Junavmdaeckne cucremsr, 2015, Tom 5(33), Ne3-4, 177-191

MSC 2010: 34K20, 34K40

Sufficient conditions for the asymptotic stability of
solutions to one class of linear systems of neutral type
with periodic coefficients

T. K. Yskak

Novosibirsk State University, Novosibirsk 630090, Russia.
E-mail: istima92@mail.ru

Abstracts. In the paper we consider one class of systems of linear delay differential equations with a
parameter and periodic coefficients. They belong to systems of neutral type. We prove an analogue of
M. G. Krein’s theorem for this class. Using a Lyapunov—Krasovskii functional, we obtain sufficient conditions
for the asymptotic stability of the zero solution and establish estimates characterizing the exponential decay
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1. Introduction

In the present paper we consider a system of linear delay differential equations of neutral
type

S (u(t) + Dyt 7)) = pAWy(t) + Byt —7), 150, (L1)

where D is an (n xn)-matrix with constant complex entries, A(t) and B(t) are (n xn)-matrices
with continuous T-periodic complex-valued entries, p > 0 is a parameter. We assume that
the spectrum of the matrix A(t) belongs to the left half-plane C_ = {\ € C : Re A < 0} for
all t € [0,T7.

Our aim is the study of the asymptotic stability of the zero solution to this system for
uw> 1

Note that in the literature there exists a number of results for systems of the form (1.1)
in the cases D = 0, B(t) = 0 (ordinary differential equations [2, p. 209]) and D = 0, B(t) # 0
(delay differential equations [6]). We formulate some of them.

At first consider the following system of ordinary differential equations with a parameter

pw>0

d
Y= Ay, >0, (1.2)

where A(t) is a matrix with continuous T-periodic entries. A very important theorem of
M. G. Krein holds |2, p. 209].

Theorem 1. If the spectrum of the matriz A(t) belongs to the left-half plane C_ for all
t € [0,T], then the zero solution to (1.2) is asymptotically stable for all sufficiently large
positive L.
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Emphasize that in this theorem the asymptotic stability of the solution to (1.2) is
guaranteed only for sufficiently large 1 > 0. This fact is essential, because there exist examples
of systems of the form (1.2), the zero solution of which is unstable for arbitrary px > 0. Indeed,
consider the following system of ordinary differential equations proposed by R.E. Vinograd
(see, for example, 1, p. 124])

@y = A(t)yv t>0,
where
~U 4 Beos12t —64 Lsin12t
A(t) =
6+ 42 sin12¢ —L— Dcos12t

It is easy to see that A(t) = A (¢t + ). Eigenvalues of the matrix A(t) are constant and equal
to —1 and —10, solutions of the system are given by the formula

y(t) = e ( cos 6t ) 4 e 13t ( sin 6¢ ) .

sin 6t — cos 6t

From the formula it is easy to see that the zero solution to this system is unstable.

Note that a “threshold” value pp was obtained in [6], beginning from which the asymptotic
stability of the zero solution to (1.2) is guaranteed. To formulate the corresponding statement
we need to give some notations. According to Lyapunov’s criterion, the Lyapunov matrix
equation

VA+ AV = -1

has a unique solution V' = V* > 0 if and only if the spectrum of A belongs to the left half-
plane C_. Here A* is the conjugate transpose of A. Since the spectrum of the matrix A(t)
belongs to the left half-plane C_ for all ¢ € [0, T], then by the Lyapunov criterion there exists
a unique solution H(t) = H*(t) > 0 to the matrix equation

HA(t)+ A*(t)H = —1I
for every fixed ¢ € [0, T]. Introduce the following notations

Hpax = tre%%,};“} ||f](t)||, Vmax = tre%i,)%] V(ﬁ(t))’

where v(H (t)) is the condition number of the matrix H (), |[H(t)]| is its spectral norm.
The following theorem holds [6].

Theorem 2. Let the spectrum of the matriz A(t) belong to the left half-plane C_ for all
t €[0,T], let N be a number such that the following inequality holds

1
max |[A(t) — AGB)|| < ————, 1.3
[t—s|<L H ( ) ( )H - 4Hmax\/ Vmax ( )
and ONFI
1o = 7Tmax In vmax- (1.4)

Then the zero solution to (1.2) is asymptotically stable for all p > pg.
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ASYMPTOTIC STABILITY OF SOLUTIONS 179

Note that the existence of N, for which (1.3) holds, is assured by the continuity of the
entries of the matrices A(t), H(t) and the function v(H (t)). In the proof of this theorem it
was essentially used the following criterion of the asymptotic stability [4] for the system

Ly = Ay, (15)

where A(t) is a continuous T-periodic (n x n)-matrix.

Theorem 3. I. If the zero solution to (1.5) is asymptotically stable then, for every continuous
matriz C(t) on [0,T], there exists a unique solution L(t) to the boundary value problem

diL +LA() + A ()L = —C(t), 0<t<T,
t (1.6)

moreover, if

Ct)=C*(t)>0, tel0,T], (1.7)
then

L(t) = L*(t) > 0, te[0,T].
II. Let the right-hand side C(t) be continuous on [0,T] and satisfy the conditions (1.7). If the

boundary value problem (1.6) has a Hermitian solution L(t) such that L(0) > 0 then the zero
solution to (1.5) is asymptotically stable.

For pu > pg, due to the criterion of the asymptotic stability, the boundary value problem
for the Lyapunov differential equation

d
—L + pLA(t) + pA* ()L =-M, 0<t<T,
T L+ pLA() + pA” (1) (1.8)

L(0) = L(T) > 0,

with M = M* > 0 has a unique solution L(¢) = L*(¢) > 0. Moreover, as was shown in [6],
the estimate holds

Lo < zllMlleZX (Vmax) (1 ()Y exp (_ﬂi))l (1.9)

Hereafter, we will use the same notation for T-periodic extension of the matrix L(t) for ¢ > 0.

In the case of D = 0, B(t) # 0 the zero solution to (1.1) is also asymptotically stable
for all sufficiently large v > 0. The authors of [6] found a “threshold” value p; such that the
asymptotic stability of the zero solution to (1.1) is guaranteed for p > p1 We now formulate
this result.

Theorem 4. Let D =0, let N be a number such that (1.3) holds, and let puy > po satisfy the
equation

T
o <1 — (VmaX)N 6(_ 2£max)) = 4€T/2Hmax (VmaX)N max HB(é)H
£€[0,T7

Then the zero solution to (1.1) is asymptotically stable for all p > ;.
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In the proof of this statement the authors used a modified Lyapunov—Krasovskii functional

of the form .

V(t.s) = (L@wO.9(0) + 5 [ )P s
t—T
where L(t) = L*(t) > 0 is T-periodic extension of the solution to the boundary value
problem (1.8) with M = I. Here the condition on p is also essential, because, based on
an example constructed by R. E. Vinograd, we can construct an example of a system of the
form (1.1) with D = 0, B(t) # 0, for which the zero solution is unstable for ;4 = 1. Namely,
consider the following system

d s
Su(t) = Ayt + By (t-2), t>0,
dt 3
where
— Ly B eos12t —3+ Lsin12t
A(t) = :
3+ 2 sin12t — 1 cog12t
o2 /3 —% + %cos 12t —6 + 175811(1 12t
B(t) = —,
6 + 12 sin 12t —L_ Leos12t

Using the example described above, we obtain that the vector-function

9y cosbt
)= (506 )

is a solution to this system. Therefore, its zero solution is unstable, though the eigenvalues of
the matrix A(t) are constant and equal to —% and —5.

It should be noted that Theorem 4 is an analogue of M. G. Krein’s result formulated in
Theorem 1 for systems of linear delay differential equations of the form (1.1) with D = 0. Our
aim is to establish such analogue in the case of D # 0. In Section 2 we formulate sufficient
conditions for the asymptotic stability of the zero solution to (1.1) and obtain estimates of
solutions to (1.1) with 4 = 1. In Section 3 we give conditions on the matrix D and a “threshold”
value on the parameter p, beginning from which the zero solution to (1.1) is asymptotically
stable.

The author expresses his deep gratitude to Prof. G.V. Demidenko for statement of the
problem and valuable advices.

The author is grateful to the anonymous referee for the helpful comments and suggestions.

2. Asymptotic stability of the zero solution to the system of neutral type

Consider the initial value problem for (1.1) with g =1

(o) + Dy(t =) = AW(o) + By(t —7), ¢ 0,
y(t) = (P(t)a te [_T7 0]7 (2'1)
y(+0) = (0),
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ASYMPTOTIC STABILITY OF SOLUTIONS 181

where D is an (n X n)-matrix with constant entries, A(t) and B(t) are (n X n)-matrices with
continuous T-periodic entries. We assume that the spectrum of A(¢) belongs to the left-half
plane C_ for all ¢t € [0,T]. When studying the asymptotic stability of the zero solution, we
use the following modified Lyapunov—Krasovskii functional introduced in [3, 5]

t
Vt,y) = (H(t)(y(t) + Dy(t — 7)), (y(t) + Dy(t —7))) + / (K(t—s)y(s),y(s))ds. (2.2)

We now formulate a theorem which is an analogue of statements from |3, 5|.

Theorem 5. Let there exist a smooth T-periodic matriz H(t) = H*(t) such that H(t) > 0
and a matriz K(s) = K*(s) € C[0, 7] such that

d
K(s) >0, ﬁK(s) <0, sel0,7].

Denote by q(t) the minimal eigenvalue of the matrix

Qt) = H 4 (1) <Q11(t) _ @12<t>Q;21Qf2<t>)H—%<t>,

where
Quilt) = ~ S H() ~ HOA() ~ A*())H (1) - K(0),
Q12(t) = H(t)A(t)D + K(0)D — H(t)B(t),
Q22 = K(1) — D*K(0)D > 0.

Choose a number k > 0 such that

C%K(s) +EE(s) <0, se0,7].

Then for the solution to the problem (2.1) the following estimate holds

(H(t)(y(t) + Dy(t — 7)), (y(t) + Dy(t = 7))) + /<K(t—5)y(8)7y(5)>d5 < exp (—/0 ’Y(S)d8>

t

0
< | HO)0(0) + Do=7)), (010) + Do=r) + [(K(=s)p(o) (s ds |, (23)
where
7(t) = min{q(t), k} .
Proof. Let y(t) be a solution to the initial value problem (2.1). Consider the modified

Lyapunov—Krasovskii functional (2.2) on the solution y(t). Its derivative has the form

GV = ((GHO+ HOAQ + 2 OHO + KO ) o0.000))
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+ < (iH(t)D AT WHBD + H(t)B(t)) ot — 1), y(t)>
T <y(t), (th(t)D + AT H @D + H(t)B(t)) ot — T)>
+ <<D*dH(t)D v DH)B() + B* () H(#)D — K(T)> y(t— 1), y(t — T)>

dt

Denote

_ [ Cu() Cu(?)
co=-( ciy cmn )
where
Ou(t) = TH() + HOA() + A (H(D) + K (0),
Calt) = %H(t)D L A(O)H(E)D + H(®)B(L),

Con(t) = D*%H(t)D + D*H()B(t) + B*()H(t)D — K (7).

SVt + <c<t> ( y(;ﬁ’(_t)ﬂ ) : ( y(i’@T) >>

_ /t <§tK(t - s)y(s),y(s)> ds = 0.

It is easy to verify the validity of the following identity

(cor(2)(2))=((gu) WOy (el=)(2nP=)).

Indeed,

Then we have
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ASYMPTOTIC STABILITY OF SOLUTIONS 183

Multiplying the matrices, we obtain the required identity. By the conditions of the theorem,
Q22 > 0. Hence, the following representation holds

(G Y (2).(2)) = (@u) - Qus @iy, 1)

+(Q (Qa222 + Qia(t)21), (Qa222 + Q1a(t)21)).

Consequently, from (2.4) we obtain

%V(t y) < —([Qut) = Qua() Q3 Q12 ()] (y(t) + Dy(t — 7)), (y(t) + Dy(t —7)))

or

SV (t,y) < —(QU)H? ()(y(t) + Dy(t — 7), H2 (t)(y(t) + Dy(t — 7))

" / <§tK(t - S)y(S),y(8)> ds.

t—1
Then, by the definitions of ¢(t), k, and ~y(¢), we have

SV + OV (1) <0

The estimate (2.3) immediately follows from here.
Theorem is proved. O

Remark 1. It is easy to see that 7(t) is a T-periodic function.

Remark 2. Generally speaking, the asymptotic stability does not follow from Theorem 5
because the conditions of the theorem do not guarantee that exp (— ft ~(s) ds) — 0 as
t — oo. ’

Hereafter, we assume that the conditions of Theorem 5 hold. Note that from the conditions
on the matrix K(s) and Lyapunov’s criterion it follows that the spectrum of the matrix D
belongs to the unit disk {\ € C: |A| < 1}. Indeed, since Q22 > 0 then

K(0)— D*K(0)D =P > 0;
i.e., the Hermitian positive definite matrix K (0) satisfies the Lyapunov discrete equation with
a Hermitian positive definite right-hand side. According to Lyapunov’s criterion, this equation

has a unique Hermitian positive definite solution if and only if the spectrum of D belongs to
the unit disk.
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Lemma 1. Let x(t) be a T-periodic function. Then

t
t
>
/x(s)ds > TS+ q
0

where

’ﬂ\m
O\H
E%

T
S = /m(s)ds, = min /m
£€[0,17]
0

Proof. Let t € [nT, (n+ 1)T]. Then,

/t 2(s)ds = 7T1:(5)d8 + /1t x(s)ds.
0 0 nT

Because of T-periodicity of the function z(¢) we have

t t—nT

/a: )ds =nS + / x(s)ds.

0 0

This is equivalent to the equality

t t—nT
t t—nT
/x(s)ds:TS—f- / x(s)ds — Tn S.
0 0
From here the statement of Lemma 1 follows.
Lemma is proved. O
Denote
® = max |j¢
m (0]
1
T 2
k= Jmax, = ()M 2HH(0)H(1+HDH2)+/HK(S)IIdS : (2.5)
£ s )
(s (s
O= > RANTS _ EASS
I e T/ g 0 / g 7
0 0

In the next theorem we establish estimates of solutions to the initial value problem (2.1),
which are similar to estimates from [3, 5].

Theorem 6. Suppose that the conditions of Theorem 5 hold. Let | be the minimal positive
integer such that | DY|| <1 and let A = OT 7(25) ds > 0.
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ASYMPTOTIC STABILITY OF SOLUTIONS 185

1. If | D'| exp(AlT) < 1, then for the solution to the problem (2.1) the estimate holds
l_l . .
ly@®)ll < @ | RO(L — [ D|e7) = Y 1D e + max{|[D]|e, ..., [ D|e2T} | =2,

j=0

2. If || DY|| exp(AlT) = 1, then for the solution to the problem (2.1) the estimate holds

-1
t .
o0l < ® (40 (1+ ) 51D max{ DI D el D87, 1) | 2
Jj=0

3. If | D!|| exp(AlT) > 1, then for the solution to the problem (2.1) the estimate holds
-1 ‘ A
(o)l < @ (01D 1 = [y Y e
=0

In(|| DY

)
+uDlu1max{1,||Du,...,uDl1||})e 2

Proof. Since
(H(0)(¢(0) + Dyp(—T)), (£(0) + Dip(—7))) < 2| H(0)[|(1 + || D|?)
and

0 0
/ (K(—s)p(s), o(s)) ds < @ / 1K (—s)]|ds,

then we have

V(0,¢) < @2 [ 21 H ()1 +|DJ?) + / 1 (5)]] ds
0

From (2.3) and (2.5) for the solution to the problem (2.1) the following estimate holds

! 2
K

—r -7 exp | — s)ds | @2 :
(H()(y() + Dy(t — 7)), (y(t) + Dy(t — 7)) < exp / T I e TN

Since H(t) is a Hermitian positive definite matrix, then

t
lly(t) + Dy(t — 7)|| < Phexp —/’Y(;)ds
0

Taking into account the inequality
ly@I < [ly(t) + Dy(t — )|l + | Dy(t — 7)|,
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we obtain
t

loto)) < @resp | - [ 2as | + Dyt — 7).
0

Let t € (k7, (k+ 1)7], kK € N. Then, as above, we have
1Dy(t = )|l < | Dy(t — ) + D?y(t = 27)|| + | D?y(t — 27)]|.

Hence,
t—1 ( )
N Y8
1Dyt =)l < 1D @exp | = [ Tds |+ |D2y(e - 20,
0
and therefore,
t t—1
ool < @rep | - [ 2as ) +pleres | - [ 1as ) + D2y - 20
0 0
Repeating similar reasonings, we obtain
k ' - ’Y
Iyl < @4 > D7 exp | - / Thds | + 1D (e — Gk + 1))
§=0 0

Using the definition of matrix norm, it is easy to show the validity of the following inequality

k
LI OWLEE [ Zas| +gpr

0

In virtue of Lemma 1, the definition of A, and (2.5), we obtain

k
ly@®)l < @ | RO 1D || exp (~A(t = j7)) + [ DF] |
§=0
which is equivalent to
k . .
ly)l < @ | RO 1D (|7 4 [ DM leAt | e, (2.6)
j=0

Case 1: | D![|e!A™ < 1. Taking into account that ¢ € (k7, (k + 1)7], from (2.6) we have

o0
ly(@)]| < @ /%DZ || D7|[eA97 4 || DR+ || AT | oAt
5=0

Then,

o)
ly@)] < @ | RO (17 [T + max{||D]|e?7, ..., | D27} | e 5.
j=0
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Rewrite the series

o 20—1 31—1

> 1D = Z | D7 || + Z ID7[|e®T + > " | D7l +

§=0 j=21
and estimate it
oo -1 -1 -1

A A A A A A

D ID[eXT <> T ID|eT + [IDY[ e Y | DT + (| DYl )Y T ||1DT )T +
=0 =0 j=0 =0

Hence, we obtain the required estimate.
Case 2: ||D!||e!A™ = 1. Taking into account that ¢ € (k7, (k + 1)7], from (2.6) we have

k
ly@)) < @ [ 0 D7 )|e™7 + max{||D]|e?7, ..., D eDAT 1} | e 4
§=0

It is easy to see that
k -1
. , t . ,
J || eDIT - J || DT
E |D?]e < <1+ h_) E |D7||e=7.
J=0 =0

From here we immediately obtain the required estimate.
Case 3: | D![|e/A™ > 1. Let k € (ml, (m + 1)]. Then

k -1 -1
DD <Y DT + | DI[eAT Y | D|eT +

3=0 7=0 7=0

|DlH€AlT m Z HD] HeA]T

or
k -1
AIPVAY)] Ly Al AIPVAY] Ly AlT\— Ly Alr\—
DDA < (D)™ DT (14 (| DY) 4 -+ (|DY[eT) ).
, =
Hence,
-1
Aj A —1_—Alr\— i, AJ
Z\ID]\Ie < (ID[eAT)™ (1 = ||DY|Ttem M) T || DI |
J=0

Since t € (mlT, (m 4+ 1)i7] and || DY|| > ¢7*A7, from (2.6) we have

-1

P AlT\m —AT AjT A —-A

ly@)]| < @ | &O(|D"[[e*T)™ (1 = ID'| "t 2) 71> " | D77 + [ DFFHeB | e B
7=0

Taking into account that k € (ml, (m + 1)I], we obtain

IDEFH < 1D D] < (1D ™ maxdL, (1D, | D'}
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Therefore,
-1

Iy < ‘I><RDHDle€Am”(1 — [ DY~ tem AT Y || D|[eT
j=0

D™ max{L, | D). ||Dl—1||}e”)e—“.

Since t € (mlr, (m + 1)I7], we have

Iy < <I><HD(1 — D'~ te= ) IZ 1D e

T max{l, rDu,...,uDl-lu}) |DYE,

From here the required inequality follows.
Theorem is proved. O

Remark 3. From Theorem 6 the asymptotic stability of the zero solution to (1.1) follows for
w=1.

3. An analogue of M. G. Krein’s theorem for the system of neutral type

Consider (1.1). We assume that the spectrum of the matrix A(¢) belongs to the left-half
plane C_ for all ¢ € [0, T}, the spectrum of the matrix D lies in the unit disk {\ € C: [A| < 1}.
Take K (s) = Me™"* and H(t) as a solution to the Lyapunov differential equation

th + WHA() + pA* () H = —2M,

H(0) = H(T) >0,

(3.1)

where M is a solution to the Lyapunov discrete equation

M —D*MD =1,

1 1
— - —In(1— |1~ ||D|?(64]| A€)|>| M~ ||| M Vinax) " + || M
5= g o1 g [L IDIP AP M e ()™ + ]

+H16[ A M || Hunax (”maX)N)] )

From Theorems 2 and 3 it follows that the boundary value problem (3.1) has a Hermitian
positive definite solution for p > g, where pg is defined by (1.4). Extend it T-periodically
keeping the same notation.

Thereafter, we will use a well-known lemma (see, for example, [7, p. 495]).

Lemma 2. Let P11, P12, and Py be (n X n)-matrices, then the following statements are
equivalent:

Np— Py Pro 9 Fu >0, =0,
) - P P > 0’ ) 1 3) 1
o Pao Pyy — P}y P Py > 0, Py — PiaPyy Pfy > 0.
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ASYMPTOTIC STABILITY OF SOLUTIONS 189

Theorem 7. Let N be a number such that (1.3) holds and

D] < min <(64||A(€)II2!MlHIIMlleiax (Vmax) ™™ + | M|
£€(0,7]

)

D=

LA o () )
Denote by o the mazximal root of the following equation

v Ny2
]_28”3(””HMleHA(t)”HDH (HMHHmaX ( max) )

)N

M || Hpax x
+16] (1) [ Fo e

2
HMHHmaX (Vmax)N
U

+ 64 B() P17 (

_E_H‘D”2 A 2M71 SIIMIH. N2 M
= 5 (TA@GIPIM IS M| Himax (Mnax)™ ) + | M

[\

+16HA(t)H ”MHHmaX (VmaX)N)a

and
2H ax (N In(vmax) + In(2))
p3 = T :

Then the zero solution to (1.1) is asymptotically stable for all pu > max{usa, ps}.

Proof. In virtue of Theorems 5 and 6, it is sufficient to show that Q(¢) > 0 for ¢ € [0,T]. By
Lemma 2, this is equivalent to the inequality

Q22 — Qi(1)QiT (H)Q12(t) > 0, t€[0,T).

Taking into account the definitions of the matrices Q11(t), Q12(t), Q22 and the positive
definiteness of the matrix H(t), it is sufficient to establish that

K(r) — D*K(0)D — (D*MA*(t)H(t) + D*K(0)

—B*(t)H(t))M_l (H(t)uA(t)D + K(0)D — H(t)B(t)> > 0.

According to the choice of the matrices H(t) and K(s), we can present the expression in the
left-hand side as a sum

Me™P™ — D*MD — (D*MA* ()H(t) + D*M

fB*(t)H(t))M_l (H(t)pA(t)D v MD— H(t)B(t)) = S1+ S5 + S5,
where

Sy =M — D*MD — (D*MA*(t)H(t) + D*M) M1 (H(t)uA(t)D + MD),
Sy =—(1—eP)M,

ISSN 0203-3755 Imnamuaeckme cucremspr, 2015, rom 5(33), Ne3-4



190 T.K. YSKAK

Sy = B*()H(t)M ™ (H(t)uA(t)D +MD — H(t)B(t))
+(D*MA*(t)H(t) - D*M)M—IH(t)B(t).
We now show that Sy > 0, [|Sa|| < 151 ||55(] < 1511,
Since p > pg, from (1.9) the estimate follows

8HMHHmax (Vmax)N
I
Show that S7 > 0. Taking into account the definition of M, we have

(S1v,v) = u(t)|lv]]?,

IH ()] < (3.2)

where

u(t) =1- ||DH2(M2\|A(f)||2HH(t)H2||M_1H + M|+ 2M||A(t)||HH(t)H)~
Using the condition on D and (3.2), it is easy to verify that
u(t) >0, te]l0,T].

Therefore S; > 0.
1Sl

Prove that [|Sz|| < 5. It is easy to see that

t
(- < 22,
Indeed, this inequality can be rewritten in the following form

1 1- ||D||2(M2HA(75)||2HH(t)H2||M_1|| + [|M]] + QMHA(??)HHH(UH)
B<——In|1-
T 2|| ]|

Taking into account the choice of 5 and (3.2), we obtain that this inequality is satisfied.
Finally, we prove that ||Ss] < @ This inequality is satisfied if the following inequality
is true
—1 2 271 2 _ u(?)
2BOINM el ABNPIE @I + 2 BONIDIH @O + I BOITNMHE O] < ==
Taking into account (3.2), it is sufficient to prove the estimate

(8|| M || Hinax (VmaX)N)2

2BOIMHIABDI p

8||M || H, N
+2) B ) A e ()

8|| M| H, N\ 2
+ (o (L e ) )

1_|DJ?

2 2

(HA(t)n?\M-1\\<8HM\|HW ()™ )2 4 [ M]

161 ACE) | M| Hrn <umax>N).

But this inequality is satisfied because p > uo.
Theorem is proved. ]
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Remark 4. Note that the lower bound on p is essential. Indeed, consider the following example,
which is an analogue to R. E. Vinograd’s example

d
(v +ay (1= %)) = AWy +aay (-3, t>0,
dt 3 3
where « is a number,
—1—21 + 12—5008 12t —6 + %sin 12t
A(t) =
6+%sin12t —%—%cosl%

Eigenvalues of A(t) are constant and equal to —1 and —10. It is easy to see that the vector-

function
cos 6t
t — 2t X
y(t) = ce ( sin 6¢ >
is a solution to this system. Hence, the zero solution is unstable.
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