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Àííîòàöèÿ. Ïðåäëîæåíà äâóõøàãîâàÿ èòåðàöèîííàÿ ïðîöåäóðà, ïîñòðîåííàÿ ïî ñõåìå ìåòîäà
íàèìåíüøèõ êâàäðàòîâ, îïðåäåëÿþùàÿ ïîñëåäîâàòåëüíûå ïðèáëèæåíèÿ ê ôóíêöèÿì Ìàòüå. Ïî-
ñòðîåííàÿ èòåðàöèîííàÿ ïðîöåäóðà ïîçâîëÿåò íàéòè ïðèáëèæåíèÿ ê ïåðèîäè÷åñêîìó ðåøåíèþ
óðàâíåíèÿ Ìàòüå è åãî ñîáñòâåííîé ôóíêöèè, çíà÷èòåëüíî ïðåâîñõîäÿùèå ïî òî÷íîñòè ðàíåå
èçâåñòíûå ðåçóëüòàòû.
Êëþ÷åâûå ñëîâà: óðàâíåíèå Ìàòüå, ìåòîä íàèìåíüøèõ êâàäðàòîâ, äâóõøàãîâàÿ èòåðàöèîííàÿ
ñõåìà.

Ïðåäëîæåíà èòåðàöèîííàÿ ñõåìà, îïðåäåëÿþùàÿ ïîñëåäîâàòåëüíûå ïðèáëè-
æåíèÿ ê ôóíêöèÿì Ìàòüå, êîòîðûå ÿâëÿþòñÿ 2π-ïåðèîäè÷åñêèìè ðåøåíèÿìè
y(t, ε) : y(·, ε) ∈ C1[0, 2π], y(t, ·) ∈ C[0, ε0] óðàâíåíèÿ Ìàòüå [3, 5, 8, 10]

y′′ + (h(ε) + ε cos 2t) · y = 0. (1)

Ðåøåíèÿ 2π− ïåðèîäè÷åñêîé çàäà÷è äëÿ óðàâíåíèÿ (1) èùåì â ìàëîé îêðåñòíîñòè
ðåøåíèÿ ïîðîæäàþùåé çàäà÷è

y′′0 + k2y0 = 0, y0(0)− y0(2π) = 0. (2)

Ñëåäóÿ ïðåäëîæåííîé â ìîíîãðàôèè [3] ñõåìå ïîñòðîåíèÿ 2π− ïåðèîäè÷åñêîãî ðå-
øåíèÿ óðàâíåíèÿ (1), íà÷èíàÿ ñ òðåòüåé èòåðàöèè ïðèõîäèì ê ïîÿâëåíèþ â ïðè-
áëèæåíèÿõ ê ðåøåíèþ ñåêóëÿðíûõ ÷ëåíîâ âèäà t sin νt, t cos νt, ν ∈ N, óäîâëå-
òâîðÿþùèõ êðàåâîìó óñëîâèþ y(0, ε)− y(2π, ε) = 0, íî íå ÿâëÿþùèõñÿ 2π− ïåðè-
îäè÷åñêèìè ôóíêöèÿìè. Òðàäèöèîííàÿ [6, 10] ñõåìà ïîñòðîåíèÿ ôóíêöèé Ìàòüå
ïðåäïîëàãàåò îäíîâðåìåííîå íàõîæäåíèå ïðèáëèæåíèé ê ôóíêöèÿì

h(ε) : h(·) ∈ C[0, ε0], h(0) = k2, k ∈ N.

Íàìè ïðåäëîæåíà äâóõøàãîâàÿ èòåðàöèîííàÿ ñõåìà, ïîñòðîåííàÿ ïî ñõåìå ìåòîäà
íàèìåíüøèõ êâàäðàòîâ [11], ïðè ôèêñèðîâàííîì k ∈ N îïðåäåëÿþùèå ïîñëåäîâà-
òåëüíûå ïðèáëèæåíèÿ ê ôóíêöèè h(ε) è ñîîòâåòñòâóþùåé ôóíêöèè Ìàòüå y(t, ε).
Ïðèìåì â êà÷åñòâå íóëåâîãî ïðèáëèæåíèÿ h0(ε) ê íåèçâåñòíîé ôóíêöèè h(ε) îäíó

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ãîñóäàðñòâåííîãî ôîíäà ôóíäàìåíòàëüíûõ
èññëåäîâàíèé. Íîìåð ãîñóäàðñòâåííîé ðåãèñòðàöèè 0109U000381.
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èç íàéäåííûõ [3, 5, 8, 10, 12] çàâèñèìîñòåé h0(ε); â êà÷åñòâå íóëåâîãî ïðèáëè-
æåíèÿ ìîæíî òàêæå èñïîëüçîâàòü çíà÷åíèå h0(ε) = h(0) = k2, k ∈ N. Ïóñòü
ϕ1(t), ϕ2(t), ϕ3(t), ... − ñèñòåìà ëèíåéíî-íåçàâèñèìûõ 2π− ïåðèîäè÷åñêèõ äâà-
æäû íåïðåðûâíî-äèôôåðåíöèðóåìûõ ñêàëÿðíûõ ôóíêöèé. Îáîçíà÷èì (1 × k1)−
ìàòðèöó ϕ1(t) = [ϕ1(t) ϕ2(t) ... ϕk1(t)]. Ïåðâîå ïðèáëèæåíèå y1(t, ε) ê ïåðèîäè÷å-
ñêîìó ðåøåíèþ óðàâíåíèÿ (1) èùåì, êàê 2π− ïåðèîäè÷åñêîå ðåøåíèå óðàâíåíèÿ

d2y1(t, ε)

dt2
+ [h0(ε) + ε cos 2t]y1(t, ε) = 0. (3)

Ïðèáëèæåííîå ðåøåíèå óðàâíåíèÿ (3) èùåì â âèäå

y1(t, ε) = y0(t) + ξ1(t, ε), ξ1(t, ε) = ϕ1(t)c1(ε);

ïîòðåáóåì

F (c1(ε)) = ||ϕ′′1(t)c1(ε) + [h0(ε) + ε cos 2t]ϕ1(t)c1(ε)+

+ y′′0(t) + [h0(ε) + ε cos 2t]y0(t)||2L2[0,2π] → min .

Äëÿ ôèêñèðîâàííîé ìàòðèöû ϕ1(t) ìàêñèìóì ôóíêöèè F (c1(ε)) ñóùåñòâóåò, ïî-
ñêîëüêó íåïðåðûâíàÿ íåîòðèöàòåëüíàÿ ôóíêöèÿ äîñòèãàåò ìèíèìóìà. Íåîáõîäè-
ìîå óñëîâèå ìèíèìèçàöèè ôóíêöèè F (c1(ε)) ïðèâîäèò ê óðàâíåíèþ

Γ0(ϕ1(·), ε) · c1(ε) = −
∫ 2π

0

Φ∗
0(t, ε)y

′′
0(t) + [h0(ε) + ε cos 2t]y0(t)dt,

îäíîçíà÷íî ðàçðåøèìîìó îòíîñèòåëüíî âåêòîðà c1(ε) ∈ Rk1 ïðè óñëîâèè íåâûðîæ-
äåííîñòè (k1 × k1)− ìàòðèöû Ãðàìà [2]

Γ0(ϕ1(·), ε) =

∫ 2π

0

Φ∗
0(t, ε) · Φ0(t, ε)dt.

Çäåñü
Φ0(t, ε) = ϕ′′1(t) + [h0(ε) + ε cos 2t]ϕ1(t)

−(1 × k1)− ìàòðèöà. Òàêèì îáðàçîì, ïðè óñëîâèè det Γ0(ϕ1(·), ε) 6= 0 íàõîäèì
âåêòîð

c1(ε) = −[Γ0(ϕ1(·), ε)]−1 ·
∫ 2π

0

Φ∗
0(t, ε)y

′′
0(t) + [h0(ε) + ε cos 2t]y0(t)dt,

îïðåäåëÿþùèé ïåðâîå ïðèáëèæåíèå

y1(t, ε) = y0(t) + ϕ1(t) · c1(ε)
ê 2π− ïåðèîäè÷åñêîìó ðåøåíèþ óðàâíåíèÿ (1). Ñëåäóþùåå ïðèáëèæåíèå ê óðàâ-
íåíèþ (3) îïðåäåëèì, êàê

d2y1(t, ε)

dt2
+ [h1(ε) + ε cos 2t]y1(t, ε) = 0. (4)
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Ïóñòü ψ1(ε), ψ2(ε), ψ3(ε), ... − ñèñòåìà ëèíåéíî-íåçàâèñèìûõ íåïðåðûâíûõ ôóíê-
öèé. Îáîçíà÷èì (1× l1)− ìàòðèöó

ψ1(ε) = [ψ1(ε) ψ2(ε) ... ψl1(ε)].

Ïðè ôèêñèðîâàííîì ïåðâîì ïðèáëèæåíèè y1(t, ε) ê 2π− ïåðèîäè÷åñêîìó ðåøå-
íèþ óðàâíåíèÿ (1) ñîáñòâåííóþ ôóíêöèþ 2π− ïåðèîäè÷åñêîé çàäà÷è óðàâíåíèÿ
(4) îïðåäåëÿåò ïåðâîå ïðèáëèæåíèå

h1(ε) = h0(ε) + ζ1(ε), ζ1(ε) = ψ1(ε) · q1
ê íåèçâåñòíîé ôóíêöèè h(ε). Ïðèáëèæåííîå çíà÷åíèå âåêòîðà q1 ∈ Rl1 èùåì èç
óñëîâèÿ

F (q1) := || ||d
2y1(t, ε)

dt2
+ [h1(ε) + ε cos 2t]y1(t, ε)||2L2[0,2π] ||2L2[0,ε0] → min .

Ïðè ôèêñèðîâàííîé ìàòðèöå ψ1(ε) ìàêñèìóì ôóíêöèè F (q1(ε)) ñóùåñòâóåò, ïî-
ñêîëüêó íåïðåðûâíàÿ íåîòðèöàòåëüíàÿ ôóíêöèÿ äîñòèãàåò ìèíèìóìà. Íåîáõîäè-
ìîå óñëîâèå ìèíèìèçàöèè ôóíêöèè F (q1) ïðèâîäèò ê óðàâíåíèþ

Γ1(ψ1(·)) · q1 = −
∫ ε0

0

∫ 2π

0

[ψ1(ε) · y1(t, ε)]
∗·
· y′′1(t, ε) + [h0(ε) + ε cos 2t]y1(t, ε) dt dε,

îäíîçíà÷íî ðàçðåøèìîìó îòíîñèòåëüíî âåêòîðà q1 ∈ Rl1 ïðè óñëîâèè íåâûðîæ-
äåííîñòè (l1 × l1)− ìàòðèöû Ãðàìà

Γ1(ψ1(·)) = −
∫ ε0

0

∫ 2π

0

[ψ1(ε) · y1(t, ε)]
∗ · [ψ1(ε) · y1(t, ε)] dt dε.

Òàêèì îáðàçîì, ïðè óñëîâèè det Γ1(ψ1(·)) 6= 0 íàõîäèì âåêòîð

q1 = −[Γ1(ψ1(·))]−1 ·
∫ ε0

0

∫ 2π

0

[ψ1(ε) · y1(t, ε)]
∗·

· y′′1(t, ε) + [h0(ε) + ε cos 2t]y1(t, ε) dt dε,

îïðåäåëÿþùèé íàèëó÷øåå (â ñìûñëå íàèìåíüøèõ êâàäðàòîâ) ïðèáëèæåíèå h1(ε)
ê íåèçâåñòíîé ôóíêöèè h(ε), ñîîòâåòñòâóþùåå ïåðâîìó ïðèáëèæåíèþ ê 2π− ïå-
ðèîäè÷åñêîìó ðåøåíèþ y1(t, ε) óðàâíåíèÿ (4). Îáîçíà÷èì (1× k2)− ìàòðèöó

ϕ2(t) = [ϕ1(t) ϕ2(t) ... ϕk2(t)].

Âòîðîå ïðèáëèæåíèå

y2(t, ε) = y0(t) + ξ1(t, ε) + ξ2(t, ε), ξ2(t, ε) = ϕ2(t) · c2(ε), c2(ε) ∈ Rk2
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ê ïåðèîäè÷åñêîìó ðåøåíèþ óðàâíåíèÿ (1) èùåì, êàê 2π− ïåðèîäè÷åñêîå ðåøåíèå
óðàâíåíèÿ

d2y2(t, ε)

dt2
+ [h1(ε) + ε cos 2t]y2(t, ε) = 0.

Îáîçíà÷èì (1× k2)− ìàòðèöó

Φ1(t, ε) = ϕ′′2(t) + [h1(ε) + ε cos 2t]ϕ2(t).

Íåîáõîäèìîå óñëîâèå ìèíèìèçàöèè ôóíêöèè

F (c2(ε)) :=

∫ 2π

0

{ϕ′′2(t)c2(ε) + [h1(ε) + ε cos 2t]ϕ2(t)c2(ε)+

+ y′′1(t, ε) + [h1(ε) + ε cos 2t]y1(t, ε)}2dt

ïðèâîäèò ê óðàâíåíèþ

Γ1(ϕ2(·), ε) · c2(ε) = −
∫ 2π

0

Φ∗
1(t, ε){y′′1(t, ε) + [h1(ε) + ε cos 2t]y1(t, ε)}dt,

îäíîçíà÷íî ðàçðåøèìîìó îòíîñèòåëüíî âåêòîðà c2(ε) ∈ Rk2 ïðè óñëîâèè íåâûðîæ-
äåííîñòè (k2 × k2)− ìàòðèöû Ãðàìà [2]

Γ1(ϕ2(·), ε) =

∫ 2π

0

Φ∗
1(t, ε) · Φ1(t, ε)dt.

Òàêèì îáðàçîì, ïðè óñëîâèè det Γ1(ϕ2(·), ε) 6= 0 íàõîäèì âåêòîð

c2(ε) = −[Γ1(ϕ2(·), ε)]−1 ·
∫ 2π

0

Φ∗
1(t, ε)y

′′
1(t, ε) + [h1(ε) + ε cos 2t]y1(t, ε)dt,

îïðåäåëÿþùèé âòîðîå ïðèáëèæåíèå y2(t, ε) ê 2π− ïåðèîäè÷åñêîìó ðåøåíèþ óðàâ-
íåíèÿ (1). Îáîçíà÷èì (1× l2)− ìàòðèöó

ψ2(ε) = [ψ1(ε) ψ2(ε) ... ψl2(ε)].

Ñëåäóþùåå ïðèáëèæåíèå ê óðàâíåíèþ (3) îïðåäåëèì, êàê

d2y2(t, ε)

dt2
+ [h2(ε) + ε cos 2t]y2(t, ε) = 0. (5)

Ïðè ôèêñèðîâàííîì âòîðîì ïðèáëèæåíèè y2(t, ε) ê 2π− ïåðèîäè÷åñêîìó ðåøåíèþ
óðàâíåíèÿ (1) ñîáñòâåííóþ ôóíêöèþ 2π− ïåðèîäè÷åñêîé çàäà÷è äëÿ óðàâíåíèÿ (5)
îïðåäåëÿåò âòîðîå ïðèáëèæåíèå

h2(ε) = h0(ε) + ζ1(ε) + ζ2(ε), ζ2(ε) = ψ2(ε) · q2, q2 ∈ Rl2 .
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Ïðèáëèæåííîå çíà÷åíèå âåêòîðà q2 ∈ Rl2 èùåì èç óñëîâèÿ

F (q2) := || ||d
2y2(t, ε)

dt2
+ [h2(ε) + ε cos 2t]y2(t, ε)||2L2[0,2π] ||2L2[0,ε0] → min .

Íåîáõîäèìîå óñëîâèå ìèíèìèçàöèè ôóíêöèè F (q2) ïðèâîäèò ê óðàâíåíèþ

Γ2(ψ2(·)) · q2 = −
∫ ε0

0

∫ 2π

0

[ψ2(ε) · y2(t, ε)]
∗·
· y′′2(t, ε) + [h1(ε) + ε cos 2t]y2(t, ε) dt dε,

îäíîçíà÷íî ðàçðåøèìîìó îòíîñèòåëüíî âåêòîðà q2 ∈ Rl2 ïðè óñëîâèè íåâûðîæ-
äåííîñòè (l2 × l2)− ìàòðèöû Ãðàìà

Γ2(ψ2(·)) = −
∫ ε0

0

∫ 2π

0

[ψ2(ε) · y2(t, ε)]
∗ · [ψ2(ε) · y2(t, ε)] dt dε.

Òàêèì îáðàçîì, ïðè óñëîâèè det Γ2(ψ2(·)) 6= 0 íàõîäèì âåêòîð

q2 = −[Γ2(ψ2(·))]−1 ·
∫ ε0

0

∫ 2π

0

[ψ2(ε) · y2(t, ε)]
∗·

· y′′2(t, ε) + [h1(ε) + ε cos 2t]y2(t, ε) dt dε,

îïðåäåëÿþùèé íàèëó÷øåå (â ñìûñëå íàèìåíüøèõ êâàäðàòîâ) ïðèáëèæåíèå h2(ε)
ê íåèçâåñòíîé ôóíêöèè h(ε), ñîîòâåòñòâóþùåå âòîðîìó ïðèáëèæåíèþ ê 2π− ïåðè-
îäè÷åñêîìó ðåøåíèþ y2(t, ε) óðàâíåíèÿ (5). Ïðîäîëæàÿ ðàññóæäåíèÿ, ïðè óñëîâèè

det Γ0(ϕ1(·), ε) 6= 0, det Γ1(ψ1(·)) 6= 0, ... ,

det Γj(ϕj+1(·), ε) 6= 0, det Γj+1(ψj+1(·)) 6= 0, ...

ïðèõîäèì ê ñëåäóþùåé èòåðàöèîííîé ïðîöåäóðå

yj+1(t, ε) = y0(t)+ ξ1(t, ε)+ ξ2(t, ε)+ ... + ξj+1(t, ε), ξj+1(t, ε) = ϕj+1(t) · cj+1(ε), (6)

hj+1(ε) = h0(ε) + ζ1(ε) + ζ2(ε) + ... + ζj+1(ε), ζj+1(ε) = ψj+1(ε)qj+1,

cj+1(ε) = −[Γj(ϕj+1(·), ε)]−1 ·
∫ 2π

0

Φ∗
j(t, ε)y

′′
j (t) + [hj(ε) + ε cos 2t]yj(t)dt,

qj+1 = −[Γj+1(ψj+1(·))]−1 ·
∫ ε0

0

∫ 2π

0

[ψj+1(ε) · yj+1(t, ε)]
∗×

×y′′j+1(t, ε) + [hj(ε) + ε cos 2t]yj+1(t, ε) dt dε, ... , j = 0, 1, 2, ... .

Çäåñü
Γj

(
ϕj+1(·), ε

)
=

∫ 2π

0

Φ∗
j(t, ε) · Φj(t, ε)dt
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−(kj × kj)− ìàòðèöà Ãðàìà,

Φj(t, ε) = ϕ′′j+1(t) + [hj(ε) + ε cos 2t]ϕj+1(t)

−(1× kj)− ìàòðèöà,

Γj+1(ψj+1(·)) = −
∫ ε0

0

∫ 2π

0

[ψj+1(ε) · yj+1(t, ε)]
∗ · [ψj+1(ε) · yj+1(t, ε)] dt dε

−(lj × lj)− ìàòðèöà Ãðàìà. Èòåðàöèîííàÿ ïðîöåäóðà (6) çàäàåò ïîñëåäîâàòåëü-
íîñòü îòîáðàæåíèé

(yj(t, ε), hj(ε)) → (yj+1(t, ε), hj(ε)), (yj+1(t, ε), hj(ε)) → (yj+1(t, ε), hj+1(ε)),

îïðåäåëÿåìóþ îïåðàòîðîì Υ(y(t, ε), h(ε)) :

(yj+1(t, ε), hj+1(ε)) = Υ(yj(t, ε), hj(ε)) , j = 0, 1, 2, ... .

Åñëè îïåðàòîð Υ(y(t, ε), h(ε)) ÿâëÿåòñÿ ñæèìàþùèì, èòåðàöèîííàÿ ïðîöåäóðà (3)
ñõîäèòñÿ ê èñêîìîìó 2π− ïåðèîäè÷åñêîìó ðåøåíèþ y(t, ε) óðàâíåíèÿ (1). Ñêîðîñòü
ñõîäèìîñòè îïðåäåëÿåòñÿ âûáîðîì ìàòðèö ϕ(t) è ψ(ε).

Ïðèìåì â êà÷åñòâå íóëåâîãî ïðèáëèæåíèÿ h0(ε) ê íåèçâåñòíîé ôóíêöèè h(ε)
íàéäåííóþ â ñòàòüå [12] çàâèñèìîñòü

h0(ε) = 1− ε

2
− ε2

32
+

ε3

512

è çàôèêñèðóåì âåêòîð-ñòðîêó

ϕ1(t) = [cos 3t cos 5t cos 7t cos 9t cos 11t cos 13t cos 15t ].

Ìàòðèöà Ãðàìà Γ0(ϕ(·), ε), ñîîòâåòñòâóþùàÿ ðåøåíèþ y0(t) = cos t ïîðîæäàþùåé
çàäà÷è (2), ïðè ýòîì íåâûðîæäåíà

det Γ0(ϕ(·), ε) = π7(11 085 160 826 497 180 631 040 000 +

+ 2 424 878 930 796 258 263 040 000 ε+ 373 916 507 869 229 875 200 000 ε2+

+ 26 440 055 240 974 663 680 000ε3 + 1 191 116 168 673 361 920 000ε4−
− 40 768 470 174 715 084 800 ε5 − 5 501 736 152 727 552 000 ε6−

− 405 798 775 762 452 480 ε7 + ... ) 6= 0.
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Ïåðâîå ïðèáëèæåíèå ê 2π− ïåðèîäè÷åñêîìó ðåøåíèþ óðàâíåíèÿ (1) èìååò âèä

y1(t, ε) = cos t+
1

16
ε cos 3t+

1

768
ε2(−3 cos 3t+ cos 5t)+

+
1

73 728
ε3(6 cos 3t− 8 cos 5t+ cos 7t) +

1

11 796 480
ε4(220 cos 3t+

+30 cos 5t− 15 cos 7t+ cos 9t) +
1

2 831 155 200
ε5(−7 350 cos 3t+ 1 575 cos 5t+

+90 cos 7t− 24 cos 9t+ cos 11t) +
1

951 268 147 200
ε6(86 625 cos 3t− 75 495 cos 5t+

+6 426 cos 7t+ 210 cos 9t− 35 cos 11t+ cos 13t) +
1

426 168 129 945 600
ε7×

×(7 808 640 cos 3t+ 1 215 396 cos 5t− 417 088 cos 7t+ 19 600 cos 9t+ 420 cos 11t−
−48 cos 13t+ cos 15t) +

1

81 824 280 949 555 200
ε8(−256 577 328 cos 3t+

+45 723 664 cos 5t+ 2 922 752 cos 7t− 551 040 cos 9t+ 16 560 cos 11t+

+252 cos 13t− 21 cos 15t) +
1

192 450 708 793 353 830 400
ε9×

×(26 034 292 704 cos 3t− 18 603 639 488 cos 5t+ 1 323 587 608 cos 7t+

+47 816 160 cos 9t− 5 747 700 cos 11t+ 120 393 cos 13t+ 1 368 cos 15t)+

1

172 435 835 078 845 032 038 400
ε10(4 058 226 287 360 cos 3t+

+729 358 953 792 cos 5t− 206 618 491 296 cos 7t+ 8 147 567 120 cos 9t+

+191 517 480 cos 11t− 16 013 088 cos 13t+ 247 977 cos 15t)+

+ε11(− 81 061 157 cos 3t

17 954 585 076 930 969 600
+

181 353 829 cos 5t

251 364 191 077 033 574 400
+

+
709 399 cos 7t

13 406 090 190 775 123 968
− 3 327 547 cos 9t

402 182 705 723 253 719 040
+

+
42 960 523 cos 11t

205 280 756 046 244 085 760 000
+

40 262 249 cos 13t

11 587 688 117 298 386 152 980 480
−

− 2 757 719 cos 15t

12 875 209 019 220 429 058 867 220
)+

+ε12(
322 015 213 cos 3t

1 340 609 019 077 512 396 800
− 6 732 848 107 cos 5t

48 261 924 686 790 446 284 800
+

+
1 719 713 743 cos 7t

193 047 698 747 161 785 139 200
+

362 377 573 cos 9t

985 347 629 021 971 611 648 000
−

− 12 787 209 087 491 cos 11t

347 630 643 518 951 584 589 414 400 000
+

+
90 390 085 363 cos 13t

139 052 257 407 580 633 835 765 760 000
+

+
16 688 471 cos 15t

2 076 513 710 619 870 798 614 102 016
).
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Äëÿ ìàòðèöû

ψ1(ε) = [ε4 ε5 ε6 ε7 ε8 ε9]

îïðåäåëèòåëü ìàòðèöû Ãðàìà

det Γ1(ψ(·)) ≈ (1 088 297 276 104 920 491 438 307 999 875 027

880 101 828 561 617 825 797 613 688 820 072 448)−1 6= 0.

Ïåðâîå ïðèáëèæåíèå ê íåèçâåñòíîé ôóíêöèè h(ε) èìååò âèä

h1(ε) = 1− ε

2
− ε2

32
+

ε3

512
− 376 047 · ε4

9 241 731 074
− 491 513 · ε5

52 710 210 097
+

143 112 · ε6

110 250 694 849
−

− 47 021 · ε7

1 032 281 869 967
− 4 969 · ε8

546 185 769 157
+

4 303 · ε9

2 947 772 240 228
.

Çàôèêñèðóåì ìàòðèöó

ϕ2(t) = [cos 3t cos 5t cos 7t cos 9t cos 11t cos 13t cos 15t cos 17t cos 19t ].

Âòîðîå ïðèáëèæåíèå y2(t, ε) = y1(t, ε) + ξ2(t, ε) ê 2π− ïåðèîäè÷åñêîìó ðåøåíèþ
óðàâíåíèÿ (1) îïðåäåëÿåò ôóíêöèÿ

ξ2(t, ε) =
ε8 cos 17t

245 472 842 848 665 632
+ ε9(

cos 15t

48 112 677 198 338 455 101
−

− cos 17t

2 209 255 585 637 990 220
+

cos 19t

176 740 446 851 039 236 401
).

Ïðè ýòîì

y2(t, ε) = cos t+
1

16
ε cos 3t+

1

768
ε2(−3 cos 3t+ cos 5t)+

+
1

73 728
ε3(6 cos 3t− 8 cos 5t+ cos 7t) +

1

11 796 480
ε4(220 cos 3t+

+30 cos 5t− 15 cos 7t+ cos 9t) +
1

2 831 155 200
ε5(−7 350 cos 3t+ 1 575 cos 5t+

ISSN 0203�3755 Äèíàìè÷åñêèå ñèñòåìû, âûï. 26 (2009)



ÏÎÑÒÐÎÅÍÈÅ ÔÓÍÊÖÈÉ ÌÀÒÜÅ 111

+90 cos 7t− 24 cos 9t+ cos 11t) +
1

951 268 147 200
ε6(86 625 cos 3t− 75 495 cos 5t+

+6 426 cos 7t+ 210 cos 9t− 35 cos 11t+ cos 13t)+

+
1

426 168 129 945 600
ε7(7 808 640 cos 3t+ 1 215 396 cos 5t− 417 088 cos 7t+

+19 600 cos 9t+ 420 cos 11t− 48 cos 13t+ cos 15t)+

+
1

627 676 214 335 475 936 385 988 060 074 598
ε8×

×(−1 968 211 441 083 579 268 857 856 cos 3t+ 350 747 430 860 537 215 320 064 cos 5t+

+22 420 507 574 425 725 435 904 cos 7t− 4 227 042 353 854 022 156 288 cos 9t+

+127 032 196 174 184 464 384 cos 11t+ 1 933 098 637 433 241 856 cos 13t−
−161 091 553 119 436 832 cos 15t+ 2 557 008 779 673 600 cos 17t)+

+ε9(
23 124 636 551 157 987 147 776 cos 3t

170 941 947 432 867 407 345 576 843 780 151
−

− 49 573 353 873 678 276 755 456 cos 5t

512 825 842 298 602 222 036 730 531 340 453
+

+
3 526 980 670 450 162 991 104 cos 7t

512 825 842 298 602 222 036 730 531 340 453
+

+
11 583 302 494 456 020 992 cos 9t

46 620 531 118 054 747 457 884 593 758 223
−

− 15 315 969 020 122 769 408 cos 11t

512 825 842 298 602 222 036 730 531 340 453
+

+
320 812 752 620 985 920 cos 13t

512 825 842 298 602 222 036 730 531 340 453
+

+
3 655 985 784 854 540 cos 15t

512 825 842 298 602 222 036 730 531 340 453
−

− 3 714 017 305 249 057 cos 17t

8 205 213 476 777 635 552 587 688 501 447 248
+

+
5 942 427 688 398 491 cos 19t

1 050 267 325 027 537 350 731 224 128 185 247 744
)+

+ε10(
619 cos 3t

26 301 584 573 107
+

665 cos 5t

157 220 021 405 446
− 1 427 cos 7t

1 190 919 240 161 326
+

+
93 cos 9t

1 968 260 270 353 267
+

2 cos 11t

1 800 732 080 213 723
− cos 13t

10 768 431 115 775 110
+

+
cos 15t

695 370 276 593 575 323
) + ε11(− 48 cos 3t

10 631 726 903 339
+

95 cos 5t

131 674 077 597 326
+

+
17 cos 7t

321 262 834 093 616
− 10 cos 9t

1 208 646 206 118 963
+

cos 11t

4 778 357 936 802 680
+

+
cos 13t

287 805 286 716 556 383
− cos 15t

4 668 789 321 617 042 696
)+

+ε12(
17 cos 3t

70 774 151 047 074
− 72 cos 5t

516 105 297 821 315
+

9 cos 7t

1 010 301 450 341 120
+

+
cos 9t

2 719 118 682 937 842
− cos 11t

27 185 810 534 608 284
+

cos 13t

1 538 357 407 774 944 487
+
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+
cos 15t

124 428 038 411 659 803 874
).

Äëÿ ìàòðèöû ψ1(ε) = ψ2(ε) âòîðîå ïðèáëèæåíèå ê ñîáñòâåííîé ôóíêöèè 2π−
ïåðèîäè÷åñêîé çàäà÷è äëÿ óðàâíåíèÿ (1) èìååò âèä h2(ε) = h1(ε) + ζ2(ε), ãäå

ζ2(t, ε) =
ε4

521 951 999 118 437 173 470
+

ε5

1 505 074 632 922 534 715 247
−

− ε6

6 172 070 407 697 490 935 960
+

ε7

498 140 511 714 499 003 560 515
−

− ε8

1 148 525 508 517 458 982 926 364
− ε9

8 419 625 379 548 339 369 999 741
.

Ïðè ýòîì

h2(ε) = 1− ε

2
− ε2

32
+

ε3

512
− 49 069 620 853 122 733 632 535 504 · ε4

1 205 935 002 347 320 358 093 606 851 695
−

− 739 763 748 051 653 752 784 988 614 · ε5

79 332 800 113 011 957 966 445 439 248 959
+

+
883 297 340 186 403 212 576 412 671 · ε6

680 475 051 105 599 093 883 469 360 870 040
−

− 23 423 065 001 327 456 614 137 105 848 · ε7

514 221 418 938 961 300 622 006 615 245 553 005
−

− 5 707 023 251 823 254 232 346 871 873 · ε8

627 308 288 266 042 889 352 835 052 033 355 148
+

+
883 649 951 419 426 862 471 625 495 · ε9

605 344 828 462 237 393 159 057 236 667 067 828
.

Äëÿ ïðîâåðêè òî÷íîñòè íàéäåííîãî âòîðîãî ïðèáëèæåíèÿ ê ïåðèîäè÷åñêîìó
ðåøåíèþ óðàâíåíèÿ Ìàòüå è åãî ñîáñòâåííîé ôóíêöèè íàéäåì íåâÿçêè ýòîãî ïðè-
áëèæåíèÿ â ñàìîì óðàâíåíèè Ìàòüå

∆2(ε) = ||y′′2(t, ε) + (h2(ε) + ε cos 2t) · y2(t, ε)||C[0;2π],

à òàêæå ñðàâíèì ýòè íåâÿçêè ñ îòêëîíåíèÿìè

∆r(ε) = ||y′′h(t, ε) + (hr(ε) + ε cos 2t) · yr(t, ε)||C[0;2π],

∆h(ε) = ||y′′h(t, ε) + (hh(ε) + ε cos 2t) · yh(t, ε)||C[0;2π],

ñîîòâåòñòâóþùèìè ôóíêöèÿì [10, c. 17], [5, c. 335]

hh(ε) = 1− ε

2
− ε2

32
+

ε3

512
− ε4

24 576
,

hr(ε) = 1− ε

2
− ε2

32
+

ε3

512
− ε4

24 576
− 11 ε5

1 179 648
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è ðåøåíèþ óðàâíåíèÿ Ìàòüå

yr(t, ε) = cos t+
1

16
ε cos 3t+

1

768
ε2(−3 cos 3t+ cos 5t)+

+
1

73 728
ε3(6 cos 3t− 8 cos 5t+ cos 7t) +

1

11 796 480
ε4(220 cos 3t+

+ 30 cos 5t− 15 cos 7t+ cos 9t),

ïîëó÷åííûìè â ìîíîãðàôèÿõ [5, 9, 10]. Âòîðûå ïðèáëèæåíèÿ ê ïåðèîäè÷åñêîìó
ðåøåíèþ óðàâíåíèÿ Ìàòüå y2(t, ε) è åãî ñîáñòâåííîé ôóíêöèè h2(ε) çíà÷èòåëüíî
ïðåâîñõîäÿò ïî òî÷íîñòè ðàíåå èçâåñòíûå ïðèáëèæåíèÿ

∆2(1, 0) ≈ 3, 47 910 · 10−11, ∆h(1, 0) ≈ 3, 52 821 · 10−5, ∆r(1, 0) ≈ 3, 18 803 · 10−5,

∆2(0, 5) ≈ 3, 03 177 · 10−14, ∆h(0, 5) ≈ 1, 10 346 · 10−6, ∆r(0, 5) ≈ 9, 89 857 · 10−7,

∆2(0, 1) ≈ 2, 23 183 · 10−16, ∆h(0, 1) ≈ 3, 53 263 · 10−10, ∆r(0, 1) ≈ 3, 14 899 · 10−10.

Ñëåäóåò îòìåòèòü àêòóàëüíîñòü èçó÷åíèÿ ðàçëè÷íûõ êðàåâûõ çàäà÷ äëÿ óðàâ-
íåíèÿ Ìàòüå, ñâèäåòåëüñòâîì ÷åãî ñëóæàò ïóáëèêàöèè [1, 7], â òîì ÷èñëå è ïðèâå-
äåííûå â ýòèõ ñòàòüÿõ îáçîðû ëèòåðàòóðû.
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