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Àííîòàöèÿ. Â íàñòîÿùåé ñòàòüå ðàññìàòðèâàåòñÿ çàäà÷à ñèíòåçà äëÿ ëèíåéíîé ñèñòåìû ñ
íåîïðåäåëåííûìè ïàðàìåòðàìè, ò. å. çàäà÷à ðîáàñòíîãî ñèíòåçà. Ðåøåíèå ïðîâîäèòñÿ íà îñíîâå
ìåòîäà ôóíêöèè óïðàâëÿåìîñòè Â.È. Êîðîáîâà. Ïîäðîáíî ðàçîáðàíû ðîáàñòíûå êîëåáàòåëüíûå
ñèñòåìû âòîðîãî è ÷åòâåðòîãî ïîðÿäêîâ. Ïîñòðîåíî ðåøåíèå çàäà÷è ñèíòåçà, ò. å. íàéäåí îòðåçîê
èçìåíåíèÿ ïàðàìåòðà è íàéäåíî óïðàâëåíèå, íå çàâèñÿùåå îò ïàðàìåòðà, ïåðåâîäÿùåå ïðîèçâîëü-
íóþ òî÷êó íåêîòîðîé îêðåñòíîñòè íà÷àëà êîîðäèíàò â íà÷àëî êîîðäèíàò ïðè ëþáîì çíà÷åíèè
ïàðàìåòðà èç ýòîãî îòðåçêà. Ïðèâåäåíà îöåíêà íà âðåìÿ ïîïàäàíèÿ, òàêæå íå çàâèñÿùàÿ îò
ïàðàìåòðà. Ðåøåíèå ïðîèëëþñòðèðîâàíî äëÿ êîíêðåòíîé íà÷àëüíîé òî÷êè.
Êëþ÷åâûå ñëîâà: ìåòîä ôóíêöèè óïðàâëÿåìîñòè, ðîáàñòíûé ñèíòåç, êîëåáàòåëüíàÿ ñèñòåìà.

1. Ââåäåíèå
Ïóñòü ìàòåìàòè÷åñêàÿ ìîäåëü óïðàâëÿåìîãî îáúåêòà èìååò âèä ñèñòåìû äèô-

ôåðåíöèàëüíûõ óðàâíåíèé â ôîðìå Êîøè

ẋ = Ax + bu, (1.1)

ãäå x ∈ Rn � ôàçîâûé âåêòîð; u ∈ R1 � ñêàëÿðíîå óïðàâëåíèå, óäîâëåòâîðÿþùåå
îãðàíè÷åíèþ |u| ≤ 1; A, b � âåùåñòâåííûå ìàòðèöû ïàðàìåòðîâ îáúåêòà ðàçìåðíî-
ñòè (n×n), (n×1) ñîîòâåòñòâåííî. Îòíîñèòåëüíî ñèñòåìû (1.1) ìû ïðåäïîëàãàåì,
÷òî îíà ÿâëÿåòñÿ ïîëíîñòüþ óïðàâëÿåìîé.

Ïðåäïîëîæèì, ÷òî ýëåìåíòû ìàòðèöû A íå èçâåñòíû òî÷íî. Òîãäà ñèñòåìà (1.1)
çàìåíÿåòñÿ íà ñåìåéñòâî ẋ = A(p)x + bu, ãäå ìàòðèöà A(p) çàâèñèò îò ïàðàìåòðîâ
p ∈ Q ⊂ Rm. Èñïîëüçóåìîå óïðàâëåíèå äîëæíî ðåøàòü ïîñòàâëåííóþ çàäà÷ó ïðè
íàëè÷èè íåîïðåäåëåííîñòè. Òàêèå ñèñòåìû íàçûâàþò ðîáàñòíûìè [10].

Â íàñòîÿùåå âðåìÿ îïóáëèêîâàíî áîëüøîå êîëè÷åñòâî íàó÷íûõ ðàáîò, ïîñâÿ-
ùåííûõ òåìå ðîáàñòíîñòè (íàïðèìåð, [9, 10, 15]). Âïåðâûå ðîáàñòíûé ñèíòåç âîç-
íèê â [17]. Íåñìîòðÿ íà íàëè÷èå çíà÷èòåëüíîãî ÷èñëà ïðåäøåñòâóþùèõ ðåçóëü-
òàòîâ, îñíîâîïîëàãàþùèì óòâåðæäåíèåì òåîðèè ðîáàñòíîñòè ÿâëÿåòñÿ òåîðåìà
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Õàðèòîíîâà, âïåðâûå ñôîðìóëèðîâàííàÿ â ðàáîòå [11]. Â íàñòîÿùåå âðåìÿ âû-
äåëèëîñü òðè íàïðàâëåíèÿ â ðàçâèòèè òåîðèè ðîáàñòíîñòè. Èñòîðè÷åñêè ïåðâûé
èç íèõ áàçèðóåòñÿ íà ïîíÿòèè ìíîãîìåðíîé ãðàíèöû óñòîé÷èâîñòè [16]. Âòîðîé
ïîäõîä îñíîâàí íà êîíöåïöèè ñòðóêòóðèðîâàííîãî ñèíãóëÿðíîãî ÷èñëà [14]. È, íà-
êîíåö, òðåòèé ïîäõîä ñâÿçàí ñ ïðèìåíåíèåì ëèíåéíûõ ìàòðè÷íûõ íåðàâåíñòâ [13].
Ðàçâèòèå ýòîãî ìåòîäà ïðåäëîæåíî â [4, 10, 12]. Ïðåäëîæåíî òàêæå ðåøåíèå çàäà÷è
ðîáàñòíîñòè â êëàññå äèñêðåòíûõ óïðàâëÿþùèõ âîçäåéñòâèé (íàïðèìåð, [2]). Â [3]
äëÿ ïîñòðîåíèÿ ðîáàñòíîãî óïðàâëåíèÿ ïðèìåíÿþòñÿ ìåòîäû àíòàãîíèñòè÷åñêèõ
äèôôåðåíöèàëüíûõ èãð ñ ãåîìåòðè÷åñêèìè îãðàíè÷åíèÿìè óïðàâëåíèé îáîèõ èã-
ðîêîâ.

2. Ïðåäâàðèòåëüíûå ñâåäåíèÿ
Â äàííîé ðàáîòå ðàññìîòðåíà çàäà÷à ïîçèöèîííîãî ñèíòåçà îãðàíè÷åííîãî

óïðàâëåíèÿ äëÿ ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé

ẋ = (A + pD)x + bu, −d1 ≤ p ≤ d2, (d1, d2 > 0), (2.1)

ãäå x ∈ Rn � ôàçîâûé âåêòîð; u ∈ R1 � ñêàëÿðíîå óïðàâëåíèå, óäîâëåòâîðÿ-
þùåå îãðàíè÷åíèþ |u| ≤ 1; A, b � âåùåñòâåííûå ìàòðèöû ïàðàìåòðîâ îáúåê-
òà ðàçìåðíîñòè (n×n), (n×1) ñîîòâåòñòâåííî, ïðè÷åì d1 è d2 âûáðàíû òàê, ÷òî
ñèñòåìà (2.1) ïîëíîñòüþ óïðàâëÿåìà. Ïîä ïîçèöèîííûì ñèíòåçîì îãðàíè÷åííîãî
óïðàâëåíèÿ áóäåì ïîíèìàòü íàõîæäåíèå òàêîãî óïðàâëåíèÿ u(x), óäîâëåòâîðÿþ-
ùåãî îãðàíè÷åíèþ |u(x)| ≤ 1 è íå çàâèñÿùåãî îò p, ÷òî òðàåêòîðèÿ x(t) ñèñòåìû
ẋ = (A + pD)x + bu(x), âûõîäÿùàÿ èç ïðîèçâîëüíîé òî÷êè x0, îêàí÷èâàåòñÿ â òî÷-
êå x1 = 0 â íåêîòîðûé êîíå÷íûé ìîìåíò âðåìåíè T (x0, p) ≤ c < ∞ ïðè ëþáîì
äîïóñòèìîì p. Íåñêîëüêî ïîõîæèé ïîäõîä ïðåäëîæåí â [1]. Â îòëè÷èå îò [10], ãäå
ïàðàìåòð p ïîñòîÿíåí, ìû ïðåäïîëàãàåì, ÷òî ïàðàìåòð p ìîæåò ìåíÿòüñÿ â çàäàí-
íûõ ïðåäåëàõ íåïðåðûâíûì îáðàçîì. Îäíà èç òðóäíîñòåé ýòîé çàäà÷è ñîñòîèò â
òîì, ÷òî ïðîèñõîäèò íàðóøåíèå òåîðåìû åäèíñòâåííîñòè ðåøåíèÿ äèôôåðåíöè-
àëüíîãî óðàâíåíèÿ. Ò. ê. â ñèëó ïðåäïîëîæåíèÿ óïðàâëåíèå ãëàäêîå âíå ñôåðû
S(ρ) è óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà ñ êîíñòàíòîé L(ρ), òî L(ρ) → ∞ ïðè
ρ → 0.

Èññëåäîâàíèå ïðîâîäèòñÿ íà îñíîâå ìåòîäà ôóíêöèè óïðàâëÿåìîñòè Â.È. Êî-
ðîáîâà [6, 5]. Ïðèâåäåì ðåçóëüòàòû ðàáîòû Êîðîáîâà, Ñêëÿðà [8], íåîáõîäèìûå â
äàëüíåéøåì.

Ðàññìîòðèì ëèíåéíóþ ñèñòåìó (1.1). Äëÿ íåå ôóíêöèÿ óïðàâëÿåìîñòè
Θ = Θ(x) îïðåäåëÿåòñÿ êàê ïîëîæèòåëüíîå ðåøåíèå óðàâíåíèÿ

2a0Θ = (N−1(Θ)x, x), x 6= 0, (2.2)

Θ(0) = 0, ãäå ìàòðèöà N(Θ) = N(Θ(x)) çàäàåòñÿ âûðàæåíèåì

N(Θ) =

+∞∫

0

e−
t
Θ e−Atbb∗e−A∗tdt, (2.3)

ISSN 0203�3755 Äèíàìè÷åñêèå ñèñòåìû, âûï. 25 (2008)



ÐÅØÅÍÈÅ ÎÄÍÎÉ ÇÀÄÀ×È ÑÈÍÒÅÇÀ ÓÏÐÀÂËÅÍÈß ÄËß ÐÎÁÀÑÒÍÛÕ ÑÈÑÒÅÌ 85

à óïðàâëåíèå u = u(x) ðàâíî

u(x) = −1

2
b∗N−1(Θ(x))x. (2.4)

Ïîñòîÿííàÿ a0 âûáèðàåòñÿ ñîãëàñíî íåðàâåíñòâó

0 < a0 ≤ inf
0<Θ<∞

(
2

Θ(N−1(Θ)b, b)

)
. (2.5)

Ïîëíàÿ ïðîèçâîäíàÿ ôóíêöèè Θ(x) â ñèëó ñèñòåìû (1.1) ñ óïðàâëåíèåì (2.4)

ẋ = Ax− 1

2
bb∗N−1(Θ(x))x (2.6)

óäîâëåòâîðÿåò óñëîâèþ

dΘ

dt

∣∣∣∣
(2.6)

= − Θ(N−1(Θ)x, x)

Θ(N−1(Θ)x, x) + (N1(Θ)N−1(Θ)x,N−1(Θ)x)
≤ µ < 0, (2.7)

ãäå

N1(Θ) =

+∞∫

0

te−
t
Θ e−Atbb∗e−A∗tdt.

Âûïîëíåíèå óñëîâèé (2.7) è (2.5) îáåñïå÷èâàþò êîíå÷íîñòü âðåìåíè ïîïàäàíèÿ
òðàåêòîðèé â íà÷àëî êîîðäèíàò è îãðàíè÷åííîñòü óïðàâëåíèÿ [5].

Ïðè ðåøåíèè çàäà÷è ñèíòåçà äëÿ ðîáàñòíûõ ñèñòåì óðàâíåíèå (2.6) ïðèìåò âèä

ẋ = (A + pD)x− 1

2
bb∗N−1(Θ(x))x, (2.8)

à (2.7) ïðåîáðàçóåòñÿ â

dΘ

dt

∣∣∣∣
(2.8)

=
−Θ(N−1(Θ)x, x) + p Θ2((N−1(Θ)D + D∗N−1(Θ))x, x)

Θ(N−1(Θ)x, x) + (N1(Θ)N−1(Θ)x,N−1(Θ)x)
.

Îáîçíà÷èì y = N−1(Θ)x,

N2(Θ) =

+∞∫

0

(Θ + t)e−
t
Θ e−Atbb∗e−A∗tdt,

òîãäà ïîñëåäíåå ðàâåíñòâî ïðåäñòàâëÿåò ñîáîé

dΘ

dt

∣∣∣∣
(2.8)

= −Θ(N(Θ)y, y)

(N2(Θ)y, y)
+ p Θ2 ((DN(Θ) + N(Θ)D∗)y, y)

(N2(Θ)y, y)
. (2.9)
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Ïðè ðåøåíèè çàäà÷è ñèíòåçà äëÿ ðîáàñòíûõ ñèñòåì áóäåì èñêàòü óïðàâëåíèå u =
u(x) òàê, ÷òîáû äëÿ çàìêíóòûõ ñèñòåì

ẋ = (A + pD)x + bu(x), −d1 ≤ p ≤ d2, (d1, d2 > 0), (2.10)
áûëà îáùàÿ ôóíêöèÿ óïðàâëÿåìîñòè Θ(x), ïðè÷åì âûïîëíÿëîñü íåðàâåíñòâî

dΘ

dt

∣∣∣∣
(2.10)

≤ η < 0

ïðè âñåõ âîçìîæíûõ çíà÷åíèÿõ ïàðàìåòðà p.
Äàííàÿ ðàáîòà ÿâëÿåòñÿ äàëüíåéøèì ðàçâèòèåì èññëåäîâàíèé ðàáîòû [7], íî

ìàòðèöà N(Θ) âûáèðàåòñÿ èíûì ñïîñîáîì, ò. ê. ïðåæíèì ñïîñîáîì âû÷èñëåíèÿ
ãðîìîçäêèå.

3. Ñèíòåç îãðàíè÷åííîãî óïðàâëåíèÿ
Ïðèìåð 1. Ðàññìîòðèì ìàòåðèàëüíóþ ñèñòåìó, ñõåìà êîòîðîé ïðåäñòàâëåíà íà ðè-
ñóíêå 1. Æåñòêîñòü ïðóæèíû îáîçíà÷åíà k1, à ìàññû ãðóçîâ m1 è m2. Ïðÿìàÿ, ïî
êîòîðîé äâèæóòñÿ ãðóçû m1 è m2, àáñîëþòíî ãëàäêàÿ. Óïðàâëÿþùåå âîçäåéñòâèå
ïðèëàãàåòñÿ ê êîíöó âòîðîãî ãðóçà. Îáîçíà÷èì ÷åðåç y1 è y2 îòêëîíåíèÿ îò ïîëî-
æåíèÿ ðàâíîâåñèÿ ïåðâîãî è âòîðîãî ãðóçîâ ñîîòâåòñòâåííî. Óðàâíåíèÿ Ëàãðàíæà
äëÿ äàííîé ñèñòåìû èìåþò âèä{

m1ÿ1 + k1y1 − k1y2 = 0,
m2ÿ2 − k1y1 + k1y2 = u.

� � � � � � �

�

>

�

�

�È�È�È�È�È�È�È�È�È�È�m1

k1

m2

Ðèñ. 1.

Ñäåëàâ çàìåíó ïåðåìåííûõ x1 = y1, x2 = y2, x3 = ẏ1, x4 = ẏ2 è ïîëîæèâ
m1 = m2 = 1, k1 = 1 + p, ãäå p � íåêîòîðûé ïàðàìåòð, ïåðåõîäèì ê êîëåáàòåëüíîé
ñèñòåìå 4 ïîðÿäêà:




ẋ1 = x3,
ẋ2 = x4,
ẋ3 = −x1 − p x1 + x2 + p x2,
ẋ4 = x1 + p x1 − x2 − p x2 + u, −d1 ≤ p ≤ d2, (d1, d2 > 0)

(3.1)
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èëè â ìàòðè÷íîì âèäå ẋ = (A0 + pD)x + b0u, ãäå

A0 =




0 0 1 0
0 0 0 1

−1 1 0 0
1 −1 0 0


 , D =




0 0 0 0
0 0 0 0

−1 1 0 0
1 −1 0 0


 , b0 =




0
0
0
1


 .

Òàê êàê æåñòêîñòü ïðóæèíû k1 = 1 + p äîëæíà áûòü ïîëîæèòåëüíîé, òî
p > −1. Ïðîâåðèì óïðàâëÿåìîñòü ïîëó÷åííîé ñèñòåìû ïðè âñåõ p. Èìååì
rank (b0, (A0 + pD)b0, (A0 + pD)2b0, (A0 + pD)3b0) = 4 ïðè p 6= −1. Ò. å. ïðè p > −1
âûïîëíåí êðèòåðèé Êàëëìàíà è ñèñòåìà ïîëíîñòüþ óïðàâëÿåìà.
Òåîðåìà. Ïóñòü óïðàâëåíèå u(x) îïðåäåëÿåòñÿ ðàâåíñòâîì (2.4), ãäå Θ(x) ïîëî-
æèòåëüíîå ðåøåíèå óðàâíåíèÿ (2.2) ïðè a0 = 1/2. Ïóñòü Q = {x : Θ(x)≤c} è
÷èñëà d1 è d2 âûáðàíû òàê, ÷òî d1 ≤ 0.095/((c − 0.75)2 + 0.65), d2 ≤ 0.095/((c−
−0.85)2 + 0.85). Òîãäà ïðè ëþáîì çíà÷åíèè p, óäîâëåòâîðÿþùåì íåðàâåíñòâó
−d1 ≤ p ≤ d2, óïðàâëåíèå u(x) ðåøàåò çàäà÷ó ñèíòåçà â îáëàñòè Q äëÿ ñè-
ñòåìû (3.1), ò. å. òðàåêòîðèÿ, íà÷èíàþùàÿñÿ â ïðîèçâîëüíîé òî÷êå x0 ∈ Q,
ïðèõîäèò â òî÷êó x = 0 çà êîíå÷íîå âðåìÿ T (x0), ïðè÷åì

x(t) ∈ Q, |u(x)| ≤ 1;

T (x0) ≤ max

{
Θ(x0)

0.096− ((c− 0.75)2 + 0.65)d1

,
Θ(x0)

0.096− ((c− 0.85)2 + 0.85)d2

}
.

Äîêàçàòåëüñòâî. Ðåøåíèå îñíîâàíî íà ìåòîäå ôóíêöèè óïðàâëÿåìîñòè [5]. Ïóñòü
ôóíêöèÿ óïðàâëÿåìîñòè Θ = Θ(x) îïðåäåëÿåòñÿ óðàâíåíèåì (2.2), ãäå ìàòðèöà
N(Θ) =

=




4Θ7(5+4Θ2)
(1+2Θ2)2(1+8Θ2)

4Θ5

1+8Θ2 − 2Θ6(5+4Θ2)
(1+2Θ2)2(1+8Θ2)

− Θ4(1+8Θ4)
(1+2Θ2)2(1+8Θ2)

4Θ5

1+8Θ2

2Θ3(1+8Θ2+10Θ4+8Θ6)
(1+2Θ2)2(1+8Θ2)

−Θ4(3+16Θ2+8Θ4)
(1+2Θ2)2(1+8Θ2)

−Θ2(1+8Θ2+10Θ4+8Θ6)
(1+2Θ2)2(1+8Θ2)

− 2Θ6(5+4Θ2)
(1+2Θ2)2(1+8Θ2)

−Θ4(3+16Θ2+8Θ4)
(1+2Θ2)2(1+8Θ2)

6Θ5

(1+2Θ2)(1+8Θ2)
Θ3

1+8Θ2

− Θ4(1+8Θ4)
(1+2Θ2)2(1+8Θ2)

−Θ2(1+8Θ2+10Θ4+8Θ6)
(1+2Θ2)2(1+8Θ2)

Θ3

1+8Θ2

Θ(1+8Θ2+6Θ4)
(1+2Θ2)(1+8Θ2)




Îöåíèì âåëè÷èíó ïîñòîÿííîé a0. Äëÿ òîãî, ÷òîáû óïðàâëåíèå (2.4) óäîâëåòâîðÿëî
çàäàííûì îãðàíè÷åíèÿì |u| ≤ 1 â ðîáàñòíîé ñèñòåìå (3.1), äîñòàòî÷íî, ÷òîáû
âûïîëíÿëîñü íåðàâåíñòâî (2.5) ïðè âñåõ äîïóñòèìûõ p, Θ. Òàêèì îáðàçîì, äîëæíî
âûïîëíÿòüñÿ óñèëåííîå íåðàâåíñòâî (2.5)

0 < a0 ≤ inf
0<Θ; 0≤p

(
2

Θ(N−1(Θ, p)b0, b0)

)
. (3.2)

Â íàøåì ñëó÷àå ñèììåòðè÷íàÿ ìàòðèöà N(Θ, p) = (ñi,j)
4
i,j=1, ýëåìåíòû êîòîðîé

ðàâíû

ñ11 =
4(1 + p)2Θ7(5 + 4(1 + p)Θ2)

(1 + 2(1 + p)Θ2)2(1 + 8(1 + p)Θ2)
, ñ12 =

4(1 + p)Θ5

(1 + 8(1 + p)Θ2)
,
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ñ13 = − 2(1 + p)2Θ6(5 + 4(1 + p)Θ2)

(1 + 2(1 + p)Θ2)2(1 + 8(1 + p)Θ2)
, ñ14 = − (1 + p)Θ4(1 + 8(1 + p)2Θ4)

(1 + 2(1 + p)Θ2)2(1 + 8(1 + p)Θ2)
,

ñ22 =
2Θ3(1 + 8(1 + p)Θ2 + 10(1 + p)2Θ4 + 8(1 + p)3Θ6)

(1 + 2(1 + p)Θ2)2(1 + 8(1 + p)Θ2)
,

ñ23 = −(1 + p)Θ4(3 + 16(1 + p)Θ2 + 8(1 + p)2Θ4)

(1 + 2(1 + p)Θ2)2(1 + 8(1 + p)Θ2)
,

ñ24 = −Θ2(1 + 8(1 + p)Θ2 + 10(1 + p)2Θ4 + 8(1 + p)3Θ6)

(1 + 2(1 + p)Θ2)2(1 + 8(1 + p)Θ2)
,

ñ33 =
6(1 + p)2Θ5

(1 + 2(1 + p)Θ2)(1 + 8(1 + p)Θ2)
, ñ34 =

(1 + p)Θ3

1 + 8(1 + p)Θ2
,

ñ44 =
Θ(1 + 8(1 + p)Θ2 + 6(1 + p)2Θ4)

(1 + 2(1 + p)Θ2)(1 + 8(1 + p)Θ2)
.

Òîãäà Θ(N−1(Θ, p)b0, b0) = Θ × 4

Θ
= 4. Ïîýòîìó a0 = 1/2 è óðàâíåíèå (2.2) äëÿ

ñèñòåìû (3.1) ïðåäñòàâëÿåò ñîáîé

Θ8 = x2
1(1− 2Θ2 + 6Θ4 + 4Θ6) + 2x1x2Θ

2(−3 + 8Θ2 + 4Θ4)+

+ 2x1x3Θ(−3 + 4Θ2 + 2Θ4) + 2x1x4Θ
3(−1 + 4Θ2) + 2x2

2Θ
4(7 + 2Θ2)+

+ 2x2x3Θ
3(11 + 4Θ2) + 12x2x4Θ

5 + 2x2
3Θ

2(5 + 4Θ2 + 2Θ4) + 8x3x4Θ
4 + 4x2

4Θ
6.

(3.3)

Óïðàâëåíèå èìååò âèä

u(x) = −x1(1− 4Θ2)

2Θ4
− 3x2

Θ2
− 2x3

Θ3
− 2x4

Θ
, (3.4)

ãäå Θ = Θ(x) ðåøåíèå (3.3). Çàìåòèì, ÷òî õîòÿ Θ(x) → 0 ïðè x → 0 è Θ(x) â
ôîðìóëå (3.4) ñòîèò â çíàìåíàòåëå, óïðàâëåíèå, çàäàâàåìîå ôîðìóëîé (3.4), óäî-
âëåòâîðÿåò îãðàíè÷åíèþ |u| ≤ 1.

Âû÷èñëèì ïðîèçâîäíóþ â ñèëó ñèñòåìû îò ôóíêöèè Θ. Îíà çàäàåòñÿ ðàâåí-
ñòâîì (2.9). Ïîòðåáóåì, ÷òîáû ïðîèçâîäíàÿ îò ôóíêöèè Θ áûëà îòðèöàòåëüíîé.
Äëÿ ýòîãî èç (2.9) èìååì:

dΘ

dt

∣∣∣∣
(2.8)

= −λmin(ΘN−1
2 (Θ)N(Θ)) + p λmax(Θ

2N−1
2 (Θ)(DN(Θ) + N(Θ)D∗)), (3.5)

ãäå λmin(ΘN−1
2 (Θ)N(Θ)), λmax(Θ

2N−1
2 (Θ)(DN(Θ)+N(Θ)D∗)) � íàèìåíüøåå è íàè-

áîëüøåå ñîáñòâåííûå çíà÷åíèÿ ñîîòâåòñòâóþùèõ ìàòðèö.
N2(Θ) = (ni,j)

4
i,j=1 � ñèììåòðè÷íàÿ ìàòðèöà, ýëåìåíòû êîòîðîé ðàâíû

n11 =
32Θ8(5 + 40Θ2 + 58Θ4 + 32Θ6)

(1 + 2Θ2)3(1 + 8Θ2)2
, n12 =

8Θ6(3 + 16Θ2)

(1 + 8Θ2)2
,
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n13 = −2Θ7(35 + 266Θ2 + 344Θ4 + 192Θ6)

(1 + 2Θ2)3(1 + 8Θ2)2
,

n14 = −Θ5(5 + 26Θ2 + 56Θ4 + 528Θ6 + 384Θ8)

(1 + 2Θ2)3(1 + 8Θ2)2
,

n22 =
8Θ4(1 + 16Θ2 + 84Θ4 + 160Θ6 + 232Θ8 + 128Θ10)

(1 + 2Θ2)3(1 + 8Θ2)2
,

n23 = −Θ5(15 + 190Θ2 + 760Θ4 + 784Θ6 + 384Θ8)

(1 + 2Θ2)3(1 + 8Θ2)2
,

n24 = −Θ3(3 + 46Θ2 + 230Θ4 + 404Θ6 + 688Θ8 + 384Θ10)

(1 + 2Θ2)3(1 + 8Θ2)2
,

n33 =
12Θ6(3 + 20Θ2 + 16Θ4)

(1 + 2Θ2)2(1 + 8Θ2)2
, n34 =

4Θ4(1 + 4Θ2)

(1 + 8Θ2)2
,

n44 =
2Θ2(1 + 16Θ2 + 82Θ4 + 120Θ6 + 96Θ8)

(1 + 2Θ2)2(1 + 8Θ2)2
.

Òîãäà min
Θ>0

λmin(ΘN−1
2 (Θ)N(Θ)) = 0.096, ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû

λ(Θ2N−1
2 (Θ)(DN(Θ) + N(Θ)D∗)) = {0; 0; β1; β2}.

Ìîæíî ïîêàçàòü, ÷òî β1 ≥ −(Θ − 0.75)2 − 0.65, β2 ≤ (Θ − 0.85)2 + 0.85. Òàê êàê
−d1 ≤ p ≤ d2, ãäå d1 ≤ 0.095/((c − 0.75)2 + 0.65), d2 ≤ 0.095/((c − 0.85)2 + 0.85),
òî dΘ

dt

∣∣
ẋ=(A0+pD)x+b0u(x)

≤ −0.096 + 0.095 < 0. Ýòî ÿâëÿåòñÿ äîñòàòî÷íûì óñëîâèåì
ïîïàäàíèÿ â íà÷àëî êîîðäèíàò çà êîíå÷íîå âðåìÿ [5].

Äëÿ íàõîæäåíèÿ êîíêðåòíîé òðàåêòîðèè ïîñòóïàåì ñëåäóþùèì îáðàçîì. Áå-
ðåì ïðîèçâîëüíóþ íà÷àëüíóþ òî÷êó ïðîñòðàíñòâà ñîñòîÿíèé x0 = (x0

1, x
0
2, x

0
3, x

0
4).

Ðåøàåì óðàâíåíèå (3.3) ïðè x = x0 è íàõîäèì êîðåíü Θ(x0) = Θ0 = c. Âûáè-
ðàåì ÷èñëà d1 è d2 ñîãëàñíî îöåíêå â òåîðåìå. Ïðè âñåõ çíà÷åíèÿõ ïàðàìåòðà
p ∈ [−d1, d2] òðàåêòîðèÿ ÿâëÿåòñÿ ðåøåíèåì ñëåäóþùåé çàäà÷è Êîøè





ẋ1 = x3, ẋ2 = x4, ẋ3 = −x1 − p x1 + x2 + p x2,

ẋ4 = x1 + p x1 − x2 − p x2 − x1(1− 4Θ2)

2Θ4
− 3x2

Θ2
− 2x3

Θ3
− 2x4

Θ
,

Θ̇ =
−Θ(N−1(Θ)x, x) + p Θ2((N−1(Θ)D + D∗N−1(Θ))x, x)

Θ(N−1(Θ)x, x) + (N1(Θ)N−1(Θ)x,N−1(Θ)x)
,

x1(0) = x0
1, x2(0) = x0

2, x3(0) = x0
3, x4(0) = x0

4, Θ(0) = Θ0.

Ïóñòü íà÷àëüíûå óñëîâèÿ ñèñòåìû (3.1) èìåþò âèä x1(0) = 0.5, x2(0) = −0.3,
x3(0) = −0.8, x4(0) = 0.7. Òîãäà Θ(x1(0), x2(0), x3(0), x4(0)) = 2.77, d1 = 0.02, d2 =
= 0.02 è äëÿ ∀p : p ∈ [−0.02, 0.02] ñïðàâåäëèâî íåðàâåíñòâî dΘ

dt

∣∣
ẋ=(A0+pD)x+b0u(x)

<0.
Íà ðèñóíêàõ 2, 3 çàäàíû ïðîåêöèè òðàåêòîðèè ïðè p = −0.02 è p = 0.02. Íà

ðèñóíêå 4 ïðåäñòàâëåíî óïðàâëåíèå ïðè p = −0.02 è p = 0.02. Îíî óäîâëåòâîðÿåò
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îãðàíè÷åíèþ |u| ≤ 1. Íà ðèñóíêå 5 ïðåäñòàâëåíà dΘ
dt

∣∣
ẋ=(A0+pD)x+b0u(x)

ïðè p = −0.02

è p = 0.02. Îíà ÿâëÿåòñÿ îòðèöàòåëüíîé. Áîëåå æèðíàÿ ëèíèÿ ñîîòâåòñòâóåò
p = −0.02.

-0.5 0.5

x1

-0.5

0.5

x2

>

ß

0

Ðèñ. 2. Ïðîåêöèÿ òðàåêòîðèè íà ïëîñêîñòü
x1, x2 ïðè p = −0.02 è p = 0.02.

-1 -0.5 0.5

x3

-0.5

0.5

x4

>

ß

0

Ðèñ. 3. Ïðîåêöèÿ òðàåêòîðèè íà ïëîñêîñòü
x3, x4 ïðè p = −0.02 è p = 0.02.

2 4 6 8 10

t

-1

-0.5

0.5

1

u

>

ß

0

Ðèñ. 4. Óïðàâëåíèå íà òðàåêòîðèè ïðè p =
−0.02 è p = 0.02.

2 4 6 8 10

t

-0.5

-0.4

-0.3

-0.2

-0.1

dQ

>

ß

0

Ðèñ. 5. Ïðîèçâîäíàÿ â ñèëó ñèñòåìû îò ôóíê-
öèè Θ ïðè p = −0.02 è p = 0.02.

Çàìå÷àíèå 1. Âûïèøåì õàðàêòåðèñòè÷åñêèé ïîëèíîì ìàòðèöû A0 +pD. Îí èìååò
âèä det(A0 +pD−λI) = λ4 +2(1+p)λ2, ãäå I � åäèíè÷íàÿ ìàòðèöà â ïðîñòðàíñòâå
R4. Äëÿ ýòîé ìàòðèöû âîçìîæíû 2 ïîëèíîìà Õàðèòîíîâà [11]: S1(λ) = λ4 + 2×
×(1 + d2)λ

2, S2(λ) = λ4 + 2(1− d1)λ
2 (íàïîìíèì, ÷òî −d1 ≤ p ≤ d2). Êîðíè îáîèõ

ïîëèíîìîâ èìåþò äåéñòâèòåëüíóþ ÷àñòü ðàâíóþ íóëþ. Ò. å. â äàííîì ïðèìåðå ìû
íå ìîæåì âîñïîëüçîâàòüñÿ òåîðåìîé Õàðèòîíîâà.
Ïðèìåð 2. Ðàññìîòðèì êîëåáàòåëüíóþ ñèñòåìó 2 ïîðÿäêà:

{
ẋ1 = x2,
ẋ2 = −x1 + px1 + u, −d1 ≤ p ≤ d2, (d1, d2 > 0).

(3.6)

èëè â ìàòðè÷íîì âèäå ẋ = (A0 + pD)x + b0u, ãäå

A0 =

(
0 1
−1 0

)
, D =

(
0 0
1 0

)
, b0 =

(
0
1

)
.
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Çàìå÷àíèå 2. Ýòà ñèñòåìà ðàññìàòðèâàëàñü â [7], íî â êà÷åñòâå N(Θ) áðàëàñü
ìàòðèöà

N(Θ) =

Θ∫

0

(
1− t

Θ

)
e−Atbb∗e−A∗tdt.

Â äàííîì ïðèìåðå òàêîé âûáîð ïðåäñòàâëÿåò íåêîòîðûå òðóäíîñòè âû÷èñëèòåëü-
íîãî õàðàêòåðà, ïîýòîìó âîçüìåì N(Θ) âèäà (2.3). Äèàïàçîí äëÿ ïàðàìåòðà p è
âðåìÿ ïîïàäàíèÿ â íà÷àëî êîîðäèíàò ñîãëàñóþòñÿ ñ ïîëó÷åííûìè ðàíåå.

Ïóñòü ôóíêöèÿ óïðàâëÿåìîñòè Θ = Θ(x) îïðåäåëÿåòñÿ óðàâíåíèåì (2.2), ãäå

ìàòðèöà N(Θ) =

(
2Θ3

1+4Θ2 − Θ2

1+4Θ2

− Θ2

1+4Θ2

Θ(1+2Θ2)
1+4Θ2

)
. Äëÿ îöåíêè ïîñòîÿííîé a0 âîñïîëüçóåì-

ñÿ íåðàâåíñòâîì (3.2). Â íàøåì ñëó÷àå N(Θ, p) =

(
2Θ3

1+4Θ2(1−p)
− Θ2

1+4Θ2(1−p)

− Θ2

1+4Θ2(1−p)
Θ(1+2Θ2(1−p))

1+4Θ2(1−p)

)
.

Òîãäà Θ(N−1(Θ, p)b0, b0) = Θ × 2

Θ
= 2. Ïîýòîìó a0 = 1 è óðàâíåíèå (2.2) äëÿ

ñèñòåìû (3.6) ïðåäñòàâëÿåò ñîáîé

2Θ4 = (1 + 2Θ2)x2
1 + 2Θx1x2 + 2Θ2x2

2. (3.7)

Óïðàâëåíèå èìååò âèä
u(x) = − x1

2Θ2
− x2

Θ
, (3.8)

ãäå Θ = Θ(x) � ðåøåíèå (3.7).
Âû÷èñëèì ïðîèçâîäíóþ â ñèëó ñèñòåìû îò ôóíêöèè Θ. Â ôîðìóëå (3.5)

N2(Θ) =




8Θ4(1+2Θ2)
(1+4Θ2)2

−Θ3(3+4Θ2)
(1+4Θ2)2

−Θ3(3+4Θ2)
(1+4Θ2)2

2Θ2(1+4Θ2+8Θ4)
(1+4Θ2)2


. Òîãäà min

Θ>0
λmin(ΘN−1

2 (Θ)N(Θ)) = 0.226,

ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû

λ(Θ2N−1
2 (Θ)(DN(Θ) + N(Θ)D∗)) =

{
−2Θ2 ± 4

√
2Θ4(1 + 2Θ2)

7 + 16Θ2

}
.

Îòêóäà −2Θ2 + 4
√

2Θ4(1 + 2Θ2)

7 + 16Θ2
≥ −0.53 Θ, −2Θ2 + 4

√
2Θ4(1 + 2Θ2)

7 + 16Θ2
≤ 0.5 Θ.

Òàê êàê d1 ≤ 0.225/(0.53 c), d2 ≤ 0.225/(0.5 c), òî èç (3.5) ñëåäóåò, ÷òî
dΘ
dt

∣∣
ẋ=(A0+pD)x+b0u(x)

≤ −0.226 + 0.225 < 0. Ýòî ÿâëÿåòñÿ äîñòàòî÷íûì óñëîâèåì
ïîïàäàíèÿ â íà÷àëî êîîðäèíàò çà êîíå÷íîå âðåìÿ [5]. Êàê âèäèì, âûáîð N(Θ)
âèäà (2.3) óïðîùàåò âû÷èñëåíèÿ ïî ñðàâíåíèþ ñ ïîëó÷åííûìè â [7].

Ñôîðìóëèðóåì ïîëó÷åííûé â ýòîì ïðèìåðå ðåçóëüòàò: ïóñòü óïðàâëåíèå u(x)
îïðåäåëÿåòñÿ ðàâåíñòâîì (2.4), ãäå Θ(x) ïîëîæèòåëüíîå ðåøåíèå óðàâíåíèÿ (2.2)
ïðè a0 = 1. Ïóñòü Q = {x : Θ(x) ≤ c} è ÷èñëà d1 è d2 âûáðàíû òàê, ÷òî d1 ≤
≤ 0.225/(0.53 c), d2 ≤ 0.225/(0.5 c). Òîãäà ïðè ëþáîì çíà÷åíèè p, óäîâëåòâîðÿþùåì
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íåðàâåíñòâó −d1 ≤ p ≤ d2, óïðàâëåíèå u(x) ðåøàåò çàäà÷ó ñèíòåçà â îáëàñòè Q
äëÿ ñèñòåìû (3.6), ò. å. òðàåêòîðèÿ ñèñòåìû (3.6) ïðè u = u(x), íà÷èíàþùàÿñÿ â
ïðîèçâîëüíîé òî÷êå x0 ∈ Q, îêàí÷èâàåòñÿ â òî÷êå x = 0 çà êîíå÷íîå âðåìÿ T (x0),
ïðè÷åì x(t) ∈ Q, |u(x)| ≤ 1;

T (x0) ≤ max

{
Θ(x0)

0.226− 0.53 c d1

,
Θ(x0)

0.226− 0.5 c d2

}
.

Âûáåðåì êàê è â [7] íà÷àëüíûå óñëîâèÿ ñèñòåìû âèäà x1(0) = 1, x2(0) = 0.5.
Òîãäà Θ(x1(0), x2(0)) = 1.37, d1 = 0.30, d2 = 0.32 è äëÿ ∀p : p ∈ [−0.30, 0.32]
ñïðàâåäëèâî íåðàâåíñòâî dΘ

dt

∣∣
ẋ=(A0+pD)x+b0u(x)

< 0. Ïðè p = −0.30 âðåìÿ ïîïàäàíèÿ
â íà÷àëî êîîðäèíàò T ≈ 3.32, ïðè p = 0 âðåìÿ T ≈ 3.05, ïðè p = 0.32 âðåìÿ
T ≈ 2.93. Â [7] ïîëó÷åíû òàêèå ðåçóëüòàòû: d1 = 0.31, d2 = 0.40. Ïðè p = −0.31
âðåìÿ ïîïàäàíèÿ â íà÷àëî êîîðäèíàò T ≈ 3.25, ïðè p = 0 âðåìÿ T ≈ 3.14, ïðè
p = 0.40 âðåìÿ T ≈ 3.25.
Çàìå÷àíèå 3. Âûïèøåì õàðàêòåðèñòè÷åñêèé ïîëèíîì ìàòðèöû A0 +pD. Îí èìååò
âèä det(A0 + pD − λI) = λ2 + 1 − p, ãäå I � åäèíè÷íàÿ ìàòðèöà â ïðîñòðàíñòâå
R2. Äëÿ ýòîé ìàòðèöû âîçìîæíû 2 ïîëèíîìà Õàðèòîíîâà [11]: S1(λ) = λ2 +1− d2,
S2(λ) = λ2 + 1 + d1 (íàïîìíèì, ÷òî −d1 ≤ p ≤ d2). Êîðíè îáîèõ ïîëèíîìîâ èìåþò
äåéñòâèòåëüíóþ ÷àñòü ðàâíóþ íóëþ. Ò. å. â äàííîì ïðèìåðå ìû òàêæå íå ìîæåì
âîñïîëüçîâàòüñÿ òåîðåìîé Õàðèòîíîâà.
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