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Àííîòàöèÿ. Äëÿ ðàñïðåäåëåííîé àâòîêîëåáàòåëüíîé ñèñòåìû, ñîñòîÿùåé èç äèôôóçèîííî-

ñâÿçàííûõ îñöèëëÿòîðîâ Âàí-äåð-Ïîëÿ è îïèñûâàþùåé äâèæåíèå ôðîíòà ãîðåíèÿ, ïðîâîäèòñÿ

÷èñëåííî-àíàëèòè÷åñêèé àíàëèç ïåðèîäè÷åñêèõ ïî âðåìåíè óñòîé÷èâûõ ïðîñòðàíñòâåííî íåîä-

íîðîäíûõ ðåøåíèé. Ýòè ðåøåíèÿ âîçíèêàþò ïðè ïîòåðè óñòîé÷èâîñòè ïðîñòðàíñòâåííî îäíîðîä-

íîãî ðåæèìà àâòîêîëåáàíèé.

Êëþ÷åâûå ñëîâà: ãîðåíèå, áèôóðêàöèÿ, ïåðèîäè÷åñêèå ðåøåíèÿ, àâòîìîäåëüíûå öèêëû, îðáè-

òàëüíàÿ óñòîé÷èâîñòü, ïàðàáîëè÷åñêèå óðàâíåíèÿ.

1. Ââåäåíèå

Ýâîëþöèþ ôðîíòà áåçãàçîâîãî ãîðåíèÿ ôåíîìåíîëîãè÷åñêè îïèñûâàåò óðàâíå-
íèå [2, 6]

ξ̈ + ξ = 2δ
(
ξ̇ − 4

3
(ξ̇)3 +

λ2

4π2
∆ξ +

λβ

2π

√
−∆ξ̇

)
, (1)

ãäå ξ � îòêëîíåíèå ïîëîæåíèÿ ôðîíòà îò íåâîçìóùåííîãî, ñîîòâåòñòâóþùåãî
ñòàöèîíàðíîìó ðåæèìó. Çäåñü òî÷êà îçíà÷àåò äèôôåðåíöèðîâàíèå ïî âðåìåíè
t, λ > 0 � êîððåëÿöèîííàÿ äëèíà òåïëîïðîâîäíîñòíîé ñâÿçè ñîñåäíèõ ó÷àñòêîâ
ôðîíòà, β > 0 � êîýôôèöèåíò íåëîêàëüíîé ñâÿçè ó÷àñòêîâ ôðîíòà, 0 < δ << 1 �
èíêðåìåíò íåóñòîé÷èâîñòè, ∆ - îäíîìåðíûé ëàïëàñèàí.

Èññëåäîâàíèå ðåøåíèé (1) íà îêðóæíîñòè ðàäèóñà R òèïà áåãóùèõ âîëí ïðåä-
ñòàâëÿåò èíòåðåñ, ïîñêîëüêó ýòè ðåøåíèÿ ñîîòâåòñòâóþò ñïèíîâûì âîëíàì ãîðå-
íèÿ êðóãîâîãî öèëèíäðà ðàäèóñà R. Â [2] óñòàíîâëåíî, ÷òî ÷èñëî áåãóùèõ âîëí (1)
íà îêðóæíîñòè ðàäèóñà R íåîãðàíè÷åííî óâåëè÷èâàåòñÿ ïðè óâåëè÷åíèè R è ôèê-
ñèðîâàííûõ ïðî÷èõ ïàðàìåòðàõ. Íåîáõîäèìîå óñëîâèå óñòîé÷èâîñòè m-îé ñïèíî-
âîé âîëíû áûëî ïîëó÷åíî â [2], à êðèòåðèè å¼ óñòîé÷èâîñòè óñòàíîâëåíû â [7, 1]
(β = 0), [10] (β ≥ 0).

Â äàííîé ðàáîòå óðàâíåíèå (1) ðàññìàòðèâàåòñÿ íà îòðåçêå äëèíû l ñ êðàåâûìè
óñëîâèÿìè:

∂ξ̇

∂x

∣∣∣∣∣
x=0

=
∂ξ̇

∂x

∣∣∣∣∣
x=l

= 0. (2)

Çàäà÷à (1), (2) â ñëó÷àå β = 0 ðàññìàòðèâàëàñü â [9, 6] â ñâÿçè èññëåäîâàíèåì ãî-
ðåíèÿ òåïëîèçîëèðîâàííîé ïîëîñû øèðèíû l. Ñîãëàñíî [9, 6] çàäà÷à (1), (2) èìååò
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ðåøåíèÿ â âèäå ñòîÿ÷èõ âîëí. Âñå îíè íåóñòîé÷èâû, çà èñêëþ÷åíèåì ðåøåíèÿ
ξ0 = cos t+O(δ) � ñèíôàçíîé âîëíû.

Ïðè β > 0 ïðîñòðàíñòâåííî îäíîðîäíûé öèêë òåðÿåò óñòîé÷èâîñòü [4] òîãäà,
êîãäà ïàðàìåòð ρ = 2πl/λ âîçðàñòàÿ, ïðîõîäèò áèôóðêàöèîííîå çíà÷åíèå ρ0 = 1

β
.

Ïðè ýòîì îò ξ0 îòâåòâëÿþòñÿ äâà ïðîñòðàíñòâåííî íåîäíîðîäíûõ (àâòîìîäåëüíûõ)
ýêñïîíåíöèàëüíî îðáèòàëüíî óñòîé÷èâûõ öèêëîâ, ïåðåõîäÿùèõ äðóã â äðóãà ïðè
ïðåîáðàçîâàíèè x → l−x. Ôîðìà ýòèõ öèêëîâ ïðè ìàëûõ ρ−ρ0 âïîëíå îïðåäåëÿåò-
ñÿ äâóìÿ ïàðàìåòðàìè. Ïðè óâåëè÷åíèè ρ è îòõîäå îò ρ0 äèíàìèêà àâòîìîäåëüíûõ
öèêëîâ çàâèñèò îò ïàðàìåòðà β. Ñóùåñòâóåò β∗ òàêîå, ÷òî ïðè β ∈ (0, β∗) àâòî-
ìîäåëüíûå öèêëû ñîõðàíÿþò óñòîé÷èâîñòü íà äîñòàòî÷íî áîëüøîì ïðîìåæóòêå
èçìåíåíèÿ áèôóðêàöèîííîãî ïàðàìåòðà ρ. Åñëè æå β > β∗, òî òîãäà ñóùåñòâóåò
çíà÷åíèå ρ̃(β) òàêîå, ÷òî ïðè ρ = ρ̃(β) àâòîìîäåëüíûå öèêëû óñòîé÷èâîñòü òåðÿþò.

Ñòàòüÿ îðãàíèçîâàíà ñëåäóþùèì îáðàçîì. Â ïåðâîì ðàçäåëå óñòàíàâëèâàþòñÿ
óñëîâèÿ, îáåñïå÷èâàþùèå ëîêàëüíóþ ðàçðåøèìîñòü íà÷àëüíî-êðàåâîé çàäà÷è. Âî
âòîðîì ðàçäåëå ïðèâåäåíû ðåçóëüòàòû àíàëèòè÷åñêîãî èññëåäîâàíèÿ õàðàêòåðà
óñòîé÷èâîñòè óïðîùåííîé äâóõìîäîâîé àïïðîêñèìàöèè çàäà÷è (1), (2). Â òðåòüåì
ðàçäåëå èññëåäóåòñÿ ÷åòûðåõìîäîâàÿ ìîäåëü. Â ÷åòâåðòîì ðàçäåëå ïðèâåäåíû ðå-
çóëüòàòû ÷èñëåííîãî àíàëèçà âîñüìèìîäîâîé àïïðîêñèìàöèè Ãàëåðêèíà çàäà÷è
(1), (2). Â çàêëþ÷åíèè ïîä÷åðêíóòû îñíîâíûå ðåçóëüòàòû ðàáîòû.

2. Ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ

Çàäà÷à (1), (2) ýêâèâàëåíòíà ñëåäóþùåé ñèñòåìå óðàâíåíèé:

ξ̇ = p,

ṗ = −ξ + 2δ

(
p(1− 4

3
p2) +

λ2

4π2
∆p+

λβ

2π

√
−∆p

)
, (3)

∂p

∂x

∣∣∣∣∣
x=0

=
∂p

∂x

∣∣∣∣∣
x=l

= 0.

Óðàâíåíèå (1), (2) èëè (3) ðàññìàòðèâàåòñÿ ïðè íà÷àëüíûõ óñëîâèÿõ:

ξ
∣∣∣
t=0

= ξ0, ξ̇
∣∣∣
t=0

= p0, èëè ξ
∣∣∣
t=0

= ξ0, p
∣∣∣
t=0

= p0, (4)

Îáîçíà÷èì, ñëåäóÿ [3, ñì. I.5], Hs, s ≥ 0, øêàëó ïðîñòðàíñòâ, ïîðîæäåííóþ
íà [0, l] îïåðàòîðîì −∆ ïðè óñëîâèè (2) (∆ � îäíîìåðíûé ëàïëàñèàí). Íîðìà
â HS îïðåäåëÿåòñÿ ðàâåíñòâîì ||u||2S = 〈−∆Su, u〉 + 〈u, u〉, ãäå 〈·, ·〉 - ñêàëÿðíîå
ïðîèçâåäåíèå â ïðîñòðàíñòâå H = L2(0, l).

Ñèñòåìà (3) ÿâëÿåòñÿ ñèñòåìîé ñïàðåííûõ "îáûêíîâåííîãî" è "ïàðàáîëè÷åñêî-
ãî" óðàâíåíèé. Ñëåäóÿ [12, ñì. 3.4], ïðèõîäèì ê çàêëþ÷åíèþ î ñóùåñòâîâàíèè è
åäèíñòâåííîñòè ðåøåíèÿ (3), (4) ïðè ξ0 ∈ H, p0 ∈ H1. Èòàê, ñèñòåìà (3) èëè, ÷òî
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òî æå ñàìîå, (1), (2) â ïðîñòðàíñòâå E = H ×H1 ïîðîæäàåò ëîêàëüíóþ äèíàìè-
÷åñêóþ ñèñòåìó. Äàëåå, â êà÷åñòâå ôàçîâîãî ïðîñòðàíñòâà çàäà÷è (1), (2) ïðèìåì
ïðîñòðàíñòâî E.

Ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà [4].

Òåîðåìà 1. Ñóùåñòâóåò δ0 òàêîå, ÷òî ïðè 0 < δ < δ0 è ìàëûõ ρ− ρ0 > 0
(ρ0 = β−1) çàäà÷à (1), (2) èìååò ïåðèîäè÷åñêèå ïî t ïðîñòðàíñòâåííî íåîäíîðîä-
íûå ðåøåíèÿ ξ±1 (ω(δ)t, θ), ãäå ω(δ) = 1 + O(δ2) - ãëàäêàÿ ôóíêöèÿ δ. Ñïðàâåäëèâî
ðàâåíñòâî:

ξ±1 (t, θ) =
√
3− 2α1 cos t± 2

√
α1 − 1 sin t cos θ +O(δ, ρ− ρ0), θ =

πx

l
. (5)

αk = αk(ρ) = 1− k2

ρ2
+ β

k

ρ
, k = 0, 1, 2, ..., ρ = 2πl/λ.

Ðåøåíèÿ ξ±1 (ω(δ)t, θ) ýêñïîíåíöèàëüíî îðáèòàëüíî óñòîé÷èâû ïðè ìàëûõ δ, ρ−ρ0.

Äëÿ äîêàçàòåëüñòâà òåîðåìû â [4] èñïîëüçîâàëñÿ ìåòîä Êðûëîâà-
Áîãîëþáîâà [5].

3. Àíàëèç äâóõìîäîâîé ìîäåëè

Â [4] äëÿ íàõîæäåíèÿ àñèìïòîòèêè ïðèáëèæåííûõ ïåðèîäè÷åñêèõ ðåøåíèé ξ±1
çàäà÷è (1), (2) èñïîëüçîâàëàñü äâóõìîäîâàÿ àïïðîêñèìàöèÿ Ãàëåðêèíà èñõîäíîé
çàäà÷è. Â ýòîì ñëó÷àå ïðèáëèæåííûå ðåøåíèÿ çàäà÷è (1), (2) áûëè ïîñòðîåíû â
âèäå:

ξ(t, θ) =
1∑

k=0

(zk + z̄k) cos(kθ) + δσ1(z, z̄, θ), θ =
πx

l
, (6)

ãäå σ1(z, z̄, θ) (σ1(z, z̄, θ+2π) = σ1(z, z̄, θ)) � êóáè÷åñêàÿ ôîðìà ïî z, z̄, à zk = zk(t),
k = 0, 1, óäîâëåòâîðÿåò óðàâíåíèþ:

żk = (i+ δαk)zk + δbk(z, z̄), z = (z0, z1) k = 0, 1. (7)

Ïîäñòàâèì (6), (7) â óðàâíåíèå (1) è ïðèðàâíÿåì çàòåì êîýôôèöèåíòû ïðè δ. Â
ðåçóëüòàòå îòíîñèòåëüíî σ1(z, z̄, θ) ïîëó÷èì ëèíåéíîå íåîäíîðîäíîå óðàâíåíèå:

Bσ1(z, z̄, θ) =
8

3
i

(
1∑

k=0

(zk − zk) cos kθ

)3

− iM
1∑

k=0

(bk − bk) cos kθ, (8)

ãäå

Mb(z, z) = b(z, z) +
∂b

∂z
z − ∂b

∂z
z,

îïåðàòîð B ÿâëÿåòñÿ äèàãîíàëüíûì íà ïðîñòðàíñòâå ìíîãî÷ëåíîâ îòíîñèòåëüíî
z, z̄. Ïðè ýòîì

Bzαz̄β =

(
1−

1∑
j=0

(αj − βj)
2

)
zαz̄β,
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ãäå zα = zα0
0 zα1

1 ; z̄β = zβ0

0 zβ1

1 .
Â ñîîòâåòñòâèè ñ ìåòîäîì Ãàëåðêèíà, èç óñëîâèÿ ðàçðåøèìîñòè (8) îäíî-

çíà÷íî íàõîäÿòñÿ bk, k = 0, 1. Ïîäñòàâèì òåïåðü bk, â (7), âûïîëíèì çàìåíó
zk 7→ 1

2
zk exp(it), k = 0, 1, à çàòåì â ïîëó÷åííîé îòíîñèòåëüíî zk, k = 0, 1, ñèñòåìå

îñóùåñòâèì ïðåîáðàçîâàíèå t = τ/δ. Â ðåçóëüòàòå ïîëó÷èì ñèñòåìó óðàâíåíèé

z′0 = z0
(
α0 − |z0|2 − |z1|2

)
− 1

2
z̄0z

2
1 ,

z′1 = z1
(
α1 − 2|z0|2 − 3

4
|z1|2

)
− z̄1z

2
0 .

(9)

Çäåñü øòðèõ � äèôôåðåíöèðîâàíèå ïî τ . Ïðè ýòîì zk, k = 0, 1, óäîâëåòîðÿþò
êîìïëåêñíî ñîïðÿæåííûì óðàâíåíèÿì.

Îòìåòèì, ÷òî ñèñòåìà (9) ÿâëÿåòñÿ S1-ýêâèâàðèàíòíîé, ãðàäèåíòíîé ñèñòå-
ìîé. Îíà èíâàðèàíòíà îòíîñèòåëüíî ãðóïïû âðàùåíèé îêðóæíîñòè (z0, z1) 7→
exp(iϕ)(z0, z1), ϕ ∈ R/2πZ.

Åñëè α1 < 1 (ρ < 1
β
), òî åäèíñòâåííûì àòòðàêòîðîì â ñèñòåìå (9) ÿâëÿåòñÿ

îêðóæíîñòü ñòàöèîíàðíûõ òî÷åê

S1,1(α1(ρ, β)) = {exp(iϕ)(1, 0), ϕ ∈ R/2πZ}.

Ïðè âîçðàñòàíèè ρ è ïðîõîæäåíèè èì çíà÷åíèÿ 1
β
èç îêðóæíîñòè S1,1(α1(ρ, β)) =

S1,1(ρ, β) áèôóðöèðóþò äâå óñòîé÷èâûå îêðóæíîñòè ñòàöèîíàðíûõ òî÷åê

S±
1,1(α1(ρ, β)) = {exp(iϕ)(±

√
3− 2α1,±2ı

√
α1 − 1), ϕ ∈ R/2πZ}.

Åñëè β < 2, òî òîãäà S±
1,1(ρ, β) ÿâëÿþòñÿ åäèíñòâåííûìè àòòðàêòîðàìè â (9) ïðè

ρ ∈ ( 1
β
,∞). Îòìåòèì, ÷òî S±

1,1(ρ, β) ãëàäêèå ôóíêöèè ρ íà ( 1
β
, 2
β
). Ïðè âîçðàñòàíèè

ρ îò çíà÷åíèÿ 2
β
, S±

1,1(ρ, β) ïðîõîäÿò â îáðàòíîì ïîðÿäêå ñâîè çíà÷åíèÿ.

Ïóñòü òåïåðü β > 2. Åñëè ρ ∈
(

1
β
, 2

β+
√

β2−2

)
, òî òîãäà S±

1,1(ρ, β) � àòòðàêòîðû

â ñèñòåìå (9). Â òî÷êå ρ = 2

β+
√

β2−2
îêðóæíîñòè S±

1,1(ρ, β) óìèðàþò, ïåðåäàâàÿ

óñòîé÷èâîñòü îêðóæíîñòè ñòàöèîíàðíûõ òî÷åê:

S0,1(ρ, β) =
{
exp(iϕ)

(
0, 2

√
α1

3

)
, ϕ ∈ R/2πZ

}
.

Åñëè ρ ∈
(

2

β+
√

β2−2
, 2

β−
√

β2−2

)
, òî òîãäà S0,1(ρ, β) � åäèíñòâåííûé àòòðàêòîð â (9).

Â òî÷êå ρ = 2

β−
√

β2−2
îêðóæíîñòü S0,1(ρ, β) óñòîé÷èâîñòü òåðÿåò è îò íå¼ îòâåòâ-

ëÿþòñÿ äâå óñòîé÷èâûå îêðóæíîñòè S±
1,1(ρ, β). Òàêèì îáðàçîì, ïðè ρ > 2

β−
√

β2−2

àòòðàêòîðàìè â (9) ÿâëÿþòñÿ S±
1,1(ρ, β).
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4. Àíàëèç ÷åòûðåõìîäîâîé ìîäåëè

Äëÿ àíàëèçà óñòîé÷èâîñòè ðåøåíèé ξ±1 , ïðè óãëóáëåíèè ïàðàìåòðà ρ â îáëàñòü
íàäêðèòè÷íîñòè, ñîãëàñíî [4], ïîñòðîèì ïðèáëèæåííûå ðåøåíèÿ çàäà÷è (1), (2) â
âèäå:

ξ(t, θ) =
3∑

k=0

(zk + z̄k) cos(kθ) + δσ1(z, z̄, θ),

ãäå σ1(z, z̄, θ) � êóáè÷åñêàÿ ôîðìà ïî z, z̄, à zk = zk(t), k = 0, 1, 2, 3. Ñëåäóÿ îïè-
ñàííîé âûøå ìåòîäèêå, ïðèõîäèì ê S1-ýêâèâàðèàíòíîé ñèñòåìå

z0
′ = z0 (α0 − |z|2)− 1

2
z̄0(d

2 − z20)− f0,
zk

′ = zk
(
αk − |z|2 − |z0|2 + 1

4
|zk|2

)
− 1

2
z̄k(d

2 + z20 − z2k)− fk, k = 1, 2, 3,
(10)

ãäå |z|2 =
3∑

k=0

|zk|2, d2 =
3∑

k=0

z2k,

f0 =
1
4
z21 z̄2 +

1
2
|z1|2z2 + 1

2
(z̄1z2z3 + z̄2z1z3 + z̄3z2z1),

f1 =
1
4
z21 z̄3 +

1
2
|z1|2z3 + 1

4
z22 z̄3 +

1
2
|z2|2z3+

+(z̄0z1z2 + z̄1z0z2 + z̄2z0z1) + (z̄0z2z3 + z̄2z0z3 + z̄3z2z0),
f2 =

1
2
z21 z̄0 + |z1|2z0 + (z̄0z1z3 + z̄1z0z3 + z̄3z0z1) +

1
2
(z̄1z2z3 + z̄2z1z3 + z̄3z2z1),

f3 =
1
4
z22 z̄1 +

1
2
|z2|2z1 + 1

4
z21 z̄1 + (z̄0z1z2 + z̄1z0.z2 + z̄2z0z1)

Êàê è âûøå, ïðè ρ < 1
β
åäèíñòâåííûì àòòðàêòîðîì â ñèñòåìå (10) ÿâëÿåòñÿ

îêðóæíîñòü ñòàöèîíàðíûõ òî÷åê

S̃1,1 = {exp(ıϕ)(1, 0, 0, 0), ϕ ∈ R/2πZ}.

Ïåðåõîä ρ ÷åðåç ρ0 = 1
β
ïðèâîäèò ê ïîòåðå óñòîé÷èâîñòè îêðóæíîñòè S̃1,1 � îä-

íà ïðîñòàÿ òî÷êà å¼ ñïåêòðà âîçðàñòàÿ, ïðîõîäèò ÷åðåç íóëü. Ïðè ýòîì èç S̃1,1

áèôóðöèðóþò äâå óñòîé÷èâûå îêðóæíîñòè ñòàöèîíàðíûõ òî÷åê

S̃±
1,1(ρ, β) = {exp(iϕ)(x0,±ıx1, x2,±ıx3), ϕ ∈ R/2πZ}.

Çäåñü xk = xk(ρ, β), k = 0, 1, 2, 3 � íåïðåðûâíàÿ âåòâü ðåøåíèé ñèñòåìû

x0(α0 − x2
0 − 1

2
x2
1 − 3

2
x2
2 − 1

2
x2
3)− 1

4
x2
1x2 − 1

2
x1x2x3 = 0,

x1(α1 − x2
0 − 3

4
x2
1 − 1

2
x2
2 − 3

2
x2
3)− x0x1x2 − x0x2x3 − 3

4
x2
1x3 − 1

4
x2
2x3 = 0,

x2(α2 − 3x2
0 − 1

2
x2
1 − 3

4
x2
2 − 1

2
x2
3)− 1

2
x0x

2
1 − x0x1x3 − 1

2
x1x2x3 = 0,

x3(α3 − x2
0 − 3

2
x2
1 − 1

2
x2
2 − 3

4
x2
3)− x0x1x2 − 1

4
x1x

2
2 − 1

4
x3
1 = 0,

(11)

òàêàÿ, ÷òî x0 = 2− α1 +O((1− α1)
2).

Äèíàìèêà îêðóæíîñòåé ñòàöèîíàðíûõ òî÷åê S̃±
1,1(ρ, β) ñèñòåìû (10) ïðè âîçðàñ-

òàíèè ρ ñîîòâåòñòâóåò äèíàìèêå îêðóæíîñòåé ñòàöèîíàðíûõ òî÷åê S±
1,1(ρ, β) ñèñòå-

ìû (9). À èìåííî, ñóùåñòâóåò òàêîå β̃, (β̃ ≈ 1.91), ÷òî ïðè β ∈ (0, β̃) îêðóæíîñòè
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S̃±
1,1(ρ, β) ñîõðàíÿþò óñòîé÷èâîñòü íà ïðîìåæóòêå (ρ0,∞) èçìåíåíèÿ ïàðàìåòðà ρ.

Ïóñòü òåïåðü β > β̃. Òîãäà ñóùåñòâóåò òàêîå ρ̃1(β), ÷òî íà ïðîìåæóòêå (ρ0, ρ̃1(β))

îêðóæíîñòè S̃±
1,1(ρ, β) óñòîé÷èâû. Ïðè ρ = ρ̃1(β) îíè ñëèâàþòñÿ è óìèðàþò íà

îêðóæíîñòè S̃0,1(ρ, β). Îêðóæíîñòü ñòàöèîíàðíûõ òî÷åê

S̃0,1(ρ, β) = {exp(iϕ)(0, ix1(ρ, β), 0, ix3(ρ, β)), ϕ ∈ R/2πZ}

ðîæäàåòñÿ èç íóëåâîãî ðåøåíèÿ ñèñòåìû â òî÷êå ρ, îïðåäåëÿåìîé èç óðàâíåíèÿ
α1(ρ, β) = 0. Çäåñü (0, x1(ρ, β), 0, x3(ρ, β)), x1(ρ, β) > 0 � íåïðåðûâíàÿ âåòâü ðå-

øåíèé ñèñòåìû (11). Ïðè ρ = ρ̃1(β) îêðóæíîñòü S̃0,1(ρ, β) îáðåòàåò óñòîé÷èâîñòü

è ñîõðàíÿåò å¼ íà ïðîìåæóòêå (ρ̃1(β), ρ̃2(β)). Ïðè ρ = ρ̃2(β) îêðóæíîñòü S̃0,1(ρ, β)
òåðÿåò óñòîé÷èâîñòü è îò íå¼ îòâåòâëÿþòñÿ äâå óñòîé÷èâûå îêðóæíîñòè ñòàöè-
îíàðíûõ òî÷åê S̃±

1,1(ρ, β). Òàêèì îáðàçîì, äèíàìèêà àòòðàêòîðîâ â ñèñòåìå (10)
îòâå÷àåò ñîîòâåòñòâóþùàÿ äèíàìèêå àòòðàêòîðîâ ñèñòåìû (9).

Êà÷åñòâåííîå îòëè÷èå ñèñòåì (10) è (9) çàêëþ÷àåòñÿ â ñëåäóþùåì. Êîãäà ïà-

ðàìåòð ρ âîçðàñòàÿ, ïðîõîäèò òî÷êó 2ρ0, èíäåêñ íåóñòîé÷èâîñòè îêðóæíîñòè S̃1,1

âîçðàñòàåò íà ïîðÿäîê. Ïðè ýòîì èç S̃1,1 áèôóðöèðóþò äâå îêðóæíîñòè ñòàöèî-
íàðíûõ òî÷åê

S̃1,2(ρ, β) =
{
exp(iϕ)

(1
2

√
3− 2α2, 0,±i

√
α2 − 1, 0

)
, ϕ ∈ R/2πZ

}
.

ñ èíäåêñîì íåóñòîé÷èâîñòè 1. Ïðîâåäåíûé àíàëèç óñòîé÷èâîñòè ýòèõ îêðóæíîñòåé
ïîêàçûâàåò, ÷òî èíäåêñ íåóñòîé÷èâîñòè îêðóæíîñòåé S̃1,2(ρ, β) â ìàëîé îêðåñòíî-
ñòè ρ− 2ρ0 > 0 íå ìåíÿåòñÿ.

Ïðè îòõîäå ρ îò êðèòè÷åñêèõ çíà÷åíèé óñèëèâàþòñÿ îòëè÷èÿ êîëè÷åñòâåííûõ
õàðàêòåðèñòèê ñîîòâåòñòâóþùèõ àòòðàêòîðîâ â ñèñòåìàõ (10) è (9). Ïðè ýòîì äèà-
ïàçîí ïðèìåíåíèÿ ïî ïàðàìåòðó ρ ôîðìóëû (5) ÿâëÿåòñÿ óçêèì: óñèëèâàåòñÿ âëè-
ÿíèå âûñøèõ ãàðìîíèê. Ïðåäñòàâëåíèå æå äâóõ ïðîñòðàíñòâåííî íåîäíîðîäíûõ
îêðóæíîñòåé ñòàöèîíàðíûõ ðåøåíèé çàäà÷è (1) - (2) â âèäå

ξ±1 (t, θ, β, ρ) = x0cost± x1sint cos θ + x2cost cos 2θ ± x3sint cos 3θ, θ =
πx

l
,

ãäå xk = xk(ρ, β), k = 0, 1, 2, 3 � óêàçàííàÿ âûøå íåïðåðûâíàÿ âåòâü ðåøåíèé
ñèñòåìû (11), ìîæíî èñïîëüçîâàòü íà äîñòàòî÷íî áîëüøîì ïðîìåæóòêå èçìåíåíèÿ
ïàðàìåòðà ρ. Ãðàôèêè ðåøåíèé ξ+1 (t, θ, 1, 7) è ξ+1 (t, θ, 3, 7) [11] ïðåäñòàâëåíû íà
ðèñ. 1.

5. ×èñëåííûé àíàëèç âîñüìèìîäîâîé ìîäåëè

Ïðè çíà÷èòåëüíîì îòõîäå ïàðàìåòðà ρ îò áèôóðêàöèîííîãî çíà÷åíèÿ óñèëè-
âàåòñÿ âëèÿíèå ñòàðøèõ ìîä íà ôîðìû àâòîìîäåëüíûõ ðåøåíèé. Äëÿ àíàëèçà
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Ðèñ. 1. Ãðàôèêè ðåøåíèé ξ+1 (t, θ, β, ρ) äëÿ ñëó÷àÿ ÷åòûðåõìîäîâîé ìîäåëè.

óñòîé÷èâîñòè ξ±1 â ýòîì ñëó÷àå, ñîãëàñíî [4], ñòðîèòñÿ ïðèáëèæåííîå ðåøåíèå çà-
äà÷è (1) - (2) â âèäå:

ξ(t, θ) =
7∑

k=0

(zk + z̄k) cos(kθ) + δσ1(z, z̄, θ),

ãäå σ1(z, z̄, θ) � êóáè÷åñêàÿ ôîðìà ïî z, z̄, à zk = zk(t), k = 0, 7.

Àíàëîãè÷íî âûøåèçëîæåííîìó, ïðèõîäèì ê S1-ýêâèâàðèàíòíîé ñèñòåìå

z0
′ = z0 (α0 − |z|2)− 1

2
z̄0(d

2 − z20)− f0,
zk

′ = zk
(
αk − |z|2 − |z0|2 + 1

4
|zk|2

)
− 1

2
z̄k(d

2 + z20 − z2k)− fk, k = 1, 7,
(12)

ãäå |z|2 =
7∑

k=0

|zk|2, d2 =
7∑

k=0

z2k. Â âèäó ãðîìîçäêîñòè, âûðàæåíèÿ äëÿ ôóíêöèé

fk = fk(z), k = 0, 7 îïóùåíû.

Êàê è âûøå, ïðè ρ < 1
β
åäèíñòâåííûì àòòðàêòîðîì â ñèñòåìå (12) ÿâëÿåòñÿ

îêðóæíîñòü ñòàöèîíàðíûõ òî÷åê

˜̃
S1,1 = {exp(ıϕ)(1, 0, 0, 0, 0, 0, 0, 0), ϕ ∈ R/2πZ}.

Ïåðåõîä ρ ÷åðåç ρ1 = 1
β
ïðèâîäèò ê ïîòåðå óñòîé÷èâîñòè îêðóæíîñòè

˜̃
S1,1 � îä-

íà ïðîñòàÿ òî÷êà å¼ ñïåêòðà âîçðàñòàÿ, ïðîõîäèò ÷åðåç íóëü. Ïðè ýòîì èç
˜̃
S1,1

áèôóðöèðóþò äâå óñòîé÷èâûå îêðóæíîñòè ñòàöèîíàðíûõ òî÷åê

˜̃
S
±

1,1(ρ, β) = {exp(iϕ)(x0,±ıx1, x2,±ıx3, x4,±ıx5, x6,±ıx7), ϕ ∈ R/2πZ}.
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Çäåñü xk = xk(ρ, β), k = 0, 7 � íåïðåðûâíàÿ âåòâü ðåøåíèé ñèñòåìû:

x0(α0 − x2
0 − 1

2
x2
1 − 3

2
x2
2 − 1

2
x2
3 − 3

2
x2
4 − 1

2
x2
5 − 3

2
x2
6 − 1

2
x2
7)− 1

4
x2
1x2 − 3

4
x2
2x4 − 1

4
x2
3x6−

−1
2
x1(x2x3 + x3x4 + x4x5 + x5x6 + x6x7)− 1

2
x2(x3x5 + 3x4x6 + x5x7)− 1

2
x3x4x7 = 0,

x1(α1 − x2
0 − 3

4
x2
1 − 1

2
x2
2 − 3

2
x2
3 − 1

2
x2
4 − 3

2
x2
5 − 1

2
x2
6 − 3

2
x2
7)− 3

4
x2
1x3 − 1

4
x2
2x3 − 1

4
x2
2x5−

−3
4
x2
3x5 − 3

4
x2
3x7 − 1

4
x2
4x7 − x0(x1x2 + x2x3 + x3x4 + x4x5 + x5x6 + x6x7)− 1

2
x1(x2x4+

+3x3x5 + x4x6 + 3x5x7)− 1
2
x2(x3x4 + x3x6 + x4x5 + x4x7 + x5x6 + x6x7)−

−1
2
x3(x4x6 + 3x5x7) = 0,

x2(α2 − 3x2
0 − 1

2
x2
1 − 3

4
x2
2 − 1

2
x2
3 − 3

2
x2
4 − 1

2
x2
5 − 3

2
x2
6 − 1

2
x2
7)− 1

2
x0x

2
1 − 1

4
x2
1x4 − 3

4
x2
2x6−

−1
4
x2
3x4 − 3

4
x2
4x6 − x0(x1x3 + 3x2x4 + x3x5 + 3x4x6 + x5x7)− 1

2
x1(x2x3 + x2x5+

+x3x4 + x3x6 + x4x5 + x4x7 + x5x6 + x6x7)− 1
2
x2x3x7 − 1

2
x3(x4x5 + x5x6 + x6x7)−

−1
2
x4x5x7 = 0,

x3(α3 − x2
0 − 3

2
x2
1 − 1

2
x2
2 − 3

4
x2
3 − 1

2
x2
4 − 3

2
x2
5 − 1

2
x2
6 − 3

2
x2
7)− 1

4
x3
1 − 3

4
x2
1x5 − 1

4
x1x

2
2−

−1
4
x2
2x7 − 1

4
x2
4x5 − 3

4
x2
5x7 − x0(x1x2 + x1x4 + x2x5 + x3x6 + x4x7)− 1

2
x1(x2x4+

+x2x6 + 3x3x5 + 3x3x7 + x4x6 + 3x5x7)− 1
2
x2(x3x4 + x4x5 + x5x6 + x6x7)−

−1
2
x4(x5x6 + x6x7) = 0,

x4(α4 − 3x2
0 − 1

2
x2
1 − 3

2
x2
2 − 1

2
x2
3 − 3

4
x2
4 − 1

2
x2
5 − 3

2
x2
6 − 1

2
x2
7)− 1

4
x2
1x2 − 1

4
x2
1x6 − 3

2
x0x

2
2−

−1
4
x2x

2
3 − 1

4
x2
5x6 − x0(x1x3 + x1x5 + 3x2x6 + x3x7)− 1

2
x1(x2x3 + x2x5 + x2x7+

+x3x6 + x4x7)− 1
2
x2(3x4x6 + x3x5 + x5x7)− 1

2
x3(x4x5 + x5x6 + x6x7)− 1

2
x5x6x7 = 0,

x5(α5 − x2
0 − 3

2
x2
1 − 1

2
x2
2 − 3

2
x2
3 − 1

2
x2
4 − 3

4
x2
5 − 1

2
x2
6 − 3

2
x2
7)− 3

4
x2
1x3 − 3

4
x2
1x7 − 1

4
x1x

2
2−

−3
4
x1x

2
3 − 1

4
x3x

2
4 − 1

4
x2
6x7 − x0(x1x4 + x1x6 + x2x3 + x2x7)− 1

2
x1(x2x4 + x2x6+

+3x3x7)− 1
2
x2(x3x4 + x3x6 + x4x7)− 1

2
x3(x4x6 + 3x5x7)− 1

2
x4(x5x6 + x6x7) = 0,

x6(α6 − 3x2
0 − 1

2
x2
1 − 3

2
x2
2 − 1

2
x2
3 − 3

2
x2
4 − 1

2
x2
5 − 3

4
x2
6 − 1

2
x2
7)− 1

4
x3
2 − 1

4
x2
1x4 − 1

2
x0x

2
3−

−3
4
x2x

2
4 − 1

4
x4x

2
5 − x0(x1x5 + 3x2x4 + x1x7)− 1

2
x1(x2x3 + x2x5 + x2x7 + x3x4)−

−1
2
x2(x3x5 + x3x7)− 1

2
x3(x4x5 + x4x7)− 1

2
x4x5x7 − 1

2
x5x6x7 = 0,

x7(α7 − x2
0 − 3

2
x2
1 − 1

2
x2
2 − 3

2
x2
3 − 1

2
x2
4 − 3

4
x2
7 − 1

2
x2
6 − 3

4
x2
7)− 3

4
x2
1x5 − 1

4
x2
2x3 − 3

4
x1x

2
3−

−1
4
x1x

2
4 − 3

4
x3x

2
5 − 1

4
x5x

2
6 − x0(x1x6 + x2x5 + x3x4)− 1

2
x1(x2x4 + x2x6 + 3x3x5)−

−1
2
x2(x3x6 + x4x5)− 1

2
x3x4x5 − 1

2
x4x5x6 = 0,

(13)
òàêàÿ, ÷òî x0 = 2− α1 +O((1− α1)

2).

Ìîæíî óáåäèòüñÿ, ÷òî îêðóæíîñòÿì ñòàöèîíàðíûõ òî÷åê
˜̃
S
±

1,1(ρ, β) ñèñòå-
ìû (12), îòâå÷àþò ôóíêöèè

ξ±1 (t, θ, β, ρ) = cos t
( 3∑

k=0

x2k cos 2kθ
)
± sin t

( 3∑
k=0

x2k+1 cos(2k+1)θ
)
, θ =

πx

l
, (14)

ãäå xk = xk(ρ, β), k = 0, 7 � íåïðåðûâíàÿ âåòâü ðåøåíèé ñèñòåìû (13), ÿâëÿþùèåñÿ
ðåøåíèÿìè èñõîäíîé çàäà÷è (1) - (2).

Ãðàôèêè ðåøåíèé ξ+1 (t, θ, 1, 4) è ξ+1 (t, θ, 3, 4) [11] ïðåäñòàâëåíû íà ðèñ. 2.
Åñòü îñíîâàíèÿ ïîëàãàòü, ÷òî óñòîé÷èâûì ïðèáëèæåííûì ïåðèîäè÷åñêèì ðå-

øåíèÿì (14) îòâå÷àþò óñòîé÷èâûå ñòàöèîíàðíûå òî÷êè
˜̃
S
±

1,1(ρ, β).
Ïðèâåäåì äàëåå ðÿä ðåçóëüòàòîâ ÷èñëåííîãî àíàëèçà ðåøåíèé ñèñòåìû (13)

âûïîëíåííûõ ïðè ïîìîùè Wolfram Mathematica 7.0. Çäåñü æå ïðèâåäåì çíà÷åíèÿ
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Ðèñ. 2. Ãðàôèêè ðåøåíèé ξ+1 (t, θ, β, ρ) äëÿ ñëó÷àÿ âîñüìèìîäîâîé ìîäåëè.

òî÷åê ñïåêòðà (ìàêñèìàëüíîå è áëèçêèå ê íóëþ) ñòàöèîíàðíûõ ðåøåíèé
˜̃
S
±

1,1(ρ, β).
Ïóñòü β = 1, òîãäà ρ = 1.01 îòâå÷àåò ñëåäóþùåå ðåøåíèå è ñïåêòð:

(0.9804, 0.2787,−0.098,−0.0005, 0, 0, 0, 0), {−43.03, . . . ,−0.02, 0}

È åùå äëÿ íåñêîëüêèõ çíà÷åíèé ρ:

ρ = 2 : (0.3810, 1.2996, −0.5556, −0.1474, 0.0289, 0.0052, −0.0009, −0.0002),

{−11.76, . . . ,−0.30, 0};
ρ = 7 : (−0.0174, −0.3203, −0.3661, −1.0579, 0.9736, 0.2869, 0.1745, 0.2121),

{−2.71, . . . ,−0.03, 0};
ρ = 10 : (0.1239, −0.2097, −0.1977, −0.8345, 1.0799, 0.4460, 0.2227, 0.4474),

{−2.59, . . . ,−0.01, 0}.

Äëÿ β = 3 ïîëó÷èì:

ρ = 0.3334 : (0.9980, 0.0894, −0.0002, 0, 0, 0, 0, 0),

{−379.83, . . . ,−2, −0.003, 0};
ρ = 0.3559 : (0.0689, 1.4349, −0.0047, −0.0154, 0.00004, 0.0001, 0, 0),

{−330.15, . . . ,−1.79, −0.004, 0};
ρ = 0.6471 : (0.0072, 2.1613, −0.01, −0.1884, 0.0006, 0.0142, −0.0001, −0.0011),

{−90.80, . . . ,−1.52, −0.0004, 0};
ρ = 1 : (0.1644, 1.8249, −1.4871, −0.3831, 0.0412, −0.0201, 0.0131, 0.0031),

{−33.60, . . . ,−1.13, 0};
ρ = 4 : (−0.0431, 0.2821, −0.1006, 0.5289, 0.00003, 1.2872, 1.7881,−0.9526),

{−6.42, . . . ,−0.29, 0};
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ρ = 7 : (0.0079, 0.1939, 0.0428, 0.3422, 0.2016, 0.8125, 1.6870, −1.2549),

{−5.59, . . . ,−0.47, 0.0071};

ρ = 10 : (0.0109, 0.1795, 0.0484, 0.3070, 0.1966, 0.7180, 1.5538, −1.2030),

{−4.91, . . . ,−0.42, 0.0066}.

Ïðèâåäåííûå ÷èñëåííûå ðàñ÷åòû èëëþñòðèðóþò ñôîðìóëèðîâàííîå âûøå
óòâåðæäåíèå î çàâèñèìîñòè äèíàìèêè àâòîìîäåëüíûõ ðåøåíèé îò ïàðàìåòðà β.
À èìåííî, ñóùåñòâóåò òàêîå β∗ ∈ (1.9; 3), ÷òî åñëè β < β∗, òî òîãäà àâòîìîäåëüíûå
öèêëû ðîæäàþòñÿ è îñòàþòñÿ óñòîé÷èâûìè íà äîñòàòî÷íî áîäëüøîì ïðîìåæóòêå
èçìåíåíèÿ ρ. Ïðè β > β∗ äèíàìèêà àâòîâîëíîâûõ ðåøåíèé (12) ìåíÿåòñÿ. Òàê ïðè
β = 3, ñóùåñòâóåò áèôóðêàöèîííîå çíà÷åíèå ïàðàìåòðà ρ, ρ = 0.3558, ïðè êîòî-
ðîì äâà àâòîìîäåëüíûõ öèêëà ñëèâàþòñÿ è óìèðàþò íà ïðîñòðàíñòâåííî íåîä-
íîðîäíîì öèêëå, èíâàðèàíòíîì îòíîñèòåëüíî ïðåîáðàçîâàíèÿ îòðàæåíèÿ îòðåçêà.
Ýòîò öèêë îñòàåòñÿ óñòîé÷èâûì äî êðèòè÷åñêîãî ρ = 0.6471 çíà÷åíèÿ ïàðàìåòðà
ρ. Êîãäà ïàðàìåòð ρ âîçðàñòàÿ, ïðîõîäèò ÷åðåç óêàçàííîå çíà÷åíèå, òî èìååò ìå-
ñòî áèôóðêàöèÿ ðîæäåíèÿ äâóõ óñòîé÷èâûõ àâòîìîäåëüíûõ öèêëîâ, ñîõðàíÿþùèõ
óñòîé÷èâîñòü ïðè äàëüíåéøåì ðîñòå ïàðàìåòðà ρ.

Ïîâåäåíèå ïàðàìåòðîâ àâòîìîäåëüíûõ öèêëîâ (14) äëÿ ñëó÷àåâ β = 1 è β = 3
ïðåäñòàâëåíî íà ðèñ. 3 è 4 ñîîòâåòñòâåííî.

Ðèñ. 3. β = 1.
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Ðèñ. 4. β = 3.

Çàïèøåì (14) â âèäå [11]:

ξ±1 (t, θ, β, ρ) = A(θ, ρ, β) cos(t∓ ϕ(θ, ρ, β)), (15)

ãäå A(θ, ρ, β) =

(( 3∑
k=0

z2k cos 2kθ
)2

+
( 3∑

k=0

z2k+1 cos(2k + 1)θ
)2) 1

2

,

tgϕ(θ, ρ, β) =
( 3∑

k=0

z2k+1 cos(2k + 1)θ
)( 3∑

k=0

z2k cos 2kθ
)−1

.

Ãðàôèêè àïëèòóä A(θ) = A(θ, ρ, β) àâòîìîäåëüíûõ öèêëîâ (15) äëÿ ñëó÷àåâ
β = 1 è β = 3 ïðåäñòàâëåíû íà ðèñ. 5 è 6 ñîîòâåòñòâåííî.

Êàê âèäíî èç ðèñ. 5 - 6, ïðè óâåëè÷åíèè ïàðàìåòðà β àìïëèòóäà A(θ) ïðèîá-
ðåòàåò ðåëàêñàöèîííûé õàðàêòåð. Óâåëè÷åíèå æå ïàðàìåòðà ρ ïðèâîäèò ê óâåëè-
÷åíèþ ðàçìàõà àìïëèòóäû A(θ). Òàê äëÿ ñëó÷àÿ β = 1 ìàêñèìàëüíîå çíà÷åíèå
àìïëèòóäû àâòîìîäåëüíîãî öèêëà - max{A(θ, ρ, β)} ≈ 1, 25, à äëÿ ñëó÷àÿ β = 3
- max{A(θ, ρ, β)} ≈ 2, 25. Òàêæå óâåëè÷åíèå ïàðàìåòðà ρ ïðèâîäèò è ê óñèëåíèþ
çàâèñèìîñòè àìïëèòóäû àâòîìîäåëüíûõ öèêëîâ A(θ, ρ, β) îò ïðîñòðàíñòâåííîé ïå-
ðåìåííîé θ. Òàê ïðè íàõîæäåíèè ρ âáëèçè áèôóðêàöèîííîãî çíà÷åíèÿ àìïëèòóäà
A(θ) ÿâëÿåòñÿ ìåäëåííî ìåíÿþùåéñÿ ôóíêöèåé, à ïðè óäàëåíèè ρ îò áèôóðêàöè-
îííîãî çíà÷åíèÿ, óæå òàêîâîé íå ÿâëÿåòñÿ.
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Ðèñ. 5. Ãðàôèê àìïëèòóäû äëÿ ξ+1 , ñëó÷àé β = 1.

Ðèñ. 6. Ãðàôèê àìïëèòóäû äëÿ ξ+1 , ñëó÷àé β = 3.
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6. Çàêëþ÷åíèå

Îñòàíîâèìñÿ çäåñü íà îñíîâíûõ ðåçóëüòàòàõ ðàáîòû. Â ñèëó òåîðåìû 1 ïðè óâå-
ëè÷åíèè áèôóðêàöèîííîãî ïàðàìåòðà ρ è åãî ïðîõîæäåíèè ÷åðåç çíà÷åíèå ρ0 = β−1

èç òåðÿþùåãî óñòîé÷èâîñòü ïðîñòðàíñòâåííî îäíîðîäíîãî öèêëà îòâåòâëÿåòñÿ ïà-
ðà ýêñïîíåíöèàëüíî îðáèòàëüíî óñòîé÷èâûõ ïðîñòðàíñòâåííî íåîäíîðîäíûõ (àâ-
òîìîäåëüíûõ) öèêëîâ, ïåðåõîäÿùèõ äðóã â äðóãà ïðè ïðåîáðàçîâàíèè x → l − x.
Èõ ôîðìà ïðè ìàëûõ ρ−ρ0 âïîëíå îïðåäåëÿåòñÿ äâóìÿ ïàðàìåòðàìè. Êà÷åñòâåííî
èñõîäíóþ çàäà÷ó îòðàæàåò å¼ óïðîùåííàÿ ôîðìà � ñèñòåìà (7). Ïðè β ∈ (0, β∗)

è óâåëè÷åíèè ρ àâòîìîäåëüíûå öèêëû
˜̃
S
±

1,1(ρ, β), óñëîæíÿÿñü ïî ôîðìå, ñîõðàíÿ-
þò óñòîé÷èâîñòü. Ñëåäóåò îòìåòèòü, ÷òî ïåðåõîä ê âîñüìèìîäîâîé àïïðîêñèìàöèè
èñõîäíîé çàäà÷è íå ïðèâîäèò ê ñóùåñòâåííûì êà÷åñòâåííûì èçìåíåíèÿì. Îäíàêî
ïðè ýòîì ñòàíîâÿòñÿ çíà÷èìûìè êîëè÷åñòâåííûå îòëè÷èÿ â çíà÷åíèÿõ ïàðàìåòðîâ
àâòîìîäåëüíûõ öèêëîâ.

Åñëè β > β∗, òî àâòîìîäåëüíûå öèêëû ñóùåñòâóþò è óñòîé÷èâû íà ïðîìå-
æóòêå (β−1, ρ1(β)) èçìåíåíèÿ ïàðàìåòðà ρ. Ïðè ρ = ρ1(β) îíè ñëèâàþòñÿ è èñ-
÷åçàþò, ïåðåäàâàÿ ïðè ýòîì óñòîé÷èâîñòü ïðîñòðàíñòâåííî íåîäíîðîäíîìó öèêëó,
èíâàðèàíòíîìó îòíîñèòåëüíî ïðåîáðàçîâàíèÿ x → l − x. Ýòîò öèêë ðîæäàåòñÿ èç
íåóñòîé÷èâîãî íóëåâîãî ðåøåíèÿ òîãäà, êîãäà èíäåêñ íåóñòîé÷èâîñòè íóëÿ, óâåëè-
÷èâàÿñü íà åäèíèöó, ñòàíîâòñÿ ðàâíûì äâà. Ïðè ðîæäåíèè îí èìååò ôîðìó ñòîÿ÷åé
âîëíû è ôàêòè÷åñêè ñîõðàíÿåò å¼ ïðè âîçðàñòàíèè áèôóðêàöèîííîãî ïàðàìåòðà ρ.
Ïðè äàëüíåéøåì óâåëè÷åíèè ρ è ïðîõîæäåíèè åãî ÷åðåç áèôóðêàöèîííîå çíà÷åíèå
ρ2(β) îí òåðÿåò óñòîé÷èâîñòü, èñïóñêàÿ ïðè ýòîì ïàðó óñòîé÷èâûõ àâòîìîäåëüíûõ
öèêëîâ, ñîõðàíÿþùèõ óñòîé÷èâîñòü ïðè äàëüíåéøåì óâåëè÷åíèè ρ.

Ñëåäóåò îòìåòèòü, ÷òî ïðè óâåëè÷åíèè ïàðàìåòðà β, óâåëè÷èâàåòñÿ èçðåçàí-
íîñòü A(θ) = A(θ, ρ, β) è óñèëèâàåòñÿ çàâèñèìîñòü àìïëèòóäû àâòîìîäåëüíûõ öèê-
ëîâ (15) îò ïðîñòðàíñòâåííîé ïåðåìåííîé θ. Êàê âèäíî íà ðèñ. 5 è 6, êîãäà ïàðà-
ìåòð ρ íàõîäèòñÿ âáëèçè áèôóðêàöèîííîãî, òî ìèíèìàëüíîå çíà÷åíèå àìïëèòóäû
ïðèõîäèòñÿ íà ñåðåäèíó, à ìàêñèìàëüíîå � íà êðàÿ èíòåðâàëà (0;π). Ïðè óäàëå-
íèè ïàðàìåòðà ρ îò áèôóðêàöèîííîãî çíà÷åíèÿ, ìèíèìàëüíîå çíà÷åíèå àìïëèòóäû
ïðèæèìàåòñÿ ê êðàÿì èíòåðâàëà (0;π).
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