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Àííîòàöèÿ. Èñïîëüçóÿ ìåòîä íàèìåíüøèõ êâàäðàòîâ, ïîñòðîåíî íîâóþ èòåðàöèîííóþ ïðîöå-
äóðó äëÿ íàõîæäåíèÿ ðåøåíèé àâòîíîìíîé ñëàáîíåëèíåéíîé êðàåâîé çàäà÷è äëÿ ñèñòåìû îáûê-
íîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé â êðèòè÷åñêîì ñëó÷àå â âèäå ðàçâèòèÿ â îáîáùåííûé
ïîëèíîì Ôóðüå â îêðåñòíîñòè ïîðîæäàþùåãî ðåøåíèÿ.

Êëþ÷åâûå ñëîâà: Íåòåðîâà êðàåâàÿ çàäà÷à, ìåòîä íàèìåíüøèõ êâàäðàòîâ, îáîáùåííûé ïîëè-

íîì Ôóðüå.

1. Ïîñòàíîâêà çàäà÷è. Èññëåäîâàíà çàäà÷à î ïîñòðîåíèè ðåøåíèé [2, 3]
z(t, ε) ∈ C1[a, b(ε)], C[0, ε0], b(ε) ∈ C[0, ε0] êðàåâîé çàäà÷è äëÿ ñèñòåìû îáûêíî-
âåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

dz/dt = Az + f + εZ(z, ε), `z(·, ε) = α+ εJ(z(·, ε), ε), α ∈ Rm. (1)

Ðåøåíèÿ íåòåðîâîé êðàåâîé (m 6= n) çàäà÷è (1) èùåì â ìàëîé îêðåñòíîñòè ðåøå-
íèÿ z0(t) ∈ C1[a, b∗], b∗ = b(0) ïîðîæäàþùåé çàäà÷è

dz0/dt = Az0 + f, A ∈ Rn×n, f ∈ Rn, `z0(·) = α.

Çäåñü Z(z, ε)-íåëèíåéíàÿ ôóíêöèÿ, íåïðåðûâíî äèôôåðåíöèðóåìàÿ ïî íåèçâåñò-
íîé z â ìàëîé îêðåñòíîñòè ðåøåíèÿ ïîðîæäàþùåé çàäà÷è è íåïðåðûâíî äèô-
ôåðåíöèðóåìàÿ ïî ìàëîìó ïàðàìåòðó; `z(·, ε) � ëèíåéíûé è J(z(·, ε), ε) � íåëè-
íåéíûé âåêòîðíûé ôóíêöèîíàëû `z(·, ε), J(z(·, ε), ε) : C[a, b(ε)] → Rm, ïðè÷åì
âòîðîé ôóíêöèîíàë íåïðåðûâíî äèôôåðåíöèðóåì ïî íåèçâåñòíîé z è ïî ìàëî-
ìó ïàðàìåòðó ε â ìàëîé îêðåñòíîñòè ðåøåíèÿ ïîðîæäàþùåé çàäà÷è. Â êðèòè-
÷åñêîì (PQ∗ 6= 0) ñëó÷àå ïðè óñëîâèè PQ∗

d
{α − `K[f ](·)} = 0 ïîðîæäàþùàÿ çà-

äà÷à èìååò ñåìåéñòâî ðåøåíèé [2] z0(t, cr) = Xr(t)cr + G[f ;α](t), cr ∈ Rr. Çäåñü
Q = `X(·) � (m× n)-ìàòðèöà, rank Q = n1, n− n1 := r, PQ∗ � (m×m)-ìàòðèöà-
îðòîïðîåêòîð PQ∗ : Rm → N(Q∗), X(t) � íîðìàëüíàÿ (X(a) = In) ôóíäàìåíòàëü-
íàÿ ìàòðèöà îäíîðîäíîé ÷àñòè äèôôåðåíöèàëüíîé ñèñòåìû; Xr(t) = X(t)PQr , PQr

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâàíèé Ãåð-
ìàíèè (DFG; íîìåð ðåãèñòðàöèè GZ:436UKR 13/103/0-1) è Ãîñóäàðñòâåííîãî Ôîíäà ôóíäàìåí-
òàëüíûõ èññëåäîâàíèé Óêðàèíû (íîìåð ãîñóäàðñòâåííîé ðåãèñòðàöèè 0109U000381).
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� (n × r)-ìàòðèöà, ñîñòàâëåííàÿ èç r ëèíåéíî íåçàâèñèìûõ ñòîëáöîâ (n × n)-
ìàòðèöû-îðòîïðîåêòîðà PQ : Rn → N(Q); (d×m)-ìåðíàÿ ìàòðèöà PQ∗

d
ñîñòàâëåíà

èç d := m− n1 ëèíåéíî íåçàâèñèìûõ ñòðîê ìàòðèöû-îðòîïðîåêòîðà PQ∗ ,

G[f ;α](t) = X(t)Q+{α− `K[f ](·)}+K[f ](t), K[f ](t) := X(t)

∫ t

a

X−1(s)f ds

� îáîáùåííûé îïåðàòîð Ãðèíà çàäà÷è , Q+− ïñåâäîîáðàòíàÿ ìàòðèöà ïî Ìóðó�
Ïåíðîóçó [2], In � åäèíè÷íàÿ (n × n)-ìàòðèöà. Â êðèòè÷åñêîì ñëó÷àå çàäà÷à (1)
ñóùåñòâåííî îòëè÷àåòñÿ îò àíàëîãè÷íûõ íåàâòîíîìíûõ êðàåâûõ çàäà÷; â îòëè÷èå
îò ïîñëåäíèõ, ïðàâûé êîíåö b(ε) ïðîìåæóòêà [a, b(ε)], íà êîòîðîì èùåì ðåøåíèå
çàäà÷è (1). Ñîâåðøàÿ â çàäà÷å (1) çàìåíó ïåðåìåííîé [3, 6]

t = a+ (τ − a)(1 + εβ(ε)), b(ε) = b∗ + ε(b∗ − a)β(ε), β(ε) ∈ C[0, ε0], β(0) = β∗,

è îáîçíà÷àÿ ϕ0(c
∗) = αβ∗+J(z0(·, c∗r), 0), f0(s, c∗) = β∗[Az0(t, c

∗
r)+f ]+Z(z0(t, c

∗
r), 0),

àíàëîãè÷íî [3], ïðèõîäèì ê íåîáõîäèìîìó óñëîâèþ ðàçðåøèìîñòè çàäà÷è (1).

Ëåììà. Åñëè êðàåâàÿ çàäà÷à (1) â êðèòè÷åñêîì ñëó÷àå (PQ∗ 6= 0) èìååò ðå-
øåíèå, ïðè ε = 0 îáðàùàþùååñÿ â ïîðîæäàþùåå z(t, 0) = z0(t, c

∗
r), òî âåêòîð

c∗ = col (c∗r, β
∗) ∈ Rr+1 óäîâëåòâîðÿåò óðàâíåíèþ [3, 6]

F (c∗) = PQ∗
d
{ϕ0(c

∗)− `K[f0(s, c
∗)](·)} = 0. (2)

Ôèêñèðóÿ îäíî èç ðåøåíèé c∗ ∈ Rr+1 óðàâíåíèÿ (2), ïðèõîäèì ê çàäà÷å
îá îòûñêàíèè ðåøåíèÿ çàäà÷è (1) z(τ, ε) = z0(τ, c

∗
r) + x(τ, ε) â îêðåñòíîñòè ïî-

ðîæäàþùåãî ðåøåíèÿ z0(τ, c
∗
r). Îáîçíà÷èì (d × (r + 1))-ìàòðèöó B0 = F ′

c(c
∗).

Ïóñòü PB0 : Rr+1 → N(B0) � ((r + 1) × (r + 1))-ìàòðèöà-îðòîïðîåêòîð, PB∗
0
�

((r + 1) × (r + 1))-ìåðíàÿ ìàòðèöà-îðòîïðîåêòîð: Rr+1 → N(B∗
0). Èçâåñòíî [3, 6],

÷òî äëÿ êàæäîãî ïðîñòîãî (PB∗
0
= 0) êîðíÿ óðàâíåíèÿ F (c∗) = 0 çàäà÷à (1) èìååò

ïî ìåíüøåé ìåðå îäíî ðåøåíèå, ïðè ε = 0 îáðàùàþùååñÿ â ïîðîæäàþùåå z0(τ, c
∗
r).

Äëÿ ïîñòðîåíèÿ ýòîãî ðåøåíèÿ ïðåäëîæåíà èòåðàöèîííàÿ ñõåìà [3, 6], ñîîòâåò-
ñòâóþùàÿ ìåòîäó ïðîñòûõ èòåðàöèé. Ýòîò ìåòîä îòëè÷àþò ïðîñòîòà è ÷èñëåííàÿ
óñòîé÷èâîñòü, îäíàêî ïîñòðîåíèå ïðèáëèæåííûõ ðåøåíèé ñ ïðèìåíåíèåì ìåòîäà
ïðîñòûõ èòåðàöèé ñâÿçàíî ñ áûñòðî óâåëè÷èâàþùåéñÿ îò èòåðàöèè ê èòåðàöèè
ñëîæíîñòüþ âû÷èñëåíèé.

3. Ïåðèîäè÷åñêàÿ çàäà÷à äëÿ óðàâíåíèÿ Ëüåíàðà. Íà ïðèìåðå ïåðèî-
äè÷åñêîé çàäà÷è äëÿ óðàâíåíèÿ Ëüåíàðà ïðîäåìîíñòðèðóåì òåõíèêó ïîñòðîåíèÿ
ìîäèôèöèðîâàííîé èòåðàöèîííîé ïðîöåäóðû äëÿ íàõîæäåíèÿ ïðèáëèæåííûõ ðå-
øåíèé ñ èñïîëüçîâàíèåì ìåòîäà íàèìåíüøèõ êâàäðàòîâ [5], îáåñïå÷èâàþùèõ áîëü-
øóþ òî÷íîñòü ïðè ìåíüøåì ÷èñëå èòåðàöèé. Èññëåäóåì çàäà÷ó î íàõîæäåíèè ðå-
øåíèÿ y(t, ε) ∈ C2[0, T1(ε)], C[0, ε0] àâòîíîìíîé ïåðèîäè÷åñêîé êðàåâîé çàäà÷è

d2y

dt2
+ y = ε · Y (y, ε) · dy

dt
, y(0, ε)− y(T1(ε), ε) = 0, y′(0, ε)− y′(T1(ε), ε) = 0. (3)
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Çäåñü Y (y, ε) � íåëèíåéíàÿ ñêàëÿðíàÿ ôóíêöèÿ, íåïðåðûâíî-äèôôåðåíöèðóåìàÿ
ïî íåèçâåñòíîé y â ìàëîé îêðåñòíîñòè ðåøåíèÿ ïîðîæäàþùåé çàäà÷è è
íåïðåðûâíî-äèôôåðåíöèðóåìàÿ ïî ìàëîìó ïàðàìåòðó ε íà îòðåçêå [0, ε0]. Çàôèê-
ñèðóåì íà÷àëî îòñ÷åòà íåçàâèñèìîé ïåðåìåííîé òàêèì îáðàçîì, ÷òîáû ðåøåíèå
ïîðîæäàþùåé çàäà÷è ñòàëî îäíîïàðàìåòðè÷íûì, íàïðèìåð, y0(t) = ĉ·cos t, ĉ ∈ R1.
Çàìåíà íåçàâèñèìîé ïåðåìåííîé â ñëó÷àå ïåðèîäè÷åñêîé çàäà÷è ïðèíèìàåò âèä

T1(ε) = 2π(1 + εβ(ε)), t = τ(1 + εβ(ε)).

Òàêèì îáðàçîì, ïðèõîäèì ê çàäà÷å î íàõîæäåíèè ïåðèîäè÷åñêèõ ðåøåíèé óðàâíå-
íèÿ

y′′(τ, ε) + (1 + εβ(ε))2 · y(τ, ε) = ε · (1 + εβ(ε)) · Y (y(τ, ε), ε) · y′(τ, ε). (4)

Îòêëîíåíèå x(τ, ε) îïðåäåëÿåò 2π-ïåðèîäè÷åñêàÿ çàäà÷à äëÿ óðàâíåíèÿ

d2x(τ, ε)

dτ 2
+ (1 + εβ(ε))2 · x(τ, ε) = ε(1 + εβ(ε))Y (y0(τ, ĉ

∗) + x(τ, ε), ε)×

× [y′0(τ, ĉ
∗) + x′(τ, ε)]−{y′′0(τ, ĉ∗) + (1 + εβ(ε))2 · y0(τ, ĉ∗)}. (5)

Îáîçíà÷àÿ f0(τ, c
∗) = Y (y0(τ, ĉ

∗), 0) ·y′0(τ, ĉ∗)−2β∗y0(τ, ĉ
∗), ïðèõîäèì ê íåîáõîäèìî-

ìó óñëîâèþ ðàçðåøèìîñòè ïåðèîäè÷åñêîé çàäà÷è (3), àíàëîãó äîêàçàííîé ëåììû.

Ñëåäñòâèå. Åñëè ïåðèîäè÷åñêàÿ çàäà÷à (3) äëÿ óðàâíåíèÿ Ëüåíàðà èìååò ðå-
øåíèå, ïðè ε = 0 îáðàùàþùååñÿ â ïîðîæäàþùåå y(t, 0) = y0(t, ĉ

∗), òî âåêòîð
c∗ = col (ĉ∗, β∗) ∈ R2 óäîâëåòâîðÿåò óðàâíåíèþ

F (c∗) =

∫ 2π

0

(
cos s
sin s

)
f0(s, c

∗) ds = 0. (6)

Ôèêñèðóÿ îäèí èç ïðîñòûõ êîðíåé c∗ ∈ R2 óðàâíåíèÿ (6), ïðèõîäèì ê çàäà-
÷å îá îòûñêàíèè ðåøåíèÿ ïåðèîäè÷åñêîé çàäà÷è (3) â îêðåñòíîñòè ïîðîæäàþùåãî
ðåøåíèÿ y0(t, ĉ

∗). Ïðåäïîëîæèì, ÷òî Y ′
ε (y0(τ, ĉ

∗), 0) ≡ 0. Èñïîëüçóÿ íåïðåðûâíóþ
äèôôåðåíöèðóåìîñòü ïî ïåðâîìó àðãóìåíòó ôóíêöèè Y (y, ε) â îêðåñòíîñòè ïî-
ðîæäàþùåãî ðåøåíèÿ y0(τ, ĉ

∗) è íåïðåðûâíóþ äèôôåðåíöèðóåìîñòü ïî âòîðîìó
àðãóìåíòó â ìàëîé ïîëîæèòåëüíîé îêðåñòíîñòè íóëÿ, ðàçëàãàåì ýòó ôóíêöèþ â
îêðåñòíîñòè òî÷åê x = 0 è ε = 0 :

Y (y0(τ, ĉ
∗)+x(τ, ε), ε) = Y (y0(τ, ĉ

∗), 0)+A1(y0(τ, ĉ
∗))x(τ, ε)+R(y0(τ, ĉ

∗)+x(τ, ε), ε),

ãäå A1(y0(τ, ĉ
∗)) := Y ′

y(y0(τ, ĉ
∗), 0). Ïîñëåäîâàòåëüíîñòü {βj(ε)}∞j=0 → β(ε), β0 := β∗

îïðåäåëÿåò ïîñëåäîâàòåëüíîñòü íåçàâèñèìûõ ïåðåìåííûõ

{tj(βj(ε))}∞j=0 −→ t ∈ [0, 2π(1 + εβ(ε))], t0 ∈ [0, 2π(1 + εβ∗)].
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Ïåðâîå ïðèáëèæåíèå ê ðåøåíèþ 2π-ïåðèîäè÷åñêîé çàäà÷è äëÿ óðàâíåíèÿ (4)

y1(τ, ε) = y0(τ, ĉ
∗) + x1(τ, ε), t0 := τ(1 + εβ∗), τ ∈ [0, 2π]

îïðåäåëÿåò 2π-ïåðèîäè÷åñêîå ðåøåíèå óðàâíåíèÿ

d2x1(τ, ε)

dτ 2
+ x1(τ, ε) = ε(1 + εβ∗){Y (y0(τ, ĉ

∗), 0) · [dy0(τ, ĉ
∗)

dτ
+
dx1(τ, ε)

dτ
]+

+A1(y0(τ, ĉ
∗))
dy0(τ, ĉ

∗)

dτ
x1(τ, ε)} − [

d2y0(τ, ĉ
∗)

dτ 2
+ (1 + εβ∗)2 · y0(τ, ĉ∗)]. (7)

Ïóñòü ϕ1(τ), ϕ2(τ), ... , ϕµ(τ), ... � ñèñòåìà ëèíåéíî íåçàâèñèìûõ äâàæäû íåïðå-
ðûâíî äèôôåðåíöèðóåìûõ ñêàëÿðíûõ 2π-ïåðèîäè÷åñêèõ ôóíêöèé. Ïðèáëèæåíèå
ê ðåøåíèþ 2π-ïåðèîäè÷åñêîé çàäà÷è äëÿ óðàâíåíèÿ (7) èùåì â âèäå

x1(τ, ε) ≈ ξ1(τ, ε) = ϕ(τ)c1(ε), c1(ε) ∈ Rµ, ϕ(τ) = [ϕ1(τ) ϕ2(τ) ... ϕµ(τ)].

Îáîçíà÷èì

F1(τ, ε) = (1 + εβ∗) · [(1 + εβ∗)− εA1(y0(τ, ĉ
∗))y′0(τ, ĉ

∗)]ϕ(τ)−
− ε(1 + εβ∗)Y (y0(τ, ĉ

∗), 0)ϕ′(τ) + ϕ′′(τ).

Àíàëîãè÷íî [5] ïðè óñëîâèè íåâûðîæäåííîñòè ìàòðèöû Ãðàìà

Γ(F1(·, ε)) =
∫ 2π

0

F∗
1 (τ, ε) · F1(τ, ε) dτ

íàõîäèì âåêòîð

c1(ε) = −ε · [Γ(F1(·, ε))]−1 ·
∫ 2π

0

F∗
1 (τ, ε){ε(1 + εβ∗)Y (y0(τ, ĉ

∗), 0) · y′0(τ, ĉ∗)−

− [y′′0(τ, ĉ
∗) + (1 + εβ∗)2 · y0(τ, ĉ∗)]}dτ.

Ïóñòü ψ1(ε), ψ2(ε), ... ψλ(ε), ... � ñèñòåìà ëèíåéíî íåçàâèñèìûõ íåïðåðûâíûõ
ôóíêöèé. Îáîçíà÷èì ìàòðèöó Ψ(ε) = [ψ1(ε) ψ2(ε) ... ψλ(ε)]. Ïåðâîå ïðèáëèæåíèå
β1(ε) = β∗ + β̄1(ε) ê ôóíêöèè β(ε) îïðåäåëèì, êàê

β1(ε) : (1 + εβ1(ε)) := (1 + εβ∗) · (1 + εγ1(ε)), γ1(ε) = Ψ(ε) · q1, q1 ∈ Rλ.

Ïîïðàâêó γ1(ε) èùåì èç óñëîâèÿ ìèíèìèçàöèè íåâÿçêè â ðåøåíèè óðàâíåíèÿ

y′′0(τ, ĉ
∗) + ξ′′1 (τ, ε) + (1 + εβ∗)2(1 + 2εγ1(ε)) · (y0(τ, ĉ∗) + ξ1(τ, ε)) =

= ε · (1 + εβ∗)(1 + εγ1(ε))Y (y0(τ, ĉ
∗) + ξ1(τ, ε), ε) · (y′0(τ, ĉ∗) + ξ′1(τ, ε)).

Îáîçíà÷èì (1× λ)-ìàòðèöó

F1(τ, ε) = ε · (1 + εβ∗) · {2(1 + εβ∗)(y0(τ, ĉ
∗) + ξ1(τ, ε))−

− ε · Y (y0(τ, ĉ
∗) + ξ1(τ, ε), ε) · (y′0(τ, ĉ∗) + ξ′1(τ, ε))} ·Ψ(ε).

ISSN 0203�3755 Äèíàìè÷åñêèå ñèñòåìû, òîì 1(29), �1 (2011)



ÌÅÒÎÄ ÍÀÈÌÅÍÜØÈÕ ÊÂÀÄÐÀÒÎÂ 107

Ïðè óñëîâèè íåâûðîæäåííîñòè (λ× λ)-ìàòðèöû Ãðàìà

Γ(F1(·, ·)) =
∫ 2π

0

∫ ε0

0

F∗
1(τ, ε) · F1(τ, ε) dτ dε

íàõîäèì âåêòîð

q1(ε) = [Γ(F1(·, ·))]−1 ·
∫ 2π

0

∫ ε0

0

F∗
1(τ, ε){ε(1 + εβ∗) · Y (y1(τ, ε), ε) · (y′1(τ, ε))−

− (y′′0(τ, ĉ
∗) + ξ′′1 (τ, ε))− (1 + εβ∗)2 · (y0(τ, ĉ∗) + ξ1(τ, ε))} dτ dε.

Âòîðîå è ïîñëåäóþùèå ïðèáëèæåíèÿ ê ðåøåíèþ 2π-ïåðèîäè÷åñêîé çàäà÷è äëÿ
óðàâíåíèÿ (4) èùåì, êàê îòêëîíåíèå îò ïðåäûäóùåãî

yk+1(τ, ε) = y0(τ, ĉ
∗) + xk+1(τ, ε), xk+1(τ, ε) = ξ1(τ, ε) + ... + ξk+1(τ, ε),

ξk+1(τ, ε) = ϕ(τ)ck+1(ε), ck+1(ε) ∈ Rµ.

Ïóñòü A1(yk(τ, ε)) = Y ′
y(yk(τ, ε), 0); ïðèáëèæåíèå yk+1(τ, ε) îïðåäåëÿåò óðàâíåíèå

d2ξk+1(τ, ε)

dτ 2
+ ξk+1(τ, ε) = ε(1 + εβk(ε)){Y (yk(τ, ε), ε) · [

dyk(τ, ε)

dτ
+
dξk+1(τ, ε)

dτ
]+

+A1(yk(τ, ε))
dyk(τ, ε)

dτ
ξk+1(τ, ε)} − [

d2yk(τ, ε)

dτ 2
+ (1 + εβk(ε))

2 · yk(τ, ε)]. (8)

Îáîçíà÷èì ìàòðèöû

Fk+1(τ, ε) = (1 + εβk(ε)) · [(1 + εβk(ε))− εA1(yk(τ, ε))y
′
k(τ, ε)]ϕ(τ)−

− ε(1 + εβk(ε))Y (yk(τ, ε), 0)ϕ
′(τ) + ϕ′′(τ),

Fk+1(τ, ε) = ε · (1 + εβk(ε)) · {2(1 + εβk(ε))(y0(τ, ĉ
∗) + xk+1(τ, ε))−

− ε · Y (y0(τ, ĉ
∗) + xk+1(τ, ε), ε) · (y′0(τ, ĉ∗) + x′k+1(τ, ε))} ·Ψ(ε).

Ïðè óñëîâèè íåâûðîæäåííîñòè (µ× µ)-ìàòðèöû Ãðàìà

Γ(Fk+1(·, ε)) =
∫ 2π

0

F∗
k+1(τ, ε) · Fk+1(τ, ε) dτ

íàõîäèì âåêòîð

ck+1(ε) = −[Γ(Fk+1(·, ε))]−1 ·
∫ 2π

0

F∗
k+1(τ, ε){ε(1 + εβk(ε)) · Y (yk(τ, ε), 0) · y′k(τ, ε)−

− (1 + εβk(ε))
2 · yk(τ, ε)−

d2yk(τ, ε)

dτ 2
}dτ.

Âòîðîå è ïîñëåäóþùèå ïðèáëèæåíèÿ βk+1(ε) ê ôóíêöèè β(ε) îïðåäåëèì, êàê

(1 + εβk+1(ε)) := (1 + εβk(ε)) · (1 + εγk+1(ε)), γk+1(ε) = Ψ(ε) · qk+1(ε).
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Ïîïðàâêó γk+1(ε) èùåì èç óñëîâèÿ ìèíèìèçàöèè íåâÿçêè â ðåøåíèè óðàâíåíèÿ

y′′k+1(τ, ε) + (1 + εβk(ε))
2(1 + 2εγk+1(ε)) · yk+1(τ, ε) =

= ε · (1 + εβk(ε))(1 + εγk+1(ε))Y (yk+1(τ, ε), ε) · y′k+1(τ, ε).

Ïðè óñëîâèè íåâûðîæäåííîñòè (λ× λ)-ìàòðèöû Ãðàìà

Γ(Fk+1(·, ·)) =
∫ 2π

0

∫ ε0

0

F∗
k+1(τ, ε) · Fk+1(τ, ε) dτ dε

íàõîäèì âåêòîð

qk+1 = [Γ(Fk+1(·, ·))]−1 ·
∫ 2π

0

∫ ε0

0

F∗
k+1(τ, ε){ε(1 + εβk(ε)) · Y (yk(τ, ε), ε) · (y′k(τ, ε))−

− (y′′0(τ, ĉ
∗) + x′′k(τ, ε))− (1 + εβk(ε))

2 · (y0(τ, ĉ∗) + xk(τ, ε))} dτ dε,

îïðåäåëÿþùèé íàèëó÷øåå (â ñìûñëå íàèìåíüøèõ êâàäðàòîâ) âòîðîå ïðèáëèæåíèå
βk+1(ε) ê ôóíêöèè β(ε). Ïðîäîëæàÿ ðàññóæäåíèÿ, ïðèõîäèì ê ñëåäóþùåé èòåðà-
öèîííîé ñõåìå

y1(τ, ε) = y0(τ, ĉ
∗) + x1(τ, ε), β1(ε) = β∗ + γ1(ε) · (1 + εβ∗), γ1(ε) = Ψ(ε) · q1(ε),

x1(τ, ε) ≈ ξ1(τ, ε) = ϕ(τ)c1(ε), c1(ε) = −ε · [Γ(F1(·, ε))]−1

∫ 2π

0

F∗
1 (τ, ε)×

× {ε(1 + εβ∗)Y (y0(τ, ĉ
∗), 0) · y′0(τ, ĉ∗)− [

d2y0(τ, ĉ
∗)

dτ 2
+ (1 + εβ∗)2 · y0(τ, ĉ∗)]}dτ,

q1(ε) = [Γ(F1(·, ·))]−1 ·
∫ 2π

0

∫ ε0

0

F∗
1(τ, ε)×

× {ε(1 + εβ∗) · Y (y0(τ, ĉ
∗) + ξ1(τ, ε), ε) · (y′0(τ, ĉ∗) + ξ′1(τ, ε))−

− (y′′0(τ, ĉ
∗) + ξ′′1 (τ, ε))− (1 + εβ∗)2 · (y0(τ, ĉ∗) + ξ1(τ, ε))} dτ dε, ...

yk+1(τ, ε) = y0(τ, ĉ
∗) + xk+1(τ, ε), xk+1(τ, ε) = ξ1(τ, ε) + ...+ ξk+1(τ, ε), (9)

ξk+1(τ, ε) = ϕ(τ)ck+1(ε), ck+1(ε) = −[Γ(Fk(·, ε))]−1

∫ 2π

0

F∗
k (τ, ε)×

× {ε(1 + εβ1(ε)) · Y (yk(τ, ε), 0) · y′k(τ, ε)− (1 + εβk(ε))
2 · yk(τ, ε)−

d2yk(τ, ε)

dτ 2
}dτ,

βk+1(ε) = βk(ε) + γk+1(ε) · (1 + εβk(ε)), γk+1(ε) = Ψ(ε) · qk+1(ε),

qk+1(ε) = [Γ(Fk+1(·, ·))]−1 ·
∫ 2π

0

∫ ε0

0

F∗
k+1(τ, ε)×

× {ε(1 + εβ1(ε)) · Y (y0(τ, ĉ
∗) + xk+1(τ, ε), ε) · (y′0(τ, ĉ∗) + x′k+1(τ, ε))−

− (y′′0(τ, ĉ
∗) + x′′k+1(τ, ε))− (1 + εβk(ε))

2 · (y0(τ, ĉ∗) + xk+1(τ, ε))} dτ dε, ... k ∈ N.

ISSN 0203�3755 Äèíàìè÷åñêèå ñèñòåìû, òîì 1(29), �1 (2011)



ÌÅÒÎÄ ÍÀÈÌÅÍÜØÈÕ ÊÂÀÄÐÀÒÎÂ 109

Òåîðåìà. Äëÿ êàæäîãî ïðîñòîãî (detB0 6= 0, B0 := F ′
c(c

∗)) êîðíÿ c∗ ∈ R2 óðàâ-
íåíèÿ äëÿ ïîðîæäàþùèõ àìïëèòóä (6) ïåðèîäè÷åñêàÿ çàäà÷à (3) äëÿ óðàâíåíèÿ
Ëüåíàðà èìååò åäèíñòâåííîå ðåøåíèå, ïðè ε = 0 îáðàùàþùååñÿ â ïîðîæäàþùåå
y0(t, ĉ

∗). Ïðè óñëîâèè det[Γ(Fk+1(·, ε))] 6= 0, det[Γ(Fk+1(·, ·))] 6= 0, k ∈ N äëÿ íà-
õîæäåíèÿ ðåøåíèÿ ïåðèîäè÷åñêîé çàäà÷è (3) äëÿ óðàâíåíèÿ Ëüåíàðà ïðèìåíèìà
èòåðàöèîííàÿ ñõåìà (9).

Ïðèìåð. Èñïîëüçóåì èòåðàöèîííóþ ñõåìó (9) äëÿ ïîñòðîåíèÿ ïðèáëèæåíèÿ ê ïå-
ðèîäè÷åñêîìó ðåøåíèþ óðàâíåíèÿ Âàí-äåð-Ïîëÿ [4, 9]

y′′ + y = ε · (1− y2) · y′,

÷àñòíîãî ñëó÷àÿ óðàâíåíèÿ Ëüåíàðà.

Êàê èçâåñòíî [3, 4], ïåðèîäè÷åñêàÿ çàäà÷à äëÿ óðàâíåíèÿ Âàí-äåð-Ïîëÿ èìååò
åäèíñòâåííîå ðåøåíèå â ìàëîé îêðåñòíîñòè ïîðîæäàþùåãî ðåøåíèÿ y0(t, ĉ

∗) =
2 cos t, ïðè ýòîì èçâåñòíà âåëè÷èíà β∗ = 0, îïðåäåëÿþùàÿ íà÷àëüíîå çíà÷åíèå
ïåðèîäà T1(ε) ≡ 2π ýòîãî ðåøåíèÿ. Ïîëîæèì ê ïðèìåðó

ϕ(τ) = [sin τ sin 3τ sin 5τ sin 7τ cos τ cos 5τ cos 7τ ].

Ìàòðèöà Ãðàìà, ñîîòâåòñòâóþùàÿ ïîðîæäàþùåìó ðåøåíèþ y0(t, ĉ
∗) = 2 cos t

det[Γ(F1(·, ε))] ≈ 4 057 816 381 784 064π7ε4+

+ 2 143 386 517 635 072π7ε6 + 390 100 798 144 512π7ε8 + ... 6= 0

íåâûðîæäåíà. Ââåäåì òàêæå ìàòðèöó Ψ(ε) = [ε ε2 ε3 ε4 ε5]. Èòåðàöèîííàÿ ñõåìà
(9) îïðåäåëÿåò ôóíêöèè

ξ1(τ, ε) = ε · sin τ − sin 3τ

4
+ ε2 · (−3 cos τ

128
− 5

96
cos 5τ)+

+ ε3 · −397 sin τ + 297 sin 3τ + 100 sin 5τ + 70 sin 7τ

9 216
+

+ ε4 · 4 293 cos τ + 9 196 cos 5τ + 2 380 cos 7τ

884 736
+

+ ε5 · 197 173 sin τ − 138 573 sin 3τ − 58 600 sin 5τ − 46 366 sin 7τ

21 233 664
+

+ ε6 · −5 867 397 cos τ − 4 460 092 cos 5τ − 1 576 804 cos 7τ

2 038 431 744
+

+ε7 · −147 152 989 sin τ + 116 416 989 sin 3τ + 30 736 000 sin 5τ + 25 022 662 sin 7τ

48 922 361 856
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è

ξ2(τ, ε) = ε2 · 6 408 910 · cos τ
273 446 527

+ ε3 · (− 132 148 cos τ

214 671 890 489
+

27 029 033 sin τ

675 066 048
−

− 11 303 617 sin 3τ

551 185 119
− 5 sin 5τ

768
+

7 sin 7τ

1 536
) + ε4 · (−4 921 502 cos τ

358 183 803
− 4 997 742 cos 5τ

779 012 549
−

− 7 cos 7τ

8 192
− 64 438 sin τ

85 161 984 421
+

48 214 sin 3τ

69 620 174 635
) + ε5 · (− 871 605 cos τ

88 537 950 218
+

+
109 806 cos 5τ

448 670 523 749
− 20 219 919 sin τ

882 472 181
+

16 378 650 sin 3τ

915 705 529
+

2 768 357 sin 5τ

1 033 444 703
+

+
405 642 sin 7τ

982 568 335
) + ε6 · (−21 594 728 cos τ

392 726 009
+

6 232 511 cos 5τ

814 560 282
+

2 026 915 cos 7τ

2 677 895 057
−

− 322 661 sin τ

26 749 532 113
+

532 585 sin 3τ

48 519 042 509
− 11 240 sin 5τ

372 018 596 053
− 33 919 sin 7τ

410 626 823 395
)+

+ ε7 · ( 299 313 cos τ

115 975 666 234
+

220 751 cos 5τ

57 101 647 056
− 6 365 cos 7τ

403 262 449 581
− 30 543 613 sin τ

903 084 625
+

+
37 701 926 sin 3τ

1 842 038 921
− 2 670 614 sin 5τ

2 654 419 383
− 3 715 250 sin 7τ

1 803 235 669
),

à òàêæå ïåðâîå è âòîðîå ïðèáëèæåíèå

β1(ε) =
13 003 166

208 050 485
· ε− 122 527

99 521 339 394
· ε2−

− 200 790 895

9 953 428 871
· ε3 − 489 085

24 436 693 638
· ε4 + 1 962 509

9 799 331 498
· ε5,

β2(ε) =
27 696 527

443 164 003
· ε+ 800 854

9 750 133 791
· ε2−

− 4 102 465

1 633 084 381
· ε3 + 4 375 976

1 019 710 507
· ε4 − 8 168 636

393 488 023
· ε5 + 818 296

3 059 806 843
· ε6−

− 3 484 976

2 008 321 037
·ε7− 1 564 455

17 945 394 358
·ε8+ 5 297 681

11 810 873 872
·ε9+ 413 913

317 420 081 107
·ε10

ê ôóíêöèè β(ε). Òàêèì îáðàçîì, íàéäåíû ïåðâîå è âòîðîå ïðèáëèæåíèå ê ðåøåíèþ
ïåðèîäè÷åñêîé çàäà÷è äëÿ óðàâíåíèÿ Âàí-äåð-Ïîëÿ

y2(τ, ε) = y0(τ, ĉ
∗) + x2(τ, ε), x2(τ, ε) = ξ1(τ, ε) + ξ2(τ, ε).

Äëÿ îöåíêè òî÷íîñòè íàéäåííîãî âòîðîãî ïðèáëèæåíèÿ îïðåäåëèì íåâÿçêè

∆2(ε) := ||y′′2(τ, ε) + (1 + εβ2(ε))
2 · y2(τ, ε)−
− ε · (1 + εβ2(ε)) · (1− y22(τ, ε)) · y′2(τ, ε)||C[0;2π],

∆a(ε) := ||y′′a(τ, ε) + (1 + εβa(ε))
2 · ya(τ, ε)−
− ε · (1 + εβa(ε)) · (1− y2a(τ, ε)) · y′a(τ, ε)||C[0;2π].
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Çàìåòèì, ÷òî òî÷íîñòü íàéäåíîãî íàìè âòîðîãî ïðèáëèæåíèÿ y2(τ, ε), β2(ε)

∆2(0, 1) ≈ 0, 0 000 252 158, ∆2(0, 01) ≈ 3, 14 846 · 10−9

âûøå òî÷íîñòè ïðèáëèæåíèé ê ïåðèîäè÷åñêîìó ðåøåíèþ óðàâíåíèÿ Âàí-äåð-Ïîëÿ
ya(τ, ε), βa(ε)

∆a(0, 1) ≈ 0, 000 202, ∆a(0, 01) ≈ 2, 01 398 · 10−8,

ïîëó÷åííîãî â ñòàòüÿõ [7, 8].
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