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Àíîòàöiÿ. Ðîçãëÿäà¹òüñÿ çàäà÷à îïòèìàëüíîãî óïðàâëiííÿ ïðîöåñîì, ÿêèé îïèñó¹òüñÿ ëiíié-
íîþ ñèñòåìîþ äèôåðåíöiàëüíèõ ðiâíÿíü ç ìàëèì ïàðàìåòðîì i òîòîæíî âèðîäæåíîþ ìàòðèöåþ
ïðè ïîõiäíèõ. Äîñëiäæó¹òüñÿ âèïàäîê, êîëè ãðàíè÷íà â'ÿçêà ìàòðèöü ðåãóëÿðíà i ìà¹ ïðîñòi
ñêií÷åííi é íåñêií÷åííèé åëåìåíòàðíi äiëüíèêè. Çàñòîñóâàâøè ïðèíöèï ìàêñèìóìó Ïîíòðÿãiíà
òà ìåòîäè àñèìïòîòè÷íîãî iíòåãðóâàííÿ ëiíiéíèõ ñèíãóëÿðíî çáóðåíèõ ñèñòåì äèôåðåíöiàëüíèõ
ðiâíÿíü, ïîáóäîâàíî àñèìïòîòè÷íèé ðîçâ'ÿçîê äàíî¨ çàäà÷i.
Êëþ÷îâi ñëîâà: îïòèìàëüíå óïðàâëiííÿ, ñèíãóëÿðíå çáóðåííÿ, ðåãóëÿðíà â'ÿçêà ìàòðèöü.

1. Ïîñòàíîâêà çàäà÷i

Ðîçãëÿíåìî ïðîöåñ, ÿêèé îïèñó¹òüñÿ ñèñòåìîþ äèôåðåíöiàëüíèõ ðiâíÿíü

εhB(t)
dx

dt
= A(t, ε)x+ C(t, ε)u, (1)

äå A(t, ε), B(t) � êâàäðàòíi ìàòðèöi n-ãî ïîðÿäêó, C(t, ε) � (n × m)-ìàòðèöÿ,
x(t, ε) � n-âèìiðíèé âåêòîð ñòàíó, u(t, ε) � m-âèìiðíèé âåêòîð óïðàâëiííÿ, ε ∈
(0, ε0] � ìàëèé ïàðàìåòð: ε0 ¿ 1; h ∈ N , t ∈ [0;T ].

Çàäà÷à ïîëÿãà¹ ó âiäøóêàííi òàêîãî óïðàâëiííÿ u(t, ε), ïiä äi¹þ ÿêîãî ñèñòåìà
ïåðåõîäèòü iç ñòàíó

x(0, ε) = x1(ε) (2)
â ñòàí

x(T, ε) = x2(ε) (3)
çà ôiêñîâàíèé ïðîìiæîê ÷àñó T , ìiíiìiçóþ÷è êâàäðàòè÷íèé ôóíêöiîíàë:

J =
1

2εh

T∫

0

(D(t, ε)u, u) dt→ min
u
, (4)

â ÿêîìó D(t, ε) � åðìiòîâà äîäàòíî âèçíà÷åíà ìàòðèöÿ m-ãî ïîðÿäêó.
Ïðèïóñòèìî, ùî âèêîíóþòüñÿ òàêi óìîâè:
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1. Ìàòðèöi A(t, ε), C(t, ε), D(t, ε) äîïóñêàþòü íà âiäðiçêó [0;T ] ðiâíîìiðíi
àñèìïòîòè÷íi ðîçâèíåííÿ çà ñòåïåíÿìè ìàëîãî ïàðàìåòðà:

A(t, ε) ∼ ∑
k≥0 ε

kAk(t), C(t, ε) ∼ ∑
k≥0 ε

kCk(t),

D(t, ε) ∼ ∑
k≥0 ε

kDk(t).
(5)

2. Êîåôiöi¹íòè Ak(t), Ck(t), Dk(t), k = 0, 1, 2, ..., ðîçâèíåíü (5) íåñêií÷åííî äè-
ôåðåíöiéîâíi íà [0;T ].

3.
detD0(t) 6= 0,∀t ∈ [0;T ]. (6)

4.
detB(t) ≡ 0,∀t ∈ [0;T ]. (7)

5. Â'ÿçêà ìàòðèöüA0(t)−λB(t) ðåãóëÿðíà íà [0;T ] i ìà¹ n−1 ïðîñòèõ ñêií÷åííèõ
åëåìåíòàðíèõ äiëüíèêiâ λ− λi(t), i = 1, n− 1, òà îäèí � íåñêií÷åííèé.

6. Âåêòîðè x1(ε), x2(ε), ÿêi çàäàþòü ïî÷àòêîâèé i êiíöåâèé ñòàíè, çîáðàæàþòüñÿ
ó âèãëÿäi ðîçâèíåíü

x1(ε) =
∞∑

k=0

εkx1k, x2(ε) =
∞∑

k=0

εkx2k. (8)

7. Îáëàñòü äîïóñòèìèõ çíà÷åíü äëÿ óïðàâëiííÿ u(t, ε) çáiãà¹òüñÿ ç óñiì çàäàíèì
m�âèìiðíèì ïðîñòîðîì.

Ïîäiáíà çàäà÷à, ÿêà îïèñó¹òüñÿ ñèñòåìîþ äèôåðåíöiàëüíèõ ðiâíÿíü ç ïîâiëüíî
çìiííèìè êîåôiöi¹íòàìè òà îäèíè÷íîþ ìàòðèöåþ ïðè ïîõiäíèõ, ðîçãëÿäàëàñü â
[1], [2], äå ïåðåäáà÷àëîñü, ùî âñi âëàñíi çíà÷åííÿ ìàòðèöi A0(t) óÿâíi. Â ðîáîòi [3]
îäåðæàíî êðèòåði¨ ïîâíîãî óïðàâëiííÿ òà ñïîñòåðåæóâàíîñòi äëÿ ëiíiéíèõ ñèñòåì
iç çìiííèìè ìàòðè÷íèìè êîåôiöi¹íòàìè òà âèðîäæåíîþ ìàòðèöåþ ïðè ïîõiäíèõ.

Ó äàíié ñòàòòi âèâ÷à¹òüñÿ ìîæëèâiñòü ïîáóäîâè àñèìïòîòè÷íîãî ðîçâ'ÿçêó öi¹¨
çàäà÷i ç âèêîðèñòàííÿì ðåçóëüòàòiâ àñèìïòîòè÷íîãî àíàëiçó ëiíiéíèõ ñèíãóëÿðíî
çáóðåíèõ ñèñòåì ç âèðîäæåííÿìè, çäiéñíåíîãî â ðîáîòàõ [4], [5].

2. Äåÿêi äîïîìiæíi ïåðåòâîðåííÿ

Çàñòîñóâàâøè äî äàíî¨ çàäà÷i ïðèíöèï ìàêñèìóìó Ë.Ñ. Ïîíòðÿãiíà [6], ïîáó-
äó¹ìî ôóíêöiþ Ãàìiëüòîíà

H(t, x, y, u) = ε−h(A(t, ε)x, y) + ε−h(C(t, ε)u, y)− 1

2εh
(D(t, ε)u, u),

äå y � n-âèìiðíèé âåêòîð ñïðÿæåíèõ çìiííèõ.
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Âèõîäÿ÷è ç ðåçóëüòàòiâ ðîáîòè [5], íåâàæêî ïîêàçàòè, ùî çà âèêîíàííÿ óìîâè
5 äëÿ ìiíiìiçàöi¨ êðèòåðiÿ (4) íåîáõiäíî, ùîá

graduH = ε−hC∗(t, ε)y − ε−hD(t, ε)u = 0,

d

dt
(B∗(t)y) = −gradxH = −ε−hA∗(t, ε)y

(ñèìâîëîì X∗ ïîçíà÷à¹òüñÿ ìàòðèöÿ, ñïðÿæåíà ç X).
Îäåðæèìî ñèñòåìó ðiâíÿíü

εhB(t)
dx

dt
= A(t, ε)x+ C(t, ε)u,

εh d

dt
(B∗(t)y) = −A∗(t, ε)y,

0 = C∗(t, ε)y −D(t, ε)u.

Çà âèêîíàííÿ ïîïåðåäíiõ óìîâ äiñòàíåìî:

u(t, ε) = D−1(t, ε)C∗(t, ε)y, (9)

εhB(t)
dx

dt
= A(t, ε)x+ F (t, ε)y, (10)

εhB∗(t)
dy

dt
= − [

A∗(t, ε) + εh(B∗(t))′
]
y, (11)

äå F (t, ε) = C(t, ε)D−1(t, ε)C∗(t, ε).
Çàóâàæèìî, ùî çàâäÿêè óìîâi (7) ìàòðèöþ D−1(t, ε) ìîæíà ïîäàòè ó âèãëÿäi

àñèìïòîòè÷íîãî ðîçâèíåííÿ:

D−1(t, ε) ∼
∑

k≥0

εkD̃k(t), (12)

äå D̃k(t) = D−1
0 (t)

∑k
j=1(−1)jP k

j (DD−1
0 ), à ñèìâîëîì P k

j (DD−1
0 ) ïîçíà÷åíà ñóìà âñiõ

ìîæëèâèõ äîáóòêiâ j ìíîæíèêiâ Di1D
−1
0 , Di2D

−1
0 , ..., DijD

−1
0 ç íàòóðàëüíèìè iíäåê-

ñàìè, ñóìà ÿêèõ i1+i2+...+ij = k (òóò i íàäàëi, äå áóäå âèêîðèñòîâóâàòèñü ïîäiáíèé
ñèìâîë, çà îçíà÷åííÿì ïîêëàäåìî P 0

0 (DD−1
0 ) = E, P k

0 (DD−1
0 ) = 0 ïðè k > 0, äå

E � îäèíè÷íà ìàòðèöÿ, à 0 � íóëüîâà).
Ââåäåìî â ðîçãëÿä 2n�âèìiðíèé âåêòîð

z = col(x, y). (13)

Òîäi ðiâíÿííÿ (10), (11) ìîæíà çàïèñàòè ó âèãëÿäi ñèñòåìè

εhB̃(t)
dz

dt
= Ã(t, ε)z, (14)
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äå

Ã(t, ε) =
∞∑

k=0

εkÃk(t), (15)

Ãk(t) =

(
Ak(t) Fk(t)

0 −A∗k(t)− δk,h(B
∗(t))′

)
, k = 0, 1, ...,

B̃(t) =

(
B(t) 0

0 B∗(t)

)
,

Fk(t), k = 0, 1, ..., � êîåôiöi¹íòè ðîçâèíåííÿ ìàòðèöi F (t, ε) çà ñòåïåíÿìè ε, δk,h �
ñèìâîë Êðîíåêåðà, à ñèìâîëîì 0 ïîçíà÷åíî íóëüîâi áëîêè âiäïîâiäíèõ ðîçìiðiâ.

Ïðè öüîìó çãiäíî ç (2), (3) âåêòîð z(t, ε) ìà¹ çàäîâîëüíÿòè êðàéîâó óìîâó

Mz(0, ε) +Nz(T, ε) = x̃(ε), (16)

äå M , N � êâàäðàòíi ìàòðèöi 2n�ãî ïîðÿäêó âèãëÿäó

M =

(
E 0
0 0

)
, N =

(
0 E
0 0

)
,

x̃(ε) = col(x1(ε), x2(ε)).

Òàêèì ÷èíîì, çàäà÷à îïòèìàëüíîãî óïðàâëiííÿ (1)�(4) çâîäèòüñÿ äî äâîòî÷êî-
âî¨ êðàéîâî¨ çàäà÷i (14), (16). Äëÿ ¨¨ ðîçâ'ÿçàííÿ ïîáóäó¹ìî ñïî÷àòêó àñèìïòîòèêó
çàãàëüíîãî ðîçâ'ÿçêó îñíîâíî¨ ñèñòåìè (14), âèêîðèñòîâóþ÷è iäå¨ ðîáiò [4], [5].

3. Ïîáóäîâà çàãàëüíîãî àñèìïòîòè÷íîãî ðîçâ'ÿçêó îñíîâíî¨ ñèñòåìè

ßê âiäîìî [4], [5], ïîáóäîâà àñèìïòîòè÷íèõ ðîçâ'ÿçêiâ ñèñòåìè (14) çàëåæèòü
âiä ñòðóêòóðè ñïåêòðà ãðàíè÷íî¨ â'ÿçêè ìàòðèöü

Ã0(t)− λB̃(t). (17)

Îñêiëüêè det(Ã0(t)−λB̃(t)) = (−1)ndet(A0(t)−λB(t))det(A∗0(t) +λB∗(t)), òî öÿ
â'ÿçêà ìàòðèöü (17) áóäå ðåãóëÿðíîþ íà [0;T ], à ¨¨ ñêií÷åííi åëåìåíòàðíi äiëüíè-
êè çáiãàþòüñÿ iç ñêií÷åííèìè åëåìåíòàðíèìè äiëüíèêàìè â'ÿçîê A0(t) − λB(t) òà
A∗0(t)− λB∗(t).

Ó äàíié ñòàòòi ðîçãëÿäàòèìåìî âèïàäîê, êîëè âñi ñêií÷åííi åëåìåíòàðíi äiëü-
íèêè λ− λi(t), λ+ λ̄i(t), i = 1, n− 1, ¹ ïðîñòèìè, òîáòî âèêîíóþòüñÿ óìîâè:

λi(t)− λj(t) 6= 0, i 6= j, i, j = 1, n− 1, ∀t ∈ [0;T ]; (18)

λi(t) + λ̄j(t) 6= 0, i, j = 1, n− 1, ∀t ∈ [0;T ]. (19)
Êðiì òîãî, áóäåìî ïåðåäáà÷àòè, ùî

Reλi(t) < 0, ∀t ∈ [0;T ]. (20)
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Âëàñíi âåêòîðè ìàòðèöi A0(t) âiäíîñíî B(t), ùî âiäïîâiäàþòü ¨¨ âëàñíèì çíà-
÷åííÿì λi(t), ïîçíà÷èìî ϕi(t), à âiäïîâiäíi áàçèñíi âåêòîðè íóëü�ïðîñòîðó ìàòðèöi
(A0(t)−λiB(t))∗ � ψi(t). Îñêiëüêè ìàòðèöi A0(t), B(t) íåñêií÷åííî äèôåðåíöiéîâíi
íà [0;T ], òî ôóíêöi¨ λi(t) òàêîæ íåñêií÷åííî äèôåðåíöiéîâíi, à âåêòîðè ϕi(t), ψi(t),
i = 1, n− 1, ìîæíà âèçíà÷èòè òàê, ùîá i âîíè áóëè íåñêií÷åííî äèôåðåíöiéîâíèìè
íà çàäàíîìó âiäðiçêó [9]. Êðiì òîãî, ¨õ ìîæíà âèáðàòè òàê, ùîá âèêîíóâàëèñÿ
ñïiââiäíîøåííÿ

(ϕi(t), ψj(t)) = δij, i, j = 1, n− 1, (21)
äå δij � ñèìâîë Êðîíåêåðà [5].

Ç óìîâè 5 âèïëèâà¹, ùî íóëüîâîìó âëàñíîìó çíà÷åííþ ìàòðèöi B(t) âiäïîâiäà¹
A0�æîðäàíiâ ëàíöþæîê âåêòîðiâ çàâäîâæêè 1, ùî ñêëàäà¹òüñÿ ëèøå ç âëàñíîãî
âåêòîðà, ÿêèé ïîçíà÷èìî ϕ(t). Åëåìåíò íóëü�ïðîñòîðó ìàòðèöi B∗(t) ïîçíà÷èìî
ψ(t) i âèçíà÷èìî òàê, ùîá âèêîíóâàëîñü ñïiââiäíîøåííÿ

(A0(t)ϕ(t), ψ(t)) = 1. (22)

Êðiì òîãî, îáèäâà âåêòîðè ϕ(t), ψ(t) âèçíà÷èìî òàê, ùîá âîíè áóëè íåñêií÷åííî
äèôåðåíöiéîâíèìè íà [0;T ].

Âèõîäÿ÷è ç ñòðóêòóðè ìàòðèöi B̃(t), íåâàæêî ïåðåêîíàòèñÿ, ùî ¨¨ íóëüîâîìó
âëàñíîìó çíà÷åííþ âiäïîâiäàþòü äâà ëiíiéíî íåçàëåæíi âëàñíi âåêòîðè

ϕ̃1(t) =

(
ϕ(t)
0

)
, ϕ̃2(t) =

(
0

ψ(t)

)
.

Àíàëîãi÷íî âèçíà÷èìî é âiäïîâiäíi âëàñíi âåêòîðè ìàòðèöi B̃∗(t):

ψ̃1(t) =

(
ψ(t)
0

)
, ψ̃2(t) =

(
0
ϕ(t)

)
.

Çâiäñè âèïëèâà¹, ùî ïðè äîñèòü ìàëèõ ε ìàòðèöÿ B̃(t) íå ìà¹ ïðè¹äíàíèõ âåêòîðiâ
âiäíîñíî îïåðàòîðà L̃(t, ε) = Ã(t, ε)− εhB̃(t) d

dt
, îñêiëüêè çãiäíî ç (22)

(
L̃(t, ε)ϕ̃1(t), ψ̃1(t)

)
=

(
Ã(t, ε)ϕ̃1(t), ψ̃1(t)

)
− εh

(
B̃(t)ϕ̃1

′(t), ψ̃1(t)
)

=

= (A0(t)ϕ(t), ψ(t)) +O(ε) = 1 +O(ε);

(
L̃(t, ε)ϕ̃2(t), ψ̃2(t)

)
= −(A∗0(t)ψ(t), ϕ(t)) +O(ε) =

= −(A0(t)ϕ(t), ψ(t)) +O(ε) = −1 +O(ε).

Òîìó, ÿê ïîêàçàíî â [7], îäíîðiäíà ñèñòåìà (14) ìà¹ çàãàëüíèé ðîçâ'ÿçîê òèïó
Êîøi, ÿêèé ÿâëÿ¹ ñîáîþ ëiíiéíó êîìáiíàöiþ ¨¨ (2n− 2)�õ ÷àñòèííèõ ëiíiéíî íåçà-
ëåæíèõ ðîçâ'ÿçêiâ.
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Âèõîäÿ÷è ç ñòðóêòóðè âåêòîðíî�ìàòðè÷íèõ ðiâíÿíü (10), (11), ÿêi óòâîðþþòü
ñèñòåìó (14), íåâàæêî ïåðåêîíàòèñÿ, ùî öi ðîçâ'ÿçêè ñêëàäàþòüñÿ ç n − 1 2n�
âèìiðíèõ âåêòîðiâ âèãëÿäó col(xi(t, ε), 0), äå xi(t, ε), i = 1, n− 1, � ëiíiéíî íåçà-
ëåæíi ðîçâ'ÿçêè n�âèìiðíî¨ îäíîðiäíî¨ ñèñòåìè

εhB(t)
dx

dt
= A(t, ε)x, (23)

i n − 1 2n�âèìiðíèõ âåêòîðiâ âèãëÿäó col(x̃i(t, ε), yi(t, ε)), äå yi(t, ε), i = 1, n− 1,
� ëiíiéíî íåçàëåæíi ðîçâ'ÿçêè ñïðÿæåíî¨ ñèñòåìè (11), à x̃i(t, ε) � âiäïîâiäíi ¨ì
÷àñòèííi ðîçâ'ÿçêè íåîäíîðiäíî¨ ñèñòåìè (10).

Çãiäíî ç ðåçóëüòàòàìè äîñëiäæåíü, âèêëàäåíèõ ó ðîáîòi [5], n− 1 ëiíiéíî íåçà-
ëåæíèõ ðîçâ'ÿçêiâ ñèñòåìè (23) ìîæíà ïîáóäóâàòè ó âèãëÿäi

xi(t, ε) = ṽi(t, ε)exp


ε−h

t∫

0

λi(τ, ε)dτ


 , i = 1, n− 1, (24)

äå ṽi(t, ε) � n-âèìiðíi âåêòîðè, à λi(t, ε) � ñêàëÿðíi ôóíêöi¨, ùî çîáðàæàþòüñÿ
ôîðìàëüíèìè ðîçâèíåííÿìè çà ñòåïåíÿìè ε:

ṽi(t, ε) =
∞∑

k=0

εkṽ
(i)
k (t), i = 1, n− 1; (25)

λi(t, ε) = λi(t) +
∞∑

k=1

εkλ
(i)
k (t), i = 1, n− 1. (26)

Äëÿ âèçíà÷åííÿ êîåôiöi¹íòiâ öèõ ðîçâèíåíü íåîáõiäíî ïiäñòàâèòè (24) ó ñèñ-
òåìó (23) i â îäåðæàíié ðiâíîñòi ïðèðiâíÿòè âèðàçè ïðè îäíàêîâèõ ñòåïåíÿõ ε ç
óðàõóâàííÿì (5) òà (25), (26).

Ó ðåçóëüòàòi îòðèìà¹ìî íåñêií÷åííó ñèñòåìó àëãåáðà¨÷íèõ ðiâíÿíü

(A0(t)− λi(t)B(t))ṽ
(i)
0 (t) = 0, i = 1, n− 1, (27)

(A0(t)− λi(t)B(t)) ṽ
(i)
k (t) = b

(i)
k (t), k = 1, 2, ..., i = 1, n− 1, (28)

äå
b
(i)
k (t) = λ

(i)
k (t)B(t)ϕi(t) + g

(i)
k (t), k = 1, 2, ..., i = 1, n− 1, (29)

g
(i)
k (t) =

∑k−1
s=1 λ

(i)
s (t)B(t)v

(i)
k−s(t)−

∑k
s=1Ak(t)v

(i)
k−s(t) +B(t)

(
v

(i)
k−h(t)

)′
,

k = 1, 2, ..., i = 1, n− 1.

(30)

Ðîçâ'ÿçóþ÷è ¨¨ çà àëãîðèòìîì, îïèñíèì ó [5], ôóíêöi¨ λ(i)
k (t), k = 1, 2, ...,

i = 1, n− 1, çíàéäåìî ç óìîâè ñóìiñíîñòi ðiâíÿíü (28) (îðòîãîíàëüíîñòi ¨õ ïðà-
âèõ ÷àñòèí äî âåêòîðiâ ψi(t)):

λ
(i)
k (t) = −

(
g

(i)
k (t), ψi(t)

)
, k ≥ 1, (31)
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à âåêòîðè ṽ(i)
k (t) � çà ðåêóðåíòíèìè ôîðìóëàìè

ṽ
(i)
0 (t) = ϕi(t), ṽ

(i)
k (t) = Hi(t)b

(i)
k (t), k ≥ 1, (32)

äå Hi(t) � íàïiâîáåðíåíà ìàòðèöÿ äëÿ ìàòðèöi A0(t)− λi(t)B(t).
Äëÿ ðîçâ'ÿçàííÿ ïîñòàâëåíî¨ çàäà÷i (1)�(4) ôîðìàëüíi ðîçâ'ÿçêè (24) ïîäàìî ó

âèãëÿäi

xi(t, ε) = vi(t, ε)exp


ε−h

t∫

0

(
λi(τ) +

h−1∑

k=1

εkλ
(i)
k (τ)

)
dτ


 , (33)

ïðè¹äíàâøè âèðàç exp
(

t∫
0

∑∞
k=h ε

k−hλ
(i)
k (τ)

)
äî âåêòîðà ṽi(t, ε). Ç öi¹þ ìåòîþ ïî-

äàìî éîãî ó âèãëÿäi ôîðìàëüíîãî ðÿäó çà ñòåïåíÿìè ε, ïîêëàâøè

exp




t∫

0

∞∑

k=h

εk−hλ
(i)
k (τ)dτ


 =

∞∑
s=0

εsc(i)s (t). (34)

Ïðîäèôåðåíöiþâàâøè îáèäâi ÷àñòèíè öi¹¨ ðiâíîñòi, ìà¹ìî
∞∑

s=0

εs
(
c(i)s (t)

)′
=

∞∑

k=0

εkλ
(i)
k+h(t)

∞∑
s=0

εsc(i)s (t),

àáî ∞∑
s=0

εs
(
c(i)s (t)

)′
=

s∑
j=0

εjλ
(i)
h+j(t)c

(i)
s−j(t).

Ïðèðiâíþþ÷è êîåôiöi¹íòè ïðè îäíàêîâèõ ñòåïåíÿõ ε, äiñòàíåìî íåñêií÷åííó
ñèñòåìó ëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü, ç ÿêî¨ âèçíà÷àþòüñÿ ôóíêöi¨ c(i)s (t):

dc
(i)
0 (t)

dt
= λ

(i)
h (t)c

(i)
0 (t), i = 1, n− 1; (35)

dc
(i)
s (t)

dt
− λ

(i)
h (t)c(i)s (t) =

s∑
j=1

λ
(i)
h+j(t)c

(i)
s−j(t), i = 1, n− 1, s = 1, 2, .... (36)

Ïåðåìíîæèâøè ôîðìàëüíi ðÿäè (25), (34), îòðèìà¹ìî âiäïîâiäíi ðîçâèíåííÿ
äëÿ âåêòîð�ôóíêöié vi(t, ε):

vi(t, ε) =
∞∑

k=0

εkv
(i)
k (t), i = 1, n− 1, (37)

êîåôiöi¹íòè ÿêîãî âèðàæàþòüñÿ ðåêóðåíòíèìè ôîðìóëàìè

v
(i)
0 (t) = c

(i)
0 (t)ϕi(t), i = 1, n− 1, (38)
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v
(i)
k (t) =

k∑
j=0

c
(i)
j (t)ṽ

(i)
k−j(t), k = 1, 2, ..., i = 1, n− 1. (39)

Àíàëîãi÷íî áóäóþòüñÿ é n − 1 ëiíiéíî íåçàëåæíèõ ðîçâ'ÿçêiâ ñïðÿæåíî¨ ñè-
ñòåìè (11). Âçÿâøè äî óâàãè, ùî âëàñíèìè çíà÷åííÿìè ãðàíè÷íî¨ â'ÿçêè ìàòðè-
öü −A∗0(t) − λB∗(t) ñèñòåìè (11) áóäóòü ôóíêöi¨ −λ̄i(t), öi ðîçâ'ÿçêè ïîáóäó¹ìî ó
âèãëÿäi

yi(t, ε) = wi(t, ε)exp


ε−h

T∫

t

(
λ̄i(τ) +

h−1∑

k=1

εkλ̃
(i)
k (τ)

)
dτ


 , i = 1, n− 1, (40)

äå wi(t, ε) � n�âèìiðíi âåêòîð�ôóíêöi¨, ÿêi çîáðàæàþòüñÿ ôîðìàëüíèìè ðîçâèíåí-
íÿìè

wi(t, ε) =
∞∑

k=0

εkw
(i)
k (t). (41)

Ïðè öüîìó êîåôiöi¹íòè λ̃(i)
k (t), w(i)

k (t) âèçíà÷àþòüñÿ çà ðåêóðåíòíèìè ôîðìóëàìè:

λ̃
(i)
k (t) =

(
g̃

(i)
k (t), ϕi(t)

)
= λ̄

(i)
k (t), k = 1, 2, ..., i = 1, n− 1; (42)

w
(i)
k (t) =

k∑
j=0

c̃
(i)
j (t)w̃

(i)
k−j(t), k = 0, 1, 2, ..., i = 1, n− 1; (43)

w̃
(i)
0 (t) = ψi(t), i = 1, n− 1; (44)

w̃
(i)
k (t) = H∗

i (t)b̃
(i)
k (t), k = 1, 2, ..., i = 1, n− 1; (45)

b̃
(i)
k (t) = λ̃

(i)
k (t)B∗(t)ψi(t)− g̃

(i)
k (t), k = 1, 2, ..., i = 1, n− 1; (46)

g̃
(i)
k (t) = −∑k−1

s=1 λ̃
(i)
s (t)B∗(t)w̃(i)

k−s(t) +
∑k

s=1A
∗
k(t)w̃

(i)
k−s(t) +

(
B∗(t)w̃(i)

k−h(t)
)′
,

k = 1, 2, ..., i = 1, n− 1,

(47)

à ôóíêöi¨ c̃(i)k (t), k = 0, 1, ..., i = 1, n− 1, � ç äèôåðåíöiàëüíèõ ðiâíÿíü:

dc̃
(i)
0 (t)

dt
+ λ̃

(i)
h (t)c̃

(i)
0 (t) = 0, i = 1, n− 1; (48)

dc̃
(i)
k (t)

dt
+ λ̃

(i)
h (t)c̃

(i)
k (t) = −

k∑
j=1

λ̃
(i)
h+j(t)c̃

(i)
k−j(t), k = 1, 2, ..., i = 1, n− 1. (49)

Ïiäñòàâèâøè çàìiñòü y ó ñèñòåìó (10) âåêòîð (40) i çàôiêñóâàâøè iíäåêñ i,
ðîçãëÿíåìî íåîäíîðiäíó ñèñòåìó

εhB(t)
dx

dt
= A(t, ε)x+ F (t, ε)wi(t, ε)exp


ε−h

T∫

t

λ̃i(τ, ε)dτ


 , (50)
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äå

λ̃i(t, ε) = λ̄i(t) +
h−1∑

k=1

εkλ̄
(i)
k (t). (51)

�¨ ðîçâ'ÿçîê áóäåìî øóêàòè ó âèãëÿäi

x̃i(t, ε) = pi(t, ε)exp


ε−h

T∫

t

λ̃i(τ, ε)dτ


 , (52)

äå pi(t, ε) � n�âèìiðíèé âåêòîð, ùî çîáðàæà¹òüñÿ ó âèãëÿäi ôîðìàëüíîãî ðÿäó

pi(t, ε) =
∞∑

k=0

εkp
(i)
k (t). (53)

Äëÿ çíàõîäæåííÿ éîãî êîåôiöi¹íòiâ ïiäñòàâèìî (52), (53) ó (50) i ïðèðiâíÿ¹ìî
â îäåðæàíié ðiâíîñòi âèðàçè ïðè îäíàêîâèõ ñòåïåíÿõ ε. Âçÿâøè äî óâàãè óìîâó
(19), îòðèìà¹ìî òàêi ðåêóðåíòíi ôîðìóëè:

p
(i)
0 (t) = Gi(t)F0(t)w

(i)
0 (t), (54)

p
(i)
k (t) = Gi(t)d

(i)
k (t), k = 1, 2, ..., (55)

d
(i)
k (t) = −∑h−1

j=1 λ̄
(i)
j (t)B(t)p

(i)
k−j(t)−

∑k
s=0 Fj(t)wk−j(t) +B(t)

(
p

(i)
k−h(t)

)′
,

k = 1, 2, ...,

(56)

äå Gi(t) =
(
A0(t) + λ̄i(t)B(t)

)−1.
ßê ïîêàçàíî â [5], çà âèêîíàííÿ óìîâè (20) ïîáóäîâàíi â òàêèé ñïîñiá ôîðìàëüíi

ðîçâ'ÿçêè ñèñòåì (23), (11), (50) ¹ àñèìïòîòè÷íèìè ðîçâèíåííÿìè äåÿêèõ òî÷íèõ
ðîçâ'ÿçêiâ öèõ ñèñòåì ïðè ε→ 0.

Ó ðåçóëüòàòi ïîáóäîâàíî çàãàëüíèé àñèìïòîòè÷íèé ðîçâ'ÿçîê ñèñòåìè ðiâíÿíü
(10), (11), ÿêèé çàïèøåìî ó âèãëÿäi

x(t, ε) =
∑n−1

i=1 vi(t, ε)exp

(
ε−h

t∫
0

(
λi(τ) +

∑h−1
k=1 ε

kλ
(i)
k (τ)

)
dτ

)
α

(i)
1 (ε)+

+
∑n−1

i=1 pi(t, ε)exp

(
ε−h

T∫
t

(
λ̄i(τ) +

∑h−1
k=1 ε

kλ̄
(i)
k (τ)

)
dτ

)
α

(i)
2 (ε),

(57)

y(t, ε) =
n−1∑
i=1

wi(t, ε)exp


ε−h

T∫

t

(
λ̄i(τ) +

h−1∑

k=1

εkλ̄
(i)
k (τ)

)
dτ


α

(i)
2 (ε), (58)

äå α(i)
1 (ε), α(i)

2 (ε), i = 1, n− 1, � ñòàëi ìíîæíèêè, äëÿ çíàõîäæåííÿ ÿêèõ âèêîðèñ-
òà¹ìî êðàéîâi óìîâè (2), (3).
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4. Àñèìïòîòèêà ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i

Ïiäñòàâèâøè (57) ó (2), (3), äiñòàíåìî

n−1∑
i=1

vi(0, ε)α
(i)
1 (ε) +

n−1∑
i=1

pi(0, ε)exp


ε−h

T∫

0

(
λ̄i(t) +

h−1∑

k=1

εkλ̄
(i)
k (t)

)
dt


α

(i)
2 (ε) = x1(ε);

(59)
n−1∑
i=1

vi(T, ε)exp


ε−h

T∫

0

(
λi(t) +

h−1∑

k=1

εkλ
(i)
k (t)

)
dt


α

(i)
1 (ε)+

n−1∑
i=1

pi(T, ε)α
(i)
2 (ε) = x2(ε),

(60)
àáî ó âåêòîðíî-ìàòðè÷íié ôîðìi

Q(ε)α̃(ε) = x̃(ε), (61)

äå

Q(ε) =
∞∑

k=0

εkQk(ε), (62)

Qk(ε) =




Vk(0) Pk(0)exp

(
ε−h

T∫
0

Λ̄(t, ε)dt

)

Vk(T )exp

(
ε−h

T∫
0

Λ(t, ε)dt

)
Pk(T )


 ,

α̃(ε) = col(α1(ε), α2(ε)),

α1(ε) = col
(
α

(1)
1 (ε), ..., α

(n−1)
1 (ε)

)
, α2(ε) = col

(
α

(1)
2 (ε), ..., α

(n−1)
2 (ε)

)
,

Vk(t) =
[
v

(1)
k (t), v

(2)
k (t), ..., v

(n−1)
k (t)

]
, k = 0, 1, 2, ...;

Pk(t) =
[
p

(1)
k (t), p

(2)
k (t), ..., p

(n−1)
k (t)

]
, k = 0, 1, 2, ...;

Λ(t, ε) = Λ0(t) +
h−1∑

k=1

εkΛk(t), Λ0(t) = diag {λ1(t), λ2(t), ..., λn−1(t)} ,

Λk(t) = diag
{
λ

(1)
k (t), λ

(2)
k (t), ..., λ

(n−1)
k (t)

}
, k = 1, h− 1.

Çîêðåìà,

V0(t) =
[
c
(1)
0 (t)ϕ1(t), c

(2)
0 (t)ϕ2(t), ..., c

(n−1)
0 (t)ϕn−1(t)

]
,

P0(t) =
[
c̃
(1)
0 (t)G1(t)F0(t)ψ1(t), ..., c̃

(n−1)
0 (t)Gn−1(t)F0(t)ψn−1(t)

]
,

äå F0(t) = C0(t)D
−1
0 (t)C∗0(t).

Ïðèïóñòèìî, ùî âèêîíó¹òüñÿ óìîâà:
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8. Âåêòîðè Gi(T )F0(T )ψi(T ), i = 1, n− 1 ëiíiéíî íåçàëåæíi.

Òîäi çàâäÿêè ëiíiéíié íåçàëåæíîñòi âëàñíèõ âåêòîðiâ ϕi(0), i = 1, n− 1, ðàíã
ïðÿìîêóòíî¨ 2n× (2n− 2)�ìàòðèöi Q0(ε) äîðiâíþ¹ 2n− 2 ïðè äîñèòü ìàëèõ ε ≥ 0
îñêiëüêè

Q0(ε) =

(
V0(0) 0

0 P0(T )

)
+O

(
e−

γ

εh

)
, γ > 0.

Òîìó ïðè äîñèòü ìàëèõ ε ðàíã ìàòðèöi Q(ε), ÿêà çîáðàæà¹òüñÿ àñèìïòîòè÷íèì
ðÿäîì (62), òàêîæ äîðiâíþ¹ 2n−2. Òàêèì æå áóäå é ðàíã ñïðÿæåíî¨ ç íåþ ìàòðèöi
Q∗(ε), çâiäêè âèïëèâà¹, ùî ðîçìiðíiñòü ¨¨ íóëü�ïðîñòîðó äîðiâíþ¹ 2.

Íåõàé g1(ε), g2(ε) � 2n�âèìiðíi âåêòîðè, ùî óòâîðþþòü áàçèñ öüîãî ïðîñòîðó.
Âèõîäÿ÷è ç (62), ¨õ ìîæíà ïîäàòè ó âèãëÿäi àñèìïòîòè÷íèõ ðÿäiâ

gi(ε) =
∞∑

k=0

εkg
(i)
k (ε), i = 1, 2, (63)

êîåôiöi¹íòè ÿêèõ çíàéäåìî ç ñèñòåìè ðiâíÿíü

Q∗0(ε)g
(i)
0 (ε) = 0,

Q∗0(ε)g
(i)
k (ε) = −∑k

s=1Q
∗
s(ε)g

(i)
k−s(ε), k = 1, 2, ....

(64)

Îñêiëüêè âñi ñòîâïöi ìàòðèöi Q0(ε) ëiíiéíî íåçàëåæíi ïðè äîñèòü ìàëèõ ε > 0 i,
îòæå, ¨¨ íóëü�ïðîñòið ìiñòèòü ëèøå íóëüîâèé âåêòîð, òî ðiâíÿííÿ (64) ðîçâ'ÿçíi, i
âåêòîðè g(i)

k (ε) ç íèõ ìîæíà âèðàçèòè çà äîïîìîãîþ ðåêóðåíòíèõ ôîðìóë

g
(i)
k (ε) = −(Q∗0(ε))

+

k∑
s=1

Q∗s(ε)g
(i)
k−s(ε), k = 1, 2, ...,

äå (Q∗0(ε))
+ � ïñåâäîîáåðíåíà ìàòðèöÿ äî ìàòðèöi Q∗0(ε).

Âèðàæàþ÷è ïîñëiäîâíî g(i)
1 (ε), g

(i)
2 (ε), ... ÷åðåç g(i)

0 (ε), îñòàííþ ôîðìóëó ïåðåò-
âîðèìî äî âèãëÿäó

g
(i)
k (ε) =

k∑
j=1

(−1)jP k
j

(
(Q∗0(ε))

+Q∗(ε)
)
g

(i)
0 (ε), i = 1, 2, (65)

äå ñèìâîëîì P k
j ((Q∗0)

+Q∗) ïîçíà÷åíà ñóìà âñiõ ìîæëèâèõ äîáóòêiâ j ìíîæíèêiâ
((Q∗0)

+Q∗s1
), ..., ((Q∗0)

+Q∗sj
), ñóìà iíäåêñiâ ÿêèõ s1 + s2 + ...+ sj = k, à g(i)

0 (ε), i = 1, 2,
� ôiêñîâàíi áàçèñíi âåêòîðè ç íóëü�ïðîñòîðó ìàòðèöi Q∗0(ε).

Ðiâíÿííÿ (61) áóäå ðîçâ'ÿçíèì âiäíîñíî (2n− 2)�âèìiðíîãî âåêòîðà α̃(ε) òîäi i
òiëüêè òîäi, êîëè âåêòîð x̃(ε) áóäå îðòîãîíàëüíèì äî âåêòîðiâ gi(ε), i = 1, 2, òîáòî,
êîëè âèêîíóâàòèìóòüñÿ ðiâíîñòi

(x̃(ε), gi(ε)) = 0, i = 1, 2.
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Ïiäñòàâèâøè â öi ðiâíîñòi ðîçâèíåííÿ (8), (63) i ïðèðiâíÿâøè âèðàçè ïðè îäíà-
êîâèõ ñòåïåíÿõ ε, ìà¹ìî

k∑
s=0

(
x̃j, g

(i)
k−s(ε)

)
= 0, k = 0, 1, ..., i = 1, 2.

Íàðåøòi, âðàõóâàâøè (65), äiñòàíåìî

k∑
s=0

k−s∑
j=0

(−1)j
(
P k−s

j

(
Q(ε)Q+

0 (ε)
)
x̃j, g

(i)
0 (ε)

)
= 0, k = 0, 1, ..., i = 1, 2, (66)

äå P k−s
j ((Q(ε)Q+

0 (ε)) � ñóìà âñiõ ìîæëèâèõ äîáóòêiâ j ìíîæíèêiâ Qi(ε)Q
+
0 (ε) ç

íàòóðàëüíèìè iíäåêñàìè, ñóìà ÿêèõ äîðiâíþ¹ k − s, x̃j = col(x1j, x2j), j = 0, 1, ....
Ïðèïóñòèìî òåïåð, ùî óìîâà (66) âèêîíó¹òüñÿ. Òîäi ðîçâ'ÿçîê ðiâíÿííÿ (61)

áóäåìî øóêàòè ó âèãëÿäi àñèìïòîòè÷íîãî ðÿäó

α̃(ε) =
∞∑

k=0

εkα̃k(ε), (67)

äå
α̃k(ε) = col(α1k(ε), α2k(ε)), k = 0, 1, ...;

αik(ε) = col
(
α

(1)
ik (ε), α

(2)
ik (ε), ..., α

(n−1)
ik (ε)

)
, k = 0, 1, ..., i = 1, 2.

Ïiäñòàâèâøè (67) ó (61) i ïðèðiâíÿâøè âèðàçè ïðè îäíàêîâèõ ñòåïåíÿõ ε, ìà¹ìî

Q0(ε)α̃0(ε) = x̃0(ε), (68)

Q0(ε)α̃k(ε) = x̃k(ε)−
k∑

j=1

Qj(ε)α̃k−j(ε), k = 1, 2, .... (69)

Çãiäíî ç óìîâîþ (66) ðiâíÿííÿ (68) îäíîçíà÷íî ðîçâ'ÿçíå i ìà¹ ¹äèíèé ðîçâ'ÿçîê,
ÿêèé âèðàæà¹òüñÿ ôîðìóëîþ

α̃0(ε) = Q+
0 (ε)x̃0(ε).

Ïiäñòàâèâøè öåé âèðàç ó ðiâíÿííÿ (69) ïðè k = 1, äiñòàíåìî ðiâíÿííÿ âiäíîñíî
âåêòîðà α̃1(ε):

Q0(ε)α̃1(ε) = x̃1(ε)−Q1(ε)Q
+
0 (ε)x̃0(ε),

ÿêå òàêîæ áóäå îäíîçíà÷íî ðîçâ'ÿçíèì çàâäÿêè âèêîíàííþ óìîâè (66). Ç íüîãî
çíàéäåìî

α̃1(ε) = Q+
0 (ε)x̃1(ε)−Q+

0 (ε)Q1(ε)Q
+
0 (ε)x̃0(ε).
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Ïðîäîâæóþ÷è òàê i äàëi, ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨ âñòàíîâèìî, ùî âñi
ðiâíÿííÿ (69) ðîçâ'ÿçíi, à âåêòîðè α̃k(ε) âèðàæàþòüñÿ ç íèõ çà ôîðìóëàìè

α̃k(ε) =
k∑

s=0

k−s∑
j=0

(−1)jQ+
0 (ε)P k−s

j

(
Q(ε)Q+

0 (ε)
)
x̃s, k = 0, 1, .... (70)

Ïîêàæåìî, ùî ïîáóäîâàíà îïèñàíèì ñïîñîáîì âåêòîð�ôóíêöiÿ (57) ¹ àñèìï-
òîòè÷íèì ðîçâèíåííÿì øóêàíî¨ òðà¹êòîði¨, ÿêà ïåðåâîäèòü äàíó ñèñòåìó iç ñòàíó
x1(ε) â ñòàí x2(ε), à âåêòîð�ôóíêöiÿ

u(t, ε) = D−1(t, ε)C∗(t, ε)
n−1∑
i=1

wi(t, ε)exp


ε−h

T∫

t

(
λ̄i(τ) +

h−1∑

k=1

εkλ̄
(i)
k (τ)

)
dτ


α

(i)
2 (ε)

(71)
� àñèìïòîòè÷íèì çîáðàæåííÿì âiäïîâiäíîãî îïòèìàëüíîãî óïðàâëiííÿ, çà äîïî-
ìîãîþ ÿêîãî çäiéñíþ¹òüñÿ öåé ïåðåõiä.

Ç öi¹þ ìåòîþ ïåðåòâîðèìî âèðàç (57), ïåðåìíîæèâøè âiäïîâiäíi ðÿäè, ÿêèìè
çîáðàæàþòüñÿ âåêòîð�ôóíêöi¨ vi(t, ε), pi(t, ε) i ñêàëÿðíi ìíîæíèêè α1(i)(ε), α(i)

2 (ε).
Îòðèìà¹ìî

x(t, ε) =
∑n−1

i=1 xi(t, ε)exp

(
ε−h

t∫
0

(
λi(τ) +

∑h−1
k=1 ε

kλ
(i)
k (τ)

)
dτ

)
+

+
∑n−1

i=1 x̃i(t, ε)exp

(
ε−h

T∫
t

(
λ̄i(τ) +

∑h−1
k=1 ε

kλ̄
(i)
k (τ)

)
dτ

)
,

(72)

äå

xi(t, ε) =
∞∑

k=0

εkx
(i)
k (t, ε), x̃i(t, ε) =

∞∑

k=0

εkx̃
(i)
k (t, ε), i = 1, n− 1; (73)

x
(i)
k (t, ε) =

k∑
j=0

v
(i)
j (t)α

(i)
1,k−j(ε), k = 0, 1, ..., i = 1, n− 1; (74)

x̃
(i)
k (t, ε) =

k∑
j=0

p
(i)
j (t)α

(i)
2,k−j(ε), k = 0, 1, ..., i = 1, n− 1. (75)

Àíàëîãi÷íèì ÷èíîì ïåðåòâîðèìî é âèðàç (58):

y(t, ε) =
n−1∑
i=1

yi(t, ε)exp


ε−h

T∫

t

(
λ̄i(τ) +

h−1∑

k=1

εkλ̄
(i)
k (τ)

)
dτ


 , (76)

äå

yi(t, ε) =
∞∑

k=0

εky
(i)
k (t, ε), i = 1, n− 1; (77)
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y
(i)
k (t, ε) =

k∑
j=0

w
(i)
j (t)α

(i)
2,k−j(ε), k = 0, 1, ..., i = 1, n− 1. (78)

Ïîçíà÷èìî x(m)(t, ε), y(m)(t, ε) � m�íàáëèæåííÿ, ÿêi óòâîðþþòüñÿ ç (72), (76)
øëÿõîì îáðèâàííÿ âiäïîâiäíèõ ðîçâèíåíü (73), (77) íà m�ó ÷ëåíi:

x(m)(t, ε) =
∑n−1

i=1

∑m
k=0 ε

kx
(i)
k (t, ε)exp

(
ε−h

t∫
0

(
λi(τ) +

∑h−1
k=1 ε

kλ
(i)
k (τ)

)
dτ

)
+

+
∑n−1

i=1

∑m
k=0 ε

kx̃
(i)
k (t, ε)exp

(
ε−h

T∫
t

(
λ̄i(τ) +

∑h−1
k=1 ε

kλ̄
(i)
k (τ)

)
dτ

)
,

(79)

y(m)(t, ε) =
n−1∑
i=1

m∑

k=0

εky
(i)
k (t, ε)exp


ε−h

T∫

t

(
λ̄i(τ) +

h−1∑

k=1

εkλ̄
(i)
k (τ)

)
dτ


 . (80)

Çà ïîáóäîâîþ çàâäÿêè óìîâi (20) âåêòîð�ôóíêöi¨ (79), (80) çàäîâîëüíÿþòü âiä-
ïîâiäíi ðiâíÿííÿ (10), (11) òà êðàéîâi óìîâè (2), (3) ç òî÷íiñòþ äî O(εm+1). Òîìó
ç òàêîþ æ òî÷íiñòþ 2n�âèìiðíèé âåêòîð

zm(t, ε) = col
(
x(m)(t, ε), y(m)(t, ε)

)
(81)

çàäîâîëüíÿ¹ ñèñòåìó ðiâíÿíü (14) i êðàéîâó óìîâó (16), òîáòî

εhB̃(t)
dzm(t, ε)

dt
= Ã(t, ε)zm(t, ε) + εm+1f(t, ε), (82)

Mzm(0, ε) +Nzm(T, ε) = x̃(ε) + εm+1β(ε), (83)
äå f(t, ε), β(ε) � äåÿêi îáìåæåíi 2n-âèìiðíi âåêòîðè.

Íåõàé z(t, ε) = col(x(t, ε), y(t, ε)) � òî÷íèé ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (14), (16),
iñíóâàííÿ i ¹äèíiñòü ÿêîãî çàáåçïå÷ó¹òüñÿ âèêîíàííÿì óìîâè (66).

Òîäi, ïîçíà÷èâøè
zm(t, ε)− z(t, ε) = z̃(t, ε), (84)

ìà¹ìî îäíîçíà÷íî ðîçâ'ÿçíó êðàéîâó çàäà÷ó

εhB̃(t)
dz̃(t, ε)

dt
= Ã(t, ε)z̃(t, ε) + εm+1f(t, ε), (85)

Mz̃(0, ε) +Nz̃(T, ε) = εm+1β(ε). (86)
Ïîçíà÷èìî Xm(t, ε), Ym(t, ε), Pm(t, ε) � n× (n− 1)�ìàòðèöi, ñêëàäåíi ç âåêòîð�

ôóíêöié

m∑

k=0

εkv
(i)
k (t)exp


ε−h

t∫

0

(
λi(τ) +

h−1∑

k=1

εkλ
(i)
k (τ)

)
dτ


 , i = 1, n− 1;
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m∑

k=0

εkw
(i)
k (t)exp


ε−h

T∫

t

(
λ̄i(τ) +

h−1∑

k=1

εkλ̄
(i)
k (τ)

)
dτ


 , i = 1, n− 1;

m∑

k=0

εkp
(i)
k (t)exp


ε−h

T∫

t

(
λ̄i(τ) +

h−1∑

k=1

εkλ̄
(i)
k (τ)

)
dτ


 , i = 1, n− 1,

âiäïîâiäíî, i óòâîðèìî ç íèõ ìàòðèöþ

Zm(t, ε) =

(
Xm(t, ε) Rm(t, ε)

0 Ym(t, ε)

)

ðîçìiðíiñòþ 2n× (2n−2). Òîäi, ÿê ïîêàçàíî â [5], ôóíäàìåíòàëüíà ìàòðèöÿ Z(t, ε)
îäíîðiäíî¨ ñèñòåìè (14) çàäà¹òüñÿ àñèìïòîòè÷íîþ ôîðìóëîþ

Z(t, ε) = Zm(t, ε) +O
(
εm+1−h

)
. (87)

Àíàëîãi÷íîþ çîáðàæà¹òüñÿ é ôóíäàìåíòàëüíà ìàòðèöÿ ñèñòåìè

εh d

dt

(
B̃∗(t)z̃

)
= −Ã∗(t, ε)z̃,

ñïðÿæåíî¨ ç (14):
Z̃(t, ε) = Z̃m(t, ε) +O

(
εm+1−h

)
, (88)

äå Z̃m(t, ε), ÿê i Zm(t, ε), îáìåæåíà íà [0;T ] ïðè ε → 0 çàâäÿêè óìîâi (20) òà
íåïåðåðâíîñòi ïî t âñiõ ¨¨ åëåìåíòiâ.

Âèêîðèñòîâóþ÷è ôîðìóëè (87), (88), çãiäíî ç [5], îòðèìà¹ìî òàêèé âèðàç äëÿ
çàãàëüíîãî ðîçâ'ÿçêó ñèñòåìè (85):

z̃(t, ε) =
[
Zm(t, ε) +O

(
εm+1−h

)]
c(ε) + εm+1

t∫
0

(
Zm(t, ε) +O

(
εm+1−h

))×

×
(
Z̃∗m(τ, ε) +O(εm+1−h)

)
f(τ, ε)dτ − εm+1Φ(t)

(
Ψ∗(t)L̃(t, ε)Φ(t)

)−1

Ψ∗(t)f(t, ε),

äå Φ(t), Ψ(t) � ïðÿìîêóòíi ìàòðèöi ðîçìiðíiñòþ 2n×2, ñêëàäåíi ç âåêòîð�ñòîâïöiâ
ϕ̃1(t), ϕ̃2(t) òà ψ̃1(t), ψ̃2(t) âiäïîâiäíî, à c(ε) � äîâiëüíèé (2n−2)�âèìiðíèé âåêòîð.

Âðàõîâóþ÷è îáìåæåíiñòü óñiõ ìàòðè÷íèõ i âåêòîðíèõ ôóíêöié, ùî óòâîðþþòü
äàíèé âèðàç, çàïèøåìî éîãî ó âèãëÿäi

z̃(t, ε) =
(
Zm(t, ε) +O

(
εm+1−h

))
c(ε) + εm+1−hq(t, ε), (89)

äå q(t, ε) � äåÿêà îáìåæåíà 2n�âèìiðíà âåêòîð�ôóíêöiÿ.
Ïiäñòàâèâøè äàíèé âèðàç ó êðàéîâó óìîâó (86), ìàòèìåìî

M
([
Zm(0, ε) +O

(
εm+1−h

)]
c(ε) + εm+1−hq(0, ε)

)
+N

([
Zm(T, ε) +O

(
εm+1−h

)]×

× c(ε) + εm+1−hq(T, ε)
)

= εm+1β(ε).
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Âðàõîâóþ÷è ñòðóêòóðó ìàòðèöü M , N òà Zm(t, ε), äiñòàíåìî






Vm(0, ε) Pm(0, ε)exp

(
ε−h

T∫
0

Λ̄(t, ε)dt

)

Vm(T, ε)exp

(
ε−h

T∫
0

Λ(t, ε)dt

)
Pm(T, ε)


 +O

(
εm+1−h

)

×

× c(ε) = εm+1−hβ̃(ε),

äå

Vm(t, ε) =
m∑

k=0

εkVk(t), Pm(t, ε) =
m∑

k=0

εkPk(t),

àáî (
Q(m)(ε) +O

(
εm+1−h

))
c(ε) = εm+1−hβ̃(ε),

äå Q(m)(ε) =
∑m

k=0 ε
kQk(ε), β̃(ε) � îáìåæåíèé âåêòîð, à Qk(ε) � òi ñàìi ìàòðèöi,

ùî é ó ðiâíÿííi (61).
Âåêòîð c(ε) çâiäñè âèçíà÷èìî çà ôîðìóëîþ

c(ε) = εm+1−h
[
Q(m)(ε) +O(εm+1−h)

]+
β̃(ε),

äå [Q(m)(ε) + O(εm+1−h)]+ � ïñåâäîîáåðíåíà ìàòðèöÿ äî ìàòðèöi Q(m)(ε) +
O(εm+1−h). Âèõîäÿ÷è ç îçíà÷åííÿ ïñåâäîîáåðíåíî¨ ìàòðèöi i ôîðìóëè äëÿ ¨¨ îá÷èñ-
ëåííÿ, íàâåäåíî¨ â [8], ëåãêî ïåðåêîíàòèñÿ, ùî [Q(m)(ε) + O(εm+1−h)]+ = Q+

0 (ε) +
O(ε), äå Q+

0 (ε) � îáìåæåíà ìàòðèöÿ. Îòæå,

c(ε) = εm+1−hγ(ε), (90)

äå γ(ε) � äåÿêèé âåêòîð, îáìåæåíèé ïðè ε ∈ (0; ε0].
Ïiäñòàâèâøè (90) ó (89), äiñòàíåìî

z̃(t, ε) = εm+1−h
[
Zm(t, ε) +O

(
εm+1−h

)]
γ(ε) + εm+1−hq(t, ε) = O(εm+1−h).

Îòæå, çãiäíî ç (84) ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (14), (16) âèðàæà¹òüñÿ àñèìïòîòè÷-
íîþ ôîðìóëîþ

z(t, ε) = zm(t, ε) +O(εm+1−h). (91)

5. Ôîðìóëþâàííÿ îñíîâíîãî ðåçóëüòàòó

Ç ôîðìóëè (91), çãiäíî ç (13), îòðèìó¹ìî òàêi àñèìïòîòè÷íi ôîðìóëè äëÿ øó-
êàíî¨ òðà¹êòîði¨ x(t, ε) òà âåêòîðà ñïðÿæåíèõ çìiííèõ y(t, ε):

x(t, ε) = x(m)(t, ε) +O(εm+1−h), y(t, ε) = y(m)(t, ε) +O(εm+1−h), (92)

äå x(m)(t, ε), y(m)(t, ε) � âiäïîâiäíi m�íàáëèæåííÿ (79), (80).
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Iç âðàõóâàííÿì (92), (71), (12) äiñòàíåìî àíàëîãi÷íó ôîðìóëó é äëÿ âåêòîðà
óïðàâëiííÿ:

u(t, ε) = u(m)(t, ε) +O(εm+1−h), (93)
äå

u(m)(t, ε) =
n−1∑
i=1

m∑

k=0

εku
(i)
k (t, ε)exp


ε−h

T∫

t

(
λ̄i(τ) +

h−1∑

k=1

εkλ̄
(i)
k (τ)

)
dτ


 , (94)

u
(i)
k (t, ε) =

k∑
j=0

k−j∑
s=0

D̃j(t)C
∗
s (t)y

(i)
k−j−s(t, ε), k = 0, 1, ..., i = 1, n− 1. (95)

Ó ðåçóëüòàòi ïðèõîäèìî äî òàêî¨ òåîðåìè.

Òåîðåìà 1. ßêùî âèêîíóþòüñÿ óìîâè 1�8, (18)�(20) i âåêòîðè x1(ε), x2(ε) çàäî-
âîëüíÿþòü ðiâíîñòi (66), òî ïðè äîñèòü ìàëèõ ε çàäà÷à îïòèìàëüíîãî óïðàâëií-
íÿ (1)�(4) ìà¹ ¹äèíèé ðîçâ'ÿçîê, ÿêèé çàäà¹òüñÿ àñèìïòîòè÷íèìè ôîðìóëàìè

x(t, ε) =
∑n−1

i=1

∑m
k=0 ε

kx
(i)
k (t, ε)exp

(
ε−h

t∫
0

(
λi(τ) +

∑h−1
k=1 ε

kλ
(i)
k (τ)

)
dτ

)
+

+
∑n−1

i=1

∑m
k=0 ε

kx̃
(i)
k (t, ε)exp

(
ε−h

T∫
t

(
λ̄i(τ) +

∑h−1
k=1 ε

kλ̄
(i)
k (τ)

)
dτ

)
+O

(
εm+1−h

)
,

u(t, ε) =
n−1∑
i=1

m∑

k=0

εku
(i)
k (t, ε)exp


ε−h

T∫

t

(
λ̄i(τ) +

h−1∑

k=1

εkλ̄
(i)
k (τ)

)
dτ


 +O

(
εm+1−h

)
,

êîåôiöi¹íòè ÿêèõ x
(i)
k (t, ε), x̃(i)

k (t, ε), u(i)
k (t, ε), k = 0,m, i = 1, n− 1, λ(i)

k (t), k =
1, h− 1, i = 1, n− 1, âèçíà÷àþòüñÿ çà äîïîìîãîþ ðåêóðåíòíèõ ôîðìóë (74), (38),
(39),(29)�(32); (75), (55), (56), (43)�(47); (95), (78) òà äèôåðåíöiàëüíèõ ðiâíÿíü
(35), (36), (48), (49).
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