CBODOKJIAIONTUICS TP 9TOM U3OBITOK SHEPTUU PACXOLYETCs HA NHTCHCUBHOE U3JTYYCHHE
9JIEKTPOMArHUTHBIX BOJIH B PA3JIMIHBIX IMalla30HAaX CIEKTPa, HarpeB ILIa3Mbl, YCKOPe-
HUEe 3apsA’KEHHBIX YaCTHUIL JIO BBICOKUX SHEPruil u T.11. B ¢BA3M ¢ 3TuM, uHpOpMaIus o

IPaGora BeIIOIHEHA IIpU BUHAHCOBOI Toep:KKe Goraos PODU, rpantsr 15-01-03689-a, 16-51-
10005-Ko _a u PH®, rpant 14-41-00044. VccienoBanne ocymecTBIsI0Ch B paMkax IIporpammer dyH-
JaMeHTaJIbHbIX uccaemopanuit HITY BIITD B 2015 u 2016 rogax.
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KOJIMIECTBE W PACIIOJIOKEHNH HYJIEBBIX TOYEK MATHUTHON WHIYKINW SIBJISETCST KPUTHU-
YeCKM BaXKHOM MPHU aHAJM3€e IPOIECCOB MATHUTHOTO MIEPECOCTNHEHMS.

NzBecTHO, 9TO B TUIIUYHOM CUTYAIlUd MATHUTHOE II0OJI€ CO3/IACTCs JIEKTPUICCKUMU
tokaMu. MaruurHoe 1moJie SBJIseTcs HEMOTEHITUAIbHBIM B 00JIACTIX, HEIIOCPEICTBEHHO
BaHATBIX JEKTPUICCKIM TOKAME, U TOTEHIMAIbHBIM — BHE 3TuX obsracteil. JloBobHO
YaCTO UCIOJIB3YETCA MOJIEIb, B KOTOPO#l TOKU AIMIPOKCUMUPYIOTCS TOYCUHBIMU «MAar-
HUTHBIME 3apsiiaMi» (MCTOYHUKAMEI U CTOKAMMU) ¥, TAKUM 00PA30M, TOJIe OKA3bIBAETCs
MOTEHIIUAJIBHBIM BCIOJIY BHE 9TUX 3apsjioB. HecMOTpst Ha yIIPOIIEHHBIN XapakTep JTaH-
HO¥ MOJIe/H, OHa CIIOCODHA BO MHOTHX C/IyYasiX JaTh UHTEPECHbIC (PU3NIECKUE PE3YJIb-
tatel |1, 4, 9]. Ilpu sToMm, HApsiIy ¢ pacieToM KOHKPETHBIX KOH(MDUTYpaIuii MArHUTHOTO
I0JTs1, TIPOBOJIMBIIINXCST PA3IMIHBIMU aBTopaMu (cM., Harnpumep |7, 8] u 0630p [13], rae
HCCJIEIOBAIACH TOTOJIOTUYECKasi CTPYKTYpPa U BO3MOXKHBIE OMDypKAIuy MAarHUTHOTO
HOJIS IS KOHKPETHBIX 3HAYEHUIT 9UC/Ia MATHUTHBIX 3apsAOB U UX THIOB), OBLIO ObI
UHTEPECHO MMETh M HEKOTOpbIe O0IMHe KPUTEPUU, CBA3BIBAIOIINE KOJUIECTBO U THUIL
MATrHUTHBIX 3aps0B ¢ KOJUIECTBOM U THUIIOM BO3HUKAIOIINX B TAKOM I0JI€ HYJIEBBIX
TOYEK.

Baskwreiimeit xapaKTepuCTUKON MArHUTHOTO MOJI ¢ TOYKU 3PEHUs IIPOTIECCOB TIepe-
COEIMHEHMUSI SIBJISIETCS KOJIMYECTBO M PACIIOJIOZKEHIE CelapaTopoB (HUXKE JIAHBI TOTHbIE
onpezienenns). Tak Kak cemaparop — 9TO MECTO II€PECEeUeHHsl JIBYX CENapaTPUCHBIX
ITOBEPXHOCTEH, TO OH MpeJICTaB/IsgeT OO0 JIMHUIO, Ha KOTOPO#l MPOUCXOIUT COMPUKOC-
HOBEHIE YeThIPEX MArHUTHBIX MMOTOKOB. llepepaciipesiesienne 3TuX MOTOKOB ¢ TEI€HUEM
BPEMEHU KaK pa3 M JIEXKUT B OCHOBE 3(hheKTa MArHUTHOTO TEPECOCTHHEHNUS; TPU STOM
COOTBETCTBYIOIINI CEelapaTop 3ajiaeT TPAeKTOPHUIO PACIPOCTPAHEHHUsI STOTO IPOIECCa
B mpocTpaHcTBe. MeTo bl Teopun JTUHAMUYIECKAX CUCTEM JIJIs MCCJICIOBAHUS BOIIPOCA
O CyIIEeCTBOBAHUU CEIapaToOpOB B MATHUTHBIX MOJISAX TJIA3MbI IIPUMEHSINCH B paboTax
[2, 5]. Takum obpasom, erie oJHa akTyaldbHas 3ajada — HAXOXKJEHHE OOIIero cooT-
HOIIEHUS MEXK/Iy KOJUIECTBOM U THIIOM MATHUTHBIX 3apsAJ/IOB, C OJHONW CTOPOHBI, U
KOJIMIECTBOM U CTPYKTYPOIl CO3/IaBaeMbIX UMHU CEIApATOPOB, C JApyroit croponbl. O6e
BBINIIEyKa3aHHbIE 1TPOO/IEMBI Oy/IyT PACCMOTPEHBI B HACTOSIIEH cTaThe.

Jlajimv HEKOTOPBIE orpeiesieHust n c(hOPMYITHPYeM OCHOBHBIE pPe3ysibTarhl. Habro-
JIeHUs1 TIoKa3biBatoT, 4To Ha noepxuocTu Counia (dorocdepe) HabiogaroTcs MecTa,
KOTOPBIE TPOSABJIAIOT ceOsi KAK NCTOIHUKHU OKPYZKAIOMIET0 MX MATHUTHOTO I0JIsT KOPOHBI
Comuna. Tpagurmonno 3tu dpparmMenTsl poTocdepbl HA3BIBAIOTCH 3apAJaMU MATHUT-
HOro ToJist [6]. 3apsi HA3BIBACTCS NOAOAHCUMENLHBIM, ECTTH TTIOTOK IOJI Yepe3 CKOJIb
YTOTHO MaJIyIO0 cepy, OKPYKAaIOIIYIO0 3apsijl, MOJOKUTEJIbHBI. AHAJOTUYIHO OIIpeie-
JISIeTCsl OTPUTIATENILHBIN 3aps/I: IOTOK IMOJIA Yepe3 CKOJIb YTOTHO MaJyio cdepy, OKpy-
JKAIOMIYIO0 Takoil 3apsiy, orpurareabubiii. [lockonbky CostHile H3/Iy9aeT IHEPIHIO, TO
00JIbIIIOE MTPAKTUYECKOe 3HAUYEHUEe MMeeT U3YUeHUEe TaK HA3bIBAEMbBIX ITOJIOKUTETHHO
HecOATAHCUPOBAHHBIX IPYIII 3aPsJIOB.

[I'pymma 3aps108 C HAZBIBACTCS NOAOAHCUMENALHO HECOAAAGHCUPOSAHHOT, ECITH €€ MOYK-
HO 3aKJIOYUTD B Iap B, Ha IPaHuIle KOTOPOro MArHUTHOE TI0JIe HAIPABJICHO HAPYKY.
Ykazauubliit map B = B(C) OygeMm Ha3bIBaTh ucmouHukosol obaacmvio epynno, C.
AHaJIOrUYIHO OIpeJIe/IsieTCs OTPUIATE/IHHO HecOATaHCUPOBAHHAS Py 3apPsIOB, U B
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9TOM CJlydae TOBOPST O CTOKOBOW obsiacTu rpymibl. V3ydeHnue oTpunarebHO HecOa-
JIAHCHPOBAHHBIX TPYIII TaKzKe BayKHO, MOCKOJIBbKY BHYTPH TOJIOXKUTETHHO HecOaTaHCh-
POBaHHOM I'PYIIILI MOI'YT OBITH CeMeicTBa OTPUIATETHHO HecOaTaHCUPOBAHHBIX TPYIIIL,
6udypKanuu KOTOPhIX MOTYT ObITh IPUINHON Bebmkn [11].

MaremaTndeckas ujeau3alius 3apsijia TPUBOJUT K MOHSTUIO TOYEUHONH OCODEH-
HOCTH BEKTOPHOI'O TIOJIsI: MOJIOKUTEJBHBIA 3apsi)l paCCMATPUBAETCA KaK MCTOYHUK, &
OTpUIATENbHDL — KAK CTOK BEKTOPHOIo 1oJist. Touka py MATHUTHOIO 10/1s1 B Hazbiba-
etTest nyaesoti, ecom B (po) = 0. B TummasOM cirydae coOCTBEHHBIE YHCTA A1, Ay U A3
B HYJIEBOIl TOYKEe HE PABHBI HYJIIO U YJIOBJIETBOPSIOT COOTHOIIEHUIO A\ + Ay + A3 = 0,
B cuity pasercrea V - B = 0. OTciofa BBITEKAeT, UTO ¢ TOUKU 3peHUsl TeOPHU JHHA-
MUYECKHX CHUCTEM HyJjieBas TOYKa sABJISIeTCsl KOHCEPBATMBHBIM CEJJIOM C OJHOMEPHOI
1 JByMepHOii cenmaparpucamu,® cM. puc. 1 (a). Ecin cuioBag MarHuTHast JIMHUS OJ1-
HOMEPHOIi cenaparpruchl HAaIIpaB/IeHa U3 HyJIEBOH TOYKH, TO BCE MArHUTHBIC JIMHUU HA
CernapaTprucHOil MOBEPXHOCTU HAIIPABJIEHBI K HYJI€BOI TOUYKe, 1 HAODOPOT.

cenaparop
(separator)

cenapaTprcHas
(a) noeepxHocTh (fan) (b)

Puc. 1. Crpykrypa Hysesoii Toukn (a), n rerepokanHuyueckuii cenaparop (b).

gt tunmaHON HyJsIeBO# TOUKM Py BO3MOXKHBI (C TOYHOCTBIO JI0 T€Pe0bO3HAYEHMI
COOCTBEHHBIX UHCEJT) JIUIID CJIEAYIoNne BapuanThl: 1) Ad; > 0, Ao, A3 < 0; 2) A\ < 0, Ay,
A3 > 0. B nepBom ciiyuae HysieBasi TOUKa Py HA3BIBACTCI NOAOHCUMEALHOT, TTOCKOJIBKY
A1+ Ao A3 > 0. C TOUKM 3peHusT TEOPUN JTMHAMUYIECKUX CUCTEM, ITOJIOKUTE/IbHAST HYJIe-
Basl TOUYKa SBJISIETCS CEJIJIOM C MHAeKCcoM Mopca eIMHUIA 1 TOMOJIOTTIECKIM UHIEKCOM
MUHYC €IMHATIA. DTO CEJJI0 UMEET OJHOMEPHYIO HEYCTONINBYIO CellapaTpucy 1 JIBYMep-
HYIO yCTOHUUBYIO cenaparpucy, cM. puc. 1 (a). Bo Bropom cirydae Touka py Ha3bIBaeTCst
oMPUUAMEALHOU, TIOCKOJILKY A1 - Ao - A3 < 0. Takast Hy/ieBast TOUKa SBJISETCS CEJJIOM C
unjekcoM Mopca jiBa U TOHOJIOTMYIECKUM WHJIEKCOM ILIIOC €UHUIA. JTO CEJJIO MMEeeT
OJTHOMEPHYO YCTOWYIHUBYIO CEAapaTpPUCy U JBYMEPHYIO HEYCTONIHBYIO CelapaTpucy.

Crenys |11, 12|, GyaeM Ha3BIBATH MATHUTHYIO JIMHUIO, COCUHSIIONLYIO JIBE HYJIe-
BbIe TOUKH, cenapamopom (separator). Cemaparop HA3BIBACTCS 2E€MEPOKAUHUNECKUM,
€CJIN OH SABJISIETCS TPAHCBEPCAJIbHBIM IIEPECCUCHUEM CEIIAPATPUCHBIX TIOBEPXHOCTEH, CM.
puc. 1 (b).

2Mnora oHOMEPHYIO cenapaTpucy Ha3bBIBAIOT IIUIOM (Spine), a JBYMEpHYIO - BeepHOii TIOBePXHO-
creio (fan) [11, 12]
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TomoJioruveckasi CTpyKTypa MarHUTHOIO TTOJIsi ONPEJIC/IAETC YUCJIOM U THIIOM HY-
JIEBBIX TOYCK, B3aUMHBIM PACIOJIOKEHHEM IIIMIIOB M BECPHBIX IIOBEPXHOCTE, a TaKzKe
JINTHUSMHU TPAHCBEPCAJILHOI'O IIepecevyeHns BeepHbIX TOBEPXHOCTEN — IeTepOoKJIMHUYe-
CKHIMU CellapaToOpaMu.

Teopema 1. Ilycms umeemcs nosostcumenvHo necbanrarcuposarnasn epynna C, co-
deporcawan | > 2 noaoorcumesvror 3apados. Tozda 6 ucmounukosots obaacmu B(C)
Mot epynnvl umeemca, no kpatretd mepe, | — 1 ompuyamesvHur HYLEEHIT MOYEK.
Ecau epynna C cocmoum uz I nosostcumervnux 3apsados u 6 B(C) codeporcumes posho
I — 1 nyaesvx mouex, mo 6ce HYAEEbLE MOYKYU ACAAIOMCA OMPUYUATMEALHOMU HYAEEbI-
mu mowkamu, u cenapamopw, 6 B(C) omcymemeyrom. Boaee moeo, maznummoe nose
6 obnacmu B(C) umeem eduncmeennyio ¢ mouHocmvio 00 Monoso2udeckol, IK6UBA-
AEHMMHOCTY CIMPYKMYPY.

U3 3T0it TEOpeMBbI BHITEKAIOT CJIETYIONINAE CJIEICTBUA.

CaenctBue 1. [lycmv umeemcsa ompuyamenrvro necoarancuposannas epynna C, co-
deporcawasn k > 2 ompuyamenvrvir 3apados. Tozda 6 cmoxosoti obaacmu B(C) amot
epynno. umeemcsa no kpatnetd mepe k — 1 noaooscumesvnoix nwyseeuix mouek. Ecau
epynna C cocmoum u3 k > 2 ompuyamenvrvix 3apsados u 6 B(C) codeporcumes posHo
k — 1 nyaesvir mouer, mo 6ce amu MOUKU ABAAIOMCA NONOHCUMENDHOIMYU HYAEEDI-
MU mowkamu, u cenapamopo, 6 B(C) omcymemeyrom. Boaee moezo, maznummoe nose
6 obnacmu B(C) umeem eQuHCmMBEHHYO ¢ MOYHOCTBIO 0 MONOA0UNECKOT IKEUBA-
AEHMHOCTNY CIMPYKMYPY.

CaenctBue 2. [Iycmov umeemcsa nososcumenvro necobarancuposannas epynna C, co-
cmoAwas u3 00H020 (QOMUHAHMHO20) NOAOICUMEALHO20 3apsada u k > 1 ompuya-
meavuvix 3apsados. Tozda 6 ucmounukxosot obaacmu B(C) amot epynnv umeemcs no
kpatinet mepe k noaoorcumenvror nyaesor movex. Ecau B(C) codeporcumes posro k
HYACBDLT MOYUEK, MO 6CE IMU MOYKU ACAALIOMCA NOAOHCUMEALHDIMU HYALEDLMU TOYKA-
mu, u cenapamopwv. 6 B(C) omcymemsyrom. Boaee mozo, maznummoe noase 6 06aacmu
B(C) umeem eduncmseHnyo ¢ MOYHOCMbI0 00 MON0A0LUYECKOT IKEUSAAEHIMHOCTIU

CaenctBue 3. [lycmov umeemcs nosodrcumesvHo necoarancuposarnas epynna C, co-
cmoawan u3d | > 2 noaoorcumensvholr 3apados u k > 1 ompuuamerviur 3apados.
Tozda 6 ucmounukosots obaacmu B(C) amot epynno. umeemcs, no xpatinet mepe, [ —1
OMPUUAMEALHDIT HYAECBLLT MOYUEK U N0 Kpatinet mepe k NosoHCUMEALHOIT HYNAEBIT
MoYex.

[Ipy MEHEMAJIBHO BO3MOXKHBIX KOJUYECTBAX KakK IOJIOXKUTEIbLHBIX, TaAK M OTPUIla-
TEJIbHBIX HYJICBBIX TOYCK (STI/I MHHHUMaJIbHbIE 9UCJIa OIIPpEAEJIAI0OTCA B CUJIY CJICACTBUA
3) cenapaTopoB MoxkeT He ObIThb. OJHAKO, KAK [TOKA3BbIBAET CJIE/YIONas TeOPeMa, Kak
TOJIBKO TIOSIBJISIETCS XOTsI Obl OjHa "jmmiHsast" HyseBast 09Ka, TO HEOOXOINMO TOSIB-
JIieTcst X0Tst Obl OjinH cenapatop. Tur JiuinHeil HyIeBoit Touku posin He urpaer (oHa
MOZKeT OBITh KaK IIOJIOKUTETHHOl, TaK M OTPUIATeIbHOM). MbI 11t Onpee/ieHHOCTH
dopMmyIupyeM yTBepK IeHne, KOrda JUIIHAA HyJIeBast TOUKa SIBJISETCS OTPHUIATEIbHOI.
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Teopema 2. [Tycms umeemces nosoxcumesvro necbarancuposartas epynna C, codep-
orcawan | > 2 noaoorcumenvroir v k > 0 ompuyamesvnvx 3apados. Ecau 6 B(C)
codeporcumes poeho | ompuyamervuux Hyseeux moyek, mo 6 B(C) cywecmeyem xo-
msa O6v, 00uM cenapamop.

Cureryomas TeopeMa, JIeMOHCTPUPYET OJMH CIIEHAPUN IOABJIEHUs OTPHUIATEIHLHOM
HYJIEBOI TOYKM, KOIJIa BOSHUKAET CeMEHCTBO CeraparopoB, KOJIUIECTBO KOTOPBIX PaB-
HO YHCJIy OTpHUIATE/IbHBIX HYJ/IEBBIX TOYEK (OHO TaK2KE€ PaBHO YHCJIY IIOJIOZKUTEJIbHBIX
3apsIJIOB).

Teopema 3. [Iycmv umeemcsa nososcumenvro necbarancuposarras epynna C, cocmo-
awaa ud | > 2 noaootcumenvnolr 3apados u L — 1 ompuyamesvnolr HYse6bir MoUex.
Tozda cywecmsyem munuvunas budyprayus pootclernus | 2emepoKAUHUNECKUT Cenapa-
mopos U 00HOT OMPUUAMEALHOT HYAEBOT MOYKU.

Biaromaprocrn. Asropsr 6starogapsat POOU, rpanter 15-01-03689-a, 16-51-10005-
Ko a n PH®, rpanr 14-41-00044, 3a ¢duHaHCOBYIO MOIEepKKY. ABTOPBI OJ1aroaapsar
FO.B. /lymuna, BHUMATEILHO HPOYUTABIIEIO PYKOIHUCH U CHAEJIABIIETO Psij KPUTHIE-
ckux 3amedanunii. Ocobast 6/1arogapHoOCTh 3a (PUHAHCOBYIO MOIJIEPKKY KOHCTAHTHHY
Buranbesnay Kupcenko (mpocsernrestio n 6usnecmeny). ccmenoBanue ocyImnecTBIis-
J0ch B paMkax IIporpammbr dymnmamentaababix uccaegopanmii HY BIID B 2015 u
2016 romax.

1. IIlpeaBapurTesibHbIE CBEJEHUS

—

IIyctsb f' — 1OTOK, MHIyIIMPOBAHHBII BEKTOPHBLIM I10JIeM V Ha TpexMmepHoil cdepe
S3. M1 Gyznem 1pejionaraTh, 9To f! He mMeer nepuomumyueckux TpaekTopuit. O6osHa-
anm wepes Fix (f') muoxkecrso cocrosumii pasuosecust noroka ff. s p € Fiz (f*)
obozraunMm depes W*(p) MHOKECTBO TPaeKTOPHUii, CTPEMSIIIUXCA K P MPH HEOrPAHV-
YEHHOM yBeJMUYeHnr BpeMenu. B wactaoctu, eciu p — ceqo, o We(p) \ {p} asusiercs
YCTOIUIMBOI cenapaTpucoii ceia p. Muoxectso W (p) HasblBaeTCs yemoiuusbim MHO-
2006pasuem TOYKA p. AHaIOrmIHO, 0003HAaYMM depe3 W (p) MHOKECTBO TPAEKTOPUii,
CTPEMSIINXCA K P IIPU HEOTPAHUYEHHOM yMEHBIIeHUN BpeMeHu. B gacTHoCcTH, ecym p
— cemito, o W¥(p) \ {p} saBgerca neycroitauBoii cemaparpucoii cemia p. MHOKeCTBO
W*(p) masbiBaeTca Heycmotliuusvim mHo2oo0pasuem Touku p. I[lorok f' nasbiBaerca
norokoM Mopca-Cmetinag, ecinm Bce ero COCTOAHUS PABHOBECH: THIEPOOIMYECKUe, UX
YCTOWYUBLIE U HEYCTOWYUBLIE MHOIOOOpPA3Usl MEPECEKAIOTCS TPAHCBEPCAJILHO, U IIPe-
JIeJIbHOE MHOKECTBO JI000it TpaekTopun npunaexkut Fix (f') [14]. CoorBercTByto-
Iee BeKTOpHOe noJie V. HazblBaeTcsd exmophuim nosem Mopca-Cmetina.

OB6o3HAUNM 9ePe3 Tsourse BEKTOPHOE T0JIe B Imape B2, HampaBieHHOE Hapy:XKy Ha
rpannte mapa OB = S? m mMmeromee BHyTpH IMapa POBHO OJWH THHEPOOIIMUCCKUiT
ucrounuk, puc. 2 (a). IomokuM Ugnr = —Usourse- SICHO, 4TO BEKTOPHOE TIOJIE Ugink
uMeeT BHYTPHU mapa B? poBHO ouH THUIIEPOOJNYECKH CTOK, U Uy, Ha Ipanuie S2
HallpaB/IeHO BHYTpb mapa B3.
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[Iycts B(C) — ucrounnkosas obacth rpyumbl 3apsaos C. O6oznatum gepes v(C)
marauTHOoe nojie B B(C), mopoxaenHoe rpymmoii 3apsaaos C. Hanomuum, 910 BEKTOD-
noe nojie ¥(C) Hanpasjeno HapysKy Ha rpanune dB(C) mapa B(C). Bosbmem map B ¢
BEKTOPHBIM HOJIEM Usipny. Ecam oroxaectsuTh rpanuipl OB = S% 0B(C) mapos B? u
B(C) cooTBeTCTBEHHO, TO MOJIydnM TpexmMepHyo cdepy SP. MoKHO MOIIIpaBuTh moJjie
Tsint, BO/IM3H rpanunpl OB Tax, 4ToObl MOJS Usink, U(C) 00pa3oBLIBAI IJIQIKOE BEK-
toproe noste Mopca-Cwmeiia Ha S®, KoTOpoe MBI 0003HAUUM Hepe3 ‘7(0) fcno, garo
IIPU 3TOM MOXKHO COXPAHUTDH INIOOAJIBLHYIO TOIMOJOTHYIECKYIO CTPYKTYPY OIS Ugipnk. LO-
IJIa COCTOSIHUSI PaBHOBECUS V(C ) OyLyT IpescTaBIsITh cO00i 00beIMHeHne COCTOSTHUIA
pasHOBecust nosist U(C) U CTOKA TOJIS Ugjng. BEKTOpHOE T0JIE V(C) Oy/IeM Ha3bLIBATD
npodossicenuem noas U(C) rpynnst sapsaios C Ha TpexMephyto cdepy S3.

Jlemma 1. ITycmo nosoorcumenvro necbarancuposarnas epynna C codepotcum NT (co-
ome. N~ ) nososicumenvnox (cooms., ompuyamesvnviz) 3apados, u ST (coome. S~)
NOAOHCUMEADHBLT (COONE., OMPUYAMeNbHHT) HYyAeevr mouek. Tozda umeem mecmo
Pasencmeo

1+ N~ —S*+5 — Nt =0. (1.1)

Jlokazarenscrpo. Ilycts ¥(C) — marauTHOe oste B B(C), MOPOKI€HHOE TPYIIIOf
C, u V(C) — npogosizkenne nons U(C) Ha Tpexmephyio chepy S?. 3apsapl u HyseBbIe
TOYKN MATHUTHOIO I10JISI BEKTOPHOTO 11015 U(C) SIBIISIOTCS COCTOSTHUSIMEU PABHOBECHS
Bexroproro nojst Mopea-Cheitna V (C). Hamomuny, ato V (C) HMeeT 10 CPABHEHHIO ¢
U(C) JOMOJIHATEIbHBIN CTOK, TOIIOJIOIMYECKUT WHJIEKC KOTOPOTO PABEH €JMHUIIE.

Ungeke Mopca (pasMepHOCTh HEYCTOWYIMBONO MHOI00Opa3nst) MOJIOKHUTETbHOI
HYJIb-TOYKM paBeH ejuauie. [1o3roMy Tonoiorndeckuii HHIEKC TaKOi TOUKU paBeH MHU-
HyC eJIMHnIE. AHAJIOMMYHO, TONOJIOIMMYECKUi MHJIEKC OTPUIATEIHHOM HYJIb-TOYKN PABEH
eJIMHUILE, TIOCKOJIbKY ee uHieke Mopca pasen asyMm. Mumeke Mopca oTpumaTebHOro
(COOTB., TOJIOKUTEBLHOIO) 3apsijia paBeH HyJo (cooTs. Tpem). [loaromy Tomosornde-
CKUIT MHIEKC OTPUIATEIHHOTO (COOTB., ITOJOKUTEIHHOTO) 3apsiia paBeH eauHure (co-
OTB. MUHYC eJiiHUIE). VI3BeCTHO, UTO 3iiIepoBa XapaKTepUCTHKa TPEeXMepHOii chepbl
paBHa nymo. [Ipumenss dopmyny Dittepa-Ilyankape, coryiacHO KOTOPO# CymMMa TO-
HOJIOTMIECKUX MHJIEKCOB COCTOSIHUI paBHOBECHs paBHa 3M/IEpOBON XapaKTepPHUCTHUKE,
nosydaeM Tpedyemblit pesyabrar. [

CrnenctBue 4. Ilycmov evinoanaomes ycaosus semmot 1. Eeau 6 ucmounurosots 0b-
AaCMYU Hem ompuyamesvrur 3apados, N~ =0, mo

ST =(N* 1)+ 8t >Nt -1,

Beesem Ha MHOXKecTBe cocrosiuuii pasaosecust Fiz (f') noroka Mopca-Cweitna f*
qactuanoe orHomenune <. s p, ¢ € Fix (f*) nonoxum p < g, eciu W*(p) NW¥(q) #
(). Ynobuo BBeseHHOE OTHOIIEHNE N300paKaTh Ha rpade, TOUKU KOTOPOro OTOXKIECTB-
JAI0TCA ¢ cocTosanaMu pasnosecust Fix (f'). Bepmmubr rpada, cooTsercTrytomue p,
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q € Fiz (f') u cBa3aHHBIE OTHOIIEHUEM P < (, COEJUHAIOTCA PEOPOM, HAIPABJIEH-
HBIM U3 ¢ K TOUKe p. Tak BBemenubiii opuentuposanubiii rpad I'(f!) unorma massisator
epagom (uau duaepammoti) Cmetira.

O6oznaunm yepes A(f') obbeunenne Bcex OJHOMEPHBIX HEYCTONYUBBIX MHOTOO0-
pasuii cezes u Beex cTokoB noroka f'. Ussectro [3], aro A(f") aBisiercs cBasHBbIM
onHoMepHbIM norpadgom rpada I'(ff), BepimmHb KOTOPOro 0TOXKIECTBIIAIOTCSA ¢ COOT-
BETCTBYIOIIUMHE CeJIJTaMU U cTOKaMu. B aToMm ciydae, pebpa mojrpada coOTBETCTBYIOT
OJTHOMEDPHBIM HEeyCTONYMBBIM CelapaTprcaM, ¥ CHaOXKAIOTCA HallpaBJIeHUEM U3 CeJlell
K crokam. Bosee toro, A(f') sBagerca npuraruBaommM MHoxkectsoM moroka f¢[3].
Ananornuno, obozuaunm depe3 R(f') obbeunenue Bcex yeTONIUBLIX OJIHOMEPHBIX CE-
naparpuc cejesl u Beex uctounnkon. Torga R(f') cyTh cBsi3HBI OpHEHTHPOBAHHDII
norpad, sBISTIOMUNACT OTTAJIKABAIONIMM MHOXKECTBOM noToka f* [3].

Jljis onmcanust TOMOJIOTMYECKONH CTPYKTYPhl BEKTOPHBIX IOJIEH HAM IOHAI00TCs
HEKOTOPble KaHOHUYECKHe 10Jist. HAIlOMHUM, 9TO Uspyrse O3HAYAET BEKTOPHOE IOJIE B
mape B?, nanpasiennoe Hapy:Ky Ha rpamuie mapa OB = S? u umeroniee ouH UCTOU-
HUK (g BHYTpH mapa B2, puc. 2 (a). ByjieM Ha3bIBaTh BEKTOPHOE TOJIE Tsoyrse UCTLOWHU-
xom muna (1;0). PaccMOTpuM BeKTOPHOE TI0J1e Uyy,,s B ape B3, nanpasiennoe Hapy:Ky
Ha rpanune mapa OB® = S? u numeromee | > 2 HCTOYHUKOB v, ..., ay 1 | — 1 cenen oy,
..., 0y_1 uHjekca Mopca 2. Takoe BEKTOPHOE TI0JI€ Uy OYJIEM HA3BIBATDH UCTNOYHUKOM
muna (I;1 — 1). Crpykrypa BeKTOpHOTrO 10Jist Tuta (2; 1) nzobpaxkena ua puc. 2 (b).

r r

AN Wl
o B
<+ — <« —
- ~ P ~a

Puc. 2. (a) BekropHoe 11071€ Tsourse; (b) BexToproe mone ¥y, tuna (2;1) B mape B3.

[HomoXKUM Ugink = —Usourse; Ustab = —Uuns- BEKTOPHOE TIOJE Uy, HAIPABIEHHO
BHYTpb Ha I'panuile mapa 0B® = S? u umeer oqun cTox BHYTpu mapa B3. BekTop-
HOE T10JI€ Uysqp HAIIPABICHHO BHYTPh Ha rpanuie mapa OB® = S2, umeer | > 2 cTOKOB
w1, ..., w; ul—1 cegen nngekca Mopca 1. Takoe BEKTOpHOE TOJIE Uy,s OYIEM Ha3bIBATH
cmoxom muna (1;1—1). He ymenbImas 0OIHOCTH, MOKHO CIATATE (M MBI OyJIeM TaK CIU-
TaTh), YTO PACCMOTPEHHBIE BbIIIE BEKTOPHbIC IO/ OPTOroHa bLHLI Tpanuie OB3 = S2
U ABJISIOTCH €AMHUYIHBIMU Ha 9TOM IpaHUIIE.

[Tpu 0TOZK IeCTBICHIN I'PAHUIL IBYX Komuuii mapa B3 nonygaerca 3-cdepa S3. Ecin
Ha OJTHOM KOIWH Iapa 3ajaH ncTodnuk tuna (I;]—1), a Ha Ipyroit Komun mapa 3a/1aHo
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o Ugink, TO Ha S? moJsryuaeM riaKoe BEKTOPHOE ToJie, KOTOPOe 0003HATAETCS Tepes3
Vuns(l;1—1). ITo cymectBy u3 [3| (cm. Takxke [10]) BoITeKaeT ciie/Lyiomee yTBEpK ICHIE.

ITpensioxkenue 1. Ilycrs Ha Tpexmepnoit cdepe S? 3amano BekTopHoe moxe Mopca-
—

Cwmeitta V', HeOTy K Ta101iee MHOYKECTBO KOTOPOT'O COCTOUT u3 | > 2 MCTOYHUKOB, | —

1 cemen ungekca Mopca 2 u oxnoro croka. Torma V' Tomosormueckn 3KBHBaJIEHTHO

Vouns(l;1—1).

Jlokaszarenbcrso. O6osnaunm yepes f! morok Mopca-Cmeiina, MOPOXKICHHBINA BeK-
TopHbIM nosieM V. Tak Kak 4uc/I0 HCTOYHUKOB HPEBbIIIAeT Ha eJIMHUILY YUCJIO Ceel
unjekca Mopca 2, To npursarusaoiee Muozkectso A( f') npescrasiger coboit 0Tpe3ok,
HA& KOTOPOM PAaCIIOJIOXKEHBI CTOKH U cejijia. [Ipu 3ToM, cejjra d4epeiyfoTest ¢ HCTOYHUKA-
MU, U Ha KOHIEBBIX TOUKax orpeska A(f!) pacnonoxkens ucrounnku. Coryacuo jgemMme
1.1 [10], muoxkectBo A(f') mMeeT mMapoBy0 OKPECTHOCTH, KOTOPAst ABJIAETCA UCTOTHU-
koM tuta (I;{—1). Bue 9roit okpecTrOCTH HaxoauTes cTok. OTCiona cieayer Tpebyemoe
yTBepxKaeHue. []

2. ,Z[OKaBaTe.TIbCTBO OCHOBHBIX pP€e3yJIbTaTOB

lokazarenscrBo Teopempr 1. Ilycrs U(C) — marnurnoe noste B B(C), HOpoXkKieHHOE
rpymmoii 3apstios C, u V(C’) — npogyonzkenne nonsa 0(C) Ha Tpexmepnylo cdepy SP.
Taxum o6pason, moe V (C) mmeer 1o cparenmo ¢ 7(C) eme omun crox. Ham myzmo
JI0Ka3aTh HepaBeHCTBO S~ > [ — 1, e ST — 9HMCI0 OTPUIATENLHBIX HYJIEBBIX TOYEK
sexToproro nos V (C). JIoKasaTeqbeTBO STOr0 HEPABEHCTBA GY/CM IPOBOIUTE METO-
JIOM MaTeMaTHIeCKONH WHYKIuu 110 9ucay | = N1 1momokurebHbIX 3apsiioB (KOTOPOe
paBHO uncio ucrounukos nois V(C)). Hamomuum, aro V(C) siBisieTcss BEKTOPHBIM
nosieM Mopca-Cwmeiina, KoTopblit naymupyer notok ¢ Mopca-Cwameitia na S3.

Cuepsa moKaxkeM, 9TO JyIsd Jo00ro | > 2 cylmecTByeT XoTs Obl OJHa OTPUIATEIb-
Hasl HyJIeBast TOUKa (OJHOBDEMEHHO JOKA3bIBACTCS MEPBBIil Mar WHILYKINA [ | = 2).
OGoznauum uepes A = A(f') obbeuHeHne BceX CTOKOB M HEYCTOIYMBBIX (OIHOMED-
HBIX) cerapaTpuc Beex cejedt unekca Mopcea opun. [TpeamoioRum, 9To T0Ka3bBaeMoe
yTBepzKIeHne HesepHo. Torya gonosHenue K A ecTb 00beMHeHIe HEIIEPeCeKAIOIIXCsT
HEYCTOMIUBBIX (TPEXMEPHBIX) MHOr00Opasuit | > 2 MCTOYHUKOB. ITOCKOJIBKY JIOMOJI-
HeHue K OJHOMEpPHOMY rpady A sBJsIeTCs CBA3HBIM MHOXKECTBOM, TO MbI [OJIYYaeM
[IPOTUBOPEYHE CO CBA3HOCTBIO MHOKecTBa S3 \ A.

[TpeosIozKuM, 94TO yTBEP:KIEHUE JOKA3AHO IS YUC/Ia UCTOYHUKOB 2, ..., > 2,
U [OKaXKeM, 9TO OHO BepHO s [ + 1 > 3. VI3 upeplIyinero ciemyer cynecTBOBaHNe
1o Kpaiineii Mepe ojmoro cejia o unjgekca Mopcea jasa. JIse (omHomepHble) ycToiivuu-
BbIE cerapaTpuckl Sepj, Sepj cejja o IPUHAJIEKAT HEYCTONIMBBIM MHOIOOOPA3UIM
HCTOYHUKOB (v1, (ty COOTBETCTBEHHO. PaccmorpuM JBa ciydast: 1) ag # ag; 2) a; = as.
B nepsom ciryvae muOKecTBO vy U Sepi Uo U Seps Uy = S sABIIsIeTCS OTTAJIKUBAIOIIIM
MHOKeCTBOM. U3 a # iy BBITEKAET, 4TO 9TO MHOKECTBO S MMeeT roMeoMopdHyio 3-
HIapy OKpeCTHOCTDb, KOTOpas BBIMJISINT KaK UCTOYHKK. TOrIa NCXOMHDIH IIOTOK MOKHO
3aMEHHUTH Ha IIOTOK, Y KOTOPOI'O BMECTO JIBYX UCTOYHUKOB (v1, (to U CEJIJIA O MOSBUJICSI
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OJINH MCTOYHUK. ,H‘.HH IIOJIYYEHHOI'O IIOTOKaQ BBIIIOJIHAECTCA IIPEAIIOJIOKEHNE MHIAYKIIUN.
[TockoIbKYy 9TOT TIOTOK MMeeT POBHO Ha €MHUILY MEHBIE NCTOYHUKOB U CEJIE, TO MBI
oJiydaeM TpebyeMyIo OIeHKY JIJIsT HCXOJIHOI'O ITOTOKa. V3 MpUBeIeHHOIo paccy K IeHus
BBITEKAET, UYTO €CJIU CYIIEeCTBYeT cei1o nHaekca Mopca aBa, /st KOTOPOro peajn3yeTcs
ciydaii 1), To HepasencTo S~ > [ — 1 j1oka3aHo.

Bo Bropowm ciydae, Korja o = (i, He yMeHbIIas OOITHOCTH, MOXKHO CUUTATh, UTO
9TOT CJIydail peamsyercs st Beex ceent naaekca Mopca asa. Torma KaxK oMy TaKoMy
CeJTy OJIHO3HAYHO CTaBUTCS B COOTBETCTBHE MCTOYHUK, 0 — « = ap = . OTciona
BBITEKAET OOJiee CUJIBHOE HEPpAaBEHCTBO S~ > [.

Taxum obpazom, HepaBencTBoS ™ > | — 1 joKa3aHo i JiI0OO# IPYIIILI 3aPsJ/IOB, B
KOTOpPOi mMmeeTcs [ > 2 MOJIOXKUTEIbHBIX 3apPsIOB. 3aMeTHM, UTO €CJIU B I'PYIIIe HeT
orpunareabLHex 3apsanos, To Nt = [ u N~ = 0, u Torma nepasenctso S~ > [ — 1
BBITECKaCT U3 CJICACTBUA 4.

Eciu S~ =1—1, to u3 (1.1) cienyer, uro ST = 0, u cjenoBaTesibHO, BCe HYJIEBbIE
TOYKH SIBJISTFOTCST OTPHUIATEIbHBIME HYJIeBBIME ToUKaMu. [loaromy cemaparopst 8 B(C)
OTCYTCTBYIOT.

VTBepKJieHIEe O €JIMHCTBEHHOCTH TOIOJOIMYECKON CTPYKTYPBI HEIOCPEICTBEHHO
ciemyer u3 npejjoxkerus 1. [

lokazarenscrBo Teopempr 2. Ilycrs U(C) — maraurnoe noste B B(C), HOPOXKIeHHOE
rpymmnoii C, u V(C ) — npogoskenue noJist U(C) wa Tpexmepnyio cdepy S°. Ilo ycmoruio
Nt =1,8 =lu N =0. Torna u3 (1.1) cienyer, uro ST = 1. O6o3HaunM uepes oy
eJIMHCTBEHHOE CEJIJI0 C TOHOJOIMYEeCKUM MHIEKCOM MHUHYC €JIMHUIIA.

Ilycrs f! — morox Mopca-Cueiina, nuynupoBatubLii BekTopabM mosteM V (C) Ha
TpexmepHoii cepe S?. Pacemorpum ceazmbiit ognomepnbiii rpad R(fY), cocrostmuit u3
BCEX OJHOMEPHBIX YCTONYMBLIX MHOIOOOpaswil celes M BCeX MCTOYHUKOB HMOTOKa fo.
Hanomunm, aro R(f!) aBisiercst OTTaJIKMBAIONINM MHOXKECTBOM 1OTOKa, f*.

IIpennoxenue 2. I'pad R(f') umeer okpectrocts U(R) Takyio, 9T0

e rpanuna OU(R) okpecrnoctu U(R) TpaHcBepcaibHa MOTOKY f!) mpuyueM Tpaek-
TOpHHU MOTOKA BBIXOAAT u3 U(R) mpu yBeJnYeHNN BpEMEHHN;

e okpecrHocth U(R) romeomopdHa mosHoTOpuio (ciegosarenbro, rpamuna OU (R)
romeoMopdHa JIByMEPHOMY TODY );

e cymectByer ceyio o € U(R) (orpunarenbhas HyseBas TOUKa), JBYMepHast
HeycrofiunBas cenaparpuca W(o) koroporo nepecekaer Top OU(R) 110 3aMKHY-
TOI KPHUBOii, TOMOTOIHON HysieBoMy Mepujmany Topa OU(R).

Jlokazarerscrso npeoxenns 2. 1o yenosuio, sepumunt rpada R(f*) cocroar u3
[ ceytoBBIX U | MCTOYHMKOBBIX TOYEK, MPUYEM B KarKIyIO CEJJIOBYI0 TOUKY BXOJIAT
POBHO JiBa pebdpa, a U3 KarKJI0i MCTOYHUKOBON TOYKU BBIXOIUT XOTA OBbI OIHO ped-
po. Torma R(f*) comepzxut npocroit ukn C' tuna (2;3), K KOTOPOMY TIOIK/JIEUBACTCS
HEKOTOpOe (BO3MOYKHO, HYJIEBOE) UHCJIO CEMMEHTOB, COJIEPIKAIee B KarXKJIOM CErMEHTE
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paBHOE KOJIMYECTBO MCTOYHUKOBBIX M CEJIOBBIX TOYEK (KOTOPOE PABHO YHCILy pebep B
cermente). [uks C' uMeeT OKpeCTHOCTD, KOTOPasi TOMeOMOPdHA TIOJHOTOPUIO 1 U3 KO-
TOPOI TPAEKTOPUY BBIXOJAT [IPH yBEJUIEHIN BpeMeHH, TOCKOIbKY C' umeer Tuit (2; 3).
He ymenbias o6IIHOCTH, MOXKHO CIUTATh, 9TO Ta OKPECTHOCTH HE COIEPIXKUT CTOK (B
[IPOTHUBHOM CJIy4ae YMEHBIIINM OKPECTHOCTH ). KazK/Iblit n3 mpucoenHeHHbIX CEerMEHTOB
MMeeT OKPECTHOCTD, TOMEOMOP(MHYTO Mapy, N3 KOTOPOr'o TPAEKTOPUN BBIXOISAT ITPH yBe-
mrdennn BpeMenu. OTcio/ia BbITEKaeT cylnecrBoBanne Tpebyemoit okpectroctu U(R),
He cojepxkaiieit croka. Tak kak C' comepKUT XOTst ObI OJIHO CEJJIO, TO €r0 JIByMep-
Hasl HeyCTOWYMBasg cemaparpuca Jo/KHa mepecekarb OU(R) 1o 3aMKHYTON KPHBOIf,
romeomopdHoit Mepuuany Topa U (R). Ilpenioxkenue 2 mokazano.

Bamerum, aro rpad A(f'), aBagommiics NPUTATUBAIONIAM MHOKECTBOM MHOMKE-
CTBOM IIOTOKa, f!, IpejcTaBiiseT coboii IIPOCTOl IUKJI, COCTOSAIIMI U3 CTOKA Wy, CelIa
0 U JIByX €ro OJHOMEPHBIX HeycToitumpbix cemaparpuc. Cregosarensno, A(f!) nme-
et okpectHOCTH U (A) roMeoMopdHY0 TOJTHOTOPHIO U TaKyto, 9To ero rpanuma OU (A)
TpaHcBepcasibHa TOTOKY f!, u TpaekrTopun BxousaT B U(A) npu yBeJMueHnn BpEMEHH.
st nocrarouno masoit okpectHoctr U(A) aByMepHast yeToiiunBasi ceraparpuca ceji-
Ja 0 nepecekaet jByMepHbiit Top OU (A) mo 3aMKHYTO#H pocToii KpuBOii, rOMOTOITHOI
mepujmany Topa QU (A). O6o3HAYMM 9Ty KPUBYIO Y€pe3 [ig.

He ymenbimas obupocT#, MOXKHO cauTaTh, 410 okpectHoctu U(R) u U(A) ne nepe-
cekatoTcs. [TocKOIbKY B MX 00beIMHEHNH JIesKaT BCe COCTOSIHUA PaBHOBECUS IIOTOKa, f,
TO JT06asT TTOJIOXKUTEIbHAs IOy TPACKTOPHs ¢ HadaabHOW Toukoil Ha OU(R) momxkHa
nepecedb Top OU(A). Otcrona BBITeKaeT, uto cdepy S* MOXKHO NpeICTaBUTL B BUJIE
naByx nosaoropueB U(R), U(A) mocie oroxzaecrsienns ux rpanun; OU(R), OU(A).
Iycts O : QU(A) — OU(R) romeomopdusm takoit, uro S* = U(A)Jy U(R). Ussect-
HO, 9TO MPU CKJIEHKe JBYX MOJHOTOPHEB 3-cdepa MoJydaeTcs TOJbKO B TOM CIydae,
KOTJIa MEPU/IIAH HA OJTHOM IPAHUTHOM TOPE OTOXKIECTBIIACTCS C MAapaslIesbio (BO3MOK-
HO HECKOJIBKO Pa3 elle MPOKPYIeHHOI BJI0Jb MEPHIHAHA) Ha JPYTOM IPAHUTHOM TODE.
CureroBaTesibio, 00pa3 KpUBOii fig OTHOCUTETHHO U JaeT 3aMKHYTYIO KPUBYIO, KOTOPast
nepecekaer Jo0y0 3aMKHY TYIO KpuByio Ha OU (R), FOMOTOIHYIO HYJIEBOMY MEpHUJINAHY
topa QU (R). OTcrojia BbITEKAET CyIIECTBOBAHUE XOTs ObI OJIHOTO cenaparopa. [

Henocpeicrsenno u3 goka3areibCTBa MPE/JIOYKEHNs 2 BEITEKACT CJICYIONIee yTBEP-
JKJICHIE, KOTOPOe HaM TIOHAIO0UTCs B JlaIbHEHIIeM.

IIpennoxkenne 3. IlycTh BBLINOJIHSIOTCA YCJIOBHA TEOPeMbl 2, U IIyCTh f! — IIOTOK
Mopca-Cwmeiisia, unjyupobannbiii BekTophbiM mosem V (C) na Tpexmephoit cdepe S?,
KOTOPOE sIBJISICTCS TIPoiosizKerneM MarauTHoro nostst B B(C). Ipemmomnoxum, aro rpad
A(f") cyTs nmpocras samknyTast kpusas. Torma 8 B(C) cymecTByioT, o Kpaitneii Mepe,
[ cermapaTopoB.

okazarenpcrBo. B 0b03HAUEHUAX TPEJIONKEHUA 2 TMOJydaeM, 9TO JBYMEpHAs
HeycroitunBas cenaparpuca Kax,oro cejgia n30U (R) nepecekaer QU (R) 1o 3aMKHYTO
KPUBOIi, TOMOTOIHOM HysteBoMmy Mepuuany Topa QU (R). [Tockonbky OU (R) comepxut
[ cemesr, TO CyIIECTBYIOT, 110 KpaiiHeit Mepe, [ cemaparopos. <)
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JokazarerbcTBo TeopeMbl 3. JList TpOCTOTHI MBI TOCTPOUM Tpedyemyro OudypKa-
o Jiyist [ = 2. VI3 noctpoenus Oy1eT BUJIHO, 9TO TaKyio OMQYPKAIUIO MOYKHO ITOCTPO-
UTHb C MPOU3BOJIBHBIM YHCJIOM [ > 2 MOJIOXKUTE/bHBIX 3apsjioB. BBejieM JiBe riajkue
dyukmuu a(p), b(p), 3aBucanme or napamerpa 0 < p < 1 cieayomum o6pa3oM:

1 mpu 0<pu<0.1 0.1 mpu pu=0
a(p)=¢ | mpun 0.1<pu<1 b(p) = 4 mpm 0< <01
0 mpu p=1, 0 mpu 0.1<pu<l1

3/iecb CUMBOJT | O3HAYAET, 9TO (PYHKIIUST MOHOTOHHO YOBIBAET.
PaccMOTpUM B €BKJIHIOBOM IpocTpaHcTBe R®, Ha/leJl€HHOM IIIMHIPUYECKON CH-
creMoii KoopauHat (o; ¢; z), cucremy uddepeHnnaibHbIX YpaBHEHH

0 = [o+b(w)]lo—1+2a(p)¥(0; ) + b(p)]
) = —sin2yp

z = z,

T _ _3m
U(g; ) = sin” (@2 2)sin2 <902 7T> sin? <<p 5 2 )

BCG COCTOAHUA PaBHOBECUA CUCTEMBI JiezKaT B IIJIOCKOCTH 2 = 07 KOTOpad ABJIACTCA
peresIepoM i BeKTOPHOI'O HOJIs, OIPeIesIAeMOro JanHoil cucreMoil. ITocKoIbKy cn-
cTeMa pacIIeIlIsieTcsl Ha mepBble JBa ypasHenus (2.1), (2.2) u Ha Tperbe ypaBHeHUe
(2.3), T0 ocTaTOYHO paceMoTpeTh (ha3oBblii Hoprper B miockocTu z = 0. B 3roit mwioc-
KOCTH COCTOSIHHsI PABHOBECHS MOIYT OBITH TOJBKO Ha jiyuaX ¢ = 0, ¢ = 5, ¢ = T u

rie

Puc. 3. (a) 0 < < 0,1: (b) p=0,1; (¢) 0,1 < pu < 1.

IIpu 0 < p < 0,1 byskmun a(p) = 1, 0,1 > b = b(u) > 0. [losromy ypasHeHmE
(2.1) mpuHEMaeT BUJ

- (0+b)? upu ¢ =0
T o+ b)(e+b—1) mpn pe{Z,m %
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OTcioza BBITEKAET, UTO MMEIOTCs Tpu cocrosguus pasHoecus: O(1 — by %) — ucrou-
mnk, Os(1 — b;m) — cenno, O4(1 — b; 3F) — ncrounuk, puc. 3 (a). Cemno Os(1 — b;m)B
npocrpascTBe uMeeT uHieKe Mopca jBa. [IocKosIbKY Ipyrux cejiesi HeT, cenapaTopbl
OTCYTCTBYIOT.

Ipu p = 0,1 dbyskuuu a(p) = 1, b(p) = 0. Torga ypasrenue (2.1) npuHuMaer Buj

Q—{ 0° upu =10
olo—=1) mpun pe {57 %}

), O3(1;7), O4(1; 2F) nobasnsiercs

a >0, b(u) = 0. Ypasuenue (2.1)

K nmerormmmcest yrke cocrosiausiv pasaoBecust Os(1;
cemyio-yzest Og(0;0) B Hagase KoopauHat, puc. 3 (

Haxkowner, ipu 0,1 < p < 1 dbyskrmun 1 > a(u)
IPUHUMACT BUL

[ NS

Q-_{Q(Q—l+a) npu ¢ =0
olo—1) wpn ¢e {5 %

B miockoctu ((g; @) cemno-ysen Oy(0;0) pacnamaercs na crok Oy(0;0) u cemmo Oy (1 —
a;0), puc. 3 (c). B pesymnbrare 3100t 6GudbypKanum mosBiIsiroTcs JBa cenaparopa. [
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AnHotanus. BeoguTrcs nonaTne 3aMKHYTOM JuHaAMUYIECKOit Moesn. [TokasbiBaeTcss, 9TO 3aMKHY Tast
JUHAMHUYECKass MOJIEb CTajIa PA3BUTUEM MOJIEIN TEOPUU BO3MYIIEHUA, MOJEIN TEOPUU BBIHYKJIEH-
HBIX KOJIeOaHMil u MoJesu Teopun yipasieHus. OopMyJMpyOTCs J1Beé OCHOBHBIE 33JIa9/ B JIMHAMUKE
3aMKHYTOU Mojienu. Pe3ybTarsl mo HUM m3Jiaraiorcs Jurd [N-TUTAaHETHON 3aJIa9u U 3aJIa9d TPeX Tell.
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Closed dynamical models
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Abstract. The concept of closed dynamical model is introduced. It is shown that the concept of
closed dynamical model is the development of the concept of perturbation theory model, theory of
forced oscillations model and control theory model. Two main problems of the closed model dynamics
are stated. For the N-planet problem and the three-body problem new results are obtained.
Keywords: closed model, coupling, small parameter, periodic solution, stability, resonance, N-planet
problem, three-body problem.
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1. BBenenue

B knaccuueckoil uHaMuKe UCIOJIb3YIOTCH MOJIEIN, KOTOPbIE HE COJIEPYKAT B SBHOM
BUjie BpeMs (HampuMmep, ypaBHeHus Jlarpamzka, ypaBuenus ['aMuibToHa, ypaBHEHUS B
KBa3MKOOPJIMHATAX, 3a/ada Tpex Tej, ypaBHenus ditiepa-Ilyaccona u ap.). HeiicrBue
TeJl, He BKJIIOUEHHBIX B JJAHHYIO CUCTEMY, YUUThIBAETCS B paMKaxX TEOPUU BO3MYIIEHU.
[Ipu sTOM JIelicTBYIONIME BO3MYIIEHUS OOYCJIOBJICHBI PA3/IMIHLIMU (DaKTOPaMM, KAk,
HampuMep: 1) U3MeHeHHeM MapaMeTpPOB CHCTeMbI, 2) MepexojoM B HEHHEPIUAJbHYIO
CHCTEMY KOOpJMHAT, 3) Caa0bIM JICHCTBHEM TeJI, HE BKJIOYCHHBIX B JAHHYIO CHCTE-
My. DTH BO3MYIIEHUsI MOTYT ObITH KOHTPOJUPYEMBIMHU (MaJjioe U3MEHEHHE U3BECTHBIX
rapaMeTpoB, MepexoJ Ha ¢J1abo IJUIUITUYECKYI0 OPOUTY B 3ajlade TPeX TeJs, MaJible
BUOpAIH TOYKHU TI0/[BECA MasiTHUKA U T.JI.) WX HEKOHTPOJUPYEMBIME ([apaMeTphbl n3-
BECTHBI TPUOJIMZKEHHO, CKOPOCTDH BpAIEHNs] CHCTEMbI KOODJIWMHAT M3MepeHa HETOTHO,
KOHKDETHBII BUJ| BO3MYIIEHUiT HesiceH ). Bo3MyIeHns MOryT COXPaHATh ABTOHOMHOCTh

!Pa6ora BrImOIHEeHA IpH BHHAHCOBOII moaaepKKe Poccuiickoro Gpouaa ¢pyHIaMEeHTaTLHBIX HCCIIe-
noBanuii, rpaaT No. Ne 16-01-00587
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CUCTEMbBI WJIN YK€ TTPUBOJUTH K cucTeMe, OJIM3KO K aBTOHOMHOM, — KBa3MaBTOHOMHON
cucreme. /Ipyras cTopoHa mpobJieMbl CBS3aHa € YIETOM MaTeMaTHIeCKOro KJacca, K
KOTOPOMY IIPUHAJIJIEXKUT MO/Ie/Ib, U KJlacca JIedCTBYIOMUX Bo3MyIennit. Hampumep,
MOJIEJIb MOXKET OIIMCLIBATHCA I'aMUJILTOHOBBIMU YPaBHEHUAMM, & BO3MYIIECHUA MOTYT
U COXPAHATH FaMUJIBTOHOBBII XapaKTep CACTEMbl, NN K€ KBa3NaBTOHOMHAs CHUCTe-
Ma Oyzet onmcbiBaThbest cuctemoit OJ1Y B Bue Komm. Hakowner, iunammdeckast MOJIE/b
MOZKeT OBITH TJIA KO MJIM HErJIa KON, TaK yKe KaK U BO3MYIIEeHNEe, KOTOPOe MOYKeT OBbITh
PA3JIMYHOIO KJIACCA, B TOM YUCJIE, UMETh PA3HYIO CTerenb riaikocTu. C TeopeTnyieckoit
TOYKH 3PEHUS U I TPUJIOKEHUI BO3MYIIEHUST OOBIYHO MPUHUMAIOTCS MTPUHA/IeXKa-
IUMHA K TOMY K€ KJIACCY, UTO M MOJEJb, WJIN paccMaTpuBaioTcs u3 60jiee MUpOKOro
KJlacca.

B reopun Bosmytenuii Boiiessiores [10, 12| rpyObiii cyvaii, korja geiicrBue Bo3-
MYIIEHNN HE3HAYUTEITLHO KOJIMIECTBEHHO MEHSAET JIMTHAMUKY MOJIE/IN, U HErPYObIil cTy-
Jaif, B KOTOPOM JUHAMEUKA MOJIE/IN MeHsieTcsl KadecTBeHHO. (CJie10BaTeIbHO, 3aMbIKa-
HUE MOJIe/Id TEOPUM BO3MYIIEHUI 3aBUCUT OT UHTEPECYIOIIero AUHAMUYECKOrO CBOM-
cTBa MOJIeJI, a TaKKe OT Kjacca JeiicTyomux Bo3myrenuit |10, 12]. Dtu tpyaHocTn
[IPE0/I0JIEBAIOTCH B TEOPUM BBIHYZKJIEHHBIX KOJIEOAHUN M TE€OPUU YIIPABJIECHUS.

2. BaMKHyTaH ANMHaMn4IeCKad MOodeJIb

B nnnammyeckoil MO/ies i yIUTHIBAIOTCS CYIeCTBEHHBIE (PAKTOPBI. Y UeT APYTUX —
HEYYTEHHBIX (PaKTOPOB CTAHOBUTCS IIPEJIMETOM TeOpHH Bo3MyIenuii. /leiicTBue Bo3mMy-
MEHNN MOXKET Yy Th-UyTh KOJIUIECTBEHHO U3MEHATDH JUHAMUKY CUCTEMY WJIN ITPUHECTH
HoBoe KadecTBo. llocseanee obbraHO cBA3aHO ¢ OudypKaImeii.

Bosmymennsi BOSHUKAIOT M3-3a MAJIOTO JIEMCTBUS Ha cucteMmy apyrux cucrem. I[lo-
9TOMY, YUUTBIBas 3TO JIeWCTBUE, IPUXO/IMM K HOBOU — 3aMKHYTOH JUHAMUYECKON MOJIe-
sin. Heyurenmnoe jieficTBue Ha CUCTEMY Telleph YUUTHIBAETCI CBA3AMU MEYK/Iy CHCTEMa-
MU: TIOJTYJaIOTCA B3aUMOCBA3AHHBIC CUCTEMbI. B cily MaIocTH HEyITEHHBIX (paKTOPOB
CBSI3U MEXKJTy CUCTEMAaMU 3/1eCh MAJIbI, T.e. MOJIydaeTcsd 3aMKHYTas MOJIENb CJ1abo0 CBd-
3aHHBIX cucTeM. Fciim BemvynHa CBA3M MeK/ly CHUCTEMaMM He OrpaHUYeHa YCJIOBUEM
MaJIOCTH, TO TOJIyHaeM IIPOCTO 3aMKHYTYIO JIMHAMUYECKYIO MOJ/Ie/Tb. B3anMocBa3aHHbI-
MU SBJIFIOTCH, K IPUMEPY, CETEBbIE CHCTEMBL.

CB43u MexKIy CUCTeMaMU 3aBHUCAT OT (Pa30BbIX HepeMeHHbIX. JIHaKO B3anMOoJeii-
CTBHUE CUCTEM TaKKe MOXKeT BbI3bIBAThCH MX ycKopeHuamu. [loaroMmy cBsasm moryT co-
JIep:KaTh U MPOU3BOJHLIE OT (Pa30BBIX NMEPEMEHHBIX. TakKuM 00pa30M CTPOUTCH, Ha-
[IpUMEDP, TEOPUA HETOJIOHOMHBIX MEXaHUIECKUX CUCTEM CO CBA3AMH BBICOKOT'O IMOPSI-
Ka [4, 2.

3aMKHYyTbIE JTUHAMUYECKUIE MOJIE/N UCIOJIB3YIOTCS B TEOPUU BBIHYZKJIEHHBIX KOJIe-
oanuii. [Tyrem ncueprbpiBaronero 3ajanusi JIefcTBUs APYTroil cucTeMbl Ha MOJIEb 0Ty~
JaeTcsd 3aMKHYyTas MOJesTb. Takas yKe CUTyallsl UMeeT MeCTO B TeOPHUH YIIPaBJIEHUd, B
KOTOPOI1 JIpyrasi cucreMa JIeifiCTByeT yIpaBJIeHHEeM Ha MOJeb. B Teopun yrpasiieHust
coOCTBEHHAs JUHAMUKA MOJIEJIN OOBIMHO YaCTUIHO yUUThIBaeTcd. VHorna ncnob3yer-
sl KOPPEKIus MoJiesn |5
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B uccnemoBanum 3aMKHYTON JTUHAMUYECKONW MOJIE/IM CTAaBATCA JIB€ OCHOBHBIE 3a-
Jadn: 1) mpu KakuX yCJIOBUSAX HA CBSI3U B 3aMKHYTOW MOJIEJIN COXPAHSAETCS CBOCTBO
JIMHAMUKHY, UMEIOIIEics B IIOJICUCTEMAX CHCTEMBI U 2) KaKue KadecTBeHHbIE 3(DdEKThI
B 3aMKHYTOI MOJIEJI CBSA3aHbI C HAJIUYMEM CBS3U MEXKJLY IOJICHCTEMAaMMU.

B macrosiiee BpeMsi B HaydHO#l JiuTepaType HabJrojgaeTcss OyM B MCC/IEI0BAHUN
B3aMMOCBSI3aHHBIX 1 ceTeBbIX cucteM [6]. IIpu 5T70M M3ydaeMbie MOJIEIN U OCTAHOBKI
33184 OTJIMIAIOTCA OOJIBITUM MHOToOOpazueM. Huzke Ha JIByX OCHOBHBIX 3a/ladax HeOec-
HOIl MeXaHUKHU IOKa3bIBACTCS, K KAKUM PE3y/IbTaTaM IIPUBOIAT PACCMOTPEHHUE 3324 C
HO3UNUN 3aMKHYTON AUHAMUYCCKON MOJECIIN.

3. N-1m1aHeTHada 3aJava

B N-mranernoii 3aj1a4e n3ydaercs JBukenue cucreMbl u3 N + 1 rpaBuTUpyIonmx
To4eK, onHa u3 KoTophix (CoJHIE) mMeeT Maccy, 3HATUTETHHO MPEBOCXOJIAILYI0 Mac-
ChI OCTAJIbHBIX TOUEK (IJIaHeT). SHAYUT, 3/1eCh [IPH MPeHeOpesKeHNN B3anMOoJeiicTBHeM
aHer Mexky coboil moaydaem N HeszaBucuMbIX 3a1a4d JaByX Tes (CostHie-mianera),
a BJIMAHUC NPUTAXKCHUA APYTUX IUIAHET Ha JBUXKCHUE NAHHON MJIaHETHl YUUTHIBACTCA
MaJIBIMU CBA35IMU MEXKJIy 9THUMU 3ajladaMu. B pe3ysbrate nMeeM 3aMKHYTYIO JITHAMU-
YeCKYI0 MOJIe/Tb — CJIab0 CBA3AHHBIE CUCTEMBI.

Ucnonb3yeM ypaBHeHUsT JIBUXKEHUA 3aJ[a9d B IHJIUHJIPUYECKHX KOODIMHATAX

(em. [1], ¢.365)

. o 00, d ., . o, . 00
ps — psb? = . E(pg&s): TR s=1,...,N, (3.1)
q,= fmotms) o (3.2)

N
B 1 pspj cos(s — 0;) + zsz;
Qa=f Z i\~ (p2 + 22)3/2 '

J=1(s%)) K
A2 = 3+ 07 = 2sp; cos(05 — 0;) + (2 — 2)%, (3.3)

rje mo — Macca CostHIa, mg — Macchl IWIaHer (mg > my).
[TpuBenennas cucreMa MHBapUAHTHA OTHOCUTE/IHHO 3aMEHBI:

p—p, 0 — £0,2— z(—2),t - —t.

Hpyrumvu cioBamu, N-1utaHeTHas 3a/1a4da IPUHAJJIEKUT K KJIACCY MEXAHUIECKHUX CH-
crem [11].

[pu Qs =0(s=1,...,N) cucrema (3.1), (3.2) pacnanaercs vHa N 3a71a49 IByX TeJI.
Bee 91u 33191 mMEOT ceMeHCTBO MIIOCKUX SJUIUIITHICCKIX OPOUT, Ha KOTOPBIX I€PUO-
JIBI OOPAITIEHUS 3aBUCAT TOJIBKO OT OOJIBINNX HOJIYOCEHt (5 JITAICOB: SKCIIEHTPUCHTETHI
es OTBEYAIOT 3a BBITAHYTOCTH opouThl. Ilmockme nepuomdeckue opoUTH 0OPA3YIOT
ceMeiicTBO ycJIoBHO-TIlepuomaeckux opour ¢ N gacroramu. Cpenu 9TuX opoUT CyIie-
CTBYET CEMEHCTBO PE30HAHCHBIX IE€PHOANTIecKuX opour, rue as = as(h),s = 1,..., N:
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h — mocrosinnas nHTErpasa YHePruu. DT OpOUTH 00PA3YT ILIOCKOE MOPOKIAIOIIEE Ce-
MelicTBO opouT. [TosTomy 6e3 orpanmdeHus oOIHOCTH nojaraeres: z, = 0,5 = 1,..., V.

DJUIHIITHYIECKEe OPOUTHI 3aJ[a4u JIBYX TeJ U MOPOXKJIAIOIINE [IJIOCKHUE TePHOIde-
ckue opouThl N-TJIAHETHOHN 381291 OTHOCATCH K CUMMETPUYHDBIM IEPUOUICCKUM J[BU-
kernsiM [13]. YeraHOBIIEHO, UTO HEBBIPOKJICHHOE CEMEHCTBO CUMMETPHIHBIX [EPHO/IH-
YeCKUX JIBMKCHHII 0OpaTUMOil MEXaHUYECKOW CHUCTEMbI YCTOHYMBO OTHOCUTE/IHHO ITa-
paMeTpHYecKnX Bo3MyIeHnil cucremsr [13].

B pabore [14] nokasbiBaiach HEBBIPOKJIEHHOCTH CEMEHCTBA SJLIUIITUUYECKIX OPOUT
3aJladn JIByX Tesl. Takum ke Oyzer mopoxkjaroiiee cemeiictBo B N-IJIaHeTHOR 3a/a-
ge [14]. Bespasmepnble mapamerpst mgs/mg, s = 1, ..., N, B ucciaeyeMoil 3aa4de MaJbl.
CrenoBaTesibHO, 10 YKa3aHHOW BhIIIe Teopeme o6 ycroiauBoctu [13| B N-1utaneTHO
3aJ1ade CyIIeCTBYIOT IIJIOCKHE MEPUOINIeCKNe Pe30HAHCHbIE OPOUTHI, OJIN3KNe K opou-
TaM 33,124 JIBYX TeJl, Ha KOTOPBIX IJIAHETHI IEPUOINYECKU BLICTPAUBAIOTCS BJIOJIb OJTHOMN
upsimoit (mapay mwianer). [lapay mwianer nabiomaercs wa (N + 1)-mapaMerpudeckom
cemelicTBe OPOUT, a TIEPHUOJT HA HEM 3aBUCUT TOJILKO OT OJIHOTO IapaMeTpa — IIOCTOsTHHOM
MHTerpaJja dHeprun.

Takum obpazom, BOIPOC IepeHoca INHAMUYIECKOTO CBOHCTBa 3aJa9l JIBYX TeJ
(MMeThb SJLTUIITHYECKe OPOUTHI) HA 3aMKHYTYIO MOjiesib N-IJIAHETHON 3a1auu ToJTy-
YJaeT pelleHue W IMPUBOJUT K BBIBOJY O CYIIECTBOBAHUYN PE30HAHCHBIX MMEPUOIMIECKUX
opbut N-11aHeTHO# 3a/1a91, Ha KOTOPBIX HADJIIO/IAeTCs apa/l IIaHeT.

4. Heorpanuuennasi (00I1{asi) u orpaHnvYeHHas 3a/[a4u TPeX TeJ

4.1. Bamaya Tpex TeJa

Heorpanmyennas 3ajiada Tpex TeJl — 3aja4a O JBUKCHUN MEXaHUYIECKOW CUCTEMBI,
cocTosgieil u3 Tpex mMarepuajbHbIX ToueK Pg, Pq1,Po ¢ maccamu My, My, Ms, B3aum-
HO IPUTATHBAOMEIXCS 110 3aKoHy HpbioTona, nmeer 6osee dem 300-JIeTHYIO HCTOPUIO
u BBeJleHa B paccmoTpenne Huroronowm. Ilo coseprkannio 37ech nMeeM TOJTHOCTBIO 3a-
MKHYTYIO JUHAMUYIECKYIO MOJIC/Tb.

Hwxke 3a1a1a Tpex e/l paccMaTPpUBACTCS JJId 3aKOHA B3AMMOJIEHCTBHA, KOTIa CUAJIa
F;; npurszkenus touek P; u Pj nponoprmonabia npon3BosbHoit crenenn n (n # —1)
B3aIMHOI'O PACCTOAHUL 75

Fyj = fM;M;ri(i,j = 1,1,2;1 # j),

rje [ — HeKoTOpas MOCTOstHHAs. Takasi HOCTAaHOBKA 3aja4u BocxoauT K Jlammacy [17],
Paycy [18]| u JIanynosy [3|, umeer npuioxKenus: He TOJIbKO B HEOECHON MeXaHUKe, HO U
B 3Be3JIHOI JinHaMuKe. HbI0TOHOBCKOMY B3aMMOJICHCTBUIO OTBEYaeT 3HAUEHUE N = —2.

Bwmecre ¢ meorpanmdennoii (o0mieit) 3ajadeil Tpex Tes B HEOECHON MeXaHUKE HC-
caelyeTcs OrpaHUYeHHas 3aJlada TpexX Tel — 3ajada O JBHKCHHH ITACCUBHO T'DaBU-
TUPYIOIIEH TOYKHM B II0JI€ NPHUTIKEHUS JIBYX OCHOBHBIX TeJ. DTa 3ajiada BBEJICHA B
pacemorpenue Ditepom [15] u gacro cuuraercs ocHOBHOI 3ajadeil HeGeCHOI MexaHu-
ki |7]. B 3azade maccuBHO TpaBUTHPYIONAs TOYKA HE IPUTATUBACT OCHOBHBIE TEJIA:
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HapyulaeTCS{ 3aKOH BCEMHUPHOI'O TAT'OTCHUA. MO/:LGJIB HE SaMKHyTa. MO}Ieﬂb 3aMbIKaeT-
CsI, eCJIM yIeCTh NMPUTsKEHNe OCHOBHBIX TeJl TOYKOW MaJioii Macchl. B aToMm ciiyuae B
3aj1ade TpeX TeJl MPOABJIIOTCA JuHaMu4IecKne 3(pMeKThl, He HAOJII0[aeMble B paMKax
OrpaHMYIeHHOI 33/ a9u Tpex e [8].

Hmxke Oyzmer mokazaHo, 9TO HeorpaHUYEeHHas 3ajlada TPeX TeJI OIHUCHIBACTCA 3a-
MKHYTO# JIMHAMHYIECKONR MOJIE/IbI0. DTa MOIEIb CTAHOBUTCS CJIA00 CBSI3AHHOM, KOTIa
Macca OJHONW TOYKHM MaJia, a IPU CTPEMJIEHHN yKa3aHHOW MaCChl K HYJIO B IIpejelie
[oJIydaeM ypaBHEHUsI JIBMXKEHUsT OTpaHUIeHHON 3aa9u Tpex Teji. [Ipu sTroM mcrmossb-
3YIOTCs MOJIyYeHHbIe paHee aBTOPOM Pe3yJIbTarhl [9).

Touku Pg, Py, P5 obpasyior Tpeyrosibiuk co croponamu PoPy, PPy, P1Ps u co-
OTBETCTBYIOIIUME UM JIJTHHAMHE 71, T9, T'3: YTOJ MEXKIY CTOPOHAMHU ODO3HATUM HUepes 1.
,ZL.HH JAUMHAMHUYIECKOI'O OIIMCaHuAd 3aJa91d UCIIOJIb3YEM HE€3aBUCHUMbIE IIEpEMEHHBIC T°, U, 'Qb:

r
2r® = i 4 pary + pary, Yy =1In T—Q
1
M; o .
Mi = gr Hij = Maim; (6,7 =0,1,250 # j), p = papia + prapis + popts.
Torya mosydaercs: Takoe Bbipazkenue Jyisi pynknuu Payca [9]
22 B n+1
R—T’ +TF2+F1—@+7” Fg (n#—l),
rje
Ko ;
Fy = ﬁ(yz + %),
B . ;
Fi = — Ll cos -+ sing) — sz + )],
fM 9 (n+1)/2
Bo=-1"7 ( §) [pae™ P OV2 e IN/2 (6 4 7Y — 9 cosp) /2],

S = e + pze? + pz(e? +e7¥ + 2cos ),
a Jepe3 [ 0b03HaUEHa MOCTOSTHHAS MHTErpaJia IO,

4.2. YpaBHEeHUs NBUKEHUS

VpaBHeHUS JIBUKEHUSA, OIPEICIIONINe U3MEHEHIEe KOH(MUTYyPAIMH TPEyroJbHIKA,
IMEIOT BUJT

at\" of Taé) " og T o o

rye depes3 £ 0603HaYEHBI IIepeMeHHbIe Yy U 1. BeibepeM B KadecTBe HOBOI HE3aBUCHMOI
[IEpEMEHHOI yToJI #, onpejieisieMblii COOTHOIIEHUEM

2r2df /dt = B.
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Torna nosryanm

A [pdb  pgcosd — (ot ps)e’)  poF;  OFy 1 OFy
df | S2 do S 20y o 52 oY’
d | pdy pssing|  pOFy  OF N rt3 OFy

@[?@_ S ]_28y oy p2 oy’

rjie Telepb
1| /dy\°®  [dy\?
J o f &
! 2[(%) +(w> !
LI, Y dj dy
Fy = —g[ﬂs(@ cos ) + 70 sine) — (2 + Ms)ey@]a
By = =L e 00 (e 46— 208 ) T,

31ech depes T 0603HAUEHA BEIMIHHA T/ 2.
JlaJtee riocjie BBIYUC/IEHUS ITPOU3BO/IHBIX U HEOOXOIMMBIX ITPEOOPA30BaHUIT IOy IUM

cucremy
d (1dp\  1dy 10F; r"POF;

do\S2do ) S2do " 2 0v @ up® oy’ (4.1)
d ( 1 dy) Ldy | 10F; P oFg '

do\S2do)  S2do 20y  up? oy
Hakoner, gobassist k cucreme (4.1) ypaBHeHUe JIJisl TIEPEMEHHOMN 1

2
T :rF2+%+(n+1)TnFo, (42)

IIOJIYYUM IIOJIHYIO CUCTEMY ypaBHeHI/Iﬁ, OIIMCBhbIBAIOIIMX IIJIOCKYIO HEOI'DAHUYICHHYIO 3a-

Ja4dy Tpex TeJl.
4.3. Pacnaja 3aMKHYTOI cUCTEMbI HA HE3aBUCUMbBIE€ MOACUCTEMbI

Brurancimm IIPOU3BOJHbIC

aFo*

3%*

gy = TMETOT R lua(PptTR = Q)¢ 4 pa(PgTTV — Q)€ — cos )l
P =+ p+psq, Q=+ pop D2 4+ a2 p =€, g=1+€ e cosy.

= = fMpsP~ "I (PgU2 — Q) sin g,

[Ipu my — 0 umeem po/p — 1/my, pug/p — 1/mg, nu B 9TOM citydae cucrema
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(4.1),(4.2) pacnajaerca Ha JBe HE3aBUCHMBIE HOCHCTEMBI

d er%> = _2€2ydy

do do de
n+3
—%ml[(l + €% — 2¢¥ cos )" V/2 — 1](e¥ — cosv)e,
n 4.3
a4 e%@ :26274@_’_62?4 dy 2+[ y i _fM7’1+3X (43)
do do de de db B2

x{mg(e™ — e¥)e? + my[(1 + e — 2e¥ cosh)~V/2 — 1](e¥ — cosvp)ev},
B* = ﬁ/:ua
LB n
Tl:ﬁ_erl' (44)
B srom BapuanTe 3amaun teno Py HysIeBoil Macchl He OKa3blBaeT BIUAHUE Ha JIBUKE-
une teq Po u Py koneunoit maccer. CrietoBatesibho, B pejese mo — 0 u3 ypaBHeHuit
(4.1),(4.2) HEOrpaHWUYEHHOIT 331491 TPeX TeJsl BBIBOJsATCs ypasHenus (4.3), (4.4) orpa-
HUYEHHON 33,1291 Tpex TeJl. B 310l 3a1aue nsMeHenne KOH(MUIYpalyn TpeyroJbHIKa 1
ero pasMepa MPOUCXOUT HE3ABUCUMO JIPYT OT jipyra. [Ipu sTom ypasuenue (4.4), onu-
CBIBAIOIIEe M3MEHEHNE pasMepa TPEYrobHIKa, HHTEIPUPYETCs [T BCEMUPHOIO 3aKOHA
IPUTSIKCHUS.
Maremaruaecku cucremst (4.3), (4.4) HE3aBUCHMBL IPYT OT JAPyTa, IIOITOMY KarK/1ast
U3 9TUX cucTeM — 3aMKHyTa. C JIPyroit CTOPOHBI, B MOJIE/IN OIPAHUYEHHON 38,1291 TPeX
TeJ1 He BhIosHseTcs Tpetuil 3akon Hetorona. [Tosromy otnensro mogenn (4.3) u (4.4),
He YIUTBIBAIOIINE JeHCcTBIE BeeX (DAKTOPOB, ABJAIOTCA HE 3aMKHYTHIMU.

4.4. O6 ogHOM AMHAMHUYECKOM CBOICTBE 3aMKHYTOM MOJIeJIn

Ypasuenus (4.1), (4.2) J0OIyCKaIOT 9aCTHBIE PENIEHNs, B KOTOPHIX TouKl P, P, Po
BCe BpeMs 00pa3yloT PABHOCTOPOHHUIT TPEYyTOJbHUK. DTH PEIICHUs HA3bIBAIOTCS Tpe-
YPOJIBHBIMU TOYKAME JIHOPAIUE WM JIATPAHKEBBIMU  (JIATLIACOBBIME) DEITeHHUsIMU.
J17151 HBIOTOHOBCKOTO 3aKOHA IPUTSZKEHUS CYIIECTBOBAHIE TOUYEK JTUOPAIIUH YCTAHOBHII
Jlarpanx [16], pesyiasrar 0606men Jlamiacom [17] Ha cirydaii HpOM3BOILHOTO JeiicTBH-
TEJILHOI'O 7.

B okpecTHOCTH TPEeyroJIbHBIX TOYEK JOpaluu ypaBHenus (4.1) npuobperaroT Bu/y

Pr  _d 3 V3
E+2d_?1{:u Z(m1+m2)x+7(m1—m2)y +...,
& dx V3 3 (4.5)
r=9—7/3, u=fM(1-n)p""?/B2, B.=B/v, v=j1+ps+ps,
a 3aBHCUMOCTD p OT # 3a7a10TCA ypaBHEHHEM
. _ " do
p=Bp7" = [Mp", = =B T =\p. (4.6)
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PaceMoTprM MOCTOSTHHBIE DeIeH st, 1Jisi KOTOPBIX
fMptt =52 u=1-n. (4.7)

st cucrembt (4.5) BBIYUCIUM KOPHU XapaKTEPUCTHIECKOTO YPABHEHUST

2 —(n+3)++/(n+3)2—-3(n—1)>%
12 = 5 :

Orcioma mosry4daeM HeobxoanMmble yeaosus Payca- 2K ykosckoro

1/34+n 2
v < -

3\1—n

FUPOCKOIIYECKON CTaOM/IN3AIIH OCTOAHHBIX TPEYTOIBHBIX PEIleHnit.
B caywgae n = —2 umeem: v < 1/27. B sror nnrepBas Bxomut 3uadenue v = 1/36,

JIJ151 KOTOPOI'O UMeeM KOpHU
1

2 _
,{/1___

47
1 COOTBETCTBYIOIIUE JaCTOTBI MaJIbIX KoJieOannii

W1:1/2, Wy = 3/4

YHacrora MaJIbIx KOJIe6aHWil 110 p B OKPECTHOCTH MOCTOSTHHOTO perienust (4.7) paBHa:
wo = v/n + 3. {191 HbIOTOHOBCKOT'O 3aKOHA IPUTAXKEHUs ToJydaeM wy = 1.

Taxum obpazom, B 3a1a4e 006 YCTOWYIMBOCTU TOCTOSTHHBIX TPEYTOJIBHBIX TOYEK JIHO-
panuy Tpy HHIOTOHOBCKOM 3aKOHE TPUTSKEeHNS BOZHUKAET PE30HAHC TPETHETO TOPSI-
Ka: wy = 2w;. B orpanuvennoii 3ajiaue Tpex TesI, KOTOpas ONUCHIBACTC JIByMsl He3a-
BucuMbiMu cucreMamu (4.3) u (4.4), 9TOT PE30HAHC He CKA3bIBAETCS B HE3ABHCHMBIX
mogiestsx (4.3) u (4.4). Ecin e pacemarpuBaTh 3aMKHYTYIO cuctemy (4.1), (4.2) ¢ neny-
JIEBBIM 3HAYEHHUEM ITapaMeTpa 1My, TOTa PE3OHAHC Wy = 2w IPUBOAUT |8] K B3PBIBHO
HEyCTONYUBOCTH.

Takum obpa3om, 3aMKHYTas MOJIEJb, OINUCHIBAIONIAs KJIACCHIECKYIO 3aJady TpPex
TeJ1, 00J1a1aeT HOBBIM JIMHAMUIECKIM CBOMCTBOM — B3PBIBHOI HEYCTONYINBOCTHIO, 00Y-
CJIOBJIEHHOM OJTHOBPEMEHHBIM M3MEHEHUEM KOH(MUTYPAIMH TPEYTOJbHUKA U €0 pa3Me-

pa.
5. 3akJroueHue

HOHE{TI/IG SaMKHyTOﬁ rZLI/IHaMI/I‘-IeCKOIL/'I MO/IC/IN ABJIAECTCA Pa3BUTHEM IMOHATHA MOJEC-
JIK TeOpuun BO3MyH_[eHI/II71, MOZeJ/In TeOPpUUN BBIHY2KICHHDBIX KOJ'Ie6aHI/II71 n MoO/iejin Teopuu
yrpasjienud. V3 9Toro moHATHsI €CTECTBEHHBIM 00Pa30M BBITEKAIOT C(OPMYIUPOBAH-
Hble B HACTOAIIEH cTaThe JIBe OCHOBHBIE 3aJladd JUHAMWKH JIJIsT 3aMKHYTOH MOJIEJIH.
Moiesin BOBHUKJIM B KJIACCHYIECKON HeOEeCHON MeXaHuKe, B KOTOPOW BBEJIECHHOE ITOHSI-
THhe 3aMKHYTOﬁ ,H,I/IH&MI/I‘{eCKOI;‘I MOZeJIn TaK2Ke IIPUBOAUT K HOBBIM pPE3yJibTaTaM.
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Abstracts. We study conditions for extinction and coexistence of predators in a general family of
systems with many predators feeding on the same prey. We call the system degenerated in the case
some predators go extinct and the essential dynamics occurs in a lower dimensional subspace.
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1. Introduction

We consider the (n + 1)-dimensional system

'fi = gbi(s)xi? s = h(S) _Z¢Z(S)mlv 1= 172,...,71. (11)
i=1
Ay All the considered functions are of the class C?[0,00) and the variables z; and

s are non-negative: x; > 0, s > 0.
Ay (0) =0, oi(s)>0 for s>0.

Here and further we will suppose that i takes values from the set {1, 2,...,n}.
Az ¢i(s) >0 for s >0 and there exists A; > 0 such that ¢;(\;) = 0.

Ay h(0)=h(1)=0, A'(1)<0 and A"(s) <0 for s> 0.

As: 0< )\, << X<\ <L

These and analogous systems for different assumptions on the right hand sides
have been considered by many authors [1]-[5] of both mathematical and application
view point. We note that our reference list cannot be full. It should be too large.

Analogous systems are considered from another point of view in [6, 7. However the
questions of dissipativity and existing of inner set are on the first place here also.

Systems with the following special choice of functions

h(s)=vs(K —s),  i(s) = ay— oi(s) = mat(s) — di,  (1.2)

7
s+a;’

where all introduced parameters are positive, have been examined more extensively.
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It is important to say, that this special choice of model is interesting from the
mathematical point of view even in the three dimensional case. For instance, in |8, 9| the
questions, connected with the problem of the limit cycle uniqueness in the coordinate
planes are considered. This problem is connected with the stability of the planes and,
consequently, with the problem of the inner set existing.

Such systems can have chaotic regimes. They were studied in detail in [11, 12].
Particularly bifurcation diagrams with a chain of period doubling bifurcations for
system (1.1) with (1.2)were given. The functions

hs) = (1) ails) = T () = (1.3

were chosen as an example. In this paper system 1.1 with these functions will be called
standard system. We consider a broad class of systems of type (1.1), including right
hand sides of type (1.2) and standard system as main example.

The conditions assumed for the system are divided into two groups. In the first group
we have assumptions of general type (A;-As). In the other group we have assumptions
of technical type arising in the formulation of statements (Dg-D7 and Ag-Ay). It is easy
to verify that all standard systems are included.

It follows from A;-Aj that the system has n + 1 equilibria:

0O(0,...,0,0) which is a saddle with n-dimensional stable manifold s = 0 and one
dimensional unstable manifold: z; =0(z=1,...,n), 0 <s < 1.
0O’(0,...,0,1) which is a saddle with one dimensional stable manifold x; = 0 (i =
1,...,n) and n-dimensional unstable manifold, which we will denote by W*(0’).
h(\;
One point in each hyperplane: O;: s =\, ; =0, j #1¢, x; = @D(()\))
The Jacobian matrix has the form o
¢1 0 /1.171
/
0 ¢2 o2 . (14)

—¢1 —l/Jg h’—Z?ﬂw;xl

2. Dissipativity

A compact set in a phase space is called a Levinson set, if it is positively invariant
and has a base of globally absorbing neighbourhoods.

A typical problem is to construct a good Levinson set. Below we give one result in
this direction. Let T'(O’) be the tangent plane to the unstable manifold W*(0’) in the
point O’. We introduce also a couple of technical conditions:

D, : If s <1, then h(s)1(1) > —h/(s)(1 — s)¢(s).
Dy: If s <1, then ¢;(s)hi(1) — ¢5(1)thi(s) < 0.
Let us note that the conditions Dy, D, are satisfied for standard system (1.3).
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Now let Vj is the simplex determined by the vertices O, O, ¢1, Ga, ..., Gn, Where

o - ¢i(1) — h/(l)

Theorem 1. Let us consider system (1.1) satisfying conditions Ay-As and Dy-Ds.

The trajectories intersect the tangent plane T(O') transversally, except at O’.
Moreover at any point, except at O, the trajectories intersect this plane in the direction
iside a simplex Vg, which is a Levinson set.

. i=1,2,...,n. (2.1)

Proof. The Jacobian matrix at the point O’ has the form

o1 (1) 0 .. 0
0 (1) o 0| (22)

—U1(1) —a(1) ... W(1)
where all the numbers on the diagonal are positive except h’(1). The tangent plane is
defined by the equation

T T T
L I (2.3)
q1 q2 dn

where ¢; are defined by (2.1), so that the vector orthogonal to this plane and directed
outside the simplex can be written as

1 1 1
(_, _,..._,1). (2.4)
qi g2 qn

At any point of this plane the scalar product (let us denote it by A) of this vector
with the vector of the system (1.1) is given by

| 1 -
A= < (a,...,q—n, 1) : (¢1(8)5€1,---7¢n(3)$m h(s) — ;%(@w) > =

= Z 9251'(8)% + h(s) — Z%(S)xz

%

Consider now the family of the parallel planes

x x T,
A2 42 4=V, (2.5)
q1 q2 dn

where V' > 1. It can be checked directly, that if s = 1 then A < 0 except at O, where
A = 0. In other points we get

A= hs) + é [@ _ WS)} -
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— 1-V) + 1h() V—s —i—Z s) — qbi(s)] =
h() Ti
T 1o 2_{

< Z - [ R CIE

(s) - qi@z)i(s)} <

— we use D; here —

- ) & _Qz]l(S) g / —n (s —
- 2 i l o) oW D) =K W) + 6 )} _
— { (s)vi(1) — @(1)%(5)}
=i ei(1) '
By assumption D, the proof is complete. -

An example. Now, as in 2] we consider the system

&= (mo(s) —d)x, = h(s)—1v(s)z, (2.6)
with 5
h(s) =s(1—3s), (s)= sra M 1, a=0.5, d=0.25.
Hence,

(1) =-1, ¢(1)=7/12, ¥(1)=2/3 = q¢=19/8.
Therefore the Levinson simplex in this case is defined by the straight line
s =1—8x/19. The estimate in |2] gives the region bounded by lines s =1, x+s=5.

3. Degeneracy

Definition 1. An invariant set of system 1.1 will be called an inner set if its closure
does not intersect with the boundary of R, . If a system does not have inner sets it
will be called degenerated.

Definition 2. The vector function F' = F(s) = (Fi,...,F,) is called linearly
determined on the interval I = [a,b], or the function collection Fi, ..., F, is called
linearly determined on I, if there exists a vector k = (kq, ..., ky) such that (k, F(s)) <0
for all s € I and the inequality does not degenerate to equality on any subinterval
I C I. A collection Fi, ..., F,, which is not linearly determined will be called linearly
connected.

Further we will consider only functions defined on the interval I = [0, 1].
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Theorem 2. [f the function ¢ = (¢1, ..., ¢y) is linearly determined on I, then system
(1.1) is degenerated .

Proof. We suppose the opposite, that is, that there exists a trajectory (£,() =
(&, -, & €), with closure wholly included in V' = intR}, .

We consider the function L(z,s) = In(2%* ---z%») on V, where k = (ki,...,k,) is
the vector making ¢ determined. The derivative of L along the trajectory (£, () equals
L = (k,¢(¢(t))) < 0 and, consequently, L is a Lyapunov function. The limit set of the
trajectory (&,() is contained in the set W = {(z,s)|L = 0}. (This can be proved by
standard methods. See for instance [10].)

But any connected component of W is contained in one hyperplane s = const > 0,
which cannot contain whole trajectories except singular points. Because V' does not

contain any equilibirum the theorem is proved. ]
We will now look at conditions for linear connectedness.

Statement 1. In the case n = 1, the function ¢ is linearly connected if and only if
system (1.1) is degenerated.

Statement 2. Suppose n > 1. If there exists a linearly determined subcollection
Gjrs -5 Gj, k< n for the collection ¢ = (¢1,...,¢y,), then the collection ¢ is linearly
determined.

Thus we can assumed that the functions are numbered according to condition As.
Remark also that ¢;(0) < 0, ¢;(1) > 0.

In connection to ¢ we consider the functions

_dils) o 9ils)
=50 Y=gy

Definition 3. We will say that scalar the functions p = p(s) and g = q(s) intersect at
some point of the interval I, if in any neighbourhood of this point there exist s; and
sg, such that p(s;) — ¢q(s1) < 0 and p(s2) — q(s2) > 0.

We will say that the functions p and q intersect on the interval I, if either there
exists a point, where they intersect, or a subinterval I; C I, where they are linearly
dependent.

f:(f17"'7fn)’ g:(glv"'7gn)’ f1<8)

=1,...,n.

Statement 3. If the collection ¢ = (¢1,...,¢n) is linearly connected, then any
functions of the collections ¢, f and g intersect pairwise.

Proof. We assume the opposite. For example, that the functions f; and f; do not
intersect. This means that fi(s) — fa(s) # 0 on I. If fi(s) — fa(s) <0 then

1 1
k k > 07 v e I, h k = ——’ k‘ = —
161(8) + kagpa(s) > s where Ky 50 27 500
and the inequality does not degenerate to equality on any interval.
Choosing k; = 0 for i > 2, when n > 2, we get (k, ¢(s)) > 0, which is a contradiction.

Statement is proved. O
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In order to get explicit conditions for the linear connectedness of ¢, we introduce
more assumptions.

Ag: The equation k;¢; = k;¢; does not have more than two solutions on / for any
indices 7,7, i # j, and any constants k; and kj;, such that at least one of them is
Non-zero.

A7: The equation ¢;¢; + ¢;¢; + cx¢r, = 0 does not have more than three solutions
on the interval I for any indices ¢, j, k and for any constants c¢;, ¢;, ¢, such that at least

one of them is non-zero.

S E— .
It is easily verified that the standard functions ¢; = n ' satisfy these conditions.
s

We also notice that if all numbers a; are different, then the ‘collection of functions of
type (1.3) are not linearly dependent on any subinterval.
We introduce the notations a; = ¢;(0), 8; = fi(1) = a; *.

Theorem 3. We assume that the functions ¢ satisfy the conditions Ay — Asg.

If ¢ is linearly connected on I, then

1) fi<foa<...<Bn, a1>ay>...>a,.

2)  The functions f;, i = 1,...,n, intersect pairwise exactly one time on (0,1),
and if 0;; is the intersection point of f; and f;(i < j) , then 0;; € (\;, 1).

Analogously, the functions g;, 1 = 1,...,n, intersect pairwise exactly one time on
(0,1), and if 7; is the intersection point of the functions g; and g;j(i < j) , then
Tij S (O, )\])

3) If n > 2, and the function ¢ satisfy condition A; and 6, and 0, are the
intersection points of f; and f; with fi and i < j <k, then 0;; > 0.

Analogously, if T, and Tj, are intersection points of g;, g; with gi, and i < j < k,
then T > Tjk.

Proof. Statement 2) follows from the pairwise linearly connectedness of the functions
¢; and ¢;. We show this for the functions f; and f,. Clearly these functions must have
an intersection and according to Ag only one. We suppose the intersection is not in

I, = (/\17 1) Then f2 < fl in 1.

Y A s A Y A Y A

14 1- T 6i(0) T e
1+
)2 — \\A I )\%

—1 ~14 -2
—3
-2 —24 —4

Puc. 1. Al = 06, )\2 = 035, a; = 055, Ay = 0.1
We consider the minimal k£ > 0 such, that kfs(s) < fi(s) for all s € [;. Evidently
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k < 1. From Ag and kf2(0) < f1(0) and kfa(A2) < fi(A2) follows that the same
inequality is satisfied in s € [0, \o].

The inequality is automatically satisfied in the segment [Aa, A;]. We obtain that
kfa(s) < fi(s) everywhere in I, which contradicts the linear connectedness of ¢.
Analogously, 2) is proved for any pair from collection g. Further:

)\1 > )\2 = fl()\l) > fg()\l) = fl(l) < f2(1> = ﬁl < BQ.

We get similar inequalities for the functions ¢;, ¢g» from which follows a; > ay. Thus
1) is proved.

We now prove 3) for any three functions from collection f. For example, for fi, fo, f3.
We assume the opposite, that is, 013 < 6. We define ¢ = fo(A3)/f1(As3). Clearly,
0 < c® < 1. We consider the function l.(s) = fo(s) — cfi(s) — (1 — ¢) f3(s). It is clear,
that 1.(0) = 0 and 1.(613) < 0 for any ¢ € [0, 1]. Moreover, l.0(A3) = 0.

We consider the intervals on which [.o(s) > 0 (if such do not exist, proof is finished).
According to A7 the function l.0(s) does not have more than three zeros and thus there
are no more than three of such intervals, and if they are two, then their closure contains
As.

In this case there exists a ¢ < ¢ such that again there are two of these intervals,
but l.(A3) < 0, and thus their closure does not contain As.

y
L]

0T le(s)

Puc. 2. \; = 0.6, Ao = 0.35, A3 = 0.25, a; = 0.55, as = 0.1, az = 0.05

Consequently [, does not have less than four zeros, which contradicts assumption.
It remains to consider the case, when there are only one interval of positiveness. We
note that this should be satisfied for all ¢ € [0, ¢°]. Moreover the interval of positiveness
intersect for nearby values of parameters. Consequently the interval should be on the
left for ¢ = 0, because the interval is to left of ;5 for ¢ = °.

On the other side, the inequality (1) > 0 is satisfied and we get a contradiction

proving 3). Theorem is proved. [

We now consider sufficient conditions.
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Theorem 4. Suppose function ¢ satisfies conditions Ay — As. Then

i the case when n = 2, one of the conditions 5y > Py or ay > « is sufficient for
linear connectedness;

for the case n = 3, one of conditions 1 > [y > [3, 13 > O3 or a3 > ap >
a3,  Ti3 < Tog 1S sufficent for linear connectedness.

Proof. Let n =2 and (8, > 5. We suppose that the function f is linearly determined,
that is that kyfi(s) + kafa(s) < 0 for some vector k, |k| # 0. Substituting s =
0, A2, A1, 1, we get a contradiction with the inequality for k, which proves this part
of the theorem.

Let n =3 and 1 > [s > [3. We assume that the function f is linearly determined,
that is that k1 f1(s) + kofa(s) + ks f3(s) < 0 for some vector k, |k| # 0. Substituting
s =0, we get k1 + ko + k3 > 0. Substituting s = o3, we get kypu + ko + k3 < 0, where
= f1(093)/ f2(623) < 1, from which follows k; > 0.

Analogously, substituting 615, we get ks > 0 and, automatically, ks < 0.

On the other side, for s = 613 we get (k1 + k3) f1(013) + ka2f2(013) < 0. But then
0 < fi1(613) < f2(613), leads to a contradiction proving the theorem. O

4. Standard three dimensional system (n=2)

We use here some ideas and methods of [12], where sufficient conditions for
degeneracy of the standard system were obtained.

Explicit formulas for degeneracy in the standard system were obtained in [?]-[12]
for n = 2 and moreover theorem 2 was proved for this system. Concretely it was shown
that, when Ay < Ay, if one of the following conditions

1) a1 < as,

2) ade —ag) <0,

3) CL1(L2(>\1 — >\2) + )\1)\2((1,1 - CLQ) Z 0,1/\2 — a2)\1,

is satisfied then one of the coordinate plane is globally attracting in int R .

We introduce the notations

)\2@1 1— )\2 14 aq
= o= . .
7 )\1&27 1+ (05} 1-— )\1
In case A\; > \q it follows directly from theorems 3-4 that the function

S—>\1 S_)\Q)

S+(117 S+ ag

8(s) = (61(5), 6(s)) = (

is linearly connected if v > «.
We show that then o > 1. We first prove that a; > ao. Indeed, let a; < ay. Then
)\2 ) aq < )\1 ) as <:>)\2a1<1—)\2.1+a1.
1—)\2 1+CL1_1—/\1 1—}-&2 )\1&2_1—)\1 1+CL2

We got a contradiction.
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Further:

1—A 1
2 1 & + aq

> >l=a>1
1—)\1 ].—f—CLQ @

>\1 > /\2, a; > as =
Thus the condition A; > )\ is equivalent to v > a > 1 in the case of linear
connectedness.
Simple transforms show that the complement to these inequalities conicides with
the set of parameters given by 1) — 3).

5. Conclusion

We have obtained conditions for dissipativity and degeneracy (meaning extinction
of some predators) for a general family of predator-prey systems with many predators
and one prey. Considering degeneracy we have only used the properties of the equations
of the predators. Using the equation for the prey will give better results. Finally we
include figure 3 for the standard three dimensional system showing results of numerical
experiments for the regions of degeneracy of one predators and for existence of inner
solutions. In region 1 predator zs goes extinct and z; in region 4. An inner solution
exists in regions 2 and 3 and on the boundary between them there is a period doubling
bifurcation. The regions are shown in the parameter plane of parameters \; and A,
keeping a; and ay fixed.

LK

4k E

LIRS E

03

0 0.1 0.z 03 0.4 0.5 LK
Aa

Puc. 3. Regions of extinction and coexistence for a; = 0.2, a2 = 0.02
We observe that condition 1) in previous section implies condition 2) which implies
condition 3) and condition 3) implies ; — 0. Condition 3) in the figure gives a

subregion of region 4. We also observe that changing the order of variables we get
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analogous conditions in the case when A\; < Ay and then corresponding condition 1)
gives x9 — 0 for a; > ay. This corresponds to a subregion of region 1.

10.

11.

12.

References

Hofbauer J., Sigmund K. The theory of evolution and dynamical systems. Cambridge -
New York: Cambridge Univ. Press, 1988.

Pospisil Z. Remark on the Dissipativity of an N Prey — One Predator System. Math.
Biosci.,1996, 31, 173-183.

Yang F., Ruan S. A generalization of the Butler-McGehee lemma and its applications in
persistence theory. Differential and Integral Equations. — 1996 — 9, 6, 1321-1330.

Smith H.L., Waltman P. The theory of the chemostat: dynamics of microbial competition.
Cambridge: Cambridge Univ. Press, 1995.

Alebraheem Jawdat, Abu-Hasan Yahya. Persistence of Predators in a Two Predators-One
Prey Model with Non-Periodic Solution. Applied Mathematical Sciences. — 2012. — Vol.
6, no.19, 943 - 956.

Geritz S., Gyllenberg M. A mechanistic derivation of the DeAngelis-Beddington functional
response. J. Theoret. Biol. — 2012. — 314, pp. 106-108.

Hirsch M.W., Smith H.L. Competitive and Cooperative Systems: a mini-review. — 2003.
— Springer.

Nisell 1. Extinction and Quasi-stationarity in the Verhulst Logistic Model. / / J. theor.
Biol. — 2001. — 211, 11-27.

Torsten Lindstrom T., Cheng Yuanji Uniqueness of limit cycles for a limiting case of
the chemostat: does it justify the use of logistic growth rates? / / Electronic Journal of
Qualitative Theory of Differential Equations. — 2015. — No. 47, 1-14.

Demidovich B.P. Lectures on mathematical theory of stability (in Russian). Moscow:
Nauka, 1969.

Eirola T., Osipov A.V., Séderbacka G. On chaotic coexistence for the systems of "two
predators — one prey"type. // Intern. Congress on Computer Systems and Appl. Math.,
—1993. — St. Petersburg, 19-23 July, 1993.

Eirola T., Osipov A.V., Séderbacka G. On the appearance of the chaotic regime in one
dynamical system of "two predators — one prey"type. (in Russian). In compendium:
"Actualnye problemy sovremennoj matematiki (ed. — A.V. Osipov). — 1996. — I, 39-70.

Hoaywena 03.03.2016

ISSN 0203-3755 /lunamuaeckue cucrempi, 2016, Tom 6(34), Nel



Junavuveckue cucremsr, 2016, Tom 6(34), Nel, 71-79
VK 517.9

IIporiecc pa3zaesieHuss BUao0OB B cJIadoO
HeoIHOPOIHOII cpee!

C. . I'npzua™**, B. E. ®pojoB**

*HIIY PAH,

Yepuorosoeka 142432. E-mail: glyzinQuniyar.ac.ru
**Apocnasckuit rocymapcrBennbiit yauusepcurer um. [1. I lemuosa,
Apocnasis 150003. E-mail: onsol.tu@qgmail.com

Awnnoramnusa. B pabore paccMoTpena MareMaTnyuecKas MOJIEb [IPOIECCa Pa3/iesIeHns BUIa Ha J[Ba HO-
BBIX B €J1a00 HEOJITHOPOJHOM cpejie. B Momesmupyronieil Takyo 9KOCUCTEMY KPaeBoil 3a/iade Ipu KPUTHU-
JeCKUX 3HAYEHUSX [TapaMeTpoB peasuiyercs pe3onanc 1:1. [Tocrpoena HopmasibHas (popma U3ydaeMoi
KPaeBoil 3a/1a4n ¢ MOJIYYEeHbl YCJIOBUs, IPU KOTOPBIX YCTONYNBO COCTOSTHUE PABHOBECUS, COOTBETCTBY-
oree cuH(a3HBIM KOJIEOAHUSIM HCXO/IHONW CHCTEMBI. AHAJIN3 MOy YeHHBIX aCUMITOTHIECKUX (HhOPMYIT
[IOKa3aJI, YTO IIPOIECC BUI000PA30BAHUS, 110 BCEil BEPOSTHOCTH, HANOOIEe MHTEHCUBEH y MAaCCOBBIX
BHJIOB YKUBOTHBIX, KOTOPBIE JIOCTATOYHO IIJIOJIOBUTHL M Y KOTOPHIX KOIMDMUIMEHT [TOIBU?KHOCTH OTHO-
CUTEJIBHO MaJl. DTO JAeT OCHOBAaHME MOBOPUTH, YTO IIOJIYUYEHO €Ille OJHO O0'bsiCHEHNE MHOI'OYUCIEHHO-
¢ty OJIM3KUX BUIOB Y IUIOJOBUTHIX KUBOTHBIX. B 9TOM 00bsiICHEHUN BaXKHYIO POJIb UI'DAET BEJIMYMHA,
HEOJTHOPOJHOT'O COITPOTHUBJIEHUS BHEIITHEH Cpebl. DTOT PE3Y/IbTAT B OMPEIEJICHHON CTemeHn cOMMKaeT
CHMITATPUYIECKUI 1 reorpadIecKnii IPUHIIANBI BUI000Pa30BaAHUS .

KuroueBbie ciioBa: 3amasipiBanne; KpaeBas 3a7ada; HopMasbHasd dpopma; OudypKammm; aBTOKOJIe-

GaHus; 3a7a9a 0 KOHKYPEHINHN BUOB; BII000pa30BaHNE.

The Process of Speciation in a Weakly
Inhomogeneous Medium

S.D. Glyzin, V. E. Frolov
*NTSCH, Chernogolovka 142432,
**P.G. Demidov Yaroslavl State University, Yaroslavl 150003.

Abstract. We consider a mathematical model of a species separation into two new species in a weakly
inhomogeneous environment. The boundary value problem modeling such an ecosystem exhibits for the
critical parameter values resonanse of 1:1. The normal form of the considered boundary value problem
was constructed and the conditions were obtained under which the stationary state corresponding to
in-phase oscillations of the original system is stable one. Analysis of obtained asymptotic formulaes
shows that the speciation process is the most intensive for species with high population density which
are fertile enough and whose mobility coefficient is sufficiently small. This gives another explanation
of diversity of close species of the fertile animals. In this explanation the value of nonuniform external
environment resistance plays an important role. This result brings together sympatric and geographic
speciation principles.
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BBenenue

[Ipobitema BuI000pA30BaHUS SIBJASIETCSA OJHON M3 MEHTPAJbLHBIX B DBOJIOIMOHHON
reopun [11]. K nacrosimemy BpeMeHH yAaJoCh CHJIBHO IPOJBHHYTHCS B IOHHMA-
HUM OCHOBHBIX MEXaHU3MOB I'€HETHYCCKUX M3MEHCHUIl B MOIYJISIUsX (CM., HAIPHMED,
[14, 15]), oqHako J0 KOHIA He U3BECTHO KAK IPOUCXOJUT UX 3aKpeIieHne. Y YJuThiBad,
YTO 9TU U3MEHEHUST B KOHETHOM HTOTe BE/LyT K 0Opa30BaHUIO HOBOI'O BU/IA, OCTAETCS HE
BIIOJTHE TTOHATHBIM (heHOMeH Bu000pasoBanus. OmHoil n3 Hambojee eCTeCTBEHHBIX U
ILJTOIOTBOPHBIX UJeil B 9TOM HAIIPAB/IEHUN SIBJISETCSI MIPE/IITOIOKEHNE, ITO TPOIECC BU-
JI000Pa30BaHUs TPOUCXOINT 33 CUET CTPEMJIEHUS SKOCUCTEMbBI IOBBICUTH CTEIEeHb CBOE
YCTOWYUBOCTH, KOTOPOE BBIPAYKAETCS B IOBLIIIEHUH CPEJ/IHEN YUCJIEHHOCTU U YMeHbIIIe-
HUU pa3Maxa ee KoJieOaHuii.

B craresx |6, 7, 8] u kuure [5]| ObUI N3/I0KEH €IUHBIN IOAXOJ K MOJIEJIHPOBAHUIO
JIMTHAMUKH TIOMYJ/ISIIIA Ha OCHOBE JIOTUCTUIECKOT0 YPABHEHNUS C 3al1a3/ibiBanneM. B pam-
KaxX 9TOro MOJIX0/Ia B cTaThe 8] u 6blia mpe/iozkeHa ujies, pacCMaTpPUBATh BII000pa30-
BaHUe KaK Pe3y/IbTaT CTPEMJIEHUS SKOCUCTEMBI TIOBBICUTE CTEIIEHb CBOE YCTONINBOCTH.
Bouiee Toro, B paborax |2, 9| ara ujes 6bl1a npuMeHeHa K 06bsiICHEHUIO 3BOJIIOIIUOHHOTO
[IPOTIECCa, JIjIst 3TOr0 ObLIa MPOAHAJIM3UPOBAHA MPOCTEIas MaTeMATHIeCKas MOIC/Th
1 OBLJIO TTOKA3aHO, ITO PACIel/IeHre BUIa B IIpeJiesiax apeaja OOUTaHUs HA JBA HOBBIX
IIPUBOJUT K YMEHBIIIEHNIO pa3Maxa KoJeOaHni.

B nacrosmieit pabore paccMorpena 0oJiee CJIOXKHas MaTeMaTHIecKas MOJIENb, Y-
ThiBalomas 1uddy3uio U HeoIHOPOHOE COPOTURIIEHUE BHemHel cpeibl. Moesnb, co-
CTaBJIeHHAs B COOTBETCTBHU € O0IIeil miaeosorueil paborsl |7], mo3BOJIMIA TOKA3ATD,
KaK BeJyT cebsd OTHOCUTEJLHO JPYT JIpyra BHOBb 0Opa30BaBIIUECd BUJLI. B dacTHO-
CTH, TIOKa3aHO, YTO B ¢J1aD0 HEOIHOPOIHON cpee MPOIece BII000pa30BaHus 0COOEHHO
3 deKTUBEH I MAaCCOBBIX BHJIOB KMBOTHBIX, KOTOPBIE JOCTATOYHO ILIOJOBUTHI U Y
KOTOPBIX KO3 DUIINEHT MOJIBUKHOCTH OTHOCUTEIHHO MAJI.

OTrmeTuM, 9TO HPEIIIOJIOXKEHNE O BUI000PA30BAHNY KaK IIPOIECCE, HAIIPABICHHOM
HA YBEJIMYCHUN YCTOWIMBOCTH SKOCHCTEMBI B IEJIOM, BCTPEUIAETCSI BO MHOTUX KJIACCHU-
YecKuxX paboTax 10 IBOJIONUOHHON GHOIOMMY U IMHAMUKE TIOMYJIsuil (CM. yzKe IUTH-
poBannbie kuuru |14, 15|, a Takzke [12, 13| u cmcku JurepaTypbl B HUX).

1. ITocTanoBka 3ajia4un

B pabore (9] i onucanusi AMHAMUKE HU3MEHEHUsT IHCIEHHOCTH BU/IA, OOUTAIOIIErO
B HEOJIHOPOJIHOII cpe/ie, ObLiIa Ipe/JIoyKeHa KpaeBasi 3a/a4da,

N
%_t = DAN +7[l — AN(t — h,z1,22)] N, (1.1)
ON
ovir 0 42
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3necy I' — rpanuma orpanmdenHoit obsactu ), v — HampaBgeHne Hopmaan K I
N = N(t, 1, x3) — WIOTHOCTH YHUCJI€HHOCTH TomyJisiiuu, byHkims A = A(xq, x9) onpe-
JIeISeT HEOJHOPOIHOCTD COMPOTUBJIEHHUS CPeJibl, ) — KOI(MDUIMEHT TOIBUKHOCTH,
r — MaJbTy3UaHCKUN KOI(DMUIMEHT JIMHEHHOTO POCTa, h — BO3PACT IIPOU3BOIUTE/IEH.
[Ipeamookum, 910 BUJI PA3/IEIN/ICT HA JIBA IOABUJIA, IPUYEM Y OJIHOTO M3 HUX U3Me-
Huica Koaddumument noapmkHOCTH . OYeBUIHO, 9TO BHOBb 00Pa30BABIINECT BUJIBI
JIOJIZKHBI KOHKYPUPOBATH 3a 00111yto tuiry. Mojiesis 9Toro mporecca B OHOPOIHON cpe-
Jie Oblta pacemorpena B [9]. B janHoM cirydae MareMarndeckast MOJIE/b UMEET BUJIL:

. N 1
N1 :DlAN1+T1 {1"‘@1 (1——2) — +a1AN1(t—h1,x1,$2)}N1, (13)
Ky b
. N 1
N2 = DQANQ"‘TQ |:1+CL2 <1 — —1> — +a2AN2(t—h2,SL’1,$2):| NQ, (14)
K Ba
0Ny ON,
— = — = ]..
ovir  Ovir 0 (1.5)

Baech Ni(t, xq,x2), No(t, x1,x9) — moTHOCTH YnCIeHHOCTH BUIOB, K1, K9 — ux cpeji-
HUE 110 BpEMeHU 3HAYEHUs, a1, Ay — KOI(PDUIMEHTH KOHKYpeHnuu, 31, [ — IMOJO-
JKATEJIbHBIE Yucaa Takue, 9ro B + P = 1. Ilpu a; = as = 0 3111 9uciaa — g0/m, Ha
KOTOpBIe YCJI0BHO pasjerneH Bui. Kpome toro, ri(1+ay) =re(l+ay) =7, hy =hy =1
(mocieiHee — yno0Has HODMUPOBKA).

Hixe cauraeMm, 9To

ay=mn, as=an, r:E+€, (1.6)
D1:D+d, DQID,

A(zy, x2) = 1+ pdAi (21, 22), (1.8)

\V)

e @ — HEKOTOPOe YUCJIO, 1), [, d, € — MaJible MOJOKUTEIbHBIE ITapaMeTPhbl, IPUIEM
n n
d~=-<1 (upun—0 ——=0ud—0). (1.9)
€ £

Kpowme Toro,

// Al(.’ll'l,xg)d.’lfldl'g =0. (110)
Q

[Ipu n = 0 mmeem, OYEBHWJIHO, OJMH BUJ, YCJIOBHO pa3JleJIeHHbIH Ha JjBa, a (1.3) —
(1.5) pacnajiaercst Ha JBe HE3ABUCUMbBIE KPAEBbIE 3aJa4d, KayKjias U3 KOTOPbIX MMEET
[7] B okpecTHOCTH COCTOsTHUST PABHOBECHSI IMHCTBEHHOE (C TOYHOCTBIO JI0 CABHUTOB 110
BPEMEHH ) YCTOWIMBOE MEPHOIYECKOe PellleHre

N; = K;[14+n;(t+¢;,2)] (j=1,2), (1.11)

[Tpobsiema 3akrO9aeTcd B ciaemyroneM: npu 1 > 0 HaifiTH, OT KaKuX pellenuil cemeiicTsa
(1.11) OTBETBIAIOTCS IEPUOANTECKUE PEIICHUs U KAKOBA MX aCUMIITOTHKA.
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2. AcumnToTudyeckuii aHAJIN3 MOJIEJIN

CpezHee 3HadYeHne YUCJIEHHOCTH OJHOIO Buja Kp sIBISIeTCA pelleHreM KpaeBoil
33,1291

0K
DAKp +1(1 = AKp)Kp =0, = D =0 (2.1)
v
U3 camoit crpykTypst cucremsr (1.3) — (1.5) coemyer
Bi .
K, = Kp, =1,2). 2.2
= To K, +0) (=12 (2.2
YuaursBas (2.2), semoaanm B (1.3) — (1.5) 3amens
N= D gy (n) (=1,2). (2.3)
J 1+ Qa; ’ I ’

B pesysbrare, Bciiomunast o (1.6), (1.9) u orbpacsiBasi ciiaraeMble ¢ MaJIbIME ITADAMET-
paM# BBICOKOTO TIOPSIJIKA MAJOCTH (9TO He MOBJMsET HA OKOHYATEJbHBI pe3ysbrar),
[OJTy 9aeM

on . T
a_tl = DlAnl — |:T]Tl2 + <§ —+ €1) AKDlnl(t — 1,371, ZEQ)] (1 —+ n1)+
2D1 2 8KD1 8n1 (2 4)
KDl 1 al’j @xj’
0712 _ T
W = DQATLQ — [annl + <§ + 52) AKD2n2(t - ]_, ZL‘l,ZL’Q)] (1 + n2)+
2D2 2 8KD2 8n2 (2 5)
KD2 i1 8:6]- 833'j
8711 8n2
2 === =0, 2.6
ovir Ovir (26)
31ecn -
g1 =€—1, Ey=c—an, n==0. (2.7)

2

[Ipu g1 = g9 = 7 = p = 0 B 3aja49€ 06 YCTONUIUBOCTH HYJIEBOTO PEIeHUsT CUCTEMBI (2.4)
— (2.6) umeer MecTO KPUTHYECKHH CIydail JBYX COBIAJAIONIMX AP YHCTO MHUMBIX
KOpHeil £im/2 ¢ 3/eMeHTapHBIME JeiuTessivi. TeM caMbIM, K KpaeBoil 3ajade (2.4)
— (2.6) mpuMeHNM ACHUMITOTHYECKUIT METOJ| MOCTPOEHUST YCTOWIMBOrO MHTErPaJIbHO-
o0 MHOIOOOpa3usi U COOTBETCTBYIOIIEH CHCTeMbI OOBIKHOBEHHBIX (b epeHIa bHbIX
ypaBHeHHUil Ha HeM (UCIIOJIBL3YeTCs aJlrOPUTM, Pa3BUTHIN B pabote [7| B BapuanTe, npe/i-
noxkernroM B [1]). it sroro Bemosanm B (2.4) — (2.6) 3aMeHy mepeMeHHBIX

2
™ 1
nl(t, ZL‘l,{EQ) = fl COS 57’1 + Z Ezﬁju;) + ceey (28)

1,j=1
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2
4 (2)
no(t, x1,22) = & cos 5T + Z &Gi&uiy + o, (2.9)

i,j=1

1 2
rie U,l(-j)(Tl,TQ,Il,I‘Q), ugj)(Tl,TQ,l’l,.’L'Q) HpUHAJJIEKAT KJIACCy TPUIOHOMETPHIECKUX

[IOJTMHOMOB apTyYMEHTOB Ty, To, & &1,& — dyuknun Bpemenu. V3 yciaoBuii pasperiu-
MOCTHU COOTBETCTBYIOIINX 33/1a9 B 9TOM KJIacCe MOJIyIaeM CIIEIYIONLYI0 CHCTEMY:

. ~ T
&1 =p161€1 + 0o(D1) &1 + p3€ + bijé; cos (5(7'2 —71) + ’Y) )

) ~ T
€ =p16265 + po( Do) u?Es + p3€s + abfié; cos (5(7'1 —Ty) + ’7) ;
2. &

: 4 (T
=1+ pf(DOlf + cre1 + el + %bﬁg sin (5(72 —71) + 7) ;

) 4 2 & /T
Ty =1+ ﬁf(DQ)MQ + c1e9 + 6353 + ;abn% sin <§(7'1 —Ty) + ’y) ,

B KOTOPO#1 OTOPOIIIEHBI cjIaraeMble BBICIINX ITOPSAIKOB MAJIOCTH. 3/1eCh

2 (oKW 2
J(D)=D ( D) drydas,
J[5(52) s

1 o o
rae KE)) — pemeHue JUIMIITUICCKOU KpaeBOou 3a/ia49u

(2.10)

oK)
ov

2T 2
Ry ©a(D) = —p1 (1 + %) f(D),
b— 2 (37 -2

__'—4+7r27 ¢3_ 20<4+7_‘_2>7

2

= arccos | ———— 1,

7 ( V4 + 7T2)
8 T+6

= Cor = -,

mA+a2) T 10(4+72)

[Monoxkum 1y = 7/e. B cuny (1.9) m — massiii napamerp. Hike camraem, 9To
[L2 = mmn;. llpu aToM ycjioBum HaiijieM TO 3HAYEHHWE @, IPU KOTOPOM ypPaBHEHUS i

MEJJICHHBIX TePEMEHHBIX UMEIOT YCTOMYMBOE COCTOSHUE PABHOBECHUSA, KOTOPOMY COOT-

=0, (2.11)

DAKY — g(KS’ +Ay) =0,
I

¥1

&1

BETCTBYIOT CUHXPOHU3MPOBAaHHBIE 110 BpEMEHU KoJ1e0aHu g
7'1—7'2:0. (212)

Henocpe/icTBeHHbIE BBIKJIAJIKH [TOKA3BIBAIOT, UTO PABEHCTBO (2.12) BO3MOXKHO TOJIBKO
pu
a =1+ 2.429mdf' (D). (2.13)
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1 (D)

A\

NS
>

Puc. 1.

Eciu ke (2.13) Boiosmeno, To

40¢e .
& =1/ — (1+ 551)771 +o(m)) (=1,2),

T+ 1

1
b =

—0.818f(D)m — 0.818dm f' (D) + o(d),

1
bgl) _ _7T—|—

— 0.818f(D)m — 2.515dmf"(D) + o(d),

Hng ananmsa suga dyuxiwu f(D) BBeJeM B paccMOTpeHHe HeHyJeBble COOCTBEHHbIE
YUCJIA U COOTBETCTBYIONIME UM coOCTBeHHbIe (DYHKIMU Kpaesoii 3agaun (cm. [7])

oe,,

“Ae, = Aen,  m| =, 9.14
‘ c Ov Ir ( )
e 0 < A\g < A; < ... Pemenue kpaesoii 3aaun (2.11) Beipazkaercs Torga hopMyIioi
K(l) — z n
D =5 ; DA, + /2"

e o, (n = 0,1,...) — xoaddunmentsr paznoxenns Aj(xy,x2) B psag Pypbe 1m0
cobcTBeHHBIM (DyHKIMAM Kpaesoii 3agaun (2.14). Orcroa notydaem

f(D) = %ZD—A")Q%%. (2.15)

Onupasich Ha npejcrapienne (2.15), HeTpyaHo Bujerhb, uto f(D) umeer B, npe-
crapennpiii Ha puc. 1. Touka D = 7/(2)\¢) HaXOAUTCA Ha HUCHIAJAIONIEM YIACTKE

us

Zho
970 A9 — HamboJIbIlee U3 COOCTBEHHBIX YnCes Kpaepoii 3amaan (2.14).

Bribepem D Takoe, uro f'(D) # 0. U3 (2.13) Torma BeiTekaet, uro a > 1 (< 1) npu
f' (D) > 0 (< 0). Takum obpazom, npu f'(D) > 0 Gosee MOIBIKHBI B OKA3bIBa-
er GoJiblllee JlaBJIeHIE HA MeHee 10/BUKHbII Bujt. OHako pasmax KosebaHuii y Hero

kpusoit f(D), mockoabKy u3 dbopmyist (2.15) caemyer, aro f’ ) < 0, HAIIOMHUM,

ISSN 0203-3755 /lunamuaeckue cucrempi, 2016, Tom 6(34), Nel



PA3JIEJIEHNS BUJIOB B HEOJIHOPOJITHOI CPEJIE 77

6oabie. Ecim xe f/(D) < 0, To y 06oux BUIOB KoJiebaHus racarcst Menee 3(hdeKTuB-
no. Ilponecc Bumoobpaszosanusa HanboJIee MHTEHCUBEH Y MACCOBBIX BHJIOB KUBOTHBIX,
KOTOpBIE JOCTATOYHO ILJIOAOBUTHI M Y KOTOPBLIX KO3 (PUIUEHT IIOABUKHOCTH [ OTHO-
curebHO Majl. B ety mokasannoro Ha pucyske y takux Bujos f'(D) > 0.

3akJro4eHue

Takum 0OpazoM, Mpu HAJIMIUE HEOTHOPOIHOTO COIPOTUBJIEHUS] CPEJIbl IIPOIECC BU-
JT000PA30BaHNUsl y TIJIOIOBUTHIX BUJIOB C MAJIBIM KOI(DMUIIMEHTOM TOIBUKHOCTH TTPUBO-
JINT K CTAOMJIM3AINN KOJIEOAHWIT U, CJIE/IOBATE/ILHO, YBEJIUICHUIO YCTONINBOCTH CHCTE-
MBI B 11e/10M. Tem caMbIM, TOJIy9€eHO eIlie OHO 00bsACHEHe MHOTOUNCIEHHOCTH OJIN3KUX
BHJIOB Y MACCOBBIX BUJIOB YKUBOTHBIX. B 9TOM 00bsicHeHNN BayKHYIO POJIb UTPAET BEJIU-
YMHA HEOJIHOPOHOTO COIPOTUBJICHNS BHENTHEH cpeibl. JpKUM IpUMepoM, UJLTIOCTPU-
PYIOIIUM JIAHHOE SIBJIEHUE, SBJISIETCS CYIIeCTBOBAHNE OOJIBIIOrO Inc/a OJIM3KUX BUIOB
CPE/In MBIIEBUIHBIX, KOTOPbIE KaK pa3 00JIaal0T BBICOKOI IIJI0JOBUTOCTDHIO.

OTrmeTuM erre, 9TO MOJYIEHHBIN Pe3y/aIbTaT cOMMKAET CUMIATPUIECKAN U reorpa-
dpuvecKknii TPUHITUIIBI BUI000pa30BaHMSI.

JlnnamMudeckue CBONCTBA PaCCMOTPEHHON MOJIe/IM U3YyYEHbI B JIAHHOW MOCTAHOBKE
elre JIaJIeKo He MOJTHOCTBI0. B yacrHocTn, st cucremsl (2.10) HEOOXOMMO BBITOTHUTE
YUCJIEHHBI aHAJIN3, 1eJb KOTOPOI'O COCTOUT B HAXOXKJCHUHM €€ TPYObIX YCTONIUBBIX
pexkuMoB. Ha ocHOBaHUUM yTBEpXKJEHUsI O COOTBETCTBUU CYIIECTBOBaHUE TPYOBIX pe-
JKIMOB HOpMaJIbHOI (opmbl (2.10) Biieuer cymiecTBoBaHue TPYOBIX PEXKUMOB TOMN Ke
ycroitanBoctn y kpaesoii 3agatn (1.3) — (1.5). Takoe ucciiejoBanue mpeacTaBiseT HeCo-
MHEHHBIH nHTepec. Ocodyio MEHHOCTb UMEJIO Obl COMOCTABICHNAE YCTOWINBBIX PEIICHHMIA,
[IOJTy YeHHBIX JIJIsT HOPMaJIbHON (DOPMBI, U yCTOMYIUBBIX PEXKUMOB UCXO/THOM KPaeBoii 3a-
JIaqn. DTO MO3BOJIUT IIPOTHO3UPOBATH BHJI TPOCTPAHCTBEHHO HEOTHOPOIHBIX PEYKUMOB
kpaesoii 3ajaun (1.3) — (1.5) u HAXOAUTH PEKUMBI B MAKCHUMAJIbHON CTEIIEHH COOT-
BETCTBYIOIINE MTOCTABJICHHON 3aja4e O MOBBIIMIEHUH CTEIEeHN YCTONIUBOCTU IKOCUCTE-
MbI. HermocpeicrBeHHOE n3ydeHne pacipe ie/IeHHbIX 38189 TMOMYIAINOHHON JTNHAMUKI
CTAJIKUBAELTCS € CYNIeCTBEHHBIMU TPYAHOCTSME (CM., Hanpumep, [16, 10, 4, 3]), nekoro-
PBIX U3 KOTOPBIX MOYKHO M30€KaTh 3a CUeT IPEIBAPUTETHLHOI0 U3y UeHIsT HOPMAJIbHO
dopMbI 3a/1a41.
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Monenp nmoBeJeHNS CTOXaCTUYIECKITX
£-aBTOMATOB B 3aJiade aBTOHOMHOI'O BbIOOpa
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Annorarnusi. ABTOHOMHBIN BBIOOD PabOYNX YaCTOT B 3aJ[AHHOW CETKE PaIUOKAHAJIOB IJIsl TPYIIILI
Pa/IMO3JIEKTPOHHBIX CPEJICTB (PSC) paccMaTpuBaeTcs KakK II0BeJIeHHe HEKOTOPOIl JIOKaJIbHO OpraHU-
30BAHHON MHTEJJICKTYaJILHON (MﬂoroareHTHoﬁ) cucTeMbl. AreHTaMI CHCTEMBI ABJIAIOTCS CTOXACTHYe-
CKHE aBTOMATHI C IIPOCTEHINell TAKTUKON IOBEIeHNsT — T.H. £-ABTOMAThl. AM€HTHI, BLIOMpAast YacTOTHI,
OIIPeJIeJIAIOT B3aMMHBIE [IOMEXU, BO3HMKAIOIIME Ha BXojae npueMHukoB PIC, mepenaTdyuku KOTOPBIX
paboTaroT Ha COBIAJAIIINX YACTOTaX. AreHThI B3aUMOJIEHCTBYIOT YePe3 CPeLy, T. €. KayKJIblii aBTOMAT
[OJIy4aeT Ha BXOJ, JIMIIL HEKOTOPLIH CyMMapHBIA pe3y/bTraTl CBOUX AeHCTBUR U JefCTBUN IIapTHEPOB.
IIpuBoasTCs pe3ysIbTaThbl KOMIIBIOTEPHOTO MOJICIUPOBAHUS JTUHAMUKH PACCMATPUBAEMON CUCTEMBI, TTO-
Ka3bIBAIOIIIE CIIOCOOHOCTH CHCTEMBI £-aBTOMATOB K JTOCTUKEHHUIO CTAIIMOHAPHOTO COCTOAHUS, 0OJIa1a-
IOIIEr0 CBOMCTBOM I1€JIECOOOPA3HOCTH.

KuroueBbie ciioBa: Teopusi urp, Ha3HAYEHNE PADOINX JACTOT, KOJUIEKTUBHOE IIOBEIEHNE ABTOMATOB,

KOIrHUTHUBHOE PaJauo

A stochastic behavior model of s-automata in the
problem of autonomous frequency assignment

A. A.Korotkin
P.G. Demidov Yaroslavl State University, Yaroslavl 150003.

Abstract. The autonomous frequency assignment problem for a group of transmitters is considered
as the behavior of some multiagent system. The agents of this system are stochastic automata with
simple tactics of behavior — so-called e-automata. Agents determine mutual interference at the input
of the receivers, which transmitters operate on matching or close frequencies. Agents interact only
through an environment, i.est each automaton receives only some net result of their actions and those
of partners. The computer simulation show the ability of the e-automata system to achieve as ¢ — 0
the stationary state that has the property of feasibility.

Keywords: game theory, frequency assignment, collective behavior of automata, cognitive radio.

MSC 2010: 91A80
1. BBeaenue

B nocnennee BpeMsi HHTEHCUBHO pa3pabaTbiBaeTcsl HOBBIA MOIX0J K IIPOOJIeMe Bbl-
6opa pabounx JacToT (PaJIMOKAHAJIOB) JJisi 00ECIIEYEHUsT COBMECTHMOCTU B KOJIJICKTHU-
Bax POC, ocHOBaHHBIII Ha CJIeAyIOIIeil iaee aBTOHOMHOrO yipasienns. Kaxmaoe P9C
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YCJIOBHO HaJIeJISIeTCs CIOCOOHOCTRIO K IaITUBHOMY BBIOODY pabodeil YacTOTHI, T. €. ac-
COIMUPYETCs C HEKOTOPBIM aKTHBHBIM areHTOM, OCYIIECTBJIAIONINM STOT BBIOOD B IIpe-
JeJlax 3aJJaHHOI CeTKU PaJIMOKaHAaJIOB, & caM IIPOIECC OIPe/IeIeHUs YaCTOTHBIX Ha3Ha-
YeHUN pacCcMaTpuBacTCAd KaK KOJIJIEKTUBHOEC IIOBEIECHUE B3aI/IMO,ZLeI7'ICTByIOH_LI/IX areHToB.
Takoii To/IX0/1 MOJIYIH/I Ha3BaHUe TEXHOJOTHH K02HUMU6H020 paduo |7, 9).

B omnpenienerrHoOM cMbICIe 8IeKBATHON MaTeMaTHIECKON MOJIETHIO TAKOTO POJIA IMTPO-
[IECCOB ABJISETCs GECKOAJMIMOHHAST UTPA N > 2 areHTOB (UTPOKOB) € HEIPOTUBOIIO-
JoyKHbIME HHTepecaMu. OCHOBHAS 3a/1a4a, peraeMas B paMKaxX TaKOT'o MOJX0/Ia — 9TO
HOPMATUBHBIA aHaJIU3 UIPBI, T. €. OIpelesicHue YCJIOBUN, IIPU KOTOPLIX CYIIEeCTBYET
pacripejiesieHue 9acToT, 00JIaJaoniee CBOMCTBOM YCTONINBOCTH, IO/, KOTOPBIM OOBITHO
HnoHuMaroT papHosecue mo Hamry [4].

Teoperndeckue pabOThl B 9TOM HAIPABJIECHUH HECOMHEHHO IIOJIE3HbI, OJHAKO IIPU
9TOM 3a CKOOKaMH OCTaeTCs IVIABHBIN BOIIPOC — KAaKON CTpaTErmy IIOBEJIEHUS JIOJIKEH
IPpUACPKUBATHCA Ka)KLLbeI areHT, qTOOBI 34 KOHEUIHOE BpeMd BCA CUCTEMa IIpulljia B
r10basbHO ycroitunBoe cocrosinue. CJI0XKHOCTB 9TOI 3a/1a4n olpejiessiercs cuenndu-
KO OITMCHIBAEMO CUTYAINH, 3aKII0YaIONeiicsd B OTCYTCTBUN Y areHTa KakKon-1n0o mH-
dopmar 0 KOJIu4IecTBe OCTAJILHBIX areHTOB, UX XapaKTePUCTUKAX, MEJeBbIX (PYyHK-
NUAX 1 BbI6I/IpaeMbIX MU CTpaTerndx IoBeaeHnd BO BPEMEHU. E,ZLI/IHCTBeHHaH I/IHCI)O]Z)—
MAaIlys, JOCTYITHAs areHTy — 9TO YPOBEHb IMOMeXH Ha Bxojie npuemuanka PIC, accoru-
MPOBAHHOI'O C ArCHTOM.

B nannoit pabore 115 perienns 3a/1a9u aBTOHOMHOT'O BIOOpa pabovux 4acToT Mpe/i-
JlaraeTcd Mode/Ib MHOI'OAI'€HTHOI CUCTEMBI, B KOTOpOfI Ka)K,ZLbIﬁ al'eHT peaJin30BaH KaK
CTOXACTUYECKUIA aBTOMaT, BHyTpeHHee COCTOAHNEC KOTOPOI'O MOXKET U3MEHATHCA B JUC-
KpeTHble MOMeHTHI Bpemenu t = 0,1,... 1oj BJIUSIHUEM IOJyIEeMbIX UM 3(PDEKTOB,
CBSI3AHHBIX C JIEHICTBUAME JIDYTMX areHTOB-aBTOMATOB. B KadecTBe TaKOro aBTOMAaTa
[PEJJIaraeTcst UCIOIb30BaTh T.H. c-aBromar [5|. Bymer mokasano, 4ro HecMOTps Ha
IPUMUTUBHYIO JIOKAJIbHYIO TaKTUKY BbI60pa 9aCTOTbl OTAEJIbHBIM ar€¢HTOM, B IEJIOM
MHOTOAreHTHasl cucTeMa 1pu € — 0 JeMOHCTpHpYeT IeecoobpasHoe (B yKa3aHHOM
HIZKE CMBIC/IE) [TOBeJIeHNe, 3aKAHINBAIOIIEeCs 1epe3 KOHETHOe THCIIO TaroB B CTAIIO-
HapaoMm cocroguuu. OTMETHM, 9TO MATEMATUICCKUM MOJIEJISIM, CBI3aHHBIX C KOJLICK-
TUBHBIM IIOBEJIEHIEM AreHTOB (aBTOMATOB) IIOCBSIIEHO MHOTO paboT, Cpejin KOTOPBIX
MOKHO OTMeTUTb paboThl |1, 2| 1 0cOGeHHO yIOMSIHYTYIO BbIllle MOHOIpaduio [5].

2. Ananm3 urpoBoii Moge I BbIOOpPa PaINOKAHAJIOB

[Iycts mmeercst rpynma n POC, kaxjoe w3 KOTOPBIX TpejcTaBiger coboii rma-
Py <«IpUEMHUK-TIEpeIaTInKy. i JaHHON TPYIIBl BBIJIEICHA CETKA DPaHOKAHAJIOB
F = {fl(o),fQ(O),...,fl(?)}, flii)l = f,io) + Ay, k=1,...,K — 1. Ilpu kaxmoe P9C
MOXKET WCIIOJIb30BaTh He 0ojiee ojHOrO KaHasa cBsa3u. PIC, ucnonb3yromume obiuit
pPaJIMOKaHaJ, CO3/Ial0T JIPYT JAPYry B3amMmHble nmomexu. Jlamee Oymem paccMaTpuBaTh
CJIEJIYTOIILYIO TIPOCTERIIYIO MOJIe/Ih B3auMHOro Biausgausa POC.

ITycTp v;; — MOIIHOCTB HOMEXH, co3jaBaeMad IeperardukoM i-ro POC ma Bxo-
jie npueMuuka j-ro POC npu mcrosib30BaHUU UMU OJIHOTO W TOTO K€ PaMOKaHAIA
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f,go) € F, upu 3TOM BeJIMYUHA V;; HEe 3aBHCUT OT HOMepa k panuokanasa. IIpu padore
HA pa3HBIX KaHAJAX B3aWMHBIE MIOMEXU B Jyd/bHOI curyaruu i-e POC = j-e POC
OTCYTCTBYIOT, T. €. V;j = Vj; = 0.

Bcerogy natee Gynaem mpejmoararh aJIATUBHOCTL TIOMEX B CJIEAYIONEM CMBbICIIE:
eciin j-e POC u POC ¢ nomepamn ¢ € K C N paboraioT Ha OJJHOM U TOM Ke PajoKa-
HaJIe, TO PE3YJILTUPYIONIas moMexa Ha npueMunke j-ro POC onpejensgercs BeTmanHoil
Nj = iek Vi-

Ilycts f; € F osmadaer pajamokanas, Ha KoTopoM pabotaer j-¢ POC. amnee, s
ynobcrBa, BeejieM dyHKIwmo 0(a,b), pasayto 1, ecim a = b, u 0, eciin a # b. Torna
PE3YJIBTUPYIONLYIO TIOMEXY Jjisd TprueMHnKa j-uro POC MoXKHO 3ammcaTh Kak

n

Ni(frsei B fa) =D i (£ £)- (1)

=1

Besnmuuna N oupenensier «norepus j-ro POC — uem Gosbiie N, TeM HUZKe KauecTBO
nepeadn nHGOpPMAIUH B ape nmpueMHuK-tepegarauk j-ro POC. Marpuily B3anMHBIX
IIOMEX B JIy9JIbHBIX caTyanusax Oyaem obosnadars kak N = (), 4,7 = 1,...,n, upu
3TOM ecTeCTBeHHO vy = 0 i1 Bcex ¢ = 1,2,...,n.

PaccmoTpuMm sreneHTpan30BaHHbI BBIOOD PaIMOKAHAIOB B COBOKYITHOCTH KakK Oec-
koasunuonnyo urpy. Ilyers I = {1,2,...,n} — MHOXKECTBO yYaCTHUKOB MI'DbI WJII
areHToB. B Harem ciydae arentst acconuupyorcs ¢ POC. Arent j mmeer B cBoeM pac-
nopszkeanu crparerun f; € F'. Crparernn, Bxogdmye B F', IPIHATO Ha3bIBATL YUCTBI-
Mu cTparerusgmu. Kaxkiplit 13 areHTOB BBIOMPAET YUCTYIO CTPATETHIO, He 3HAsT BLIOOPOB
mapTHEPOB. B pesyibrare B urpe BosHukaer Habop crpareruit f = (fi,..., f;, ..., fa),
Ha3bIBAEMBIl cuTyaleil mim mpoduaIeM Urphl.

Beenem caenmyrompme obo3madenmd: Jid arenta j depe3 f_; Oygem obosHa-
"aTh Habop crpatermit arentos ms I \ {j}, mamee (f}, f-;) obosmauaer curyammio
(fio- o fimn, £ fivas - -+ fn)- (Bamermm, aro B aTux obosnavenusx f = (fj, f-;)).

Y KaxKJ0ro areHTa j MMEETCs, OIpeJie/ieHHas Ha MHOXKeCTBe cuTyanmii F' X F' X
... x F = F" dynkmus noreps N (f), KOTOPYIO areHT CTPEMATCH, 10 BO3MOYKHOCTH,
munuME3npoBarh. Pyukuun norepb Nj(x) B paccMarpuBacMoil 3a/ade OIpeJiesIeHbl
coorromenneM (1). [Ipennosnaraercsi, 9ro areHTsl He 00Pa3yIOT KOAIMIINIT, HAIIPABJIEH-
HBIX [IPOTUB JIDYTUX Ar€HTOB.

Hopmarusnast Teopust 6eCKOATUIMOHHBIX UI'D IIPEJITUCHIBAET KAXKJIOMY areHTaM Bbl-
OupaTh CBOM CTPATErnU TaK, YTO MOJIydaeMas CUTYAIls 00pa3yeT CUTYaInio PABHOBE-
cust o Hamy [3]. @opmasbro curyamus f* = (ff, ..., fF) aBisercs paBHOBeCHOi 110
H»smmy, ecoin BuITOSTHSIETCST CCTEMa HEPABEHCTB

Ny (f) SN (f5. f2,) Y feF, vjiel 2)
CoryiacHo TOMY Ollpe/iesieHnio, paBHoBecue Hara — 310 crabuiibHasg cuTyalusi B TOM

CMBICJIE, ITO y JIOOOIO j-TO areHTa OTCYTCTBYET CTHMYJ K OTKJIOHEHHIO OT [, yUUTbI-
Bas, 4TO BCe OCTAJbHBIE areHThI IIPOJIOJIZKAIOT CJIeJI0BaTh PABHOBECHOIT ITOJIUTHUKE.
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Pacemorpum ciyuaaii, korga marpuna N = (1;;) HOHAPHBIX B3aMMHbLIX BIIHAHUI
ABJIAeTCd CUMMeTPUYHON: v = vj;  Vi,j € I. Ilokaxkem, 4TO B 9TOM cilydae B UIpe
CYIIIECTBYET cUTyalusi paBHoBecus 1o Harny B umcrsix crparerusx. s sToro mocra-
TOYHO MIOKA3aTh, YTO PACCMATPUBAEMAs UI'PA OTHOCUTCS K KJIACCY T.H. NOMEHUUALALHDIT
urp. o onpesenennto GeckoaUIMOHHAS UTPA HA3BIBAETCS TOTEHIMAIBHOMN, eCc/in JI/Ist
Hee cymiecTByer Gynknus () takast, aTo Jyisi J060ro urpoka j u aoboit curyarmn f

/\/}(f],,f_]) _'/V’j(f],'/?f—j) = @(f],mf—J) - ¢(fj/‘,7f—j>‘

CupapeJTMBO yTBEPZK IeHNE: TIOTEHIaIbHast UTPa BCErIa NMeET 110 KpaiiHel Mepe OIHy
CHUTYAIMIO PABHOBECHSI B YUCTBHIX CTpaTerusx [8).
st paccmarpuaemoit urpet & onpegermm P(f) ciemyrommm o6pasom

= 52NN = 5 3 Y ).

i=1 j=1

Torna B pasnoctu A = &(f], f;) — D(f7, f-;) cnaraembie, ne cojepzamue uHIEKC j,
B3aMMHO yHUITOKAIOTCS

n

ZVZ] fz, / ZVM f]?fl ZVZ] f“ //) __Zyji(s(f],'/7fi>‘

=1

B cuny cummerpuanoctu marpuiiel N dyukiwmit 0(., .) mepBbIe JBe CyMMBI COBITaIa-
IOT, TaK JKe KakK U TpeTbs ¢ uerseproit. Torya pasnocts D(f], f—;) — @(f], f-;) Gyner
pasna pasnoctn dyukmun norepb Nj(ff, f—;) — N;(f}, f-;). Cnenosarensuo, urpa &
HOTEHIMAIbHASA U Y Hee CYNIECTBYeT 110 KpaifHell Mepe ojHa CUTyalus PaBHOBECHS B
YUCTBIX CTPATETrUsIX.

3aMeTUM 9TO yCJIOBUE CUMMETPUIHOCTH MaTPUIlbl N JIOBOJIBHO PEJIKO BBIIOJIHACTCS
Ha npakTuke. [Ipy OTCyTCTBUSA CUMMETPHN B3AUMHOIO BJIUSHUS CUTYAIMA PABHOBECHUSI
Hsma B 9ueThIX cTpaTerusx, MOTYT He CYIIeCTBOBATh. Tak, HallpuMep, HETPYIHO IPO-
BepUThb, uTo Jyigd urpel ¢ n = 3, F' = {f1, fo} u marpuneit N, snementsr KoTopoii
YJOBJIETBOPSIOT HEPABEHCTBAM

Vo1 > V31, Vi3 > Va3, V3a > Vg,

HET HY OJHON CUTYyallud PaBHOBECUS B UUCTHIX CTPATErUSIX.

B obmiem ciydae oTCyTCTBUSI B paccMaTpUBaeMoil urpe pasHoBecus Hsima B un-
CTBhIX CTpaTerudx MOXKHO OIIpeade/IMTh CMellaHHbIC CTpaTerun, Kor/ia Ka)K,ZLbHU/I areHT
BBI6I/IpaeT CBOIO LH/ICTyIO CTpaTeruro CﬂyqaﬁHbIM 06pa30M B COOTBETCTBUU C HEKOTO-
PBIM pPacIpeie/ieHieM BeposSTHOCTel m; = (71, Tj2, . .., Tk ), LAE Tj, — BEPOSTHOCTD
BBIOOpa j-M areHToM k-ro paJnoKaHaja f,go). B srom ciayuae pesyabTupyfomnime morepu
al'€HTa j oneHuBaeTCd MaTeMaTHYICCKUM O2KH/aHMEeM CYMMapHOI'O YPOBHA IIOMEX Ha
BXO/ie IpueMHUKa

Nj(ﬂ'l,...,ﬂ' ) ZVWZEMTJk (3)

=1
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OcHoBHas TeopeMa OECKOATUITMOHHBIX WID N areHTOB YTBEPXKJIAET, UTO I UTD C
KOHEYHBIM MHOXKECTBOM YHCTBIX CTpaTeruii Bcerja CyIlecTByeT paBHOBecue Hamma
B CMEINAHHBIX CTparerusix m+ = (7},...,m ). dng paccMarpuBaeMoil UIpbl MOXK-
HO TI0Ka3aTh, YTO IIPU PABHOBEPOSTHOM BBIOOpE areHTaMU CBOUX YHUCTHIX CTpaTEruii
i = (1/K,...,1/K) (j = 1,...,n) obpasyerca pasnosecue Hsmra, mpuaem curya-
g ™ = (7],...,T) — eINHCTBEHHOEC PABHOBECHE CPEIM BCEX BIOJIHE CMEIIAHHBIX
cuTyanuif, T. € cuTyanuit, B KOTOpbIX m;, > 0 jqya Beex j = 1,...,nu k =1,... K.
OueBHIHO, YTO B CHUTYyaIlUU PABHOBECHA T MaTeMaTHIeCKOe OXKMJIaHue MOTEPh UIPOKa
j (j=1,...,n) paBHo

A/ * * 1 =
N]’(ﬂ'l,...,ﬂn)zgzyﬁ. (4)
i=1

3. BbI60p JaCTOT KOJIJIEKTHUBOM £-aBTOMATOB

Bynem paccmarpuBaTh MHOrOAreHTHYIO cuUcTeMy S, B KOTOPO# KarKJbIil areHT,
aCCONMUPOBAaHHBIN ¢ KOHKpeTHbIM PC, B mocsemoBaTe/bHbIE MOMEHTHI BPEMeHH
t = 0,1,2,... BoiOupaerT pabOUYyI0 YACTOTY M3 3aJaHHON ceTKU F paJuoKaHaJIOB.
B kadecTBe areHra paccMOTpUM g-aBroMar [5|, umeromumit K BO3MOXKHBIX JeicTBuHil
fl(o), fQ(O), cee f}?) . Ilo ompeseiennio e-aBromMarT XpaHUT B IMAMSATH YPOBHH MOMEX 34
JieficTBuUsI, BRIOpAHHBIE B IOC/IE0BATEIbHbIE MOMEHTHI BpeMenu t — 1 u t. IlycTb 1m
neiicrBust — cytb f(t — 1) € F u f(t) € F' u coOTBETCTBYIOIIE UM YPOBHU IOMEX —
N(t —1) u N(t). C BepositHocTbiO 1 — €, 0 < € < 1, aBromar B MOMeHT ¢ + 1 coBep-
maet 1o u3 geitcruil f(t — 1) u f(t), ypoBeHb HOMEX NP KOTOPOM ObLIT MeHbIIe (ecsm
xe N(t —1) = N(t), To ¢ BeposiTHOCTBIO 1 — £ aBrOMaT cosepiiaer jeiicrsue f(t)),
a ¢ BEPOSITHOCTHIO € — Jit0boe w3 K BO3MOXKHBIX JleiicTBuil. Byjgem obo3nadaTh aBTO-
MaT 1o00HOrO Bujia Kak Ay (), rie HIZKHAN HHIIEKC COOTBETCTBYET PAa3Mepy MaMsITh
aBTOMaTa.

Takum obpasom, paccMaTpuBaeMasi MHOMOAreHTHasl CUCTeMa, IIPEeJICTaB/IsieT coDOoi
KOJIJIEKTHB areHTOB, OJHOPOJIHBIX 110 CBOEMY COCTaBy (BCe aBTOMATDHI KOJIJIEKTUBA O/IV-
HAKOBBIE 0 KOHCTPYKIIUK) U COCTOSAIIAX U3 ABTOMATOB, KOTOPBIE B3aUMOJIEHCTBYIOT
TOJIBKO 49€epe3 cpey, T. €. Ka}K,HbIﬁ aBTOMaT IIOJIy9aeT Ha BXO/ JIMIIb HeKOTOprﬁ CyM-
MapHBIA pe3y/abTaTl CBOUX JAefCTBUI U JeCTBUN HapTHEPOB.

Junamuky nosejeHnst S MOKHO XapakTepu3oBarh dyHkimeit Ny, (t), paBroii cpej-
HeMy (110 aHcamOGJII0 ABTOMATOB) YPOBHIO TIOMEX Ha miare t

Nal®) = 5 SN (0. (5)

Bynem naswBarh cucremy S cTalMoHapHON B CpeJHEM, €CJIU HadWHasl ¢ HEKOTOPOTO
MOMEHTa CPEJIHUI YPOBEHb IIOMEX B CHCTEME I[I€PecTaeT MEHSITLCS, T. €. CYIIECTBYIOT
to > 1 u Ny > 0 raxue, 410 Nypy(t) = Ny ipu t > o . I[Ipu dukcupoBanHOM 3HAUCHUH
napaMerpa € CUcTeMa, BOODIIEe TOBOPs, He sIBJISEeTCs CTallMoHapHOil B cpeanem. Ha puc.
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f

1 1 1 1

1 1 1
20 40 60 80 100 120 140

Puc. 1. IloBenenue cucremsr mpu € = 0.25

1 mpuBesen TunudHbIl rpaduk u3Menenust Ny, (1), WITIOCTPHPYIONIHNii 9TO yTBEPXK 1e-
nue. Jlyist obecriedenns CcTallMOHaPHOCTH CHCTEMBI PACCMOTPUM B KaueCTBE areHTa T.H.
0-aBromar Ay (0), aBisiomuiics peeibHbIM BapuanToM e-aproMara As(e) npu e — 0.
A5(0) sBsteTcst leTepMUHUPOBAHHBIM aBTOMATOM, KOTOPbIii Ha 1iare ¢ + 1 BeiOupaer
oxHo u3 aAByx neiicreuit f(t — 1) u f(t) mo mpasury

(1) = ft—=1), ecmm N(t—1) < N(t),
f(t), eciim N(t — 1) > N(1).

OueBnIHO, UTO IMANIA30H BO3SMOXKHBIX JeficTBuit aBromara As(0) mo cpasrennio ¢ Ay (e)
upu € > 0, 3naunrenabro yxke. Onnako cucrema u3 Az (0) obiiager BazKHBIM CBOHCTBOM,
KOTOpOEe yCTaHaBJIMBAETCs cJieyomumM yreexkienueM (|5, ¢. 56, Jlemma 2.1])

B npouseoavnoti uepe 0-a6momamos u3 4106020 HA4AALHO20 COCMOANUA KOANEKMUE
u3 n 0-aemomamos ne boaee wem 3a n + 1 waz obazamenvro nepetidem 6 nexomopoe
CMAYUOHAPHOE COCTNOANUE, 6 KOMOPOM 01 bYdem Harodumovca Heo2panuiento Jdoa2o.

CBOICTBO CTAITMOHAPHOCTH CUCTEMBI, COCTOAIIEN N3 B3AMOIEHCTBYIONINX Yepe3 cpe-
ny arentoB Tuna Ay (0), H03B0JI€T OCTPOUTD CIIEAYIONIYIO CXeMy ee (PyHKIIMOHIPOBa-
uus. [lycrs £(t) — HeoTpuraTeabHas MOHOTOHHO HEBO3PACTAIOIIAS HA [TOCJICI0BATEb-
Hoctu t = 0,1,2, ... dynknus takas, ato €(0) = (1) =1 < e(2) < &(3) < ..., npuiem
limy . (t) = 0.

Haumnasa ¢ momenta t = 0, areHTBI cECTEeMBI OyIyT N1efiCTBOBATH KaK aBTOMATHI
As (£(t)). OueBnno, 9To Ha MEpBLIX JABYX marax ¢ = 0 u t = 1 areHTsl ONpPeIEIAIT
CBOM JIeHICTBHA CJIyYaHBIM 00Pa30M — DaBHOBEPOATHO BBIOMPAIOT 3HAYEHH: PabOUMX
gacTor u3 cetkn I = { fl(o), f2(0), e f[(?)}, [IOCJIE YE€T0 OIPEJIEIAIOT COOTBETCTBYIONINE
sHadennst yposan nomex N (0) u A (1) Ha BXojie COOTBETCTBYIONIUX [IPHEMHUKOB U 3a-
HOCAT UX B IaMAThb. [lasiee ¢ TedeHneM BpeMeHN areHThl 110 CBOeMy JIeficTBHIO Bee O0TIb-
e npubJzKaoTes K aBroMaraM As(0), a pesyabrar ux paboThl — K CTAIMOHAPHOMY
COCTOSIHUIO CHCTEMBI.

CrannoHapHOCTB B CpeJIHEM PacCMaTPUBAEMOI MHOTOAr'€HTHON CHCTEMBI S SABJISET-
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¢ HeOOXOIMMBIM YCJIOBUEM €€ ITPUTOIHOCTH JIJId PEIIeHNs 33/ 1a491 aBTOHOMHOTO BIOODA
pabodunx YacTOT, HO OTHIO/b He JOCTaTOYHBIM. ONpeesmM «KadecTBO» CTalldOHAPHO-
ro pereHus caeayomuM oopa3oM. Kak ObLIO CKa3aHO BBIIIE, ar€HThl MOT'YT HCIIOJIb-
30BaTh B UI'DE ONTUMAJIBHBIC CMEIIAHHBIC CTPATCIHUN T}, PeaIu3ys PaBHOBEPOSTHBILI
CIyYaiiHBII BBIOOD YacTOT B Ipejesax 3aJIaHHON CEeTKH paauoKaHAJOB. 3/1eCh OITH-
MaJIbHOCTh MMOHUMAETCAd B TOM CMBICJIE, 9TO oOpa3yeMasi IIPU TaKOM BLIOOPE CUTYaIlHs
™ = (n},...,m}) aBasierca pasHOoBecueM Hama B eMemanubix crparerusx. CpejHue
norepu N ; (7) KaKJOro KazkJIoro areHTa IpU 9TOM OIPEJENISIOTCsS PaBeHCTBOM (4).
Cpeanune mmorepu areHToB Beeit cucreMbl S OyIyT paBHBI BEJIUINHE

o 1 n n
stn_KZZVU

j=1 i=1

ByjeM HasblBaTh MOBEJEHHE MHOIOAIEHTHON CHCTEMBI S U4eAecoobpasHbim, ecim
Navg(t) < N5, HauMHAS ¢ MOMEHTA YCTAHOBKH B S CTAIIMOHAPHOTO B CPE/THEM PEKIMA.
[Tes1ecoo6pasHOCTb MOBEJICHNS O3HAYALT, ITO ArCHTHI CUCTEMbI, PEATU30BAHHbIE KaK &~
ABTOMATHI, BeJIyT ceOs B CPEJHEM He XysKe, YeM areHThl, pa3bIIPLIBAIONIAEC CITyJailHbIi
PaBHOBEPOATHBIN BBIOOD YaCTOT U3 CETKH PAJMOKAHAJOB { f1(0)7 o f I(? )}.

4. KomMIibioTepHOE MOJIEJIMPOBAHNE CUCTEMbBI £-aBTOMATOB.

JI1st TIpoBeieHNsT BBIYUCINTEIHFHOTO SKCIEPUMEHTa ¢ KOMITBIOTEPHO MOJIETBIO CH-
CTEMbBI £-aBTOMATOB OBLIM CT€HEPUPOBAHBI KOMILIEKTHI MATPHUIl B3AUMHBIX TOMEX B
Jy9JIbHBIX cuTyarusax derbipex TUnoB: Nosym, Neym, Nurom2, Naroms. Marpuisr kom-
W1eKTOB Nysym 1 Ny — 9TO COOTBETBETCTBEHHO aCHMMMETPUYHBIE U CUMMETPUIHBIE
MaTpuilbl pasmepa 10 X 10, 371eMeHTbl KOTOPBIX T€HEPUPOBAJINCH C IIOMOIIBIO JIATINKA,
cilyganblx dncest B auanaszone [0, 10].

Marpunpr KOMITEKTa Njyroma — 9TO CllydaiiHbIe acuMMeTpraHbIe MaTpuisl 10 X 10,
coJiepzKalliie HyJIeBbIe 3JIEMEHTHI TaK, YTO COOTBETCTBYIONIUI rpad B3aMMOBJIMSTHII
n = 10 P9C obiragan xpomarudeckum ducjaoM x = 2. B 3roMm cityuae jijist Takoit Tpyti-
bl POC BO3MOXKHO «HJieaIbHOE» HA3HAUEHUE YAaCTOT U3 CETKH, COJIEPKAIIECH TOJIKO JIBE
KaHaJIa 1(0), fQ(O), Ipu KOTOpoM Kazkjoe u3 jecatu POYC paborano ObI 6e3 B3aUMHBIX
nomex [6].

Anasornano i MaTpuI, KOMIIEKTa Njyom3 BO3MOKHO «HJIEATLHOE» HAZHATCHUE
pabovunx YaCTOT U3 CETKH, COJEPIKAIleil TOJbLKO TP KaHasa fl(o), 2(0), féo). Boeibop Ta-
KUX TECTOBBIX MATPUIL O0bICHSICTCH YKeJTAHUEM ITPOBEPUTH CIIOCOOHOCTH CUCTEMbI YCTa-
HOBUTBH 9TH HA3HAYEHNS B YKECTKUX YCJIOBUSIX OIPAHNYIEHHOTO BbiOOpa jeficTeuii. OyHK-
st £(t), oTpe e IsTioNasi CKOpOCTh yObIBaHNUS napamMeTpa &, Obliia BhIOpaHa CJIe Iy omei

1, t=0,1

e(t) =
®) max{0.5 — 0.01¢, 0}, ¢>2.
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B AT N7
N 20t A’nz'g

I ]
70 20 20 o ) 50 70 0 %0 100 10 20 0 ] 50 60 70 80 %0 100

Puc. 2. Marpuna B3anMHBIX TOMeX U3 KOMILIEKTa,
Puc. 3. Marpuna B3anMHBIX TOMeX U3 KOMILJIEKTA,

Nasym; TUCIO PaJIMOKAHAIIOB B CeTKe = 4
: Nym; 9HCIO pajuoKaHAIOB = 4

N

Navg Navg

70 80 90 100 110 ok i i i 1 ) i i i I f

L |
10 20 30 40 50 60 70 80 90 100 110

Puc. 4. ManI/IHa. B3aUMHBIX IIOMeX U3 KOMILIeKTa Puc. 5. ManI/II_[a B3aMMHBIX IIOMEX N3 KOMIIJIEKTa

Niroma; 9UCIO PaIAOKAHATIOB = 2 Niroms; 9UCIO PAIHOKAHATIOB = 3

Ha pucynkax 2 — 5 npuBeeHbl TUIMYHBIE TPAMUKH IS MATPHI] B3AUMHBIX ITOMEX
B JIYSJbHBIX CATYAIUSX JJI BCEX YEThIPEX THIOB. BO BCEX TECTOBBIX NpUMEpaxX CTa-
[IMOHAPHOE B CPEJHEM COCTOsIHUE CUCTEMBbI aBTOMATOB JOCTUIAJIOCH 3a UUCJIO IAroB
ne 6osee 80. Bo Bcex ciydasx moBejienne cucreM OBLIO Tesecoobpa3ubiM. [laga mar-
putt u3 KaacCoB Nyroma 1 Njyrom3 TOJTBKO B 9€TBEPTU TECTOB CTAIMOHAPHOE COCTOSHUE
CHCTEMBI COBIIAJIATIO C «HUJIeaIbHBIMy (Ha puc. 4 MOKa3aH yJIaqHBIi IPUMEp, KOTja CTa~
[IMOHAPHOE COCTOSTHUE COOTBETCTBYET « UJI€AJHLHOMY» Ha3HAYEHHWIO YaCTOT, Ha PUC. D —
HeyladHblit). B joboM cirydae 1e1ecoobpa3HOCTh MOBEJICHHs CHCTEMBI U3 E-aBTOMATOB
B YKa3aHHOM BbIIIE€ CMbICJIE IIO3BOJIACT I'OBOPUTDH O IIEPCIIEKTUBHOCTHU €€ UCIIOJIb30BaHUA
B pa3BI/IBa€MOI71 B 11ocjieJHue roJabl TEXHOJIOI'MW KOI'HUTHUBHOI'O pa/auo.

5. 3akJrrouedue

st 3a1aum aBTOHOMHOTO BbIOOpa padovunx JacTor B rpyunuposke POC,; cozmaio-
X B3aUMHBIE TIOMEXH, B PA0OTE IpejjiaraeTcs KOHIENIIUA MHOIOAr€HTHON CUCTEMBI,
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SJIEMEHTAMU (areHTaMI) KOTOPOil SBJSIOTCS T.H. e-aBTOMAThl. BBoMTCs drcIoBas Xa-
PaKTEPUCTHAKa CUCTEMBl — CPEJHUII YPOBEHb IIOMEX B CHCTEME B MOMEHT BPEMCHU U
HA ee OCHOBE OIPEJIE/ISIOTCS TOHITHS CTAIlMOHAPHOCTH B CPEJHEM U 11€J1€CO00PA3HOCTI
IIOBEJICHUA CUCTEMBI.

[IpuBogaTCA pe3yabTaThl KOMIIBIOTEPHOTO MOJCTUPOBAHUSA CHUCTEMBI TIPU Pa3JInd-
HBIX UCXOJHBIX JAHHbIX. [[okazaHo, 4To0 HecMOTps Ha IIPOCTOTY MOBEJICHUS OTACTLHOIO
€-aBTOMAaTa CUCTeMa JIEMOHCTPUPYET Iiesieco00pa3Hoe MOBeIeHNE.
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VIIK 517.938

. MAJIBIIIEB, O.IIOYNHKA. Onucanue cTpykKTypbl JJOMEHOB B KopoHe CoJiHIIa rmocpen-
CTBOM MHOTIOI[BETHBIX rpadoB (anrmiickuii) // Tunamudaeckue cucrembl, 2016. — Towm 6(34), Nel. —
C. 3-14.

MHorune sHepreTuvyecKne MpPOIECChl B COMHETHON KOpOHEe (BCIIBIMIKY, TPOTYOEPAHIIBI U Jp.) 00b-
SICHSIFOTCSI B MAIHUTHO 3aPsIIHON TOIOJIOIUU M3MEHEHUEeM CTPYKTYPhI JIOMEHOB, CBSI3aHHBIM C IOsIBJIE-
HUEM WJIU UCYE3HOBEHUEM CernaparopoB. V3BecTHO, 9TO OOJIBIIMHCTBO HYJIEH MATHUTHOTO IOJIS JIEXKAT
Ha dorocdepe, B 310l paboTe MOKA3BIBAETCS, 9TO TOMOJIOTHUS JOMEHOB IIOJIsi C TAKAUMY HYJISIMHU TOJI-
HOCTBIO OIMMCHIBAETCS MHOTOIBETHBIM T'pacdom. Takke maercs 3pOEKTUBHBIA aJITOPUTM Pa3TUICHIST
Takux rpados.

Kirouessble ciioBa: MarHUTHBIE II0JISI, MOJE/b KOPOHBI, MArHUTHBIE IlepecoenHeHnsl (hoTocdepHI,
JUHAMUKA IPOTYOepaHIleB, MHOTOI[BETHBIH rpad, MOJIMHOMHUAJIBHBIN 110 BDEMEHU aJITOPUTM.

Wa. 4. Bubnmorp. 16 uHass.

YIK 517.9

I. C. OCUIIEHKO. Orienka moka3sareJsieit JIsmmyHoBa MeTogaMM CHMBOJIMYECKOT'O aHAJIN3a
(pyccknit) // Huunamuaeckue cucremsl, 2016. — Tom 6(34), Nel. — C. 15-35.

PaccmarpuBaeTcst 3a/1a4a BBIYUCIEHUST XaPAKTEPUCTUIECKUX TTOKa3aTes el BceX TPaeKTOPHil KOM-
MAKTHOTO WHBapUaHTHOrO MHOXKecTBa. CrekTp Mopca ecTh MHOXKECTBO mokazaresieit JIsoyHoBa mces-
norpaekTopuii. [lokazano, 910 3TOT CIIEKTP MO2KHO JIOKAJU30BATH, UCIIOIb3ys CHMBOJIMIECKHT 00pa3
JMHAMAYECKON CHCTEMBI, KOTOPBIH SBJISIETCS OPUEHTHPOBAHHBIM rpadoM, MOCTPOEHHBIM I KOHEeY-
HOT'O HOKDPBITUS (HPa30BOro IpocTpaHcTBa. Vlcciie10BaHNA CHMBOJIMYECKOrO 00pa3a IO3BOJISIOT JIOKa-
JIN30BATH IEITHO-PEKYPPEHTHOE MHOXKECTBO U OIEHUTh crieKTp Mopca. ToUHOCTD OIEHOK 3aBUCUT OT
JraMeTpa MOKPBITHsT U MOLYJIsi HerpepblBHOCTH quddepennuaria. [IpuBenen ancieHHbIH 9KCIIEpUMEHT
OTeHKM CrieKTpa Mopca u mpoBepKu IruiepOoJIMIHOCTH HETPUBUAIHLHOTO HHBAPUAHTHOI'O MHOYKECTBA.

KitioueBble cjioBa: 1CEBIOTPACKTOPHS, IIEITHO-PEKYPPEHTHOE MHO2KECTBO, TPOEKTUBHOE PACCJIOCHUE,
[TOKA3aTeJb IICEBI0TPAEKTOPUN, CUMBOJINIECKIIT 00pa3, OCHAIIEHHBI! rpad, SKBUBAJIEHTHBIE BO3BPAT-
Hbl€ BEPIIUHBI, THIEPOOIMIHOCTD.

Wan. 1. Bubnmorp. 17 Hass.

YIK 517.938

E.B. 2KV2KOMA, B. C. ME/IBE/IEB. Poxk/ieHue cenapaTopoB B MAHUTHBIX IOJIAX (pycckuit) //
Hunamuaeckue cucremsr, 2016. — Tom 6(34), Nel. — C. 37-49.

Mpl paccMaTpuBaeM MOJEIb MATHUTHOTO IIOJI ¢ TOYEUHBIME 3apsaMHi, KOTOPBIE MOAEIUPYIOT
00JIaCTU ¢ MHTEHCUBHBIM MATHUTHBIM [TOTOKOM. VICIIO/IB3ys METO/bI TEOPUU JIMHAMUYECKUX CUCTEM, B
CTaThe MOJIYYeHbl YCJIOBHUS OTCYTCTBUS U HAJIMIUSI CEIAPATOPOB MATHUTHOTO TOJISI B XOPOIIO ITPOBOJIsI-
nieit cpege (twasme). Ipusogures Tunuanas 6udypkamus pOXKISHUS CEIAPATOPOB, KOIJa BCE 3apsijibl
JIEXKAT B IUIOCKOCTH. [103TOMYy 3Ta 6rdypKammsi MOKET CJIy?KUTh MOJEIBIO POXKJIEHUS CEIIapaTOPOB B
dorochepe Cossra.

KoroueBsbie cioBa: qunamundeckas cucrema Mopca-Cwmeiisia, cemapaTop, MAarHUTHOE ITOJIE.

WNa. 3. Bubmwmorp. 15 Hass.
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VIK 517.94521.14531.3

B.H. TXAIl. 3aMKHyTbIe JUHAMIYECKHE MOIEJIN (pyccknit) // Junamuaeckue cucremsl, 2016. —
Tom 6(34), Nel. — C. 51-60.

BBomuTcst omsiTre 3aMKHYTON JIUHAMIYECKON Mojenn. [loka3biBaeTcst, 9T0 3aMKHYTasd TAHAMU-
qecKasl MOJIeJIb CTaJla Pa3BUTHEM MOJIeIN TeOPUU BO3MYIIEHUt, MOJEJI TEOPUU BBIHYKJ/IEHHBIX KOJIe-
GaHuilt 1 MoJiesin Teopun yipajenus. DOpMyJIUPYIOTCs JB€ OCHOBHBIE 33J[a9U B TMHAMUKE 3aMKHYTOM
Mozienn. Pe3ysibTaThl Mo HUM HW31aratoTces Jjis [N-TLUIaHEeTHON 331841 U 33JI1a9d TPEX TeJl.

KuroueBble ciioBa: 3aMKHyTas MOJE/b, CBA3b, MaJbIil TapaMeTp, MePUOINTIECKOe PEIeHne, yCTOoH-
4MBOCTb, pe30HaHC, [N-TJIaHeTHas 3a/7a9a, 3a7a49a TPeX TeJl.

Bubamorp. 18 nass.

YIK 517.9+519.6

A.B.OCHIIOB, I CEJEPBAKKA. BeiMmupanue u cocyinecTBOBaHHUE XUIIHUKOB (aHIIHICKHIT) //
Hunamuraeckne cucremst, 2016. — Tom 6(34), Nel. — C. 61-70.

WNsyuarorcst ycioBusi BEIMAPaHUST M COCYIIECTBOBAHMS XUITHUKOB B OOIEM CEMEHCTBE CHCTEM C
HECKOJIbKUMU XUITHIKAMH, MUTAIONINXCS OJHUM THIIOM 2KepTB. PaccmarpuBaemas cucTeMa Ha3bIBa-
€TCsl BBIPOXKJIEHHOMN, €CJIM YaCTh XUIMHAKOB BEIMUPAET U OCHOBHAs JUHAMHUKA CHCTEMBI IPOUCXOIUT B
IIPOCTPAHCTBE MEHBIIEH PA3MEPHOCTH.

KurouyeBbie ciioBa: XUIHUK, XKEPTBA, BHIMAPAHIE, JIUCCHIATHBHOCTD, IIEPUOIMIECKOE PEIeHNE.

Wn. 3. Bubmmorp. 12 Hazs.

VIIK 517.9

C. 1. TJIBIBNH, B. E. ®PPOJIOB. IIporecc pa3jeiieHnnss BUAOB B cJ1abo HEOAHOPOJIHON cpeae
(pycckuit) // Tuuamuaeckue cucrembr, 2016. — Tom 6(34), Nel. — C. 71-79.

B pabore paccmorpena mareMaTmdecKasi MOJEb IMPOIECCa Pa3iesieHusl BUIA Ha JIBa HOBBIX B
c1abo HEOTHOPOJIHOM cpejie. B Mosesmpyoreit Takyio 9KocucTeMy KpaeBoil 3a/1ade P KPUTHIECKUX
3HAYCHUSIX IapaMeTpoB peasusyercs pesoHaHc 1:1. ITocrpoena HopMmasibHast (hopMa U3ydaeMoil Kpae-
BOI 33J1a9M U TOJIyI€HbI YCJIOBUSI, TPU KOTOPBIX YCTONIMBO COCTOSIHAE PABHOBECHS, COOTBETCTBYIOIIEE
cuHMA3HBIM KOJEOAHUSIM MCXOTHON CUCTEMBI. AHAJIN3 MOy IYEHHBIX ACUMIITOTHIECKUX (HPOPMYJ TOKa-
3aJ1, 9TO TPOIECC BUI000PA30BaHNsI, 10 BCEl BEPOSITHOCTH, HAnbOJIee MHTEHCUBEH Y MACCOBBIX BUJIOB
JKUBOTHBIX, KOTOPBIE JJOCTATOYHO IIJIOJAOBUATHI B Y KOTOPBIX KOI(DMUIIUEHT MOIBUKHOCTA OTHOCUTEIBHO
MaJjI. DTO JIaeT OCHOBAHUE TOBOPUTD, UTO IIOJIYIEHO EIlle OJIHO OO'bsICHEHNE MHOTOYNCIEHHOCTU OJIM3KUX
BUJIOB y IIJIOJOBUTHIX 2KMBOTHBIX. B 3TOM 00bsICHEHNT BaXKHYO POJIb UT'PAET BEJIMUMHA, HEOTHOPOIHOTO
CONIPOTUBJICHUST BHEITHEH Cpeibl. DTOT PE3yJIbTaT B OIPEIE/ICHHON CTelmeHn COIMKAET CAMIIATpUYIe-
CKUif 1 reorpadUIeCKuil TPUHITUIH BUI000pa30BaHMS.

KuroueBbie ciioBa: 3amasnpiBaHne; KpaeBas 3a/ada; HOpMaJbHas GopMma; OudypKamnum; aBTOKOJIe-
OaHms; 3a/a9a 0 KOHKYPEHITUN BUJI0B; BHI000PA30BaHue.

Wn. 1. Bubmwmorp. 16 Hazs.

YIK 519.713.5+519.713.6

A.A. KOPOTKIH. Moaeab moBeJeHNsI CTOXaCTUYECKNX £-aBTOMAaTOB B 3ajJade aBTOHOM-
HOro BbIOOpa pabouux 4dacror (pycckuii) // dunamuueckue cucremst, 2016. — Tom 6(34), Nel. —
C. 81-89.

ABTOHOMHBII BBIOOD pabOYNX YACTOT B 3aJIAHHON CETKE PAJIMOKAHAJIOB JJIsI TPYIIIIBI PAJINOIJICK-
TpoHHBIX cpecTB (POC) paccMaTpuBaeTcst Kak MOBeJIeHIe HEKOTOPOH JIOKAJIbHO OPraHU30BAHHON HH-
TeJUIEKTYaJIbHON (MHOrOAreHTHOM) cucTeMbl. Ar€HTaAMU CUCTEMBI SABJIAIOTCS CTOXACTUIECKUE aBTOMA-
TBI C MIPOCTENIIEH TAKTUKON MOBEIEHUST — T.H. €-ABTOMATHI. ATE€HTBI, BBIOUDAs IaCTOTHI, ONPEIEIAIOT
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B3aUMHBIE TIOMEXU, BOZHUKAIOIIME Ha BXoJe npueMHukoB PIC, nepesarduku KOTOPhIX paboTalT Ha
COBIIAAIONINX YACTOTaX. ANEHTHI B3AaUMOJEHCTBYIOT Ye€pe3 CPELy, T. €. KayK bl aBTOMAT TOJIydJaeT Ha
BXOJI, JTUTITb HEKOTOPBIN CyMMAapHBI pe3yabTaT CBOUX JIEUCTBUI U AeficTBuit mapTHepoB. lIpuBomgarcs
pe3yJIbTaThbl KOMIIBIOTEPHOI'O MOJICJIMPOBAHNUA JUHAMUKN PACCMaTPUBAEMOil CUCTEeMBbI, IIOKa3bIBAIOIIe
CIIOCOOHOCTBH CHCTEMBI £-aBTOMATOB K JIOCTUKEHUIO CTAIIMOHAPHOI'O COCTOsIHUs, 00JIAIAONIEr0 CBOM-
CTBOM I1€JIECOOOPA3HOCTH.

KiroueBsble ciioBa: Teopus Urp, Ha3HadeHne pabodnx JacTOT, KOJJIEKTUBHOE [TOBEJIEHIE ABTOMATOB,
KOI'HUTHUBHOE Da/Ino

Wan. 5. Bubnworp. 9 Haszs.
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MSC 2010: 37D05

D.MALYSHEV, O. POCHINKA. Description of domain structures in the Solar Corona by
means multi-color graphs (English). Dinamicheskie Sistemy 6(34), no.1, 3-14 (2016).

Magnetic charging topology explains many energy processes (flares, prominences, etc.) in the
solar corona by changing the domain structure associated with the appearance or disappearance of
the separators. It is known that at most of the nulls of the magnetic field are prone. In this paper it
is proved that a topology of the domains of a field with the prone nulls is completely described by a
multi-color graph. In addition, we give an efficient algorithm for distinguishing of these graphs.

Keywords: magnetic fields, model of corona, photosphere magnetic reconnection, dynamics promi-
nences, multi-color graph, polynomial-time algorithm.

Fig. 4. Ref. 16.

MSC 2010: 37C50, 34D08, 37TM25

G.S. OSIPENKO. Evaluation of the Lyapunov exponents through symbolic analysis meth-
ods (Russian). Dinamicheskie Sistemy 6(34), no.1, 15-35 (2016).

The problem of calculating the characteristic exponents of all the trajectories of a compact in-
variant set is considered. Morse spectrum is the set of the exponents of pseudotrajectories. It has
been shown that this spectrum can be localized using the symbolic image of a dynamic system which
is a directed graph constructed for the finite covering of the phase space. Research of the symbolic
image allows estimating the Morse spectrum. The accuracy estimation depends on the diameter of
covering and the continuity module of the differential. The numerical experiment of Morse spectrum
assessment and verification of hyperbolicity of nontrivial invariant set is given.

Keywords: pseudotrajectory, chain-recurrent set, projective bundle, exponent of pseudotrajectory,
symbolic image, equivalent recurrent vertices, hyperbolicity.

Fig. 1. Ref. 17.

MSC 2010: 37D15, 76WO05
E.V.ZHUZHOMA, V.S.MEDVEDEV. Birth of separators in magnetic fields (Russian). Di-
namicheskie Sistemy 6(34), no.1, 37-49 (2016).

We consider the model of magnetic field with point charges that model regions with an intensive
magnetic flux. Using methods of Dynamical Systems Theory, in the paper, one gets the conditions
of the absence and existence of separators in a nice conducting fields (plasma). One gives a typical
bifurcation of birth separators, when all charges belong to a plane. Therefore, this bifurcation can be
the model of birth separators in the photosphere of the Sun.

Keywords: Morse-Smale dynamical system, separator, magnetic field.

Fig. 3. Ref. 15.

MSC 2010: 34A34, 37C27, 37C80, 70F10

V.N.TKHAI Closed dynamical models (Russian). Dinamicheskie Sistemy 6(34), no.1, 51-60
(2016).

The concept of closed dynamical model is introduced. It is shown that the concept of closed
dynamical model is the development of the concept of perturbation theory model, theory of forced
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oscillations model and control theory model. Two main problems of the closed model dynamics are
stated. For the N-planet problem and the three-body problem new results are obtained.

Keywords: closed model, coupling, small parameter, periodic solution, stability, resonance, N-planet
problem, three-body problem.

Ref. 18.

MSC 2010: 34C05, 92D25

A.V.0OSIPOV, G.S.SODERBACKA. Extinction and coexistence of predators (English). Di-
namicheskie Sistemy 6(34), no.1, 61-70 (2016).

We study conditions for extinction and coexistence of predators in a general family of systems
with many predators feeding on the same prey. We call the system degenerated in the case some
predators go extinct and the essential dynamics occurs in a lower dimensional subspace.

Keywords: predator, prey, extinction, dissipativity, periodic solution.

Fig. 3. Ref. 12.

MSC 2010: 34K10, 34K13, 34K25, 92D25, 92D40

S.D.GLYZIN, V. E. FROLOV. The Process of Speciation in a Weakly Inhomogeneous Medium
(Russian). Dinamicheskie Sistemy 6(34), no.1, 71-79 (2016).

We consider a mathematical model of a species separation into two new species in a weakly inho-
mogeneous environment. The boundary value problem modeling such an ecosystem exhibits for the
critical parameter values resonanse of 1:1. The normal form of the considered boundary value problem
was constructed and the conditions were obtained under which the stationary state corresponding to
in-phase oscillations of the original system is stable one. Analysis of obtained asymptotic formulaes
shows that the speciation process is the most intensive for species with high population density which
are fertile enough and whose mobility coefficient is sufficiently small. This gives another explanation
of diversity of close species of the fertile animals. In this explanation the value of nonuniform external
environment resistance plays an important role. This result brings together sympatric and geographic
speciation principles.

Keywords: delay, boundary value problem, normal form, bifurcations, auto-oscillations, interspecific
competition, speciation.

Fig. 1. Ref. 16.

MSC 2010: 91A80

A.A.KOROTKIN. A stochastic behavior model of c-automata in the problem of autonomous
frequency assignment (Russian). Dinamicheskie Sistemy 6(34), no.1, 81-89 (2016).

The autonomous frequency assignment problem for a group of transmitters is considered as the
behavior of some multiagent system. The agents of this system are stochastic automata with simple
tactics of behavior — so-called e-automata. Agents determine mutual interference at the input of the
receivers, which transmitters operate on matching or close frequencies. Agents interact only through
an environment, i.est each automaton receives only some net result of their actions and those of
partners. The computer simulation show the ability of the e-automata system to achieve as € — 0 the
stationary state that has the property of feasibility.

Keywords: game theory, frequency assignment, collective behavior of automata, cognitive radio.

Fig. 5. Ref. 9.
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