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Àííîòàöèÿ. Â íàñòîÿùåé çàìåòêå äëÿ ∗-àëãåáð Òåìïåðëè-Ëèáà, ÿâëÿþùèõñÿ äåôîðìàöèÿìè
ôàêòîð-àëãåáð ãðóïïîâûõ àëãåáð ñèììåòðè÷åñêèõ ãðóïï, ïðèâåäåíû ôîðìóëû äëÿ íåïðèâîäè-
ìûõ íåýêâèâàëåíòíûõ ∗-ïðåäñòàâëåíèé. Äëÿ ýòîãî ìåæäó äèàãðàììàìè Þíãà, ó êîòîðûõ íå
áîëåå äâóõ ñòîëáöîâ, è âñåìè íåïðèâîäèìûìè ∗-ïðåäñòàâëåíèÿìè èññëåäóåìûõ àëãåáð óñòàíàâ-
ëèâàåòñÿ âçàèìíî îäíîçíà÷íîå ñîîòâåòñòâèå. Â ðàáîòå òàêæå ïîëó÷åíî îïèñàíèå ìíîæåñòâà ïà-
ðàìåòðîâ äëÿ êîòîðûõ ñóùåñòâóåò íå ìåíåå ôèêñèðîâàííîãî ÷èñëà ïðåäñòàâëåíèé òàêèõ àëãåáð.

1. Ââåäåíèå
Àññîöèàòèâíûå àëãåáðû, â ÷àñòíîñòè, ðàçäåëÿþò ïî ñâîéñòâàì èõ ïðåäñòàâëå-

íèé â ëèíåéíîì ïðîñòðàíñòâå. Íàïðèìåð, åñëè àëãåáðà A èìååò êîíå÷íîå ÷èñëî íå-
ðàçëîæèìûõ ïðåäñòàâëåíèé â ëèíåéíîì ïðîñòðàíñòâå, òî ãîâîðÿò, ÷òî A � àëãåáðà
êîíå÷íîãî ëèíåéíîãî òèïà, åñëè ðàçìåðíîñòè âñåõ íåðàçëîæèìûõ ïðåäñòàâëåíèé
A â ëèíåéíîì ïðîñòðàíñòâå ðàâíîìåðíî îãðàíè÷åíû, òî ãîâîðÿò, ÷òî A � àëãåáðà
îãðàíè÷åííîãî ëèíåéíîãî òèïà è ò. ä. (ñì., íàïðèìåð, [8]).

Àíàëîãè÷íî, åñëè ∗-àëãåáðà A èìååò êîíå÷íîå ÷èñëî íåïðèâîäèìûõ óíèòàðíî
íåýêâèâàëåíòíûõ ∗-ïðåäñòàâëåíèé, òî áóäåì ãîâîðèòü, ÷òî ∗-àëãåáðà A � àëãåá-
ðà êîíå÷íîãî ãèëüáåðòîâîãî òèïà (åñëè òàêèõ ∗-ïðåäñòàâëåíèé òî÷íî n, òî áóäåì
ãîâîðèòü, ÷òî A � àëãåáðà ãèëüáåðòîâîãî òèïà n), åñëè ðàçìåðíîñòè âñåõ íåïðèâî-
äèìûõ ∗-ïðåäñòàâëåíèé A â ãèëüáåðòîâîì ïðîñòðàíñòâå ðàâíîìåðíî îãðàíè÷åíû,
òî ãîâîðÿò, ÷òî A � àëãåáðà îãðàíè÷åííîãî ãèëüáåðòîâîãî òèïà è ò. ä.

Åñëè A = {Ax} ñåìåéñòâî ∗-àëãåáð, çàâèñÿùèõ îò ïàðàìåòðà x ∈ X, òî îáîçíà-
÷èì ΣA,n = {x ∈ X | Ax èìååò n óíèòàðíî íåýêâèâàëåíòíûõ íåïðèâîäèìûõ ∗-ïðåä-
ñòàâëåíèé }, à ΣA(n) = {x ∈ X | Ax èìååò íå ìåíåå n óíèòàðíî íåýêâèâàëåíòíûõ
íåïðèâîäèìûõ ∗-ïðåäñòàâëåíèé }. Òîãäà ΣA(n) =

⋃
k≥n ΣA,k è

X ⊃ ΣA(1) ⊃ ΣA(2) ⊃ · · · ⊃ ΣA(n) ⊃ . . .

Â íàñòîÿùåé çàìåòêå äëÿ ∗-àëãåáð Òåìïåðëè-Ëèáà TLAn,τ (ñì. ï. 2), çàâèñÿùèõ
îò ïàðàìåòðà τ ∈ [0, 1], â ï. 3 ïðèâåäåíû ôîðìóëû äëÿ íåïðèâîäèìûõ íåýêâèâà-
ëåíòíûõ ∗-ïðåäñòàâëåíèé è â ï. 4 ïðèâåäåíî îïèñàíèå ìíîæåñòâ ΣAn(k).
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2. Àëãåáðû TLAn,τ (0 ≤ τ ≤ 1)
1. Ðàññìîòðèì ãðàô Äûíêèíà An

r r r r r
p1 p2 p3 pn−1 pn

An
. . .

Ñ ãðàôîì An àññîöèèðóåòñÿ àëãåáðà Òåìïåðëè-Ëèáà TLAn,τ , ãäå 0 ≤ τ ≤ 1

TLAn,τ = C
〈
p1, . . . , pn | p2

k = pk, pkpk±1pk = τpk, pkpj = pjpk, |k − j| ≥ 2
〉
.

2. Ðàññìîòðèì ãðóïïîâóþ àëãåáðó C[Sn+1] ñèììåòðè÷åñêîé ãðóïïû Sn+1

C[Sn+1] = C
〈
u1, . . . , un | u2

k = e, (ukuk+1)
3 = e, ukuj = ujuk, |k − j| ≥ 2

〉
.

Ïîëîæèì pk =
uk + 1

2
, òîãäà pk � ïðîåêòîð. Àëãåáðó C[Sn+1] ïåðåïèøåì ÷åðåç

îáðàçóþùèå pk è ïðîôàêòîðèçóåì ïî ñîîòíîøåíèÿì pkpk±1pk = 1
4
pk. Òîãäà ïîëó÷èì

àëãåáðó Òåìïåðëè-Ëèáà TLAn, 1
4
. Àëãåáðà TLAn,τ ÿâëÿåòñÿ äåôîðìàöèåé àëãåáðû

TLAn, 1
4
.

3. Ïðè 0 ≤ τ ≤ 1 âñå àëãåáðû TLAn,τ êîíå÷íîìåðíû è èìåþò îäèíàêîâóþ
ðàçìåðíîñòü.

Ïðåäëîæåíèå 1. dim TLAn,τ =
1

n + 2

(
2n + 2
n + 1

)
, 0 ≤ τ ≤ 1.

Äîêàçàòåëüñòâî. Ìîæíî ïîêàçàòü, ÷òî ñòàðøèå ñëîâà áàçèñà Ãðåáíåðà àëãåáðû
TLAn,τ íå ñîäåðæàò ïàðàìåòð τ. Íî òîãäà è ëèíåéíûé áàçèñ, êîòîðûé ÿâëÿåòñÿ
íàáîðîì âñåâîçìîæíûõ ñëîâ íå ñîäåðæàùèõ â êà÷åñòâå ïîäñëîâà ñòàðøèå ñëîâà
ýëåìåíòîâ èç áàçèñà Ãðåáíåðà, àëãåáðû TLAn,τ p2

1, ..., p2
n, p3p1, ..., pnpn−2, p1p2p1, ...,

pnpn−1pn, p3p2p1p3, ... íå çàâèñèò îò τ.
×òîáû íàéòè ðàçìåðíîñòü àëãåáðû TLAn,τ äîñòàòî÷íî ñîñ÷èòàòü, íàïðèìåð,

ðàçìåðíîñòü àëãåáðû TLAn, 1
4
. Íî dim TLAn, 1

4
=

1

n + 2

(
2n + 2
n + 1

)
(ñì. [2]).

4. Â äàëüíåéøåì ìû òàêæå áóäåì ðàññìàòðèâàòü àëãåáðó Òåìïåðëè-Ëèáà
TLAn,τ,⊥ ñ îðòîãîíàëüíîñòüþ

TLAn,τ,⊥ = C
〈
p1, . . . , pn | p2

k = p∗k = pk, pkpk±1pk = τpk, pkpj = 0, |k − j| ≥ 2
〉
.

Ðàçìåðíîñòü àëãåáðû TLAn,τ,⊥ ðàâíà dim TLAn,τ,⊥ = 1 + n2.

5. Ïðè 0 < τ ≤ 1

4 cos2 π
2[n

2
]+2

àëãåáðà TLAn,τ ïîëóïðîñòàÿ.
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Çàìå÷àíèå 1. Ðàññìîòðèì ∗-ïðåäñòàâëåíèå πDk,k−2
àëãåáðû TLAn,τ , ñîîòâåòñòâóþ-

ùåå äèàãðàììå Dk,k−2, ïðè 2k + 3 = n. Ýòî ïðåäñòàâëåíèå èìååò íàèáîëüøóþ ðàç-
ìåðíîñòü ñðåäè âñåõ íåïðèâîäèìûõ ïðåäñòàâëåíèé. Îáîçíà÷èì å¼ ÷åðåç dn. Òîãäà
àëãåáðà TLAn,τ ÿâëÿåòñÿ F2dn-àëãåáðîé (ñì. ñëåäóþùèé ïóíêò).

3. Íåïðèâîäèìûå ∗-ïðåäñòàâëåíèÿ TLAn,τ

1. Àëãåáðà TLAn,0 èìååò 1 +
∑[n

2
]+1

k=0

∏k
i=0(n − 2i) òðèâèàëüíûõ íåïðèâîäèìûõ

íåýêâèâàëåíòíûõ îäíîìåðíûõ ∗-ïðåäñòàâëåíèé (èç êîòîðûõ n + 1 ïðåäñòàâëåíèå
îðòîãîíàëüíî): âñå ïðîåêòîðû íóëåâûå è ïðåäñòàâëåíèÿ êîãäà îäèí èëè íåñêîëüêî
ïðîåêòîðîâ, êîòîðûå íå ÿâëÿþòñÿ ñîñåäíèìè, ðàâíû åäèíè÷íîìó îïåðàòîðó.

2. Àëãåáðà TLAn, 1
4
ÿâëÿåòñÿ ôàêòîð àëãåáðîé àëãåáðû C[Sn+1]. Íàéòè âñå íå-

ïðèâîäèìûå ∗-ïðåäñòàâëåíèÿ C[Sn+1] ìîæíî íàéòè ñ ïîìîùüþ òåõíèêè äèàãðàìì
Þíãà (ñì., íàïðèìåð, [4]). Èç ýòèõ ∗-ïðåäñòàâëåíèé óäîâëåòâîðÿþò ñîîòíîøåíèÿì
àëãåáðû TLAn, 1

4
òîëüêî òå ∗-ïðåäñòàâëåíèÿ, êîòîðûå ñîîòâåòñòâóþò äèàãðàììûì

Þíãà, ñîñòîÿùèì èç íå áîëåå äâóõ ñòîëáöîâ. Òàêèì îáðàçîì, ìåæäó äèàãðàììàìè
Þíãà, ó êîòîðûõ íå áîëåå äâóõ ñòîëáöîâ, è âñåìè íåïðèâîäèìûìè ∗-ïðåäñòàâëå-
íèÿìè àëãåáðû TLAn, 1

4
ñóùåñòâóåò âçàèìíî îäíîçíà÷íîå ñîîòâåòñòâèå.

3. Îáîçíà÷èì ÷åðåç Dn1,n2 äèàãðàììó Þíãà, ó êîòîðîé â ïåðâîì ñòîëáöå n1

êëåòêà, à âî âòîðîì n2 êëåòîê è n1 + n2 = n + 1. Ïîëîæèì τk =
τ

1− τk−1

, τ0 = 1
4
.

Ïóñòü π � íåïðèâîäèìîå ∗-ïðåäñòàâëåíèå àëãåáðû TLAn,τ , ñîîòâåòñòâóþùåå
äèàãðàììå Þíãà Dn1,n2 , π1 � íåïðèâîäèìîå ∗-ïðåäñòàâëåíèå àëãåáðû TLAn−1,τ ,
ñîîòâåòñòâóþùåå äèàãðàììå Dn1,n2−1 è π2 � íåïðèâîäèìîå ∗-ïðåäñòàâëåíèå àë-
ãåáðû TLAn−1,τ , ñîîòâåòñòâóþùåå äèàãðàììå Dn1−1,n2 . Òîãäà ñëåäóþùèå ôîðìóëû
îïðåäåëÿþò îðòîïðîåêòîðû ïðè 0 ≤ τn−2n2 ≤ 1 : π(pk) = π1(pk) ⊕ π2(pk) ïðè
k = 1, . . . n− 1

1) åñëè n1 = n2 = k, òî π(pn) =

(
0 0
0 Il

)
, l =

(2k − 2)!

k!(k − 1)!

2) åñëè n1 > n2, òî

π(pn) =




0
m

(1)
1

0 0 0

0 (1− τn−2n2)Im
(2)
1

√
τn−2n2(1− τn−2n2)Im

(2)
1

0

0
√

τn−2n2(1− τn−2n2)Im
(2)
1

τn−2n2Im
(2)
1

0

0 0 0 0
m

(2)
2




,

ãäå m
(1)
1 + 2m

(2)
1 + m

(2)
2 = dim πDn1,n2

.

Åñëè íåïðèâîäèìîå ∗-ïðåäñòàâëåíèå π àëãåáðû TLAn,τ (0 < τ < 1) óíèòàðíî
ýêâèâàëåíòíî πDn1,n2

, òî áóäåì ãîâîðèòü, ÷òî ∗-ïðåäñòàâëåíèå π èìåþò òèï Dn1,n2

Îáîçíà÷èì ÷åðåç HDn1,n2
ïðîñòðàíñòâî ∗-ïðåäñòàâëåíèÿ πDn1,n2

àëãåáðû TLAn,τ

ñîîòâåòñòâóþùåå äèàãðàììå Dn1,n2 . Òîãäà ïî ôîðìóëå êðþêîâ (ñì. [4]) ïîëó÷àåì,
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÷òî dim HDn1,n2
=

(n1 + n2)!(n1 − n2 + 1)

(n1 + 1)!n2!
. Èç ýòîé ôîðìóëû ñëåäóåò dim HDk,k

=

dim HDk,k−1
.

Ïðåäëîæåíèå 2. dim ImπDn1,n2
= dim HDn1−1,n2−1 =

(n1 + n2 − 2)!(n1 − n2 + 1)

n1!(n2 − 1)!
.

Äîêàçàòåëüñòâî. Óòâåðæäåíèå âåðíî äëÿ äèàãðàìì Dn1,2 è Dn1,3 : dim ImπDn1,2 =

n1 − 1 = dim HDn1−1,1 , dim ImπDn1,3 =
(n1 + 1)(n1 − 2)

2
= dim HDn1−1,2.

Ïðåäïîëîæèì, ÷òî óòâåðæäåíèå âåðíî äëÿ äèàãðàìì, ó êîòîðûõ êîëè÷åñòâî
êëåòîê ìåíüøå, ÷åì ó äèàãðàììû Dn1,n2 . Ðàññìîòðèì

dim ImπDn1,n2
= dim ImπDn1,n2−1 + dim ImπDn1−1,n2

= dim HDn1−1,n2−2

+ dim HDn1−2,n2−1 = dim HDn1−1,n2−1 .

Îáîáùåííîé ðàçìåðíîñòüþ ∗-ïðåäñòàâëåíèÿ πDn1,n2
àëãåáðû TLAn,τ , ñîîòâåòñò-

âóþùåãî äèàãðàììå Dn1,n2 , áóäåì íàçûâàòü íàáîð (dim πDn1,n2
, dim ImπDn1,n2

(p1),
. . . , dim ImπDn1,n2

(pn)) = (dim πDn1,n2
, dim ImπDn1,n2

).

5. Ïóñòü 0 < τ ≤ 1

4 cos2 π
2[n

2
]+2

, òîãäà èìååò ìåñòî óòâåðæäåíèå

Ïðåäëîæåíèå 3. Ïðè 0 < τ ≤ 1

4 cos2 π
2[n

2
]+2

ñóùåñòâóåò âçàèìíî îäíîçíà÷íîå

ñîîòâåòñòâèå ìåæäó âñåìè íåïðèâîäèìûì íåýêâèâàëåíòíûì ∗-ïðåäñòàâëåíèÿì
àëãåáðû TLAn,τ è äèàãðàììàìè Þíãà, ó êîòîðûõ íå áîëåå äâóõ ñòîëáöîâ.

Äîêàçàòåëüñòâî. Ïóñòü 0 < τ ≤ 1

4 cos2 π
2[n

2
]+2

. Íàéäåì ÷åìó ðàâíà ñóììà êâàäðà-

òîâ ðàçìåðíîñòåé âñåõ íåïðèâîäèìûõ ∗-ïðåäñòàâëåíèé àëãåáðû TLAn,τ

[n+1
2

]∑
m=0

((n + 1)!(n− 2m + 2)

(n−m + 2)!m!

)2

=
1

n + 2

(
2n + 2
n + 1

)
= dim TLAn,τ .

Íî òîãäà èç ôîðìóëû Áåðíñàéäà ñëåäóåò, ÷òî ýòî âñå íåïðèâîäèìûå ∗-ïðåäñòàâ-
ëåíèÿ àëãåáðû TLAn,τ ïðè 0 < τ ≤ 1

4 cos2 π
2[n

2
]+2

.

6. Ðàññìîòðèì àëãåáðó TLAm,τn0
, τn0 = 1

4 cos2 π
n0

: â òî÷êå τn0 ñóùåñòâóåò íå áîëåå
n ïðîåêòîðîâ P1, P2, . . . , Pn, êîòîðûå ìîæíî íàïèñàòü ñ ïîìîùüþ äèàãðàìì Þíãà
(n < m). Ïîëîæèì ïðè n1 < n2

Fn1,n2(x) =




I
m

(1)
1

0 0

0 F (x)⊗ I
m

(2)
1

0

0 0 I
m

(2)
2


 , ãäå F (x) =

(
1− 2x 2

√
x(1− x)

2
√

x(1− x) 2x− 1

)
, m

(1)
1 + 2m

(2)
1 + m

(2)
2 = dim πDn1,n2

.
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À ïðè n1 = n2 = k Fk(x) =

(
0 0
0 I (2k−2)!

k!(k−1)!

)
.

Ïîëîæèì Qi = Fi(τn0)⊗ 1⊗ . . . i = 1, . . . , n,

Qn+1 = F−1
n−1(τn0)⊗ F1(τn0)⊗ 1⊗ . . . ,

Qn+2 = 1⊗ F2(τn0)⊗ 1 . . . è ò.ä.

Òîãäà Pi =
1 + Qi

2
áóäóò óäîâëåòâîðÿòü ñîîòíîøåíèÿì àëãåáðû TLAn,τn0

äëÿ
âñåõ n.

Íàïðèìåð, íàïèøåì m ïðîåêòîðîâ � ∗-ïðåäñòàâëåíèå àëãåáðû TLAn, 1
2
äëÿ ëþ-

áîãî íàòóðàëüíîãî m. Ïóñòü U =

(
1 0
0 −1

)
, V =

(
0 1
1 0

)
. Ïîëîæèì

W2i+1 = 1⊗ · · · ⊗ 1⊗ U ⊗ U ⊗ 1⊗ . . . ,

W2i = 1⊗· · ·⊗1⊗V ⊗1⊗. . . , ãäå U i-é è i+1-é ñîìíîæèòåë, à V i-é ñîìíîæèòåëü.

Òîãäà Pi =
1 + Wi

2
ïðè i = 1, . . . , m áóäóò ïðîåêòîðàìè, óäîâëåòâîðÿþùèå ñîîòíî-

øåíèÿì TLAn, 1
2
äëÿ âñåõ íàòóðàëüíûõ m è n.

7. Ïóñòü òåïåðü
1

4 cos2 π
m+2

< τ <
1

4 cos2 π
m+1

, òîãäà èìååò ìåñòî ñëåäóþùåå óò-
âåðæäåíèå

Ïðåäëîæåíèå 4. ([3]) Ïóñòü
1

4 cos2 π
m+2

< τ <
1

4 cos2 π
m+1

. Òîãäà ñóùåñòâóåò

íå áîëåå 2m − 1 íåíóëåâûõ ïðîåêòîðîâ, óäîâëåòâîðÿþùèõ ñîîòíîøåíèÿì àëãåá-
ðû TLAn,τ è íå áîëåå m íåíóëåâûõ ïðîåêòîðîâ, óäîâëåòâîðÿþùèõ ñîîòíîøåíèÿì
àëãåáðû TLAn,τ,⊥.

4. Ìíîæåñòâà ΣAn
(k)

1. Òàê êàê íóëåâîå ïðåäñòàâëåíèå π0(pk) = 0 äëÿ âñåõ k ñóùåñòâóåò ïðè ëþáîì
τ ∈ R, òî â äàëüíåéøåì íå áóäåì åãî ó÷èòûâàòü.

2. Îáîçíà÷èì ÷åðåç ΣAn = {τ ∈ [0, 1] | ñóùåñòâóþò íåíóëåâûå ∗-ïðåäñòàâëåíèÿ
àëãåáðû TLAn,τ}, ΣAn,⊥ = {τ ∈ [0, 1] | ñóùåñòâóþò íåíóëåâûå ∗-ïðåäñòàâëåíèÿ
àëãåáðû TLAn,τ,⊥}.

Çàìåòèì, ÷òî ΣAn è ΣAn,⊥ çàìêíóòûå ìíîæåñòâà (ñì. [7]).
Ó àëãåáðû TLAn,τ,⊥ ñóùåñòâóåò åäèíñòâåííîå ∗-ïðåäñòàâëåíèå, ñîîòâåòñòâóþ-

ùåå äèàãðàììå Þíãà Dn1,1, ïðè τ ∈ (0,
1

4 cos2 π
n+1

]. Àëãåáðà TLAn,0 èìååò n + 1

îðòîãîíàëüíûõ ∗-ïðåäñòàâëåíèé. Òîãäà ΣAn,⊥ = [0,
1

4 cos2 π
n+1

] (ñì. òàêæå [5])

Ïðåäëîæåíèå 5. ΣAn = ΣA[ n
2 ]+1,⊥ ∪ { 1

4 cos2 π
k
| k ≥ 3, }.
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Äîêàçàòåëüñòâî. Ðàññìîòðèì àëãåáðó TLAn,τ è ïîëîæèì τk = 1
4 cos2 π

k+1
.

Ïóñòü ñíà÷àëà τ ≤ τ[n
2
]+1. Òîãäà â òî÷êå τ ìîæíî ïîñòðîèòü íåïðèâîäèìîå

∗-ïðåäñòàâëåíèå àëãåáðû TLAn,τ ñ ïîìîùüþ òåõíèêè äèàãðàìì Þíãà, ñëåäîâà-
òåëüíî, τ ∈ ΣAn .

0 τ[n
2
]−1 1τ[n

2
] τ[n

2
]+1

Åñëè τk < τ < τk+1, k ≥ [n
2
] + 1. Òîãäà èç óòâåðæäåíèÿ 4 ñëåäóåò, ÷òî â ýòèõ

òî÷êàõ íå ñóùåñòâóåò áîëåå ÷åì n ïðîåêòîðîâ, óäîâëåòâîðÿþùèõ ñîîòíîøåíèÿì
íà îáðàçóþùèå àëãåáðû TLAn,τ , òî åñòü τ 6∈ ΣAn

0 τ[n
2
]+1 1τ[n

2
]+2 τ[n

2
]+3

Ïóñòü òåïåðü τ ∈ {τk | k > [n
2
] + 1}. Òîãäà â ýòèõ òî÷êàõ ìû òàêæå ìîæåì

ïîñòðîèòü ïðåäñòàâëåíèå (êîíñòðóêöèÿ êîòîðîãî ïðèâåäåíà âûøå) àëãåáðû TLAn,τ ,
ñëåäîâàòåëüíî, τ ∈ ΣAn

0 τ[n
2
]+2 1τ[n

2
]+3 τ[n

2
]+4

Òàêèì îáðàçîì, ïîëó÷àåì ΣAn = ΣA[ n
2 ]+1,⊥ ∪ { 1

4 cos2 π
k
| k ≥ 3, }.

3. Ïóñòü ΣAn(k) = {α ∈ R | ñóùåñòâóåò íå ìåíåå k íåíóëåâûõ íåýêâèâàëåíò-
íûõ íåïðèâîäèìûõ ∗-ïðåäñòàâëåíèé àëãåáðû TLAn,τ}. Òîãäà ΣAn =

⋃
k≥1 ΣAn(k) è

ΣAn(k) ⊃ ΣAn(k + 1).

Òåîðåìà 1. ΣAn(1) = ΣAn , ΣAn(k) = [0, 1
4 cos2 π

[ n
2 ]+3−k

] ïðè k ≥ 2.

Äîêàçàòåëüñòâî. Ðàññìîòðèì àëãåáðó TLAn,τ . Ïóñòü τ0 èç äèñêðåòíîé ÷àñòè ìíî-
æåñòâà ΣAn . Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò äâà íåýêâèâàëåíòíûõ íåïðèâîäèìûõ
∗-ïðåäñòàâëåíèÿ ó àëãåáðû TLAn,τ0 . Íî òîãäà íàéäåòñÿ òàêîå n0, ÷òî τ0 áóäåò ïðà-
âîé êðàéíåé òî÷êîé íåïðåðûâíîé ÷àñòè ìíîæåñòâà ΣAn0

, â êîòîðîé ñóùåñòâó-
åò òîëüêî îäíî ∗-ïðåäñòàâëåíèå àëãåáðû TLAn0 ,τ0 . Ñëåäîâàòåëüíî, ïðè k ≥ 2

ΣAn(k) = [0, 1
4 cos2 π

[ n
2 ]+3−k

]. Â íóëå 1 +
∑[n

2
]+1

k=0

∏k
i=0(n− 2i) ïðåäñòàâëåíèé.

4. Ïóñòü ΣAn,k = {α ∈ R | ñóùåñòâóåò k íåíóëåâûõ íåýêâèâàëåíòíûõ íåïðè-
âîäèìûõ ∗-ïðåäñòàâëåíèé àëãåáðû TLAn,τ}. Òîãäà ΣAn,k ∩ ΣAn,i = ∅ ïðè i 6= k è
ΣAn,1 = ( 1

4 cos2 π
[ n
2 ]+3

, 1
4 cos2 π

[ n
2 ]+2

] ∪ { 1
4 cos2 π

k
| k ≥ 3}, ΣAn,k = ( 1

4 cos2 π
[ n
2 ]+3+k

, 1
4 cos2 π

[ n
2 ]+2+k

]

ïðè k > 1.
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5. Ðàññìîòðèì àëãåáðó

TLA∞,τ = C
〈
p1, p2, · · · | p2

k = pk, pkpk±1pk = τpk, pkpj = pjpk, |k − j| ≥ 2
〉
.

Â [2] ïîêàçàíî, ÷òî ΣA∞ = [0, 1
4
] ∪ { 1

4 cos2 π
k+1

| k = 3, 4, . . . }. Îòñþäà ñëåäóåò, ÷òî

ΣA∞,⊥ = [0, 1
4
].

Àâòîð èñêðåííå áëàãîäàðåí Þðèþ Ñòåôàíîâè÷ó Ñàìîéëåíêî çà ïîñòîÿííóþ
ïîääåðæêó.
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