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Àííîòàöèÿ. Èçó÷àåòñÿ çàäà÷à î ìàëûõ äâèæåíèÿõ ñèñòåìû èç äâóõ òÿæåëûõ âÿçêèõ ñòðàòè-
ôèöèðîâàííûõ æèäêîñòåé, ïîëíîñòüþ çàïîëíÿþùèõ íåïîäâèæíûé ñîñóä, ïëîòíîñòè, êîòîðûõ â
ñîñòîÿíèè ðàâíîâåñèÿ èìåþò óñòîé÷èâóþ ñòðàòèôèêàöèþ. Èñïîëüçóÿ òåîðèþ äèôôåðåíöèàëüíî-
îïåðàòîðíûõ óðàâíåíèé â ãèëüáåðòîâîì ïðîñòðàíñòâå, òåîðèþ êðàåâûõ çàäà÷ ìàòåìàòè÷åñêîé
ôèçèêè, ïîëó÷åíû óñëîâèÿ, ïðè êîòîðûõ ñóùåñòâóåò ñèëüíîå ïî âðåìåíè ðåøåíèå íà÷àëüíî-
êðàåâîé çàäà÷è, îïèñûâàþùåé ýâîëþöèþ äàííîé ãèäðîñèñòåìû.

1. Ââåäåíèå
Çàäà÷è î êîëåáàíèÿõ ñòðàòèôèöèðîâàííîé æèäêîñòè, çàïîëíÿþùåé îãðàíè÷åí-

íóþ îáëàñòü ïðîñòðàíñòâà, íàõîäÿò ïðèëîæåíèÿ â òåîðèè ñåéø, â òåîðèè êîëåáà-
íèé íåôòè â òàíêåðàõ, ïðè èçó÷åíèè êîëåáàíèé êðèîãåííûõ æèäêîñòåé â çàêðûòûõ
ðåçåðâóàðàõ. Íå ïðèâîäÿ ïîäðîáíîé áèáëèîãðàôèè, óïîìÿíåì ëèøü ìîíîãðàôèè
[1] � [7] è ðàáîòû [8] � [9], ãäå èçó÷àþòñÿ òå èëè èíûå àñïåêòû òåîðèè êîëåáàíèé
òàêîé ñèñòåìû.

2. Ïîñòàíîâêà çàäà÷è
Ðàññìîòðèì íåïîäâèæíûé ñîñóä, ïîëíîñòüþ çàïîëíåííûé ñèñòåìîé èç äâóõ

âÿçêèõ ñòðàòèôèöèðîâàííûõ íåñæèìàåìûõ æèäêîñòåé. Æèäêîñòè ïðåäïîëàãàþò-
ñÿ òÿæåëûìè è â ñèëó ýòîãî äåéñòâèå êàïèëëÿðíûõ ñèë â çàäà÷å íå ó÷èòûâàåòñÿ.
Îáîçíà÷èì ÷åðåç Ωk (k = 1, 2) îáëàñòü, çàíèìàåìóþ â ñîñòîÿíèè ïîêîÿ æèäêîñòüþ
ïëîòíîñòè ρ0k ñ êîýôôèöèåíòîì äèíàìè÷åñêîé âÿçêîñòè µk = const > 0 (k = 1, 2),
ñîîòâåòñòâóþùèé ó÷àñòîê òâåðäîé ñòåíêè � ÷åðåç Sk (k = 1, 2), ãðàíèöó ðàçäåëà
æèäêîñòåé � ÷åðåç Γ.

Îáîçíà÷èì ÷åðåç ~nk (k = 1, 2) åäèíè÷íûé âåêòîð, íîðìàëüíûé ê ∂Ωk (k = 1, 2)
è íàïðàâëåííûé âíå Ωk. Ââåäåì ñèñòåìó êîîðäèíàò Ox1x2x3 òàêèì îáðàçîì, ÷òî
îñü Ox3 íàïðàâëåíà ïðîòèâ äåéñòâèÿ ñèëû òÿæåñòè, à íà÷àëî êîîðäèíàò íàõîäèòñÿ
íà ïîâåðõíîñòè Γ.
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Áóäåì ðàññìàòðèâàòü îñíîâíîé ñëó÷àé óñòîé÷èâîé ñòðàòèôèêàöèè æèäêîñòåé
ïî ïëîòíîñòÿì ρ0k = ρ0k(x3) (k = 1, 2):

0 < N2
k,min ≤ N2

k (x3) ≤ N2
k,max =: N2

0,k <∞, (2.1)

N2
k (x3) := −gρ

′
0k(x3)

ρ0k(x3)
, ( k = 1, 2).

Ôóíêöèè Nk(x3) (k = 1, 2) íàçûâàþò ÷àñòîòàìè Âÿéñÿëÿ-Áðåíòà, èëè ÷àñòî-
òàìè ïëàâó÷åñòè. Ôèçè÷åñêè Nk(x3) ðàâíà ÷àñòîòå êîëåáàíèé, ñ êîòîðîé ÷àñòèöà
æèäêîñòè, íàõîäÿùàÿñÿ íà óðîâíå x3 = const, áóäåò êîëåáàòüñÿ â ñòðàòèôèöèðî-
âàííîé æèäêîñòè, åñëè ñìåñòèòüñÿ ñ ýòîãî óðîâíÿ.

Ðàññìîòðèì ìàëûå äâèæåíèÿ èçó÷àåìîé ãèäðîñèñòåìû, áëèçêèå ê ñîñòîÿíèþ
ïîêîÿ. Ïóñòü ~uk (k = 1, 2) � ïîëÿ ñêîðîñòåé â æèäêîñòÿõ, à ζ = ζ(t, x̂), x̂ ∈ Γ
ïðåäñòàâëÿåò ñîáîé îòêëîíåíèå ñâîáîäíî äâèæóùèéñÿ ïîâåðõíîñòè Γ(t) îò Γ; pk =
pk(t, x), x ∈ Ωk (k = 1, 2) � îòêëîíåíèå ïîëåé äàâëåíèé îò ðàâíîâåñíûõ; ρk =
ρk(t, x), x ∈ Ωk (k = 1, 2) � îòêëîíåíèÿ ïîëåé ïëîòíîñòè îò èñõîäíûõ ρ0k(x3).

Ëèíåéíàÿ ïîñòàíîâêà íà÷àëüíî-êðàåâîé çàäà÷è î êîëåáàíèÿõ ðàññìàòðèâàåìîé
ãèäðîñèñòåìû âûãëÿäèò ñëåäóþùèì îáðàçîì (ñì., íàïðèìåð, [8] � [9]:

∂~uk

∂t
= ρ−1

0k (x3)(−∇pk + µk∆~uk − ρkg~e3) + ~fk ( â Ωk, k = 1, 2),

div ~uk = 0,
∂ρk

∂t
+∇ρ0k · ~uk = 0 ( â Ωk, k = 1, 2),

(2.2)

~uk = ~0 ( íà Sk, k = 1, 2),
∂ζ

∂t
= ~u1 · ~n1 = ~u2 · ~n1 ( íà Γ ), (2.3)

~u1 = ~u2 ( íà Γ ), τk3(~u1)− τk3(~u2) = 0 ( k = 1, 2, íà Γ ),

τ33(~u1)− τ33(~u2) + g∆ρ0ζ = 0 ( íà Γ ), ∆ρ0 := ρ01 − ρ02,
(2.4)

~ui(0, x) = ~u0
i (x), ρk(0, x) = ρ0

k(x) ζ(0, x̂) = ζ0(x̂). (2.5)

Ñèìâîëîì τkj(~u) â (2.4) îáîçíà÷åíû íàïðÿæåíèÿ â æèäêîñòè

τkj(~u) = −pδkj + µ

(
∂uk

∂xj

+
∂uj

∂xk

)
.

Îòìåòèì, ÷òî âòîðîå óñëîâèå â (2.4) õàðàêòåðèçóåò ðàâåíñòâî êàñàòåëüíûõ íàïðÿ-
æåíèé íà ãðàíèöå Γ ðàçäåëà äâóõ âÿçêèõ æèäêîñòåé, à ïîñëåäíèå óñëîâèå â (2.4)
ïîëó÷åíî èç êèíåìàòè÷åñêîãî óñëîâèÿ è òîãî ôàêòà, ÷òî ðàçíîñòü íîðìàëüíûõ íà-
ïðÿæåíèé íà Γ ðàâíà ñêà÷êó äàâëåíèé, îáóñëîâëåííîìó ãðàâèòàöèîííûìè ñèëàìè.
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3. Çàêîí áàëàíñà ïîëíîé ýíåðãèè
Áóäåì èññëåäîâàòü çàäà÷ó (2.2) � (2.5) ìåòîäàìè òåîðèè îïåðàòîðíûõ óðàâ-

íåíèé â ãèëüáåðòîâîì ïðîñòðàíñòâå. Äëÿ òîãî, ÷òîáû ïîíÿòü, êàêèå ôóíêöèî-
íàëüíûå ïðîñòðàíñòâà åñòåñòâåííî ñâÿçàòü ñ ðàññìàòðèâàåìîé çàäà÷åé, ïîëó÷èì èç
(2.2) � (2.4) çàêîí áàëàíñà ýíåðãèè. Ñ ýòîé öåëüþ óìíîæèì ïåðâîå óðàâíåíèå (2.2)
íà ρ0k(x3)~uk(t, x), òðåòüå óðàâíåíèå (2.2) � íà ôóíêöèþ g2[ρ0k(x3)N

2
k (x3)]

−1ρk(t, x),
ïðîèíòåãðèðóåì ïî Ωk è ñëîæèì ðåçóëüòàòû. Ïðèìåíÿÿ äàëåå ôîðìóëó Ãðèíà (ñì.,
íàïðèìåð, [8]), èñïîëüçóÿ óñëîâèå ñîëåíîèäàëüíîñòè div~uk = 0 ( âΩk ) è óñëîâèå
ïðèëèïàíèÿ ~uk = ~0 ( íàSk ), ïîëó÷èì çàêîí áàëàíñà ýíåðãèè:

1

2
· d
dt

2∑

k=1

(∫

Ωk

ρ0k|~uk|2 dΩk + g2

∫

Ωk

[ρ0kN
2
k ]−1|ρk|2 dΩk + ∆ρ0g

∫

Γ

|ζ|2 dΓ
)

=

= −
2∑

k=1

µkE(~uk, ~uk) +
2∑

k=1

∫

Ωk

ρ0k
~fk · ~uk dΩk, (3.1)

ãäå

E(~uk, ~vk) :=
1

2

∫

Ωk

3∑
i,j=1

(
∂(uk)i

∂xj

+
∂(uk)j

∂xi

) (
∂(vk)i

∂xj

+
∂(vk)j

∂xi

)
dΩk. (3.2)

Çäåñü â ñêîáêàõ ñòîèò ïîëíàÿ ýíåðãèÿ ñèñòåìû; ïåðâîå ñëàãàåìîå ïðåäñòàâ-
ëÿåò ñîáîé êèíåòè÷åñêóþ ýíåðãèþ ñèñòåìû, âòîðîå � ïîòåíöèàëüíóþ ýíåðãèþ,
ïîÿâëÿþùóþñÿ èç-çà íàëè÷èÿ ñèë ïëàâó÷åñòè, à òðåòüå � ïîòåíöèàëüíóþ ýíåð-
ãèþ, îáóñëîâëåííóþ êîëåáàíèÿìè ïîâåðõíîñòè ðàçäåëà äâóõ âÿçêèõ æèäêîñòåé.
Ïðàâàÿ ÷àñòü (3.1) åñòü ñóììà ñêîðîñòè äèññèïàöèè ýíåðãèè çà ñ÷åò âÿçêèõ ñèë è
ìîùíîñòè âíåøíèõ ñèë.

4. Ôóíêöèîíàëüíûå ïðîñòðàíñòâà
Ðàññìîòðèì ïðîñòðàíñòâî

L̂2(Ω, ρ) = ~L2(Ω1, ρ1)⊕ ~L2(Ω2, ρ2)

ýëåìåíòàìè êîòîðîãî ÿâëÿþòñÿ ìàòðèöû-ñòðîêè ñ êîìïîíåíòàìè � âåêòîðàìè: û =
(~u1; ~u2), ~uk = ~uk(x), x ∈ Ωk (k = 1, 2); ñêàëÿðíîå ïðîèçâåäåíèå äëÿ ïðîèçâîëüíûõ
ýëåìåíòîâ û è v̂ îïðåäåëÿåòñÿ ïî ôîðìóëå

(û, v̂)cL2(Ω,ρ) :=
2∑

k=1

∫

Ωk

ρ0k~uk(x) · ~vk(x) dΩk.

Ââåäåì â ïðîñòðàíñòâå L̂2(Ω, ρ) ïîäïðîñòðàíñòâà ñîãëàñíî ñëåäóþùèì îïðåäå-
ëåíèÿì
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Ĵ0(Ω, ρ) := {ŵ = (~w1, ~w2) ∈ L̂2(Ω, ρ)| div~wk = 0 ( âΩk ), ~wk · ~nk = 0 ( íà ∂Ωk )};
Ĝh,S(Ω, ρ) := {û = (~u1, ~u2) ∈ L̂2(Ω, ρ)| ~uk = ρ−1

0k∇pk, ~uk · ~nk = 0 ( íàSk ),

∇ · ~uk = 0 ( âΩk ), ~u1 · ~n1 = ~u2 · ~n1 ( íàΓ ), ~u1 = ~u2 ( íàΓ ) },
Ĝ0,Γ(Ω, ρ) := {v̂ = (~v1, ~v2) ∈ L̂2(Ω, ρ)| ~vk = ρ−1

0k∇ϕk, ϕ1 = ϕ2 ( íàΓ ) }.
Ëåììà 1. Èìååò ìåñòî ñëåäóþùåå îðòîãîíàëüíîå ðàçëîæåíèå:

L̂2(Ω, ρ) = Ĵ0,S(Ω, ρ)⊕ Ĝ0,Γ(Ω, ρ), (4.1)

ãäå Ĵ0,S(Ω, ρ) : = Ĵ0(Ω, ρ)⊕ Ĝh,S(Ω, ρ) = {û = (~u1, ~u2) ∈ L̂2(Ω, ρ) : div ~uk = 0 ( âΩk ),

~uk · ~nk = 0 ( íàSk), ~u1 · ~n1 = ~u2 · ~n1 ( íàΓ ), ~u1 = ~u2 ( íàΓ ) }. ¤

Ââåäåì â ðàññìîòðåíèå ïðîñòðàíñòâî

Ĵ1
0,S(Ω, ρ) := ~J1

0,S1
(Ω1, ρ1)⊕ ~J1

0,S2
(Ω2, ρ2), (4.2)

ãäå ~J1
0,Sk

(Ωk, ρk) := { ~uk ∈ ~H1(Ωk, ρk)| div ~uk = 0 ( íàΩk ), ~uk = ~0 ( íàSk ) } (ïðè÷åì
íà ãðàíèöå ðàçäåëà Γ âûïîëíåíî óñëîâèå ~u1 = ~u2)); ñî ñêàëÿðíûì ïðîèçâåäåíèåì

(û, v̂)dJ1
0,S(Ω,ρ)

= Ê(û, v̂) =
2∑

k=1

E(~uk, ~vk).

Ìîæíî ïîêàçàòü, êàê è â [11], ï.2.2.6, ÷òî Ĵ1
0,S(Ω, ρ) ïëîòíî âëîæåíî â ïðîñòðàíñòâî

Ĵ0,S(Ω, ρ).
Íàðÿäó ñ ââåäåííûìè ïðîñòðàíñòâàìè, ïîíàäîáÿòñÿ åùå ãèëüáåðòîâî ïðîñòðàí-

ñòâî L̂2(Ω) ñêàëÿðíûõ ôóíêöèé ñî ñêàëÿðíûì ïðîèçâåäåíèåì

(ϕ̂, ψ̂)cL2(Ω) := g2

2∑

k=1

∫

Ωk

[
ρ0k(x3)N

2
k (x3)

]−1
ϕk(x)ψk(x) dΩk

è ãèëüáåðòîâî ïðîñòðàíñòâî L2(Γ) = H0 ⊕ {1Γ} ñî ñêàëÿðíûì ïðîèçâåäåíèåì

(η, ζ)0 :=

∫

Γ

η(x̂)ζ(x̂) dΓ.

5. Ïåðåõîä ê îïåðàòîðíîìó óðàâíåíèþ
Áóäåì ñ÷èòàòü, ÷òî ðåøåíèÿ çàäà÷è (2.2) � (2.5) è çàäàííûå ôóíêöèè ÿâëÿþòñÿ

ãëàäêèìè ôóíêöèÿìè ïåðåìåííîé t ñî çíà÷åíèÿìè â ãèëüáåðòîâûõ ïðîñòðàíñòâàõ
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~L2(Ωk, ρk) (k = 1, 2). Â ñâÿçè ñ ýòèì â äàëüíåéøåì ïðîèçâîäíûå ∂/∂t çàìåíèì íà
d/dt.

Ïåðåïèøåì ïåðâîå óðàâíåíèå (2.2) â âèäå

dû

dt
= −ρ̂−1

0 ∇p+ ̂µρ−1
0 ∆u− ̂gρ−1

0 ρ~e3 + f̂ , (5.1)

ãäå û = (~u1, ~u2), ρ̂−1
0 ∇p = (ρ−1

01 ∇p1, ρ
−1
02 ∇p2), ̂µρ−1

0 ∆u = (µ1ρ
−1
01 ∆~u1, µ2ρ

−1
02 ∆~u2),

̂gρ−1
0 ρ~e3 = (gρ−1

01 ρ1~e3, gρ
−1
02 ρ2~e3), f̂ = (~f1, ~f2).

Ââåäåì îðòîïðîåêòîðû P0,S è P0,Γ íà ïîäïðîñòðàíñòâà Ĵ0,S(Ω, ρ) è Ĝ0,Γ(Ω, ρ)
ñîîòâåòñòâåííî. Â ñèëó óñëîâèÿ ñîëåíîèäàëüíîñòè è óñëîâèÿ ïðèëèïàíèÿ íà Sk

(k = 1, 2) äëÿ ïîëÿ û, ñ÷èòàåì, ÷òî îíî ïðèíàäëåæèò ïðîñòðàíñòâó Ĵ0,S(Ω, ρ),
òî÷íåå, ïðîñòðàíñòâó Ĵ1

0,S1
(Ω, ρ) (ñì. (4.2)), ïëîòíî âëîæåííîìó â Ĵ0,S(Ω, ρ).

Ïîäåéñòâóåì ââåäåííûìè îðòîïðîåêòîðàìè P0,S è P0,Γ íà îáå ÷àñòè óðàâíåíèÿ
(5.1). Áóäåì èìåòü

dû

dt
= − ̂ρ−1

0 ∇ϕ′ + P0,S

(
̂µρ−1

0 ∆u
)
− P0,S

(
̂gρ−1

0 ρ~e3

)
+ P0,S f̂ , (5.2)

0 = − ̂ρ−1
0 ∇ϕ′′ + P0,Γ

(
̂µρ−1

0 ∆u
)
− P0,Γ

(
̂gρ−1

0 ρ~e3

)
+ P0,Γf̂ . (5.3)

Èç óðàâíåíèÿ (5.3) ïðè èçâåñòíûõ û = (~u1, ~u2) è ρ̂ = (ρ1, ρ2) ïîëå ̂ρ−1
0 ∇ϕ′′ ∈

Ĝ0,Γ(Ω, ρ) âû÷èñëÿåòñÿ íåïîñðåäñòâåííî. Â òî æå âðåìÿ ýòî ïîëå íå âõîäèò â (5.2).
Ïîýòîìó â äàëüíåéøåì áóäåì ðàññìàòðèâàòü îñíîâíîå óðàâíåíèå (5.2).

Äëÿ ïåðåõîäà ê îïåðàòîðíîé ôîðìóëèðîâêå èññëåäóåìîé çàäà÷è ðàññìîòðèì
äâå âñïîìîãàòåëüíûå çàäà÷è.

ÂÑÏÎÌÎÃÀÒÅËÜÍÀß ÇÀÄÀ×À I. Ïî çàäàííûì ôóíêöèÿì ~P0,Sk
fk íàéòè

ôóíêöèè ~wk(x), p
′
k(x) (k = 1, 2) ÿâëÿþùèåñÿ ðåøåíèåì êðàåâîé çàäà÷è

ρ−1
0k∇p

′
k − P0,Sk

(µkρ
−1
0k ∆~wk) = P0,Sk

~fk, div ~wk = 0 ( â Ωk ), ~wk = ~0 ( íà Sk ),

~w1 = ~w2 ( íà Γ ), ~w1 · n1 = ~w2 · ~n1 ( íà Γ ), τi3(~w1)− τi3(~w2) = 0 ( íà Γ, i = 1, 3 ).

Ýòî àíàëîã ïåðâîé âñïîìîãàòåëüíîé çàäà÷è Ñ.Ã.Êðåéíà (ñì. [11], ñ.116).

Îïðåäåëåíèå 1. Ôóíêöèþ ŵ = (~w1, ~w2) ∈ Ĵ1
0,S(Ω, ρ) íàçîâåì îáîáùåííûì ðåøå-

íèåì âñïîìîãàòåëüíîé çàäà÷è I, åñëè äëÿ ëþáîãî v̂ = (~v1, ~v2) ∈ Ĵ1
0,S(Ω, ρ) âûïîëíåíî

òîæäåñòâî µÊ(û, v̂) = (f̂ , v̂)bL2(Ω,ρ), f̂ = (~f1, ~f2).

Ëåììà 2. Åñëè f̂ ∈ Ĵ0,S(Ω, ρ), òî âñïîìîãàòåëüíàÿ çàäà÷à I èìååò åäèíñòâåííîå
îáîáùåííîå ðåøåíèå ŵ = µ−1A−1f̂ , ãäå A � îïåðàòîð âñïîìîãàòåëüíîé çàäà÷è I.
Îïåðàòîð A åñòü íåîãðàíè÷åííûé ñàìîñîïðÿæåííûé ïîëîæèòåëüíî îïðåäåëåí-
íûé îïåðàòîð, îáëàäàþùèé ñëåäóþùèìè ñâîéñòâàìè

1. D(A) ⊂ D(A
1
2 ) = Ĵ1

0,S(Ω, ρ) ⊂ Ĵ0,S(Ω, ρ), D(A) = Ĵ0,S(Ω, ρ).
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2. Äëÿ ëþáîãî û ∈ D(A) è v̂ ∈ Ĵ1
0,S(Ω, ρ) èìååì (Aû, v̂) = Ê(û, v̂). Åñëè û, v̂ ∈

Ĵ1
0,S(Ω, ρ), òî Ê(û, v̂) = (A

1
2 û, A

1
2 v̂).

3. Îáðàòíûé îïåðàòîð A−1 åñòü êîìïàêòíûé è ïîëîæèòåëüíûé, äåéñòâóþ-
ùèé â ïðîñòðàíñòâå Ĵ0,S(Ω, ρ).

ÂÑÏÎÌÎÃÀÒÅËÜÍÀß ÇÀÄÀ×À II. Ïî çàäàííîé ôóíêöèè ψ íàéòè ôóíêöèè
~vk(x), p

′′
k(x) (k = 1, 2) ÿâëÿþùèåñÿ ðåøåíèåì êðàåâîé çàäà÷è

ρ−1
0k∇p

′′
k − P0,Sk

(µkρ
−1
0k ∆~vk) = 0, div~vk = 0 ( â Ωk ), ~vk = ~0 ( íà Sk ),

~v1 · n1 = ~v2 · ~n1 ( íà Γ ), τi3(~v1)− τi3(~v2) = 0 ( íà Γ, i = 1, 2 ).

~v1 = ~v2 ( íà Γ ), τ33(~v1)− τ33(~v2) = ψ ( íà Γ ),

∫

Γ

ψ dΓ = 0.

Îïðåäåëåíèå 2. Ôóíêöèþ v̂ = (~v1, ~v2) ∈ Ĵ1
0,S(Ω, ρ) íàçîâåì îáîáùåííûì ðåøåíè-

åì âñïîìîãàòåëüíîé çàäà÷è II, åñëè äëÿ ëþáîãî û = (~u1, ~u2) ∈ Ĵ1
0,S(Ω, ρ) âûïîëíåíî

òîæäåñòâî µÊ(v̂, û) = (ψ, γ1~u1)L2,Γ
, ãäå γ1 � îïåðàòîð íîðìàëüíîãî ñëåäà ïîëÿ çà-

äàííîãî â Ω1 íà ãðàíèöó Γ, L2,Γ = H0 = L2(Γ)ª {1Γ}.
Ëåììà 3. Åñëè ψ ∈ L2,Γ, òî ñóùåñòâóåò åäèíñòâåííîå îáîáùåííîå ðåøåíèå
âñïîìîãàòåëüíîé çàäà÷è II: v̂ = µ−1Tψ, ãäå T � îïåðàòîð, èçîìåòðè÷åñêè äåé-
ñòâóþùèé èç H−1/2

Γ â Ĵ1
0,S(Ω, ρ) (ñì. ïîäðîáíåå [11], ñ.280).

Ðàçûñêèâàÿ òåïåðü ðåøåíèÿ çàäà÷è (2.2) � (2.5) (ñ ó÷åòîì (5.3)) â âèäå

û = ŵ + v̂, ̂ρ−1
0 ∇ϕ′ = ρ̂−1

0 ∇p′ + ̂ρ−1
0 ∇p′′ , (5.4)

ãäå (ŵ, p̂
′
) � ðåøåíèå âñïîìîãàòåëüíîé çàäà÷è I, à (v̂, p̂

′′
) � ðåøåíèå âñïîìîãàòåëü-

íîé çàäà÷è II; ïîëüçóÿñü îïðåäåëåíèåì îïåðàòîðîâ A è T , ïðèõîäèì ê ñëåäóþùåìó
âûâîäó.

Òåîðåìà 1. Çàäà÷à (2.2) � (2.5) ðàâíîñèëüíà ñèñòåìå ýâîëþöèîííûõ óðàâíåíèé

dû

dt
+ µAŵ + Cρ̂ = f̂ ,

dv̂

dt
+ µ−1g∆ρ0Bû = 0,

dρ̂

dt
− C∗û = 0, (5.5)

ãäå Bû := Tγ1~u1, Cρ̂ = P0,S

(
̂gρ−1

0 ρ~e3

)
= (C1ρ1, C2ρ2), Ckρk = P0,Sk

(gρ−1
0k ρk~e3),

C∗û = (C∗1~u1, C
∗
2~u2), C

∗
k~uk = −∇ρ0k · ~uk; à íà÷àëüíûå ôóíêöèè

v̂(0) = v̂0, ŵ(0) = ŵ0, ρ̂(0) = ρ̂0, (5.6)

îïðåäåëÿþòñÿ ïî íà÷àëüíûì äàííûì ñëåäóþùèì îáðàçîì. Ôóíêöèè v̂0 = (~v0
1, ~v

0
2)

åñòü ðåøåíèå âñïîìîãàòåëüíîé çàäà÷è II ñ ãðàíè÷íîé ôóíêöèåé ψ0, à û0 = ŵ0+v̂0.

Ëåììà 4. Îïåðàòîðû C : L̂2(Ω) → Ĵ0,S(Ω, ρ) è C∗ : Ĵ0,S(Ω, ρ) → L̂2(Ω) îïðåäå-
ëåííûå ñîîòíîøåíèÿìè (ñì. ïîñëå (5.5)), âçàèìíî ñîïðÿæåíû è îãðàíè÷åíû.
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Äîêàçàòåëüñòâî ëåììû òàêîå æå, ñ ó÷åòîì ââåäåííûõ âûøå ïðîñòðàíñòâ, êàê è
ïðè ìàëûõ äâèæåíèÿõ îäíîé âÿçêîé ñòðàòèôèöèðîâàííîé æèäêîñòè (ñì., íàïðè-
ìåð, [10]).

Çàäà÷ó (5.5) � (5.6) ìîæíî ïðèâåñòè ê çàäà÷å Êîøè äëÿ àáñòðàêòíîãî ïàðàáî-
ëè÷åñêîãî óðàâíåíèÿ â ãèëüáåðòîâîì ïðîñòðàíñòâå

H = Ĵ0,S(Ω, ρ)⊕ Ĵ0,S(Ω, ρ)⊕ L̂2(Ω).

Äëÿ ýòîãî îñóùåñòâèì â (5.5) � (5.6) çàìåíó ïåðåìåííûõ ïî ôîðìóëàì

ŵ = A−
1
2x, v̂ = A−

1
2y, û = A−

1
2 q (q = x+ y), (5.7)

à çàòåì ïîäåéñòâóåì íà ëåâûå è ïðàâûå ÷àñòè ïåðâûõ äâóõ óðàâíåíèé îïåðàòîðîì
A

1
2 . Ïðèäåì ê çàäà÷å

dz

dt
+Az + Bz = F , z(0) = z0, (5.8)

ãäå z = (x; y; ρ̂)t, z0 = (x0; y0; ρ̂0)t = (A
1
2 ŵ0;A

1
2 v̂0; ρ̂0)t, èíäåêñ (. . .)t îçíà÷àåò îïåðà-

öèþ òðàíñïîíèðîâàíèÿ ìàòðèöû, îïåðàòîð BA = A
1
2Tγ1A

− 1
2 ÿâëÿåòñÿ ñàìîñîïðÿ-

æåííûì, íåîòðèöàòåëüíûì è êîìïàêòíûì îïåðàòîðîì (ñì, íàïðèìåð, [11] c. 282),

A =



µA 0 A

1
2C

0 0 0
0 0 0


 , B =



−µ−1g∆ρ0BA −µ−1g∆ρ0BA 0
µ−1g∆ρ0BA µ−1g∆ρ0BA 0

−C∗A− 1
2 −C∗A− 1

2 0


 , F =



A

1
2 f̂
0
0


 .

Îïðåäåëåíèå 3. Íàçîâåì ñèëüíûì ðåøåíèåì èñõîäíîé íà÷àëüíî-êðàåâîé çàäà÷è
(2.2) � (2.5) òàêèå ôóíêöèè û, ρ̂ è ζ äëÿ êîòîðûõ âåêòîð z(t) = (~x(t); ~y(t); ρ̂(t))t ÿâ-
ëÿåòñÿ ñèëüíûì ðåøåíèåì çàäà÷è Êîøè (5.8) è âûïîëíåíî òðèâèàëüíîå ñîîòíîøå-
íèå (5.3). Â ñâîþ î÷åðåäü ñèëüíûì ðåøåíèåì çàäà÷è Êîøè (5.8) íàçîâåì ôóíêöèþ
z(t) òàêóþ, ÷òî z(t) ∈ D(A) äëÿ ëþáîãî t èç ïðîìåæóòêà [0, T ],Az(t) ∈ C ([0, T ];H),
Bz(t) ∈ C ([0, T ];H), z(t) ∈ C1 ([0, T ];H) è äëÿ ëþáîãî t èç ïðîìåæóòêà [0, T ] âû-
ïîëíåíî óðàâíåíèå è íà÷àëüíîå óñëîâèå èç (5.8).

Ðàññìîòðèì äëÿ ïðîñòîòû çàäà÷ó (5.8) ïðè µ = 1 (ïîëó÷èòü òàêóþ æå çàäà÷ó
ìîæíî, ñäåëàâ çàìåíó µA → A). Ïðîèçâåäåì â óðàâíåíèè (5.8) çàìåíó z(t) =
etz1(t). Â ðåçóëüòàòå ïîëó÷èì óðàâíåíèå îòíîñèòåëüíî z1:

dz1

dt
+ Âz1 + Bz1 = F̂ , (5.9)

ãäå F̂ = e−tF , I è Î � åäèíè÷íûå îïðåòîðû â Ĵ0,S(Ω, ρ) è L̂2(Ω) ñîîòâåòñòâåííî,

Â :=



A+ I 0 A

1
2C

0 I 0

0 0 Î


 =



A 0 0
0 I 0

0 0 Î


 ·






I 0 0
0 I 0

0 0 Î


 +



A−1 0 A−

1
2C

0 0 0
0 0 0





 =

= A0(I + T ). (5.10)
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Îñóùåñòâëÿÿ â (5.9) çàìåíó (I + T )z1 = ẑ, ñ ó÷åòîì (5.10), ïðèõîäèì ê ñëåäó-
þùåé çàäà÷å Êîøè:

dẑ

dt
+ (I + BA)A0ẑ = (I + T )F̂ , ẑ0 = (I + T )z0. (5.11)

ãäå BA := T + (I + T )B(I + T )−1A−1
0 .

Òàê êàê äëÿ îïåðàòîðà (−A0) óðàâíåíèå

dẑ

dt
+A0ẑ = 0,

ÿâëÿåòñÿ àáñòðàêòíûì ïàðàáîëè÷åñêèì (ñì. [13], c. 104, c. 121) è ñîîòâåòñòâóþùàÿ
ïîëóãðóïïû àíàëèòè÷íà â ñåêòîðå, ñîäåðæàùåì ïîëîæèòåëüíóþ ïîëóîñü, òî (ñì.
[13], ñ. 183) óðàâíåíèå

dẑ

dt
+ (I + BA)A0ẑ = 0,

ãäå îïåðàòîð BA êîìïàêòíûé, áóäåò òàêæå àáñòðàêòíûì ïàðàáîëè÷åñêèì (ñì. [13],
c. 181). Ñîîòâåòñòâóþùàÿ ïîëóãðóïïà àíàëèòè÷íà â ñåêòîðå, ñîäåðæàùåì ïîëî-
æèòåëüíóþ ïîëóîñü.

Òàêèì îáðàçîì, åñëè â óðàâíåíèè (5.11): (I+T )F̂ ∈ C1 ([0, T ];H) , òîãäà çàäà÷à
(5.11) èìååò ñèëüíîå ðåøåíèå íà ïðîîìåæóòêå [0, T ].

Òåîðåìà 2. Ïóñòü âûïîëíåíû óñëîâèÿ

x0 ∈ D(A), y0 ∈ Ĵ0,S(Ω, ρ), Cρ̂0 ∈ D(A
1
2 ), F̂ ∈ C1 ([0, T ];H) ,

äëÿ çàäà÷è Êîøè (5.8). Òîãäà îíà èìååò åäèíñòâåííîå ñèëüíîå ðåøåíèå íà ïðîìå-
æóòêå [0;T ].

Äîêàçàòåëüñòâî òåîðåìû îñíîâûâàåòñÿ íà ïåðåõîäå îò çàäà÷è (5.11) c îáðàòíîé
çàìåíîé ê çàäà÷å (5.8).

Êàê ñëåäñòâèå òåîðåìû 2 èìååì ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 3. Åñëè âûïîëíåíû óñëîâèÿ

ŵ0 ∈ D(A
3
2 ), v̂0 ∈ D(A

1
2 ), û0 = ŵ0 + v̂0,

ζ0 ∈ L2,Γ, Cρ̂0 ∈ D(A
1
2 ), f̂ ∈ C1

(
[0, T ];D(A

1
2 )

)
,

òîãäà çàäà÷à (2.2) � (2.5) èìååò åäèíñòâåííîå ñèëüíîå ðåøåíèå (â ñìûñëå îïðå-
äåëåíèÿ 3) íà ïðîìåæóòêå [0;T ].
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