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Àííîòàöèÿ. Èññëåäîâàíà çàäà÷à î íàõîæäåíèè óñëîâèé ñóùåñòâîâàíèÿ è ïîñòðîåíèè ðåøåíèé àâòîíîì-
íîé ïåðèîäè÷åñêîé çàäà÷è äëÿ ñëàáîíåëèíåéíîãî óðàâíåíèÿ òèïà Ëüåíàðà, íå ðàçðåøåííîãî îòíîñèòåëü-
íî ïðîèçâîäíîé. Ðàññìîòðåí ñëó÷àé íàëè÷èÿ êðàòíûõ êîðíåé óðàâíåíèÿ äëÿ ïîðîæäàþùèõ àìïëèòóä.
Äëÿ íàõîæäåíèÿ ðåøåíèé ïîñòàâëåííîé çàäà÷è ïîëó÷åíû êîíñòðóêòèâíûå íåîáõîäèìûå è äîñòàòî÷íûå
óñëîâèÿ ñóùåñòâîâàíèÿ, à òàêæå ïðåäëîæåíà ñõîäÿùàÿñÿ èòåðàöèîííàÿ ñõåìà. Â êà÷åñòâå ïðèìåðà èññëå-
äîâàíà çàäà÷à î íàõîæäåíèè ïåðèîäè÷åñêèõ ðåøåíèé íåëèíåéíîé ñèñòåìû óðàâíåíèé Ëîòêà-Âîëüòåððà,
êîòîðîå â ìàëîé îêðåñòíîñòè ïîëîæåíèÿ ðàâíîâåñèÿ ïðèâåäåíî ê àâòîíîìíîé ïåðèîäè÷åñêîé çàäà÷å äëÿ
ñëàáîíåëèíåéíîãî óðàâíåíèÿ òèïà Ëüåíàðà, íå ðàçðåøåííîãî îòíîñèòåëüíî ïðîèçâîäíîé.
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ïðîèçâîäíîé, óðàâíåíèå òèïà Ëüåíàðà, ìåòîä ïðîñòûõ èòåðàöèé, óðàâíåíèå Ëîòêà-Âîëüòåððà.

1. Ïîñòàíîâêà çàäà÷è

Èññëåäîâàíà çàäà÷à î íàõîæäåíèè óñëîâèé ñóùåñòâîâàíèÿ è ïîñòðîåíèè T1(ε)-
ïåðèîäè÷åñêèõ ðåøåíèé [4, 11, 12]

y(t, ε) : y(·, ε) ∈ C2[0, T1(ε)], T1(0) = 2π, y(t, ·) ∈ C[0, ε0]

óðàâíåíèÿ òèïà Ëüåíàðà, íå ðàçðåøåííîãî îòíîñèòåëüíî ïðîèçâîäíîé [3, c. 174]

d2y(t, ε)

dt2
+ y(t, ε) = ε · Y (y(t, ε), y′(t, ε), y′′(t, ε), ε). (1.1)

Ïåðèîäè÷åñêèå ðåøåíèÿ óðàâíåíèÿ òèïà Ëüåíàðà (1.1) èùåì â ìàëîé îêðåñòíîñòè íåòðè-
âèàëüíîãî ðåøåíèÿ ïîðîæäàþùåãî óðàâíåíèÿ

d2y0(t)

dt2
+ y0(t) = 0.

Çäåñü Y (y, y′, y′′, ε) � íåëèíåéíàÿ ñêàëÿðíàÿ ôóíêöèÿ, íåïðåðûâíî äèôôåðåíöèðóåìàÿ
ïî íåèçâåñòíîé y è åå ïðîèçâîäíûì y′ è y′′ â ìàëîé îêðåñòíîñòè ðåøåíèÿ ïîðîæäàþùåé
çàäà÷è è åãî ïðîèçâîäíûõ y′0 è y′′0 , à òàêæå íåïðåðûâíî äèôôåðåíöèðóåìàÿ ïî ìàëîìó
ïàðàìåòðó ε íà îòðåçêå [0, ε0]. Ïîñòàâëåííàÿ çàäà÷à ÿâëÿåòñÿ ïðîäîëæåíèåì èññëåäî-
âàíèÿ àâòîíîìíûõ êðàåâûõ çàäà÷ [4, 7, 11, 12, 15, 17, 19], à òàêæå êðàåâûõ çàäà÷, íå
ðàçðåøåííûõ îòíîñèòåëüíî ïðîèçâîäíîé [5, 8].

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ãîñóäàðñòâåííîãî Ôîíäà ôóíäàìåíòàëüíûõ èññëåäî-
âàíèé Óêðàèíû (íîìåð ãîñóäàðñòâåííîé ðåãèñòðàöèè 0115U003182)
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Ñóùåñòâåííûì îòëè÷èåì àâòîíîìíîé ïåðèîäè÷åñêîé çàäà÷è äëÿ óðàâíåíèÿ (1.1) îò
àíàëîãè÷íîé íåàâòîíîìíîé ïåðèîäè÷åñêîé çàäà÷è ÿâëÿåòñÿ òîò ôàêò, ÷òî ëþáîå ïåðè-
îäè÷åñêîå ðåøåíèå z(t, ε) óðàâíåíèÿ (1.1) ñóùåñòâóåò íàðÿäó ñ ñåðèåé ïåðèîäè÷åñêèõ
ðåøåíèé z(t + h, ε), îòëè÷àþùèõñÿ îò èñõîäíîãî ñäâèãîì ïî íåçàâèñèìîé ïåðåìåííîé.
Ýòîò ôàêò ïîçâîëÿåò çàôèêñèðîâàòü íà÷àëî îòñ÷åòà íåçàâèñèìîé ïåðåìåííîé òàêèì
îáðàçîì, ÷òîáû ðåøåíèå ïîðîæäàþùåé çàäà÷è ñòàëî îäíîïàðàìåòðè÷åñêèì, íàïðèìåð
y0(t, c0) = c0 · cos t, c0 ∈ R1, ïðè ýòîì ïåðèîäè÷åñêèå ðåøåíèÿ óðàâíåíèÿ (1.1), ñîîòâåò-
ñòâóþùèå ñèíóñàì â ïîðîæäàþùåì ðåøåíèè ìîãóò áûòü ïîëó÷åíû ïðîñòûì ñìåùåíèåì
íà÷àëüíîãî ìîìåíòà âðåìåíè [4, c. 148].

Ñîãëàñíî òðàäèöèîííîé êëàññèôèêàöèè ïåðèîäè÷åñêèõ êðàåâûõ çàäà÷ ïîñòàâëåííàÿ
çàäà÷à ÿâëÿåòñÿ êðèòè÷åñêîé [2, 4, 12]. Äëÿ ïðîèçâîëüíîé ôóíêöèè f(t) çàäà÷à î íàõîæ-
äåíèè 2π-ïåðèîäè÷åñêèõ ðåøåíèé óðàâíåíèÿ

d2y0(t, c)

dt2
+ y0(t, c) = f(t), f(t) ∈ C[0, 2π] (1.2)

ðàçðåøèìà òîãäà è òîëüêî òîãäà, êîãäà∫ 2π

0
H(s)f(s) ds = 0, H(t) :=

[
cos t
sin t

]
;

â ýòîì ñëó÷àå ïðè ñîîòâåòñòâóþùåé ôèêñàöèè íà÷àëà îòñ÷åòà íåçàâèñèìîé ïåðåìåííîé
îáùåå ðåøåíèå 2π-ïåðèîäè÷åñêîé çàäà÷è äëÿ óðàâíåíèÿ (1.2) èìååò âèä

y0(t, c) = c · cos t+ g[f(s)](t), g[f(s)](t) :=

∫ t

0
sin(t− s)f(s) ds, c ∈ R1.

Ñîâåðøàÿ â óðàâíåíèè (1.1) çàìåíó íåçàâèñèìîé ïåðåìåííîé [4]

t = τ(1 + εβ(ε)), T1(ε) = 2π(1 + εβ(ε)), β(ε) ∈ C[0, ε0], β(0) := β0,

ïðèõîäèì ê çàäà÷å îá îòûñêàíèè 2π-ïåðèîäè÷åñêèõ ðåøåíèé

y(τ, ε) : y(·, ε) ∈ C2[0, 2π], y(τ, ·) ∈ C[0, ε0]

óðàâíåíèÿ
d2y(τ, ε)

dτ2
+ y(τ, ε) = εY(y(τ, ε), y′(τ, ε), y′′(τ, ε), β(ε), ε). (1.3)

Ïðè óñëîâèè 1 + εβ(ε) ̸= 0 ôóíêöèÿ

Y(y(τ, ε), y′(τ, ε), y′′(τ, ε), β(ε), ε) := −(2 + εβ(ε))β(ε) y(τ, ε)+

+ (1 + εβ(ε))2 Y

(
y(τ, ε),

y′(τ, ε)

(1 + εβ(ε))
,

y′′(τ, ε)

(1 + εβ(ε))2
, ε

)
íåïðåðûâíî äèôôåðåíöèðóåìà ïî íåèçâåñòíîé y(τ, ε) è åå ïðîèçâîäíûì y′(τ, ε) è y′′(τ, ε) â
ìàëîé îêðåñòíîñòè ðåøåíèÿ ïîðîæäàþùåé çàäà÷è è åãî ïðîèçâîäíûõ y′0(τ, c0) è y′0(τ, c0),
íåïðåðûâíî äèôôåðåíöèðóåìà ïî ôóíêöèè β(ε) â ìàëîé îêðåñòíîñòè òî÷êè β0, à òàêæå
íåïðåðûâíî äèôôåðåíöèðóåìà ïî ìàëîìó ïàðàìåòðó ε íà îòðåçêå [0, ε0].
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2. Íåîáõîäèìîå óñëîâèå ñóùåñòâîâàíèÿ ðåøåíèÿ

Íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå ñóùåñòâîâàíèÿ 2π-ïåðèîäè÷åñêèõ ðåøåíèé óðàâ-
íåíèÿ (1.3): ∫ 2π

0
H(s)Y(y(s, ε), y′(s, ε), y′′(s, ε), β(ε), ε) ds = 0 (2.1)

ïðèâîäèò ê óðàâíåíèþ äëÿ ïîðîæäàþùèõ àìïëèòóä

F (č0) :=

∫ 2π

0
H(s)Y(y0(s, c0), y

′
0(s, c0), y

′′
0(s, c0), β0, 0) ds = 0. (2.2)

Ëåììà. Åñëè ïåðèîäè÷åñêàÿ çàäà÷à äëÿ óðàâíåíèÿ òèïà Ëüåíàðà (1.1) èìååò ðåøåíèå

y(t, ε) : y(·, ε) ∈ C2[0, T1(ε)], T1(0) = 2π, y(t, ·) ∈ C[0, ε0], 1 + εβ(ε) ̸= 0,

ïðè ε = 0 îáðàùàþùååñÿ â ïîðîæäàþùåå y0(t, c0) = c0 ·cos t, òî âåêòîð č0 óäîâëåòâîðÿåò
óðàâíåíèþ

F (č0) = 0, č0 = col (c0, β0) ∈ R2.

Ïðåäïîëîæèì, ÷òî óðàâíåíèå äëÿ ïîðîæäàþùèõ àìïëèòóä (2.2) èìååò äåéñòâèòåëü-
íûå êîðíè. Ôèêñèðóÿ îäíî èç ðåøåíèé č0 ∈ R2 óðàâíåíèÿ (2.2), ïðèõîäèì ê çàäà÷å îá
îòûñêàíèè ïåðèîäè÷åñêèõ ðåøåíèé óðàâíåíèÿ òèïà Ëüåíàðà (1.1)

y(τ, ε) = y0(τ, c0) + x(τ, ε)

â îêðåñòíîñòè ïîðîæäàþùåãî ðåøåíèÿ y0(τ, c0) = c0 · cos τ. Îáîçíà÷èì (2 × 2)-ìåðíóþ
ìàòðèöó

B0 =
∂F (č)

∂č
∣∣∣∣∣∣ c = c0,
β = β0

.

Â ñëó÷àå ïðîñòûõ (detB0 ̸= 0) êîðíåé óðàâíåíèÿ äëÿ ïîðîæäàþùèõ àìïëèòóä (2.2)
óðàâíåíèå (1.1) èìååò åäèíñòâåííîå ïåðèîäè÷åñêîå ðåøåíèå [4, 11, 17], ïðè ε = 0 îá-
ðàùàþùååñÿ â ïîðîæäàþùåå y0(t, c0) = c0 · cos t. Äàííûé êðèòè÷åñêèé ñëó÷àé íàçâàí
êðèòè÷åñêèì ñëó÷àåì ïåðâîãî ïîðÿäêà [4, 11, 12, 17]. Ìåíåå èçó÷åííûì ÿâëÿåòñÿ ñëó÷àé
[13, 18] êðàòíûõ êîðíåé (detB0 = 0) óðàâíåíèÿ (2.2); ïðè ýòîì ñîãëàñíî òðàäèöèîííîé
êëàññèôèêàöèè ïåðèîäè÷åñêèõ êðàåâûõ çàäà÷ ïîñòàâëåííàÿ çàäà÷à äëÿ óðàâíåíèÿ (1.1)
íå ìîæåò áûòü îòíåñåíà ê êðèòè÷åñêîìó ñëó÷àþ âòîðîãî èëè áîëåå âûñîêîãî ïîðÿäêà
[12], à òàêæå ê îñîáîìó êðèòè÷åñêîìó ñëó÷àþ, ïîñêîëüêó óðàâíåíèå äëÿ ïîðîæäàþùèõ
àìïëèòóä íå îáðàùàåòñÿ â òîæäåñòâî [6, 16].

Ïðè íàëè÷èè êðàòíûõ êîðíåé óðàâíåíèÿ äëÿ ïîðîæäàþùèõ àìïëèòóä, îñòàâëÿÿ òîëü-
êî îäíó ëèíåéíî-íåçàâèñèìóþ ñòðîêó óðàâíåíèÿ (2.2), ïîëó÷àåì ýêâèâàëåíòíîå óñëîâèå
ðàçðåøèìîñòè ïåðèîäè÷åñêîé çàäà÷è äëÿ óðàâíåíèÿ òèïà Ëüåíàðà (1.1)

Fρ(č0) :=

∫ 2π

0
Hρ(s)Y(y0(s, c0), y

′
0(s, c0), y

′′
0(s, c0), β0, 0) ds = 0; (2.3)

çäåñü Hρ(t) = cos t, ëèáî Hρ(t) = sin t, â çàâèñèìîñòè îò íåëèíåéíîñòè Y (y, y′, y′′, ε)
óðàâíåíèÿ (1.1). Ïðåäìåòîì èññëåäîâàíèÿ äàííîé ñòàòüè ÿâëÿåòñÿ ñëó÷àé êðàòíûõ
(detB0 = 0) êîðíåé óðàâíåíèÿ äëÿ ïîðîæäàþùèõ àìïëèòóä (2.2) ïðè óñëîâèè, ÷òî ìàò-
ðèöà B0 èìååò íåíóëåâûå ýëåìåíòû: B0 ̸= 0; íàçîâåì ýòîò ñëó÷àé ÷àñòíûì êðèòè÷åñêèì
ñëó÷àåì [9, 13, 18].
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Ïðèìåð 1. ×àñòíûé êðèòè÷åñêèé ñëó÷àé èìååò ìåñòî â çàäà÷å î íàõîæäåíèè ïåðèîäè÷åñ-
êîãî ðåøåíèÿ

z(t, ε) := ( z(a)(t, ε) z(b)(t, ε) )∗, z(·, ε) ∈ C1[0, T1(ε)], z(t, ·) ∈ C[0, ε0]

óðàâíåíèÿ Ëîòêà-Âîëüòåððà

z′(t, ε) = Az(t, ε) + Z(z(t, ε)), A :=

(
1 0
0 −1

)
, Z(z(t, ε)) :=

(
−z(a)(t, ε)z(b)(t, ε)

z(a)(t, ε)z(b)(t, ε)

)
.

(2.4)

Äåéñòâèòåëüíî, â îêðåñòíîñòè ïîëîæåíèÿ ðàâíîâåñèÿ

z(a)(t, ε) ≡ 1, z(b)(t, ε) ≡ 1

óðàâíåíèå (2.4) ïîñðåäñòâîì çàìåíû

z(a)(t, ε) := 1 + ε u(t, ε), z(b)(t, ε) := 1 + ε y(t, ε)

ïðèâîäèòñÿ ê âèäó

(1 + εy(t, ε))y′′(t, ε) = ε(y′(t, ε))2 − y(t, ε)(1 + εy(t, ε))(1 + εy(t, ε) + εy′(t, ε)). (2.5)

Â ñâîþ î÷åðåäü, óðàâíåíèå (2.5) ïðèâîäèòñÿ ê âèäó (1.1) ïîñðåäñòâîì ôóíêöèè

Y(y(τ, ε), y′(τ, ε), y′′(τ, ε), β(ε), ε) := (y′(τ, ε))2 − ε (1 + εβ(ε))2 y3(τ, ε)−
− (1 + εβ(ε)) y2(τ, ε)(2 + 2 εβ(ε)− y(τ, ε)(β(ε)(2 + εβ(ε))+

+ εy′(τ, ε)) + (1 + εβ(ε))y′(τ, ε) + y′′(τ, ε)).

Óðàâíåíèå äëÿ ïîðîæäàþùèõ àìïëèòóä (2.3) â ñëó÷àå çàäà÷è î íàõîæäåíèè ïåðèîäè÷å-
ñêîãî ðåøåíèÿ óðàâíåíèÿ (2.5) ïðèíèìàåò âèä

Fρ(c0, β0) = −2πc0β0 = 0.

Êîðåíü c0 = 0 ñîîòâåòñòâóåò òðèâèàëüíîìó ïîðîæäàþùåìó ðåøåíèþ y0(τ, c0) ≡ 0, â
ìàëîé îêðåñòíîñòè êîòîðîãî ðàñïîëîæåíî ëèøü ïîëîæåíèå ðàâíîâåñèÿ óðàâíåíèÿ Ëîòêà-
Âîëüòåððà (2.5). Ñåðèÿ êîðíåé β0 = 0, c0 ∈ R1 îïðåäåëÿåò âûðîæäåííóþ (detB0 = 0)
ìàòðèöó B0. Ïîëîæèì β0 = 0, c0 = 0, 1 ; ìàòðèöà B0 ïðè ýòîì èìååò íåíóëåâûå ýëåìåíòû

B0 = −π

5

[
0 0
0 1

]
̸= 0;

òàêèì îáðàçîì, çàäà÷à î íàõîæäåíèè ïåðèîäè÷åñêîãî ðåøåíèÿ óðàâíåíèÿ (2.4) ïðåäñòàâ-
ëÿåò ÷àñòíûé êðèòè÷åñêèé ñëó÷àé. Çàìåòèì, ÷òî äëÿ êîðíÿ č0 ∈ R2 èìååò ìåñòî íåðà-
âåíñòâî 1 + εβ0 ≡ 1 ̸= 0.
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3. Äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ ðåøåíèÿ

Ôèêñèðóÿ îäíî èç ðåøåíèé č0 ∈ R2 óðàâíåíèÿ (2.3), ïðèõîäèì ê çàäà÷å îá îòûñêàíèè
ïåðèîäè÷åñêèõ ðåøåíèé óðàâíåíèÿ òèïà Ëüåíàðà (1.1)

y(τ, ε) = y0(τ, c0) + x(τ, ε)

â îêðåñòíîñòè ïîðîæäàþùåãî ðåøåíèÿ y0(τ, c0) = c0 · cos τ. Äëÿ íàõîæäåíèÿ âîçìóùåíèÿ

x(·, ε) ∈ C2[0, 2π], x(τ, ·) ∈ C[0, ε0]

ïîëó÷àåì çàäà÷ó îá îòûñêàíèè ïåðèîäè÷åñêèõ ðåøåíèé óðàâíåíèÿ

d2x(τ, ε)

dτ2
+ x(τ, ε) = εY(y(τ, ε), y′(τ, ε), y′′(τ, ε), β(ε), ε). (3.1)

Ðåøåíèå
x(τ, ε) = ν · cos τ + x(1)(τ, ε), β(ε) := β0 + γ(ε)

ïåðèîäè÷åñêîé çàäà÷è äëÿ óðàâíåíèÿ (3.1) çàâèñèò îò âûáîðà êîðíÿ č0; çäåñü

x(1)(τ, ε) := ε g[Y(y0(s, c0) + x(s, ε), y′0(s, c0) + x′(s, ε), y′′0(s, c0) + x′′(s, ε), β(ε), ε)](τ).

Ïðåäïîëîæèì, ÷òî ïîðîæäàþùåå ðåøåíèå y0(τ, c0) íå ÿâëÿåòñÿ èñêîìûì ïåðèîäè÷åñêèì
ðåøåíèåì óðàâíåíèÿ (1.1). Îáîçíà÷èì ïðîèçâîäíûå

A1(y0(τ, c0), β0) :=
∂Y(y(τ, ε), y′(τ, ε), y′′(τ, ε), β(ε), ε)

∂y

∣∣∣∣ y(τ,ε)=y0(τ,c0)
y′(τ,ε)=y′0(τ,c0)
y′′(τ,ε)=y′′0 (τ,c0)
β(ε)=β0, ε=0.

A2(y0(τ, c0), β0) :=
∂Y(y(τ, ε), y′(τ, ε), y′′(τ, ε), β(ε), ε)

∂y′

∣∣∣∣ y(τ,ε)=y0(τ,c0)
y′(τ,ε)=y′0(τ,c0)
y′′(τ,ε)=y′′0 (τ,c0)
β(ε)=β0, ε=0.

A3(y0(τ, c0), β0) :=
∂Y(y(τ, ε), y′(τ, ε), y′′(τ, ε), β(ε), ε)

∂y′′

∣∣∣∣ y(τ,ε)=y0(τ,c0)
y′(τ,ε)=y′0(τ,c0)
y′′(τ,ε)=y′′0 (τ,c0)
β(ε)=β0, ε=0.

Aβ(y0(τ, c0), β0) :=
∂Y(y(τ, ε), y′(τ, ε), y′′(τ, ε), β(ε), ε)

∂β

∣∣∣∣ y(τ,ε)=y0(τ,c0)
y′(τ,ε)=y′0(τ,c0)
y′′(τ,ε)=y′′0 (τ,c0)
β(ε)=β0, ε=0.

Aε(y0(τ, c0), β0) :=
∂Y(y(τ, ε), y′(τ, ε), y′′(τ, ε), β(ε), ε)

∂ε

∣∣∣∣ y(τ,ε)=y0(τ,c0)
y′(τ,ε)=y′0(τ,c0)
y′′(τ,ε)=y′′0 (τ,c0)
β(ε)=β0, ε=0.

Èñïîëüçóÿ íåïðåðûâíóþ äèôôåðåíöèðóåìîñòü ïî íåèçâåñòíîé y(τ, ε) è åå ïðîèçâîäíûì
y′(τ, ε) è y′′(τ, ε) â ìàëîé îêðåñòíîñòè ðåøåíèÿ ïîðîæäàþùåé çàäà÷è è åãî ïðîèçâîäíûõ
y′0(τ, c0) è y′′0(τ, c0), à òàêæå íåïðåðûâíóþ äèôôåðåíöèðóåìîñòü ïî β(ε) â îêðåñòíîñòè
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òî÷êè β0 è ïî ε â ìàëîé ïîëîæèòåëüíîé îêðåñòíîñòè íóëÿ, ðàçëàãàåì ýòó ôóíêöèþ â
îêðåñòíîñòè òî÷åê y0(τ, c0), y

′
0(τ, c0), y

′′
0(τ, c0), β0 è ε = 0 :

Y(y0(τ, c0) + x(τ, ε), y′0(τ, c0) + x′(τ, ε), y′′0(τ, c0) + x′′(τ, ε), β(ε), ε) =

= Y(y0(τ, c0), y
′
0(τ, c0), y

′′
0(τ, c0), β0, 0) +A1(y0(τ, c0), β0)x(τ, ε)+

+A2(y0(τ, c0), β0)x
′(τ, ε) +A3(y0(τ, c0), β0)x

′′(τ, ε) +Aβ(y0(τ, c0), β0)γ(ε)+

+ εAε(y0(τ, c0), β0) +R(y0(τ, c0) + x(τ, ε), y′0(τ, c0) + x′(τ, ε), y′′0(τ, c0) + x′′(τ, ε), β(ε), ε).

Çäåñü

R(y0(τ, c0) + x(τ, ε), y′0(τ, c0) + x′(τ, ε), y′′0(τ, c0) + x′′(τ, ε), β(ε), ε)

� îñòàòîê ïîñëåäíåãî ðàçëîæåíèÿ, áîëåå âûñîêîãî ïîðÿäêà ìàëîñòè ïî x(τ, ε), x′(τ, ε),
x′′(τ, ε), γ(ε) è ε â îêðåñòíîñòè òî÷åê y0(τ, c0), y

′
0(τ, c0), y

′′
0(τ, c0), β0 è ε = 0, ÷åì ïðåäû-

äóùèå ñëàãàåìûå. Îñòàâëÿÿ òîëüêî îäíó ëèíåéíî-íåçàâèñèìóþ ñòðîêó â óñëîâèè (2.1)
ðàçðåøèìîñòè çàäà÷è îá îòûñêàíèè ïåðèîäè÷åñêèõ ðåøåíèé óðàâíåíèÿ (3.1), ñ ó÷åòîì
ðàâåíñòâà (2.3), ïîëó÷àåì ýêâèâàëåíòíîå óñëîâèå ðàçðåøèìîñòè èñõîäíîé çàäà÷è îá îòûñ-
êàíèè ïåðèîäè÷åñêèõ ðåøåíèé óðàâíåíèÿ (1.1):∫ 2π

0
Hρ(τ){A1(y0(τ, c0), β0)[ν · cos τ + x(1)(τ, ε)] +Aβ(y0(τ, c0), β0)γ(ε)+

+A2(y0(τ, c0), β0)[ν · cos τ + x(1)(τ, ε)]′τ +A3(y0(τ, c0), β0)[ν · cos τ + x(1)(τ, ε)]′′τ2

+ εAε(y0(τ, c0), β0) +R(y(τ, ε), y′(τ, ε), y′′(τ, ε), β(ε), ε)} dτ = 0,

ðàâíîñèëüíîå óðàâíåíèþ

0(y0(·, c0), β0) ·
(

ν(ε)
γ(ε)

)
= −

∫ 2π

0
Hρ(τ){A1(y0(τ, c0), β0)x

(1)(τ, ε)+

+A2(y0(τ, c0), β0)[x
(1)(τ, ε)]′τ +A3(y0(τ, c0), β0)[x

(1)(τ, ε]′′τ2+

+ εAε(y0(τ, c0), β0) +R(y(τ, ε), y′(τ, ε), y′′(τ, ε), β(ε), ε)} dτ, (3.2)

ãäå

0(y0(·, c0), β0) :=
{∫ 2π

0
Hρ(τ)[A1(y0(·, c0), β0) cos τ−

−A2(y0(·, c0), β0) sin τ −A3(y0(·, c0), β0) cos τ ]dτ ;
∫ 2π

0
Hρ(τ)Aβ(y0(·, c0), β0)dτ

}
� ïîñòîÿííàÿ (1 × 2)-ìàòðèöà. Ïðè óñëîâèè 0(y0(·, c0), β0) ̸= 0 óðàâíåíèå (3.2) èìååò ïî
ìåíüøåé ìåðå îäíî ðåøåíèå(

ν(ε)
γ(ε)

)
= −+

0 (y0(·, c0), β0)
∫ 2π

0
Hρ(τ){A1(y0(τ, c0), β0)x

(1)(τ, ε)+

+A2(y0(τ, c0), β0)[x
(1)(τ, ε)]′τ +A3(y0(τ, c0), β0)[x

(1)(τ, ε)]′′τ2+

+ εAε(y0(τ, c0), β0) +R(y(τ, ε), y′(τ, ε), y′′(τ, ε), β(ε), ε)} dτ.
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Äåéñòâèòåëüíî, îáîçíà÷èì

P
0(y0(·,c0),β0) : R2 → N(0(y0(·, c0), β0))

è
P∗

0(y0(·,c0),β0) : R1 → N(∗0(y0(·, c0), β0))
� îòîïðîåêòîðû ìàòðèö 0(y0(·, c0), β0) è ∗

0(y0(·, c0), β0). Ïðè óñëîâèè

0(y0(·, c0), β0) ̸= 0

èìååò ìåñòî ðàâåíñòâî rank 0(y0(·, c0), β0) = 1, ñëåäîâàòåëüíî

P∗
0(y0(·,c0),β0) = 0,

ïðè ýòîì óðàâíåíèå (3.2) ðàçðåøèìî. Â ñèëó ðàâåíñòâà

rank P
0(y0(·,c0),β0) = 1

óðàâíåíèå (3.2) ðàçðåøèìî íå îäíîçíà÷íî. Òàêèì îáðàçîì, äëÿ ëþáîãî èç êðàòíûõ êîðíåé
óðàâíåíèÿ äëÿ ïîðîæäàþùèõ àìïëèòóä (2.2), ïðè óñëîâèè 0(y0(·, c0), β0) ̸= 0, ïî ìåíüøåé
ìåðå îäíî ïåðèîäè÷åñêîå ðåøåíèå óðàâíåíèÿ (1.1) îïðåäåëÿåò îïåðàòîðíàÿ ñèñòåìà

y(τ, ε) = y0(τ, c0) + x(τ, ε), x(τ, ε) = ν(ε) cos τ + x(1)(τ, ε), β(ε) = β0 + γ(ε), (3.3)

x(1)(τ, ε) := ε g[Y(y0(s, c0) + x(s, ε), y′0(s, c0) + x′(s, ε), y′′0(s, c0) + x′′(s, ε), β(ε), ε)](τ),

(
ν(ε)
γ(ε)

)
= −+

0 (y0(·, c0), β0)
∫ 2π

0
Hρ(τ){A1(y0(τ, c0), β0)x

(1)(τ, ε)+

+A2(y0(τ, c0), β0)[x
(1)(τ, ε)]′τ +A3(y0(τ, c0), β0)[x

(1)(τ, ε)]′′τ2+

+ εAε(y0(τ, c0), β0) +R(y(τ, ε), y′(τ, ε), y′′(τ, ε), β(ε), ε)} dτ.

Äëÿ ïîñòðîåíèÿ ðåøåíèé ñèñòåìû (3.3) ïðèìåíèì ìåòîä ïðîñòûõ èòåðàöèé [4, 11, 17].

Òåîðåìà. Ïðè íàëè÷èè êðàòíûõ (detB0 = 0) êîðíåé óðàâíåíèÿ äëÿ ïîðîæäàþùèõ àì-

ïëèòóä (2.2), ïðè óñëîâèè 0(y0(·, c0), β0) ̸= 0 çàäà÷à îá îòûñêàíèè ïåðèîäè÷åñêèõ ðåøå-

íèé óðàâíåíèÿ (1.1) èìååò ïî ìåíüøåé ìåðå îäíî ðåøåíèå, ïðè ε = 0 îáðàùàþùååñÿ

â ïîðîæäàþùåå y(τ, 0) = y0(τ, c0), ïðè óñëîâèè 1 + εβ(ε) ̸= 0 ïðåäñòàâèìîå îïåðàòîð-

íîé ñèñòåìîé (3.3). Äëÿ ïîñòðîåíèÿ ïåðèîäè÷åñêèõ ðåøåíèé óðàâíåíèÿ (1.1) ïðèìåíèìà
èòåðàöèîííàÿ ñõåìà

yk+1(τ, ε) = y0(τ, c0) + xk+1(τ, ε), xk+1(τ, ε) = νk+1(ε) cos τ + x
(1)
k+1(τ, ε),

x
(1)
k+1(τ, ε) = ε g[Y(yk(s, ε), y

′
k(s, ε), y

′′
k(s, ε), βk(ε), ε)](τ), (3.4)

(
νk+1(ε)
γk+1(ε)

)
= −+

0 (y0(·, c0), β0)
∫ 2π

0
Hρ(τ){A1(y0(τ, c0), β0)x

(1)
k+1(τ, ε)+

+A2(y0(τ, c0), β0)[x
(1)
k+1(τ, ε)]

′
τ +A3(y0(τ, c0), β0)[x

(1)
k+1(τ, ε)]

′′
τ2+

+ εAε(y0(τ, c0), β0) +R(yk(τ, ε), y
′
k(τ, ε), y

′′
k(s, ε), βk(ε), ε)} dτ,

βk+1(ε) = β0 + γk+1(ε), ... , k = 0, 1, 2, ... .
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Ïðèìåð 2. Èññëåäóåì çàäà÷ó î ïîñòðîåíèè ïåðèîäè÷åñêîãî ðåøåíèÿ

y(·, ε) ∈ C2[0, T1(ε)], y(t, ·) ∈ C[0, ε0]

óðàâíåíèÿ Ëîòêà-Âîëüòåððà â ôîðìå (2.5).

Âûøå áûëî óñòàíîâëåíî, ÷òî óðàâíåíèå äëÿ ïîðîæäàþùèõ àìïëèòóä (2.3) äëÿ óðàâ-
íåíèÿ Ëîòêà-Âîëüòåððà â ôîðìå (2.5) èìååò êîðåíü β0 = 0, c0 = 0, 1 . Ìàòðèöà B0 ïðè
ýòîì èìååò íåíóëåâûå ýëåìåíòû, ñëåäîâàòåëüíî ñîãëàñíî äîêàçàííîé òåîðåìå çàäà÷à î
ïîñòðîåíèè ïåðèîäè÷åñêîãî ðåøåíèÿ óðàâíåíèÿ Ëîòêà-Âîëüòåððà (2.4) â ìàëîé îêðåñò-
íîñòè ïîðîæäàþùåãî ðåøåíèÿ y0(τ, c0) èìååò ïî ìåíüøåé ìåðå îäíî ðåøåíèå. Íà ïåðâîì
øàãå èòåðàöèîííîé ñõåìû (3.4)

x
(1)
1 (τ, ε) = ε g[Y(y0(s, c0), y

′
0(s, c0), y

′′
0(s, c0), β0, 0)](τ) =

=
ε

600
[− cos τ + 2 cos 2τ + 2 sin τ − sin 2τ ].

Äàëåå âû÷èñëÿåì ïðîèçâîäíûå

A1(y0(τ, c0), β0) =
1

10
(sin τ − 3 cos τ), A2(y0(τ, c0), β0) = − 1

10
( 2 sin τ + cos τ),

A3(y0(τ, c0), β0) = −cos τ

10
, Aβ(y0(τ, c0), β0) = −cos τ

5
,

Aε(y0(τ, c0), β0) =
1

4000
(sin τ + sin 3τ − 3 cos τ − cos 3τ)

è ìàòðèöó

0(y0(·, c0), β0) =
π

5
( 0 1 ) .

Òàêèì îáðàçîì, ïåðâîì øàãå èòåðàöèîííîé ñõåìû (3.4) íàõîäèì ôóíêöèè

ν1(ε) ≈ 0, γ1(ε) ≈
ε

1200
+

ε2

7200
− 7 ε3

988 000
+

ε4

2 400 000
+ ... ,

îïðåäåëÿþùèå ïåðâîå ïðèáëèæåíèå ê ðåøåíèþ óðàâíåíèÿ (2.5)

y1(τ, ε) = y0(τ, c0) + x
(1)
1 (τ, ε),

à òàêæå ïåðâîå ïðèáëèæåíèå ê ïåðèîäó

T1(ε) = 2π(1 + εβ1(ε)), β1(ε) := β0 + γ1(ε)

ýòîãî ðåøåíèÿ, è, â ñâîþ î÷åðåäü, ïåðâîå ïðèáëèæåíèå ê ðåøåíèþ óðàâíåíèÿ (2.4):

z
(a)
1 (t, ε) := 1 + ε u1(t, ε), z

(b)
1 (t, ε) := 1 + ε y1(t, ε), u1(t, ε) :=

y′1(t, ε)

1 + ε y1(t, ε)
.

Çàìåòèì, ÷òî äëÿ ïåðâîãî ïðèáëèæåíèÿ ê ðåøåíèþ óðàâíåíèÿ (2.4) èìååò ìåñòî íåðà-
âåíñòâî 1 + εβ1 ≥ 0. Äëÿ îöåíêè òî÷íîñòè íàéäåííûõ ïðèáëèæåíèé ê ïåðèîäè÷åñêîìó
ðåøåíèþ óðàâíåíèÿ Ëîòêà-Âîëüòåððà îïðåäåëèì íåâÿçêè

∆k(ε) :=

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
(

δ
(a)
k (ε)

δ
(b)
k (ε)

)∣∣∣∣∣
∣∣∣∣∣
R2

∣∣∣∣∣
∣∣∣∣∣
C[0;2π]
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íóëåâîãî è ïåðâîãî ïðèáëèæåíèé ê ðåøåíèþ óðàâíåíèÿ (2.4); çäåñü

δ
(a)
k (ε) := (z

(a)
k (τ, ε))′′ − (1 + εβk(ε))z

(a)
k (τ, ε)(1− z

(b)
k (τ, ε)),

δ
(b)
k (ε) := (z

(b)
k (τ, ε))′′ + (1 + εβk(ε))z

(b)
k (τ, ε)(1− z

(a)
k (τ, ε)), k = 0, 1.

Ïîëîæèâ ε = 0, 1 , èìååì

∆0(0, 1) ≈ 0, 000 111 335, ∆1(0, 1) ≈ 2, 13 834 · 10−6.

Ïðè ε = 0, 01 íåâÿçêè óìåíüøàþòñÿ:

∆0(0, 01) ≈ 1, 11 756 · 10−6, ∆1(0, 01) ≈ 2, 12 820 · 10−9.

Äëÿ ïîñòðîåíèÿ ðåøåíèé îïåðàòîðíîé ñèñòåìû (3.3) ïðèìåíèì òàêæå ìåòîä íàèìåíü-
øèõ êâàäðàòîâ [1, 9, 14, 19].
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