
Äèíàìè÷åñêèå ñèñòåìû, âûï. 27 (2009), 81�92

ÓÄÊ 517.5

Ïðèáëèæåíèå ïåðèîäè÷åñêèõ
àíàëèòè÷åñêèõ ôóíêöèé ïîâòîðíûìè
ñóììàìè Âàëëå Ïóññåíà

Î.Ã. Ðîâåíñêàÿ
Ñëàâÿíñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò,
Ñëàâÿíñê 84116. E-mail: sgpi@slav.dn.ua

Àííîòàöèÿ. Ïîëó÷åíû àñèìïòîòè÷åñêèå ôîðìóëû äëÿ âåðõíèõ ãðàíåé óêëîíåíèé òðèãîíîìåò-
ðè÷åñêèõ ïîëèíîìîâ, ïîðîæäàåìûõ ïîâòîðíûì ìåòîäîì ñóììèðîâàíèÿ Âàëëå Ïóññåíà, âçÿòûõ
ïî êëàññàì àíàëèòè÷åñêèõ ïåðèîäè÷åñêèõ ôóíêöèé äåéñòâèòåëüíîé ïåðåìåííîé. Ïîëó÷åííûå
ôîðìóëû âî ìíîãèõ âàæíûõ ñëó÷àÿõ îáåñïå÷èâàþò ðåøåíèå çàäà÷è Êîëìîãîðîâà-Íèêîëüñêîãî
äëÿ ýòèõ ìåòîäîâ ïðèáëèæåíèÿ è êëàññîâ àíàëèòè÷åñêèõ ôóíêöèé. Óêàçàíû óñëîâèÿ ïðè êîòî-
ðûõ ïîâòîðíûå ñóììû Âàëëå Ïóññåíà îáåñïå÷èâàþò ïîðÿäîê ïðèáëèæåíèÿ ëó÷øèé, ÷åì îáû÷-
íûå.
Êëþ÷åâûå ñëîâà: ìåòîä Âàëëå Ïóññåíà, ðÿä Ôóðüå, àñèìïòîòè÷åñêàÿ ôîðìóëà.

1. Ââåäåíèå

Ñëåäóÿ À.È. Ñòåïàíöó, îáîçíà÷èì Cq
β,∞ è Cq

βHω � êëàññû íåïðåðûâíûõ 2π-
ïåðèîäè÷åñêèõ ôóíêöèé f(·), êîòîðûå ìîæíî ïðåäñòàâèòü â âèäå ñâåðòêè

f(x) = A0 +
1

π

π∫

−π

ϕ(x+ t)P q
β (t) dt,

ãäå

P q
β (t) =

∞∑

k=1

qk cos(kt+
βπ

2
), q ∈ (0; 1), β ∈ R

� ÿäðî Ïóàññîíà, à ôóíêöèÿ ϕ(·) òàêîâà, ÷òî

esssup |ϕ(·)| ≤ 1 èëè |ϕ(t′)− ϕ(t′′)| ≤ ω(|t′ − t′′|), ∀t′, t′′ ∈ R,

ñ ïðîèçâîëüíûì ôèêñèðîâàííûì ìîäóëåì íåïðåðûâíîñòè ω(t).
Èçâåñòíî (ñì., íàïðèìåð, [6, ñ. 31]), ÷òî êëàññû Cq

β,∞ è Cq
βHω, êîòîðûå ïðè-

íÿòî íàçûâàòü êëàññàìè èíòåãðàëîâ Ïóàññîíà, ñîñòîÿò èç ôóíêöèé f , ÿâëÿþ-
ùèõñÿ ñóæåíèÿìè íà äåéñòâèòåëüíóþ îñü ôóíêöèé F (z), àíàëèòè÷åñêèõ â ïîëîñå
|Imz| ≤ ln 1

q
.
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Îáîçíà÷èì ÷åðåç Sn(f ; x) ÷àñòè÷íûå ñóììû ðÿäà Ôóðüå. Òîãäà ñóììû Âàëëå
Ïóññåíà ôóíêöèè f ∈ L (ñì. [6, ñ. 47], [11]) çàäàþòñÿ ñîîòíîøåíèåì

Vn,p(f, x) =
1

p

n−1∑

k=n−p

Sk(f, x).

Ïóñòü p1, p2 � ïðîèçâîëüíûå íàòóðàëüíûå ÷èñëà òàêèå, ÷òî p1 + p2 < n. Ôóíê-
öèè f ∈ L ïîñòàâèì â ñîîòâåòñòâèå ïîñëåäîâàòåëüíîñòü òðèãîíîìåòðè÷åñêèõ ìíî-
ãî÷ëåíîâ

Vn,p1,p2(f, x) = V
(2)
n,p (f, x) =

1

p1

n−1∑

k=n−p1

1

p2

k∑

m=k−p2+1

Sm(f, x), (1)

êîòîðûå áóäåì íàçûâàòü ïîâòîðíûìè ñóììàìè Âàëëå Ïóññåíà [2].
Çàäà÷à ïðèáëèæåíèÿ êëàññîâ èíòåãðàëîâ Ïóàññîíà èìååò ñâîþ èñòîðèþ. Â 1946

ãîäó Ñ.Ì. Íèêîëüñêèé [1] ïîêàçàë, ÷òî äëÿ âåðõíèõ ãðàíåé óêëîíåíèé ÷àñòè÷íûõ
ñóìì Ôóðüå, âçÿòûõ ïî êëàññàì Cq

β,∞,

E (
Cq

β,∞;Sn

) df
= sup

f∈Cq
β,∞

||f(·)− Sn(f ; ·)||C

èìååò ìåñòî àñèìïòîòè÷åñêîå ðàâåíñòâî

E (
Cq

β,∞;Sn

)
=

8qn

π2

π
2∫

0

du√
1− q2 sin2 u

+O(1)
qn

n
, q = e−α,

ãäå

K(q) =

π
2∫

0

du√
1− q2 sin2 u

� ïîëíûé ýëëèïòè÷åñêèé èíòåãðàë ïåðâîãî ðîäà. Â 1980 ãîäó Ñ.Á. Ñòå÷êèí [10]
óòî÷íèë îñòàòî÷íûé ÷ëåí â ýòîé ôîðìóëå, ïîêàçàâ, ÷òî îí ðàâåí O(1) qn+1

(1−q)n
.

Àíàëîãè÷íàÿ çàäà÷à äëÿ êëàññîâ Cq
βHω áûëà ðåøåíà â 2001 ãîäó À.È. Ñòåïàí-

öîì. Â ðàáîòå [7] áûëî ïîêàçàíî, ÷òî ïðè n→ ∞ âûïîëíÿåòñÿ ðàâåíñòâî

E (
Cq

βHω;Sn

)
=

4qn

π2
K(q)θn(ω)

π/2∫

0

ω

(
2t

n

)
sin t dt+

O(1)qn

(1− q)2n
ω(1/n),

ãäå θn(ω) ∈ [1/2; 1], ïðè÷åì θn(ω) = 1, åñëè ω(t) � âûïóêëûé ìîäóëü íåïðåðûâíî-
ñòè.
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Â ðàáîòå [3] (ñì. òàêæå [9, ñ. 218]) äëÿ âåðõíèõ ãðàíåé îòêëîíåíèé ñóìì Âàëëå
Ïóññåíà íà êëàññàõ Cq

β,∞ ïîëó÷åíû àñèìïòîòè÷åñêèå ôîðìóëû

E (
Cq

βHω;Vn,p

)
=

2θn(ω)qn−p+1

πp(1− q2)

π
2∫

0

ω

(
2t

n− p

)
sin tdt+

+O(1)ω(
1

n− p
)

(
qn−p+1

p(n− p)(1− q)3
+

qn

p(1− q2)

)
, 1 < p < n,

E (
Cq

β,∞;Vn,p

)
=

4qn−p+1

πp(1− q2)
+O(1)

(
qn−p+1

p(n− p)(1− q)3
+

qn

p(1− q2)

)
. (2)

À.Ñ. Ñåðäþêîì [4] òàêæå áûëî ïîêàçàíî, ÷òî èìååò ìåñòî áîëåå îáùèé ðåçóëüòàò,
÷åì ôîðìóëà (2):

E(
Cq

β,∞;Vn,p

)
=
qn−p+1

p

(
4

π2
Kp,q +O(1)

(
q

(n− p+ 1)(1− q)s

))
,

ãäå

Kp,q =

π∫

0

√
1− 2qp cos pt+ q2p

1− 2q cos pt+ q2
dt, s = s(p) =

{
1, p = 1,

3, p = 2, 3, . . . .

2. Îñíîâíîé ðåçóëüòàò
Â äàííîé ðàáîòå èññëåäóåòñÿ àñèìïòîòè÷åñêîå ïîâåäåíèå ïðè n→∞ âåëè÷èíû

E
(
Cq

βHω;V
(2)
n,p

)
= sup

f∈Cq
βHω

|f(x)− V
(2)
n,p (f ;x)|.

Íàìè äîêàçàíî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà. Ïóñòü q ∈ (0; 1), β ∈ R è ω(t) � ïðîèçâîëüíûé ìîäóëü íåïðåðûâíîñòè,
p1 + p2

df
= Σp < n. Òîãäà ïðè n − p1 − p2 → ∞ ñïðàâåäëèâà àñèìïòîòè÷åñêàÿ

ôîðìóëà

E
(
Cq

βHω;V
(2)
n,p

)
=

4qn−Σp+1

π2p1p2(1 + q)3
Π

(
4q

(1 + q)2
;

2
√
q

1 + q

)
en−Σp−1(ω)+

+O(1)

(
qn−Σp+1ω ((n− Σp)

−1)

p1p2(n− Σp)(1− q)5
+
qn−p1+1ω ((n− p1)

−1)

p1p2(1− q)3
+
qn−p2+1ω ((n− p2)

−1)

p1p2(1− q)3

)
,

(3)
ãäå

en−Σp−1(ω) = θn(ω)

π
2∫

0

ω(2τ(n− Σp − 1)−1) sin τdτ,
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θn(ω) ∈ [1/2; 1], ïðè÷åì θn(ω) = 1, åñëè ω(t) � âûïóêëûé ìîäóëü íåïðåðûâíîñòè,
O(1) � âåëè÷èíà, ðàâíîìåðíî îãðàíè÷åííàÿ ïî n, p1, p2, q, β,

Π (n; k) =

π
2∫

0

du(
1− n sin2 u

) √
1− k2 sin2 u

� ïîëíûé ýëëèïòè÷åñêèé èíòåãðàë òðåòüåãî ðîäà.

Äîêàçàòåëüñòâî. Â ñèëó ñîîòíîøåíèÿ (1) èìååì

δ
(2)
n,p(f, x)

df
= f(x)− V

(2)
n,p (f, x) =

1

p1p2

n−1∑

k=n−p1

k∑

m=k−p2+1

ρm(f, x),

ãäå
ρm(f, x) = f(x)− Sm(f, x).

Ââåäåì îáîçíà÷åíèå

bq,β
m (t) =

1− 3q cos t+ 3q2 cos 2t− q3 cos 3t

(1− 2q cos t+ q2)3
cos(mt+

βπ

2
)+

+
−3q sin t+ 3q2 sin 2t− q3 sin 3t

(1− 2q cos t+ q2)3
sin(mt+

βπ

2
).

Ïðèìåíÿÿ ðàññóæäåíèÿ ðàáîòû [3] (òàêæå [2]), ïîëó÷àåì

E(Cq
βHω;V

(2)
n,p ) =

qn−Σp+1

πp1p2

sup
f∈Hω

|Jn,p1,p2(f)|+

+O(1)

(
qn−p1+1

πp1p2

sup
f∈Hω

|Jn,p1,0(f)|+ qn−p2+1

πp1p2

sup
f∈Hω

|Jn,0,p2(f)|+ qn+1

πp1p2

sup
f∈Hω

|Jn,0,0(f)|
)
,

ãäå

Jn,p1,p2(f)=Jn,p(f)
df
=

2π∫

0

f(t)Z3
q (t) cos[(n− Σp + 1)t+

βπ

2
+ 3ξ(t)]dt.

Zq(t) = (1− 2q cos t+ q2)−1/2, ξ(t) = arctg
q sin t

1− q cos t
.

Ïîëîæèì
τ = ỹ(t) = t+ (n− Σp − 1)−1(3ξ(t) + 2t+ βπ/2).

Òîãäà

Jn,p1,p2(f) =

2π∫

0

f(t)Z3
q (t) cos[(n− Σp − 1)ỹ(t)]dt.
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Îáîçíà÷èì

Zq,n,p(t) =

(
n− Σp + 1

n− Σp − 1
− 2(n− Σp − 1) + 1

n− Σp − 1
q cos t+

n− Σp − 2

n− Σp − 1
q2

)−1/2

.

Ôóíêöèÿ ỹ(t) èìååò îáðàòíóþ ôóíêöèþ t = y(τ) = ỹ−1(τ), τ ∈ R. Ïîýòîìó ñóùå-
ñòâóåò ôóíêöèÿ

y′(τ) = Z2
q,n,p(y(τ))Z

−2
q (y(τ)).

Òàê êàê äëÿ ëþáûõ t ∈ R è q ∈ (0; 1) âûïîëíÿåòñÿ ỹ′(t) > 1, òî äëÿ ëþáûõ τ ∈ R
è q ∈ (0; 1) âûïîëíÿåòñÿ

0 < y′(τ) < 1. (4)

Âûïîëíèì çàìåíó ïåðåìåííîé â èíòåãðàëå Jn,p(f), ïîëîæèâ t = y(τ). Ó÷èòûâàÿ
(4), èìååì

Jn,p(f) =

ỹ(2π)∫

ỹ(0)

f(y(τ))Z3
q (y(τ)) cos[(n− Σp − 1)τ(t)]dτ +R

(1)
n,p(f), (5)

ãäå

R
(1)
n,p(f) =

ỹ(2π)∫

ỹ(0)

f(y(τ))r
(1)
n,p(τ) cos[(n− Σp − 1)τ(t)]dτ,

r
(1)
n,p(τ) = Zq(y(τ))Z

2
q,n,p(y(τ))− Z3

q (y(τ)).

Òàê êàê äëÿ ëþáûõ t ∈ R è q ∈ (0; 1) Z2
q (t) > Z2

q,n,p(t), òî äëÿ τ ∈ (ỹ(0); ỹ(2π))

âûïîëíÿåòñÿ r(1)
n,p(τ) < 0. Ïîêàæåì, ÷òî ∀ f ∈ Hω ïðè n→∞

|R(1)
n,p(f)| = O(1)ω

(
(n− Σp − 1)−1

)
(1− q)−5(n− Σp − 1)−1, (6)

ãäå O(1) � âåëè÷èíà, ðàâíîìåðíî îãðàíè÷åííàÿ ïî âñåì ïàðàìåòðàì.
Èçó÷èì íóëè ôóíêöèè ϕ(t) = r

(1)
n,p(t) cos[(n − Σp − 1)t]. Ôóíêöèÿ r(1)

n,p(τ) ïî àá-
ñîëþòíîé âåëè÷èíå íà ïðîìåæóòêå [ỹ(0); ỹ(π)] ñòðîãî óáûâàåò, à íà ïðîìåæóòêå
[ỹ(π); ỹ(2π)] ñòðîãî âîçðàñòàåò. Íå íàðóøàÿ îáùíîñòè, ìîæíî ñ÷èòàòü, ÷òî 0≤β<4.
Ïóñòü xk = kπ

n−Σp−1
è τk = xk + π

2(n−Σp−1)
.

×èñëà αk =
∫ τk+1

τk
r
(1)
n,p(τ) cos[(n − Σp − 1)τ ]dτ ïî àáñîëþòíîé âåëè÷èíå óáûâà-

þò è sign (αk) = (−1)k. Ïîýòîìó äëÿ r
(+)
n,p (τ) =

∫ τn−Σp
τ

r
(1)
n,p(τ) cos[(n − Σp − 1)τ ]dτ

âûïîëíåíî: sign (r
(+)
n,p (τm)) = sign (

n−Σp−1∑
k=m

αk) = (−1)m. Ýòî çíà÷èò, ÷òî íà êîí-

öàõ êàæäîãî îòðåçêà [τk; τk+1] ôóíêöèÿ r(+)
n,p (τ) ïðèíèìàåò çíà÷åíèÿ, ðàçëè÷íûå ïî

çíàêó. Ïîýòîìó îíà íà êàæäîì ïðîìåæóòêå [τk; τk+1], k ∈ {2, 3, . . . , n − Σp − 1}
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èìååò åäèíñòâåííûé ïðîñòîé íóëü τ k. Òàêèì îáðàçîì, äëÿ k ∈ {2, 3, . . . , n−Σp−1}
âûïîëíÿåòñÿ

τk+1∫

τk

r
(1)
n,p(τ) cos[(n− Σp − 1)τ ]dτ = 0. (7)

Àíàëîãè÷íî ïîêàçûâàåì, ÷òî ôóíêöèÿ

r
(−)
n,p (τ) =

τ∫

τn−Σp+3

r
(1)
n,p(τ) cos(n− Σp − 1)τdτ

òàêîâà, ÷òî íà êàæäîì ïðîìåæóòêå [τk; τk+1], k∈{n−Σp+ 3, . . . , 2(n−Σp)−1}, èìååò
åäèíñòâåííûé ïðîñòîé íóëü τ k. Ýòî çíà÷èò, ÷òî äëÿ k ∈ {n−Σp+3, . . . , 2(n−Σp)−1}
òàêæå èìååò ìåñòî (7), òî åñòü âûïîëíåíû òðåáîâàíèÿ ëåììû 5.1.3. ðàáîòû [8,
c. 206]. Ïðèìåíÿÿ ýòó ëåììó, ïîëó÷àåì, ÷òî ∀ f ∈ Hω èìååò ìåñòî îöåíêà (6).

Ñëåäóþùèé øàã ñîñòîèò â äàëüíåéøåì óïðîùåíèè èíòåãðàëà â ñîîòíîøåíèè
(5). Ñ ýòîé öåëüþ îïðåäåëèì ôóíêöèþ ln,p(τ), ïîëîæèâ

ln,p(τ) =

{
Zq(y(τk)), τ ∈ [xk;xk+1], k = 2, 3, . . . , 2(n− Σp),

0, τ ∈ [ỹ(0), x2] ∪ (x2(n−Σp), ỹ(2π)).
(8)

Òîãäà â ñèëó ñîîòíîøåíèÿ (5)

Jn,p(f) =

x2(n−Σp+1)∫

x2

f(y(τ))l3n,p(τ) cos((n− Σp − 1)τ(t))dτ +R
(1)
n,p(f) +R

(2)
n,p(f), (9)

ãäå

R
(2)
n,p(f) =

ỹ(2π)∫

ỹ(0)

f(y(τ))r
(2)
n,p(τ) cos((n−Σp− 1)τ)dτ, r

(2)
n,p(τ) = Z3

q (y(τ))− l3n,p(τ). (10)

Òàê êàê
sign

(
d

dτ
Z3

q (y(τ))

)
= −sign (sin y(τ)),

òî ôóíêöèÿ Z3
q (y(τ)) ñòðîãî óáûâàåò íà ïðîìåæóòêå [ỹ(0); ỹ(π)] è ñòðîãî âîçðàñòàåò

íà ïðîìåæóòêå [ỹ(π); ỹ(2π)]. Èçó÷àÿ âòîðóþ ïðîèçâîäíóþ ýòîé ôóíêöèè, çàêëþ-
÷àåì, ÷òî îíà èìååò ðîâíî ïî îäíîé òî÷êå ïåðåãèáà íà êàæäîì èç ïðîìåæóòêîâ
[ỹ(0); ỹ(π)] è [ỹ(π); ỹ(2π)].

Ýòî çíà÷èò, ÷òî äëÿ ôóíêöèè g(τ) = d2

dτ2Z
3
q (y(τ)) âûïîëíåíû òðåáîâàíèÿ ëåììû

5.18.2. ðàáîòû [8, ñ. 323]. Îáîçíà÷èì ÷åðåç τ ∗ òî÷êó ïåðåãèáà ôóíêöèè Z3
q (y(τ)), íà-

õîäÿùóþñÿ íà ïðîìåæóòêå [ỹ(0); ỹ(π)]. Ôóíêöèÿ Z3
q (y(τ)) íà ïðîìåæóòêå (ỹ(0); τ ∗)

âûïóêëà ââåðõ è ñòðîãî óáûâàåò, à íà ïðîìåæóòêå (τ ∗; ỹ(π)) âûïóêëà âíèç è ñòðîãî
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óáûâàåò. Ïóñòü ÷èñëà k1 è k2 òàêèå, ÷òî òî÷êà xk1 åñòü áëèæàéøàÿ ñëåâà, à xk2 �
áëèæàéøàÿ ñïðàâà îò òî÷êè τ ∗ è ïóñòü

αk =

xk+1∫

xk

r
(2)
n,p(τ) cos(n− Σp − 1)τdτ.

Ó÷èòûâàÿ ñâîéñòâà ôóíêöèè Z3
q (y(τ)), ïðèõîäèì ê âûâîäó î òîì, ÷òî äëÿ k =

2, n− Σp âûïîëíÿåòñÿ óñëîâèå sign αk = (−1)k. Ïðèìåíÿÿ òåïåðü ëåììó 5.18.2.
ðàáîòû [8, ñ. 323], ìîæíî ïîêàçàòü, ÷òî ñ ðîñòîì k = 2; k1 − 1 ÷èñëà |αk| íå óáûâàþò,
à ñ ðîñòîì k = k2;n− Σp ÷èñëà |αk| íå âîçðàñòàþò.

Ïóñòü

Φ1(x) =

x∫

x2

r
(2)
n,p(τ) cos(n− Σp − 1)τdτ, Φ2(x) =

xn−Σp+1∫

x

r
(2)
n,p(τ) cos(n− Σp − 1)τdτ.

Òàê êàê sign Φ1(xm) = (−1)m−1,m ∈ {3, . . . , k1}, òî íà êîíöàõ êàæäîãî îòðåç-
êà [xm;xm+1] ôóíêöèÿ Φ1(x) ïðèíèìàåò çíà÷åíèÿ ðàçëè÷íûå ïî çíàêó. Ïîýòîìó
ôóíêöèÿ Φ1(x) íà êàæäîì ïðîìåæóòêå [xk;xk+1], k ∈ {2, 3, . . . , k1−1}, èìååò åäèí-
ñòâåííûé ïðîñòîé íóëü xk. Àíàëîãè÷íî äëÿ ôóíêöèè Φ2(x) ïîëó÷àåì, ÷òî îíà íà
êàæäîì ïðîìåæóòêå

[xk;xk+1], k ∈ {k2; k2 + 1; . . . ;n− p1 − p2 − 1}
òàêæå èìååò åäèíñòâåííûé ïðîñòîé íóëü xk. Äëÿ ïðîìåæóòêà [ỹ(π); ỹ(2π)] ïðîâå-
äåì àíàëîãè÷íûå ðàññóæäåíèÿ. Ïðèíèìàÿ âî âíèìàíèå ýòè ïîñòðîåíèÿ, è ïîëàãàÿ

G(τ) = f(y(τ))r
(2)
n,p(τ) cos(n− Σp − 1)τ,

ñîãëàñíî (10) èìååì

R
(2)
n,p(f) =

ỹ(π)∫

ỹ(0)

G(τ)dτ +

ỹ(2π)∫

ỹ(π)

G(τ)dτ
df
= J

(1)
n,p(f) + J

(2)
n,p(f). (11)

Èçó÷èì ñëàãàåìîå J (1)
n,p(f). Èìååì

J
(1)
n,p(f) =

x2∫

ỹ(0)

G(τ)dτ +

xk1−1∫

x2

G(τ)dτ +

xk2∫

xk1−1

G(τ)dτ+

+

xn−p1−p2+1∫

xk2

G(τ)dτ +

ỹ(π)∫

xn−p1−p2+1

G(τ)dτ
df
=

5∑
j=1

ij(f).
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Ó÷èòûâàÿ (10), ∀ f ∈ Hω0 íàõîäèì

|i1(f)| = O(1)ω

(
1

n− Σp − 1

)
1

(1− q)3(n− Σp − 1)
.

Ïðèìåíÿÿ ëåììó 5.1.3 ðàáîòû [8, ñ. 206], ïîëó÷àåì

|i2(f)| ≤ ω

(
4π

n− Σp − 1

) xk1−1∫

x2

|Z3
q (y(τ))− l3n,p(τ)|dτ.

Òàê êàê |y′(τ)| ≤ 1 è
∣∣ d
dτ
Z3

q (y(τ))
∣∣ ≤ 3q

(1−q)5
, òî |r(2)

n,p(τ)| ≤ 3qπ
(n−Σp−1)(1−q)5

. Ñëåäîâà-
òåëüíî,

|i2(f)| = O(1)ω

(
1

n− Σp − 1

)
q

(n− Σp − 1)(1− q)5
.

Àíàëîãè÷íî ïîëó÷àåì, ÷òî òàêàÿ æå îöåíêà ñïðàâåäëèâà äëÿ âåëè÷èí |i3(f)|,
|i4(f)|, |i5(f)|. Ó÷èòûâàÿ ýòî, íàõîäèì

|J (1)
n,p| = O(1)ω

(
1

n− Σp − 1

)
1

(n− Σp − 1)(1− q)5
.

Âûïîëíÿÿ àíàëîãè÷íûå ðàññóæäåíèÿ, ïîëó÷àåì, ÷òî òàêàÿ æå îöåíêà ñïðàâåäëèâà
äëÿ âåëè÷èíû |J (2)

n,p|. Ïîýòîìó â ñèëó ñîîòíîøåíèÿ (11) ïðèõîäèì ê âûâîäó î òîì,
÷òî

|R(2)
n,p| = O(1)ω

(
1

n− Σp − 1

)
1

(n− Σp − 1)(1− q)5
. (12)

Òàêèì îáðàçîì, ñîãëàñíî (6), (9), (12),

Jn,p(f) =

x2(n−Σp)∫

x2

f(y(τ))l3n,p(τ) cos((n− Σp − 1)τ)dτ +O(1)
ω ((n− Σp − 1)−1)

(n− Σp − 1)(1− q)5
.

Ó÷èòûâàÿ (8), èìååì

iqn,p(f)
df
=

x2(n−Σp+1)∫

x2

f(y(τ))l3n,p(τ) cos[(n− Σp − 1)τ ]dτ =

=

2(n−Σp)+1∑

k=2

Z3
q (τk)

tk+1∫

tk

f(t) cos[(n− Σp − 1)ỹ(t)]ỹ′(t)dt, tk = y(xk).

Ïîýòîìó

sup
f∈Hω0

|iqn,p(f)| ≤
2(n−Σp)+1∑

k=2

Z3
q (τk)Sk(ω), (13)
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ãäå

Sk(ω) = sup
f∈Hω0

∣∣∣∣∣∣

tk+1∫

tk

f(t) cos[(n− Σp − 1)ỹ(t)]ỹ′(t)dt

∣∣∣∣∣∣
. (14)

Ïóñòü ρk(t) � ôóíêöèÿ, îïðåäåëåííàÿ íà ïðîìåæóòêå [tk; ck] ðàâåíñòâîì
t∫

tk

ψ(t)dt =

ρk(t)∫

tk

ψ(t)dt, tk ≤ t ≤ ck ≤ ρk(t) ≤ tk+1.

Òîãäà, â ñèëó ëåììû Êîðíåé÷óêà-Ñòå÷êèíà (ñì., íàïðèìåð, ëåììà 5.1.4. ðàáîòû
[8, ñ. 208]), äëÿ ëþáîãî ìîäóëÿ íåïðåðûâíîñòè ω(t)

Sk(ω) ≤
ck∫

tk

|ψ(t)|ω(ρk(t)− t)dt. (15)

Åñëè ïðè ýòîì ω(t) � âûïóêëûé ìîäóëü íåïðåðûâíîñòè, òî â (15) èìååò ìåñòî çíàê
ðàâåíñòâà è âåðõíþþ ãðàíü ðåàëèçóåò ôóíêöèÿ èç êëàññà Hω âèäà sk ± fk(t), ãäå
sk � ïðîèçâîëüíûå ïîñòîÿííûå, à

fk(t) =





−
ck∫
t

ω′(ρk(v)− v)dv, t ∈ [tk; ck],

t∫
ck

ω′(v − ρ−1
k (v))dv, t ∈ [ck; tk+1],

ãäå ρ−1
k (v) � ôóíêöèÿ, îáðàòíàÿ ê ρk(v). Îáúåäèíÿÿ ñîîòíîøåíèÿ (13), (14), (15),

äëÿ ëþáîãî ìîäóëÿ íåïðåðûâíîñòè ω = ω(t) ïîëó÷àåì

sup
f∈Hω0

|iqn,p(f)| ≤
2(n−Σp)+1∑

k=2

Z3
q (τk)

ck∫

tk

|ψ(t)|ω(ρk(t)− t)dt. (16)

Ïóñòü òåïåðü ω = ω(t) � âûïóêëûé ìîäóëü íåïðåðûâíîñòè. Ðóêîâîäñòâóÿñü ñíîâà
ëåììîé Êîðíåé÷óêà-Ñòå÷êèíà, ïîñòðîèì ôóíêöèþ f ∗ ∈ Hω, äëÿ êîòîðîé áóäåò
âûïîëíÿòüñÿ ðàâåíñòâî

iqn,p(f
∗) =

2(n−Σp)+1∑

k=2

Z3
q (τk)

ck∫

tk

|ψ(t)|ω(ρk(t)− t)dt+O(1)
ω ((n− Σp − 1)−1)

(n− Σp − 1)(1− q)5
. (17)

Ôóíêöèþ f ∗(t) áóäåì ñòðîèòü íà îñíîâå ôóíêöèé fk(t). Çàìåòèì, ÷òî äëÿ âåëè÷èí
dk = tk+1 − tk, tk = y(xk), ñïðàâåäëèâî ðàâåíñòâî

dk − dk+1 =

xk+1∫

xk

[
y′(τ)− y′(τ +

π

n− Σp − 1
)

]
dτ. (18)
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Òàê êàê

y′′(τ)=

(
2− 2(n− Σp − 1) + 1

n− Σp − 1
y′(τ)

)
Z2

q,n,p(y(τ))q sin(y(τ))y′(τ),

òî íà ïðîìåæóòêå (ỹ(0); ỹ(π)) ôóíêöèÿ y′(τ) âîçðàñòàåò, à íà (ỹ(π); ỹ(2π)) � óáûâà-
åò. Ïîýòîìó èç (18) çàêëþ÷àåì, ÷òî ÷èñëà dk ñíà÷àëà âîçðàñòàþò, à çàòåì óáûâàþò.
Ïóñòü k � çíà÷åíèå íîìåðà, ïðè êîòîðîì õàðàêòåð óêàçàííîé ìîíîòîííîñòè èçìå-
íÿåòñÿ. Ïðè ýòîì n− Σp − 1 < k < n− Σp + 5. Îòìåòèâ ýòî, ïîëîæèì

f0(t) =

{
(−1)kfk(t) + γk, t ∈ [tk; tk+1), k = 2, 3, . . . , k,

(−1)kfk(t) + δk, t ∈ (tk; tk+1], k = k + 1, 2(n− Σp) + 1,

ãäå γ2 = δ2(n−Σp)+1 = 0, à îñòàëüíûå γk è δk ïîäîáðàíû òàê, ÷òîáû ôóíêöèÿ f0(t)
áûëà íåïðåðûâíîé íà ïðîìåæóòêàõ (t2; tk+1) è (tk+1; t2(n−Σp+1)). Âû÷èñëèì âåëè-
÷èíó iqn,p(f0). Â ñèëó ëåììû Êîðíåé÷óêà-Ñòå÷êèíà äëÿ k = 2, 3, . . . , 2(n− Σp) + 1

∣∣∣∣∣∣

tk+1∫

tk

f0(t) cos((n− Σp − 1)ỹ(t))ỹ′(t)dt

∣∣∣∣∣∣
=

ck∫

tk

|ψ(t)|ω(ρk(t)− t)dt.

Ïîýòîìó

iqn,p(f0) =

2(n−Σp)+1∑

k=2

Z3
q (τk)

ck∫

tk

|ψ(t)|ω(ρk(t)− t)dt. (19)

×åðåç f ∗(t) îáîçíà÷èì 2π-ïåðèîäè÷åñêóþ ôóíêöèþ, êîòîðàÿ íà ïåðèîäå [0; 2π]
îïðåäåëÿåòñÿ ðàâåíñòâîì

f ∗(t) =





0, t ∈ [0, c2] ∪ [c2(n−Σp)+1, 2π],

f0(t), t ∈ [c2, tk] ∪ [tk+2, c2(n−Σp)+1],

m(t), t ∈ [tk, tk+2], f0(tk+1 − 0) > 0,

M(t), t ∈ [tk, tk+2], f0(tk+1 − 0) < 0,

ãäå
m(t) = min{f0(t), f0(tk+1 − 0), f0(tk+1 + 0)},
M(t) = max{f0(t), f0(tk+1 − 0), f0(tk+1 + 0)}.

Çàìåòèì, ÷òî íà êàæäîì èç ïðîìåæóòêîâ [0; c2], [c2; t3], [c2(n−Σp)+1; 2π], [tk; tk+1],
k = 3, . . . , 2(n−Σp)+1, ôóíêöèÿ f ∗(t) ìîíîòîííà, ïðè÷åì íà ñîñåäíèõ ïðîìåæóòêàõ
õàðàêòåð åå ìîíîòîííîñòè ïðîòèâîïîëîæíûé. Êðîìå òîãî,

fk(tk+1)− fk(tk) = fk(ρ(tk))− fk(tk) = ω(ρk(tk)− tk) = ω(dk).

Òàê êàê ôóíêöèè f ∗(t) è f0(t) îòëè÷àþòñÿ òîëüêî íà ïðîìåæóòêàõ

[0, c2] ∪ [c2(n−p1−p2)+1, 2π],
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òî
|iqn,p(f0)− iqn,p(f

∗)| = O(1)
ω((n− Σp − 1)−1)

(n− Σp − 1)(1− q)5
.

Ýòî çíà÷èò, ÷òî â ñèëó (19)

iqn,p(f
∗) =

2(n−Σp)+1∑

k=2

Z3
n,p(τk)

ck∫

tk

|ψ(t)|ω(ρk(t)− t)dt+O(1)
ω ((n− Σp − 1)−1)

(n− Σp − 1)(1− q)5
,

òî åñòü äëÿ ôóíêöèè f ∗(t), âûïîëíÿåòñÿ ñîîòíîøåíèå (17). Ïðèìåíÿÿ ðàññóæäåíèÿ
ðàáîòû [7], íåñëîæíî ïîêàçàòü, ÷òî f ∗ ∈ Hω0 .

Ñëåäîâàòåëüíî, â ñèëó (16) è (17), ñïðàâåäëèâî ðàâåíñòâî

sup
f∈Hω0

|iqn,p(f)| =
2(n−Σp)+1∑

k=2

Z3
n,p(τk)

ck∫

tk

|ψ(t)|ω(ρk(t)− t)dt+O(1)
ω ((n− Σp − 1)−1)

(n− Σp − 1)(1− q)5

äëÿ ëþáîãî âûïóêëîãî ìîäóëÿ íåïðåðûâíîñòè ω(t). Ïðèìåíÿÿ ðàññóæäåíèÿ ðàáî-
òû [7], íàõîäèì
ck∫

tk

|ψ(t)|ω(ρk(t)− t)dt =

π
2∫

0

ω(2τ(n− Σp − 1)−1) sin τ

n− Σp − 1
dτ +O(1)

ω((n− Σp − 1)−1)

(n− Σp − 1)2(1− q)2
,

2(n−Σp)+1∑

k=2

Z3
q (τk) = 2

π∫

0

1

(1− 2q cos t+ q2)3/2
dt+O(1)

ω ((n− Σp − 1)−1)

(n− Σp − 1)(1− q)5
.

Ñëåäîâàòåëüíî, äëÿ âûïóêëîãî ìîäóëÿ íåïðåðûâíîñòè ω(t)

E(Cq
βHω;V

(2)
n,p ) =

4qn−Σp+1

π2p1p2(1 + q)3
Π

(
4q

(1 + q)2
;

2
√
q

1 + q

) π
2∫

0

ω(2τ(n− Σp − 1)−1) sin τdτ+

+O(1)


 qn−Σp+1ω

(
1

n−Σp−1

)

p1p2(n− Σp − 1)(1− q)5
+
qn−p1+1ω

(
1

n−p1−1

)

(1− q)3
+
qn−p2+1ω

(
1

n−p2−1

)

(1− q)3


 .

(20)
Îòïðàâëÿÿñü îò ôîðìóëû (20) è ïðèìåíÿÿ ëåììó î âûïóêëîé ìàæîðàíòå ïðîèç-
âîëüíîãî ìîäóëÿ íåïðåðûâíîñòè, ìîæíî ïîêàçàòü, ÷òî ñóùåñòâóåò âåëè÷èíà θn(ω),
òàêàÿ, ÷òî ñïðàâåäëèâà ôîðìóëà (3).

3. Âûâîäû
Ðåøåíèå çàäà÷è Êîëìîãîðîâà-Íèêîëüñêîãî ôîðìóëà (3) îáåñïå÷èâàåò, åñëè

êðîìå n− p1 − p2 →∞, âûïîëíÿþòñÿ óñëîâèÿ p1 →∞, p2 →∞.
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Èç îïðåäåëåíèÿ îáû÷íûõ ñóìì Âàëëå Ïóññåíà âèäíî, ÷òî ïàðàìåòð p îïðå-
äåëÿåò íîìåðà ãàðìîíèê ðÿäà Ôóðüå (à èìåííî, n − p + 1, n − p + 2, . . . , n − 1),
êîòîðûå äîìíîæàþòñÿ íà ñîîòâåòñòâóþùèå êîýôôèöèåíòû (p−1

p
, p−2

p
, . . . , 1

p
), â îò-

ëè÷èå îò ïåðâûõ ãàðìîíèê, êîòîðûå íå èçìåíÿþòñÿ. Åñëè ñðàâíèâàòü îáû÷íûå
ñóììû Âàëëå Ïóññåíà è ïîâòîðíûå, ó êîòîðûõ èçìåíÿåòñÿ îäèíàêîâîå êîëè÷åñòâî
ãàðìîíèê, òî åñòü, êîãäà p = p1 + p2, òî íåñëîæíî çàìåòèòü, ÷òî ïîâòîðíûå ñóììû
Âàëëå Ïóññåíà íà êëàññå Cq

βHω ìîãóò îáåñïå÷èâàòü áîëåå âûñîêèé (ñ òî÷íîñòüþ
äî ïîñòîÿííîãî ìíîæèòåëÿ) ïîðÿäîê ïðèáëèæåíèÿ (ïðè n → ∞), ÷åì îáû÷íûå
ñóììû Âàëëå Ïóññåíà. Íàïðèìåð, åñëè p1 = p2 = p/2, òî ïîðÿäîê ïðèáëèæåíèÿ
ïîâòîðíûìè ñóììàìè Âàëëå Ïóññåíà ñîñòàâëÿåò qn−p+1

p2 ω(1/(n − p)), ÷òî â p ðàç
ëó÷øå, ÷åì ïîðÿäîê ïðèáëèæåíèÿ ñîîòâåòñòâóþùèìè îáû÷íûìè ñóììàìè Âàëëå
Ïóññåíà.

Âûðàæàþ èñêðåííþþ áëàãîäàðíîñòü êàíäèäàòó ôèç.-ìàò. íàóê, äåêàíó
ôèçèêî-ìàòåìàòè÷åñêîãî ôàêóëüòåòà Ñëàâÿíñêîãî ãîñóäàðñòâåííîãî ïåäàãîãè÷å-
ñêîãî óíèâåðñèòåòà Î.A. Íîâèêîâó çà îáñóæäåíèå ñòàòüè.
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