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Àííîòàöèÿ. Èññëåäîâàí âîïðîñ î ïîñòðîåíèè ÷àñòíûõ àñèìïòîòè÷åñêèõ ðåøåíèé ëèíåéíûõ ñèí-
ãóëÿðíî âîçìóù¼ííûõ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ìàëûì çàïàçäûâàíèåì àðãóìåíòà
è òîæäåñòâåííî âûðîæäåííîé ìàòðèöåé ïðè ïðîèçâîäíûõ â ñëó÷àå êðàòíîãî êîðíÿ ñîîòâåò-
ñòâóþùåãî õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ. Èñïîëüçóÿ ìåòîäû òåîðèè âîçìóù¼ííûõ ëèíåéíûõ
îïåðàòîðîâ âûâåäåíî ñîîòâåòñòâóþùåå óðàâíåíèå ðàçâåòâëåíèÿ è ïðîâåä¼í åãî àíàëèç. Óñòàíîâ-
ëåíî, ÷òî àñèìïòîòè÷åñêèå ðàçëîæåíèÿ èñêîìûõ ðåøåíèé â äàííîì ñëó÷àå ìîæíî ïîñòðîèòü
ïî äðîáíûì ñòåïåíÿì ìàëîãî ïàðàìåòðà. Ðàçðàáîòàí àëãîðèòì îïðåäåëåíèÿ ïîêàçàòåëåé ýòèõ
ñòåïåíåé ñ ïîìîùüþ äèàãðàìì Íüþòîíà.
Êëþ÷åâûå ñëîâà: ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ìàëûì çàïàçäûâàíèåì àðãóìåíòà,
óðàâíåíèå ðàçâåòâëåíèÿ, ìåòîä äèàãðàìì Íüþòîíà.

1. Ââåäåíèå
Ðàññìîòðèì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé âèäà

εB (t)
dx (t, ε)

dt
= A (t, ε)x (t, ε) + C (t, ε) x (t− ε∆(t), ε) , (1)

ãäå x(t, ε) � èñêîìûé n-ìåðíûé âåêòîð, A(t, ε), B(t), C(t, ε) � äåéñòâèòåëüíûå èëè
êîìïëåêñíîçíà÷íûå êâàäðàòíûå ìàòðèöû n-ãî ïîðÿäêà, ε ∈ (0; ε0] � ìàëûé ïàðà-
ìåòð.

Áóäåì ïðåäïîëàãàòü, ÷òî âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:
1◦. Ìàòðèöû A(t, ε), C(t, ε) äîïóñêàþò ðàâíîìåðíûå àñèìïòîòè÷åñêèå ðàçëîæå-

íèÿ ïî ñòåïåíÿì ε íà çàäàííîì îòðåçêå [0;T ]:

A (t, ε) ∼
∑

k≥0

εkAk (t), C (t, ε) ∼
∑

k≥0

εkCk (t); (2)

2◦. Êîýôôèöèåíòû ðàçëîæåíèé (2), ìàòðè÷íàÿ ôóíêöèÿ B(t) è ôóíêöèÿ ∆(t)
áåñêîíå÷íî äèôôåðåíöèðóåìû íà [0;T ];
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3◦. ∆ (t) ≥ 0 ∀t ∈ [0;T ];
4◦. detB (t) ≡ 0.
Âîçìîæíîñòü ïîñòðîåíèÿ ÷àñòíûõ àñèìïòîòè÷åñêèõ ðåøåíèé ñèíãóëÿðíî âîç-

ìóù¼ííûõ ñèñòåì äàííîãî òèïà èçó÷àëàñü â ðàáîòàõ [3, 4] ïðè óñëîâèè, ÷òî ìàò-
ðèöà ïðè ïðîèçâîäíîé � åäèíè÷íàÿ. Ïðè ýòîì áûëî óñòàíîâëåíî, ÷òî â ñëó÷àå
ïðîñòûõ êîðíåé ñîîòâåòñòâóþùåãî õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ íà ýòè ñèñòå-
ìû ðàñïðîñòðàíÿåòñÿ òåîðåìà Äæ.Áèðêãîôà [6], îòíîñÿùàÿñÿ ê ñèñòåìàì áåç çà-
ïàçäûâàíèÿ, ñîãëàñíî êîòîðîé èõ ÷àñòíûå ðåøåíèÿ ìîæíî ïîñòðîèòü â âèäå

x (t, ε) = u (t, ε) exp


1

ε

t∫

0

(λ0 (τ) + λ (τ, ε)) dτ


 , (3)

ãäå λ0(t) � îäèí èç êîðíåé õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ, à n-ìåðíûé âåêòîð
u(t, ε) è ôóíêöèÿ λ(t, ε) ïðåäñòàâëÿþòñÿ â âèäå ðàçëîæåíèé ïî ñòåïåíÿì ε, àíàëî-
ãè÷íûì (2). Ïîïûòêè ðàñïðîñòðàíèòü ýòîò ðåçóëüòàò íà ñëó÷àé êðàòíûõ êîðíåé
õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ íàòîëêíóëèñü íà âåñüìà ñóùåñòâåííûå òðóäíîñòè,
îáóñëîâëåííûå òåì, ÷òî ðàçëîæåíèÿ äëÿ âåêòîðà u(t, ε) è ôóíêöèè λ(t, ε) â ýòîì
ñëó÷àå íåîáõîäèìî ñòðîèòü ïî äðîáíûì ñòåïåíÿì ïàðàìåòðà, ïîêàçàòåëè êîòîðûõ
çàâèñÿò íå òîëüêî îò êðàòíîñòè λ0(t), íî è îò ñòðóêòóðû ìàòðèö Ak(t),Ck(t),
k = 1, 2, . . . . Ïðèìåíåíèå ìåòîäà íåîïðåäåë¼ííûõ êîýôôèöèåíòîâ ââèäó åãî ÷ðåç-
âû÷àéíîé ãðîìîçäêîñòè ïîçâîëèëî íåêîòîðûì àâòîðàì èçó÷èòü ëèøü îòäåëüíûå
÷àñòíûå ñëó÷àè [4, 5], è òî ëèøü ïðè óñëîâèè, ÷òî êðàòíîñòü êîðíÿ õàðàêòåðèñòè-
÷åñêîãî óðàâíåíèÿ ðàâíà äâóì.

Â äàííîé ñòàòüå, èñïîëüçóÿ èäåè ðàáîò [1, 2, 3], äëÿ èçó÷åíèÿ ñòðóêòóðû ÷àñò-
íûõ àñèìïòîòè÷åñêèõ ðåøåíèé ñèñòåìû (1) â ñëó÷àå êðàòíîãî êîðíÿ õàðàêòåðèñòè-
÷åñêîãî óðàâíåíèÿ ïðèìåíÿåòñÿ ìåòîä äèàãðàìì Íüþòîíà, ÷òî ïîçâîëèëî ïðåîäî-
ëåòü òðóäíîñòè âûáîðà äðîáíûõ ïîêàçàòåëåé ñòåïåíåé ïàðàìåòðà ε, ïî êîòîðûì
ñëåäóåò âåñòè ðàçëîæåíèÿ èñêîìûõ u(t, ε) è λ(t, ε) è îïðåäåëåíèÿ êîýôôèöèåíòîâ
ýòèõ ðàçëîæåíèé. Ïðè ýòîì çàäà÷à ðåøàåòñÿ â íàèáîëåå îáùåé ïîñòàíîâêå, áåç
îãðàíè÷åíèé íà êðàòíîñòü êîðíÿ λ0(t).

Ïðåäëîæåííûé ìåòîä îïðåäåëåíèÿ ñòðóêòóðû àñèìïòîòè÷åñêèõ ðàçëîæåíèé íå
çàâèñèò îò òîãî, êàêîé ÿâëÿåòñÿ ìàòðèöà B(t) � âûðîæäåííîé èëè íåâûðîæäåí-
íîé. Çíà÷åíèå èìååò ëèøü ñòàáèëüíîñòü å¼ ïîâåäåíèÿ íà ðàññìàòðèâàåìîì ïðî-
ìåæóòêå [0;T ]. Âûðîæäåííîñòü ìàòðèöû B(t) ñóùåñòâåííî âëèÿåò ëèøü íà îáîñ-
íîâàíèå àñèìïòîòè÷åñêîãî õàðàêòåðà ïîñòðîåííûõ ðåøåíèé. Ïîýòîìó ïîëó÷åííûå
ðåçóëüòàòû ïåðåíîñÿòñÿ è íà òîò ñëó÷àé, êîãäà B(t) � åäèíè÷íàÿ ìàòðèöà è èç
íèõ, êàê ñëåäñòâèå, âûòåêàþò ÷àñòíûå ðåçóëüòàòû, ïîëó÷åííûå ðàíåå äðóãèìè àâ-
òîðàìè.

Â íà÷àëå ñòàòüè ïðèâîäÿòñÿ íåêîòîðûå âñïîìîãàòåëüíûå ñâåäåíèÿ, êîòîðûå
èñïîëüçóþòñÿ â äàëüíåéøèõ âûêëàäêàõ.

Îñíîâíàÿ ÷àñòü ðàáîòû ïîñâÿùåíà âûâîäó óðàâíåíèÿ ðàçâåòâëåíèÿ, êîòîðîìó
äîëæíà óäîâëåòâîðÿòü èñêîìàÿ ôóíêöèÿ λ(t, ε). Ïðîâîäèòñÿ àíàëèç ýòîãî óðàâíå-
íèÿ è óñòàíàâëèâàåòñÿ ïðèìåíèìîñòü ìåòîäà äèàãðàìì Íüþòîíà äëÿ îïðåäåëåíèÿ
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âèäà ðàçëîæåíèé ôóíêöèè λ(t, ε) è ñîîòâåòñòâóþùèõ óñëîâèé, êîòîðûå íåîáõîäèìî
íàëîæèòü íà êîýôôèöèåíòû ñèñòåìû, ÷òîáû ýòè ðàçëîæåíèÿ ôîðìàëüíî óäîâëåò-
âîðÿëè óðàâíåíèþ ðàçâåòâëåíèÿ. Óêàçûâàåòñÿ òàêæå àëãîðèòì íàõîæäåíèÿ êîýô-
ôèöèåíòîâ ðàçëîæåíèé äëÿ λ(t, ε) è u(t, ε) ïðè âûïîëåíèè íàéäåííûõ óñëîâèé.

Â çàêëþ÷èòåëüíîé ÷àñòè ñòàòüè ïðèâîäèòñÿ çàìå÷àíèå ïî ïîâîäó àñèìïòîòè-
÷åñêîãî õàðàêòåðà ôîðìàëüíûõ ðåøåíèé, ñòðîÿùèõñÿ ïî óêàçàííîé ñõåìå.

2. Íåêîòîðûå âñïîìîãàòåëüíûå óòâåðæäåíèÿ è ðåçóëüòàòû
Ïðåæäå ÷åì ïåðåéòè ê âîïðîñó î ïîñòðîåíèè ðåøåíèé ñèñòåìû (1), ïðèâåä¼ì

íåêîòîðûå âñïîìîãàòåëüíûå óòâåðæäåíèÿ, êîòîðûå áóäóò èñïîëüçîâàòüñÿ â äàëü-
íåéøèõ âûêëàäêàõ.

Ïóñòü F (λ) = ‖fij (λ)‖n
1 � êâàäðàòíàÿ ôóíêöèîíàëüíàÿ ìàòðèöà, ýëåìåíòû

êîòîðîé çàâèñÿò îò êîìïëåêñíîãî ïàðàìåòðà λ. Èñïîëüçóÿ èäåè [4, ñ. 123-127],
ìîæíî äîêàçàòü ñëåäóþùåå óòâåðæäåíèå.

Ëåììà. Åñëè óðàâíåíèå detF (λ) = 0 èìååò èçîëèðîâàííûé êîðåíü λ0 êðàòíîñòè
p <∞, rankF (λ0) = n− 1 è ìàòðè÷íàÿ ôóíêöèÿ F (λ) p ðàç äèôôåðåíöèðóåìà â
îêðåñíîñòè òî÷êè λ0, òî êîðíþ λ0 ñîîòâåòñòâóåò æîðäàíîâà öåïî÷êà äëèíû p,
ñîñòîÿùàÿ èç âåêòîðîâ ϕi, i = 1, p, êîòîðûå óäîâëåòâîðÿþò ñîîòíîøåíèÿì

F (λ0)ϕ1 = 0;

F (λ0)ϕ2 + F ′ (λ0)ϕ1 = 0;

F (λ0)ϕ3 +
1

1!
F ′ (λ0)ϕ2 +

1

2!
F ′′ (λ0)ϕ1 = 0;

. . . . . . . . . . . . . . . . . . . . . . . .

F (λ0)ϕp +
1

1!
F ′ (λ0)ϕp−1 +

1

2!
F ′′ (λ0)ϕp−2 + . . .+

1

(p− 1)!
F (p−1) (λ0)ϕ1 = 0,

à óðàâíåíèå

F (λ0) y +

p∑
i=1

1

i!
F (i) (λ0)ϕp+1−i = 0

íåðàçðåøèìî îòíîñèòåëüíî âåêòîðà y.

Ðàññìîòðèì òåïåðü ìàòðè÷íûé êâàçèïîëèíîì

F (t, λ) = A0 (t)− λB (t) + e−λ∆(t)C0 (t) ,

êîòîðûé îïðåäåëÿåò ñâîéñòâà ñèñòåìû (1). Ïðåäïîëîæèì, ÷òî âûïîëÿíþòñÿ óñëî-
âèÿ:

5◦. Õàðàêòåðèñòè÷åñêîå óðàâíåíèå

detF (t, λ) = 0 (4)
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èìååò íà çàäàííîì îòðåçêå [0;T ] èçîëèðîâàííûé êîðåíü λ0(t) ïîñòîÿííîé êðàòíî-
ñòè p <∞;

6◦. rankF (t, λ0 (t)) = n− 1,∀t ∈ [0;T ].
Òîãäà ñîãëàñíî ëåììå ýòîìó êîðíþ ñîîòâåòñòâóåò æîðäàíîâà öåïî÷êà äëèíû p,

âåêòîðû êîòîðîé ϕi (t) , i = 1, p óäîâëåòâîðÿþò ñîîòíîøåíèÿì

F (t, λ0 (t))ϕ1 (t) = 0; (5)

F (t, λ0 (t))ϕk (t) +
k−1∑
i=1

1

i!
F

(i)
λ (t, λ0 (t))ϕk−i (t) = 0, k = 2, p. (6)

Âåêòîðû ϕi (t) , i = 1, p èç ýòèõ ñîîòíîøåíèé îïðåäåëÿþòñÿ íåîäíîçíà÷íî. Ýòó
íåîäíîçíà÷íîñòü ìîæíî óñòðàíèòü, îïðåäåëèâ èõ ñëåäóþùèì îáðàçîì. Ïîñêîëüêó
âñå ýëåìåíòû ìàòðèö A0(t), B(t), C0(t) è ôóíêöèÿ λ(t) áåñêîíå÷íî äèôôåðåíöè-
ðóåìû íà çàäàííîì îòðåçêå [0;T ], òî ñîãëàñíî ëåììå 3.1 èç [4, c. 117] ôóíêöèÿ
λ0(t) òàêæå áåñêîíå÷íî äèôôåðåíöèðóåìà íà ýòîì îòðåçêå. Ñëåäîâàòåëüíî, âñå
ýëåìåíòû ìàòðèöû F (t, λ0 (t)) áåñêîíå÷íî äèôôåðåíöèðóåìû íà [0;T ], è, çíà÷èò
[7], âåêòîð ϕ1 (t) ìîæíî îïðåäåëèòü òàê, ÷òîáû îí èìåë ïðîèçâîäíûå ëþáîãî ïîðÿä-
êà. Îáîçíà÷èâ åãî ϕ (t), ïîñëåäóþùèå âåêòîðû äàííîé öåïî÷êè îïðåäåëèì ïî ôîð-
ìóëàì

ϕk (t) = −
k−1∑
i=1

1

i!
H (t)F

(i)
λ (t, λ0 (t))ϕk−i (t), k = 2, p, (7)

ãäå H(t) � ïîëóîáðàòíàÿ ìàòðèöà ê ìàòðèöå F (t, λ0(t)), êîòîðóþ îïðåäåëèì òàê,
÷òîáû âñå å¼ ýëåìåíòû áûëè áåñêîíå÷íî äèôôåðåíöèðóåìû íà çàäàííîì îòðåçêå
[3, �1.2].

Ó÷èòûâàÿ ðåêóððåíòíûé õàðàêòåð ôîðìóëû (7), ïðåîáðàçóåì å¼ ê âèäó

ϕk (t) =
k∑

i=1

(−1)i P̃ k
i (HFλ)ϕ (t), k = 1, p, (8)

ãäå ñèìâîëîì P̃ k
i (HFλ) îáîçíà÷åíà ñóììà âñåõ âîçìîæíûõ ïðîèçâåäåíèé i ìíîæè-

òåëåé
1

s1!
H (t)F

(s1)
λ (t, λ0 (t)) ,

1

s2!
H (t)F

(s2)
λ (t, λ0 (t)) , . . . ,

1

si!
H (t)F

(si)
λ (t, λ0 (t))

òàêèõ, ÷òî s1 + s2 + · · ·+ si = k.
Îáîçíà÷èì ÷åðåç ψ(t) ýëåìåíò íóëü-ïðîñòðàíñòâà ìàòðèöû F ∗ (t, λ0 (t)), ñîïðÿ-

æåííîé ê F (t, λ0 (t)), êîòîðûé, êàê è âåêòîð ϕ(t), îïðåäåëèì òàê, ÷òîáû îí áûë
áåñêîíå÷íî äèôôåðåíöèðóåìûì íà [0;T ]. Òîãäà èç ðàçðåøèìîñòè óðàâíåíèé (6)
ñëåäóåò, ÷òî

k∑
i=1

(−1)i (P k
i (HFλ)ϕ, ψ

)
= 0, k = 1, p− 1, (9)
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à òàê êàê ïðè k = p+ 1 ýòî óðàâíåíèå íåðàçðåøèìî, òî
p∑

i=1

(−1)i (P k
i (HFλ)ϕ, ψ

) 6= 0,∀t ∈ [0;T ] .

Ñèìâîëû P̃ k
i (HFλ) è P k

i (HFλ) ñâÿçàíû ñîîòíîøåíèåì HP k
i (HFλ) = P̃ k

i (HFλ),
ò.å. âûðàæåíèå P k

i (HFλ) îòëè÷àåòñÿ îò P̃ k
i (HFλ) òåì, ÷òî âî âñåõ åãî ñëàãàåìûõ

îòñóòñòâóåò ïåðâûé ìíîæèòåëü H.
Ïîñêîëüêó âåêòîð ψ(t) îïðåäåëÿåòñÿ ñ òî÷íîñòüþ äî ïðîèçâîëüíîãî ñêàëÿðíîãî

ìíîæèòåëÿ, òî çà ñ÷¼ò åãî âûáîðà ìîæíî äîáèòüñÿ, ÷òîáû
p∑

i=1

(−1)i (P k
i (HFλ)ϕ, ψ

)
= 1, (10)

÷òî è ïðåäïîëàãàåòñÿ â äàëüíåéøåì.

3. Âûâîä óðàâíåíèÿ ðàçâåòâëåíèÿ
Ïåðåéä¼ì ê ïîñòðîåíèþ ðåøåíèé ñèñòåìû (1), êîòîðûå, ñëåäóÿ [4], áóäåì èñêàòü

â âèäå (3). Ïîäñòàâèâ âåêòîð (3) â ñèòåìó (1), áóäåì èìåòü

(A0 − λ0B)u = λBu− Ãu+ εBu′ − exp


1

ε

t−ε∆∫

t

(λ0 + λ) dt


Cu (t− ε∆, ε) , (11)

ãäå
Ã (t, ε) =

∑

k≥1

εkAk (t)

(äèôôåðåíöèðîâàíèå çäåñü è â äàëüíåéøåì âåä¼òñÿ ïî ïåðåìåííîé t).

Ðàçëîæèâ ôóíêöèè exp

(
1
ε

t−ε∆∫
t

λ0 (τ) dτ

)
, exp

(
1
ε

t−ε∆∫
t

λ (τ, ε) dτ

)
è âåêòîð-ôóí-

êöèþ u (t− ε∆ (t) , ε) ôîðìàëüíî â ðÿä ïî ñòåïåíÿì ε , ïîëó÷èì

exp


1

ε

t−ε∆(t)∫

t

λ0 (τ) dτ


 = e−λ0(t)∆(t)

∞∑

k=0

εk

k∑
i=0

(−1)i+k

i!
∆i+k (t)P k

i (α);

exp


1

ε

t−ε∆(t)∫

t

λ (τ, ε) dτ


 =

∞∑
s=0

εs

∞∑

k=0

(−1)s+k

k!
∆s+k (t)P s

k (β);

u (t− ε∆ (t) , ε) =
∞∑

k=0

εk (−1)k

k!
∆k d

k

dtk
u (t, ε),
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ãäå
P k

i (α) =
∑

j1+...+ji=k

αj1αj2 . . . αji
, αj (t) =

1

(j + 1)!
λ

(j)
0 (t) , j = 1, 2, . . . ,

P s
k (β) =

∑
j1+...+jk=s

βj1βj2 . . . βjk
, βj (t, ε) =

1

(j + 1)!
λ(j) (t, ε) , j = 0, 1, . . . ,

ïðè÷¼ì ïî îïðåäåëåíèþ ïîëàãàåì P 0
0 (α) = P 0

0 (β) = 1, P s
0 (α) = P s

0 (β) = 0 ïðè
s > 0.

Ïîäñòàâèâ ýòè ðàçëîæåíèÿ â ïðàâóþ ÷àñòü ðàâåíñòâà (11) è ïåðåãðóïïèðîâàâ
ñëàãàåìûå, ïðåîáðàçóåì åãî ê âèäó

F (t, λ0 (t))u (t, ε) = λ (t, ε)B (t) u (t, ε)− Ã (t, ε) u (t, ε) + εB (t)u′ (t, ε) +

+
∑

k+s≥1

Qks

[
λk (t, ε)

]
εsu (t, ε),

ãäå

Qks

[
λk

]
= −(−1)s+k ∆s+k

k!
e−λ0∆

s∑
i=0

s−i∑
j=0

s−i−j∑
m=0

i∑
r=0

(−1)r−m ∆r−m

r! (s− i− j −m)!
×

×P i
r (α)P j

k (β)Cm
ds−i−j−m

dts−i−j−m
,

k + s ≥ 1.
Ïðèñîåäèíèâ ê îïåðàòîðíûì âûðàæåíèÿì Qks

[
λk

]
îñòàëüíûå ñëàãàåìûå, áóäåì

èìåòü
F (t, λ0)u = R (λ, ε) u, (12)

ãäå
R (λ, ε) =

∑

k+s≥1

εsRks

[
λk

]
, (13)

Rk0

[
λk

]
= λδk,1B +Qk0

[
λk

]
= −λk

[
−δk,1B +

(−1)k

k!
∆ke−λ0∆C0

]
=

= − 1

k!
F

(k)
λ (t, λ0)λ

k, k = 1, 2, . . . , (14)

R0s

[
λk

]
= −As+δs,1B

d

dt
−Q0s

[
λk

]
= −As+δs,1B

d

dt
−e−λ0∆

s∑
i=0

(−1)s−i ∆s−i

(s− i)!
Ci
ds−i

dts−i
−

−e−λ0∆

s∑
i=1

i∑
r=1

s−i∑
j=0

(−1)r+s−j ∆r+s−j

(s− i− j)!
P i

r (α)Cj
ds−i−j

dts−i−j
, s = 1, 2, . . . , (15)

Rks

[
λk

]
= (−1)k+1 ∆k

k!
e−λ0∆

s∑
j=0

s−j∑
i=0

(−1)s−i ∆s−i

(s− i− j)!
P j

k (β)Ci
ds−i−j

dts−i−j
+
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+ (−1)k+1 ∆k

k!
e−λ0∆

s∑
i=1

s−i∑
j=0

s−i−j∑
m=0

i∑
r=1

(−1)r+s−m ∆r+s−m

r! (s− i− j −m)!
P i

r (α)P j
k (β)Cm

ds−i−j−m

dts−i−j−m
,

k ≥ 1, s ≥ 1. (16)

Âåêòîð u(t, ε) áóäåò óäîâëåòâîðÿòü óðàâíåíèþ (12) òîãäà è òîëüêî òîãäà, êîãäà

(R (λ, ε)u, ψ) = 0. (17)

Ïðè âèïîëíåíèè ýòîãî óñëîâèÿ èìååì

u = HRu+ cϕ,

ãäå c� ïðîèçâîëüíûé ñêàëÿðíûé ìíîæèòåëü. Ïîñêîëüêó ýòîò ìíîæèòåëü ÿâëÿåòñÿ
ëèøü òåì ìíîæèòåëåì, ñ òî÷íîñòüþ äî êîòîðîãî îïðåäåëÿåòñÿ ðåøåíèå ñèñòåìû
(1), òî ïîëîæèì c = 1, ïîëó÷èì

(E −HR (λ, ε))u = ϕ,

ãäå E � åäèíè÷íàÿ ìàòðèöà. Ëåãêî óáåäèòüñÿ, ÷òî ýòî ðàâåíñòâî ôîðìàëüíî óäîâ-
ëåòâîðÿåòñÿ, åñëè âåêòîð u ïðåäñòàâèòü â âèäå ôîðìàëüíîãî ðàçëîæåíèÿ

u = ϕ+
∞∑

k=1

(HR (λ, ε))k. (18)

Ïîäñòàâèâ (18) â (17), ïîëó÷èì èñêîìîå óðàâíåíèå ðàçâåòâëåíèÿ

L (λ, ε) ≡
∞∑

k=0

(
R (λ, ε) (HR (λ, ε))k ϕ, ψ

)
= 0, (19)

êîòîðîìó äîëæíà óäîâëåòâîðÿòü ôóíêöèÿ λ(t, ε).
Ó÷èòûâàÿ (13), ïðåäñòàâèì îïåðàòîðíîå âûðàæåíèå L(λ, ε) â âèäå ðàçëîæåíèÿ

L (λ, ε) =
∑

k+s≥1

εsLks

[
λk

]
, (20)

ãäå k � ñóììàðíûé ñòåïåíü ôóíêöèè λ â çàïèñè îïåðàòîðíîãî âûðàæåíèÿ Lks

[
λk

]
.

Îáîçíà÷èâ
L̃ (λ, ε) =

∞∑

k=0

R (λ, ε) (HR (λ, ε))k (21)

è ïðèíÿâ âî âíèìàíèå (13), èìååì

HL̃ (λ, ε) =
∞∑

k=1

(HR (λ, ε))k =
∞∑

k=1

( ∑
i+j≥1

HRij

[
λi

]
εj

)k

=
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=
∞∑

k=1

∑

i+j≥k

P̃ i,j
k (HR)

[
λi

]
εj. (22)

Èçìåíèâ ïîðÿäîê ñóììèðîâàíèÿ è ïîìåíÿâ èíäåêñû, ïîëó÷èì

HL̃ (λ, ε) =
∑

k+s≥1

k+s∑
i=1

P̃ k,s
i (HR)

[
λk

]
εs, (23)

ãäå ñèìâîëîì P̃ k,s
i (HR)

[
λk

]
îáîçíà÷åíà ñóììà âñåâîçìîæíûõ ïðîèçâåäåíèé i îïå-

ðàòîðíûõ "ìíîæèòåëåé"HRk1s1

[
λk1

]
, HRk2s2

[
λk2

]
, . . . , HRkisi

[
λki

]
òàêèõ, ÷òî

k1 + k2 + · · ·+ ki = k, s1 + s2 + · · ·+ si = s (kj, sj � öåëûå íåîòðèöàòåëüíûå ÷èñëà,
êîòîðûå îäíîâðåìåííî íå ðàâíû íóëþ).

Ñðàâíèâ (19) ñ (22), ïðèõîäèì ê âûâîäó, ÷òî

Lks

[
λk

]
=

k+s∑
i=1

(
P k,s

i (HR)
[
λk

]
ϕ, ψ

)
, k + s ≥ 1, (24)

ãäå âûðàæåíèå P k,s
i (HR)

[
λk

]
ñâÿçàíî ñ P̃ k,s

i (HR)
[
λk

]
ñîîòíîøåíèåì

HP k,s
i (HR)

[
λk

]
= P̃ k,s

i (HR)
[
λk

]
.

Èñïîëüçóÿ (14), (9), (10), â ÷àñíîñòè, áóäåì èìåòü

Lk0

[
λk

]
=

k∑
i=1

(
P k,0

i (HR)
[
λk

]
ϕ, ψ

)
=

k∑
i=1

(−1)i (P k
i (HFλ)ϕ, ψ

)
λk =

= δk,pλ
k, k = 1, p; (25)

L0s =
s∑

i=1

(
P 0,s

i (HR)ϕ, ψ
)

=
∑

s1+s2+···+si=s

(R0s1HR0s2 . . . HR0si
ϕ, ψ), s = 1, 2, . . . .

(26)
Ñ ó÷¼òîì (20), (25), (26) óðàâíåíèå ðàçâåòâëåíèÿ (19) çàïèøåòñÿ â âèäå

λp +
∞∑

k=p+1

Lk0λ
k +

∞∑
s=1

εsLos +
∞∑

k=1

∞∑
s=1

εsLks

[
λk

]
= 0. (27)

Ïîäñòàâèâ (22), (23) â (18), ïîëó÷èì ñîîòâåòñòâóþùåå âûðàæåíèå äëÿ âåêòîðà
u(t, ε):

u (t, ε) = ϕ+HL̃ (λ, ε) = ϕ+
∞∑

s=1

εsHL̃0sϕ+
∞∑

k=1

∞∑
s=0

εsHL̃ks

[
λk

]
ϕ, (28)

ãäå

L̃ks

[
λk

]
=

k+s∑
i=1

P k,s
i (HR)

[
λk

]
, k + s ≥ 1. (29)

Â èòîãå äîêàçàíà ñëåäóþùàÿ òåîðåìà.

ISSN 0203�3755 Äèíàìè÷åñêèå ñèñòåìû, âûï. 26 (2009)



ÈÑÑËÅÄÎÂÀÍÈÅ ÑÒÐÓÊÒÓÐÛ ×ÀÑÒÍÛÕ ÀÑÈÌÏÒÎÒÈ×ÅÑÊÈÕ ÐÅØÅÍÈÉ 123

Òåîðåìà 1. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ 1◦− 6◦. Òîãäà äëÿ òîãî, ÷òîáû âåêòîð
(3) áûë ôîðìàëüíûì ðåøåíèåì ñèñòåìû óðàâíåíèé (1), íåîáõîäèìî è äîñòàòî÷-
íî, ÷òîáû ôóíêöèÿ λ(t, ε) ôîðìàëüíî óäîâëåòâîðÿëà óðàâíåíèþ (27), îïåðàòîðíûå
êîýôôèöèåíòû Lks[λ

k] êîòîðîãî îïðåäåëÿþòñÿ ôîðìóëàìè (24)− (26). Ñîîòâåò-
ñòâóþùàÿ âåêòîð-ôóíêöèÿ u(t, ε) ïðåäñòàâëÿåòñÿ â âèäå ôîðìàëüíîãî ðàçëîæå-
íèÿ (28), êîýôôèöèåíòû êîòîðîãî âûðàæàþòñÿ ôîðìóëàìè (29).

4. Èññëåäîâàíèå óðàâíåíèÿ ðàçâåòâëåíèÿ
Óðàâíåíèå (27) ïî ñâîåé ôîðìå ïîäîáíî óðàâíåíèþ ðàçâåòâëåíèÿ çàäà÷è î

âîçìóùåíèè ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåííûõ ýëåìåíòîâ ôðåäãîëüìîâûõ îïå-
ðàòîðîâ, êîòîðàÿ èçó÷àëàñü â [7] è ãäå äëÿ àíàëèçà ñòðóêòóðû åãî ðåøåíèé ïðèìå-
íÿëñÿ ìåòîä äèàãðàìì Íüþòîíà. È õîòÿ, â îòëè÷èå îò óðàâíåíèÿ ðàçâåòâëåíèÿ,
êîòîðîå ðàññìàòðèâàëîñü â [7], îïåðàòîðíûå êîýôôèöèåíòû Lks[λ

k] óðàâíåíèÿ (27)
çàâèñÿò îò èñêîìîé ôóíêöèè λ(t, ε) è ñîäåðæàò íåîãðàíè÷åííûå îïåðàòîðû äèôôå-
ðåíöèðîâàíèÿ, êàê ïîêàçàíî â [2, 3], äëÿ àíàëèçà ðåøåíèé òàêèõ óðàâíåíèé òàêæå
ìîæíî ýôôåêòèâíî ïðèìåíÿòü ìåòîä äèàãðàìì Íüþòîíà.

Ñîãëàñíî [3, c. 130], ÷òîáû íàéòè ðåøåíèÿ óðàâíåíèÿ (27), êàæäîìó îòëè÷íîìó
îò íóëÿ êîýôôèöèåíòó Lks[λ

k] íåîáõîäèìî ïîñòàâèòü â ñîîòâåòñòâèå òî÷êó (k; s) íà
êîîðäèíàòíîé ïëîñêîñòè Oks. Çàòåì âîêðóã áëèæàéøåé ê îñè Ok òî÷êè A0(0; s0)
ïðîòèâ ÷àñîâîé ñòðåëêè âðàùàåì ïðÿìóþ, ïîêà îíà íå âñòðåòèòñÿ ñ íåêîòîðîé
òî÷êîé A1(k1; s1). Äàëåå ïðÿìóþ â òîì æå íàïðàâëåíèè âðàùàåì âîêðóã òî÷êè
A1(k1; s1), ïîêà îíà íå âñòðåòèòñÿ ñî ñëåäóþùåé òî÷êîé A2(k2; s2), è ò.ä. (ðèñ.1).

Ðèñ. 1.

Ñîåäèíèâ íàéäåííûå òî÷êè, è ïîëó÷èì ñî-
îòâåòñòâóþùóþ äèàãðàììó Íüþòîíà. Ïóñòü
l
m

� òàíãåíñ óãëà íàêëîíà ê îòðèöàòåëüíîìó
íàïðàâëåíèþ îñè Ok íåêîòîðîãî çâåíà Ai−1Ai

ïîñòðîåííîé äèàãðàììû. Òîãäà ýòîìó çâåíó
ñîîòâåòñòâóåò ðåøåíèå óðàâíåíèÿ (27), êîòî-
ðîå ïðåäñòàâëÿåòñÿ â âèäå ôîðìàëüíîãî ðàç-
ëîæåíèÿ

λ (t, ε) = λ1 (t) ε
l

m +
∞∑
i=1

ε
l+i
m λi (t), (30)

åñëè îïðåäåëÿþùåå óðàâíåíèå
∑

Ĺks

[
λk

1

]
= 0

(èç êîòîðîãî íàõîäèòñÿ êîýôôèöèåíò λ1(t)) èìååò ïðîñòîé îòëè÷íûé îò íóëÿ êî-
ðåíü. Ñèìâîëîì

∑
´çäåñü îáîçíà÷åíî ñóììèðîâàíèå ïî òåì òî÷êàì (k; s), êîòîðûå

ïðèíàäëåæàò äàííîìó çâåíó äèàãðàììû.
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Åñëè λ1(t) � òîæäåñòâåííî êðàòíûé êîðåíü îïðåäåëÿþùåãî óðàâíåíèÿ, òî â
ðàçëîæåíèè (30) ñîõðàíÿåòñÿ òîëüêî ïåðâûé ÷ëåí, à äëÿ îïðåäåëåíèÿ ïîñëåäóþ-
ùèõ íåîáõîäèìî èñïîëüçîâàòü äðóãîå óðàâíåíèå ðàçâåòâëåíèÿ, ñäåëàâ â (27) çàìå-
íó λ = λ1ε

l
m + η, è ò.ä. Êàê ïîêàçàíî â [2], ïðè îòñóòñòâèè òî÷åê ïîâîðîòà ýòîò

ïðîöåññ êîíå÷åí è íà îïðåäåë¼ííîì ýòàïå ñîîòâåòñòâóþùåå ðàçëîæåíèå ñòàáèëè-
çèðóåòñÿ. Ïðè ýòîì äëÿ êàæäîãî çâåíà äèàãðàììû Íüþòîíà ìîæíî ïîñòðîèòü
ñòîëüêî ëèíåéíî íåçàâèñèìûõ ðåøåíèé óðàâíåíèÿ (27), êàêîâà äëèíà ïðîåêöèè
ýòîãî çâåíà íà îñü àáñöèññ.

Èñõîäÿ èç ýòîãî ìåòîäà, ïðîàíàëèçèðóåì óðàâíåíèå (27). Ïðåæäå âñåãî çàìå-
òèì, ÷òî èç íàëè÷èÿ â í¼ì ñëàãàåìîãî λp ñðàçó ñëåäóåò, ÷òî íà êîîðäèíàòíîé
ïëîñêîñòè âñåãäà ïðèñóòñòâóåò òî÷êà (p; 0), òàê êàê Lp0 = 1.

Ðàññìîòðèì êîýôôèöèåíò L1s[λ], âûäåëÿÿ â í¼ì ñëàãàåìûå ñ íàèâûñøèì ïîðÿä-
êîì ïðîèçâîäíîé îò ôóíêöèè λ. Òàê êàê ñîãëàñíî (15), (16)

R0s = − 1

s!
F

(s)
λ (t, λ0)

ds

dts
+ · · · , s = 1, 2, . . . ,

R1s [λ] = − (−1)s+1 ∆s+1e−λ0∆βsC0 + · · · = − 1

(s+ 1)!
λ(s)F s+1

λ (t, λ0 (t)) + · · · ,
s = 0, 1, . . . ,

ãäå òðîåòî÷èåì îáîçíà÷åíû ñëàãàåìûå, ïðîäóöèðóþùèå â ñîñòàâå L1s[λ] ïðîèç-
âîäíûå îò λ, ïîðÿäîê êîòîðûõ íèæå ÷åì s, òî

P 1,s
i (HR) [λ] =

∑
s1+s2+···+si=s

R0s1HR0s2 . . . HR0si−1
HR1si

+ · · · =

= (−1)i λ(s)
∑

s1+s2+···+si=s

1

s1!
F

(s1)
λ

1

s2!
HF

(s2)
λ . . .

1

si−1!
HF

(si−1)
λ

1

(si + 1)!
HF

(si+1)
λ + · · · ,

ãäå èíäåêñû s1, . . . , si−1 ïðèíèìàþò íàòóðàëüíûå çíà÷åíèÿ, à si � öåëûå íåîò-
ðèöàòåëüíûå. Ïðèíÿâ âî âíèìàíèå ïîñëåäíåå îáñòîÿòåëüñòâî, ïîëó÷èì

P 1,s
i (HR) [λ] = (−1)i λ(s)P s+1

i (HFλ) + · · · .
Ñëåäîâàòåëüíî,

L1s [λ] =
s+1∑
i=1

(−1)i (P s+1
i (HFλ)ϕ, ψ

)
λ(s) + · · · ,

îòêóäà, ó÷èòûâàÿ (9), (10), èìååì

L1,p−1 [λ] =
dp−1λ

dtp−1
+ · · · .

Àíàëîãè÷íî, âûäåëÿÿ ñëàãàåìûå ñ íàèâûñøèì ïîðÿäêîì ïðîèçâîäíîé îò ôóíê-
öèè λ â âûðàæåíèè Lks[λ

k], óñòàíîâèì, ÷òî

Lk,p−k

[
λk

]
= Dp−k

[
λk

]
+ · · · , k = 3, p− 1,
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ãäå Ds[λk] � ñóììà âñåõ âîçìîæíûõ "ïðîèçâåäåíèé"s "ìíîæèòåëåé"D = d
dt

è k
ìíîæèòåëåé λ, ïðè÷åì äèôôåðåíöèàëüíûé îïåðàòîð D âî âñåõ ýòèõ ñëàãàåìûõ
äåéñòâóåò íà âñ¼ âûðàæåíèå ñïðàâà îò íåãî è ïîñëåäíèì ìíîæèòåëåì ÿâëÿåòñÿ λ.

Òàêèì îáðàçîì, íåçàâèñèìî îò âèäà êîýôôèöèåíòîâ ñèñòåìû (1) íà êîîðäèíàò-
íîé ïëîñêîñòè Oks âñåãäà ïðèñóòñòâóþò òî÷êè (k; p−k), k = 0, p− 1, îòêóäà ñëåäó-
åò, ÷òî óðàâíåíèå (27) ìîæåò èìåòü íå áîëåå îäíîãî íóëåâîãî ðåøåíèÿ (êîãäà âñå
âûðàæåíèÿ L0s ≡ 0), à îáùåå ÷èñëî ëèíåéíî íåçàâèñèìûõ ðåøåíèé ðàâíî êðàò-
íîñòè p êîðíÿ λ0(t) õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (4).

Ó÷èòûâàÿ ýòè âûâîäû, ìîæíî ðàññìàòðèâàòü ñàìûå ðàçíîîáðàçíûå ñëó÷àè ðàñ-
ïîëîæåíèÿ òî÷åê íà äèàãðàììå, îïðåäåëÿÿ ñòðóêòóðó è âèä ÷àñòíûõ ôîðìàëüíûõ
ðåøåíèé ñèñòåìû (1). Â ýòîì ñìûñëå ôîðìóëû (24) − (26) ñîäåðæàò ïîëíóþ èí-
ôîðìàöèþ î ñòðóêòóðå ÷àñòíûõ ðåøåíèé ñèñòåìû (1), ñîîòâåòñòâóþùèõ äàííîìó
êîðíþ λ0(t) å¼ õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ, ïðè óñëîâèè ñòàáèëüíîãî ïîâå-
äåíèÿ êîýôôèöèåíòîâ Lks[λ

k] íà âñ¼ì ðàññìàòðèâàåìîì ïðîìåæóòêå èçìåíåíèÿ
íåçàâèñèìîé ïåðåìåííîé.

Ðàññìîòðèì íåêîòîðûå êîíêðåòíûå ñèòóàöèè.
Ïðåäïîëîæèì, ÷òî

L01 = − (A1ϕ, ψ) + (Bϕ′, ψ) + ∆e−λ0∆ (C0ϕ
′, ψ)− e−λ0∆ (C1ϕ, ψ)−

−1

2
∆2λ′0e

−λ0∆ (C0ϕ, ψ) 6= 0,∀t ∈ [0;T ] . (31)

Òîãäà ñîîòâåòñòâóþùàÿ äèàãðàììà ïðåäñòàâëÿåò ñîáîé îòðåçîê, ñîåäèíÿþùèé
òî÷êè (0; 1) è (p; 0)(ðèñ.2).

Òàíãåíñ óãëà íàêëîíà ýòîãî îòðåçêà ê îòðèöà-

Ðèñ. 2.

òåëüíîìó íàïðàâëåíèþ îñè Ok ðàâåí 1
p
, à îïðåäå-

ëÿþùåå óðàâíåíèå

L01 + λp = 0 (32)

èìååò p ïðîñòûõ îòëè÷íûõ îò íóëÿ êîðíåé:

λ
(j)
1 = p

√
|L01 (t)| exp

(
i
arg (−L01) + 2π (j − 1)

p

)
,

j = 1, p. (33)

Ñëåäîâàòåëüíî, óðàâíåíèå (27) èìååò p ðàçëè÷íûõ ðåøåíèé, êîòîðûå ïðåäñòàâ-
ëÿþòñÿ â âèäå ôîðìàëüíûõ ðàçëîæåíèé ïî ñòåïåíÿì µ = p

√
ε:

λj (t, ε) =
∞∑

k=1

µkλ
(j)
k (t), j = 1, p. (34)

ISSN 0203�3755 Äèíàìè÷åñêèå ñèñòåìû, âûï. 26 (2009)



126 Å.Â. ØÀÒÊÎÂÑÊÀß

Êîýôôèöèåíòû ýòîãî ðàçëîæåíèÿ ìîæíî íàéòè ìåòîäîì íåîïðåäåë¼ííûõ êîýô-
ôèöèåíòîâ, ïîäñòàâèâ åãî â óðàâíåíèå (27). Äåéñòâèòåëüíî, îïóñòèâ äëÿ óïðîùå-
íèÿ èíäåêñ j, ïîäñòàâèì (34) â (27). Áóäåì èìåòü

( ∞∑
i=1

µiλi (t)

)p

+
∞∑

k=p+1

( ∞∑
i=1

µiλi (t)

)k

+
∞∑

s=0

µpsL0s+

+
∞∑

k=1

∞∑
s=1

µpsLks




( ∞∑
i=1

µiλi (t)

)k

 = 0.

Îñóùåñòâèâ ôîðìàëüíîå óìíîæåíèå ðÿäîâ è ñîáðàâ âûðàæåíèÿ ñ îäèíàêîâûìè
ñòåïåíÿìè µ, ïîñëå íåñëîæíûõ ïðåîïðàçîâàíèé ïóò¼ì èçìåíåíèÿ ïîðÿäêà ñóììè-
ðîâàíèÿ è çàìåíû èíäåêñîâ ïîëó÷èì

∞∑
r=p

µrP r
p (λ) +

∞∑
r=p+1

r∑

k=p+1

µrP r
k (λ)Lk0 +

∞∑
r=p

µrL0, r
p
+

+
∞∑

r=p+1

[ r−1
p ]∑

s=1

r−sp∑

k=1

µrLks

[
P r−sp

k (λ)
]

= 0, (35)

ãäå P r
k (λ) � ñóììà âñåâîçìîæíûõ ïðîèçâåäåíèé k ìíîæèòåëåé λi1 , λi2 , . . . , λik ñ

íàòóðàëüíûìè èíäåêñàìè, ñóììà êîòîðûõ i1 + i2 + . . . + ik = r, à îïåðàòîð Lks

äåéñòâóåò íà âñå ñëàãàåìûå âûðàæåíèÿ P r−sp
k (λ) ïî òîìó æå ïðàâèëó, ÷òî è íà λk

â ôîðìóëå (24).
Ïðèðàâíÿâ â (35) âûðàæåíèÿ ïðè µk ê íóëþ, ïðèõîäèì ê áåñêîíå÷íîé ñèñòåìå

óðàâíåíèé:

P r
p (λ) +

r∑

k=p+1

P r
k (λ)Lk0 + L0, r

p
+

[ r−1
p ]∑

s=1

r−sp∑

k=1

Lks

[
P r−sp

k (λ)
]

= 0, r = p, p+ 1, . . . (36)

(ñèìâîëîì [a] îáîçíà÷åíà öåëàÿ ÷àñòü ÷èñëà a, à L0, r
p

= 0, åñëè r íå ÿâëÿåòñÿ
êðàòíûì p).

Ëåãêî óñìîòðåòü, ÷òî ïðè r = p óðàâíåíèå (36) ñîâïàäàåò ñ (32), à ïðè r = p+1
èìååì

P p+1
p (λ) + P p+1

p+1 (λ)Lp+1,0 + L11

[
P 1

1 (λ)
]

= 0,

èëè
pλ2λ

p−1
1 + λp+1

1 Lp+1,0 + L11 [λ1] = 0,

îòêóäà

λ2 (t) = −λ
p+1
1 Lp+1,0 + L11 [λ1]

pλp−1
1

.
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Åñëè λi(t) èçâåñòíû ïðè i < k, òî äëÿ îïðåäåëåíèÿ λk(t) íåîáõîäèìî èñïîëüçî-
âàòü óðàâíåíèå (36) ïðè r = p + k − 1. Âûäåëÿÿ â í¼ì óæå èçâåñòíûå ñëàãàåìûå,
íàéä¼ì

λk (t) = − 1

pλp−1
1

[
P̃ p+k−1

p (λ) +

p+k−1∑
j=p+1

P p+k−1
j (λ)Lj0 + L0, p+k−1

p
+

+

[ p+k−2
p ]∑

i=1

p+k−1−ip∑
j=1

Lji

[
P p+k−ip

j (λ)
]

 = 0, (36)

ãäå P̃ p+k−1
p (λ) � òà ÷àñòü âûðàæåíèÿ P p+k−1

p (λ),êîòîðàÿ íå ñîäåðæèò λk.
Ïîäñòàâèâ ðÿä (34) â (28) è ñãðóïïèðîâàâ âûðàæåíèÿ ñ îäèíàêîâûìè ñòåïåíÿìè

µ, ïîëó÷èì ñîîòâåòñòâóþùåå ðàçëîæåíèå äëÿ âåêòîðà u(t, ε):

u (t, ε) = ϕ (t) +
∞∑

k=1

µkuk (t), (37)

ãäå

uk (t) =

[ k−1
p ]∑

i=0

k−ip∑
j=1

HL̃ji

[
P k−ip

j (λ)
]
ϕ+HL̃0, k

p
ϕ, k = 1, 2, . . . . (38)

Â ðåçóëüòàòå ïðèõîäèì ê òàêîé òåîðåìå.

Òåîðåìà 2. Åñëè âûïîëíÿþòñÿ óñëîâèÿ 1◦ − 6◦ è (31), òî ñèñòåìà (1) èìååò
p ÷àñòíûõ ôîðìàëüíûõ ðåøåíèé âèäà (3), ãäå âåêòîð u(t, ε) è ôóíêöèÿ λ(t, ε)
ïðåäñòàâëÿþòñÿ ðàçëîæåíèÿìè (34),(37) ïî ñòåïåíÿì ïàðàìåòðà µ = p

√
ε, êîýô-

ôèöèåíòû êîòîðûõ îïðåäåëÿþòñÿ ñ ïîìîùüþ ðåêóððåíòíûõ ôîðìóë (33),(36),
(38).

Çàìåòèì, ÷òî, êàê ñëåäñòâèå, èç ýòîé òåîðåìû âûòåêàåò àíàëîãè÷íûé ðåçóëüòàò,
ïîëó÷åííûé â [4] ïðè p = 2.

Äîïóñòèì òåïåðü, ÷òî p > 2 è óñëîâèå (31) òîæäåñòâåííî íå âûïîëíÿåòñÿ, ò.å.

− (A1ϕ, ψ) + (Bϕ′, ψ) + ∆e−λ0∆ (C0ϕ
′, ψ)− e−λ0∆ (C1ϕ, ψ)−

−1

2
∆2λ′0e

−λ0∆ (C0ϕ, ψ) ≡ 0. (39)

Íî
L11 = (A1HF

′
λ (t, λ0)ϕ, ψ) + (F ′λ (t, λ0)HA1ϕ, ψ) +

+
1

2
λ′0 [(F ′′λ (t, λ0)HF

′
λ (t, λ0)ϕ, ψ) + (F ′λ (t, λ0)HF

′
λ (t, λ0)ϕ, ψ)] +

+
(
F ′λ (t, λ0) (HF ′λ (t, λ0)ϕ)

′
, ψ

)
+
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+e−λ0∆

[
−∆2 (C0ϕ

′, ψ) + ∆ (C1ϕ, ψ) +
1

2
∆3λ′0 (C0ϕ, ψ)

]
6= 0, ∀t ∈ [0;T ] (40)

è
L0s0 6= 0, ∀t ∈ [0;T ] , s0 ≥ 2. (41)

Òîãäà ñîîòâåòñòâóþùàÿ äèàãðàììà ñîñòîèò èç äâóõ çâåíüåâ: îòðåçêà ñ êîíöàìè
â òî÷êàõ (1; 1),(p; 1) è îòðåçêà, ñîåäèíÿþùåãî òî÷êè (0; s0) è (1; 1)(ðèñ.3).

Ïåðâîìó çâåíó, íàêëîí êîòîðîãî ðàâåí 1
p−1

, ñîîò-

Ðèñ. 3.

âåòñòâóåò p−1 ðåøåíèé óðàâíåíèÿ (27), êîòîðûå
ïðåäñòàâëÿþòñÿ â âèäå ðàçëîæåíèé

λj (t, ε) =
∞∑

k=1

ε
k

p−1λ
(j)
k (t), j = 1, p− 1 (42)

ïî äðîáíûì ñòåïåíÿì ε, à âòîðîìó çâåíó � îäíî
ðåøåíèå â âèäå ôîðìàëüíîãî ðÿäà ïî öåëûì ñòå-
ïåíÿì ε:

λ (t, ε) =
∞∑

k=s0−1

εkλk (t). (43)

Àíàëîãè÷íûìè ðàçëîæåíèÿìè áóäóò ïðåäñòàâëÿòüñÿ è ñîîòâåòñòâóþùèå âåê-
òîðû:

uj (t, ε) = ϕ+
∞∑

k=1

ε
k

p−1u
(j)
k (t), j = 1, p− 1; (44)

u (t, ε) = ϕ+
∞∑

k=1

εkuk (t). (45)

Ïðè ýòîì ïåðâûå êîýôôèöèåíòû ðàçëîæåíèé (42),(43) íàõîäÿòñÿ èç îïðåäåëÿþ-
ùèõ óðàâíåíèé

L11 + λp−1
1 = 0;L0s0 + λ1L11 = 0,

à îñòàëüíûå ìîæíî îïðåäåëèòü ìåòîäîì íåîïðåäåë¼ííûõ êîýôôèöèåíòîâ ïî òîé
æå ñõåìå, ÷òî è â ïðåäûäóùåì ñëó÷àå.

Òàêèì îáðàçîì, èìååò ìåñòî ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 3. Åñëè âûïîëíÿþòñÿ óñëîâèÿ 1◦−6◦ è (39)−(41), òî ñèñòåìà óðàâíåíèé
(1) èìååò p ÷àñòíûõ ôîðìàëüíûõ ðåøåíèé âèäà (3), ãäå ôóíêöèÿ λ(t, ε) è âåêòîð
u(t, ε) ïðåäñòàâëÿþòñÿ ðàçëîæåíèÿìè âèäà (42)− (45).

Èñïîëüçóÿ ìåòîäû ðàáîò [3, 4] è ðåçóëüòàòû àñèìïòîòè÷åñêîãî àíàëèçà îáùåãî
ðåøåíèÿ âûðîæäåííûõ ñèíãóëÿðíî âîçìóù¼ííûõ ëèíåéíûõ ñèñòåì îáûêíîâåííûõ
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äèôôåðåíöèàëüíûõ óðàâíåíèé, ïðîâåä¼ííîãî â [3], ìîæíî ïîêàçàòü, ÷òî ñòðîÿ-
ùèåñÿ ïî îïèñàííîþ ñõåìå ôîðìàëüíûå ðåøåíèÿ ñèñòåìû (1) èìåþò àñèìïòîòè-
÷åñêèé õàðàêòåð ïðè ε→ 0. À èìåííî, åñëè âûðîæäåííàÿ ñèòåìà

εB (t)
dx

dt
= A (t, ε) x

ïðè äîñòàòî÷íî ìàëûõ ε > 0 óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû î ïðèâîäèìîñòè ê
öåíòðàëüíîé êàíîíè÷åñêîé ôîðìå [3, c. 62] è ýëåìåíòû ñïåêòðà ìàòðè÷íèõ ïó÷êîâ
A (t, ε) − λB (t) , B (t) − ωA (t, ε) òàêîâû, ÷òî èõ äåéñòâèòåëüíûå ÷àñòè íå ìåíÿþò
çíàê íà çàäàííîì îòðåçêå [0;T ], òî äëÿ êàæäîãî ôîðìàëüíîãî ðåøåíèÿ ñèñòåìû
(1) ñóùåñòâóåò òàêîå òî÷íîå ðåøåíèå x(t, ε), ÷òî

‖xm (t, ε)− x (t, ε)‖ = O (εα) ,

ãäå xm (t, ε) � ïðèáëèæåíèå, êîòîðîå ïîëó÷àåòñÿ, åñëè ñîîòâåòñòâóþùèå ôîðìàëü-
íûå ðÿäû îáîðâàòü íà m-ì ÷ëåíå, α � íåêîòîðîå ïîëîæèòåëüíîå ÷èñëî.
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