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Àííîòàöèÿ. Äëÿ îäíîïàðàìåòðè÷åñêîãî ñåìåéñòâà ëèíåéíûõ îãðàíè÷åííûõ îïåðàòîðîâ, çà-
äàííûõ â áàíàõîâîì ïðîñòðàíñòâå, êîòîðîå ÿâëÿåòñÿ ïðîèçâåäåíèåì ïîëóãðóïïû è ñåìåéñòâà
ëèíåéíûõ îãðàíè÷åííûõ îïåðàòîðîâ, íàõîäÿòñÿ óñëîâèÿ, ïðè êîòîðûõ îíî îáðàçóåò îáîáùåííóþ
ïîëóãðóïïó îïåðàòîðîâ è äàåòñÿ âèä åå èíôèíèòåçèìàëüíûõ îïåðàòîðîâ.

Â ñâÿçè ñ èçó÷åíèåì êâàçè-äèôôåðåíöèàëüíûõ óðàâíåíèé Ì. Ðè÷àðäñîí â ðà-
áîòå [1] ââåë ïîíÿòèå îáîáùåííîé ïîëóãðóïïû îïåðàòîðîâ. Äàëåå, â ñòàòüÿõ [2]
è [3] àâòîðàìè áûëè ïîëó÷åíû ôîðìóëà ïðåäñòàâëåíèÿ îáîáùåííîé ïîëóãðóïïû
ëèíåéíûõ îãðàíè÷åííûõ îïåðàòîðîâ â áàíàõîâîì ïðîñòðàíñòâå è ðÿä îöåíîê äëÿ
íîðìû ðàçíîñòè îáîáùåííîé è äàííîé ïîëóãðóïïû îïåðàòîðîâ [4]. Â ñòàòüå [5]
àâòîðîì íàéäåíû óñëîâèÿ, ïðè êîòîðûõ ñåìåéñòâî ñîñòîÿùåå â âèäå ñóììû ïîëó-
ãðóïïû è ñåìåéñòâà ëèíåéíûõ îãðàíè÷åííûõ îïåðàòîðîâ, çàäàííûõ â áàíàõîâîì
ïðîñòðàíñòâå îáðàçóåò îáîáùåííóþ ïîëóãðóïïó è íàéäåíû åå èíôèíèòåçèìàëüíûå
îïåðàòîðû.

Öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ ïîëó÷èòü ìóëüòèïëèêàòèâíûé àíàëîã
òåîðåìû [5], òî åñòü ïðè ñîîòâåòñòâóþùèõ óñëîâèÿõ äîêàçàòü, ÷òî îäíîïàðàìåòðè-
÷åñêîå ñåìåéñòâî âèäà St = {TtC(t)}t≥0, (ãäå {Tt}t≥0 � ïîëóãðóïïà ëèíåéíûõ îãðà-
íè÷åííûõ îïåðàòîðîâ è {C(t)} � ñåìåéñòâî ëèíåéíûõ îãðàíè÷åííûõ îïåðàòîðîâ,
îòîáðàæàþùèõ áàíàõîâî ïðîñòðàíñòâî X â ñåáÿ) îáðàçóåò îáîáùåííóþ ïîëóãðóï-
ïó è íàéòè åå èíôèíèòåçèìàëüíûå îïåðàòîðû.

Ïóñòü X � Áàíàõîâî ïðîñòðàíñòâî, L(X) � ïðîñòðàíñòâî ëèíåéíûõ îãðàíè÷åí-
íûõ îïåðàòîðîâ, îòîáðàæàþùèõ X â ñåáÿ [6].

Îïðåäåëåíèå 1. [2] Îäíîïàðàìåòðè÷åñêîå ñåìåéñòâî {St}t≥0 ⊂ L(X) íàçûâàåòñÿ
îáîáùåííîé ïîëóãðóïïîé, åñëè:

1. St+s − StSs = F (t, s), ïðè ëþáûõ t ≥ 0, s ≥ 0.
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2. StSs = SsSt, ïðè ëþáûõ t ≥ 0, s ≥ 0.

3. S0 = I,(I � åäèíè÷íûé îïåðàòîð).

Äâóõïàðàìåòðè÷åñêîå ñåìåéñòâî îïåðàòîðîâ {F (t, s)} ⊂ L(X) ìîæåò áûòü ðàñ-
ñìîòðåíî êàê îòêëîíåíèå îò ïîëóãðóïïîâîãî ñîîòíîøåíèÿ ñåìåéñòâà {St}t≥0. ßñíî,
÷òî åñëè F (t, s) = 0 (0 � íóëåâîé îïåðàòîð), òî {St}t≥0 � ïîëóãðóïïà. Èç îïðåäå-
ëåíèÿ ñëåäóåò:

à) F (t, s) = F (s, t), ïðè ëþáûõ t ≥ 0, s ≥ 0.

á) F (t, 0) = F (0, s) = 0,

â) F (t, t) = S2t − S2
t .

Îïðåäåëåíèå 2. [2] Åñëè äëÿ ëþáûõ t ≥ 0, s ≥ 0 ïðîèçâîäíûå

dSt

dt
= lim

n→0

St+h − St

h
è ∂F (t, s)

∂s
= lim

n→0

F (t, s + h)− F (t, s)

h

ñóùåñòâóþò è íåïðåðûâíû â ðàâíîìåðíîé îïåðàòîðíîé òîïîëîãèè [6], òî îïåðàòî-
ðû A = dSt

dt
|t=0, Q(t) = ∂F (t,s)

∂s
|s=0 íàçûâàþòñÿ ñîîòâåòñòâåííî ïåðâûì è âòîðûì

èíôèíèòåçèìàëüíûì îïåðàòîðàìè îáîáùåííîé ïîëóãðóïïû {St}t≥0.

Îñíîâíûì ðåçóëüòàòîì íàñòîÿùåé ñòàòüè ÿâëÿåòñÿ òåîðåìà, ïðèâåäåííàÿ íèæå.
Òåîðåìà.Ïóñòü îäíîïàðàìåòðè÷åñêîå ñåìåéñòâî {St} ⊂ L(X) èìååò âèä: St =
TtC(t), ãäå {Tt}t≥0 ⊂ L(X) ïîëóãðóïïà è {C(t)}t≥0 ⊂ L(X) íåïðåðûâíî äèôôåðåí-
öèðóåìû â ðàâíîìåðíîé îïåðàòîðíîé òîïîëîãèè. Åñëè âûïîëíÿþòñÿ óñëîâèÿ:

1. TtC(s) = C(s)Tt, ïðè ëþáûõ t ≥ 0, s ≥ 0.

2. C(t)C(s) = C(s)C(t), ïðè ëþáûõ t ≥ 0, s ≥ 0.

3. C(0) = I, (I � åäèíè÷íûé îïåðàòîð).

Òîãäà:

1. Ñåìåéñòâî {St}t≥0 ÿâëÿåòñÿ îáîáùåííîé ïîëóãðóïïîé ñ èíôèíèòåçèìàëü-
íûìè îïåðàòîðàìè:

A = A0 + C ′(0) (ïåðâûé èíôèíèòåçèìàëüíûé îïåðàòîð),
Q(t) = TtC

′(t)− StC
′(0) (âòîðîé èíôèíèòåçèìàëüíûé îïåðàòîð),

ãäå A0 � èíôèíèòåçèìàëüíûé îïåðàòîð ïîëóãðóïïû {Tt}.
2. Ñåìåéñòâî {Ct}t≥0 � ÿâëÿåòñÿ îáîáùåííîé ïîëóãðóïïîé è ñïðàâåäëèâû

ñîîòíîøåíèÿ: A = A0 + A1, Q(t) = T1Q1(t), ãäå A1 � ïåðâûé èíôèíèòå-
çèìàëüíûé îïåðàòîð, Q1(t) � âòîðîé èíôèíèòåçèìàëüíûé îïåðàòîð îáîá-
ùåííîé ïîëóãðóïïû {Ct}t≥0.
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Äîêàçàòåëüñòâî. Ïðîâåðèì, ÷òî äëÿ ñåìåéñòâà St = {TtC(t)} âûïîëíÿþòñÿ óñëî-
âèÿ îïðåäåëåíèÿ 1.

St+s − StSs = Tt+sC(t + s)− TtC(t) · TsC(s) = Tt+sC(t + s)− TtTsC(t)C(s) =

= Tt+sC(t + s)− Tt+sC(t)C(s) = Tt+s(C(t + s)− C(t)C(s)).

Ïîëîæèì: F (t, s) = Tt+s(C(t + s)− C(t)C(s)). Òîãäà

StSs = TtC(t)TsC(s) = TsC(s)TtC(t) = SsSt,

S0 = T0C(0) = I · I = I.

Ñåìåéñòâî {F (t, s)} îáëàäàåò ñâîéñòâàìè à), á), â),

à) F (t, s) = Tt+s(C(t + s)− C(t)C(s)) = Ts+t(C(s + t)− C(s)C(t)) = F (s, t).

á) F (t, 0) = Tt(C(t)− C(t)C(0)) = Tt(C(t)− C(t)) = Tt · 0 = 0.
F (0, s) = Ts(C(s)− C(0)C(s)) = Ts(C(s)− C(s)) = Ts · 0 = 0.

â) F (t, t) = Tt+t(C(t + t)− C(t)C(t)) = T2tC(2t)− TtTtC(t)C(t) =
= S2t − TtC(t)TtC(t) = S2t − S2

t .

Ñëåäîâàòåëüíî, ñåìåéñòâî St = {TtC(t)} � ÿâëÿåòñÿ îáîáùåííîé ïîëóãðóïïîé
ëèíåéíûõ îãðàíè÷åííûõ îïåðàòîðîâ â áàíàõîâîì ïðîñòðàíñòâå X.

Òåïåðü íàéäåì èíôèíèòåçèìàëüíûå îïåðàòîðû ïîñòðîåííîé îáîáùåííîé ïîëó-
ãðóïïû. Òàê êàê ñåìåéñòâà {Tt}t≥0 è {Ct}t≥0 íåïðåðûâíî äèôôåðåíöèðóåìû â ðàâ-
íîìåðíîé îïåðàòîðíîé òîïîëîãèè, òî ñóùåñòâóþò ïðåäåëû:

A = lim
h→0

Sh − I

h
, Q(t) = lim

h→0

F (t, h)

h
.

Òîãäà

A = lim
h→0

Sh − I

h
= lim

h→0

ThC(h)− I

h
= lim

h→0

ThC(h)− C(h) + C(h)− I

h
=

= lim
h→0

(Th − I)C(h)

h
+ lim

h→0

C(h)− I

h
= A0C(0) + C ′(0) = A0 + C ′(0)

èëè A = A0 + C ′(0).

Q(t) = lim
h→0

F (t, h)

h
= lim

h→0

Tt+h(C(t + h)− C(t)C(h))

h
=

= lim
h→0

Tt+h(C(t + h)− C(t) + C(t)− C(t)C(h))

h
=

= lim
h→0

Tt+h(C(t + h)− C(t))

h
− lim

h→0

Tt+hC(t)(C(h)− I)

h
=

= TtC
′(t)− TtC(t) · C ′(0) = TtC

′(t)− StC
′(0).
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Èòàê, èìååì: A = A0 + C ′(0) è Q(t) = TtC
′(t) − StC

′(0). Òåïåðü äîêàæåì âòîðóþ
÷àñòü òåîðåìû. Ââåäåì îáîçíà÷åíèå F1(t, s) = C(t + s)− C(t)C(s). Ïî óñëîâèþ òåî-
ðåìû èìååì: C(t)C(s) = C(s)C(t), C(0) = I. Ïðîâåðèì, ÷òî ñåìåéñòâî F1(t, s)
îáëàäàåò ñâîéñòâàìè à), á), â).

à) F1(t, s) = C(t + s)− C(t)C(s) = C(s + t)− C(s)C(t) = F1(s, t).

á) F1(t, 0) = C(t)− C(t) = 0.
F1(0, s) = C(s)− C(s) = 0.

â) F1(t, t) = C(2t)− C(t)C(t) = C(2t)− C2(t).

Îáîçíà÷èì èíôèíèòåçèìàëüíûå îïåðàòîðû îáîáùåííîé ïîëóãðóïïû {C(t)}t≥0 ÷å-
ðåç A1 è Q1(t). Òîãäà A = A0 + C ′(0) = A0 + A1

Q(t) = TtC
′(t)− StC

′(0) = TtC
′(t)− TtC(t)C ′(0) = Tt(C

′(t)− C(t)C ′(0)) =

= Tt

[
lim
h→0

C(t + h)− C(t)

h
− C(t) lim

h→0

C(h)− I

h

]
=

= Tt

[
lim
h→0

C(t + h)− C(t)− C(t)C(h) + C(t)

h

]
=

= Tt lim
h→0

C(t + h)− C(t)C(h)

h
= Tt lim

h→0

F1(t, h)

h
= TtQ1(t).

Èòàê, ïîëó÷èëè A = A0 +A1, Q(t) = TtQ1(t) � ñâÿçü ìåæäó èíôèíèòåçèìàëüíûìè
îïåðàòîðàìè îáîáùåííûõ ïîëóãðóïï {St} è {C(t)}.
Ñëåäñòâèå. Åñëè {C(t)}t≥0 �ïîëóãðóïïà, òî {St = TtC(t)} òàêæå ÿâëÿåòñÿ
ïîëóãðóïïîé.

Äîêàçàòåëüñòâî. Èìååì C(t + s) = C(t)C(s), C(0) = I. Òîãäà:

St+s = Tt+sC(t + s) = TtTsC(t)C(s) = TtC(t)TsC(s) = StSs,

S0 = T0C(0) = I · I = I.

Ïðèìåð. Â áàíàõîâîì ïðîñòðàíñòâå C[0,∞) îãðàíè÷åííûõ ðàâíîìåðíî íåïðåðûâ-
íûõ ôóíêöèé íà [0,∞) [7] îïðåäåëèì ñåìåéñòâà îïåðàòîðîâ {Tt}t≥0 è {Ct}t≥0

ñëåäóþùèì îáðàçîì:
Ttf = f(x + t), t ≥ 0 � ïîëóãðóïïà ñäâèãà ñ èíôèíèòåçèìàëüíûì îïåðàòîðîì
A0 = d

dx
(äèôôåðåíöèàëüíûé îïåðàòîð) C(t)f = 1

1+t
f(x), t ≥ 0 ñåìåéñòâî îïåðàòî-

ðîâ ïîäîáèÿ.
I) Ïðîâåðèì, ÷òî äëÿ ýòèõ ñåìåéñòâ âûïîëíÿþòñÿ âñå óñëîâèÿ òåîðåìû.

1. TtC(s)f = Tt

(
1

1+s
f(x)

)
= 1

1+s
Ttf = 1

1+s
f(x + t)

C(s)Ttf = C(s)f(x + t) = 1
1+s

f(x + t)
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2. C(t)C(s)f = C(t) 1
1+s

f = 1
1+s

C(t)f = 1
(1+s)(1+t)

f(x)

C(s)C(t)f = C(s) 1
1+t

f = 1
1+t

C(s)f = 1
(1+t)(1+s)

f(x)

3. C(0)f = 1
1+0

f = f(x), ò. å. C(0) = I

è ïîñòðîåííàÿ ïî ýòèì ñåìåéñòâàì îáîáùåííàÿ ïîëóãðóïïà èìååò âèä:

Stf = TtC(t)f =
1

1 + t
f(x + t), f ∈ C[0,∞), t ≥ 0.

Íàéäåì èíôèíèòåçèìàëüíûå îïåðàòîðû ýòîé îáîáùåííîé ïîëó-
ãðóïïû. Òàê êàê C ′(t)f = (C(t)f(x))′t =

(
1

(1+t)
f(x)

)′
t
= − 1

(1+t)2
f(x), òî

C ′(0)f = − 1
(1+0)2

f(x) = −f(x). Òîãäà Af = (A0+C ′(0))f =
(

d
dx
−I

)
f = f ′(x)−f(x)

� ïåðâûé èíôèíèòåçèìàëüíûé îïåðàòîð.

Q(t)f = (TtC
′(t)− StC

′(0))f = Tt

(
− 1

(1 + t)2
f
)
− St(−f) = − 1

(1 + t)2
Ttf + Stf =

= −f(x + t)

(1 + t)2
+

1

1 + t
f(x + t) =

−1 + 1 + tf(x + t)

(1 + t)2
=

t

(1 + t)2
f(x + t)

� âòîðîé èíôèíèòåçèìàëüíûé îïåðàòîð.
Èòàê, ïîëó÷èëè:

Af =
(

d
dx
− I

)
f = f ′(x)− f(x),

Q(t) = 1
(1+t)2

f(x + t).

II) Ïðîâåðèì, ÷òî C(t)f = 1
1+t

f(x) îáðàçóåò îáîáùåííóþ ïîëóãðóïïó:

(C(t + s)− C(t)C(s))f = C(t + s)f − C(t)C(s)f =

=
( 1

1 + t + s
− 1

(1 + t)(1 + s)

)
f(x) =

(1 + t)(1 + s)− 1− t− s

(1 + t + s)(1 + t)(1 + s)
f(x) =

=
1 + s + t + ts− 1− t− s

(1 + t + s)(1 + t)(1 + s)
f(x) =

ts

(1 + t + s)(1 + t)(1 + s)
f(x);

Èòàê, èìååì F1(t, s)f = ts
(1+t+s)(1+t)(1+s)

f(x).

1. C(t)C(s)f = C(t)
(

1
1+s

f
)

= 1
1+s

C(t)f = 1
(1+t)(1+s)

f(x)

C(s)C(t)f = C(s)
(

1
1+t

f
)

= 1
1+t

C(s)f = 1
(1+t)(1+s)

f(x),
ò. å. C(t)C(s) = C(s)C(t).

2. C(0)f = 1
1+0

f = f(x), ò. å. C(0) = I

à) F1(t, s)f = tsf(x)
(1+t+s)(1+t)(1+s)

= s·tf(x)
(1+t+s)(1+t)(1+s)

= F1(s, t)f
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á) F1(t, 0)f = t·0f(x)
(1+t)(1+t)

= 0

F1(0, s)f = s·0f(x)
(1+s)(1+0)(1+s)

= 0,
ò. å. F1(t, 0) = F1(0, s) = 0 (0 � íóëåâîé îïåðàòîð)

â) F1(t, t)f = t·tf(x)
(1+t+t)(1+t)(1+t)

= t2

(1+2t)(1+t)2
f(x)

(C(2t)−C2(t))f =
( 1

1 + 2t
− 1

(1 + t)2

)
f(x) =

1 + 2t + t2 − 1− 2t

(1 + 2t)(1 + t)2
f(x) =

=
t2

(1 + 2t)(1 + t)2
f(x), ò. å. F1(t, t) = C(2t)− C2(t).

Òåïåðü íàéäåì èíôèíèòåçèìàëüíûå îïåðàòîðû îáîáùåííîé ïîëóãðóïïû {C(t)}t≥0:
A1f = (A− A0)f =

(
d
dx
− I − d

dx

)
f = −f(x), ò. å. A1f = −f(x)

Q1(t)f = lim
h→0

F1(t, h)

h
f = lim

h→0

(C(t + h)− C(t)C(h))

h
f =

= lim
h→0

(
1

1+t+h
− 1

1+t
· 1

1+h

)

h
f(x) = lim

h→0

t

(1 + t + h)(1 + t)(1 + h)
f(x) =

t

(1 + t)2
f(x)
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