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Àííîòàöèÿ. Íàéäåíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ ðåøåíèé íåëèíåé-
íîé àâòîíîìíîé íåòåðîâîé êðàåâîé çàäà÷è â ÷àñòíîì êðèòè÷åñêîì ñëó÷àå. Õàðàêòåðíîé îñî-
áåííîñòüþ ïîñòàâëåííîé çàäà÷è ÿâëÿåòñÿ íåâîçìîæíîñòü íåïîñðåäñòâåííîãî ïðèìåíåíèÿ òðà-
äèöèîííîé ñõåìû èññëåäîâàíèÿ è ïîñòðîåíèÿ ðåøåíèé êðèòè÷åñêèõ êðàåâûõ çàäà÷, ñîçäàííîé
â ðàáîòàõ È.Ã. Ìàëêèíà, À.Ì. Ñàìîéëåíêî, Å.À. Ãðåáåíèêîâà, Þ.À. Ðÿáîâà è À.À. Áîé÷óêà.
Äëÿ ïîñòðîåíèÿ ðåøåíèé íåëèíåéíîé íåòåðîâîé êðàåâîé çàäà÷è â ÷àñòíîì êðèòè÷åñêîì ñëó÷àå
ïðåäëîæåíà èòåðàöèîííàÿ ñõåìà, ïîñòðîåííàÿ ïî ñõåìå ìåòîäà íàèìåíüøèõ êâàäðàòîâ. Ýôôåê-
òèâíîñòü ïðåäëîæåííîé òåõíèêè ïðîäåìîíñòðèðîâàíà íà ïðèìåðå àíàëèçà ïåðèîäè÷åñêîé çàäà÷è
äëÿ óðàâíåíèÿ òèïà Õèëëà.
Êëþ÷åâûå ñëîâà: àâòîíîìíàÿ êðàåâàÿ çàäà÷à, êðèòè÷åñêèé ñëó÷àé, ìåòîä íàèìåíüøèõ êâàä-
ðàòîâ, èòåðàöèîííàÿ ñõåìà, ïñåâäîîáðàùåíèå ìàòðèö, îðòîïðîåêòîð.

1. Ïîñòàíîâêà çàäà÷è
Èññëåäîâàíà çàäà÷à î ïîñòðîåíèè ðåøåíèé

z(t, ε) : z(·, ε) ∈ C1[a, b(ε)], z(t, ·) ∈ C[0, ε0], b(·) ∈ C[0, ε0]

àâòîíîìíîé ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

dz/dt = Az + f + εZ(z, ε), (1)

óäîâëåòâîðÿþùèõ êðàåâîìó óñëîâèþ [2, 10, 12]

`z(·, ε) = α + εJ(z(·, ε), ε), α ∈ Rm. (2)

Ðåøåíèÿ íåòåðîâîé (m 6= n) çàäà÷è (1), (2) èùåì â ìàëîé îêðåñòíîñòè ðåøåíèÿ

z0(t) : z0(·) ∈ C1[a, b∗], b∗ = b(0)

ïîðîæäàþùåé çàäà÷è

dz0/dt = Az0 + f, f ∈ Rn, `z0(·) = α. (3)
1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâàíèé Ãåð-

ìàíèè (DFG; íîìåð ðåãèñòðàöèè GZ:436UKR 13/103/0-1) è Ãîñóäàðñòâåííîãî Ôîíäà ôóíäàìåí-
òàëüíûõ èññëåäîâàíèé Óêðàèíû (íîìåð ãîñóäàðñòâåííîé ðåãèñòðàöèè 0109U000381)
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Çäåñü A � ïîñòîÿííàÿ (n × n)-ìàòðèöà, Z(z, ε) � íåëèíåéíàÿ âåêòîð-ôóíêöèÿ,
íåïðåðûâíî äèôôåðåíöèðóåìàÿ ïî z â ìàëîé îêðåñòíîñòè ðåøåíèÿ ïîðîæäàþùåé
çàäà÷è è íåïðåðûâíî äèôôåðåíöèðóåìàÿ ïî ìàëîìó ïàðàìåòðó ε íà îòðåçêå [0, ε0];
`z(·, ε) � ëèíåéíûé è J(z(·, ε), ε) � íåëèíåéíûé âåêòîðíûå ôóíêöèîíàëû `z(·, ε),
J(z(·, ε), ε) : C[a, b(ε)] → Rm, ïðè÷åì âòîðîé ôóíêöèîíàë íåïðåðûâíî äèôôåðåí-
öèðóåì ïî z è ïî ìàëîìó ïàðàìåòðó ε â ìàëîé îêðåñòíîñòè ðåøåíèÿ ïîðîæäà-
þùåé çàäà÷è è íà îòðåçêå [0, ε0]. Â êðèòè÷åñêîì ñëó÷àå (PQ∗ 6= 0) ïðè óñëîâèè
PQ∗{α− `K[f ](·)} = 0 ïîðîæäàþùàÿ çàäà÷à (3) èìååò ñåìåéñòâî ðåøåíèé [12]

z0(t, cr) = Xr(t)cr +G[f ;α](t), Xr(t) = X(t)PQr , cr ∈ Rr.

Çäåñü Q = `X(·) � (m × n)-ìàòðèöà, rank Q = n1, n − n1 = r, PQ∗ � (m × m)-
ìàòðèöà-îðòîïðîåêòîð PQ∗ : Rm → N(Q∗), X(t) � íîðìàëüíàÿ (X(a) = In) ôóí-
äàìåíòàëüíàÿ ìàòðèöà îäíîðîäíîé ÷àñòè äèôôåðåíöèàëüíîé ñèñòåìû (3); PQr �
(n×r)-ìàòðèöà, ñîñòàâëåííàÿ èç r ëèíåéíî íåçàâèñèìûõ ñòîëáöîâ (n×n)-ìàòðèöû-
îðòîïðîåêòîðà PQ : Rn → N(Q);

G[f ;α](t) = X(t)Q+{α− `K[f ](·)}+K[f ](t)

� îáîáùåííûé îïåðàòîð Ãðèíà çàäà÷è (3),Q+ � ïñåâäîîáðàòíàÿ ìàòðèöà ïî Ìóðó-
Ïåíðîóçó [12],

K[f ](t) = X(t)

∫ t

a

X−1(s)f ds

� îïåðàòîð Ãðèíà çàäà÷è Êîøè äëÿ äèôôåðåíöèàëüíîé ñèñòåìû (3), In � åäèíè÷-
íàÿ (n×n)-ìàòðèöà. Â êðèòè÷åñêîì ñëó÷àå çàäà÷à (1), (2) ñóùåñòâåííî îòëè÷àåòñÿ
îò àíàëîãè÷íûõ íåàâòîíîìíûõ êðàåâûõ çàäà÷; â îòëè÷èå îò ïîñëåäíèõ, ïðàâûé êî-
íåö b(ε) ïðîìåæóòêà [a, b(ε)], íà êîòîðîì èùåì ðåøåíèå çàäà÷è (1), (2), íåèçâåñòåí
è ïîäëåæèò îïðåäåëåíèþ â ïðîöåññå ïîñòðîåíèÿ ðåøåíèÿ. Ñîâåðøàÿ â çàäà÷å (1),
(2) çàìåíó ïåðåìåííîé [2]

t = a+(τ −a)(1+ εβ(ε)), b(ε) = b∗+ε(b∗−a)β(ε), β(ε) ∈ C[0, ε0], β(0) = β∗, (4)

ïðèõîäèì ê çàäà÷å îá îòûñêàíèè ðåøåíèÿ z(·, ε) ∈ C1[a, b∗], z(τ, ·) ∈ C[0, ε0] ñèñ-
òåìû äèôôåðåíöèàëüíûõ óðàâíåíèé

dz/dτ = Az + f + ε{β(ε)A(z(τ, ε) + f) + (1 + εβ(ε))Z(z(τ, ε), ε)}, (5)

óäîâëåòâîðÿþùèõ êðàåâîìó óñëîâèþ

`z(·, ε) = (1 + εβ(ε))(α+ εJ̃(z(·, ε), ε)). (6)

Çäåñü `z(·, ε) � ëèíåéíûé è J̃(z(·, ε), ε) � íåëèíåéíûé âåêòîðíûå ôóíêöèîíàëû

`z(·, ε), J̃(z(·, ε), ε) : C[a, b∗] → Rm.
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Ðåøåíèå çàäà÷è (5), (6) z(τ, ε) = z0(τ, cr) + x(τ, ε) èùåì â îêðåñòíîñòè ðåøåíèÿ
ïîðîæäàþùåé çàäà÷è (3). Äëÿ íàõîæäåíèÿ âîçìóùåíèÿ

x(τ, ε) : x(·, ε) ∈ C1[a, b∗], x(τ, ·) ∈ C[0, ε0], x(τ, 0) ≡ 0

ïîëó÷àåì çàäà÷ó

dx/dτ = Ax+ ε{β(ε)(A(z0 + x) + f) + (1 + εβ(ε))Z(z0 + x, ε)}, (7)

`x(·, ε) = εαβ(ε) + ε[1 + εβ(ε)]J̃(z0(·, cr) + x(·, ε), ε). (8)
Îñòàâëÿÿ òîëüêî ëèíåéíî íåçàâèñèìûå ñòðîêè óñëîâèÿ ðàçðåøèìîñòè

PQ∗{αβ(ε) + [1 + εβ(ε)]J̃(z0(·, cr) + x(·, ε), ε)−
− `K{β(ε)[A(z0 + x) + f ] + [1 + εβ(ε)]Z(z0 + x, ε)}(·)} = 0

çàäà÷è (7), (8), ïîëó÷àåì ýêâèâàëåíòíîå óñëîâèå

PQ∗ρ{αβ(ε) + [1 + εβ(ε)]J̃(z0(·, cr) + x(·, ε), ε)−
− `K{β(ε)[A(z0 + x) + f ] + [1 + εβ(ε)]Z(z0 + x, ε)}(·)} = 0. (9)

Çäåñü PQ∗ρ � (ρ × m)-ìàòðèöà, ñîñòàâëåííàÿ èç ρ ëèíåéíî íåçàâèñèìûõ ñòðîê
ìàòðèöû-îðòîïðîåêòîðà PQ∗ . Îáîçíà÷àÿ

ϕ0(c
∗) = αβ∗ + J(z0(·, c∗r), 0), f0(s, c

∗) = β∗[Az0(s, c
∗
r) + f ] + Z(z0(s, c

∗
r), 0),

àíàëîãè÷íî [2], ïðèõîäèì ê íåîáõîäèìîìó óñëîâèþ ðàçðåøèìîñòè çàäà÷è (7), (8).

Ëåììà. Åñëè êðàåâàÿ çàäà÷à (1), (2) â êðèòè÷åñêîì ñëó÷àå (PQ∗ 6= 0) èìååò
ðåøåíèå, ïðè ε = 0 îáðàùàþùååñÿ â ïîðîæäàþùåå z(t, 0) = z0(t, c

∗
r), òî âåêòîð

(c∗r, β
∗) ∈ Rr+1 óäîâëåòâîðÿåò óðàâíåíèþ

F (c∗r, β
∗) = PQ∗ρ{ϕ0(c

∗)− `K[f0(s, c
∗)](·)} = 0. (10)

Ïðåäïîëîæèì, ÷òî óðàâíåíèå (10) èìååò äåéñòâèòåëüíûé êîðåíü (c∗r, β
∗) ∈ Rr+1,

äëÿ êîòîðîãî
∂F (cr, β)

∂cr

∣∣∣∣cr = c∗r ,
β = β∗

≡ 0,
F (cr, β)

∂β

∣∣∣∣cr = c∗r ,
β = β∗

6= 0. (11)

Â ýòîì ñëó÷àå òðàäèöèîííàÿ ñõåìà àíàëèçà àâòîíîìíûõ êðàåâûõ çàäà÷ [2] íå ðà-
áîòàåò, ïîñêîëüêó äëÿ êðàåâîé çàäà÷è (1), (2) íå ìîæåò èìåòü ìåñòî íè îäèí èç
êðèòè÷åñêèõ ñëó÷àåâ � ïåðâîãî, âòîðîãî èëè áîëåå âûñîêîãî ïîðÿäêà. Ñ äðóãîé
ñòîðîíû, çàäà÷à (1), (2) íå ïðåäñòàâëÿåò òàêæå îñîáûé êðèòè÷åñêèé ñëó÷àé [9],
ïîñêîëüêó óðàâíåíèå (10) íå îáðàùàåòñÿ â òîæäåñòâî.
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2. Äîñòàòî÷íîå óñëîâèå ñóùåñòâîâàíèÿ ðåøåíèÿ
Äëÿ íàõîæäåíèÿ ðåøåíèÿ z(τ, ε) = z0(τ, c

∗
r) + x(τ, ε) çàäà÷è (5), (6) ðàçëàãà-

åì ôóíêöèþ Z(z, ε) â îêðåñòíîñòè ïîðîæäàþùåãî ðåøåíèÿ z0(τ, c
∗
r) = Xr(τ)c

∗
r +

G[f ;α](τ) è òî÷êè ε = 0:

Z(z0(τ, c
∗
r) + x(τ, ε), ε) = Z(z0(τ, c

∗
r), 0)+

+ A1(τ)x(τ, ε) + εA2(z0(τ, c
∗
r)) +R1(z0(τ, c

∗
r) + x(τ, ε), ε);

çäåñü

A1(τ) =
∂Z(z, ε)

∂z

∣∣∣∣
z = z0(τ,c∗r),
ε = 0

, A2(z0(τ, c
∗
r)) =

∂Z(z, ε)

∂ε

∣∣∣∣
z = z0(τ,c∗r),
ε = 0

.

Àíàëîãè÷íî, èñïîëüçóÿ íåïðåðûâíóþ äèôôåðåíöèðóåìîñòü (â ñìûñëå Ôðåøå) ïî
ïåðâîìó àðãóìåíòó âåêòîðíîãî ôóíêöèîíàëà J(z0(·, c∗r) + x(·, ε), ε) è íåïðåðûâíóþ
äèôôåðåíöèðóåìîñòü (â ñìûñëå Ôðåøå) ïî âòîðîìó àðãóìåíòó, âûäåëÿåì ëèíåé-
íûå ÷àñòè ýòîãî ôóíêöèîíàëà [3]

`1x(·, ε) =
∂J̃(z(·, ε), ε)

∂x

∣∣∣∣∣
z = z0(τ,c∗r),
ε = 0

, `2(z0(·, c∗r)) =
∂J̃(z(·, ε), ε)

∂ε

∣∣∣∣∣
z = z0(τ,c∗r),
ε = 0

è ÷ëåí J(z0(·, c∗r), 0) = J(z(·, 0), 0) íóëåâîãî ïîðÿäêà ïî ε â îêðåñòíîñòè òî÷åê x = 0
è ε = 0:

J̃(z0(·, c∗r) + x(·, ε), ε) = J(z0(·, c∗r), 0)+

+ `1x(·, ε) + ε`2(z0(·, c∗r)) + J1(z0(·, c∗r) + x(·, ε), ε).

Ñ ó÷åòîì ðàçëîæåíèé íåëèíåéíîñòåé è ðàâåíñòâà (10) óñëîâèå ðàçðåøèìîñòè (9)
çàäà÷è (7), (8) ïðèíèìàåò âèä

PQ∗ρ{αβ̄(ε) + εβ(ε)J(z0(·, c∗r), 0) + (1 + εβ(ε))[`1x(·, ε) + ε`2(z0(·, c∗r)) + J1(z0(·, c∗r)+
+ x(·, ε), ε)]− `K{β̄(ε)[Az0(s, c

∗
r) + f ] + εβ(ε)Z(z0(s, c

∗
r), 0) + β(ε)Ax(s, ε)+

+ (1 + εβ(ε))[A1(s)x(s, ε) + εA2(z0(s, c
∗
r)) +R1(z0(s, c

∗
r) + x(τ, ε), ε)]}(·)} = 0.

Îáîçíà÷èì (ρ×1)-ìàòðèöó B0 = PQ∗ρ{α−`K[Az0(τ, c
∗
r)+f ](·)}. Ïóñòü PB∗

0
� (ρ×ρ)-

ìàòðèöà-îðòîïðîåêòîð: Rρ → N(B∗
0). Äëÿ íàõîæäåíèÿ ôóíêöèè β̄(ε) = β(ε) − β∗

ïðèõîäèì ê óðàâíåíèþ

B0β̄(ε) = −PQ∗ρ{εβ(ε)J(z0(·, c∗r), 0) + (1 + εβ(ε))[`1x(·, ε) + ε`2(z0(·, c∗r))+
+ J1(z0(·, c∗r) + x(·, ε), ε)]− `K{εβ(ε)Z(z0(s, c

∗
r), 0) + β(ε)Ax(s, ε)+

+ (1 + εβ(ε))[A1(s)x(s, ε) + εA2(z0(s, c
∗
r)) +R1(z0(s, c

∗
r) + x(τ, ε), ε)]}(·)},
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ðàçðåøèìîìó ïðè óñëîâèè PB∗
0
PQ∗ρ = 0. Ïðè ýòîì çàäà÷à (7), (8) èìååò ïî ìåíüøåé

ìåðå îäíî ðåøåíèå, îïðåäåëÿåìîå îïåðàòîðíîé ñèñòåìîé

x(τ, ε) = Xr(τ)cr(ε) + x(1)(τ, ε), (12)

x(1)(τ, ε) = εG{β̄(ε)[Az0(s, c
∗
r) + f ] + εβ(ε)Z(z0(s, c

∗
r), 0) + β(ε)Ax(s, ε)+

+(1 + εβ(ε))[A1(s)x(s, ε) + εA2(z0(s, c
∗
r)) +R1(z0(s, c

∗
r) + x(τ, ε), ε)]

αβ̄(ε) + εβ(ε)J(z0(·, c∗r), 0) + (1 + εβ(ε))[`1x(·, ε) + ε`2(z0(·, c∗r))+
+J1(z0(·, c∗r) + x(·, ε), ε)]}(τ),

β̄(ε) = −B+
0 PQ∗ρ{εβ(ε)J(z0(·, c∗r), 0) + (1 + εβ(ε))[`1x(·, ε) + ε`2(z0(·, c∗r))+

+J1(z0(·, c∗r) + x(·, ε), ε)]− `K{εβ(ε)Z(z0(s, c
∗
r), 0) + β(ε)Ax(s, ε)+

+(1 + εβ(ε))[A1(s)x(s, ε) + εA2(z0(s, c
∗
r)) +R1(z0(s, c

∗
r) + x(τ, ε), ε)]}(·)}.

Äëÿ ïîñòðîåíèÿ ýòîãî ðåøåíèÿ â ñëó÷àå (11) ïðèìåíèìà èòåðàöèîííàÿ ñõåìà, ñî-
îòâåòñòâóþùàÿ ìåòîäó ïðîñòûõ èòåðàöèé.

Òåîðåìà. Â êðèòè÷åñêîì ñëó÷àå (PQ∗ 6= 0) äëÿ êîðíÿ (c∗r, β
∗) ∈ Rr+1 óðàâíåíèÿ

F (c∗) = 0 çàäà÷à (1), (2) ïðè óñëîâèÿõ (11) è PB∗
0
PQ∗ρ = 0 èìååò ïî ìåíüøåé ìåðå

îäíî ðåøåíèå, ïðè ε = 0 îáðàùàþùååñÿ â ïîðîæäàþùåå z(τ, 0) = z0(τ, c
∗
r).

3. Ïåðèîäè÷åñêàÿ çàäà÷à äëÿ óðàâíåíèÿ òèïà Õèëëà
Ìåòîä ïðîñòûõ èòåðàöèé îòëè÷àþò ïðîñòîòà è ÷èñëåííàÿ óñòîé÷èâîñòü, îäíàêî

ïîñòðîåíèå ïðèáëèæåííûõ ðåøåíèé ñâÿçàíî ñ áûñòðî óâåëè÷èâàþùåéñÿ îò èòåðà-
öèè ê èòåðàöèè ñëîæíîñòüþ âû÷èñëåíèé. Íà ïðèìåðå ïåðèîäè÷åñêîé çàäà÷è äëÿ
óðàâíåíèÿ òèïà Õèëëà [4, 11]

d2y

dt2
+ y = εY (y, ε), y(0, ε)− y(T1(ε), ε) = 0,

dy(0, ε)

dt
− dy(T1(ε), ε)

dt
= 0. (13)

ïðîäåìîíñòðèðóåì ïðàêòè÷åñêèé ñïîñîá ïîñòðîåíèÿ ìîäèôèöèðîâàííîé èòåðàöè-
îííîé ïðîöåäóðû äëÿ íàõîæäåíèÿ ïðèáëèæåííûõ ðåøåíèé

y(t, ε) : y(·, ε) ∈ C2[0, T1(ε)], T1(0) = 2π, y(t, ·) ∈ C[0, ε0]

â ñëó÷àå (11) àíàëîãè÷íî [9] ñ èñïîëüçîâàíèåì ìåòîäà íàèìåíüøèõ êâàäðàòîâ [7],
îáåñïå÷èâàþùèõ áîëüøóþ òî÷íîñòü ïðè ìåíüøåì ÷èñëå èòåðàöèé. Ðåøåíèå çàäà÷è
(13) èùåì â ìàëîé îêðåñòíîñòè ðåøåíèÿ y0(t), y0(·) ∈ C2[0, 2π] ïîðîæäàþùåé
çàäà÷è

d2y0

dt2
+ y0 = 0, y0(0)− y0(2π) = 0,

dy0(0)

dt
− dy0(2π)

dt
= 0. (14)

Çäåñü Y (y, ε) � íåëèíåéíàÿ ñêàëÿðíàÿ ôóíêöèÿ, íåïðåðûâíî äèôôåðåíöèðóåìàÿ
ïî íåèçâåñòíîé y â ìàëîé îêðåñòíîñòè ðåøåíèÿ ïîðîæäàþùåé çàäà÷è è íåïðåðûâ-
íî äèôôåðåíöèðóåìàÿ ïî ìàëîìó ïàðàìåòðó ε íà îòðåçêå [0, ε0]. Ñóùåñòâåííûì
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îòëè÷èåì àâòîíîìíîé çàäà÷è (13) îò àíàëîãè÷íîé íåàâòîíîìíîé ïåðèîäè÷åñêîé
çàäà÷è ÿâëÿåòñÿ òîò ôàêò, ÷òî ëþáîå ðåøåíèå z(t, ε) çàäà÷è (13) ñóùåñòâóåò íà-
ðÿäó ñ öåëîé ñåðèåé ðåøåíèé z(t + h, ε), îòëè÷àþùèõñÿ îò èñõîäíîãî ñäâèãîì ïî
íåçàâèñèìîé ïåðåìåííîé. Ýòîò ôàêò ïîçâîëÿåò [5] çàôèêñèðîâàòü íà÷àëî îòñ÷å-
òà íåçàâèñèìîé ïåðåìåííîé òàêèì îáðàçîì, ÷òîáû ðåøåíèå ïîðîæäàþùåé çàäà÷è
(14) ñòàëî îäíîïàðàìåòðè÷íûì, íàïðèìåð, y0(t) = ĉ cos t, ĉ ∈ R. Ïðåäïîëîæèì, ÷òî
äëÿ çàäà÷è (13) èìååò ìåñòî êðèòè÷åñêèé ñëó÷àé. Óðàâíåíèå äëÿ ïîðîæäàþùèõ
àìïëèòóä (10) ïðè ýòîì ïðèíèìàåò âèä

F (ĉ∗, β∗) :=

∫ 2π

0

(
cos t

− sin t

)
(Y (y0(t, ĉ

∗))− 2β∗y0(t, ĉ
∗)) dt = 0.

Ïðåäïîëîæèì òàêæå, ÷òî óðàâíåíèå äëÿ ïîðîæäàþùèõ àìïëèòóä èìååò èìååò
äåéñòâèòåëüíûé êîðåíü (ĉ∗, β∗) ∈ R2, äëÿ êîòîðîãî âûïîëíåíû óñëîâèÿ (11)

∂F (ĉ, β)

∂cr

∣∣∣∣ĉ = ĉ∗,
β = β∗

≡ 0,
F (ĉ, β)

∂β

∣∣∣∣ĉ = ĉ∗,
β = β∗

6= 0.

Îñòàâëÿÿ îäíó ëèíåéíî íåçàâèñèìóþ ñòðîêó óðàâíåíèÿ äëÿ ïîðîæäàþùèõ àìïëè-
òóä F (ĉ∗, β∗) = 0, íàïðèìåð, ïåðâóþ, ïðèõîäèì ê ñêàëÿðíîìó óðàâíåíèþ

F̂ (ĉ∗, β∗) :=

∫ 2π

0

(Y (y0(t, ĉ
∗))− 2β∗y0(t, ĉ

∗)) cos t dt = 0.

Óñëîâèå (11) ïðè ýòîì ãàðàíòèðóåò íåðàâåíñòâî

B0 :=
∂F̂ (ĉ, β)

∂β

∣∣∣∣∣ĉ = ĉ∗,
β = β∗

6= 0.

Ïîñëåäíåå íåðàâåíñòâî îáåñïå÷èâàåò îäíîçíà÷íóþ ðàçðåøèìîñòü îïåðàòîðíîé ñè-
ñòåìû (12) è, â ñâîþ î÷åðåäü, ñóùåñòâîâàíèå åäèíñòâåííîãî ïåðèîäè÷åñêîãî ðåøå-
íèÿ óðàâíåíèÿ òèïà Õèëëà (13) â ìàëîé îêðåñòíîñòè 2π-ïåðèîäè÷åñêîãî ïîðîæäà-
þùåãî ðåøåíèÿ

y0(t, ĉ
∗) = ĉ∗ cos t, ĉ∗ ∈ R.

Ïðåäñòàâèì ïåðèîä èñêîìîãî ðåøåíèÿ T1(ε) = 2π(1+εβ(ε)) ÷åðåç íîâóþ íåèçâåñò-
íóþ β(ε) ∈ C[0, ε0]. Âåëè÷èíà β(ε), β(0) = β∗ ïîäëåæèò îïðåäåëåíèþ â ïðîöåññå
íàõîæäåíèÿ ðåøåíèÿ çàäà÷è (13). Çàìåíà íåçàâèñèìîé ïåðåìåííîé (4) â ñëó÷àå
ïåðèîäè÷åñêîé çàäà÷è ïðèíèìàåò âèä

t = τ(1 + εβ(ε)). (15)

Òàêèì îáðàçîì, ïðèõîäèì ê çàäà÷å

d2y(τ, ε)

dτ 2
+ (1 + εβ(ε))2y(τ, ε) = ε(1 + εβ(ε))2Y (y(τ, ε), ε), (16)
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y(0, ε)− y(2π, ε) = 0,
dy(0, ε)

dτ
− dy(2π, ε)

dτ
= 0. (17)

Èñêîìîå ðåøåíèå çàäà÷è (16), (17) èùåì â â âèäå

y(τ, ε) = y0(τ, ĉ
∗) + x(τ, ε).

Îòêëîíåíèå îò ïîðîæäàþùåãî ðåøåíèÿ

x(τ, ε) : x(·, ε) ∈ C2[0, 2π], x(τ, ·) ∈ C[0, ε0]

îïðåäåëÿåò ïåðèîäè÷åñêàÿ êðàåâàÿ çàäà÷à

d2x(τ, ε)

dτ 2
+ (1 + εβ(ε))2x(τ, ε) = ε(1 + εβ(ε))2Y (y0(τ, ĉ

∗) + x(τ, ε), ε)−

− {d
2y0(τ, ĉ

∗)
dτ 2

+ (1 + εβ(ε))2dy0(τ, ĉ
∗)

dτ
}, (18)

x(0, ε)− x(2π, ε) = 0,
dx(0, ε)

dτ
− dx(2π, ε)

dτ
= 0. (19)

Èñïîëüçóÿ íåïðåðûâíóþ äèôôåðåíöèðóåìîñòü ïî ïåðâîìó àðãóìåíòó ôóíêöèè
Y (y, ε) â îêðåñòíîñòè ïîðîæäàþùåãî ðåøåíèÿ y0(τ, ĉ

∗) è íåïðåðûâíóþ äèôôå-
ðåíöèðóåìîñòü ïî âòîðîìó àðãóìåíòó â ìàëîé ïîëîæèòåëüíîé îêðåñòíîñòè íóëÿ,
ðàçëàãàåì ýòó ôóíêöèþ â îêðåñòíîñòè òî÷åê x = 0 è ε = 0:

Y (y0(τ, ĉ
∗) + x(τ, ε), ε) = Y (y0(τ, ĉ

∗), 0)+

+A1(y0(τ, ĉ
∗))x(τ, ε) + εA2(y0(τ, ĉ

∗)) +R(y0(τ, ĉ
∗) + x(τ, ε), ε),

ãäå

A1(y0(τ, ĉ
∗)) =

∂Y (y(τ, ε), ε)

∂y

∣∣∣∣
y = y0(τ,ĉ∗),
ε = 0

, A2(y0(τ, ĉ
∗)) =

∂Y (y(τ, ε), ε)

∂ε

∣∣∣∣
y = y0(τ,ĉ∗),
ε = 0

.

Ïåðâîå ïðèáëèæåíèå ê ðåøåíèþ çàäà÷è (16), (17)

y1(τ, ε) = y0(τ, ĉ
∗) + x1(τ, ε)

èùåì, êàê ðåøåíèå êðàåâîé çàäà÷è
d2x1(τ, ε)

dτ 2
+ x1(τ, ε) = ε{Y (y0(τ, ĉ

∗), 0) +A1(y0(τ, ĉ
∗))x1(τ, ε) + εA2(y0(τ, ĉ

∗))}, (20)

x1(0, ε)− x1(2π, ε) = 0,
dx1(0, ε)

dτ
− dx1(2π, ε)

dτ
= 0. (21)

Ïóñòü ϕ1(τ), ϕ2(τ), . . . , ϕµ(τ), . . .� ñèñòåìà ëèíåéíî íåçàâèñèìûõ äâàæäû íåïðå-
ðûâíî äèôôåðåíöèðóåìûõ 2π-ïåðèîäè÷åñêèõ ñêàëÿðíûõ ôóíêöèé. Ïðèáëèæåíèå
ê ðåøåíèþ êðàåâîé çàäà÷è (20), (21) èùåì â âèäå

x1(τ, ε) ≈ ξ1(τ, ε) = ϕ(τ)c1(ε), c1(ε) ∈ Rµ;
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çäåñü ϕ(τ) = [ϕ1(τ) ϕ2(τ) . . . ϕµ(τ)] � (1× µ)-ìàòðèöà. Ïîòðåáóåì

Θ(c1(ε)) = ||[εA1(y0(τ, ĉ
∗))− 1]ξ1(τ, ε)+

+ ε[Y (y0(τ, ĉ
∗), 0) + εA2(y0(τ, ĉ

∗))]− ξ′′1 (τ, ε)||2L2[0,2π] → min

ïðè ôèêñèðîâàííîé ìàòðèöå ϕ(t). Îáîçíà÷èì (1× µ)-ìàòðèöó

F1(τ, ε) = [εA1(y0(τ, ĉ
∗))− 1]ϕ(τ)− ϕ′′(τ).

Íåîáõîäèìîå óñëîâèå ìèíèìèçàöèè ôóíêöèè Θ(c1(ε)) ïðèâîäèò ê óðàâíåíèþ

Γ(F1(·, ε))c1(ε) = −ε
∫ 2π

0

F∗
1 (τ, ε)[Y (y0(τ, ĉ

∗), 0) + εA2(y0(τ, ĉ
∗))] dτ,

îäíîçíà÷íî ðàçðåøèìîìó îòíîñèòåëüíî âåêòîðà c1(ε) ∈ Rµ ïðè óñëîâèè íåâûðîæ-
äåííîñòè (µ× µ)-ìàòðèöû Ãðàìà [1]

Γ(F1(·, ε)) =

∫ 2π

0

F∗
1 (τ, ε)F1(τ, ε) dτ.

Òàêèì îáðàçîì, ïðè óñëîâèè det[Γ(F1(·, ε))] 6= 0 íàõîäèì âåêòîð

c1(ε) = −ε[Γ(F1(·, ε))]−1

∫ 2π

0

F∗
1 (τ, ε)[Y (y0(τ, ĉ

∗), 0) + εA2(y0(τ, ĉ
∗))] dτ,

îïðåäåëÿþùèé íàèëó÷øåå (â ñìûñëå íàèìåíüøèõ êâàäðàòîâ) ïðèáëèæåíèå

ξ1(τ, ε) = ϕ(τ)c1(ε) ≈ x1(τ, ε)

ê ðåøåíèþ êðàåâîé çàäà÷è (20), (21). Ïóñòü ψ1(ε), ψ2(ε), . . . ψλ(ε), . . . � ñèñòåìà
ëèíåéíî-íåçàâèñèìûõ íåïðåðûâíûõ ôóíêöèé. Ïåðâîå ïðèáëèæåíèå

β1(ε) = β∗ + β̄1(ε), β̄1(ε) ≈ ζ1(ε), ζ1(ε) = Ψ(ε)q1, q1 ∈ Rλ

ê ôóíêöèè β(ε) îïðåäåëèì, ìèíèìèçèðóÿ íåâÿçêó â ðåøåíèè êðàåâîé çàäà÷è

y′′0(τ, ĉ
∗) + ξ′′1 (τ, ε) + (1 + 2εβ1(ε))(y0(τ, ĉ

∗) + ξ1(τ, ε)) =

= ε(1 + 2εβ1(ε))Y (y0(τ, ĉ
∗) + ξ1(τ, ε), ε), (22)

ξ1(0, ε)− ξ1(2π, ε) = 0, ξ′1(0, ε)− ξ′1(2π, ε) = 0. (23)
Ïîòðåáóåì

Θ(q1) = || ||ε(1 + 2εβ1(ε))Y (y0(τ, ĉ
∗) + ξ1(τ, ε), ε)−

− (y′′0(τ, ĉ
∗) + ξ′′1 (τ, ε))− (1 + 2εβ1(ε))(y0(τ, ĉ

∗) + ξ1(τ, ε))||L[0,ε0]||2L2[a,b∗] → min
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ïðè ôèêñèðîâàííûõ ìàòðèöå ψ(ε) è ïåðâîì ïðèáëèæåíèè ξ1(τ, ε) ê ÷àñòíîìó ðå-
øåíèþ êðàåâîé çàäà÷è (22), (23). Ââåäåì (1× λ)-ìàòðèöó

F1(τ, ε) = 2ε{εY (y0(τ, ĉ
∗) + ξ1(τ, ε), ε)− (y0(τ, ĉ

∗) + ξ1(τ, ε))}Ψ(ε).

Íåîáõîäèìîå óñëîâèå ìèíèìóìà ôóíêöèè Θ(q1) ïðèâîäèò ê óðàâíåíèþ

Γ(F1(·, ·))q1 =

∫ 2π

0

∫ ε0

0

F∗1(τ, ε){(y′′0(τ, ĉ∗) + ξ′′1 (τ, ε))+

+ (1 + 2εβ∗)[y0(τ, ĉ
∗) + ξ1(τ, ε)− εY (y0(τ, ĉ

∗) + ξ1(τ, ε), ε)]} dτ dε,

îäíîçíà÷íî ðàçðåøèìîìó îòíîñèòåëüíî âåêòîðà q1 ∈ Rλ ïðè óñëîâèè íåâûðîæäåí-
íîñòè (λ× λ)-ìàòðèöû Ãðàìà

Γ(F1(·, ·)) =

∫ 2π

0

∫ ε0

0

F∗1(τ, ε)F1(τ, ε) dτ dε.

Òàêèì îáðàçîì, ïðè óñëîâèè

det[Γ(F1(·, ·))] 6= 0

íàõîäèì âåêòîð

q1 = [Γ(F1(·, ·))]−1

∫ 2π

0

∫ ε0

0

F∗1(τ, ε){(y′′0(τ, ĉ∗) + ξ′′1 (τ, ε))+

+ (1 + 2εβ∗)[y0(τ, ĉ
∗) + ξ1(τ, ε)− εY (y0(τ, ĉ

∗) + ξ1(τ, ε), ε)]} dτ dε,

îïðåäåëÿþùèé íàèëó÷øåå (â ñìûñëå íàèìåíüøèõ êâàäðàòîâ) ïåðâîå ïðèáëèæåíèå

β̄1(ε) ≈ ζ1(ε), ζ1(ε) = Ψ(ε)q1(ε), q1(ε) ∈ Rλ

ê ôóíêöèè β̄(ε). Âòîðîå ïðèáëèæåíèå ê ðåøåíèþ êðàåâîé çàäà÷è (16), (17) èùåì
êàê îòêëîíåíèå îò ïåðâîãî

y2(τ, ε) = y0(τ, ĉ
∗) + x2(τ, ε), x2(τ, ε) = ξ1(τ, ε) + ξ2(τ, ε),

ξ2(τ, ε) = ϕ(τ)c2(ε), c2(ε) ∈ Rµ.

Ïðåäïîëîæèì, ÷òî íàéäåííîå ïåðâîå ïðèáëèæåíèå y1(τ, ε) ≈ y0(τ, ĉ
∗)+ξ1(τ, ε) ïðè-

íàäëåæèò îáëàñòè îïðåäåëåíèÿ ôóíêöèè Y (y, ε). Èñïîëüçóÿ íåïðåðûâíóþ äèôôå-
ðåíöèðóåìîñòü ïî y(τ, ε) ôóíêöèè Y (y(τ, ε), ε) â îêðåñòíîñòè ïåðâîãî ïðèáëèæå-
íèÿ y1(τ, ε) è íåïðåðûâíóþ äèôôåðåíöèðóåìîñòü ïî âòîðîìó àðãóìåíòó â ìàëîé
ïîëîæèòåëüíîé îêðåñòíîñòè íóëÿ, ðàçëàãàåì ýòó ôóíêöèþ â îêðåñòíîñòè òî÷åê
ξ2(τ, ε) = 0 è ε = 0:

Y (y1(τ, ε) + ξ2(τ, ε), ε) = Y (y1(τ, ε), 0)+
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+A1(y1(τ, ε))ξ2(τ, ε) + εA2(y1(τ, ε)) +R(y1(τ, ε) + ξ2(τ, ε), ε),

ãäå

A1(y1(τ, ε)) =
∂Y (y(τ, ε), ε)

∂y

∣∣∣∣
y = y1(τ,ε),
ε = 0

, A2(y1(τ, ε)) =
∂Y (y(τ, ε), ε)

∂ε

∣∣∣∣
y = y1(τ,ε),
ε = 0

.

Âòîðîå ïðèáëèæåíèå ê ðåøåíèþ êðàåâîé çàäà÷è (16), (17) èùåì, êàê ðåøåíèå
êðàåâîé çàäà÷è

d2y2(τ, ε)

dτ 2
+ (1 + εβ1(ε))

2y2(τ, ε) = ε(1 + εβ1(ε))
2{Y (y1(τ, ε), 0)+

+A1(y1(τ, ε))ξ2(τ, ε) + εA2(y1(τ, ε))}, (24)

y2(0, ε)− y2(2π, ε) = 0,
dy2(0, ε)

dτ
− dy2(2π, ε)

dτ
= 0. (25)

Îáîçíà÷èì (1× µ)-ìàòðèöó

F2(τ, ε) = (1 + εβ1(ε))
2[εA1(y1(τ, ε))− 1]ϕ(τ)− ϕ′′(τ).

Íåîáõîäèìîå óñëîâèå ìèíèìèçàöèè íåâÿçêè â ðåøåíèè çàäà÷è âòîðîãî ïðèáëèæå-
íèÿ ïðèâîäèò ê óðàâíåíèþ

Γ(F2(·, ε))c2(ε) = −ε
∫ 2π

0

F∗
2 (τ, ε){ε(1 + εβ1(ε))

2[Y (y1(τ, ε), 0)+

+ εA2(y1(τ, ε))]− (1 + εβ1(ε))
2y1(τ, ε)− d2y1(τ, ε)

dτ 2
} dτ,

îäíîçíà÷íî ðàçðåøèìîìó îòíîñèòåëüíî âåêòîðà c2(ε) ∈ Rµ ïðè óñëîâèè íåâûðîæ-
äåííîñòè (µ× µ)-ìàòðèöû Ãðàìà

Γ(F2(·, ε)) =

∫ 2π

0

F∗
2 (τ, ε)F2(τ, ε) dτ.

Òàêèì îáðàçîì, ïðè óñëîâèè

det[Γ(F2(·, ε))] 6= 0

íàõîäèì âåêòîð

c2(ε) = [Γ(F2(·, ε))]−1

∫ 2π

0

F∗
2 (τ, ε){ε(1 + εβ1(ε))

2[Y (y1(τ, ε), 0)+

+ εA2(y1(τ, ε))]− (1 + εβ1(ε))
2y1(τ, ε)− d2y1(τ, ε)

dτ 2
} dτ,
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îïðåäåëÿþùèé íàèëó÷øåå (â ñìûñëå íàèìåíüøèõ êâàäðàòîâ) ïðèáëèæåíèå

y2(τ, ε) = y0(τ, ĉ
∗) + x2(τ, ε), x2(τ, ε) = ξ1(τ, ε) + ξ2(τ, ε), ξ2(τ, ε) = ϕ(τ)c2(ε)

ê ðåøåíèþ êðàåâîé çàäà÷è (24), (25). Âòîðîå ïðèáëèæåíèå

β2(ε) = β∗ + β̄2(ε), β̄2(ε) ≈ ζ1(ε) + ζ2(ε), ζ2(ε) = Ψ(ε)q2, q2 ∈ Rλ

ê ôóíêöèè β(ε) îïðåäåëèì, ìèíèìèçèðóÿ íåâÿçêó â ðåøåíèè êðàåâîé çàäà÷è

y′′2(τ, ε) + [1 + 2ε(β∗ + ζ1(ε) + ζ2(ε))]y2(τ, ε) =

= ε[1 + 2ε(β∗ + ζ1(ε) + ζ2(ε))]Y (y2(τ, ε), ε), (26)

y2(0, ε)− y2(2π, ε) = 0, y′2(0, ε)− y′2(2π, ε) = 0. (27)
Îáîçíà÷èì (1× λ)-ìàòðèöó

F2(τ, ε) = 2ε{εY (y2(τ, ε), ε)− y2(τ, ε)}Ψ(ε).

Íåîáõîäèìîå óñëîâèå ìèíèìèçàöèè íåâÿçêè â ðåøåíèè çàäà÷è (26), (27) ïðèâîäèò
ê óðàâíåíèþ

Γ(F2(·, ·))q2 =

∫ 2π

0

∫ ε0

0

F∗2(τ, ε){y′′2(τ, ε)+
+ (1 + 2εβ1(ε))y2(τ, ε)− ε(1 + 2εβ1(ε))Y (y2(τ, ε), ε)} dτ dε,

îäíîçíà÷íî ðàçðåøèìîìó îòíîñèòåëüíî âåêòîðà q2 ∈ Rλ ïðè óñëîâèè íåâûðîæäåí-
íîñòè (λ× λ)-ìàòðèöû Ãðàìà

Γ(F2(·, ·)) =

∫ 2π

0

∫ ε0

0

F∗2(τ, ε)F2(τ, ε) dτ dε.

Òàêèì îáðàçîì, ïðè óñëîâèè

det[Γ(F2(·, ·))] 6= 0

íàõîäèì âåêòîð

q2 = [Γ(F2(·, ·))]−1

∫ 2π

0

∫ ε0

0

F∗2(τ, ε){y′′2(τ, ε)+
+ (1 + 2εβ1(ε))y2(τ, ε)− ε(1 + 2εβ1(ε))Y (y2(τ, ε), ε)} dτ dε,

îïðåäåëÿþùèé íàèëó÷øåå (â ñìûñëå íàèìåíüøèõ êâàäðàòîâ) âòîðîå ïðèáëèæåíèå

β2(ε) = β∗ + β̄2(ε), β̄2(ε) ≈ ζ1(ε) + ζ2(ε), ζ2(ε) = Ψ(ε)q2, q2 ∈ Rλ
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ê ôóíêöèè β̄(ε). Ïðîäîëæàÿ ðàññóæäåíèÿ, ïðåäïîëîæèì, ÷òî íàéäåíî íàèëó÷øåå
(â ñìûñëå íàèìåíüøèõ êâàäðàòîâ) ïðèáëèæåíèå

xk(τ, ε) ≈ ξ1(τ, ε) + . . . + ξk(τ, ε), ξk(τ, ε) = ϕ(τ)ck(ε), ck(ε) ∈ Rµ, k = 1, 2, . . .

ê ðåøåíèþ êðàåâîé çàäà÷è (16), (17) è ïðèáëèæåíèå

βk(ε) = β∗ + β̄k(ε), β̄k(ε) ≈ ζ1(ε) + . . . ζk(ε), ζk(ε) = Ψ(ε)qk(ε), qk(ε) ∈ Rλ

ê ôóíêöèè β(ε). Ñëåäóþùåå íàèëó÷øåå (â ñìûñëå íàèìåíüøèõ êâàäðàòîâ) ïðè-
áëèæåíèå ê ðåøåíèþ çàäà÷è (16), (17) èùåì â âèäå

xk+1(τ, ε) ≈ ξ1(τ, ε) + . . . + ξk+1(τ, ε), ξk+1(τ, ε) = ϕ(τ)ck+1(ε), ck+1(ε) ∈ Rµ.

Àíàëîãè÷íî ñëåäóþùåå íàèëó÷øåå (â ñìûñëå íàèìåíüøèõ êâàäðàòîâ) ïðèáëèæå-
íèå ê ê ôóíêöèè β(ε) ïðåäñòàâèì, êàê

βk+1(ε) = β∗ + β̄k+1(ε), β̄k+1(ε) ≈ ζ1(ε) + . . . + ζk+1(ε),

ζk+1(ε) = Ψ(ε)qk+1(ε), qk+1(ε) ∈ Rλ.

Ïðåäïîëîæèì, ÷òî íàéäåííîå ïðèáëèæåíèå yk(τ, ε) ≈ y0(τ, ĉ
∗) + xk(τ, ε) ïðèíàä-

ëåæèò îáëàñòè îïðåäåëåíèÿ ôóíêöèè Y (y, ε). Èñïîëüçóÿ íåïðåðûâíóþ äèôôåðåí-
öèðóåìîñòü ïî y(τ, ε) ôóíêöèè Y (y(τ, ε), ε) â îêðåñòíîñòè ïðèáëèæåíèÿ yk(τ, ε) è
íåïðåðûâíóþ äèôôåðåíöèðóåìîñòü ïî âòîðîìó àðãóìåíòó â ìàëîé ïîëîæèòåëü-
íîé îêðåñòíîñòè íóëÿ, ðàçëàãàåì ýòó ôóíêöèþ â îêðåñòíîñòè òî÷åê ξk+1(τ, ε) = 0
è ε = 0:

Y (yk(τ, ε) + ξk+1(τ, ε), ε) = Y (yk(τ, ε), 0)+

+A1(yk(τ, ε))ξk+1(τ, ε) + εA2(yk(τ, ε)) +R(yk(τ, ε) + ξk+1(τ, ε), ε),

ãäå

A1(yk(τ, ĉ
∗)) =

∂Y (y(τ, ε), ε)

∂y

∣∣∣∣
y = yk(τ,ε),
ε = 0

, A2(yk(τ, ĉ
∗)) =

∂Y (y(τ, ε), ε)

∂ε

∣∣∣∣
y = yk(τ,ε),
ε = 0

.

Îáîçíà÷èì (1× µ)-ìàòðèöó

Fk+1(τ, ε) = (1 + εβk(ε))
2[εA1(yk(τ, ε))− 1]ϕ(τ)− ϕ′′(τ).

Ïðè óñëîâèè

det[Γ(Fk+1(·, ε))] 6= 0, Γ(Fk+1(·, ε)) =

∫ 2π

0

F∗
k+1(τ, ε)Fk+1(τ, ε) dτ

íàõîäèì âåêòîð
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ck+1(ε) = [Γ(Fk+1(·, ε))]−1

∫ 2π

0

F∗
k+1(τ, ε){ε(1 + εβk(ε))

2[Y (yk(τ, ε), 0)+

+ εA2(yk(τ, ε))]− (1 + εβk(ε))
2yk(τ, ε)− d2yk(τ, ε)

dτ 2
}dτ,

îïðåäåëÿþùèé íàèëó÷øåå (â ñìûñëå íàèìåíüøèõ êâàäðàòîâ) ïðèáëèæåíèå

xk+1(τ, ε) ≈ ξ1(τ, ε) + . . . + ξk+1(τ, ε), ξk+1(τ, ε) = ϕ(τ)ck+1(ε), ck+1(ε) ∈ Rµ

ê ðåøåíèþ çàäà÷è (16), (17). Îáîçíà÷èì (1× λ)-ìàòðèöó

Fk+1(τ, ε) = 2ε{εY (yk+1(τ, ε), ε)− yk+1(τ, ε)}Ψ(ε).

Ïðè óñëîâèè íåâûðîæäåííîñòè

det[Γ(Fk+1(·, ·))] 6= 0

(λ× λ)-ìàòðèöû Ãðàìà

Γ(Fk+1(·, ·)) =

∫ 2π

0

∫ ε0

0

F∗k+1(τ, ε)Fk+1(τ, ε) dτ dε

íàõîäèì âåêòîð

qk+1 = [Γ(Fk+1(·, ·))]−1

∫ 2π

0

∫ ε0

0

F∗k+1(τ, ε){y′′k+1(τ, ε)+

+ (1 + 2εβk(ε))yk+1(τ, ε)− ε(1 + 2εβk(ε))Y (yk+1(τ, ε), ε)} dτ dε,

îïðåäåëÿþùèé íàèëó÷øåå (â ñìûñëå íàèìåíüøèõ êâàäðàòîâ) ïðèáëèæåíèå

βk+1(ε) = β∗ + β̄k+1(ε), β̄k+1(ε) ≈ ζ1(ε) + ζ2(ε) + . . . + ζk+1(ε),

ζk+1(ε) = Ψ(ε)qk+1(ε), qk+1(ε) ∈ Rλ

ê ôóíêöèè β̄(ε). Òàêèì îáðàçîì, äîêàçàíî ñëåäóþùåå óòâåðæäåíèå.

Ñëåäñòâèå. Â êðèòè÷åñêîì ñëó÷àå (PQ∗ 6= 0) äëÿ êîðíÿ (c∗r, β
∗) ∈ Rr+1 óðàâíåíèÿ

F (c∗) = 0 ïðè óñëîâèè (11) çàäà÷à (13) èìååò ïî ìåíüøåé ìåðå îäíî ðåøåíèå, ïðè
ε = 0 îáðàùàþùååñÿ â ïîðîæäàþùåå y(τ, 0) = y0(τ, c

∗
r). Ïðè óñëîâèè

det[Γ(Fk(·, ε))] 6= 0, det[Γ(Fk(·, ·))] 6= 0, k ∈ N

ýòî ðåøåíèå ìîæíî îïðåäåëèòü ïðè ïîìîùè èòåðàöèîííîãî ïðîöåññà

y1(τ, ε) = y0(τ, ĉ
∗) + x1(τ, ε), x1(τ, ε) ≈ ξ1(τ, ε) = ϕ(τ)c1(ε),

c1(ε) = −ε[Γ(F1(·, ε))]−1

∫ 2π

0

F∗
1 (τ, ε)[Y (y0(τ, ĉ

∗), 0) + εA2(y0(τ, ĉ
∗))] dτ,
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β1(ε) = β̄1(ε), β̄1(ε) ≈ ζ1(ε), ζ1(ε) = Ψ(ε)q1,

q1 = [Γ(F1(·, ·))]−1

∫ 2π

0

∫ ε0

0

F∗1(τ, ε){(y′′0(τ, ĉ∗) + ξ′′1 (τ, ε))+

+(1 + 2εβ∗)[y0(τ, ĉ
∗) + ξ1(τ, ε)− εY (y0(τ, ĉ

∗) + ξ1(τ, ε), ε)]} dτ dε, . . . ,
yk+1(τ, ε) = y0(τ, ĉ

∗) + xk+1(τ, ε),

xk+1(τ, ε) ≈ ξ1(τ, ε) + . . . + ξk+1(τ, ε), ξk+1(τ, ε) = ϕ(τ)ck+1(ε), (28)

ck+1(ε) = [Γ(Fk+1(·, ε))]−1

∫ 2π

0

F∗
k+1(τ, ε){ε(1 + εβk(ε))

2[Y (yk(τ, ε), 0)+

+εA2(yk(τ, ε))]− (1 + εβk(ε))
2yk(τ, ε)− d2yk(τ, ε)

dτ 2
} dτ,

βk+1(ε) = β̄k+1(ε), β̄k+1(ε) ≈ ζ1(ε) + ζ2(ε) + . . . + ζk+1(ε), ζk+1(ε) = Ψ(ε)qk+1(ε),

qk+1 = [Γ(Fk+1(·, ·))]−1

∫ 2π

0

∫ ε0

0

F∗k+1(τ, ε){y′′k+1(τ, ε)+

+(1 + 2εβk(ε))yk+1(τ, ε)− ε(1 + 2εβk(ε))Y (yk+1(τ, ε), ε)} dτ dε, . . . .
Ñ ó÷åòîì çàìåíû ïåðåìåííîé (15), èòåðàöèîííàÿ ïðîöåäóðà (28) îïðåäåëÿåò ïðè-
áëèæåííîå ðåøåíèå ïåðèîäè÷åñêîé çàäà÷è äëÿ óðàâíåíèÿ Õèëëà (13)

yk(
t

1 + εβk(ε)
, ε) = y0(

t

1 + εβk(ε)
, ĉ∗) + xk(

t

1 + εβk(ε)
, ε), . . . , k = 1, 2, . . . .

Ïðèìåð. Èññëåäóåì çàäà÷ó î ïîñòðîåíèè ïåðèîäè÷åñêîãî ðåøåíèÿ

y(·, ε) ∈ C2[0, T1(ε)], y(t, ·) ∈ C[0, ε0]

óðàâíåíèÿ
y′′ + y + ε(2 + ε)y = 0. (29)

â ìàëîé îêðåñòíîñòè ïåðèîäè÷åñêîãî ðåøåíèÿ y0(t), y0(·) ∈ C2[0, 2π] óðàâíåíèÿ
êîëåáàíèé ãàðìîíè÷åñêîãî îñöèëÿòîðà y′′0 + y0 = 0.

Ïîñòàâëåííàÿ çàäà÷à ïðèâîäèòñÿ ê âèäó (1), (2) ïðè

z = z(t, ε) = col (z(a)(t, ε), z(b)(t, ε)) ∈ R2

è
A =

[
0 1

−1 0

]
, Z(z, ε) = col [0, (1− (z(a))2)z(b)].

Ôèêñèðóåì íà÷àëî îòñ÷åòà íåçàâèñèìîé ïåðåìåííîé òàêèì îáðàçîì, ÷òîáû ðåøå-
íèå ïîðîæäàþùåé çàäà÷è ñòàëî îäíîïàðàìåòðè÷íûì, íàïðèìåð,

y0(t) = ĉ cos t, ĉ ∈ R.
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Äëÿ çàäà÷è î ïîñòðîåíèè ïåðèîäè÷åñêîãî ðåøåíèÿ óðàâíåíèÿ (29) èìååò ìåñòî
êðèòè÷åñêèé ñëó÷àé. Óðàâíåíèå äëÿ ïîðîæäàþùèõ àìïëèòóä (10)

F (ĉ, β) :=

[
0

2πĉ(1 + β)

]
= 0

èìååò äåéñòâèòåëüíûé êîðåíü ĉ∗ = 0, β∗ ∈ R, êîòîðûé îïðåäåëÿåò òðèâèàëüíîå
ðåøåíèå óðàâíåíèÿ (29). Âòîðîìó êîðíþ ĉ∗ ∈ R, β∗ = −1 îòâå÷àåò íåòðèâèàëü-
íîå ðåøåíèå ïîðîæäàþùåé çàäà÷è y0(t, ĉ

∗) = ĉ∗ cos t, îáëàäàþùåå ïðîèçâîëüíîé
àìïëèòóäîé ĉ∗. Äëÿ ëþáîãî ĉ∗ ∈ R óñëîâèå (11) âûïîëíÿåòñÿ. Ïîëîæèì, äëÿ îïðå-
äåëåííîñòè, ĉ∗ = 1. Îñòàâëÿÿ îäíó ëèíåéíî íåçàâèñèìóþ ñòðîêó óðàâíåíèÿ äëÿ
ïîðîæäàþùèõ àìïëèòóä F (ĉ, β) = 0, ïðèõîäèì ê ñêàëÿðíîìó óðàâíåíèþ

F̂ (ĉ, β) := 2πĉ(1 + β) = 0,

êîòîðîå îïðåäåëÿåò êîíñòàíòó

B0 :=
∂F̂ (ĉ, β)

∂β

∣∣∣∣∣ĉ = ĉ∗,
β = β∗

= 2π 6= 0.

Èòåðàöèîííûé ïðîöåññ (28) îïðåäåëÿåò ïðèáëèæåíèÿ

yk(τ, ε) = ĉ∗ cos t, . . . , k = 0, 1, 2, . . . .

Ïîëîæèì yk(τ, ε) = cos t, . . . , k = 0, 1, 2, . . . è ââåäåì ìàòðèöó

Ψ(ε) = [1 ε ε2 ε3 ε4 ε5 ε6 ε7 ε8 ε9],

ïðè ýòîì

det[Γ(F1(·, ·))] ≈
≈ (7 226 999 884 170 940 240 818 358 830 462 959 359 304 072 893 841 791 903 . . .

. . . 522 540 444 632 534 277 066 143 946 378 281 218 660 880 307 191 808)−1 6= 0.

Èòåðàöèîííàÿ ñõåìà (28) îïðåäåëÿåò ïåðâîå ïðèáëèæåíèå

β1(ε) ≈ −1 + ζ1(ε) ≈ −1 440 116 682 339

1 440 116 685 341
+

87 609 016 ε

5 840 602
− 74 908 657 ε2

37 454 561
+

+
229 562 071 ε3

91 835 790
− 80 353 968 ε4

26 822 569
+

248 767 429 ε5

71 862 883
− 55 305 371 ε6

14 664 224
+

+
105 965 470 ε7

29 572 501
− 489 100 331 ε8

194 454 496
+

75 878 843 ε9

82 367 574

ê ôóíêöèè β(ε). Òî÷íîñòü íóëåâîãî è ïåðâîãî ïðèáëèæåíèé õàðàêòåðèçóþò íåâÿç-
êè

∆0(ε) := ||y′′0(τ) + (1 + ε)2y0(τ)||C[0;2π],
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∆1(ε) := ||y′′1(τ, ε) + (1 + ε)2(1 + εβ1(ε))
2y1(τ, ε)||C[0;2π],

â ÷àñòíîñòè

∆0(0, 1) ≈ 0, 210 000, ∆1(0, 1) ≈ 0, 00 911 157;

∆0(0, 01) ≈ 0, 0201 000, ∆1(0, 01) ≈ 0, 0 000 990 124.
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