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Àííîòàöèÿ. Ïðåäëîæåíà ìîäèôèêàöèÿ ìåòîäà ïðîñòûõ èòåðàöèé äëÿ ïîñòðîåíèÿ ïðèáëèæåí-
íûõ ðåøåíèé ñëàáîíåëèíåéíîé íåòåðîâîé êðàåâîé çàäà÷è äëÿ ñèñòåìû îáûêíîâåííûõ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé â êðèòè÷åñêîì ñëó÷àå. Íàéäåíà îöåíêà îáëàñòè èçìåíåíèÿ ìàëîãî ïà-
ðàìåòðà, â ïðåäåëàõ êîòîðîé ñîõðàíÿåòñÿ ñõîäèìîñòü ýòîé èòåðàöèîííîé ïðîöåäóðû ê èñêîìîìó
ðåøåíèþ.
Êëþ÷åâûå ñëîâà: êðàåâûå çàäà÷è, îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ, èòåðàöèîí-
íàÿ ïðîöåäóðà.

1. Ïîñòàíîâêà çàäà÷è
Èññëåäóåì çàäà÷ó î íàõîæäåíèè ðåøåíèé

z(t, ε) = col
(
z(1)(t, ε), . . . , z(n)(t, ε)

)
,

z(i)(·, ε) ∈ C1[a, b], z(i)(t, ·) ∈ C[0, ε0], i = 1, 2, . . . , n,

ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

dz/dt = A(t)z + f(t) + εZ(z, t, ε), (1)

óäîâëåòâîðÿþùèõ êðàåâîìó óñëîâèþ

`z(·, ε) = α + εJ(z(·, ε), ε). (2)

Ðåøåíèå çàäà÷è (1)�(2) áóäåì èñêàòü â ìàëîé îêðåñòíîñòè ðåøåíèÿ

z0(t) = col
(
z

(1)
0 (t), . . . , z

(n)
0 (t)

)
, z

(i)
0 (·) ∈ C1[a, b], i = 1, 2, . . . , n,

1Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ôèíàíñîâîé ïîääåðæêå ãîñóäàðñòâåííîãî ôîíäà ôóíäà-
ìåíòàëüíûõ èññëåäîâàíèé (êîä 2201020).
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ïîðîæäàþùåé çàäà÷è

dz0/dt = A(t)z0 + f(t), `z0(·) = α. (3)

Çäåñü A(t) � (n×n)-ìàòðèöà è f(t) � n-ìåðíûé âåêòîð-ñòîëáåö, ýëåìåíòû êîòîðûõ
� íåïðåðûâíûå íà îòðåçêå [a, b] äåéñòâèòåëüíûå ôóíêöèè, α ∈ Rm− äåéñòâèòåëü-
íûé âåêòîð-ñòîëáåö, Z(z, t, ε) � íåëèíåéíàÿ âåêòîð-ôóíêöèÿ, íåïðåðûâíî äèôôå-
ðåíöèðóåìàÿ ïî z â ìàëîé îêðåñòíîñòè ðåøåíèÿ ïîðîæäàþùåé çàäà÷è, íåïðåðûâ-
íàÿ ïî t íà îòðåçêå [a, b] è íåïðåðûâíî äèôôåðåíöèðóåìàÿ ïî ìàëîìó ïàðàìåòðó
ε íà îòðåçêå [0, ε0], `z(·, ε) � ëèíåéíûé âåêòîðíûé ôóíêöèîíàë, à J(z(·, ε), ε) �
íåëèíåéíûé âåêòîðíûé ôóíêöèîíàë, ïðè ýòîì J íåïðåðûâíî äèôôåðåíöèðóåì (â
ñìûñëå Ôðåøå) ïî z è íåïðåðûâíî äèôôåðåíöèðóåì ïî ìàëîìó ïàðàìåòðó ε â
ìàëîé îêðåñòíîñòè ðåøåíèÿ ïîðîæäàþùåé çàäà÷è è íà îòðåçêå [0, ε0]. Èññëåäîâàí
êðèòè÷åñêèé ñëó÷àé PQ∗ 6= 0; ïðè óñëîâèè

PQ∗d {α− `K [f(s)] (·)} = 0 (4)

ïîðîæäàþùàÿ çàäà÷à (3) èìååò r ëèíåéíî íåçàâèñèìûõ ðåøåíèé

z0(t, cr) = Xr(t)cr + G [f(s); α] (t), cr ∈ Rr.

Çäåñü X(t) � íîðìàëüíàÿ (X(a) = In) ôóíäàìåíòàëüíàÿ ìàòðèöà îäíîðîäíîé ÷àñ-
òè äèôôåðåíöèàëüíîé ñèñòåìû (3), Q = `X(·) � (m × n)-ìàòðèöà, rank Q = n1,
Xr(t) = X(t)PQr , PQr � (n× r)-ìàòðèöà, ñîñòàâëåííàÿ èç r ëèíåéíî íåçàâèñèìûõ
ñòîëáöîâ (n× n)-ìàòðèöû-îðòîïðîåêòîðà PQ : Rn → N(Q), PQ∗d � (d×m)-ìàòðèöà,
ñîñòàâëåííàÿ èç d = n− n1 ëèíåéíî íåçàâèñèìûõ ñòðîê (m×m)-ìåðíîé ìàòðèöû-
îðòîïðîåêòîðà PQ∗ : Rm → N(Q∗),

G [f(s); α] (t) = K [f(s)] (t)−X(t)Q+`K [f(s)] (·)
� îáîáùåííûé îïåðàòîð Ãðèíà [9] êðàåâîé çàäà÷è (3);

K [f(s)] (t) = X(t)

∫ t

a

X−1(s)f(s)ds

� îïåðàòîð Ãðèíà çàäà÷è Êîøè äëÿ äèôôåðåíöèàëüíîé ñèñòåìû (3), Q+− ïñåâ-
äîîáðàòíàÿ ìàòðèöà ïî Ìóðó-Ïåíðîóçó [3]. Ó÷èòûâàÿ íåïðåðûâíîñòü íåëèíåéíîé
âåêòîð-ôóíêöèè Z(z(t, ε), t, ε) è âåêòîðíîãî ôóíêöèîíàëà J(z(·, ε), ε) ïî ε â ìàëîé
ïîëîæèòåëüíîé îêðåñòíîñòè íóëÿ ïðèõîäèì ê íåîáõîäèìîìó óñëîâèþ [9]

F0(cr) = PQ∗d {J(z0(·, cr), 0)− `K [Z(z0(s, cr), s, 0)] (·)} = 0 (5)

ñóùåñòâîâàíèÿ ðåøåíèÿ èñõîäíîé çàäà÷è (1)�(2) â êðèòè÷åñêîì ñëó÷àå.

Ëåììà. Ïóñòü êðàåâàÿ çàäà÷à (1)�(2) ïðåäñòàâëÿåò êðèòè÷åñêèé (PQ∗ 6= 0) ñëó-
÷àé è âûïîëíåíî óñëîâèå (4) ðàçðåøèìîñòè ïîðîæäàþùåé çàäà÷è (3). Ïðåäïîëî-
æèì òàêæå, ÷òî çàäà÷à (1)�(2) èìååò ðåøåíèå, îáðàùàþùååñÿ ïðè ε = 0 â
ïîðîæäàþùåå z0(t, c

∗
r). Òîãäà âåêòîð c∗r ∈ Rr óäîâëåòâîðÿåò óðàâíåíèþ (5).
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Ïðåäïîëîæèì äàëåå, ÷òî óðàâíåíèå (5) èìååò äåéñòâèòåëüíûå êîðíè. Ôèêñèðóÿ
îäíî èç ðåøåíèé c∗r ∈ Rr óðàâíåíèÿ (5), ïðèõîäèì ê çàäà÷å îá îòûñêàíèè ðåøåíèÿ
çàäà÷è (1)�(2) z(t, ε) = z0(t, c

∗
r) + x(t, ε) â îêðåñòíîñòè ïîðîæäàþùåãî ðåøåíèÿ

z0(t, c
∗
r) = Xr(t)c

∗
r + G [f(s); α] (t). Âîçìóùåíèå x(t, ε) îïðåäåëÿåò êðàåâàÿ çàäà÷à

dx(t, ε)/dt = A(t)x+εZ(z0(t, c
∗
r)+x(t, ε), t, ε), `x(·, ε) = εJ(z0(·, c∗r)+x(·, ε), ε). (6)

Èñïîëüçóÿ íåïðåðûâíóþ äèôôåðåíöèðóåìîñòü ôóíêöèè Z(z, t, ε) ïî ïåðâîìó àð-
ãóìåíòó â îêðåñòíîñòè ïîðîæäàþùåãî ðåøåíèÿ è íåïðåðûâíóþ äèôôåðåíöèðóå-
ìîñòü ïî òðåòüåìó àðãóìåíòó, ïîëó÷èì â îêðåñòíîñòè òî÷åê x = 0 è ε = 0 ñëåäó-
þùåå ïðåäñòàâëåíèå:

Z(z0(t, c
∗
r) + x(t, ε), t, ε) = Z(z0(t, c

∗
r), t, 0) + A1(t)x(t, ε) + εA2(t)+

+ R1(z0(t, c
∗
r) + x(t, ε), t, ε), (7)

ãäå A1(t) =
∂Z(z, t, ε)

∂z

∣∣∣∣z=z0(t,cr),
ε=0

, A(t) =
∂Z(z, t, ε)

∂ε

∣∣∣∣z=z0(t,cr),
ε=0

. Îñòàòîê R1 ðàçëîæå-

íèÿ ôóíêöèè Z(z, t, ε) èìååò áîëåå âûñîêèé ïîðÿäîê ìàëîñòè ïî íåèçâåñòíîé x â
ìàëîé îêðåñòíîñòè íóëÿ è ïî ìàëîìó ïàðàìåòðó ε â ìàëîé ïîëîæèòåëüíîé îêðåñò-
íîñòè íóëÿ, ÷åì ïåðâûå òðè ÷ëåíà ðàçëîæåíèÿ (7), ïîýòîìó

lim
ε→0

R1(z, t, ε)

ε
≡ 0, lim

ε→0

1

ε
· ∂R1(z, t, ε)

∂z
≡ 0.

Àíàëîãè÷íî èñïîëüçóÿ íåïðåðûâíóþ äèôôåðåíöèðóåìîñòü (â ñìûñëå Ôðåøå) ïî
ïåðâîìó àðãóìåíòó âåêòîðíîãî ôóíêöèîíàëà J(z0(·, c∗r) + x(·, ε), ε) è íåïðåðûâíóþ
äèôôåðåíöèðóåìîñòü ïî âòîðîìó àðãóìåíòó âûäåëÿåì ëèíåéíóþ `1x(·, ε) ÷àñòü
ýòîãî ôóíêöèîíàëà ïî x è ëèíåéíóþ ε`2(z0(·, c∗r)) ÷àñòü ýòîãî ôóíêöèîíàëà ïî ε, à
òàêæå ÷ëåí J(z0(·, c∗r), 0) = J(z(·, 0), 0) íóëåâîãî ïîðÿäêà ïî ε â îêðåñòíîñòè òî÷åê
x = 0 è ε = 0.

J(z0(·, c∗r) + x(·, ε), ε) = J(z0(·, c∗r), 0) + `1x(·, ε) + ε`2(z0(·, c∗r))+
+ J1(z0(·, c∗r) + x(·, ε), ε). (8)

Îñòàòîê J1(z0(·, c∗r) + x(·, ε), ε) ðàçëîæåíèÿ ôóíêöèîíàëà J(z0(·, c∗r) + x(·, ε), ε) �
áîëåå âûñîêîãî ïîðÿäêà ìàëîñòè ïî x è ε â îêðåñòíîñòè òî÷åê x = 0 è ε = 0, ÷åì
ïåðâûå äâà ÷ëåíà ðàçëîæåíèÿ, ïîýòîìó

lim
ε→0

J1(z(·, ε), ε)
ε

≡ 0, lim
ε→0

{
1

ε

∂J1(z(·, ε), ε)
∂z

}
≡ 0.

Îáîçíà÷àÿ (d× r)-ìàòðèöó

B0 = PQ∗d {`1Xr(·)− `K [A1(s)Xr(s)] (·)} ,

ISSN 0203�3755 Äèíàìè÷åñêèå ñèñòåìû, âûï. 25 (2008)



148 Ñ.Ì.×ÓÉÊÎ

ïðèõîäèì ê îïåðàòîðíîé ñèñòåìå, ðàâíîñèëüíîé çàäà÷å î íàõîæäåíèè ðåøåíèé
çàäà÷è (6)

x(t, ε) = Xr(t)cr + x(1)(t, ε),

B0cr = −PQ∗d

{
`1x

(1)(·, ε) + ε`2(z0(·, c∗r)) + J1(z0(·, c∗r) + x(·, ε), ε) −
− `K

[
A1(s)x

(1)(s, ε) + εA2(s) + R1(z0(s, c
∗
r) + x(s, ε), s, ε)

]
(·)} ,

x(1)(t, ε) = εG [Z(z0(s, c
∗
r) + x(s, ε), s, ε); J(z0(·, c∗r) + x(·, ε), ε)] (t).

(9)

Îáîçíà÷èì

F1(c
∗
r) = PQ∗d {`1G [Z(z0(s, c

∗
r), s, 0); J(z0(·, c∗r), 0)] (·) + ε`2(z0(·, c∗r))−

−`K [A1(s)G [Z(z0(τ, c
∗
r), τ, 0); J(z0(·, c∗r), 0)] (s) + εA2(s)] (·)} .

Äëÿ ïîñòðîåíèÿ ïðèáëèæåííîãî ðåøåíèÿ êðàåâîé çàäà÷è (6) â êðèòè÷åñêîì ñëó-
÷àå ïðè óñëîâèè PB∗0 = 0 ïðèìåíÿåòñÿ ìåòîä ïðîñòûõ èòåðàöèé [4, 9]. Ýòîò ìåòîä
îòëè÷àþò ïðîñòîòà è ÷èñëåííàÿ óñòîé÷èâîñòü, îäíàêî ïîñòðîåíèå ïðèáëèæåííûõ
ðåøåíèé ñ ïðèìåíåíèåì ìåòîäà ïðîñòûõ èòåðàöèé ñâÿçàíî ñ áûñòðî óâåëè÷èâà-
þùåéñÿ îò èòåðàöèè ê èòåðàöèè ñëîæíîñòüþ âû÷èñëåíèé. Öåëüþ äàííîé ðàáîòû
ÿâëÿåòñÿ ïîñòðîåíèå ïðèáëèæåííûõ ðåøåíèé êðàåâîé çàäà÷è (6) àíàëîãè÷íî [8] ñ
èñïîëüçîâàíèåì ìîäèôèöèðîâàííîé èòåðàöèîííîé ïðîöåäóðû.

2. Èòåðàöèîííàÿ ïðîöåäóðà
Ïåðâîå ïðèáëèæåíèå x1(t, ε) = ξ1(t, ε) ê ðåøåíèþ îïåðàòîðíîé ñèñòåìû (9)

èùåì, êàê ðåøåíèå êðàåâîé çàäà÷è ïåðâîãî ïðèáëèæåíèÿ ê çàäà÷å (6)

dx1/dt = A(t)x1 + εZ(z0(t, c
∗
r), t, 0), ` x1(·, ε) = εJ(z0(·, c∗r), 0). (10)

Ðåøåíèå çàäà÷è (10) ñóùåñòâóåò â ñèëó âûáîðà âåêòîðà c∗r, ÿâëÿþùåãîñÿ êîðíåì
óðàâíåíèÿ (5), è ïðåäñòàâèìî â âèäå

x1(t, ε) = εG [Z(z0(s, c
∗
r), s, 0); J(z0(·, c∗r), 0)] (t).

Âòîðîå ïðèáëèæåíèå x2(t, ε) = ξ1(t, ε) + ξ2(t, ε) ê ðåøåíèþ îïåðàòîðíîé ñèñòåìû
(9) èùåì, êàê ðåøåíèå êðàåâîé çàäà÷è âòîðîãî ïðèáëèæåíèÿ ê çàäà÷å (6)

dx2/dt = A(t)x2 + ε {Z(z0(t, c
∗
r), t, 0) + A1(t)x1 + εA2(t)} ,

` x2(·, ε) = ε {J(z0(·, c∗r), 0) + `1x1(·, ε) + ε`2(z0(·, c∗r))} .

Äëÿ íàõîæäåíèÿ âåêòîðà ξ2(t, ε), ñ ó÷åòîì çàäà÷è ïåðâîãî ïðèáëèæåíèÿ, ïðèõîäèì
ê ñèñòåìå

dξ2/dt = A(t)ξ2 + ε {A1(t)ξ1 + εA2(t)} , ` ξ2(·, ε) = ε {`1ξ1(·, ε) + ε`2(z0(·, c∗r))} ,
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ðåøåíèå êîòîðîé ïðåäñòàâèìî â âèäå ξ2(t, ε) = Xr(t)cr1(ε) + ξ
(1)
2 (t, ε), ãäå

ξ
(1)
2 (t, ε) = εG [A1(s)ξ1(s, ε) + εA2(s); `1ξ1(·, ε) + ε`2(z0(·, c∗r))] (t).

Ñóùåñòâîâàíèå ðåøåíèÿ çàäà÷è âòîðîãî ïðèáëèæåíèÿ ãàðàíòèðîâàíî âûáîðîì
âåêòîðà c∗r, ÿâëÿþùåãîñÿ êîðíåì óðàâíåíèÿ (5), è óñëîâèåì F1(c

∗
r) = 0. Òðåòüå

ïðèáëèæåíèå x3(t, ε) = ξ1(t, ε) + ξ2(t, ε) + ξ3(t, ε) ê ðåøåíèþ îïåðàòîðíîé ñèñòåìû
(9) èùåì êàê ðåøåíèå êðàåâîé çàäà÷è òðåòüåãî ïðèáëèæåíèÿ ê çàäà÷å (6)

dx3/dt = A(t)x3 + ε {Z(z0(t, c
∗
r), t, 0) + A1(t)x2 + εA2(t) + R1(z0(t, c

∗
r) + x1, t, ε)} ,

` x3(·, ε) = ε {J(z0(·, c∗r), 0) + `1x2(·, ε) + ε`2(z0(·, c∗r)) + J1(z0(·, c∗r) + x1, ε)} .

Äëÿ íàõîæäåíèÿ âåêòîðà ξ3(t, ε), ñ ó÷åòîì çàäà÷ ïåðâîãî è âòîðîãî ïðèáëèæåíèÿ,
ïðèõîäèì ê ñèñòåìå

dξ3/dt = A(t)ξ3 + ε {A1(t)ξ2 + R1(z0(t, c
∗
r) + x1(t, ε), t, ε)} ,

`ξ3(·, ε) = ε {`1ξ2(·, ε) + J1(z0(·, c∗r) + x1(·, ε), ε)} ,

ðåøåíèå êîòîðîé ïðåäñòàâèìî â âèäå ξ3(t, ε) = Xr(t)cr2(ε) + ξ
(1)
3 (t, ε), ãäå

ξ
(1)
3 (t, ε) = εG[A1(s)ξ2(s, ε) + R1(z0(s, c

∗
r) + x1(s, ε), t, ε);

`1ξ2(·, ε) + J1(z0(·, c∗r) + x1(·, ε), ε)](t).
C ó÷åòîì óðàâíåíèÿ (5) è òðåáîâàíèÿ F1(c

∗
r) = 0 óñëîâèå ðàçðåøèìîñòè çàäà÷è

òðåòüåãî ïðèáëèæåíèÿ ïðèâîäèò ê óðàâíåíèþ

B0cr1(ε) = −PQ∗d

{
`1ξ

(1)
2 (·, ε) + J1(z0(·, c∗r) + x1(·, ε), ε)−

−`K
[
A1(s)ξ

(1)
2 (s, ε) + R1(z0(s, c

∗
r) + x1(s, ε), s, ε)

]
(·)

}
.

Ïîñëåäíåå óðàâíåíèå ïðè óñëîâèè PB∗0 = 0 èìååò ρ− ïàðàìåòðè÷åñêîå ñåìåéñòâî
ðåøåíèé

cr1(ε) = −B+
0 PQ∗d

{
`1ξ

(1)
2 (·, ε) + J1(z0(·, c∗r) + x1(·, ε), ε)−

−`K
[
A1(s)ξ

(1)
2 (s, ε) + R1(z0(s, c

∗
r) + x1(s, ε), s, ε)

]
(·)

}
+ Pρcρ,

çàâèñÿùåå îò âåêòîðà

cρ = cρ(ε) = col
(
c(1)
ρ (ε), . . . , c(ρ)

ρ (ε)
)
,

c(j)
ρ (·) ∈ C1[0, ε0], cρ(0) = 0, j = 1, 2, . . . , ρ.

×åòâåðòîå ïðèáëèæåíèå x4(t, ε) = ξ1(t, ε)+ξ2(t, ε)+ξ3(t, ε)+ξ4(t, ε) ê ðåøåíèþ îïå-
ðàòîðíîé ñèñòåìû (9) èùåì êàê ðåøåíèå êðàåâîé çàäà÷è ÷åòâåðòîãî ïðèáëèæåíèÿ
ê çàäà÷å (6)

dx4/dt = A(t)x4 + ε {Z(z0(t, c
∗
r), t, 0) + A1(t)x3 + εA2(t) + R1(z0(t, c

∗
r) + x2, t, ε)} ,
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`x4(·, ε) = ε {J(z0(·, c∗r), 0) + `1x3(·, ε) + ε`2(z0(·, c∗r)) + J1(z0(·, c∗r) + x2, ε)} .

Äëÿ íàõîæäåíèÿ âåêòîðà ξ4(t, ε), ñ ó÷åòîì çàäà÷ ïåðâîãî, âòîðîãî è òðåòüåãî ïðè-
áëèæåíèÿ, ïðèõîäèì ê ñèñòåìå

dξ4/dt = A(t)ξ4 + ε {A1(t)ξ3 + R1(z0(t, c
∗
r) + x2, t, ε)−R1(z0(t, c

∗
r) + x1, t, ε)} ,

`ξ4(·, ε) = ε {`1ξ3(·, ε) + J1(z0(·, c∗r) + x2, ε)− J1(z0(·, c∗r) + x1, ε)} ,

ðåøåíèå êîòîðîé ïðåäñòàâèìî â âèäå ξ4(t, ε) = Xr(t)cr3(ε) + ξ
(1)
4 (t, ε), ãäå

ξ
(1)
4 (t, ε) = εG [A1(s)ξ3(s, ε) + R1(z0(s, c

∗
r) + x2, s, ε)−R1(z0(s, c

∗
r) + x1, s, ε);

`1ξ3(·, ε) + J1(z0(·, c∗r) + x2, ε)− J1(z0(·, c∗r) + x1, ε)] (t).

C ó÷åòîì óðàâíåíèÿ (5) è òðåáîâàíèÿ F1(c
∗
r) = 0 óñëîâèå ðàçðåøèìîñòè çàäà÷è

÷åòâåðòîãî ïðèáëèæåíèÿ ïðèâîäèò ê óðàâíåíèþ

B0cr2(ε) = −PQ∗d

{
`1ξ

(1)
3 (·, ε) + J1(z0(·, c∗r) + x2(·, ε), ε)− J1(z0(·, c∗r) + x1, ε)−

−`K
[
A1(s)ξ

(1)
3 (s, ε) + R1(z0(s, c

∗
r) + x2(s, ε), s, ε)−R1(z0(s, c

∗
r) + x1, s, ε)

]
(·)

}
.

Ïîñëåäíåå óðàâíåíèå ïðè óñëîâèè PB∗0 = 0 èìååò ρ-ïàðàìåòðè÷åñêîå ñåìåéñòâî
ðåøåíèé

cr2(ε) = −B+
0 PQ∗d

{
`1ξ

(1)
3 (·, ε) + J1(z0(·, c∗r) + x2(·, ε), ε)− J1(z0(·, c∗r) + x1, ε)−

−`K
[
A1(s)ξ

(1)
3 (s, ε)+R1(z0(s, c

∗
r)+x2(s, ε), s, ε)−R1(z0(s, c

∗
r)+x1, s, ε)

]
(·)

}
+Pρcρ.

Ïÿòîå ïðèáëèæåíèå

x5(t, ε) =
5∑

i=1

ξi(t, ε)

ê ðåøåíèþ îïåðàòîðíîé ñèñòåìû (9) èùåì êàê ðåøåíèå êðàåâîé çàäà÷è ïÿòîãî
ïðèáëèæåíèÿ ê çàäà÷å (6)

dx5/dt = A(t)x5 + ε {Z(z0(t, c
∗
r), t, 0) + A1(t)x4 + εA2(t) + R1(z0(t, c

∗
r) + x3, t, ε)} ,

`x5(·, ε) = ε {J(z0(·, c∗r), 0) + `1x4(·, ε) + ε`2(z0(·, c∗r)) + J1(z0(·, c∗r) + x3, ε)} .

Äëÿ íàõîæäåíèÿ âåêòîðà ξ5(t, ε), ñ ó÷åòîì çàäà÷ ïåðâûõ ÷åòûðåõ ïðèáëèæåíèé,
ïðèõîäèì ê ñèñòåìå

dξ5/dt = A(t)ξ5 + ε {A1(t)ξ4 + R1(z0(t, c
∗
r) + x3, t, ε)−R1(z0(t, c

∗
r) + x2, t, ε)} ,

`ξ5(·, ε) = ε {`1ξ4(·, ε) + J1(z0(·, c∗r) + x3, ε)− J1(z0(·, c∗r) + x2, ε)} ,

ISSN 0203�3755 Äèíàìè÷åñêèå ñèñòåìû, âûï. 25 (2008)



ÌÎÄÈÔÈÖÈÐÎÂÀÍÍÛÉ ÌÅÒÎÄ ÏÐÎÑÒÛÕ ÈÒÅÐÀÖÈÉ 151

ðåøåíèå êîòîðîé ïðåäñòàâèìî â âèäå ξ5(t, ε) = Xr(t)cr4(ε) + ξ
(1)
5 (t, ε), ãäå

ξ
(1)
5 (t, ε) = εG

[
A1(s)ξ4(s, ε) + R1(z0(s, c

∗
r) + x3, s, ε)−R1(z0(s, c

∗
r) + x2, s, ε);

`1ξ4(·, ε) + J1(z0(·, c∗r) + x3, ε)− J1(z0(·, c∗r) + x2, ε)
]
(t).

C ó÷åòîì óðàâíåíèÿ (5) è óñëîâèÿ F1(c
∗
r) = 0 êðèòåðèé ðàçðåøèìîñòè çàäà÷è

ïÿòîãî ïðèáëèæåíèÿ ïðèâîäèò ê óðàâíåíèþ

B0cr3(ε) = −PQ∗d

{
`1ξ

(1)
4 (·, ε) + J1(z0(·, c∗r) + x3(·, ε), ε)− J1(z0(·, c∗r) + x2, ε)−

−`K
[
A1(s)ξ

(1)
4 (s, ε) + R1(z0(s, c

∗
r) + x3(s, ε), s, ε)−R1(z0(s, c

∗
r) + x2, s, ε)

]
(·)

}
.

Ïîñëåäíåå óðàâíåíèå ïðè óñëîâèè PB∗0 = 0 èìååò ρ-ïàðàìåòðè÷åñêîå ñåìåéñòâî
ðåøåíèé

cr3(ε) = −B+
0 PQ∗d

{
`1ξ

(1)
4 (·, ε) + J1(z0(·, c∗r) + x3(·, ε), ε)− J1(z0(·, c∗r) + x2, ε)−

−`K
[
A1(s)ξ

(1)
4 (s, ε)+R1(z0(s, c

∗
r)+x3(s, ε), s, ε)−R1(z0(s, c

∗
r)+x2, s, ε)

]
(·)

}
+Pρcρ.

Ñòðóêòóðà íàéäåííîãî ÷åòâåðòîãî ïðèáëèæåíèÿ íå îòëè÷àåòñÿ îò ñòðóêòóðû òðå-
òüåãî. Òàêèì îáðàçîì, ïðîäîëæàÿ ðàññóæäåíèÿ, ïðèõîäèì ê èòåðàöèîííîé ïðîöå-
äóðå

xk+3(t, ε) =
k+3∑
i=1

ξi(t, ε), ξk+3(t, ε) = Xr(t)crk+2
(ε) + ξ

(1)
k+3(t, ε),

ξ
(1)
k+3(t, ε) = εG

[
A1(s)ξk+2(s, ε) + R1(z0(s, c

∗
r) + xk+1, s, ε)−R1(z0(s, c

∗
r) + xk, s, ε);

`1ξk+2(·, ε) + J1(z0(·, c∗r) + xk+1, ε)− J1(z0(·, c∗r) + xk, ε)
]
(t),

crk+1
(ε) = −B+

0 PQ∗d

{
`1ξ

(1)
k+2(·, ε) + J1(z0(·, c∗r) + xk+1(·, ε), ε)− J1(z0(·, c∗r) + xk, ε)−

−`K
[
A1(s)ξ

(1)
k+2(s, ε) + R1(z0(s, c

∗
r) + xk+1(s, ε), s, ε)−R1(z0(s, c

∗
r) + xk, s, ε)

]
(·)

}
+

+Pρcρ(ε), . . . , k = 1, 2, 3, . . . .

Äëÿ óïðîùåíèÿ äîêàçàòåëüñòâà ñõîäèìîñòè ýòîé ïðîöåäóðû ïîëîæèì m = n,
J(z(·, ε), ε) ≡ 0, ïðè ýòîì `1x(·, ε) ≡ 0, J1(z(·, ε), ε) ≡ 0, ρ = 0. Ââåäÿ îáîçíà÷åíèÿ

‖G[∗; 0](t)‖ = q
G
, ||A1(s)|| = µ1, ||A2(s)|| = µ2, ||Z(z0(t, c

∗
r), t, 0)|| = µ3,

||B+
0 PQ∗d || = µ4, ||`K[∗](·)|| = q`, ||Xr(t)|| = σ

Xr

è
σ

R
= max

‖x‖≤ρ,
ε1∈[0,ε0]

∥∥∥∥
R1(z0(t, c

∗
r) + x(t, ε), t, ε)

ε2

∥∥∥∥ ,
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îöåíèì

‖ξ1(t, ε)‖ = ε‖G [Z(z0(s, c
∗
r), s, 0); 0] (t)‖ ≤ ε · ω1, ω1 = q

G
· µ3.

Äàëåå

‖ξ(1)
2 (t, ε)‖ = ε‖G [A1(s)ξ1(s, ε) + εA2(s); 0] (t)‖ ≤

≤ ‖G [A1(s)ξ1(s, ε); 0] (t)‖+ ‖G [εA2(s); 0] (t)‖ ≤ ε2q
G

(q
G
µ1µ3 + µ2) ;

ïðè ýòîì

||cr1(ε)|| =
∥∥∥B+

0 PQ∗d`K
[
A1(s)ξ

(1)
2 (s, ε) + R1(z0(s, c

∗
r) + x1(s, ε), s, ε)

]
(·)

∥∥∥ ≤

≤
∥∥∥B+

0 PQ∗d`K
[
A1(s)ξ

(1)
2 (s, ε)

]
(·)

∥∥∥ +
∥∥B+

0 PQ∗d`K [R1(z0(s, c
∗
r) + x1(s, ε), s, ε)] (·)

∥∥ ≤
≤ ε2q` [q

G
µ1 (q

G
µ1µ3 + µ2) + σ

R
] .

Òàêèì îáðàçîì
‖ξ2(t, ε)‖ ≤ ε2ω2,

ãäå
ω2 =

{
σ

Xr
µ4q` [q

G
µ1 (q

G
µ1µ3 + µ2) + σ

R
] + q

G
(q

G
µ1µ3 + µ2)

}
.

Àíàëîãè÷íî

‖ξ(1)
3 (t, ε)‖ = ‖εG [A1(s)ξ2(s, ε) + R1(z0(s, c

∗
r) + x1, t, ε); 0] (t)‖ ≤

≤ ‖εG [A1(s)ξ2(s, ε); 0] (t)‖+ ‖εG [R1(z0(s, c
∗
r) + x1, t, ε); 0] (t)‖,

ñëåäîâàòåëüíî
‖ξ(1)

3 (t, ε)‖ ≤ ε3q
G

(µ1ω2 + σ
R
) .

Äàëåå

‖cr2(ε)‖ ≤ ‖B+
0 PQ∗d`K

[
A1(s)ξ

(1)
3 (s, ε)

]
(·)‖+

+ ‖B+
0 PQ∗d`K [R1(z0(s, c

∗
r) + x2(s, ε), s, ε)−R1(z0(s, c

∗
r) + x1(s, ε), s, ε)] (·)‖.

Äëÿ äîñòàòî÷íî ìàëûõ íîðì âåêòîðîâ x1(t, ε), x2(t, ε) ñïðàâåäëèâà [6, c.185] îöåíêà

‖R1(z0(t, c
∗
r) + x2(t, ε), s, ε)−R1(z0(t, c

∗
r) + x1(t, ε), s, ε)‖ ≤

≤
∥∥∥∂R1(z(t, ε), t, ε)/∂z|z=ζ(t,ε)

∥∥∥ ‖x2 − x1‖ ≤ σ
R′1
‖ξ2(t, ε)‖,

ãäå ζ(t, ε)− íåêîòîðàÿ òî÷êà îòðåçêà, ñîåäèíÿþùåãî òî÷êè z0(t, c
∗
r) + x(t, ε) è

z0(t, c
∗
r) + y(t, ε),

σ
R′1

= max
||x||,||y||≤ρ,

ε∈[0,ε0],
t∈[a,b]

∥∥∥∥∥
∂R1(z(t, ε), t, ε)

∂z

∣∣∣∣
z=ζ(t,ε)

∥∥∥∥∥ ;
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òàêèì îáðàçîì

‖cr2(ε)‖ ≤ ε3µ4q`

[
µ1qG

(µ1ω2 + σ
R
) + εσ

R′1
ω2

]
,

ñëåäîâàòåëüíî
‖ξ3(t, ε)‖ ≤ ε3ω3,

ãäå
ω3 = q

G
(µ1ω2 + σ

R
) + σ

Xr
µ4q`

[
µ1qG

(µ1ω2 + σ
R
) + εσ

R′1
ω2

]
.

Àíàëîãè÷íî

‖ξ(1)
4 (t, ε)‖ ≤ ‖εG [A1(s)ξ3(s, ε); 0] (t)‖+

+‖εG [R1(z0(s, c
∗
r) + x2, s, ε)−R1(z0(s, c

∗
r) + x1, s, ε); 0] (t)‖ ≤ ε4q

G

(
µ1ω3 + εσ

R′1
ω2

)
,

ïðè ýòîì

‖cr3(ε)‖ ≤
∥∥∥B+

0 PQ∗d`K
[
A1(s)ξ

(1)
4 (s, ε)

]
(·)

∥∥∥ +

+
∥∥B+

0 PQ∗d`K [R1(z0(s, c
∗
r) + x3(s, ε), s, ε)−R1(z0(s, c

∗
r) + x2(s, ε), s, ε)] (·)

∥∥ .

Äëÿ äîñòàòî÷íî ìàëûõ íîðì âåêòîðîâ x2(t, ε), x3(t, ε) ñïðàâåäëèâî íåðàâåíñòâî

‖R1(z0(t, c
∗
r) + x3(t, ε), s, ε)−R1(z0(t, c

∗
r) + x2(t, ε), s, ε)‖ ≤

≤
∥∥∥∂R1(z(t, ε), t, ε)/∂z|z=ζ(t,ε)

∥∥∥ ‖x3 − x2‖ ≤ σ
R′1
‖ξ3(t, ε)‖,

êîòîðîå ïðèâîäèò ê îöåíêå

‖cr3(ε)‖ ≤ ε4µ4q`

[
εµ1qG

σ
R′1

ω2 + (µ2
1qG

+ εσ
R′1

)ω3

]
,

ñëåäîâàòåëüíî
||ξ4(t, ε)|| ≤ ε4 · ω4,

ãäå
ω4 = ε

(
1 + µ1µ4σXr

q`

)
q

G
σ

R′1
ω2 +

[
q

G
µ1 + σ

Xr
µ4q`

(
µ2

1qG
+ εσ

R′1

)]
ω3.

Àíàëîãè÷íî

‖ξ(1)
5 (t, ε)‖ ≤ ‖εG [A1(s)ξ4(s, ε); 0] (t)‖+

+ ‖εG [R1(z0(s, c
∗
r) + x3, s, ε)−R1(z0(s, c

∗
r) + x2, s, ε); 0] (t)‖ ≤

≤ ε5q
G
(µ1ω4 + εσ

R′1
ω3),

ïðè ýòîì

‖cr4(ε)‖ ≤
∥∥∥B+

0 PQ∗d`K
[
A1(s)ξ

(1)
5 (s, ε)

]
(·)

∥∥∥ +
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+
∥∥B+

0 PQ∗d`K [R1(z0(s, c
∗
r) + x4(s, ε), s, ε)−R1(z0(s, c

∗
r) + x3(s, ε), s, ε)] (·)

∥∥ .

Äëÿ äîñòàòî÷íî ìàëûõ íîðì âåêòîðîâ x3(t, ε), x4(t, ε) ñïðàâåäëèâî íåðàâåíñòâî

‖R1(z0(t, c
∗
r) + x4(t, ε), s, ε)−R1(z0(t, c

∗
r) + x3(t, ε), s, ε)‖ ≤

≤
∥∥∥∂R1(z(t, ε), t, ε)/∂z|z=ζ(t,ε)

∥∥∥ ‖x4 − x3‖ ≤ σ
R′1
‖ξ4(t, ε)‖,

êîòîðîå ïðèâîäèò ê îöåíêå

‖cr4(ε)‖ ≤ ε5µ4q`

[
εµ1qG

σ
R′1

ω3 + (µ2
1qG

+ εσ
R′1

)ω4

]
,

ñëåäîâàòåëüíî
‖ξ5(t, ε)‖ ≤ ε5 · ω5,

ãäå
ω5 = ε(1 + µ1µ4σXr

q`)qG
σ

R′1
ω3 + +

[
q

G
µ1 + σ

Xr
µ4q`(µ

2
1qG

+ εσ
R′1

)
]
ω4.

Òàêèì îáðàçîì, ïîñëåäîâàòåëüíîñòü
{
εkωk

}
ÿâëÿåòñÿ ìàæîðàíòîé

‖ξk(t, ε)‖ ≤ εkωk, k = 4, 5, ...

ïîñëåäîâàòåëüíîñòè ôóíêöèé {ξk(t, ε)} , ïðè ýòîì êîíñòàíòû ωk ÿâëÿþòñÿ ðåøåíè-
ÿìè çàäà÷è Êîøè

ω3 = q
G
(µ1ω2 + σ

R
) + σ

Xr
µ4q`

[
µ1qG

(µ1ω2 + σ
R
) + εσ

R′1
ω2

]
,

ω4 = ε(1 + µ1µ4σXr
q`)qG

σ
R′1

ω2 +
[
q

G
µ1 + σ

Xr
µ4q`(µ

2
1qG

+ εσ
R′1

)
]
ω3

äëÿ ðàçíîñòíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà

ωk+2 = ε(1 + µ1µ4σXr
q`)qG

σ
R′1

ωk+

+
[
q

G
µ1 + σ

Xr
µ4q`(µ

2
1qG

+ εσ
R′1

)
]
ωk+1, k = 3, 4, . . . .

Ïóñòü λ1, λ2− êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ ïîëó÷åííîé ïîñëåäîâàòåëü-
íîñòè

λ2 −
[
q

G
µ1 + σ

Xr
µ4q`(µ

2
1qG

+ εσ
R′1

)
]
λ− ε(1 + µ1µ4σXr

q`)qG
σ

R′1
= 0.

Ýòè êîðíè � ïîëîæèòåëüíûå äåéñòâèòåëüíûå ÷èñëà è ïðè óñëîâèè λ1 < 1, λ2 < 1
îïðåäåëÿþò ñõîäÿùóþñÿ, ñëåäîâàòåëüíî, îãðàíè÷åííóþ 0 < ωk(ε) < γ, k = 1, 2, ...
ïîñëåäîâàòåëüíîñòü {ωk(ε)}. Â ñâîþ î÷åðåäü ïîñëåäîâàòåëüíîñòü {εkγ} ÿâëÿåòñÿ
ìàæîðàíòîé ||ξk(t, ε)|| ≤ εkγ ïðè 0 < ε < 1 è k = 1, 2, . . . ïîñëåäîâàòåëüíîñòè
ôóíêöèé {ξk(t, ε)}, ÷òî ãàðàíòèðóåò àáñîëþòíóþ è ðàâíîìåðíóþ ñõîäèìîñòü ðÿäà

x(t, ε) =
∞∑
i=1

ξi(t, ε).
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Íàêîíåö, ñõîäèìîñòü ïîñëåäíåãî ðÿäà ãàðàíòèðóåò ñõîäèìîñòü ïîñëåäîâàòåëüíîñòè
dxk+2/dt = A(t)x4+ε {Z(z0(t, c

∗
r), t, 0) + A1(t)xk+1 + εA2(t) + R1(z0(t, c

∗
r) + xk, t, ε)} ,

`xk+2(·, ε) = ε {J(z0(·, c∗r), 0) + `1xk+1(·, ε) + ε`2(z0(·, c∗r)) + J1(z0(·, c∗r) + xk, ε)}
ïðèáëèæåíèé ê çàäà÷å (6). Òàêèì îáðàçîì, äîêàçàíà ñëåäóþùàÿ òåîðåìà.
Òåîðåìà. Ïóñòü êðàåâàÿ çàäà÷à (1)�(2) ïðåäñòàâëÿåò êðèòè÷åñêèé (PQ∗ 6= 0)
ñëó÷àé è âûïîëíåíî óñëîâèå (4) ðàçðåøèìîñòè ïîðîæäàþùåé çàäà÷è (3). Òîãäà
äëÿ êàæäîãî êîðíÿ c∗r ∈ Rr óðàâíåíèÿ (5) ïðè óñëîâèÿõ PB∗0 = 0 è F1(c

∗
r) = 0

çàäà÷à (6) èìååò ïî ìåíüøåé ìåðå îäíî ðåøåíèå
x(t, ε) = col

(
x(1)(t, ε), . . . , x(n)(t, ε)

)
,

x(i)(·, ε) ∈ C1[a, b], x(i)(t, ·) ∈ C[0, ε∗], ε∗ ≤ ε0, i = 1, 2, . . . , n,

ïðè ε = 0 îáðàùàþùååñÿ â íóëåâîå x(t, 0) ≡ 0. Çäåñü rank PB0 = ρ, PB0 : Rd →
N(B0)− (d×d)− ìàòðèöà-îðòîïðîåêòîð, PB∗0 : Rr → N(B∗

0)− (r×r)− ìàòðèöà-
îðòîïðîåêòîð. Äëÿ ïîñòðîåíèÿ ðåøåíèÿ çàäà÷è (6) ïðè óñëîâèè λ1,2 < 1 ïðèìå-
íèìà èòåðàöèîííàÿ ïðîöåäóðà

x1(t, ε) = ξ1(t, ε), ξ1(t, ε) = εG [Z(z0(s, c
∗
r), s, 0); J(z0(·, c∗r), 0)] (t);

x2(t, ε) = ξ1(t, ε) + ξ2(t, ε), ξ2(t, ε) = Xr(t)cr1(ε) + ξ
(1)
2 (t, ε),

ξ
(1)
2 (t, ε) = εG [A1(s)ξ1(s, ε) + εA2(s); `1ξ1(·, ε) + ε`2(z0(·, c∗r))] (t),

cr1(ε) = −B+
0 PQ∗d

{
`1ξ

(1)
2 (·, ε) + J1(z0(·, c∗r) + x1(·, ε), ε)−

−`K
[
A1(s)ξ

(1)
2 (s, ε) + R1(z0(s, c

∗
r) + x1(s, ε), s, ε)

]
(·)Big}+ Pρcρ(ε);

x3(t, ε) = ξ1(t, ε) + ξ2(t, ε) + ξ3(t, ε), ξ3(t, ε) = Xr(t)cr2(ε) + ξ
(1)
3 (t, ε),

ξ
(1)
3 (t, ε) = εG [A1(s)ξ2(s, ε) + R1(z0(s, c

∗
r) + x1, t, ε); `1ξ2(·, ε) + J1(z0(·, c∗r) + x1, ε)] (t),

cr2(ε) = −B+
0 PQ∗d

{
`1ξ

(1)
3 (·, ε) + J1(z0(·, c∗r) + x2(·, ε), ε)− J1(z0(·, c∗r) + x1, ε)−

−`K
[
A1(s)ξ

(1)
3 (s, ε) + R1(z0(s, c

∗
r) + x2(s, ε), s, ε)−R1(z0(s, c

∗
r) + x1, s, ε)

]
(·)

}
+ Pρcρ;

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

xk+3(t, ε) =
k+3∑
i=1

ξi(t, ε), ξk+3(t, ε) = Xr(t)crk+2
(ε) + ξ

(1)
k+3(t, ε),

ξ
(1)
k+3(t, ε) = εG [A1(s)ξk+2(s, ε) + R1(z0(s, c

∗
r) + xk+1, s, ε)−R1(z0(s, c

∗
r) + xk, s, ε);

`1ξk+2(·, ε) + J1(z0(·, c∗r) + xk+1, ε)− J1(z0(·, c∗r) + xk, ε)](t),

crk+1
(ε) = −B+

0 PQ∗d

{
`1ξ

(1)
k+2(·, ε) + J1(z0(·, c∗r) + xk+1(·, ε), ε)− J1(z0(·, c∗r) + xk, ε)−

−`K
[
A1(s)ξ

(1)
k+2(s, ε) + R1(z0(s, c

∗
r) + xk+1(s, ε), s, ε)−R1(z0(s, c

∗
r) + xk, s, ε)

]
(·)

}
+

+Pρcρ(ε), . . . , k = 1, 2, 3, . . . .
(11)
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Íàëè÷èå ïðîèçâîäíûõ A2(t) è `2(z0(·, c∗r)), à òàêæå óñëîâèå F1(c
∗
r) = 0 îòëè÷àþò

èòåðàöèîííóþ ïðîöåäóðó (11) îò òðàäèöèîííîé [4, 9]. Ó÷åò ïðîèçâîäíûõ A2(t) è
`2(z0(·, c∗r)), âîîáùå ãîâîðÿ, ñíèìàåò äîïîëíèòåëüíûå òðåáîâàíèÿ

∂Z(z, t, ε)

∂ε

∣∣∣∣z=z0(t,c∗r),
ε=0

≡ 0,
∂J(z(·, ε), ε)

∂ε

∣∣∣∣z=z0(t,c∗r),
ε=0

= 0,

èñïîëüçóåìûå ïðè ïîñòðîåíèè èòåðàöèîííîé ïðîöåäóðû [9]. Ñ äðóãîé ñòîðîíû,
óñëîâèå F1(c

∗
r) = 0 íå ÿâëÿåòñÿ íåîáõîäèìûì óñëîâèåì ïðåîáðàçîâàíèÿ êðàåâîé

çàäà÷è (1)�(2) ê îïåðàòîðíîé ñèñòåìå (9), à ëèøü óñëîâèåì óïðîùåíèÿ ýòîé ïðîöå-
äóðû. Êàê áóäåò ïîêàçàíî íèæå, ñóùåñòâóþò êðàåâûå çàäà÷è, äëÿ êîòîðûõ óñëîâèå
F1(c

∗
r) = 0 âûïîëíÿåòñÿ. Èòåðàöèîííàÿ ïðîöåäóðà (11) èñïîëüçóåò ïðåäñòàâëåíèå

èñêîìîãî ðåøåíèÿ â âèäå ñóììû ïîñëåäîâàòåëüíîñòè âîçìóùåíèé

x1(t, ε) = ξ1(t, ε), x2(t, ε) = x1(t, ε) + ξ2(t, ε), x3(t, ε) = x2(t, ε) + ξ3(t, ε), . . . ,

íå ÿâëÿåòñÿ ðàçëîæåíèåì èñêîìîãî ðåøåíèÿ ïî ñòåïåíÿì ìàëîãî ïàðàìåòðà è íå
ïðåäïîëàãàåò ðàçëîæåíèé íåëèíåéíîñòåé ïî ñòåïåíÿì ðåøåíèÿ çàäà÷è (6).

Ïðàâûå ÷àñòè óðàâíåíèé èòåðàöèîííîé ïðîöåäóðû (11) â îòëè÷èå îò òðàäè-
öèîííîé ñõåìû [4, 9] íå ñîäåðæàò ïîâòîðÿþùèõñÿ ñëàãàåìûõ, ïîýòîìó òî÷íîñòü
ïðèáëèæåííûõ âû÷èñëåíèé âîçðàñòàåò.

3. Ïðèìåð ïîñòðîåíèÿ èòåðàöèîííîé ïðîöåäóðû
Óáåäèìñÿ â ñóùåñòâîâàíèè ðåøåíèé è ïîñòðîèì ïåðâûå ïðèáëèæåíèÿ ê ðåøå-

íèþ ñëàáîíåëèíåéíîé êðàåâîé çàäà÷è
dz

dt
= (2t− 1)z + εz ln z, `z(·) = z(0, ε)− z(1, ε) = 0. (12)

Äëÿ ýòîãî èññëåäóåì ïîðîæäàþùóþ çàäà÷ó
dz0

dt
= (2t− 1)z0, `z0(·) = z0(0)− z0(1) = 0.

Íîðìàëüíàÿ ôóíäàìåíòàëüíàÿ ìàòðèöà îäíîðîäíîé ÷àñòè äèôôåðåíöèàëüíîãî
óðàâíåíèÿ (12) ñóòü ôóíêöèÿ X(t) = et2−t. Ïîñêîëüêó Q = `X(·) = 0, ïîñòîëü-
êó èìååò ìåñòî êðèòè÷åñêèé ñëó÷àé; ïðè ýòîì r = d = 1,

PQ∗ = PQ∗d = PQ = PQr = 1.

Îáùåå ðåøåíèå ïîðîæäàþùåé çàäà÷è èìååò âèä z0(t, c) = cet2−t. Óðàâíåíèå (5) â
ñëó÷àå çàäà÷è (12) F (c) = c ln c− c

6
= 0 èìååò åäèíñòâåííîå íåòðèâèàëüíîå ðåøåíèå

c∗1 = e
1
6 ≈ 1, 18136; ýòîò êîðåíü îïðåäåëÿåò ïðîèçâîäíóþ

A1(t) =
∂Z(z, t, ε)

∂z

∣∣∣∣z=z0(t,c∗1)
ε=0

= t2 − t + 7/6,
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êîòîðàÿ, â ñâîþ î÷åðåäü, ïðèâîäèò ê êîíñòàíòå B0 = 1. Ïîñêîëüêó B0 6= 0, òî
óñëîâèå PQ∗ 6= 0 âûïîëíåíî. Â ñèëó ðàâåíñòâà Q = Q+ = 0, îïåðàòîð Ãðèíà
ñîâïàäàåò ñ îïåðàòîðîì Ãðèíà çàäà÷è Êîøè G [f(s); α] (t) ≡ K [f(s)] (t).

Ïåðâîå ïðèáëèæåíèå ê îòêëîíåíèþ îò ïîðîæäàþùåãî ðåøåíèÿ

x1(t, ε) = ξ1(t, ε) = εG

[
Z(z0(s, c

∗
r), s, 0); J(z0(·, c∗r), 0)

]
(t) = εe

1
6 et2−t

(
t

6
+

t3

3
− t2

2

)

ïîçâîëÿåò ïðîâåðèòü óñëîâèå F1(c
∗
r) = 0 ïðèìåíèìîñòè äîêàçàííîé òåîðåìû. Âòî-

ðîå ïðèáëèæåíèå

x2(t, ε) = ξ1(t, ε) + ξ2(t, ε), ξ2(t, ε) = Xr(t)cr1(ε) + ξ
(1)
2 (t, ε)

ê îòêëîíåíèþ îò ïîðîæäàþùåãî ðåøåíèÿ îïðåäåëÿåò ôóíêöèÿ

ξ
(1)
2 (t, ε) = ε2

(
1

18
t6 − 1

6
t5 +

19

72
t4 − 1

4
t3 +

7

72
t2

)
exp

(
t2 − t +

1

6

)
.

Äëÿ íàõîæäåíèÿ âåëè÷èíû cr1(ε) ïîëîæèì ε = 0, 1; ïðè ýòîì

cr1(0, 1) ≈ −0, 0000 328 163.

Òðåòüå ïðèáëèæåíèå

x3(t, ε) = ξ1(t, ε) + ξ2(t, ε) + ξ3(t, ε), ξ3(t, ε) = Xr(t)cr2(ε) + ξ
(1)
3 (t, ε)

îïðåäåëÿåò âåëè÷èíà cr2(0, 1) ≈ −1, 85 599 · 10−10 è ôóíêöèÿ

ξ
(1)
3 (t, ε) ≈ −3, 82 848 · 10−6t + 5, 46 926 · 10−6t2 + 4, 16 575 · 10−5t3−
− 1, 81 602 · 10−4t4 + 4, 04 753 · 10−4t5 − 6, 32 544 · 10−4t6 + 7, 73 950 · 10−4t7−
− 7, 93 765 · 10−4t8 + 7, 05 11 · 10−4t9 − 5, 57 249 · 10−4t10 + 3, 99 035 · 10−4t11−
− 2, 61 999 · 10−4t12 + 1, 59 766 · 10−4t13 − 9, 09 811 · 10−5t14 + 4, 88 572 · 10−4t15−
− 2, 48 049 · 10−5t16 + 1, 19 972 · 10−5t17 − 5, 53 459 · 10−6t18 + 2, 45 004 · 10−6t19−
− 1, 041 317 · 10−6t20 + 4.26 975 · 10−7t21 − 1, 68 926 · 10−7t22 + 6, 47 178 · 10−8t23−
− 2, 39 940 · 10−8t24 + 8, 62 143 · 10−9t25 − 2, 99 310 · 10−9t26 + 1, 00 159 · 10−9t27−
− 3, 20 955 · 10−10t28 + 9, 80 577 · 10−11t29 − 2, 84 558 · 10−11t30 + 7, 87 707 · 10−12t31−

− 2, 09 899 · 10−12t32 + 5, 45 898 · 10−13t33.

Îöåíèòü íåâÿçêè ïåðâûõ òðåõ ïðèáëèæåíèé ìîæíî ñ èñïîëüçîâàíèåì íåâÿçîê â
ðåøåíèè êðàåâîé çàäà÷è (1)�(2)

∆i(ε) =
{
‖A(t)xi(t, ε) + εZ(z0(t, c

∗
r) + xi(t, ε), t, ε)− dxi(t, ε)/dt‖2

C[0;1] +

+ ‖`1xi(·)− J(z0(·, c∗r) + xi(·, ε), ε)‖2
Rm

}
1
2 , i = 1, 2, 3 .
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Ïîëàãàÿ ε = 0, 1, íàõîäèì íåâÿçêè â ðåøåíèè êðàåâîé çàäà÷è (12)

∆1(ε) ≈ 1, 63 663 · 10−4, ∆2(ε) ≈ 3, 82 844 · 10−6, ∆3(ε) ≈ 4, 22 500 · 10−8.

Äëÿ ñðàâíåíèÿ ïðèâåäåì íåâÿçêè, ïîëó÷àåìûå ïðè ïîìîùè ìåòîäà ïðîñòûõ èòå-
ðàöèé [1, 2, 9]

∆1(0, 1) ≈ 1, 16 055 · 10−4, ∆2(0, 1) ≈ 3, 82 851 · 10−6, ∆3(0, 1) ≈ 1, 22 684 · 10−5.

Ïðè çíà÷åíèè ε = 0, 5 , áëèçêîì ê âåëè÷èíå [7] ε∗ ≈ 0, 518 181, íåâÿçêè â ðåøåíèè
êðàåâîé çàäà÷è (12) óâåëè÷èâàþòñÿ

∆1(ε) ≈ 4, 10 414 · 10−3, ∆2(ε) ≈ 4, 78 418 · 10−4, ∆3(ε) ≈ 4, 59 347 · 10−4.
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