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1. Introduction

Problems on stability of solutions to autonomous delay differential equations are studied
well (for instance, see [1, 2, 11, 12, 15, 16, 17, 18, 19, 21| and the bibliography therein).
However, there are much less results on the stability theory for nonautonomous delay
equations. The main investigations for nonautonomous equations focus on linear delay
differential equations with periodic coefficients

%y(t) =A(t)y(t)+ B(t)y(t—7), A{t+T)=At), Bt+T)=DB(t), t>0. (1.1)
The fundamentals of the stability theory of solutions to these equations were laid in the
papers [13, 14, 22, 23| and others. One of the main approaches when studying stability of
solutions to (1.1) is the development of the Floquet theory and the use of the monodromy
operator. This approach is also applied when studying stability of solutions to linear equations
of neutral type with periodic coefficients

& (1) + Dy(t — 7)) = AW (1) + Byt —7), 150 (1.2)

To study asymptotic stability of the zero solution to the time-delay systems (1.1) and
(1.2), the authors in [5, 6, 7, 9] proposed to use Lyapunov—Krasovskii functionals of the form

V(t,y) = (H(#)(y(t) + Dy(t — 7)), (y(t) + Dy(t — 7))) + /<K(t—8)y(8),y(8)>d8- (1.3)

In particular, the following result was established in [9].
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Theorem 1. Suppose that there exist matrices H(t) = H*(t) € C'[0,T], K(s) = K*(s) €
C1[0,7] such that

H(0)=H(T)>0, K(s)>0, —K(s)<0, sel0,7],

and the matriz

() Cn)
C“‘(C&wc§m> (4

with
Cu(t) = — S H(t) — HA() — A()H (D)~ K(0),
Cuolt) = — S HWD — HOB(E) ~ A(DH(D)D,
On(t) = ~D* L H(1)D ~ D*H(1)B(t) ~ B ()H()D + K(7)

is positive definite for t € [0,T]. Then the zero solution to (1.2) is exponentially stable.

Using functionals of the form (1.3), the authors in [5, 6, 9] obtained first analogues of
M. G. Krein’s estimates [3] characterizing exponential decay of solutions to (1.1) and (1.2) as
t — o0. In the case of ordinary differential equations with periodic coefficients (D = B(t) = 0),
first estimates of such kind were obtained in [4].

In the present paper we use the Lyapunov—Krasovskii functional (1.3) in order to study
stability of the zero solution to the system of nonlinear delay differential equations

%(y(tHDy(t*T))=A(t)y(t)+B(t)y(t*7)+F(t,y(t),y(t*7)), t>0, (L5)

where D is a constant (n X m)-matrix, A(t), B(t) are (n X n)-matrices with continuous
T-periodic entries, 7 > 0 is the time delay, and F(t,u,v) is a continuous vector function
satisfying the inequality

|F(t,u,v)|| < qillu]l + g2llvl], g1, g2 > 0 are constant. (1.6)

Our aim is to establish conditions of exponential stability and to obtain estimates characteriz-
ing exponential decay of solutions to (1.5) at infinity. This paper continues our investigations
of nonlinear time-delay systems [8, 10, 20]. Some examples illustrating effectiveness of our
approach are given in [10].

2. Main results

Supposing that the conditions of Theorem 1 are satisfied, we formulate our main results
in this section. Using the matrices H(t) and K (s), introduce the following notation

_( Su(t) Swie()
o) = ( STa(t)  Saa(t) > ’ 21)

Sun(t) = — S H(E) ~ HHA() — A (1) H (1) — K(0),
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Sia(t) = HO)A@)D + K(0)D(t) — H(t)B(t), Sx(t) = K(r) - D*K(0)D,

= (- at + @I+ 02?) 17O 22

Here and thereafter we use the spectral norm of matrices. It is not hard to verify that S(t)
is positive definite if and only if C(¢) in (1.4) is positive definite (see Section 3 for details).
Denote by I the unit matrix.

Theorem 2. Let the conditions of Theorem 1 be satisfied. Suppose that q1, g2 are such that
the matriz (S(t) — q(t)I) is positive definite for t € [0,T]. Then the zero solution to (1.5) is
exponentially stable.

Consider the initial value problem for (1.5)

*( () +Dy(t—7)) = A)y(t) + Byt —7) + F(t,yt),y(t — 7)), t>0,

dt
( ) ( ) te [_Tv 0]7 (23)
( ( )7

where (t) € Cl[—7,0] is a given vector function. Below we establish estimates of solutions
to the initial value problem (2.3) characterizing the rate of exponential decay as t — oc.

To formulate our results, we introduce some notations. If the matrix H(t) satisfies the
conditions of Theorem 1 then

d

SHO +HOAR) + A" (VH() < ~K(0).

It follows from the authors’ results in [4] that H(t) > 0 on [0,7]. We extend T-periodically
the matrix H(t) to the whole half-axis {t > 0}, keeping the same notation. Using this matrix
H(t) and the matrix K(s), satisfying the conditions of Theorem 1, we consider the functional
(1.3) and put

Vo(e) = (H(0)(0(0) + Dp(—=7)), (#(0) + Dp(=7))) + [ (K(=5)¢(s), o(s))ds.  (2.4)

‘l‘\o

We introduce

P(t) = — S H() — H)A() — A"(H (D)~ K(0) — g(1)]
— (H(t)A(t)D + K(0)D — H(t)B(t))[K (1) — D*K(0)D — q()f)[]_1
x (H(t)A()D + K(0)D — H()B(t))*. (2.5)

Note that P(t) is positive definite if the matrix (S(t) —q(t)1) is positive definite (see Section 3
for details). Denote by pmin(t) > 0 the minimal eigenvalue of P(t) and by hmin(t) > 0 the
minimal eigenvalue of H(t). Let k > 0 be the maximal number such that

d

K (s) + kK (s) <0, s€(0.7] (2.6)
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We put
y(t) = min {pmin(t), k| H )|}, (2.7)
_ _ Vo(p)
o = tgr{larxo] H‘P( )” o= trer[l(%% hmin(t), 05
() _ -
8O = gimem F7 = B0, 6= min 6Q).

Analogy as in [9], we distinguish three cases when obtaining estimates. It is not hard to
show that the spectrum of the matrix D belongs to the unit disk {A € C : |A| < 1} if the
conditions of Theorem 1 are fulfilled; i.e., if the matrix C(t) (or S(t)) is positive definite.
Consequently, |D7|| — 0 as j — co. Let I > 0 be the minimal integer such that || D|| < 1.

Theorem 3. Let the conditions of Theorem 2 be satisfied.
L If | DY| < e 8" then a solution to the initial value problem (2.3) satisfies the estimate

+T -1 +,
vl < [a< 1D ZHDW

- jﬁ(é) de

+max{up\|eﬁ+f, . HDlHeWT} e . t>0.

IL If e "7 < ||IDY| < 777 then a solution to the initial value problem (2.3) satisfies
the estimate

-1
t i oigt
< 14+ — Di||edPTT
ly@®1 < [a< + lT) ;:0 1D ]e

B e
0

+max{1, ||D|]eB+T,...,||Dl_1|]e(l_1)5+7}<13 e . t>0.

IIL. If e 7 < ||DY| < 1 then a solution to the initial value problem (2.3) satisfies the
estimate

-1
_ _ -1 L
ly@ < {al D (D7 —1) 7 il

t
+ ID" [ max {1, 1D, .., D"} @] exp (lln ||DlH> . t>0
T

Ir

We prove Theorem 3 in Section 3. Obviously, Theorem 2 immediately follows from this
theorem.

Here o, B(t), BT, B, and ® are defined in (2.8), B(t) = min{ﬁ(t), —1ln||Dl]} >0

3. Proof of the main results

To prove Theorem 3 we need auxiliary results obtained below.
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Lemma 1. Let the conditions of Theorem 2 be salisfied. Then, for a solution to the initial
value problem (2.3), the following inequality holds

T I E I G TG
Iy(e) + Dyt =)l < /70 p( / QH@dg), >0, (3

where Vo(p) and y(t) are defined by (2.4) and (2.7), respectively, hmin(t) > 0 is the minimal
eigenvalue of the matriz H(t).

Proof. We follow the strategy in [5]. Let y(¢) be a solution to the initial value problem (2.3).
Using the above matrices H(t) and K(s), we consider the Lyapunov-Krasovskii functional
(1.3) on this solution. Using the matrix C(t) defined in (1.4), the time derivative of this
functional can be written as follows

o y(t) (1)
g’ (Y) = <C“) <y<t - T>>’ (.y(t - >>>
O F(ty(t)y(t — 7)), (u(0) + Dy(t — 7))

+ (H@)(y(t) + Dy(t — 7)), F(t, y(t), y(t — 7))

' / (Gt = 9m(s)0(s) s, (32

t

Consider the first summand in the right-hand side of (3.2). Since
y) \ _ (1 =D\ (y(®)+Dylt—7)
y(t —71) 0 I y(t =)
then

(co(e) an)) = (s (™ 8 7) (0% 7))

where the matrix S(¢) is defined in (2.1). Obviously, if the matrix C(t) is positive definite
then the matrix S(t) is positive definite as well.

Now we consider the second and the third summands in the right-hand side of (3.2). In
view of (1.6) we have

(H@)F(t,y(t),y(t = 7)), (y(t) + Dy(t = 7)) + (H()(y(t) + Dy(t — 7)), F(t,y(t), y(t — 7))
< 2H®)[ (aully®ll + a2lly(t = 1)) 1y (t) + Dy(t — 7]
< 2qil[H ()| lly(t) + Dy(t — 7)II* + 2(a| DIl + a2) [ H [[[ly(t = 7)lllly(t) + Dy(t — )|

< q(t)(lly(t) + Dy(t = 7)II” + y(t = 7)|?),

where ¢(t) is given in (2.2).
Hence,

- <C“> <y<zt/(t)f>>’ (miwﬂ»
HWF (6 y(t), y(t— 7)), (w(t) + Dylt — 7)) + (HE)w(D) + Dy(t — 7). F(t. (1), y(t — 7))
) _<(5(t> _qw)<y<t>+Dy<t—r>>7 ( (1) + Dy( t—7>)> -

y(t — 1) y(t —7
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By the conditions of Theorem 2, the matrix (S(t) — q(¢)I) is positive definite. Using the
representation

S(t) — q(t)] = ( é SlQ(t)(SQQ(tI) ()1 >

" < S11(t) — q(t)T — S12(t)(S2a(t) — q(t) 1)1 STy (1) 0 )
0 Saa(t) — q(t)I

y ( I 0 )
(Sa2(t) —q()1)71SH(t) I )’

we have

<(S(t) ) (y(t) + Dy(t - T))j <y(f) + Dy(t - T)>>

y(t—1) y(t—)
> ([S11(t) — q(t)T — S1a(t)(Sa2(t) — q(t)1) ' STo(8)] (y(t) + Dy(t — 7)), (y(t) + Dy(t —7))) .

Since the matrix (S(t) — ¢(¢t)I) is positive definite then the matrix
P(t) = S11(t) — a()] = Sia(t)(S22(t) — q(t)1) ™' Sia(t)

is positive definite. Taking into account (2.1), the matrix P(t) has the form (2.5). Consequent-
ly, from (3.3) we derive

~{co(,d”) ()

<H(t) (t,y(1),y(t = 7)), (y(t)+Dy(t—T

< - <P(t)(y( )+ Dy(t — T)) y( ) + Dy(t -
< pmln( )Hy(t) + Dy(t - T>||2> (34)

where pmin(t) > 0 is the minimal eigenvalue of P(t). Using the matrix H(t), we have

huin(t) [ly(t) + Dy(t — )| < (H(t)(y(t) + Dy(t — 7)), (y(t) + Dy(t — 7))
< [H @)l ly(t) + Dy(t — )|,

where hmin(t) > 0 is the minimal eigenvalue of H(t). Using (2.6) and (3.4), from (3.2) we
derive

d pmin(t)
a0 = ]

(H(t)(y(t) + Dy(t — 7)), (y(t) + Dy(t — 7))

Taking into account the definition of the functional (1.3), we obtain

d ()
a0 = ]

V(t,y),
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where 7(t) is defined by (2.7). From this differential inequality we derive the estimate

Vt.y) < Vi) e | - | u}((?)ndg
0

Then, using the definition of the functional (1.3), we have

!Mﬂ+mm—ﬂus¢vww<v““@ew N
0

hmin(t) o hmin(t) H(§)|’
The lemma is proved. O

Lemma 2. Let the conditions of Theorem 2 be satisfied. Then a solution to the initial value
problem (2.3) on every segment t € [k, (k+1)7), k =0,1,..., satisfies the following estimate
4 e de

ly@ <ad |DIfe @ + (| DM@, (3.5)
§=0
where o, B(t), and © are defined in (2.8).

Proof. By Lemma 1, a solution to the initial value problem (2.3) satisfies (3.1). In view of the
notations (2.8), the estimate has the form

— [ B(¢)d¢
ly®)+ Dyt =) <ae o, t>0. (3.6)

Obviously, for ¢ € [0,7) we have the inequality

_fBEd GE

3 - 3
ly@)] < ae + Dyt =7l < ae © + D],

which gives us (3.5) for k = 0.
Let t € [kr, (k+1)7), k = 1,2.... It is not hard to write out the sequence of the inequalities
t
— [ B(&)ds
ly(®)]] < ce + [[Dy(t —7)|

Be) d ) ) ,

<ae 0 + ||Dy(t — 1) + D*y(t — 27)|| + ||D*y(t — 27) + D y(t — 37)|| + ...
+[[DPy(t = k) + DMyt — (k+ D) + [ D y(t = (k+ 1)7)|

t

— [ (&) de )
<ae ° +IDIHly(t = 7) + Dy(t = 27)l| + |1D7[| [ly(t — 27) + Dy(t - 37)l| + ...

+ D" ly(t = k7) + Dy(t — (k + D7) + [ D ly(t — (k + 1)7)]|.
By (3.6) we derive the estimate
t—7 t—21

t
— [ 8(6) de T EGLS - f
ly@)] < ae +allDfe ¢ +alDle 0 e

- B&)dE
+a|DFfe 0 + [ D@,
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which implies (3.5).
The lemma is proved. O

Proof of Theorem 3. For the linear time-delay system (1.2) with periodic coefficients,; the
analogues of Theorem 3 (see Theorems 2—4 in [9]) were proved in detail in [9] by the use of
the auxiliary assertions (see Lemmas 2—4 in [9]). In the present paper, using Lemmas 1, 2 and
repeating the reasoning carried out when proving Theorems 2—4 in [9], we derive the required
estimates for solutions to the initial value problem (2.3). O

Using the proof of Theorem 2, we can reformulate the conditions of exponential stability
of the zero solution to the nonlinear system (1.5) as follows.

Theorem 4. Suppose that there exist matrices
H(t)= H*(t) € C'0,T],  H(0)=H(T) >0,

a
ds
such that the matrices (K (7)—D*K(0)D—q(t)I) and P(t) defined by (2.5) are positive definite
fort € [0, T]. Then the zero solution to (1.5) is exponentially stable.

K(s) = K*(s) € C'[0,7], K(s)>0, K(s) <0, sclo,1],

Remark 1. Taking into account the form of P(t), we see that the conditions of exponential
stability can be formulated in terms of the linear matrix inequality and the differential matrix
inequality of Riccati type.

Remark 2. Theorem 3 makes it possible to estimate the rate of exponential decay of solutions
to (2.3) at infinity; moreover, all the values characterizing the decay rate are obtained in
explicit form.
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