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Àííîòàöèÿ. Ðàññìàòðèâàåòñÿ ÑÌÎ M/G/2/0 ñ äâóìÿ ïîñëåäîâàòåëüíûìè ëèíèÿìè îáñëóæèâà-
íèÿ. Âõîäÿùèé ïîòîê çàÿâîê � ïóàññîíîâñêèé, î÷åðåäü íà ïåðâóþ ëèíèþ íå äîïóñêàåòñÿ. Çàÿâêà,
ïðîøåäøàÿ ïåðâóþ ñòàäèþ îáñëóæèâàíèÿ, îæèäàåò î÷åðåäè â ñëó÷àå çàíÿòîñòè âòîðîé ëèíèè.
Ïîëó÷åíû ñòàòèñòè÷åñêèå õàðàêòåðèñòèêè ñèñòåìû â ñîñòîÿíèè ðàâíîâåñèÿ ïðè óñëîâèè, ÷òî
âðåìÿ îáñëóæèâàíèÿ íà âòîðîé ñòàäèè èìååò ýêñïîíåíöèàëüíîå ðàñïðåäåëåíèå.

Ââåäåíèå. Â äàííîé ñòàòüå ðàññìàòðèâàåòñÿ ñèñòåìà ìàññîâîãî îáñëóæèâàíèÿ,
ñîñòîÿùàÿ èç äâóõ ëèíèé è îäíîãî ìåñòà äëÿ îæèäàíèÿ. Îäíà èç ëèíèé óñëîâíî
ìîæåò áûòü íàçâàíà "ñåêðåòàðü" (Ñ), à äðóãàÿ � "äèðåêòîð" (Ä). Â ñèñòåìó ïî-
ñòóïàåò ïðîñòåéøèé ïîòîê çàÿâîê, îáñëóæèâàíèå êîòîðûõ îñóùåñòâëÿåòñÿ ïî ñëå-
äóþùèì ïðàâèëàì. Ïîñòóïèâøàÿ â ñèñòåìó çàÿâêà ëèáî íà÷èíàåò îáñëóæèâàòñÿ
ëèíèåé Ñ, åñëè îíà ñâîáîäíà, ëèáî òåðÿåòñÿ, åñëè ëèíèÿ Ñ çàíÿòà èëè îòêëþ÷åíà.
Îáñëóæåííàÿ ëèíèåé Ñ çàÿâêà ëèáî íà÷èíàåò îáñëóæèâàòüñÿ ëèíèåé Ä, åñëè îíà
ñâîáîäíà, ëèáî ïîñòóïàåò íà ìåñòî îæèäàíèÿ ïðè çàíÿòîé ëèíèè Ä, ëèáî îñòà¼òñÿ
â ñèñòåìå íà ëèíèè Ñ, åñëè ëèíèÿ Ä è ìåñòî îæèäàíèÿ çàíÿòû, ïðè ýòîì ëèíèÿ Ñ
ñ÷èòàåòñÿ îòêëþ÷¼ííîé. Çàÿâêè, îáñëóæåííûå ëèíèåé Ä, ïîêèäàþò ñèñòåìó, ïðè
ýòîì, åñëè íà ìåñòå îæèäàíèÿ èìååòñÿ çàÿâêà, òî îíà íà÷èíàåò îáñëóæèâàòüñÿ
ëèíèåé Ä. Åñëè ïðè ýòîì åù¼ èìååòñÿ è çàÿâêà, îòêëþ÷èâøàÿ ëèíèþ Ñ, òî îíà
ïîñòóïàåò íà ìåñòî îæèäàíèÿ, à ëèíèÿ Ñ ìîæåò ïîñëå ýòîãî ïðèíèìàòü íîâûå
çàÿâêè.

Â ðàáîòå ïðîâîäèòñÿ ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ðàáîòû ñèñòåìû ïðè ïðî-
èçâîëüíûõ íåïðåðûâíûõ ðàñïðåäåëåíèÿõ âðåì¼í îáñëóæèâàíèÿ çàÿâîê ëèíèÿìè.
Àíàëèòè÷åñêîå ðåøåíèå ñîîòâåòñòâóþùåé ñèñòåìû èíòåãðî � äèôôåðåíöèàëüíûõ
óðàâíåíèé óäàëîñü íàéòè òîëüêî äëÿ ñëó÷àÿ ýêñïîíåíöèàëüíîãî ðàñïðåäåëåíèÿ
âðåìåíè îáñëóæèâàíèÿ ëèíèåé Ä. Ïðè ýòîì ïîëó÷åíà àëãåáðàè÷åñêàÿ ñèñòåìà
óðàâíåíèé äëÿ îïðåäåëåíèÿ âåðîÿòíîñòåé ñîñòîÿíèé ñèñòåìû â ñòàöèîíàðíîì ðå-
æèìå.
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Ïîñòàíîâêà çàäà÷è, âåðîÿòíîñòíûå ðàññóæäåíèÿ è ïðåäåëüíûå ïåðåõî-
äû. Ïóñòü λ � ïàðàìåòð ïðîñòåéøåãî âõîäÿùåãî ïîòîêà çàÿâîê, µ1(x) � èíòåíñèâ-
íîñòü ñëó÷àéíîé âåëè÷èíû ω1 � âðåìåíè îáñëóæèâàíèÿ çàÿâîê ëèíèåé Ñ, µ2(y) �
èíòåíñèâíîñòü ñëó÷àéíîé âåëè÷èíû w2 � âðåìåíè îáñëóæèâàíèÿ çàÿâîê ëèíèåé Ä.

Íóìåðàöèÿ ñîñòîÿíèé ñèñòåìû ïðîâîäèòñÿ ñëåäóþùèì îáðàçîì:

0 � ñèñòåìà ñâîáîäíà îò çàÿâîê

1 � ëèíèÿ Ñ çàíÿòà îáñëóæèâàíèåì çàÿâêè, äðóãèõ çàÿâîê â ñèñòåìå íåò.

2 � ëèíèÿ Ä çàíÿòà îáñëóæèâàíèåì, äðóãèõ çàÿâîê â ñèñòåìå íåò.

3 � â ñèñòåìå äâå çàÿâêè: îäíà èç íèõ îáñëóæèâàåòñÿ ëèíèåé Ñ, äðóãàÿ �
ëèíèåé Ä.

4 � â ñèñòåìå äâå çàÿâêè: îäíà èç íèõ îáñëóæèâàåòñÿ ëèíèåé Ä, à äðóãàÿ óæå
îáñëóæåííàÿ ëèíèåé Ñ íàõîäèòñÿ íà ìåñòå îæèäàíèÿ.

5 � â ñèñòåìå òðè çàÿâêè: îäíà èç íèõ îáñëóæèâàåòñÿ ëèíèåé Ä, äðóãàÿ óæå
îáñëóæåííàÿ ëèíèåé Ñ � íà ìåñòå îæèäàíèÿ è òðåòüÿ îáñëóæèâàåòñÿ ëèíè-
åé Ñ.

6 � â ñèñòåìå òðè çàÿâêè: îäíà èç íèõ îáñëóæèâàåòñÿ ëèíèåé Ä, äâå îñòàâøèåñÿ
îáñëóæåíû ëèíèåé Ñ, ïðè ýòîì îäíà èç íèõ � íà ìåñòå îæèäàíèÿ, à äðóãàÿ
íà ìåñòå ëèíèè Ñ, è ëèíèÿ Ñ íå ôóíêöèîíèðóåò.

Åñëè ñèñòåìà íàõîäèòñÿ â ñîñòîÿíèÿõ 1,3,5 èëè 6, òî ïîñòóïàþùàÿ â ñèñòåìó
çàÿâêà òåðÿåòñÿ.

Îáîçíà÷èì ÷åðåç ξ(t) ñëó÷àéíûé ïðîöåññ, ôàçîâîå ïðîñòðàíñòâî êîòîðîãî ñî-
ñòîèò èç ñîñòîÿíèé 0, 6. Ãðàô ïåðåõîäîâ ñîñòîÿíèé ñèñòåìû ïðåäñòàâëåí íà ðèñóí-
êå:
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Ðèñ. 1. Îñíîâíûå êîìïîíåíòû ýêñïåðòíîé ñèñòåìû
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Ââåä¼ì ôóíêöèè:

pk(t) : = P{ξ(t) = k}, k = 0, 6

Q1(t, x) : = P{ξ(t) = 1, ω1 < x}, q1(t, x) :=
∂Q1(t, x)

∂x

Q2(t, y) : = P{ξ(t) = 2, ω2 < y}, q2(t, y) :=
∂Q1(t, y)

∂y

Q3(t, x, y) : = P{ξ(t) = 3, ω1 < x, ω2 < y}, q3(t, x, y) :=
∂Q3(t, x, y)

∂x
∂y

Q4(t, y) : = P{ξ(t) = 4, ω2 < y}, q4(t, y) :=
∂Q4(t, y)

∂y

Q5(t, x, y) : = P{ξ(t) = 5, ω1 < x, ω2 < y}, q5(t, x, y) :=
∂Q5(t, x, y)

∂x
∂y, ω1 < ω2

Q6(t, y, z) : = P{ξ(t) = 6, ω2 < y, ω3 < z}, q6(t, y, z) :=
∂Q6(t, y, z)

∂y
∂z, ω3 < ω2

ãäå ω1 � âðåìÿ îáñëóæèâàíèÿ çàÿâîê ëèíèåé Ñ, ω2 � âðåìÿ îáñëóæèâàíèÿ çàÿâîê
ëèíèåé Ä, ω3 � âðåìÿ ïðåáûâàíèÿ îáñëóæåííîé ëèíèåé Ñ çàÿâêè, íàõîäÿùåéñÿ íà
ìåñòå ëèíèè Ñ.

Çàìåòèì, ÷òî èìåþò ìåñòî ñîîòíîøåíèÿ:

pk(t) = Qk(t,∞) =

∫ ∞

0

qk(t, x) dx, k = 1, 2, 4, p3(t) =

∫ ∞

0

dx

∫ ∞

0

q3(t, x, y) dy,

p5(t) =

∫ ∞

0

dx

∫ ∞

x

q5(t, x, y) dy, p6(t) =

∫ ∞

0

dz

∫ ∞

z

q6(t, y, z) dy.

Äëÿ ïîëó÷åíèÿ ñèñòåìû èíòåãðî � äèôôåðåíöèàëüíûõ óðàâíåíèé è ãðàíè÷-
íûõ óñëîâèé ïðîâåä¼ì âåðîÿòíîñòíûå ðàññóæäåíèÿ è ïðåäåëüíûå ïåðåõîäû. Ïóñòü
t > 0, h > 0, h � ìàëàÿ âåëè÷èíà. Ñîáûòèå {ξ(t + h) = 0} ìîæåò ïðîèçîéòè, åñ-
ëè ïðîèçîéäóò ëèáî ñîáûòèå {ξ(t) = 0, è çà âðåìÿ h íå ïîñòóïèò çàÿâêà}, ëèáî
{ξ(t) = 2, yk 6 ω2 < yk+1, è çà âðåìÿ h çàêîí÷èòñÿ îáñëóæèâàíèå, è çà h íå ïîñòó-
ïèò çàÿâêà}, ãäå yk = hk, k = 0, 1, 2, . . . Ïðèðàâíèâàÿ âåðîÿòíîñòè ðàññìîòðåííûõ
ñîáûòèé, ïîëó÷èì ñîîòíîøåíèå:

p0(t + h) = p0(t)(1− λh + o(h)) +
∞∑

k=0

∫ yk+1

yk

q2(t, y) dy(µ2(yk)h + o(h))(1− λh + o(h))

Ïîñëå ýëåìåíòàðíûõ ïðåîáðîçîâàíèé èìååì:

p0(t + h)− p0(t) + p0(t)(λh + o(h)) +
∞∑

k=0

q2(t, yk)h(µ2(yk)h + o(h))

Ïîñëå äåëåíèÿ íà h îáåèõ ÷àñòåé ïîñëåäíåãî ðàâåíñòâà è ïåðåõîäà ê ïðåäåëó ïðè
h →∞ ïîëó÷àåì:

p′0(t) + λp0(t) =

∫ ∞

0

q2(t, y)µ2(y) dy (1)
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Äàëåå, èìååò ìåñòî ðàâåíñòâî ñîáûòèé: {ξ(t + h) = 1, x 6 ω1 < x + h}=
{ξ(t) = 1, x− h 6 ω1 < x, è çà h íå çàêîí÷åíî îáñëóæèâàíèå}+
∞⋃

k=0

{ξ(t) = 3, x − h 6 ω1 < x, yk 6 ω2 < yk+1, è çà h çàêîí÷åíî îáñëóæèâàíèå
ëèíèåé Ä, è çà h íå çàêîí÷åíî îáñëóæèâàíèå ëèíèåé Ñ}, ãäå yk = hk. Ïåðåõîäÿ ê
âåðîÿòíîñòÿì, èìååì:

∫ x+h

x

q1(t + h, a) da =

∫ x

x−h

q1(t, a) da(1− µ1(x)h + o(h))+

+
∞∑

k=0

∫ x

x−h

da

∫ yk+1

yk

q3(t, a, b) db(µ2(yk)h + o(h))(1− µ1(x)h + o(h))

Ïîñëå ïðåîáðàçîâàíèé ïîëó÷àåì:
(∫ x+h

x

q1(t + h, a) da−
∫ x

x−h

q1(t, a) da

)
+

∫ x

x−h

q1(t, a) da(µ1(x)h + o(h)) =

=
∞∑

k=0

q3(t, x, yk)h
2(µ2(yk)h + o(h))

Äåëåíèå îáåèõ ÷àñòåé ïîñëåäíåãî ðàâåíñòâà íà h2 è ïåðåõîä ê ïðåäåëó ïðè h →∞
ïðèâîäèò ê óðàâíåíèþ:

∂q1(t, x)

∂t
+

∂q1(t, x)

∂x
+ µ1(x)q1(t, x) =

∫ ∞

0

q3(t, x, y)µ2(y) dy (2)

Äëÿ ïîëó÷åíèÿ ãðàíè÷íîãî óñëîâèÿ äëÿ óðàâíåíèÿ (2) öåïî÷êà ðàññóæäåíèé àíà-
ëîãè÷íàÿ: {ξ(t + h) = 1, 0 6 ω1 < h} = {ξ(t) = 0, è çà h ïîñòóïèëà çàÿâêà},
h∫
0

q1(t + h, x) dx = p0(t)(λh + o(h)),

q1(t, 0) = λp0(t) (2 ′)

Ïðîäîëæàåì ðàññóæäåíèÿ: {ξ(t+h) = 2, y 6 ω2 < y+h}={ξ(t) = 2, y−h 6 ω2 < y,
è çà h íå çàêîí÷åíî îáñëóæèâàíèå, è çà h íå ïîñòóïèëà çàÿâêà}.
∫ y+h

y

q2(t + h, a) da =

∫ y

y−h

q2(t, a) da(1− µ2(y)h + o(h))(1− λh + o(h)),

(∫ y+h

y

q2(t + h, a) da−
∫ y

y−h

q2(t, a) da

)
+

∫ y

y−h

q2(t, a) da(µ2(y)h + λh + o(h)) = 0,

∂q2(t, y)

∂t
+

∂q2(t, y)

∂y
+ (µ2(y) + λ)q2(t, y) = 0. (3)

{ξ(t + h) = 2, 0 6 ω2 < h} =
∞⋃

k=0

{ξ(t) = 1, xk 6 ω1 < xk+1, è çà h çàêîí÷åíî

îáñëóæèâàíèå}+
∞⋃

k=0

{ξ(t) = 4, yk 6 ω1 < yk+1, è çà h çàêîí÷åíî îáñëóæèâàíèå},
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ãäå xk = kh, yk = kh, k = 0, 1, . . .

∫ h

0

q2(t + h, y) dy =
∞∑

k=0

∫ xk+1

xk

q1(t, a) da(µ1(xk)h + o(h))+

∞∑

k=0

∫ yk+1

yk

q4(t, a) da(µ2(yk)h + o(h)),

q2(t, 0) =

∫ ∞

0

q1(t, x)µ1(x) dx +

∫ ∞

0

q4(t, y)µ2(y) dy. (3 ′)

{ξ(t + h) = 3, x 6 ω1 < x + h, y 6 ω2 < y + h}=
{ξ(t) = 3, x − h 6 ω1 < x, y − h 6 ω2 < y, è çà h íå çàêîí÷åíî îáñëóæèâàíèå
ëèíèåé Ñ, è çà h íå çàêîí÷åíî îáñëóæèâàíèå ëèíèåé Ä}.

∫ x+h

x

da

∫ y+h

y

q3(t + h, a, b) db =

=

∫ x

x−h

da

∫ y

y−h

q3(t, a, b) db(1− µ1(x)h + o(h))(1− µ2(y)h + o(h)),

(∫ x+h

x

da

∫ y+h

y

q3(t + h, a, b) db−
∫ x

x−h

da

∫ y

y−h

q3(t, a, b) db

)
+

+ (µ1(x)h + µ2(y)h + o(h))

∫ x

x−h

da

∫ y

y−h

q3(t, a, b) db = 0.

Îáå ÷àñòè ïîñëåäíåãî ðàâåíñòâà ñëåäóåò äåëèòü íà h3 è ïåðåõîäèòü ê ïðåäåëó ïðè
h →∞. Çàìåòèì, ÷òî âû÷èñëåíèå ïðåäåëà

lim
h→0

1

h3

(∫ x+h

x

da

∫ y+h

y

q3(t + h, a, b) db−
∫ x

x−h

da

∫ y

y−h

q3(t, a, b) db

)

ìîæíî ïðîâîäèòü, èñïîëüçóÿ ïðàâèëî Ëîïèòàëÿ, ÷òî ïðèâîäèò ê äîñòàòî÷íî ãðî-
ìîçäêèì âûêëàäêàì. Ïðîùå ýòîò ïðåäåë âû÷èñëÿåòñÿ, åñëè âî âòîðîì èíòåãðàëå
ñäåëàòü ëèíåéíûå çàìåíû ïåðåìåííûõ, è ðàçíîñòü èíòåãðàëîâ ïðåîáðàçîâàòü ñ èñ-
ïîëüçîâàíèåì òåîðåìû î ñðåäíåì:

∫ x+h

x

da

∫ y+h

y

q3(t + h, a, b) db−
∫ x+h

x

da

∫ y+h

y

q3(t, a− h, b− h) db =

=

∫ x+h

x

da

∫ y+h

y

(
∂q3(t, a, b)

∂t
h +

∂q3(t, a, b)

∂a
h +

∂q3(t, a, b)

∂b
h + o(h)

)
db =

=

(
∂q3(t, x, y)

∂t
h +

∂q3(t, x, y)

∂x
h +

∂q3(t, x, y)

∂y
h + o(h)

)
· h2

∂q3(t, x, y)

∂t
+

∂q3(t, x, y)

∂x
+

∂q3(t, x, y)

∂y
+ (µ1(x) + µ2(y))q3(t, x, y) = 0 (4)
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Äëÿ óðàâíåíèÿ (4) ïîëó÷èì äâà ãðàíè÷íûõ óñëîâèÿ:
{ξ(t + h) = 3, 0 6 ω1 < h, y 6 ω2 < y + h}= {ξ(t) = 2, y − h 6 ω2 < y, è çà h
ïîñòóïèëà çàÿâêà, è çà h íå çàêîí÷èëîñü îáñëóæèâàíèå },

∫ h

0

da

∫ y+h

y

q3(t + h, a, b) db =

∫ y

y−h

q2(t, a) da(λh + o(h))(1− µ2(y)h + o(h))

q3(t, 0, y) = λq2(t, y) (4 ′)

{ξ(t + h) = 3, x 6 ω1 < x + h, 0 6 ω2 < h}=⋃
k

{ξ(t) = 5, x − h 6 ω1 < x, yk 6 ω2 < yk+1, è çà h íå çàêîí÷åíî îáñëóæèâàíèå
ëèíèåé Ñ, è çà h çàêîí÷åíî îáñëóæèâàíèå ëèíèåé Ä}, ãäå yk = hk, yk > x, k ∈ N.

∫ x+h

x

da

∫ h

0

q3(t + h, a, b) db =

=
∑

k: yk>x

∫ x

x−h

da

∫ yk+1

yk

q5(t, a, b) db(µ2(yk)h + o(h))(1− µ1(x)h + o(h))

q3(t, x, 0) =

∫ ∞

x

q5(t, x, y)µ2(y) dy (4 ′′)

{ξ(t + h) = 4, y 6 ω2 < y + h}={ξ(t + h) = 4, y − h 6 ω2 < y, è çà h íå çàêîí÷åíî
îáñëóæèâàíèå, è çà h íå ïîñòóïèëà çàÿâêà}+⋃
k

{ξ(t) = 3, xk 6 ω1 < xk+1, y−h 6 ω2 < y, è çà h çàêîí÷åíî îáñëóæèâàíèå ëèíèåé
Ñ , è çà h íå çàêîí÷åíî îáñëóæèâàíèå ëèíèåé Ä}.

∫ y+h

y

q4(t + h, a) da =

∫ y

y−h

q4(t, a) da(1− µ2(y)h + o(h))(1− λh + o(h))+

+
∞∑

k=1

∫ xk+1

xk

da

∫ y

y−h

q3(t, a, b) db(µ1(xk)h + o(h))(1− µ2(y)h + o(h)),

∫ y+h

y

q4(t + h, a) da−
∫ y

y−h

q4(t, a) da + (µ2(y)h + λh + o(h))

∫ y

y−h

q4(t, a) da =

=
∞∑

k=1

q3(t, xk, y)h2(µ1(xk)h + o(h)),

∂q4(t, y)

∂t
+

∂q4(t, y)

∂y
+ (µ2(y) + λ)q4(t, y) =

∫ ∞

0

q3(t, x, y)µ1(x) dx (5)

Ïîëó÷èì ãðàíè÷íîå óñëîâèå:
{ξ(t + h) = 4, 0 6 ω2 < h}=⋃

k,j

{ξ(t) = 6, yk 6 ω2 < yk+1, zj 6 ω3 < zj+1, è çà h
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çàêîí÷èëîñü îáñëóæèâàíèå},
∫ h

0

q4(t + h, a) da =
∑

k,j

∫ yk+1

yk

da

∫ zj+1

zj

q6(t, a, b) db(µ2(yk)h + o(h)),

q4(t, 0) =

∫ ∞

0

dz

∫ ∞

z

q6(t, y, z)µ2(y) dy (5 ′)

Äàëåå,

∂q5(t, x, y)

∂t
+

∂q5(t, x, y)

∂x
+

∂q5(t, x, y)

∂y
+ (µ1(x) + µ2(y))q5(t, x, y) = 0 (6)

Çàìåòèì, ÷òî óðàâíåíèå (6) ïîëó÷àåòñÿ ïðè ïîìîùè òåõ æå ðàññóæäåíèé, êàêèå
áûëè èñïîëüçîâàíû äëÿ ïîëó÷åíèÿ óðàâíåíèÿ (4), îòëè÷èå ñîñòîèò ëèøü â òîì, ÷òî
äëÿ óðàâíåíèÿ (6) ïîëó÷èì îäíî ãðàíè÷íîå óñëîâèå, ïîñêîëüêó ôóíêöèÿ q5(t, x, y)
îòëè÷íà îò íóëÿ ïðè 0 6 x 6 y:
{ξ(t + h) = 5, 0 6 ω1 < h, y 6 ω2 < y + h}= {ξ(t) = 4, y − h 6 ω2 < y, è çà h íå
çàêîí÷åíî îáñëóæèâàíèå, è çà h ïîñòóïèëà çàÿâêà}.

∫ h

0

da

∫ y+h

y

q5(t + h, a, b) db =

∫ y

y−h

q4(t, a) da(λh + o(h))(1− µ1(y)h + o(h))

q5(t, 0, y) = λq4(t, y) (6 ′)

{ξ(t + h) = 6, y 6 ω2 < y + h, z 6 ω3 < z + h}=
{ξ(t) = 6, y − h 6 ω2 < y, z − h 6 ω3 < z, è çà h íå çàêîí÷åíî îáñëóæèâàíèå}.

∂q6(t, y, z)

∂t
+

∂q6(t, y, z)

∂y
+

∂q6(t, y, z)

∂z
+ µ2(y)q6(t, y, z) = 0 (7)

{ξ(t + h) = 6, y 6 ω2 < y + h, 0 6 ω3 < h}=⋃
k

{ξ(t) = 5, xk 6 ω1 < xk+1, y − h 6 ω2 < y, è çà h íå çàêîí÷åíî îáñëóæèâàíèå
ëèíèåé Ä, è çà h çàêîí÷åíî îáñëóæèâàíèå ëèíèåé Ñ}, ãäå xk = hk, xk 6 y.

∫ y+h

y

da

∫ h

0

q6(t + h, a, b) db =

=
∞∑

k=1

∫ xk+1

xk

da

∫ y

y−h

q5(t, a, b) db(µ1(xk)h + o(h))(1− µ2(y)h + o(h)),

q6(t, y, 0) =

∫ y

0

q5(t, x, y)µ1(x) dx (7 ′)

Äëÿ óðàâíåíèÿ (7) ïîëó÷åíî òîëüêî îäíî ãðàíè÷íîå óñëîâèå (7 ′), ïîñêîëüêó ôóíê-
öèÿ q5(t, x, y) îòëè÷íà îò íóëÿ òîëüêî ïðè 0 6 x 6 y.
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Â ñòàöèîíàðíîì ðåæèìå, ïðè t → ∞ âåðîÿòíîñòè ñîñòîÿíèé ñèñòåìû îáîçíà-
÷èì ÷åðåç pk, k = 0, 6. Ïîíÿòíî, ÷òî pk = lim

t→∞
pk(t). Îáîçíà÷èì ÷åðåç gk(x) :=

lim
t→∞

qk(t, x), k = 1, 2, 4, gk(x, y) = lim
t→∞

qk(t, x, y), k = 3, 5, 6.
Ïîñêîëüêó ÷àñòíûå ïðîèçâîäíûå ïî t îò ôóíêöèé qk(. . .) ïðè t →∞ ñòðåìÿòñÿ

ê íóëþ, òî â ñòàöèîíàðíîì ðåæèìå ñèñòåìà èíòåãðî � äèôôåðåíöèàëüíûõ óðàâ-
íåíèé è ãðàíè÷íûõ óñëîâèé óïðîñòèòñÿ è ïðèìåò âèä:

λp0 =

∫ ∞

0

g2(y)µ2(y) dy,

g′1(x) + µ1(x)g1(x) =

∫ ∞

0

g3(x, y)µ2(y) dy, g1(0) = λp0,

g′2(y) + (µ2(y) + λ)g2(y) = 0,

g2(0) =

∫ ∞

0

g1(x)µ1(x) dx +

∫ ∞

0

g4(y)µ2(y) dy,

∂g3(x, y)

∂x
+

∂g3(x, y)

∂y
+ (µ1(x) + µ2(y))g3(x, y) = 0,

g3(0, y) = λg2(y), g3(x, 0) =

∫ ∞

x

g5(x, y)µ2(y) dy,

g′4(y) + (µ2(y) + λ)g4(y) =

∫ ∞

0

g3(x, y)µ1(x) dx,

g4(0) =

∫ ∞

0

dz

∫ ∞

z

g6(y, z)µ2(y) dy,

∂g5(x, y)

∂x
+

∂g5(x, y)

∂y
+ (µ1(x) + µ2(y))g5(x, y) = 0, 0 6 x 6 y,

g5(0, y) = λg4(y),

∂g6(y, z)

∂y
+

∂g6(y, z)

∂z
+ µ2(y)g6(y, z) = 0, 0 6 z 6 y,

g6(y, 0) =

∫ y

0

g5(x, y)µ1(x) dx.

(∗)

Ðåøåíèå ñèñòåìû (∗) â ñëó÷àå µ2(y) = µ2 Àíàëèòè÷åñêîå ðåøåíèå ñèñòåìû
(∗) óäàëîñü ïîëó÷èòü â ñëó÷àå, åñëè µ2(y) = µ2 = const. Òîãäà ñèñòåìà (∗) áóäåò
âûãëÿäåòü ñëåäóþùèì îáðàçîì:

λp0 = µ2p2 (8)

g′1(x) + µ1(x)g1(x) = µ2

∫ ∞

0

g3(x, y) dy, (9)

g1(0) = λp0, (9 ′)
g′2(y) + (µ2 + λ)g2(y) = 0, (10)

g2(0) =

∫ ∞

0

g1(x)µ1(x) dx + µ2p4 (10 ′)
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∂g3(x, y)

∂x
+

∂g3(x, y)

∂y
+ (µ1(x) + µ2)g3(x, y) = 0, (11)

g3(0, y) = λg2(y) (11′)

g3(x, 0) = µ2

∫ ∞

x

g5(x, y) dy (11′′)

g′4(y) + (µ2 + λ)g4(y) =

∫ ∞

0

g3(x, y)µ1(x) dx (12)

g4(0) = µ2p6 (12 ′)
∂g5(x, y)

∂x
+

∂g5(x, y)

∂y
+ (µ1(x) + µ2)g5(x, y) = 0, 0 6 x 6 y (13)

g5(0, y) = λg4(y) (13 ′)
∂g6(y, z)

∂y
+

∂g6(y, z)

∂z
+ µ2g6(y, z) = 0, 0 6 z 6 y (14)

g6(y, 0) =

∫ y

0

g5(x, y)µ1(x) dx (14′)

Ìû áóäåì èñïîëüçîâàòü ñëåäóþùèå ôîðìóëû:
äëÿ ðåøåíèÿ óðàâíåíèÿ u′(x) + f(x)u(x) = g(x), x > 0 :

u(x) = exp

(
−

∫ x

0

f(t) dt

)(
u(0) +

∫ x

0

g(t) exp

(∫ t

0

f(y) dy

)
dt

)
, (15)

äëÿ ðåøåíèÿ óðàâíåíèÿ u′a(a, b) + u′b(a, b) + (α(a) + β(b))u(a, b) = 0 :

u(a, b) =





u(a− b, 0) exp

(
−

a∫
a−b

α(t) dt

)
exp

(
−

b∫
0

β(t) dt

)
, 0 6 b 6 a

u(0, b− a) exp

(
−

a∫
0

α(t) dt

)
exp

(
−

b∫
b−a

β(t) dt

)
, 0 6 a 6 b

(16)

Èç (13) è (13 ′) ïî ôîðìóëå (16) èìååì:
g5(x, y) = g5(0, y − x) exp

(− ∫ x

0
(µ1(t) + µ2) dt

)
, 0 6 x 6 y.

Èñïîëüçóÿ îáîçíà÷åíèå äëÿ ôóíêöèè íàä¼æíîñòè ñëó÷àéíîé âåëè÷èíû ω1

Φ1(x) = P{ω1 > x} = exp
(− ∫ x

0
µ1(t) dt

)
, ïîëó÷àåì:

g5(x, y) = λg4(y − x)Φ1(x) exp (−µ2x) (17)
Ïðåîáðàçóåì ñ ïîìîùüþ (17) èíòåãðàë â ñîîòíîøåíèè (11′′):

µ2

∫ ∞

x

g5(x, y) dy = λµ2Φ1(x) exp(−µ2x)

∫ ∞

x

g4(y − x) dy = λµ2Φ1(x) exp(−µ2x)p4

Äàëåå èç (11),(11′) è (11′′), èñïîëüçóÿ (16), ïîëó÷àåì:

g3(x, y) =





g3(x− y, 0) exp

(
−

x∫
x−y

(µ1(t) + µ2) dt

)
, 0 6 y 6 x

g3(0, y − x) exp

(
−

x∫
0

(µ1(t) + µ2) dt

)
, 0 6 x 6 y
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Ïîñëå íåêîòîðûõ ïðåîáðàçîâàíèé ïîëó÷àåì îêîí÷àòåëüíî:

g3(x, y) =

{
λµ2Φ1(x) exp(−µ2x)p4, 0 6 y 6 x

λg2(y − x)Φ1(x) exp(−µ2x), 0 6 x 6 y
(18)

Ïðåîáðàçóåì èíòåãðàë â óðàâíåíèè (12):
∫ ∞

0

g3(x, y)µ1(x) dx =

∫ y

0

λg2(y − x)Φ1(x)µ1(x) exp(−µ2x) dx+

+

∫ ∞

y

λµ2p4Φ1(x)µ1(x) exp(−µ2x)dx.

Îáîçíà÷èì ÷åðåç f1(x) ïëîòíîñòü ðàñïðåäåëåíèÿ ñëó÷àéíîé âåëè÷èíû ω1, òîãäà
Φ1(x)µ1(x) = f1(x) è óðàâíåíèå (12) ïðèìåò âèä:

g′4(y)+(µ2+λ)g4(y) = λ

∫ y

0

g2(y−x)f1(x) exp(−µ2x) dx+λµ2p4

∫ ∞

y

f1(x) exp(−µ2x)dx

Äëÿ ðåøåíèÿ äàííîãî óðàâíåíèÿ ñ íà÷àëüíûì óñëîâèåì (12 ′) áóäåì èñïîëüçîâàòü
ïðåîáðàçîâàíèå Ëàïëàñà è íåêîòîðûå åãî ñâîéñòâà.

Åñëè ôóíêöèÿ h(t) ÿâëÿåòñÿ îðèãèíàëîì, òî èçîáðàæåíèå áóäåì îáîçíà÷àòü
÷åðåç

h∗(s) =

∫ ∞

0

exp(−st)h(t) dt = (h(t))∗(s)

Çàìåòèì, ÷òî ïåðâûé èíòåãðàë â ïðàâîé ÷àñòè óðàâíåíèÿ ÿâëÿåòñÿ ñâ¼ðòêîé äâóõ
ôóíêöèé:

∫ y

0

g2(y − x)f1(x) exp(−µ2x) dx =
(
g2(x) ∗ f1(x) exp(−µ2x)

)
(y)

è ïîòîìó ïðåîáðàçîâàíèå Ëàïëàñà îò ýòîãî èíòåãðàëà âû÷èñëÿåòñÿ ëåãêî:
(∫ y

0

g2(y − x)f1(x) exp(−µ2x) dx

)∗
(s) = g∗2(s)f

∗
1 (s + µ2).

Ïðåîáðàçîâàíèå Ëàïëàñà îò âòîðîãî èíòåãðàëà ïðàâîé ÷àñòè óðàâíåíèÿ âû÷èñëÿ-
åòñÿ ñëåäóþùèì îáðàçîì:

(∫ ∞

y

f1(x) exp(−µ2x)dx

)∗
(s) =

∫ ∞

0

exp(−sy) dy

(∫ ∞

y

f1(x) exp(−µ2x)dx

)
=

=

∫ ∞

0

dx

∫ x

0

exp(−sy)f1(x) exp(−µ2x)dy =

=

∫ ∞

0

dxf1(x) exp(−µ2x)
1

s
(1− exp(−sx)) =

1

s
(f ∗1 (µ2)− f ∗1 (µ2 + s))
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Ïðèìåíÿÿ ïðåîáðàçîâàíèå Ëàïëàñà ê îáåèì ÷àñòÿì óðàâíåíèÿ, ïîëó÷èì:

sg∗4(s)− µ2p6 + (λ + µ2)g
∗
4(s) = λg∗2(s)f

∗
1 (s + µ2) + λµ2p4

1

s
(f ∗1 (µ2)− f ∗1 (µ2 + s))

Ïåðåõîäÿ ê ïðåäåëó â îáåèõ ÷àñòÿõ äàííîãî ñîîòíîøåíèÿ ïðè s → 0, ïîëó÷èì:

−µ2p6 + (λ + µ2)p4 = λp2f
∗
1 (µ2)− λµ2p4f

∗
1
′(µ2) (19)

Ïðåîáðàçóåì èíòåãðàë, ñòîÿùèé â ïðàâîé ÷àñòè óðàâíåíèÿ (9):
∫ ∞

0

g3(x, y) dy =

∫ x

0

λµ2p4Φ1(x) exp(−µ2x)dy +

∫ ∞

x

λg2(y − x)Φ1(x) exp(−µ2x)dy =

λµ2p4xΦ1(x) exp(−µ2x) + λp2Φ1(x) exp(−µ2x)

Ïîñëå ýòîãî óðàâíåíèå (9) ïðåîáðàçóåòñÿ è äëÿ åãî ðåøåíèÿ èñïîëüçóåòñÿ ôîðìóëà
(15):

g′1(x) + µ1(x)g1(x) = λµ2
2p4Φ1(x) exp(−µ2x) + λµ2p2Φ1(x) exp(−µ2x), g1(0) = λp0, g1(x) =

= exp

(
−

∫ x

0

µ1(t) dt

)(
λp0 +

∫ x

0

(λµ2
2p4t + λµ2p2) exp(−µ2t)Φ1(t) exp

(∫ t

0

µ1(y) dy

)
dt

)
=

= Φ1(x)

(
λp0 + λµ2

2p4

∫ x

0

t exp(−µ2t)dt + λµ2p2

∫ x

0

exp(−µ2t)dt

)
.

Îêîí÷àòåëüíî ïîëó÷àåì:

g1(x) = Φ1(x)
(
λp0+λp4

(
1−exp(−µ2x)−µ2x exp(−µ2x)

)
+λp2

(
1−exp(−µ2x)

))
(20)

Ïðåîáðàçóåì èíòåãðàë, ñòîÿùèé â ïðàâîé ÷àñòè (10 ′):
∫ ∞

0

g1(x)µ1(x) dx =

=

∫ ∞

0

f1(x)
(
λp0 + λp4

(
1− exp(−µ2x)− µ2x exp(−µ2x)

)
+ λp2

(
1− exp(−µ2x)

))
dx =

= λp0 + λp4

(
1− f ∗1 (µ2) + µ2f

∗
1
′(µ2)

)
+ λp2

(
1− f ∗1 (µ2)

)

Ïîñëå ýòîãî ðåøåíèå óðàâíåíèÿ (10) ñ íà÷àëüíûì óñëîâèåì (10 ′) âûïèñûâàåòñÿ ïî
ôîðìóëå (15):

g2(y) = exp(−(λ+µ2)y)
(
λp0 + λp4

(
1− f ∗1 (µ2) + µ2f

∗
1
′(µ2)

)
+ µ2p4 + λp2

(
1− f ∗1 (µ2)

))
(21)

Ïðåîáðàçóåì èíòåãðàë â ñîîòíîøåíèè (14′):
∫ y

0

g5(x, y)µ1(x) dx =

∫ y

0

λg4(y − x)f1(x) exp(−µ2x) dx = λ
(
g4(x) ∗ f1(x) exp(−µ2x)

)
(y)
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Èç (14) è (14′) èìååì:

g6(y, z) = g6(y−z, 0) exp(−µ2z) = λ
(
g4(x)∗f1(x) exp(−µ2x)

)
(y−z) exp(−µ2z) (22)

Äàëåå ê îäíîðîäíûì àëãåáðàè÷åñêèì óðàâíåíèÿì (8) è (19) äëÿ ñòàöèîíàðíûõ âå-
ðîÿòíîñòåé ñîñòîÿíèé ñèñòåìû pk äîáàâèì åù¼ ïÿòü îäíîðîäíûõ óðàâíåíèé. ßñíî,
÷òî ïîëó÷åííàÿ òàêèì îáðàçîì ñèñòåìà äîëæíà áûòü èçáûòî÷íîé, ò.å. ëþáîå èç
å¼ óðàâíåíèé äîëæíî áûòü ñëåäñòâèåì îñòàëüíûõ. Ýòîò ôàêò ìîæíî èñïîëüçî-
âàòü äëÿ êîíòðîëÿ ïðàâèëüíîñòè ïîëó÷åíèÿ óðàâíåíèé. Äîáàâëåíèå æå ê îäíî-
ðîäíîé ñèñòåìå íîðìèðîâî÷íîãî óðàâíåíèÿ

6∑
k=0

pk = 1 ïîçâîëèò íàéòè âåëå÷èíû

pk, k = 0, 6. Èòàê, èç (17) èìååì:

p5 =

∫ ∞

0

dx

∫ ∞

x

g5(x, y) dy = λ

∫ ∞

0

dxΦ1(x) exp(−µ2x)

∫ ∞

x

g4(y − x) dy

Îêîí÷àòåëüíî:
p5 = λΦ∗

1(µ2)p4 (23)

Èç (18) ïîëó÷àåì:

p3 =

∫ ∞

0

dx

∫ ∞

0

g3(x, y) dy =

∫ ∞

0

dx

∫ x

0

λµ2p4Φ1(x) exp(−µ2x) dy+

+

∫ ∞

0

dx

∫ ∞

x

λg2(y − x)Φ1(x) exp(−µ2x) dy = λµ2p4

∫ ∞

0

xΦ1(x) exp(−µ2x) dx+

+ λ

∫ ∞

0

Φ1(x) exp(−µ2x) dx

∫ ∞

x

g2(y − x) dy.

p3 = −λµ2p4Φ
∗
1
′(µ2) + λp2Φ

∗
1(µ2) (24)

Èç (20) ïîëó÷àåì: p1 =

∫ ∞

0

g1(x) dx =

=

∫ ∞

0

Φ1(x)
(
λp0 + λp4

(
1− exp(−µ2x)− µ2x exp(−µ2x)

)
+ λp2

(
1− exp(−µ2x)

))
dx

Åñëè îáîçíà÷èòü ìàòåìàòè÷åñêîå îæèäàíèå ñëó÷àéíîé âåëè÷èíû ω1 ÷åðåç 1
µ1
:

Mω1 =

∫ ∞

0

Φ1(x) dx =
1

µ1

,

òî îêîí÷àòåëüíî èìååì:

p1 =
λ

µ1

p0 + λp4

( 1

µ1

− Φ∗
1(µ2) + µ2Φ

∗
1
′(µ2)

)
+ λp2

( 1

µ1

− Φ∗
1(µ2)

)
(25)
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Èç (21) èìååì: p2 =

∫ ∞

0

g2(y) dy =

=

∫ ∞

0

exp(−(λ + µ2)y)
(
λp0 + λp4

(
1− f ∗1 (µ2) + µ2f

∗
1
′(µ2)

)
+ µ2p4 + λp2

(
1− f ∗1 (µ2)

))
dy,

(λ + µ2)p2 = λp0 + λp4

(
1− f ∗1 (µ2) + µ2f

∗
1
′(µ2)

)
+ µ2p4 + λp2

(
1− f ∗1 (µ2)

)
(26)

Èç (22) ïîëó÷àåì:

p6 =

∫ ∞

0

dz

∫ ∞

z

g6(y, z) dy =

∫ ∞

0

dz

∫ ∞

z

λ
(
g4(x) ∗ f1(x) exp(−µ2x)

)
(y − z) exp(−µ2z)dy =

λ

∫ ∞

0

exp(−µ2z)dz

∫ ∞

0

exp(−0 · y)
(
g4(x) ∗ f1(x) exp(−µ2x)

)
(y)dy = λ

1

µ2

g∗4(0)f ∗1 (0 + µ2),

p6 =
λ

µ2

p4f
∗
1 (µ2) (27)

Èñêîìàÿ àëãåáðàè÷åñêàÿ ñèñòåìà áóäåò ñîñòîÿòü èç (8), (19), (23) � (27) è íîðìè-
ðîâî÷íîãî óðàâíåíèÿ

6∑
k=0

pk = 1.
Â çàêëþ÷åíèå âûïèøåì ýòó ñèñòåìó:

λp0 = µ2p2

(λ + µ2)p4 − µ2p6 = λp2f
∗
1 (µ2)− λµ2p4f

∗
1
′(µ2)

p5 = λΦ∗
1(µ2)p4

p3 = −λµ2p4Φ
∗
1
′(µ2) + λp2Φ

∗
1(µ2)

p1 =
λ

µ1

p0 + λp4

( 1

µ1

− Φ∗
1(µ2) + µ2Φ

∗
1
′(µ2)

)
+ λp2

( 1

µ1

− Φ∗
1(µ2)

)

(µ2 + λf ∗1 (µ2))p2 = λp0 +
(
λ + µ2 − λf ∗1 (µ2) + λµ2f

∗
1
′(µ2)

)
p4

p6 =
λ

µ2

p4f
∗
1 (µ2)

p0 + p1 + p2 + p3 + p4 + p5 + p6 = 1.

(∗∗)

×àñòíûé ñëó÷àé µ1(x) = µ1, µ2(y) = µ2. Ýòîò ñëó÷àé óäîáíî ðàññìàòðèâàòü
äëÿ êîíòðîëÿ ôîðìóë ïðåäûäóùåãî ñëó÷àÿ, ò.ê. ñëó÷àéíûé ïðîöåññ îêàçûâàåòñÿ
ìàðêîâñêèì è ëèíåéíàÿ ñèñòåìà óðàâíåíèé äëÿ ñòàöèîíàðíûõ âåðîÿòíîñòåé ñîñòî-
ÿíèé âûïèñûâàåòñÿ ïî ñòðåëêàì ãðàôà ïåðåõîäîâ:

λp0 = µ2p2

µ1p1 = λp0 + µ2p3

(λ + µ2)p2 = µ1p1 + µ2p4

(µ1 + µ2)p3 = λp2 + µ2p5

(λ + µ2)p4 = µ1p3 + µ2p6

ISSN 0203�3755 Äèíàìè÷åñêèå ñèñòåìû, âûï. 24 (2008)



82 À.È. ÊÎÂÀËÅÍÊÎ, Á.Ä. ÌÀÐßÍÈÍ, Â.Ï. ÑÌÎËÈ×

(µ1 + µ2)p5 = λp4

µ2p6 = µ1p5

p0 + p1 + p2 + p3 + p4 + p5 + p6 = 1.

Ïðåîäîëåâ íåêîòîðûå âû÷èñëèòåëüíûå òðóäíîñòè, ñèñòåìó (∗∗) ìîæíî ïðèâåñòè ê
äàííîé ñèñòåìå, ïîñêîëüêó ïðè µ1(x) = µ1 èìååì:

Φ∗
1(s) =

1

s + µ1

, Φ∗
1
′(s) = − 1

(s + µ1)2
, f ∗1 (s) =

µ1

s + µ1

, f ∗1
′(s) = − µ1

(s + µ1)2

Çíàÿ ñòàöèîíàðíûå âåðîÿòíîñòè pj ìîæíî íàéòè

à) âåðîÿòíîñòü òîãî, ÷òî ëèíèÿ (Ä) ñâîáîäíà: p0 + p1;

á) âåðîÿòíîñòü òîãî, ÷òî ëèíèÿ (Ñ) ñâîáîäíà: p0 + p2 + p4;

â) âåðîÿòíîñòü îòêàçà äëÿ âíîâü ïðèáûâøåé çàÿâêè: p1 + p3 + p5 + p6;

ã) ñðåäíåå ÷èñëî çàÿâîê â ñèñòåìå: p1 + p2 + 2p3 + 2p4 + 3p5 + 3p6.

Çàêëþ÷åíèå. Èññëåäîâàíèå ñèñòåìû M/G/1 âîñõîäèò ê êëàññè÷åñêèì ðàáîòàì
À.ß. Õèí÷èíà. Íàõîæäåíèå àíàëèòè÷åñêîãî ðåøåíèÿ äëÿ ñèñòåìû M/G/2 ïðåä-
ñòàâëÿåò èçâåñòíûå òðóäíîñòè. Àâòîðàìè ïîëó÷åíû àíàëèòè÷åñêèå ôîðìóëû äëÿ
ñòàöèîíàðíûõ âåðîÿòíîñòåé ñèñòåìû M/G/2/0 â ñëó÷àå, êîãäà âðåìÿ îáñëóæè-
âàíèÿ íà îäíîé èç ëèíèé èìååò ïðîèçâîëüíîå íåïðåðûâíîå ðàñïðåäåëåíèå, à íà
äðóãîé � ýêñïîíåíöèàëüíîå ðàñïðåäåëåíèå.
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