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Àííîòàöèÿ. Â ñòàòüå ðàññìàòðèâàåòñÿ çàäà÷à îá óñòîé÷èâîñòè äëÿ îäíîãî êëàññà ëèíåéíûõ
íåàâòîíîìíûõ ðàçíîñòíûõ óðàâíåíèé ñ çàïàçäûâàíèåì. Â òåðìèíàõ âòîðîãî ìåòîäà Ëÿïóíîâà
ôîðìóëèðóþòñÿ äîñòàòî÷íûå óñëîâèÿ ðàâíîìåðíîé àñèìïòîè÷åñêîé óñòîé÷èâîñòè è íåóñòîé÷è-
âîñòè. Ïðèâîäèòñÿ ïðèìåð èññëåäîâàíèÿ óñòîé÷èâîñòè óðàâíåíèÿ ñ ïåðåìåííûì çàïàçäûâàíèåì,
êîòîðîå ìîæíî èòåðïðåòèðîâàòü êàê ìîäåëü ãèáðèäíîé ñèñòåìû � ñèñòåìû ñ ïåðåêëþ÷åíèìè.
Â ïðåäïîëîæåíèè ïåðèîäè÷íîñòè çàïàçäûâàíèÿ ïîëó÷åíû çàâèñÿùèå îò çàïàçäûâàíèÿ óñëîâèÿ
óñòîé÷èâîñòè è íåóñòîé÷èâîñòè.

1. Ââåäåíèå
Â íàñòîÿùåå âðåìÿ â òåîðèè ðàçíîñòíûõ óðàâíåíèé ñôîðìèðîâàëîñü íîâîå íà-

ïðàâëåíèå � ðàçíîñòíûå óðàâíåíèÿ ñ çàïàçäûâàíèåì [1] � [4], [9] � [15]. Óðàâíåíèÿ
ýòîãî òèïà ÿâëÿþòñÿ ïî ñóòè îáûêíîâåííûìè ðàçíîñòíûìè óðàâíåíèÿìè âûñîêî-
ãî ïîðÿäêà èëè ñðàâíèòåëüíî ëåãêî ñâîäÿòñÿ ê ïîñëåäíèì [4]. Äðóãîå äåëî, ÷òî
òàêîå ñâåäåíèå â áîëüøèíñòâå ñëó÷àåâ íå óïðîùàåò ïîñòàâëåííóþ ïðîáëåìó. Âå-
ëè÷èíà çàïàçäûâàíèÿ ÿâëÿåòñÿ ñóùåñòâåííûì ôàêòîðîì, âëèÿþùèì íà ïîâåäå-
íèå ðåøåíèÿ ðàçíîñòíîãî óðàâíåíèÿ, â ÷àñòíîñòè, íà åãî óñòîé÷èâîñòü. Ïåðåõîä
îò óðàâíåíèÿ ñ çàïàçäûâàíèåì ê ñîîòâåòñòâóþùåìó óðàâíåíèþ áåç çàïàçäûâàíèÿ,
íî áîëåå âûñîêîãî ïîðÿäêà, ïðåäïîëàãàåò ôèêñàöèþ âåëè÷èíû çàïàçäûâàíèÿ. Ýòî
çàòðóäíÿåò ïîëó÷åíèå âûâîäîâ î çàâèñèìîñòè ñâîéñòâ ðåøåíèé îò âåëè÷èíû è õà-
ðàêòåðà çàïàçäûâàíèÿ. Íå ãîâîðÿ óæå î òîì, ÷òî ïðè òàêîì ïîäõîäå òðóäíî ïîëó-
÷èòü ôóíêöèîíàëüíóþ çàâèñèìîñòü îò âåëè÷èíû çàïàçäûâàíèÿ óñëîâèÿ íàëè÷èÿ
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òîãî èëè èíîãî ñâîéñòâà. Ïîýòîìó äëÿ ðàçíîñòíûõ óðàâíåíèé ñ çàïàçäûâàíèåì
öåëåñîîáðàçíî ðàçâèâàòü ñïåöèàëüíûå ìåòîäû èññëåäîâàíèÿ.

Ìåòîä ôóíêöèé Ëÿïóíîâà ÿâëÿåòñÿ ýôôåêòèâíûì ìåòîäîì èññëåäîâàíèÿ
óñòîé÷èâîñòè äèñêðåòíûõ ïðîöåññîâ è íàõîäèò øèðîêèå ïðèëîæåíèÿ â òåîðèè
óïðàâëåíèÿ [5] � [8]. Áîëüøèíñòâî ðàáîò, ïîñâÿùåííûõ èññëåäîâàíèþ óñòîé÷èâî-
ñòè ðåøåíèé ðàçíîñòíûõ óðàâíåíèé ñ çàïàçäûâàíèåì ñðåäñòâàìè âòîðîãî ìåòî-
äà Ëÿïóíîâà, ïðåäñòàâëÿåò ñîáîé ðàñïðîñòðàíåíèå èçâåñòíûõ ðåçóëüòàòîâ, ïîëó-
÷åííûõ äëÿ ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ óðàâíåíèé çàïàçäûâàþùåãî òèïà
(ñì., íàïðèìåð, [9] � [15]).

Â íàñòîÿùåé ñòàòüå ïðåäëàãàåòñÿ ìåòîä èññëåäîâàíèÿ íà óñòîé÷èâîñòü äëÿ
íåàâòîíîìíîãî ðàçíîñòíîãî óðàâíåíèÿ ñ ïåðåìåííûì çàïàçäûâàíèåì, çàïèñàííîãî
â ñïåöèàëüíîé ôîðìå, îõâàòûâàþùåé âñå âîçìîæíûå òèïû çàâèñèìîñòè îò çàïàç-
äûâàíèÿ. Ýòîò ñïîñîá îïèñàíèÿ äèñêðåòíûõ ïðîöåññîâ àíàëîãè÷åí ïðèíÿòîìó â
òåîðèè ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ óðàâíåíèé è ïðèìåíÿëñÿ ðÿäîì àâòî-
ðîâ (ñì. [10] � [14] è äð.).

Âî âòîðîì ðàçäåëå ñòàòüè ïðèâåäåíû ôîðèóëèðîâêè òåîðåì î äîñòàòî÷íûõ
óñëîâèÿõ óñòîé÷èâîñòè èç [14]. Â òðåòüåì ðàçäåëå ïîäðîáíî ðàññìàòðèâàåòñÿ ïðè-
ìåð óðàâíåíèÿ, êîòîðûé ìîæíî èíòåðïðåòèðîâàòü êàê ìîäåëü ñèñòåìû ñ ïåðåêëþ-
÷åíèÿìè, ïîäñèñòåìû êîòîðîé îïèñûâàþòñÿ ðàçíîñòíûìè óðàâíåíèÿìè ñ ðàçëè÷-
íûìè ïîñòîÿííûìè çàïàçäûâàíèÿìè. Ýâîëþöèþ òàêîé ñèñòåìû ñ ïåðåêëþ÷åíèÿìè
åñòåñòâåííûì îáðàçîì ìîäåëèðóåò óðàâíåíèå ñ ïåðåìåííûì çàïàçäûâàíèåì. Ïåðå-
ìåííîå çàïàçëûâàíèå èãðàåò ðîëü ôóíêöèè ïåðåêëþ÷åíèÿ.

2. Äîñòàòî÷íûå óñëîâèÿ óñòîé÷èâîñòè

Ïóñòü Z åñòü ìíîæåñòâî âñåõ öåëûõ ÷èñåë, J [a, b] ⊂ Z � ìíîæåñòâî öåëûõ ÷è-
ñåë íà ñåãìåíòå [a, b] ⊂ R, N � ìíîæåñòâî íàòóðàëüíûõ ÷èñåë. Îáîçíà÷èì Mp

ïðîñòðàíñòâî îòîáðàæåíèé ìíîæåñòâà J [−p, 0] â Rn. Òàêîå îòîáðàæåíèå çàäàåò-
ñÿ âåùåñòâåííîé n × (p + 1)-ìàòðèöåé ϕ = (ϕ(−p), . . . , ϕ(0)). Ââåäåì â ëèíåéíîì
ïðîñòðàíñòâå Mp íîðìó ‖ϕ‖ = max{|ϕ(s)| : s ∈ J [−p, 0]}, ãäå | · | åñòü íåêîòîðàÿ
íîðìà â Rn. Äëÿ äàííîé ïîñëåäîâàòåëüíîñòè x : Z→ Rn, k 7→ x(k), îáîçíà÷èì x[k]
ýëåìåíò ïðîñòðàíñòâà Mp, îïðåäåëåííûé êàê x[k](s) = x(k + s), s = −p, . . . , 0.

Ðàññìîòðèì íåàâòîíîìíîå ëèíåéíîå ðàçíîñòíîå óðàâíåíèå çàïàçäûâàþùåãî
òèïà,

∆x(k) = εL(k, x[k]), k = σ, σ + 1, . . . , (2.1)

ãäå ∆x(k) = x(k + 1)− x(k), ε � ìàëûé íåîòðèöàòåëüíûé ïàðàìåòð, ôóíêöèÿ L :
Z × Mp × [0, ε∗] → Rn ëèíåéíà ïî âòîðîìó àðãóìåíòó è ñóùåñòâóåò ïîñòîÿííàÿ
L0 > 0 òàêàÿ, ÷òî

|L(k, ϕ)| ≤ L0‖ϕ‖, k ∈ Z, ϕ ∈ Mp. (2.2)

Îáîçíà÷èì x(σ, ϕ, ε) : k 7→ x(k;σ, ϕ, ε) ðåøåíèå óðàâíåíèÿ (2.1) ñ íà÷àëüíîé ôóíê-
öèåé ϕ ∈ Mp. Ïðè íàøèõ ïðåäïîëîæåíèÿõ ëþáîå ðåøåíèå óðàâíåíèÿ (2.1) íåîãðà-
íè÷åííî ïðîäîëæàåìî âïðàâî.
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Ïóñòü çàäàíû íàòóðàëüíîå q ≥ p è äåéñòâèòåëüíîå R ≥ 1. Ââåäåì â ðàññìîòðå-
íèå ìíîæåñòâî

Aq
R = {ϕ ∈ Mq : ‖ϕ‖ ≤ R|ϕ(0)|}.

Â [14] ïîêàçàíî, ÷òî òðàåêòîðèÿ óðàâíåíèÿ (3.1), ïîïàâøàÿ â ìíîæåñòâî Aq
R ñ

R > 1 óæå íå ïîêèäàåò åãî. Ýòî ïîçâîëÿåò ðàñøèðèòü êëàññ äîïóñòèìûõ ôóíêöèé
Ëÿïóíîâà. Èññëåäîâàíèå óñòîé÷èâîñòè ðàçíîñòíîãî óðàâíåíèÿ áóäåì ïðîâîäèòü
ïóòåì êîíñòðóèðîâàíèÿ ôóíêöèè Ëÿïóíîâà V , îïðåäåëåííîé â ïðîñòðàíñòâå Mp,
òî÷íåå, V : Z×Mp × [0, 1] → R.

Äëÿ ôîðìóëèðîâêè óñëîâèé òåîðåì îá óñòîé÷èâîñòè ââåäåì ñëåäóþùèå îáî-
çíà÷åíèÿ:

∆v|(2.1) (σ, ϕ, ε) = v(σ+1, x(σ, ϕ, ε)[σ+1], ε)−v(σ, ϕ, ε) � ïåðâàÿ ðàçíîñòü âïåðåä
ôóíêöèè v â ñèëó óðàâíåíèÿ (2.1);

Bp
H � øàð ðàäèóñà H ñ öåíòðîì â íóëå â ïðîñòðàíñòâå Mp;

K � ìíîæåñòâî âñåõ ñòðîãî âîçðàñòàþùèõ íåïðåðûâíûõ ôóíêöèé a : R+ → R+,
óíè÷òîæàþùèõñÿ â íóëå, a(0) = 0;

ex � ôóíêöèÿ-êîíñòàíòà èç Mp, òîæäåñòâåííî ðàâíàÿ x ∈ Rn, ò.å. ex(s) = x,
−p ≤ s ≤ 0.

Äîñòàòî÷íûå óñëîâèÿ ðàâíîìåðíîé óñòîé÷èâîñòè óðàâíåíèÿ (2.1) äàåò ñëåäóþ-
ùàÿ òåîðåìà.

Òåîðåìà 1. Ïðåäïîëîæèì, ÷òî äëÿ íåêîòîðûõ q ≥ p, H > 0 è R > 1 ñóùåñòâó-
þò ôóíêöèè v(σ, ϕ, ε), Φ(σ, ϕ, ε), íåïðåðûâíûå ïî ε â òî÷êå ε = 0 ðàâíîìåðíî îò-
íîñèòåëüíî σ è ϕ, è òàêèå, ÷òî äëÿ σ ∈ Z, ϕ ∈ Aq

R ∩Bq
H è ε ∈ [0, ε∗] âûïîëíåíû

óñëîâèÿ:

1) ñóùåñòâóþò ôóíêöèè a, b, c ∈ K òàêèå, ÷òî

a) ∆v|(2.1) (σ, ϕ, ε) ≤ c(ε)Φ(σ, ϕ, ε),
b) a(|ϕ(0)|) ≤ v(σ, ϕ, ε) ≤ b(‖ϕ‖);

2) ñóùåñòâóþò ïîñòîÿííûå M0 > 0 è d > 1 òàêèå, ÷òî |Φ(σ, ϕ, ε)| ≤M0‖ϕ‖d

è |Φ(σ, ϕ, ε)− Φ(σ, ψ, ε)| ≤M0r
d−1‖ϕ− ψ‖ äëÿ ϕ, ψ ∈ Aq

R ∩Bq
r, 0 < r < H;

3) ñóùåñòâóþò ïîñòîÿííûå T ∈ N è δ > 0 òàêèå, ÷òî äëÿ ëþáûõ k0 ∈ Z,
ϕ(0) ∈ BH ⊂ Rn, ε ∈ [0, ε∗] è N ≥ T

k0+N−1∑

s=k0

Φ(s, eϕ(0), ε) ≤ −2δ|ϕ(0)|dN.

Òîãäà íàéäåòñÿ ε0 > 0 òàêîå, ÷òî ïðè ε ∈ (0, ε0) óðàâíåíèå (2.1) ðàâíîìåðíî
àñèìïòîòè÷åñêè óñòîé÷èâî.

Äîñòàòî÷íûå óñëîâèÿ íåóñòîé÷èâîñòè äàåò ñëåäóþùèé àíàëîã òåîðåìû Ëÿïó-
íîâà.
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Òåîðåìà 2. Ïðåäïîëîæèì, ÷òî äëÿ íåêîòîðûõ q ≥ p, H > 0, σ ∈ Z è R > 1 ñó-
ùåñòâóþò ôóíêöèè v(k, ϕ, ε), Φ(k, ϕ, ε), íåïðåðûâíûå ïî ε â òî÷êå ε = 0 ðàâíî-
ìåðíî îòíîñèòåëüíî k ≥ σ è ϕ ∈ Aq

R ∩Bq
H , è òàêèå, ÷òî äëÿ σ ∈ Z, ϕ ∈ Aq

R ∩Bq
H

è ε ∈ [0, ε∗] âûïîëíåíû óñëîâèÿ:

1) ñóùåñòâóþò ôóíêöèè b, c ∈ K òàêèå, ÷òî

a) ∆v|(2.1) (k, ϕ, ε) ≥ c(ε)Φ(k, ϕ, ε),
b) äëÿ êàæäîãî k ≥ σ è η ∈ (0, H) ñóùåñòâóåò ϕ ∈ Aq

R ∩Bq
η òàêîå, ÷òî

v(k, ϕ, 0) > 0,
c) v(σ, ϕ, ε) ≤ b(‖ϕ‖);

2) ôóíêöèÿ Φ(k, ϕ, ε) óäîâëåòâîðÿåò óñëîâèþ 2) òåîðåìû 1;

3) ñóùåñòâóþò ïîñòîÿííûå T ∈ N è δ > 0 òàêèå, ÷òî äëÿ ëþáûõ k0 ≥ σ,
ϕ(0) ∈ BH ⊂ Rn, ε ∈ [0, ε0] è N ≥ T

k0+N−1∑

s=k0

Φ(s, eϕ(0), ε) ≥ 2δ|ϕ(0)|dN.

Òîãäà íàéäåòñÿ ε0 > 0 òàêîå, ÷òî ïðè ε ∈ (0, ε0) óðàâíåíèå (2.1) íåóñòîé÷èâî.

3. Ðàçíîñòíûå óðàâíåíèÿ ñ ïåðåìåííûì çàïàçäûâàíèåì
Äëÿ ÷èñëîâîé ôóíêöèè Φ : Z×Mp → R, (t, ϕ) 7→ Φ(t, ϕ) îáîçíà÷èì

Φ̂(x) = Mk{Φ}(x) = lim
N→∞

1

N

N−1∑

k=0

Φ(k, ex)

ñðåäíåå çíà÷åíèå ôóíêöèè Φ ïî k íà Z+ ïðè ïîñòîÿííîì çíà÷åíèè âòîðîãî àð-
ãóìåíòà, åñëè óêàçàííûé ïðåäåë ñóùåñòâóåò. Ñðåäíåå Φ̂ åñòü ÷èñëîâàÿ ôóíêöèÿ,
çàäàííàÿ â Rn, èëè êîíñòàíòà, åñëè Φ çàâèñèò òîëüêî îò k. Íåòðóäíî óáåäèòüñÿ,
÷òî

Mk{exp(iνk)} =

{
1, åñëè ν/2π ∈ Z,
0, â îñòàëüíûõ ñëó÷àÿõ.

Ðàññìîòðèì ñêàëÿðíîå ðàçíîñòíîå óðàâíåíèå

∆x(k) = εa(k)x(k − h(k)), (3.1)

ãäå a(k) � âåùåñòâåííîçíà÷íàÿ ôóíêöèÿ, h : Z→ Z+ � íåîòðèöàòåëüíàÿ öåëî÷èñ-
ëåííàÿ ôóíêöèÿ, îïðåäåëÿþùàÿ âåëè÷èíó çàïàçäûâàíèÿ, ε � íåîòðèöàòåëüíûé
ìàëûé ïàðàìåòð.
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Åñëè ñðåäíåå â ôóíêöèè a(k) îòëè÷íî îò íóëÿ, òî ëåãêî ïîêàçàòü, ÷òî óðàâíå-
íèå (3.1) àñèìïòîòè÷åñêè óñòîé÷èâî ïðè â < 0 è íåóñòîé÷èâî ïðè â > 0. Â ÷àñòíî-
ñòè, ýòî ñëåäóåò èç ñôîðìóëèðîâàííûõ âûøå òåîðåì ñ ôóíêöèåé V (ϕ) = ϕ2(0).

Ïðåäïîëîæèì, ÷òî â = 0. Æåëàÿ ïîëó÷èòü óñëîâèÿ, ïðè êîòîðûõ óðàâíå-
íèå (3.1) óñòîé÷èâî, âîçüìåì çà îñíîâó êîíñòðóêöèè ïîäõîäÿùåé âñïîìîãàòåëü-
íîé ôóíêöèè êâàäðàòè÷íóþ ôóíêöèþ V0 = x2. Âû÷èñëÿÿ ïåðâóþ ðàçíîñòü ýòîé
ôóíêöèè â ñèëó óðàâíåíèÿ (3.1), ïîëó÷èì

∆V0|(3.1) = 2x(k)∆x(k) + (∆x(k))2 =

= ε2a(k)x(k)x(k − h(k)) + ε2[a(k)x(k − h(k))]2 =

= εΦ0(k, x[k]) + ε2 . . . , (3.2)

ãäå Φ0(k, x[k]) = 2a(k)x(k)x(k − h(k)). Ñðåäíåå Φ̂0(x0) = 2âx2
0 = 0. ×òîáû óíè-

÷òîæèòü â (3.2) ñëàãàåìîå εΦ0(k, x[k]) ñ íóëåâûì ñðåäíèì, ïîñòðîèì âîçìóùåííóþ
ôóíêöèþ

V1(k, x[k]) = V0(x(k)) + εu(k, x[k]),

ãäå u(k, x[k]) = U(k)x(k)x(k − h(k)), à êîýôôèöèåíò U(k) óäîâëåòâîðÿåò óñëîâèþ:
∆U(k) = −2a(k). Âîçüìåì U(k) = −2A(k), ãäå A(k) =

k−1∑
s=0

a(k).
Âû÷èñëÿÿ ïåðâóþ ðàçíîñòü âîçìóùåíèÿ u, ïîëó÷èì

∆[U(k)x(k)x(k − h(k))] = ∆U(k)x(k)x(k − h(k))+

+ U(k + 1)[x(k − h(k))∆x(k) + x(k)∆x(k − h(k))]+

+ U(k + 1)∆x(k − h(k))∆x(k).

Òåïåðü íåòðóäíî âûïèñàòü ãëàâíûé ÷ëåí ïåðâîé ðàçíîñòè âîçìóùåííîé ôóíêöèè
â ñèëó óðàâíåíèÿ (3.1)

∆V1|(3.1) = ∆V0|(3.1) + ε ∆u(k, x[k])|(3.1) =

= ε2
{ [
a2(k) + U(k + 1)a(k)

]
x2(k − h(k)) +

+ U(k + 1)a(k − h(k))x(k)x(k − h(k)− h(k − h(k)))
}

+ ε3 . . . =

= ε2Φ1(k, x[k]) + ε3 . . . (3.3)

Äëÿ âû÷èñëåíèÿ ñðåäíåãî

Φ̂1(x0) = x2
0Mk{a2(k) + U(k + 1)[a(k) + a(k − h(k))]}

êîíêðåòèçèðóåì ôóíêöèè a(k), h(k) è ïîëó÷èì íåêîòîðûå îöåíêè.
Çàäàäèì ôóíêöèþ h(k). Ïðåäïîëîæèì, ÷òî h(k) � p-ïåðèîäè÷åñêàÿ:

h(0) = h0, h(1) = h1, . . . h(p− 1) = hp−1, h(p) = h0, . . .
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Ïóñòü N � êîíå÷íîå ìíîæåñòâî âåùåñòâåííûõ ÷èñåë, óäîâëåòâîðÿþùåå ñëåäó-
þùèì òðåáîâàíèÿì: −N = N ; ìíîæåñòâà ÷èñåë N , pN è N + N íå ñîäåðæàò
îòëè÷íûõ îò íóëÿ ýëåìåíòîâ, êðàòíûõ 2π. Ïîëîæèì

a(k) =
∑
ν∈N

aν exp(iνk), aν ∈ C, a−ν = aν , (3.4)

ãäå ÷åðòà íàä ñèìâîëîì îçíà÷àåò êîìïëåêíîå ñîïðÿæåíèå.
Íàéäåì ôîðìóëó ñóììû äëÿ ýêñïîíåíòû exp(iαs), èñïîëüçóÿ èçâåñòíûé ïðè-

åì [16]: åñëè ∆F (t) = f(t), òî

f(0)+f(1)+· · ·+f(k) = F (1)−F (0)+F (2)−F (1)+· · ·+F (k+1)−F (k) = F (k+1)−F (0).

Ïóñòü α/(2π) 6∈ Z, òîãäà

∆eiαt = eiα(t+1) − eiαt = eiαt
(
eiα − 1

)

èëè
∆

eiαt

eiα − 1
= eiαt ∀t ∈ R,

ïîýòîìó
k∑

s=0

eiαs =
eiα(k+1) − 1

eiα − 1
, åñëè α/(2π) 6∈ Z. (3.5)

Çàìåòèì, ÷òî â íàøèõ ïðåäïîëîæåíèÿõ U(k+1) åñòü ôóíêöèÿ òîãî æå êëàññà,
÷òî è ôóíêöèÿ a(k): U(k + 1) =

∑
ν∈N

Uνe
iνk. Â ñàìîì äåëå, ó÷èòûâàÿ (3.4), (3.5)

èìååì

k∑
s=0

a(s) =
k∑

s=0

∑
ν∈N

aνe
iνs =

∑
ν∈N

aν

k∑
s=0

eiνs =

=
∑
ν∈N

aν
eiν(k+1) − 1

eiν − 1
=

∑
ν∈N

aνe
iν

eiν − 1
eiνk −

∑
ν∈N

aν

eiν − 1
. (3.6)

Ñëåäîâàòåëüíî,

U(k + 1) = −2A(k + 1) = −2
k∑

s=0

a(s) = −2
∑
ν∈N

aνe
iν

eiν − 1
eiνk + 2

∑
ν∈N

aν

eiν − 1
. (3.7)

Ïðèíèìàÿ âî âíèìàíèå ñâîéñòâà ìíîæåñòâà N , ïîëó÷èì ñëåäóþùóþ ôîðìóëó äëÿ
ñðåäíåãî ïðîèçâåäåíèÿ äâóõ ôóíêöèé âèäà

∑
ν∈N

aνe
iνk:

Mk

{∑
ν∈N

aνe
iνk

∑
ν∈N

bνe
iνk

}
=

∑
ν∈N

aνb−ν . (3.8)
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Â ÷àñòíîñòè,
Mk{a2(k)} =

∑
ν∈N

aνa−ν =
∑
ν∈N

|aν |2. (3.9)

Èç (3.7) è (3.8) íàõîäèì, ÷òî

Mk{U(k + 1)a(k)} =

= −2
∑
ν∈N

a−ν
aνe

iν

eiν − 1
= −2

∑
ν∈N ,ν>0

|aν |2
(

eiν

eiν − 1
+

e−iν

e−iν − 1

)
=

= −2
∑

ν∈N ,ν>0

|aν |2 = −
∑
ν∈N

|aν |2 = −Mk{a2(k)}. (3.10)

Ñëåäîâàòåëüíî,
Φ̂1(x0) = x2

0Mk{U(k + 1)a(k − h(k))}. (3.11)
Îöåíèì ñóììó çíà÷åíèé ýêñïîíåíòû ñ ïåðèîäè÷åñêè ìåíÿþùèìñÿ ïîêàçàòåëåì

exp[iν(s − h(s))]. Cóììèðîâàíèå åñòåñòâåííî ïðîâîäèòü ïî äèàïàçîíó, êðàòíîìó
ïåðèîäó. Ðàçîáüåì ñóììó íà p ãðóïï èç k + 1 ñëàãàåìûõ ñ èíäåêñàìè

s =0, p, 2p, . . . , kp;

s =1, 1 + p, 1 + 2p, . . . , 1 + kp;

. . . . . . . . . . . . . . . . . .

s =p− 1, p− 1 + p, p− 1 + 2p, . . . , p− 1 + kp = (k + 1)p− 1.

Â ðåçóëüòàòå ïîëó÷èì

(k+1)p−1∑
s=0

eiν(s−h(s)) =

= e−iνh0

k∑
s=0

eiνs + e−iνh1

k∑
s=0

eiν(1+ps) + · · ·+ e−iνhp−1

k∑
s=0

eiν(p−1+ps) =

=

p−1∑
r=0

e−iν(hr−r)

k∑
s=0

eiνps =
eiνp(k+1) − 1

eiνp − 1

p−1∑
r=0

e−iν(hr−r). (3.12)

Ïîýòîìó

(k+1)p−1∑
s=0

a(s − h(s)) =
∑
ν∈N

aν

(k+1)p−1∑
s=0

eiν(s−h(s)) =
∑
ν∈N

aν
eiνp(k+1) − 1

eiνp − 1

p−1∑
r=0

e−iν(hr−r).

Îòñþäà ñëåäóåò, ÷òî Mk{a(k − h(k))} = 0. Ïîñêîëüêó

U(k + 1)a(k − h(k)) = 2

[∑
ν∈N

aν

eiν − 1
−

∑
ν∈N

aνe
iν

eiν − 1
eiνk

] ∑
µ∈N

aµe
iµ(k−h(k)), (3.13)
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òî

Mk{U(k + 1)a(k − h(k))} = Mk

{
−2

∑
ν∈N

aνe
iν

eiν − 1
eiνk

∑
µ∈N

aµe
iµ(k−h(k))

}
.

Ðàñïèøåì ïðîèçâåäåíèå
∑
ν∈N

aνe
iν

eiν − 1
eiνk

∑
µ∈N

aµe
iµ(k−h(k)) =

∑
ν,µ∈N

aνaµe
iν

eiν − 1
ei(ν+µ)ke−iµh(k) =

=
∑
ν∈N

|aν |2eiν

eiν − 1
e−iνh(k) +

∑
ν,µ∈N
ν+µ 6=0

aνaµe
iν

eiν − 1
ei(ν+µ)ke−iµh(k).

Â ñèëó íàøèõ ïðåäïîëîæåíèé îòíîñèòåëüíî ìíîæåñòâà N êàæäîå ñëàãàåìîå âî
âòîðîé ñóììå èìååò íóëåâîå ñðåäíåå. Èñïîëüçóÿ ñõåìó ðàññóæäåíèé (3.12), íàõî-
äèì

kp−1∑
s=0

e−iνh(s) =
k−1∑
s=0

e−iνh(sp) +
k−1∑
s=0

e−iνh(1+ps) + · · · +
k−1∑
s=0

e−iνh(p−1+ps) = k

p−1∑
r=0

e−iνhr .

Îêîí÷àòåëüíî ïîëó÷èì

Mk {U(k + 1)a(k − h(k))} = −2 lim
k→∞

1

kp

kp−1∑
s=0

∑
ν∈N

|aν |2eiν

eiν − 1
e−iνh(s) =

= −2
∑
ν∈N

|aν |2eiν

eiν − 1
lim
k→∞

1

kp

kp−1∑
s=0

e−iνh(s) = −2
∑
ν∈N

|aν |2eiν

eiν − 1

1

p

p−1∑
r=0

e−iνhr =

= −2

p

p−1∑
r=0

∑
ν∈N

|aν |2eiν(1−hr)

eiν − 1
= −2

p

p−1∑
r=0

∑
ν∈N ,ν>0

|aν |2
(
eiν(1−hr)

eiν − 1
+
e−iν(1−hr)

e−iν − 1

)
. (3.14)

Ïðåîáðàçóåì

eiν(1−hr)

eiν − 1
+
e−iν(1−hr)

e−iν − 1
=
eiν + e−iν − (eiν(1−hr) − e−iν(1−hr))

2− (eiν + e−iν)
=

=
cos νhr − cos ν(1− hr)

2 sin2 ν/2
= −sin ν(hr − 1/2)

sin(ν/2)
.

Èç (3.14) ñ ó÷åòîì (3.11) ïîëó÷àåì ñëåäóþùåå âûðàæåíèå äëÿ èíäåêñà óñòîé-
÷èâîñòè óðàâíåíèÿ (3.1)

2

p

p−1∑
r=0

∑
ν∈N ,ν>0

|aν |2 sin ν(hr − 1/2)

sin(ν/2)
=

=
2

p

∑
ν∈N ,ν>0

|aν |2 sin ν(h0 − 1/2) + · · ·+ sin ν(hp−1 − 1/2)

sin(ν/2)
. (3.15)

ISSN 0203�3755 Äèíàìè÷åñêèå ñèñòåìû, âûï. 23 (2007)



ÓÑÒÎÉ×ÈÂÎÑÒÜ ÐÀÇÍÎÑÒÍÛÕ ÓÐÀÂÍÅÍÈÉ 121

Íà îñíîâàíèè ñôîðìóëèðîâàííûõ âûøå òåîðåì, çàêëþ÷àåì, ÷òî óðàâíåíèå (3.1)
ðàâíîìåðíî àñèìïòîòè÷åñêè óñòîé÷èâî, åñëè èíäåêñ óñòîé÷èâîñòè

IS =
∑

ν∈N ,ν>0

|aν |2 sin ν(h0 − 1/2) + · · ·+ sin ν(hp−1 − 1/2)

sin(ν/2)
(3.16)

óðàâíåíèÿ îòðèöàòåëåí è íåóñòîé÷èâî, åñëè èíäåêñ ïîëîæèòåëåí (ïðè äîñòàòî÷íî
ìàëîì çíà÷åíèè ïàðàìåòðà ε).

Óðàâíåíèå (3.1) ìîæíî ðàññìàòðèâàòü êàê ìîäåëü ãèáðèäíîé ñèñòåìû ñïåöè-
àëüíîãî âèäà � ñèñòåìû ñ ïåðåêëþ÷åíèÿìè [17], ïîäñèñòåìû êîòîðîé îïèñûâàþòñÿ
ðàçíîñòíûìè óðàâíåíèìè âèäà (3.1) ñ ïîñòîÿííûìè çàïàçäûâàíèÿìè. Åñëè ïðåä-
ïîëîæèòü, ÷òî h(s) = hr, s = o, . . . , p − 1, ò.å. çàïàçäûâàíèå â (3.1) ïîñòîÿííî, òî
èç (3.15), (3.16) ïîëó÷èì èíäåêñ óñòîé÷èâîñòè ïîäñèñòåìû

IS(r) =
∑

ν∈N ,ν>0

|aν |2 sin ν(hr − 1/2)

sin(ν/2)
. (3.17)

Òàêèì îáðàçîì, ìû ïîëó÷èëè ïðåäñêàçóåìûé âûâîä î òîì, ÷òî èíäåêñ óñòîé÷è-
âîñòè ñèñòåìû ñ ïåðåêëþ÷åíèÿìè ðàññìàòðèâàåìîãî âèäà åñòü ïðîñòî ñóììà èí-
äåêñîâ ïîäñèñòåì. È ïðè ýòîì íå èìååò çíà÷åíèÿ ïîðÿäîê ñëåäîâàíèÿ ïîäñèñòåì
âî âðåìåíè. Ýòî åñòåñòâåííîå ñëåäñòâèå ëèíåéíîñòè.

Ìû ðàññìîòðåëè ïðîñòåéøèé ñëó÷àé, êîãäà êîýôôèöèåíò a(k) âî âñåõ ïîä-
ñèñòåìàõ îäèí è òîò æå. Ìåòîä ïîçâîëÿåò ïîëó÷èòü óñëîâèå óñòîé÷èâîñòè, åñëè
êîýôôèöèåíòû ðàçëè÷íûå, â ÷àñòíîñòè, êîãäà r-ÿ ïîäñèñòåìà èìååò êîýôôèöèåíò
a(r)(k) =

∑
ν∈N

a
(r)
ν exp(iνk). Ìåòîä ïîçâîëÿåò ïîëó÷èòü ôîðìóëó äëÿ èíäåêñà óñòîé-

÷èâîñòè è â áîëåå îáùåì ñëó÷àå, êîãäà ïîäñèñòåìû èìåþò ðàçëè÷íóþ ñòðóêòóðó.
Ðàçóìååòñÿ, âû÷èñëåíèÿ ñòàíîâÿòñÿ ñóùåñòâåííî áîëåå ãðîìîçäêèìè.
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