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Àíîòàöiÿ. Ðîçãëÿäà¹òüñÿ çàäà÷à îïòèìàëüíîãî êåðóâàííÿ ïðîöåñîì, ÿêèé îïèñó¹òüñÿ ëiíiéíîþ

ñèñòåìîþ äèôåðåíöiàëüíèõ ðiâíÿíü ç ìàëèì ïàðàìåòðîì ïðè ïîõiäíèõ, ó âèïàäêó êðàòíîãî êî-

ðåíÿ âiäïîâiäíîãî õàðàêòåðèñòè÷íîãî ðiâíÿííÿ. Çàñòîñóâàâøè ïðèíöèï ìàêñèìóìó Ïîíòðÿãiíà

òà ìåòîäè àñèìïòîòè÷íîãî iíòåãðóâàííÿ ëiíiéíèõ ñèíãóëÿðíî çáóðåíèõ ñèñòåì äèôåðåíöiàëüíèõ

ðiâíÿíü, ïîáóäîâàíî àñèìïòîòè÷íèé ðîçâ'ÿçîê äàíî¨ çàäà÷i.

Êëþ÷îâi ñëîâà: îïòèìàëüíå êåðóâàííÿ, àñèìïòîòè÷íi ðîçâèíåííÿ, ãðàíè÷íà â'ÿçêà ìàòðèöü.

1. Ïîñòàíîâêà çàäà÷i

Ðîçãëÿíåìî îïòèìàëüíèé ïðîöåñ

εh
dx

dt
= A(t, ε)x+ C(t, ε)u, (1)

J =
1

2εh

T∫
0

(D(t, ε)u, u) dt→ min
u
, (2)

ÿêèé ïåðåâîäèòü ñèñòåìó iç ñòàíó

x(0, ε) = x1(ε) (3)

â ñòàí
x(T, ε) = x2(ε) (4)

çà ôiêñîâàíèé ïðîìiæîê ÷àñó T , äå A(t, ε) � äiéñíà êâàäðàòíà ìàòðèöÿ n-ãî ïî-
ðÿäêó, C(t, ε), D(t, ε) � (n×m) òà (m×m)-ìàòðèöi âiäïîâiäíî, x(t, ε) � n-âèìiðíèé
âåêòîð ñòàíó, u(t, ε) �m-âèìiðíèé âåêòîð êåðóâàííÿ, ε ∈ (0, ε0] � ìàëèé ïàðàìåòð:
ε0 � 1; h ∈ N , t ∈ [0;T ].
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Ïîäiáíà çàäà÷à, ÿêà îïèñó¹òüñÿ ñèñòåìîþ äèôåðåíöiàëüíèõ ðiâíÿíü ç ïîâiëüíî
çìiííèìè êîåôiöi¹íòàìè, ðîçãëÿäàëàñü â [7], [8], äå ïåðåäáà÷àëîñü, ùî âñi âëàñíi
çíà÷åííÿ ãîëîâíî¨ ìàòðèöi A(t, 0) óÿâíi. Ó áiëüø çàãàëüíié ïîñòàíîâöi çàäà÷à (1),
(2) âèâ÷àëàñü ó ðîáîòi [6] çà óìîâè, ùî âñi âëàñíi çíà÷åííÿ ìàòðèöi A(t, 0) ïðîñòi.

Ó äàíié ðîáîòi âèâ÷à¹òüñÿ ìîæëèâiñòü ïîáóäîâè àñèìïòîòè÷íîãî ðîçâ'ÿçêó öi¹¨
çàäà÷i ó áiëüø ñêëàäíîìó âèïàäêó, êîëè ìàòðèöÿ A(t, 0) ìà¹ êðàòíèé ñïåêòð. Ïðè
öüîìó âèêîðèñòîâóþòüñÿ ðåçóëüòàòè àñèìïòîòè÷íîãî àíàëiçó ëiíiéíèõ ñèíãóëÿðíî
çáóðåíèõ ñèñòåì, ïðîâåäåíîãî â [9], [4].

Áóäåìî ïðèïóñêàòè, ùî âèêîíóþòüñÿ òàêi óìîâè:
1◦. Ìàòðèöi A(t, ε), C(t, ε), D(t, ε) äîïóñêàþòü íà âiäðiçêó [0;T ] ðiâíîìiðíi

àñèìïòîòè÷íi ðîçâèíåííÿ çà ñòåïåíÿìè ìàëîãî ïàðàìåòðà ε:

A(t, ε) ∼
∑
k≥0

εkAk(t), C(t, ε) ∼
∑
k≥0

εkCk(t), D(t, ε) ∼
∑
k≥0

εkDk(t). (5)

2◦. Ak(t), Ck(t), Dk(t) ∈ C∞
[0;T ], k = 0, 1, 2, . . ..

3◦. Âåêòîðè ïî÷àòêîâîãî i êiíöåâîãî ñòàíiâ çîáðàæàþòüñÿ ó âèãëÿäi ðîçâèíåíü

x1(ε) =
∞∑
k=0

εkx
(1)
k , x2(ε) =

∞∑
k=0

εkx
(2)
k . (6)

4◦. Ãîëîâíà ìàòðèöÿ A0(t) ñèñòåìè (1) ìà¹ êðàòíå âëàñíå çíà÷åííÿ λ0(t), êðàò-
íîñòi n, ÿêîìó âiäïîâiäà¹ åëåìåíòàðíèé äiëüíèê òàêî¨ ñàìî¨ êðàòíîñòi.

5◦.
Reλ0(t) < 0, ∀t ∈ [0;T ].

6◦. Ìàòðèöÿ D(t, ε) äîäàòíî âèçíà÷åíà, ïðè÷îìó

detD0(t) 6= 0, ∀t ∈ [0;T ].

7◦. Îáëàñòü äîïóñòèìèõ çíà÷åíü äëÿ êåðóâàííÿ u(t, ε) çáiãà¹òüñÿ ç óñiì çàäàíèì
m�âèìiðíèì ïðîñòîðîì.

Çà âèêîíàííÿ öèõ óìîâ áóäåìî äîñëiäæóâàòè ïèòàííÿ ïðî ïîáóäîâó àñèìï-
òîòèêè îïòèìàëüíîãî êåðóâàííÿ u(t, ε), çà äîïîìîãîþ ÿêîãî äàíà ñèñòåìà ìîæå
áóòè ïåðåâåäåíà iç ñòàíó x1(ε) ó ñòàí x2(ε), òà âåêòîð-ôóíêöi¨ x(t, ε), ÿêà çàäà¹
âiäïîâiäíó òðà¹êòîðiþ.

2. Ïîáóäîâà ôîðìàëüíîãî ðîçâ'ÿçêó

Çàñòîñóâàâøè ïðèíöèï ìàêñèìóìó Ë.Ñ. Ïîíòðÿãiíà [3], ïðèõîäèìî äî êðàéîâî¨
çàäà÷i

εh
dx

dt
= A(t, ε)x+ C(t, ε)u,

εh
dp

dt
= −A∗(t, ε)p,
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0 = C∗(t, ε)p−D(t, ε)u,

x(0, ε) = x1(ε), x(T, ε) = x2(ε). (7)

Ïîçíà÷èâøè

y(t, ε) = col(x(t, ε), p(t, ε), u(t, ε)), (8)

öþ çàäà÷ó ïîäàìî ó âèãëÿäi

εhB̃
dy

dt
= Ã(t, ε)y, (9)

My(0, ε) +Ny(T, ε) = x̃(ε), (10)

äå

B̃(t) =

 E 0 0
0 E 0
0 0 0

 ; Ã(t, ε) =

 A(t, ε) 0 C(t, ε)
0 −A∗(t, ε) 0
0 C∗(t, ε) −D(t, ε)

 ;

M =

(
E 0 0
0 0 0

)
; N =

(
0 0 0
E 0 0

)
; x̃(t, ε) =

(
x1(ε)
x2(ε)

)
,

E � îäèíè÷íà ìàòðèöÿ n-ãî ïîðÿäêó, à íóëÿìè ïîçíà÷åíî íóëüîâi áëîêè âiäïîâiä-
íèõ ðîçìiðiâ. Ïðè öüîìó

Ã(t, ε) ∼
∞∑
k≥0

εkÃk(t),

B̃(t) =

 E 0 0
0 E 0
0 0 0

 ; Ãk(t) =

 Ak(t) 0 Ck(t)
0 −A∗

k(t) 0
0 C∗

k(t) −Dk(t)

 , k = 0, 1, . . . .

Òàêèì ÷èíîì, çàäà÷à îïòèìàëüíîãî êåðóâàííÿ (1)�(4) çâåëàñü äî âèðîäæåíî¨
êðàéîâî¨ çàäà÷i (9), (10).

Îñêiëüêè

det
(
Ã(t, ε) − λB̃(t)

)
= (−1)n+mdet(A(t, ε) − λE)det (A∗(t, ε) + λE) detD(t, ε),

à detD0(t) 6= 0, ∀t ∈ [0;T ] ïðè äîñèòü ìàëèõ ε ≥ 0, òî degdet(Ã(t, ε) − λB) = 2n =
rankB. Îòæå, âèðîäæåíà ñèñòåìà (9) çàäîâîëüíÿ¹ êðèòåðié "ðàíã-ñòåïiíü"[1], à
òîìó ¨¨ çàãàëüíèé ðîçâ'ÿçîê ÿâëÿ¹ ñîáîþ ëiíiéíó êîìáiíàöiþ 2n ëiíiéíî íåçàëåæíèõ
ðîçâ'ÿçêiâ, ÿêi íåîáõiäíî çíàéòè.

Ãðàíè÷íà â'ÿçêà ìàòðèöü

Ã0(t) − λB̃ =

 A0(t) − λE 0 C0(t)
0 −A∗

0(t) − λE 0
0 C∗

0(t) −D0(t)
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ðåãóëÿðíà i ìà¹ äâà êðàòíi ñêií÷åííi åëåìåíòàðíi äiëüíèêè (λ−λ0(t))n i
(
λ+ λ̄0(t)

)n
òà m ïðîñòèõ íåñêií÷åííèõ. Çãiäíî ç òåîði¹þ àñèìïòîòè÷íîãî iíòåãðóâàííÿ ëiíié-
íèõ âèðîäæåíèõ ñèíãóëÿðíî çáóðåíèõ ñèñòåì, ðîçðîáëåíîãî â [4], ó äàíîìó âè-
ïàäêó ñêií÷åííèì åëåìåíòàðíèì äiëüíèêàì âiäïîâiäàþòü àñèìïòîòè÷íi ðîçâ'ÿçêè
âèãëÿäó

yi(t, ε) = ui(t, ε) exp

ε−h t∫
0

(λ0(τ) + λi(τ, ε))dτ

 , i = 1, n; (11)

yj(t, ε) = vj(t, ε) exp

−ε−h
T∫
t

(
−λ̄0(τ) + λ̃j(τ, ε)

)
dτ

 , j = 1, n, (12)

(äå ui(t, ε), vj(t, ε), i, j = 1, n, � 2n-âèìiðíi âåêòîð-ôóíêöi¨, λi(t, ε), λ̃j(t, ε), i, j =
1, n, � ñêàëÿðíi ôóíêöi¨, ÿêi çîáðàæàþòüñÿ ó âèãëÿäi ðîçâèíåíü çà äðîáîâèìè
ñòåïåíÿìè ïàðàìåòðà ε, ïîêàçíèêè ÿêèõ çàëåæàòü âiä ñòðóêòóðíèõ îñîáëèâîñòåé
ìàòðèöü Ãk(t), k = 1, 2, . . .), à ðîçâ'ÿçêè äðóãî¨ ãðóïè, ùî âiäïîâiäàþòü íåñêií÷åí-
íèì åëåìåíòàðíèì äiëüíèêàì, âiäñóòíi. Òîìó âåêòîð-ôóíêöi¨ (11), (12) óòâîðþþòü
ôóíäàìåíòàëüíó ñèñòåìó ðîçâ'ÿçêiâ ñèñòåìè ðiâíÿíü (9).

Äëÿ ïîáóäîâè öèõ ðîçâ'ÿçêiâ çàñòîñó¹ìî òåîðiþ, âèêëàäåíó â [4].
Ïiäñòàâèâøè (11) ó (9), äiñòàíåìî

Ã(t, ε)ui(t, ε) = (λ0(t) + λi(t, ε))B̃ui(t, ε) + εhB̃u′i(t, ε).

Ïîêëàâøè
ui(t, ε) = col

(
u
(1)
i (t, ε), u

(2)
i (t, ε), u

(3)
i (t, ε)

)
,

äå u
(1)
i (t, ε), u

(2)
i (t, ε) � n-âèìiðíi âåêòîðè, à u

(3)
i (t, ε) � m-âèìiðíi, i âçÿâøè äî

óâàãè ñòðóêòóðó ìàòðèöi Ã(t, ε), îòðèìà¹ìî ñèñòåìó òðüîõ âåêòîðíèõ ðiâíÿíü

A(t, ε)u
(1)
i (t, ε) + C(t, ε)u

(3)
i (t, ε) = (λ0(t) + λi(t, ε))u

(1)
i (t, ε) + εh

(
u
(1)
i (t, ε)

)′
;

−A∗(t, ε)u
(2)
i (t, ε) =

(
λ0(t) + λ

(2)
i (t, ε)

)
u
(2)
i + εh

(
u
(2)
i (t, ε)

)′
;

C∗(t, ε)u
(2)
i (t, ε) −D(t, ε)u

(3)
i (t, ε) = 0.

Ðîçãëÿíåìî êîæíå ç öèõ ðiâíÿíü îêðåìî. Çàïèøåìî äðóãå ç íèõ ó âèãëÿäi(
A∗(t, ε) +

(
λ0(t) + λ

(2)
i (t, ε)

)
E + εh

d

dt

)
u
(2)
i (t, ε) = 0.

Îñêiëüêè A∗(t, ε) +
(
λ0(t) + λ

(2)
i (t, ε)

)
E + εh d

dt
= A∗

0(t) + λ0(t)E + O (εα), äå α �

äåÿêå äîäàòíå ÷èñëî i det(A∗
0(t) + λ0(t)E) 6= 0, ∀t ∈ [0;T ], òî çâiäñè âèïëèâà¹, ùî

u
(2)
i (t, ε) ≡ 0. Òîäi ç óìîâè 6◦ âèïëèâà¹, ùî é u

(3)
i (t, ε) ≡ 0. Òàêèì ÷èíîì,

ui(t, ε) =

 u
(1)
i (t, ε)

0
0

 , i = 1, n, (13)
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à âåêòîð u
(1)
i (t, ε) çàäîâîëüíÿ¹ ðiâíÿííÿ

A(t, ε)u
(1)
i (t, ε) = (λ0(t) + λi(t, ε))u

(1)
i (t, ε) + εh

(
u
(1)
i (t, ε)

)′
,

äî ÿêîãî [4] çâîäèòüñÿ çàäà÷à ïðî ïîáóäîâó àñèìïòîòè÷íèõ ðîçâ'ÿçêiâ îäíîðiäíî¨
ñèñòåìè

εh
dx

dt
= A(t, ε)x. (14)

ßê ïîêàçàíî â [4], çà âèêîíàííÿ óìîâè 4◦ ñèñòåìà (14) ìà¹ ðîçâ'ÿçîê âèãëÿäó

(11) (äå çàìiñòü ui(t, ε) ïîêëàäà¹ìî u
(1)
i (t, ε)) òîäi i òiëüêè òîäi, êîëè ôóíêöiÿ λi(t, ε)

çàäîâîëüíÿ¹ ðiâíÿííÿ ðîçãàëóæåííÿ

λni +
∞∑
s=1

εs  L0s +
∞∑
k=1

∞∑
s=1

εsLks
[
λki
]

= 0, (15)

êîåôiöi¹íòè ÿêîãî âèðàæàþòüñÿ ôîðìóëàìè

L0s =
s∑
j=1

(−1)j
(
P s
j (HΓ)ϕ, ψ

)
, s = 1, 2, . . . , (16)

Lks
[
λki
]

=

[ s
h
]∑

i1=0

s−i1h∑
j=0

(−1)jDi1
[
λki
] (
P s−hi1
i1+k,j

(H;HΓ)ϕ, ψ
)
, k, s = 1, 2, . . . , (17)

äå ϕ(t) � âëàñíèé âåêòîð ìàòðèöi A0(t), ùî âiäïîâiäà¹ ¨¨ âëàñíîìó çíà÷åííþ λ0(t),
ψ(t) � íóëü ìàòðèöi (A0(t) − λ0(t)E)∗, H(t) � íàïiâîáåðíåíà ìàòðèöÿ äî ìàòðèöi
(A0(t) − λ0(t)E). Ñèìâîëîì P s

j (HΓ) ïîçíà÷åíà ñóìà âñiõ ìîæëèâèõ "äîáóòêiâ"j
îïåðàòîðíèõ "ìíîæíèêiâ"HΓk1 , . . . , HΓkj ç íàòóðàëüíèìè iíäåêñàìè, ñóìà ÿêèõ
k1 + . . .+ kj = s, Γk � îïåðàòîðè âèãëÿäó

Γk = Ak(t) − δk,h
d

dt
, k = 1, 2, . . . ,

δk,h � ñèìâîë Êðîíåêåðà. Ïðè öüîìó â óñiõ äîäàíêàõ ïåðøèé ìíîæíèê H "âiäáè-
ðà¹òüñÿ":

P s
j (HΓ) =

∑
k1+...kj=s

Γk1HΓk2 . . . HΓkj . (18)

Âèðàç P s
k,j(H;HΓ) ÿâëÿ¹ ñîáîþ ñóìó âñiõ ìîæëèâèõ "äîáóòêiâ"k ìíîæíèêiâ H

i j ìíîæíèêiâ HΓk1 , HΓk2 , . . . , HΓkj , ñóìà iíäåêñiâ ÿêèõ äîðiâíþ¹ s; ïðè öüîìó, ÿê
i â (18), ïåðøèé ìíîæíèê H ó âñiõ äîäàíêàõ öüîãî âèðàçó âiäñóòíié.

Íàðåøòi, Dj[λki ] � öå ñóìà "âñåìîæëèâèõ"äîáóòêiâ k ìíîæíèêiâ λi i j "ìíîæ-
íèêiâ"D = d

dt
, ïðè÷îìó îñòàííiì ìíîæíèêîì ó âñiõ äîäàíêàõ öüîãî âèðàçó ¹ λ, à

îïåðàòîð äèôåðåíöiþâàííÿ D äi¹ íà âåñü âèðàç, ðîçìiùåíèé ïðàâîðó÷ âiä íüîãî,
íàïðèêëàä, D2 [λ2i ] = D2λ2i +DλiDλi + λiD

2λi = (2λiλ
′
i)
′ + (λiλ

′
i)
′ + λiλ

′′
i = 3 (λ′i)

2 +
4λiλ

′′
i .
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Âiäïîâiäíèé âåêòîð u
(1)
i (t, ε) çîáðàæà¹òüñÿ ðîçâèíåííÿì

u
(1)
i (t, ε) = ϕ+

h−1∑
k=1

λkiH
kϕ+

∞∑
s=1

εsHL̃0sϕ+
∞∑
k=1

∞∑
s=0

εsHL̃ks
[
λki
]
ϕ, (19)

äå

L̃0s =
s∑
j=1

(−1)jP s
j (HΓ), s = 1, 2, . . . ,

L̃ks
[
λki
]

=

[ s
h
]∑

i1=0

s−hi1∑
j=0

(−1)jDi1
[
λki
]
P s−hi1
i1+k,j

(H,HΓ), k, s = 1, 2 . . . .

Çãiäíî ç òåîði¹þ, ðîçðîáëåíîþ â [4], ôîðìóëè (16), (17), çà ÿêèìè âèçíà÷àþòüñÿ
êîåôiöi¹íòè ðiâíÿííÿ ðîçãàëóæåííÿ (15), ìiñòÿòü ïåâíó iíôîðìàöiþ ïðî ñòðóêòóðó
àñèìïòîòè÷íèõ ðîçâèíåíü äëÿ øóêàíèõ ôóíêöié λi(t, ε) i âiäïîâiäíèõ âåêòîð-ôóíê-

öié u
(1)
i (t, ε) â çàëåæíîñòi âiä ïîâåäiíêè çáóðþâàëüíèõ ìàòðèöü Ak(t), k = 1, 2, . . ..

Äëÿ ñïðîùåííÿ âèêëàäîê ðîçãëÿíåìî íàéïðîñòiøèé âèïàäîê, êîëè âiäìiííèé
âiä íóëÿ ãîëîâíèé êîåôiöi¹íò L01 ðiâíÿííÿ ðîçãàëóæåííÿ, òîáòî âèêîíó¹òüñÿ óìîâà

(Γ1ϕ, ψ) = (A1(t)ϕ(t), ψ(t)) − (ϕ′(t), ψ(t)) 6= 0, ∀t ∈ [0;T ]. (20)

Òîäi âiäïîâiäíà äiàãðàìà Íüþòîíà, ïîáóäîâàíà íà êîîðäèíàòíié ïëîùèíi Oks çà
êîåôiöi¹íòàìè ðiâíÿííÿ (15), ÿâëÿ¹ ñîáîþ âiäðiçîê, ùî ç'¹äíó¹ òî÷êè (0; 1) i (n; 0).

Îñêiëüêè òàíãåíñ êóòà íàõèëó öi¹¨ äiàãðàìè äî âiä'¹ìíîãî íàïðÿìó îñi àáñöèñ
äîðiâíþ¹ 1

n
, òî çãiäíî ç ìåòîäîì äiàãðàì [2] ôóíêöi¨ λi(t, ε) i âiäïîâiäíi âåêòîðè

u
(1)
i (t, ε) ìîæíà çíàéòè ó âèãëÿäi ðîçâèíåíü çà ñòåïåíÿìè ε

1
n :

λi(t, ε) =
∞∑
k=1

µkλ
(i)
k (t), (21)

u
(1)
i (t, ε) =

∞∑
k=0

µku
(1)
ki (t), µ = ε

1
n . (22)

Ïðè öüîìó ïåðøèé êîåôiöi¹íò λ
(i)
1 (t) ðîçâèíåííÿ (21) çíàõîäèòüñÿ iç âèçíà÷à-

ëüíîãî ðiâíÿííÿ

L01 +
(
λ
(i)
1 (t)

)n
= 0, (23)

çâiäêè

λ
(j)
1 (t) = n

√
|(Γ1ϕ, ψ)|

(
cos arg(Γ1ϕ,ψ)+2π(j−1)

n
+ i sin arg(Γ1ϕ,ψ)+2π(j−1)

n

)
,

j = 1, n.
(24)
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Äëÿ çíàõîäæåííÿ íàñòóïíèõ êîåôiöi¹íòiâ ðîçâèíåííÿ (21) ïiäñòàâèìî ðÿä (21)
ó ðiâíÿííÿ (15). Ïåðåãðóïóâàâøè äîäàíêè, ïiñëÿ íåñêëàäíèõ ïåðåòâîðåíü, ïîâ'ÿ-
çàíèõ iç çìiíîþ iíäåêñiâ, ìà¹ìî

∞∑
k=n

µkP k
n (λi) +

∞∑
k=n

µkL0, k
n

+
∞∑

k=n+1

[ k−1
n

]∑
s=1

k−sn∑
j=1

µkLjs
[
P k−ns
j (λi)

]
= 0, (25)

äå L0, k
n

= 0, ÿêùî k íå äiëèòüñÿ íà n,

P s
k (λi) =

∑
j1+...+jk=s

λ
(i)
j1
, λ

(i)
j2
, . . . , λ

(i)
jk
,

à îïåðàòîð Ljs äi¹ íà êîæíèé äîäàíîê âèðàçó P k−ns
j (λi) çà òèì æå ïðàâèëîì, ùî é

íà λ
(j)
i .
Ïðèðiâíÿâøè â (25) êîåôiöi¹íòè ïðè îäíàêîâèõ ñòåïåíÿõ µ, äiñòàíåìî íåñêií-

÷åííó ñèñòåìó ðiâíÿíü

P k
n (λi) + L0, k

n
+

[ k−1
n

]∑
s=1

k−sn∑
j=1

Ljs
[
P k−ns
j (λi)

]
= 0, k = −n, n+ 1, . . . . (26)

Ïåðøå ðiâíÿííÿ öi¹¨ ñèñòåìè (ïðè k = n) çáiãà¹òüñÿ ç âèçíà÷àëüíèì ðiâíÿííÿì

(23), ç ÿêîãî âèçíà÷à¹òüñÿ λ
(i)
1 (t). Ç íàñòóïíèõ ðiâíÿíü ìîæíà ïîñëiäîâíî çíàéòè

áóäü-ÿêi λ
(i)
k (t), k = 1, 2, . . .. Äiéñíî, ÿêùî λ

(i)
s (t) âiäîìi ïðè s ≤ k, òî, ïîêëàâøè â

(26) n+ k çàìiñòü k, ìàòèìåìî

P n+k
n (λi) + L0,n+k

n
+

[n+k−1
n

]∑
s=1

n+k−sn∑
j=1

Ljs
[
P n+k−ns
j (λi)

]
= 0. (27)

Âçÿâøè äî óâàãè, ùî

P n+k
n (λi) = n

(
λ
(i)
1

)n−1

λ
(i)
k+1 + P̃ n+k

n (λ̄i),

äå P̃ n+k
n (λi) � òà ÷àñòèíà âèðàçó P n+k

n (λi), ÿêà íå ìiñòèòü λ
(i)
k+1, à äâà iíøi äîäàíêè

â (27) ìiñòÿòü ëèøå òi λ
(i)
j (t), iíäåêñè ÿêèõ íå ïåðåâèùóþòü k, äiñòàíåìî

λ
(i)
k+1(t) = −

P̃n+k
n (λi)+L0, n+k

n
+
∑[n+k−1

n ]

s=1

∑n+k−sn
j=1 Ljs[Pn+k−ns

j (λi)]
n(λ(i)(t))n−1 ,

k = 1, 2, . . . .
(28)

Ïiäñòàâèâøè ðÿä (21) ó (19) i çãðóïóâàâøè äîäàíêè ç îäíàêîâèìè ñòåïåíÿìè
µ, îòðèìà¹ìî òàêi ôîðìóëè äëÿ êîåôiöi¹íòiâ ðîçâèíåííÿ (22):

u
(1)
0i (t) = ϕ(t), (29)
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u
(1)
ki (t) =

k∑
j=0

P k
j (λi)H

jϕ+HL̃0, k
n
ϕ+

[ k−1
n

]∑
s=1

k−sn∑
j=1

L̃js
[
P k−ns
j (λi)

]
ϕ, k = 1, 2, . . . . (30)

Öèì ñàìèì ïîáóäîâàíî ñåðiþ iç n ëiíiéíî íåçàëåæíèõ ðîçâ'ÿçêiâ ñèñòåìè (9)
âèãëÿäó (11), äå âåêòîðè ui(t, ε) ìàþòü âèãëÿä (13), à âiäïîâiäíi ôóíêöi¨ λi(t, ε) i

âåêòîð-ôóíêöi¨ u
(1)
i (t, ε) çîáðàæàþòüñÿ ðîçâèíåííÿìè (21), (22), êîåôiöi¹íòè ÿêèõ

âèçíà÷àþòüñÿ çà ðåêóðåíòíèìè ôîðìóëàìè (24), (28), (29), (30).
Ïiäñòàâèâøè â ñèñòåìó (9) âåêòîð-ôóíêöiþ (12), ìà¹ìî

Ã(t, ε)vj(t, ε) =
(
λ̄0(t) + λ̃i(t, ε)

)
B̃vj(t, ε) + εhB̃v′j(t, ε).

Ïîçíà÷èâøè
vj(t, ε) = col

(
v
(1)
j (t, ε), v

(2)
j (t, ε), v

(3)
j (t, ε)

)
, (31)

ïðèõîäèìî äî ñèñòåìè òðüîõ ðiâíÿíü

A(t, ε)v
(1)
j (t, ε) + C(t, ε)v

(3)
j (t, ε) =

(
−λ̄0(t) + λ̃i(t, ε)

)
v
(1)
j (t, ε)+

+εh
(
v
(1)
j (t, ε)

)′
;

−A∗(t, ε)v
(2)
j (t, ε) =

(
−λ̄0(t) + λ̃(t, ε)

)
v
(2)
j (t, ε) + εh

(
v
(2)
j (t, ε)

)′
;

C∗(t, ε)v
(2)
j (t, ε) −D(t, ε)v

(3)
j (t, ε) = 0.

(32)

Ðîçãëÿíåìî ñïî÷àòêó äðóãå ðiâíÿííÿ öi¹¨ ñèñòåìè. Öå ðiâíÿííÿ íå ïîâ'ÿçàíå ç
äâîìà iíøèìè i ìiñòèòü ëèøå âåêòîð v

(2)
j (t, ε) i ôóíêöiþ λ̃j(t, ε). Îñêiëüêè −λ̄0(t)

� âëàñíå çíà÷åííÿ ìàòðèöi −A∗
0(t) êðàòíiñòþ n i éîìó âiäïîâiäà¹ åëåìåíòàðíèé

äiëüíèê òàêî¨ æ êðàòíîñòi, òî çãiäíî ç [4] äî öüîãî ðiâíÿííÿ çâîäèòüñÿ çàäà÷à ïðî
ïîáóäîâó àñèìïòîòè÷íèõ ðîçâ'ÿçêiâ âèãëÿäó

xj(t, ε) = v
(2)
j (t, ε) exp

ε−h t∫
T

(
−λ̄0(τ) + λ̃(τ, ε)

)
dτ


ñèñòåìè, ñïðÿæåíî¨ ç (14)

εh
dx

dt
= −A∗(t, ε)x. (33)

Îñêiëüêè (33) óòâîðþ¹òüñÿ ç (14) çàìiíîþ ìàòðèöi A(t, ε) íà −A∗(t, ε), òî ôóíê-
öiÿ λ̃(t, ε) çàäîâîëüíÿ¹ ðiâíÿííÿ ðîçãàëóæåííÿ, àíàëîãi÷íå (15):

(−1)n−1λ̃nj +
∞∑
s=1

εsM0s +
∞∑
k=1

∞∑
s=1

εsMks

[
λ̃kj

]
= 0, (34)

êîåôiöi¹íòè ÿêîãî îòðèìà¹ìî, çàìiíèâøè â ôîðìóëàõ (16), (17) ìàòðèöþ A(t, ε) íà
−A∗(t, ε), H(t) � íà −H∗(t), ϕ � íà ψ, à Γk � íà −Γ∗

k, äå

Γ∗
k = A∗

k + δk,hE
d

dt
, k = 1, 2, . . . .
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Âèêîíàâøè öi äi¨, ìà¹ìî

M0s = −
∑s

j=1(−1)j
(
P s
j (H∗Γ∗)ψ, ϕ

)
= −

∑s
j=1(−1)j

(
P s
j (HΓ)ϕ, ψ

)
= −L̄0s,

s = 1, 2, . . . ,

Mks

[
λ̃kj

]
=
∑[ s

h
]

i=0

∑s−ih
j1=0(−1)j1+k+1Di

[
λ̃kj

] (
P s−ih
i+k,j1

(H∗, H∗Γ∗)ψ, ϕ
)
,

k, s = 1, 2, . . . .

Âèðàç àíàëîãi÷íèé äî (19), îòðèìà¹ìî i äëÿ âiäïîâiäíîãî âåêòîðà v
(2)
j (t, ε):

v
(2)
j (t) = ψ −

∑∞
s=1 ε

sH∗M̃0sψ −
∑∞

k=1

∑∞
s=0 ε

hH∗M̃ks

[
λ̃kj

]
ψ, (35)

äå

M̃0s = −
s∑
j=1

(−1)jP s
j (H∗Γ∗); s = 1, 2, . . . ;

M̃ks[λ̃
k
j ] = −

∑[ s
h
]

i=0

∑s−ih
j1=0(−1)j1Di

[
λ̃kj

] (
P s−ih
i+k,j1

(H∗, H∗Γ∗)
)
,

k = 1, 2, . . . , s = 0, 1, . . . .

Îñêiëüêè çãiäíî ç óìîâîþ (20)

M01 = −L̄01 = −
(
Γ1ϕ, ψ

)
6= 0, ∀t ∈ [0;T ], (36)

òî ðiâíÿííþ ðîçãàëóæåííÿ (34) âiäïîâiäà¹ òàêà ñàìà äiàãðàìà Íüþòîíà, ùî é
ðiâíÿííþ (15). Òîìó, ÿê i äëÿ ñèñòåìè (14), ôóíêöi¨ λ̃j(t, ε) i âiäïîâiäíi âåêòîðè

v
(2)
j (t, ε) ìîæíà çíàéòè ó âèãëÿäi ðîçâèíåíü çà ñòåïåíÿìè µ = ε

1
n :

λ̃j(t, ε) =
∞∑
k=1

µkλ̃
(j)
k (t); (37)

v
(2)
j (t, ε) =

∞∑
k=0

µkv
(2)
kj (t). (38)

Ïðè öüîìó âèçíà÷àëüíå ðiâíÿííÿ ìàòèìå âèãëÿä

(−1)n−1
(
λ̃
(j)
1

)n
− L̄01 = 0,

çâiäêè âèïëèâà¹, ùî
λ̃
(j)
1 (t) = −λ̄(j)1 (t), j = 1, n. (39)

Ïiäñòàâèâøè ðÿä (37) ó ðiâíÿííÿ ðîçãàëóæåííÿ (34) i ïðèðiâíÿâøè âèðàçè ïðè
îäíàêîâèõ ñòåïåíÿõ µ, äiñòàíåìî íåñêií÷åííó ñèñòåìó ðiâíÿíü

(−1)n−1P k
n

(
λ̃j

)
+M0, k

n
+

[ k−1
n

]∑
s=1

k−sn∑
j1=1

Mj1s

[
P k−sn
j1

(
λ̃j

)]
= 0, k = n, n+ 1, . . . ,
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ç ÿêî¨ ðåêóðåíòíèì ÷èíîì âèçíà÷àþòüñÿ âñi íàñòóïíi êîåôiöi¹íòè öüîãî ðÿäó:

λ̃
(j)
k+1(t) = − 1

(−1)n−1nλ̃n−1
1

[
(−1)n−1P̃ n+k

n

(
λ̃j

)
+

+
∑[n+k−1

n
]

s=1

∑n+k−sn
j1=1 Mj1s

[
P n+k−sn
j1

(
λ̃j

)]]
, k = 1, 2, . . . .

(40)

Ïîðiâíþþ÷è ôîðìóëè (40) i (28), íåâàæêî ïåðåêîíàòèñÿ, ùî

λ̃
(j)
k (t) = −λ̄(j)k (t), k = 2, 3, . . . . (41)

Ïiäñòàâèâøè ðÿä (37) ó (35) i çãðóïóâàâøè äîäàíêè ç îäíàêîâèìè ñòåïåíÿìè
µ òà âðàõóâàâøè (41), îòðèìà¹ìî òàêi ôîðìóëè äëÿ âèçíà÷åííÿ âåêòîðíèõ êîåôi-
öi¹íòiâ ðîçâèíåííÿ (38):

v
(2)
0j (t) = ψ(t); (42)

v
(2)
kj (t) =

∑k
i=0 P

k
i

(
λ̄(j)
)

(H∗)iψ(t) −H∗M̃0, k
n
ψ −

∑[ k−1
n

]

s=1

∑s−kn
i=1 (−1)iH∗×

× M̃is

[
P k−ns
i

(
λ̄i
)]
ψ, k = 1, 2, . . . .

(43)

Ðîçãëÿíåìî òåïåð òðåò¹ ðiâíÿííÿ ñèñòåìè (32). Âåêòîð v
(3)
j (t, ε) çíàéäåìî ç íüî-

ãî ó âèãëÿäi ðîçâèíåííÿ

v
(3)
j (t, ε) =

∞∑
k=0

µkv
(3)
kj (t). (44)

Ïiäñòàâèâøè â öå ðiâíÿííÿ ðÿäè (44), (5) i ïðèðiâíÿâøè â îäåðæàíié òîòîæíîñòi
âèðàçè ïðè îäíàêîâèõ ñòåïåíÿõ µ, ìàòèìåìî

D0(t)v
(3)
kj (t) +

k
n∑
i=1

Di(t)v
(3)
k−ni,j(t) =

k
n∑
i=0

C∗
i (t)v

(2)
k−ni,j(t), k = 0, 1, . . . .

Âçÿâøè äî óâàãè óìîâó 6◦, çâiäñè çíàõîäèìî

v
(3)
0j (t) = D−1

0 (t)C∗
0(t)ψ(t); (45)

v
(3)
kj (t) = D−1

0 (t)

[∑[ k
n ]
i=0C

∗
i (t)v

(2)
k−ni,j(t) −

∑[ k
n ]
i=1Di(t)v

(2)
k−ni,j(t)

]
,

k = 1, 2, . . . .
(46)

Çíàéøîâøè âåêòîðè v
(2)
j (t, ε), v

(3)
j (t, ε), äëÿ âèçíà÷åííÿ âåêòîðà v

(1)
j (t, ε) âèêî-

ðèñòà¹ìî ïåðøå ðiâíÿííÿ ñèñòåìè (32). Ïîêëàäåìî

v
(1)
j (t, ε) =

∞∑
k=0

µkv
(1)
kj (t). (47)
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Ïiäñòàâèâøè öåé ðÿä, à òàêîæ (44), (5) ó ïåðøå ðiâíÿííÿ ñèñòåìè (32) i ïðèðiâ-
íÿâøè â îäåðæàíié òîòîæíîñòi êîåôiöi¹íòè ïðè îäíàêîâèõ ñòåïåíÿõ µ, äiñòàíåìî(

A0(t) + λ̄0(t)E
)
v
(1)
kj (t) = −

∑[ k
n
]

i=0Ci(t)v
(3)
k−ni,j(t) +

∑k
i=1 λ̄

(j)
i (t)v

(1)
k−i,j(t)−

−
∑[ k

n
]

i=1Ai(t)v
(1)
k−ni,j(t) +

(
v
(1)
k−nh,j(t)

)′
, k = 0, 1, . . . .

Îñêiëüêè λ̄0(t) 6= −λ0(t) çàâäÿêè óìîâi 5◦, òî det
(
A0(t) + λ̄0(t)E

)
6= 0, ∀t ∈

[0;T ]. Òîìó, ïîçíà÷èâøè
R0(t) = A0(t) + λ̄0(t)E

i âçÿâøè äî óâàãè (41), (45) äëÿ âèçíà÷åííÿ êîåôiöi¹íòiâ ðîçâèíåííÿ (47) îòðè-
ìà¹ìî ðåêóðåíòíi ôîðìóëè:

v
(1)
0j (t) = −R−1

0 (t)C0(t)D
−1
0 (t)C∗

0(t)ψ(t); (48)

v
(1)
kj (t) = −R−1

0 (t)
[∑[ k

n
]

i=0Ci(t)v
(3)
k−ni,j(t) +

∑k
i=1 λ̄

(j)
i (t)v

(1)
k−i,j(t)−

−
∑[ k

n
]

i=1Ai(t)v
(1)
k−ni,j(t) +

(
v
(1)
k−nh,j(t)

)′]
, k = 1, 2, . . . .

(49)

Çîêðåìà, v
(1)
1j (t) = −R−1

0 (t)
[
C0(t)v

(3)
1j + λ̄

(j)
1 v

(1)
0j

]
, çâiäêè, çíàéøîâøè ç (46), (43)

v
(3)
1j (t) = D−1

0 C∗
0v

(2)
1j , v

(2)
1j (t) = λ̄

(j)
1 H∗ψ i âðàõóâàâøè (48), äiñòàíåìî

v
(1)
1j (t) = λ̄

(j)
1

[
R−2

0 C0D
−1
0 C∗

0ψ −R−1
0 C0D

−1
0 C∗

0H
∗ψ
]
. (50)

Àíàëîãi÷íî, âèêîðèñòîâóþ÷è ôîðìóëè (49), (46), (43), ìà¹ìî

v
(1)
2j (t) = −R−1

0

[
C0v

(3)
2j + λ̄

(j)
1 v

(1)
1j + λ̄

(j)
2 v

(1)
0j

]
;

v
(3)
2j (t) = D−1

0 C∗
0v

(2)
2j v

(2)
2j (t) = λ̄

(j)
2 H∗ψ +

(
λ̄
(j)
1

)2
(H∗)2ψ,

çâiäêè, âðàõîâóþ÷è (50), (48), îòðèìà¹ìî

v
(1)
2j (t) = λ̄

(j)
2

[
R−2

0 C0D
−1
0 C∗

0ψ −R−1
0 C0D

−1
0 C∗

0H
∗ψ
]

+
(
λ̄
(j)
1

)2 [
−R−3

0 C0D
−1
0 C∗

0ψ+

+R−2
0 C0D

−1
0 C∗

0H
∗ψ −R−1

0 C0D
−1
0 C∗

0(H∗)2ψ
]
.

Ïðîäîâæóþ÷è òàê i äàëi, ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨ âñòàíîâèìî, ùî

v
(1)
kj (t) =

∑k
s=0 P

k
s

(
λ̄(j)
)∑s+1

i=1 (−1)iR−i
0 C0D

−1
0 C∗

0(H∗)s+1−iψ,

k = 1, n− 1.
(51)

Ïîçíà÷èâøè

s∑
i=1

(−1)iR−i
0 C0D

−1
0 C∗

0(H∗)s−iψ = ψs, s = 0, 1, . . . , (52)
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ôîðìóëó (51) çàïèøåìî ó âèãëÿäi

v
(1)
kj (t) =

k+1∑
s=1

P k
s−1

(
λ̄(j)(t)

)
ψs(t), k = 0, n− 1. (53)

Ïåðåéäåìî òåïåð äî ïîáóäîâè ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i (9), (10). Âèêîðèñòîâó-
þ÷è ïîáóäîâàíó âèùå ôóíäàìåíòàëüíó ñèñòåìó ðîçâ'ÿçêiâ (11), (12) ñèñòåìè (9),
ðîçâ'ÿçîê äàíî¨ çàäà÷i áóäåìî øóêàòè ó âèãëÿäi ¨õ ëiíiéíî¨ êîìáiíàöi¨

y(t, ε) = µ1−n
[∑n

i=1 ui(t, ε)c
(i)(ε) exp

(
ε−h

t∫
0

(λ0(τ) + λi(τ, ε)) dτ

)
+

+
∑n

j=1 vj(t, ε)c̃
(j)(ε) exp

(
ε−h

T∫
t

(
λ̄0(τ) + λ̄j(τ, ε)

)
dτ

)]
,

(54)

äå c(i)(ε), c̃(j)(ε), i, j = 1, n � ñêàëÿðíi ìíîæíèêè, ùî çîáðàæàþòüñÿ ôîðìàëüíèìè
ðîçâèíåííÿìè

c(i)(ε) =
∞∑
k=0

µkc
(i)
k , c̃(j)(ε) =

∞∑
k=0

µkc̃
(j)
k , (55)

êîåôiöi¹íòè ÿêèõ âèçíà÷èìî iç êðàéîâèõ óìîâ (7).
Âðàõîâóþ÷è ñòðóêòóðó (8), (13), (31) âåêòîðiâ y(t, ε), ui(t, ε), vj(t, ε), ïiäñòàâèìî

âèðàç (54) ó êðàéîâi óìîâè (7):

µ1−n∑n
i=1 u

(1)
i (0, ε)c(i)(ε) + µ1−n∑n

i=1 v
(1)
i (0, ε)c̃(i)(ε) exp

(
ε−h

T∫
0

(
λ̄0(τ)+

+λ̄i(τ, ε)
)
dτ
)

= x1(ε);

µ1−n∑n
i=1 u

(1)
i (T, ε)c(i)(ε) exp

(
ε−h

T∫
0

(λ0(τ) + λi(τ, ε)) dτ

)
+

+µ1−n∑n
i=1 v

(1)
i (T, ε)c̃(i)(ε) = x2(ε).

Çíåõòóâàâøè åêñïîíåíöiàëüíî ìàëèìè äîäàíêàìè, äiñòàíåìî

n∑
i=1

u
(1)
i (0, ε)c(i)(ε) = µn−1x(1)(ε), (56)

n∑
i=1

v
(1)
i (T, ε)c̃(i)(ε) = µn−1x(2)(ε). (57)

Ðîçãëÿíåìî êîæíå ç öèõ ðiâíÿíü îêðåìî. Ïiäñòàâèâøè â ðiâíÿííÿ (56) âiäïî-
âiäíi ðîçâèíåííÿ (22), (6), (55), ïðèðiâíÿâøè âèðàçè ïðè îäíàêîâèõ ñòåïåíÿõ µ,

îòðèìà¹ìî íåñêií÷åííó ñèñòåìó ðiâíÿíü âiäíîñíî øóêàíèõ êîíñòàíò c
(i)
k :

n∑
i=1

k∑
j=0

u
(1)
ji (0)c

(i)
k−j = x

(1)
k−(n−1)

n

, k = 0, 1, . . . .
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Ïiäñòàâèâøè ôîðìóëè (30), ÿêèìè âèðàæàþòüñÿ âåêòîð-ôóíêöi¨ u
(1)
ji (t), i ïåðå-

ãðóïóâàâøè äîäàíêè, öþ ñèñòåìó çàïèøåìî ó âèãëÿäi

k∑
s=0

k∑
j=s

n∑
i=1

P j
s

(
λ(i)(0)

)
Hs(0)ϕ(0)c

(i)
k−j = dk, k = 0, 1, . . . ,

dk = x
(1)
k−(n−1)

n

−
∑n

i=1

∑k
j=0H(0)L0, j

n
ϕ(0)c

(i)
k−j−

−
∑n

i=1

∑k
j=0

∑[ j−1
n

]

s=1

∑j−sn
r=1 L̃rs

[
P j−ks
r (λi(0))

]
ϕ(0)c

(i)
k−j, k = n− 1, n, . . .

(ïðè k < n− 1 dk = 0).

Çâiäñè, âðàõîâóþ÷è ëiíiéíó íåçàëåæíiñòü âåêòîðiâ Hsϕ, s = 0, n− 1, äiñòàíåìî

k∑
j=s

n∑
i=1

P j
s

(
λ(i)(0)

)
c
(i)
k−j = 0, k = 0, n− 2, s = 0, k, (58)

n−1∑
j=s

n∑
i=1

P j
s

(
λ(i)(0)

)
c
(i)
k−j = d

(s)
k , k = n− 1, n . . . , s = 0, n− 1, (59)

äå d
(s)
k � êîåôiöi¹íòè ðîçêëàäó âåêòîðà dk çà áàçèñîì Hs(0)ϕ(0), s = 0, n− 1:

dk =
n−1∑
s=0

d
(s)
k Hs(0)ϕ(0).

Âçÿâøè îñòàííi ðiâíÿííÿ ç ñóêóïíîñòi ðiâíÿíü (58) i ðiâíÿííÿ (59) ïðè k = n−1,

s = n− 1, îòðèìà¹ìî òàêó ñèñòåìó ðiâíÿíü âiäíîñíî c
(i)
0 :

n∑
i=1

c
(i)
0 = 0;

n∑
i=1

λ
(i)
1 (0)c

(i)
0 = 0;

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
n∑
i=1

(
λ
(i)
1 (0)

)n−2

c
(i)
0 = 0;

n∑
i=1

(
λ
(i)
1 (0)

)n−1

c
(i)
0 = d

(n−1)
n−1 ,

ÿêó, ïîçíà÷èâøè

c0 = col
(
c
(1)
0 , c

(2)
0 , . . . , c

(n)
0

)
, α0 = col

(
0, 0, . . . , 0, d

(n−1)
n−1

)
,
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W (t) =


1 1 . . . 1

λ
(1)
1 (t) λ

(2)
1 (t) . . . λ

(n)
1 (t)

. . . . . . . . . . . .(
λ
(1)
1 (t)

)n−1 (
λ
(2)
1 (t)

)n−1

. . .
(
λ
(n)
1 (t)

)n−1

 ,
çàïèøåìî ó âåêòîðíî-ìàòðè÷íié ôîðìi

W (0)c0 = α0.

Îñêiëüêè çãiäíî ç (20) âèçíà÷íèê ìàòðèöi Âàíäåðìîíäà detW (t) 6= 0, ∀t ∈ [0;T ],
òî çâiäñè îäíîçíà÷íî âèçíà÷à¹òüñÿ âåêòîð c0:

c0 = W−1(0)α0.

Îá'¹äíàâøè ïåðåäîñòàííi ðiâíÿííÿ ç (58) (ïðè k = 1, n− 2, s = k−1) i ðiâíÿííÿ
(59) ïðè k = n−1, s = n−2 òà ïðè k = n, s = n−1), äiñòàíåìî àíàëîãi÷íå ðiâíÿííÿ

äëÿ âèçíà÷åííÿ âåêòîðà êîíñòàíò c1 = col(c
(1)
1 , . . . , c

(n)
1 ):

W (0)c1 = α1,

äå

α1 = col
(

0;−
∑n

i=1 P
2
1 (λi(0))c

(i)
0 ;−

∑n
i=1 P

3
2 (λi(0))c

(i)
0 ; . . . ;

−
∑n

i=1 P
(n−2)
n−3 (λi(0))c

(i)
0 ; d

(n−2)
n−1 −

∑n
i=1 P

(n−1)
n−2 (λi(0))c

(i)
0 ; d

(n−1)
n

)
,

çâiäêè
c1 = W−1(0)α1.

Ïðîäîâæóþ÷è òàê i äàëi, âèçíà÷èìî âñi íåîáõiäíi ñòàëi c
(i)
k , k = 0, 1, . . ., i = 1, n.

Àíàëîãi÷íî, ïiäñòàâèâøè â ðiâíÿííÿ (57) âiäïîâiäíi ðîçâèíåííÿ (47), (55), (6)
i ïðèðiâíÿâøè âèðàçè ïðè îäíàêîâèõ ñòåïåíÿõ µ, äiñòàíåìî íåñêií÷åííó ñèñòåìó
ðiâíÿíü âiäíîñíî ñòàëèõ c̃

(i)
k :

n∑
i=1

k∑
j=0

v
(1)
ji (0)c̃

(i)
k−j = x

(2)
k−(n−1)

n

, k = 0, 1, . . . . (60)

Âðàõóâàâøè ôîðìóëè (51), ÿêèìè âèðàæàþòüñÿ âåêòîðè v
(1)
ji (t), i ïåðåãðóïó-

âàâøè äîäàíêè, ïðè k < n öþ ñèñòåìó ïîäàìî ó âèãëÿäi

k+1∑
s=1

k∑
j=s−1

n∑
i=1

P j
s−1

(
λ̄(i)(T )

)
ψs(T )c̃

(i)
k−j = δk,n−1x

(2)
0 , k = 0, n− 1.

Ïðèïóñòèìî, ùî âèêîíó¹òüñÿ óìîâà:
8◦. Âåêòîðè

ψs(T ) =
s∑
i=1

(−1)iR−i
0 (T )C0(T )D−1

0 (T )C∗
0(T )(H∗(T ))s−iψ(T ), s = 1, n, (61)
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ëiíiéíî íåçàëåæíi.
Òîäi, ðîçêëàâøè âåêòîð x

(2)
0 çà áàçèñîì ψs(T ), s = 1, n:

x
(2)
0 =

n∑
i=1

γ
(0)
i ψi(T ),

ç ðiâíÿíü (60) ìà¹ìî

k∑
j=s

n∑
i=1

P j
s

(
λ̄i(T )

)
c̃
(i)
k−j = 0, k = 0, n− 2, s = 0, k; (62)

n−1∑
j=s

n∑
i=1

P j
s

(
λ̄i(T )

)
c̃
(i)
n−1−j = γ

(0)
s+1, s = 0, n− 1. (63)

Âçÿâøè îñòàííi ðiâíÿííÿ ç öèõ ñóêóïíîñòåé, äiñòàíåìî

W̄ (T )c̃0 = β0,

äå c̃0 = col
(
c̃
(1)
0 , c̃

(2)
0 , . . . , c̃

(n)
0

)
, β0 = col

(
0, 0, . . . , γ

(0)
n

)
, çâiäêè

c̃0 = W̄−1(T )β0.

Ïðè k = n ðiâíÿííÿ (60) çàïèøåìî ó âèãëÿäi

n∑
i=1

n−1∑
j=0

v
(1)
ji (T )c̃

(i)
n−j = −

n∑
i=1

v
(1)
ni (T )c̃

(i)
0 .

Ïiäñòàâèâøè â íüîãî ôîðìóëè (53), äiñòàíåìî

n∑
s=1

n∑
j=s−1

n∑
i=1

P
(j)
s−1

(
λ̄i(T )

)
ψs(T )c̃

(i)
n−j = −

n∑
i=1

v
(1)
ni (T )c̃

(i)
0 ,

çâiäêè
n−1∑
j=s

n∑
i=1

P (j)
s

(
λ̄i(T )

)
c̃
(i)
n−j = γ

(1)
s+1, s = 0, n− 1, (64)

äå γ
(1)
s , s = 0, n− 1, � êîåôiöi¹íòè ðîçêëàäó âåêòîðà −

∑n
i=1 v

(1)
ni (T )c̃

(i)
0 , çà áàçèñîì

ψs(T ), s = 1, n.
Âçÿâøè òåïåð ïåðåäîñòàííi ðiâíÿííÿ ç (62), (63) i îñòàíí¹ ðiâíÿííÿ ç (64),

îòðèìà¹ìî

W̄−1(T )c̃1 = β1,
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äå c̃1 = col
(
c̃
(1)
1 , c̃

(2)
1 , . . . , c̃

(n)
1

)
,

β1 = col
(

0;−
∑n

i=1 P
2
1 (λ̄(i)(T)c̃

(i)
0 ,−

∑n
i=1 P

3
2 (λ̄(i)(T ))c̃

(i)
0 , . . . ,

−
∑n

i=1 P
n−2
n−3 (λ̄(i)(T ))c̃

(i)
0 ; γ

(0)
n−1 −

∑n
i=1 P

n−1
n−2 (λ̄(i)(T ))c̃

(i)
0 ; γ

(1)
n

)
,

çâiäêè
c̃1 = W̄−1(T )β1.

Ïðîäîâæóþ÷è òàê i äàëi, çíàéäåìî íàñòóïíi âåêòîðè c̃k = col(c
(1)
k , . . . , c

(n)
k ), k =

2, 3, . . .. Öèì ñàìèì çàâåðøåíî ïîáóäîâó ôîðìàëüíîãî ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i
(9), (10).

3. Àñèìïòîòè÷íèé õàðàêòåð ôîðìàëüíîãî ðîçâ'ÿçêó

Ïîêàæåìî òåïåð, ùî öåé ðîçâ'ÿçîê ìà¹ àñèìïòîòè÷íèé õàðàêòåð ïðè ε→ 0. Ïî-
áóäó¹ìî m�íàáëèæåííÿ, ïåðåìíîæèâøè â (54) ðÿäè, ÿêèìè çîáðàæàþòüñÿ ui(t, ε),
c(i)(ε) òà vj(t, ε), c̃

(j)(ε) i îáiðâàâøè óòâîðåíi ðîçâèíåííÿ íà m�ó ÷ëåíi:

ym(t, ε) = µ1−n∑n
i=1

∑m
k=0 µ

k
∑k

j=0 uji(t)c
(i)
k−j exp

(
ε−h

t∫
0

(
λ0(τ)+

+
∑m

k=1 µ
kλ

(i)
k (τ)

)
dτ
)

+ µ1−n∑n
i=1

∑m
k=0 µ

k
∑k

j=0 vji(t)c̃
(i)
k−j exp

(
ε−h

T∫
t

(
λ̄0(τ)+

+
∑r

k=1 µ
kλ̄

(i)
k (τ)

)
dτ
)
,

äå çãiäíî ç (13), (31) uji(t) = col
(
u
(1)
ji , 0, 0

)
, vji(t) = col

(
v
(1)
ji , v

(2)
ji , v

(3)
ji

)
.

Çà ïîáóäîâîþ öåé âåêòîð çàäîâîëüíÿ¹ êðàéîâó çàäà÷ó (9), (10) ç òî÷íiñòþ äî
O(µm+2−n), òîáòî

Ã(t, ε)ym(t, ε) − εhB̃
dym(t, ε)

dt
= µm+2−na(t, ε), (65)

x̃(ε) −Mym(0, ε) −Nym(T, ε) = µm+2−nb(t, ε), (66)

äå a(t, ε) � äåÿêèé (2n+m)-âèìiðíèé âåêòîð, ðiâíîìiðíî îáìåæåíèé íà [0;T ] ïðè
äîñèòü ìàëèõ ε > 0, à b(t, ε) � 2n-âèìiðíèé âåêòîð, òàêîæ îáìåæåíèé ïðè äîñèòü
ìàëèõ ε, âiäìiííèõ âiä íóëÿ.

Òî÷íèé ðîçâ'ÿçîê çàäà÷i (9), (10) áóäåìî øóêàòè ó âèãëÿäi

y(t, ε) = ym(t, ε) + zm(t, ε), (67)

äå zm(t, ε) � íåâ'ÿçêà, ÿêó òðåáà îöiíèòè çà íîðìîþ.
Ïiäñòàâèâøè (67) ó (9), (10) i âðàõóâàâøè (65), (66), äëÿ âåêòîðà zm(t, ε) îòðè-

ìà¹ìî òàêó êðàéîâó çàäà÷ó:

εhB̃
dzm
dt

= Ã(t, ε)zm + µm+2−na(t, ε);
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Mzm(0, ε) +Nzm(T, ε) = µm+2−nb(ε).

Ïîêëàâøè âiäïîâiäíî äî ñòðóêòóðè âåêòîðà ym(t, ε)

zm(t, ε) = col
(
z(1)m (t, ε), z(2)m (t, ε), z(3)m (t, ε)

)
, (68)

a(t, ε) = col (a1(t, ε), a2(t, ε), a3(t, ε)) i âèçíà÷èâøè

z(3)m (t, ε) = D−1(t, ε)C∗(t, ε)z(2)m (t, ε) + µm+2−nD−1(t, ε)a3(t, ε), (69)

çâiäñè îòðèìà¹ìî âiäïîâiäíó êðàéîâó çàäà÷ó äëÿ 2n�âèìiðíîãî âåêòîðà

z̃m(t, ε) = col
(
z(1)m (t, ε), z(2)m (t, ε)

)
: (70)

εh
dz̃m
dt

= Â(t, ε)z̃m + µm+2−ng(t, ε); (71)

M1z̃m(0, ε) +N1z̃m(T, ε) = µm+2−nd(ε), (72)

äå

Â(t, ε) =

(
A(t, ε) C(t, ε)D−1(t, ε)C∗(t, ε)

0 −A∗(t, ε)

)
,

M1 =

(
E 0
0 0

)
, N1 =

(
0 0
E 0

)
, g(t, ε), d(ε) � îáìåæåíi âåêòîðè.

ßê ïîêàçàíî â [9], ôóíäàìåíòàëüíà ìàòðèöÿ îäíîðiäíî¨ ñèñòåìè

εh
dz

dt
= Â(t, ε)z,

ÿêà âiäïîâiäà¹ (71), âèðàæà¹òüñÿ àñèìïòîòè÷íîþ ôîðìóëîþ

Z(t, ε) =
[
Um(t, ε) +O

(
µm+2−n(h+1)

)
exp

(
ε−h

t∫
0

Λm(τ, ε)dτ

)
;

Vm(t, ε) +O
(
µm+2−n(h+1)

)
exp

(
ε−h

T∫
t

Λ∗
m(τ, ε)dτ

)]
,

äå Λm(t, ε) = diag
{
λ0(t) +

∑m
k=1 λ

(1)
k (t)µk; . . . ;λ0(t) +

∑m
k=1 λ

(n)
k (t)µk

}
, à ìàòðèöi

Um(t, ε), Vm(t, ε) óòâîðåíi ç 2n-âèìiðíèõ âåêòîð-ñòîâïöiâ:

col

(
m∑
k=0

µku
(1)
ki (t), 0

)
, col

(
m∑
k=0

µkv
(1)
ki (t),

m∑
k=0

µkv
(2)
ki (t)

)
, i = 1, n.

Ðîçáèâøè ìàòðèöþ Z(t, ε) íà äâi: Z(t, ε) = Z1(t, ε) + Z2(t, ε), äå

Z1(t, ε) =

(Um(t, ε) +O
(
µm+2−n(h+1)

))
exp

ε−h t∫
0

Λm(τ, ε)dτ

 ; 0

 ;

ISSN 0203�3755 Äèíàìè÷åñêèå ñèñòåìû, òîì 1(29), �1 (2011)



86 Î.Â.ÒÀÐÀÑÅÍÊÎ, Â.Ï.ßÊÎÂÅÖÜ

Z2(t, ε) =

0;
(
Vm(t, ε) +O

(
µm+2−n(h+1)

))
exp

ε−h T∫
t

Λ∗
m(τ, ε)dτ

 ,
ðîçâ'ÿçîê çàäà÷i (71), (72) øóêà¹ìî ó âèãëÿäi

z̃m(t, ε) = Z(t, ε)c(ε) + µm+2−n(h+1)

t∫
0

Z1(t, ε)Z
−1(τ, ε)g(τ, ε)dτ−

− µm+2−n(h+1)

T∫
t

Z2(t, ε)Z
−1(τ, ε)g(τ, ε)dτ. (73)

Ïiäñòàâèâøè öåé âèðàç ó êðàéîâó óìîâó (72) i âðàõóâàâøè ñòðóêòóðó ìàòðèöü
M1, N1 òà âçÿâøè äî óâàãè óìîâó 5◦, äiñòàíåìî òàêå ðiâíÿííÿ âiäíîñíî c(ε):

(
Ωm(ε) +O

(
µm+2−n(h+1)

))
c(ε) = µm+2−n(h+1)

(
M1

T∫
0

Z2(0, ε)Z
−1(τ, ε)g(τ, ε)dτ−

−N1

T∫
0

Z1(T, ε)Z
−1(τ, ε)g(τ, ε)dτ

)
+ µm+2−nd(ε), (74)

äå Ωm(ε) = diag
{
U

(1)
m (0, ε);V

(1)
m (T, ε)

}
, à U

(1)
m (0, ε), V

(1)
m (T, ε) � (n × n)-ìàòðèöi,

ñêëàäåíi ç âåêòîð-ñòîâïöiâ
∑m

k=0 µ
ku

(1)
ki (t) òà

∑m
k=0 µ

kv
(1)
ki (t), i = 1, n, âiäïîâiäíî.

Çãiäíî ç (29), (30), (53) ïðè m ≥ n− 1 öi âåêòîð-ñòîâïöi ÿâëÿþòü ñîáîþ ëiíiéíi
êîìáiíàöi¨ âåêòîðiâ H i−1(0)ϕ(0), i = 1, n, òà ψs(T ), s = 1, n, âiäïîâiäíî. Îñêiëüêè
âåêòîðè H i−1ϕ ëiíiéíî íåçàëåæíi ÿê òàêi, ùî óòâîðþþòü æîðäàíiâ ëàíöþæîê ìàò-
ðèöi A0(t), à âåêòîðè ψs ëiíiéíî íåçàëåæíi çãiäíî ç óìîâîþ 8◦, òî ïðè m ≥ n− 1

ìàòðèöi U
(1)
m (0, ε), V

(1)
m (T, ε) íåîñîáëèâi ïðè äîñèòü ìàëèõ ε > 0. Ïðè öüîìó îáåð-

íåíi äî íèõ ìàòðèöi ìàòèìóòü îñîáëèâiñòü ïî µ, à ñàìå ïîëþñ (n − 1)-ãî ïîðÿäêó
â òî÷öi µ = 0 [9]. Òîìó iñíó¹(

Ωm(ε) +O
(
µm+2−n(h+1)

))−1
= µ1−nQ(ε) +O

(
µm+2−n(h+1)

)
,

äå Q(ε) � îáìåæåíà çà íîðìîþ ìàòðèöÿ, à ðiâíÿííÿ (74) îäíîçíà÷íî ðîçâ'ÿçíå
âiäíîñíî c(ε).

Çíàéøîâøè c(ε) i ïiäñòàâèâøè â (73), äiñòàíåìî øóêàíèé ðîçâ'ÿçîê çàäà÷i (71),
(72), ÿêèé ìîæíà ïîäàòè ó âèãëÿäi

z̃m(t, ε) = µm+3−n(h+2)

T∫
0

G0(t, τ, ε)g(τ, ε)dτ+

+ µm+3−2nZ(t, ε)
(
Q(ε) +O

(
µm+1−nh))d(ε), (75)
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äå G0(t, τ, ε) � ìàòðèöÿ Ãðiíà äàíî¨ êðàéîâî¨ çàäà÷i, ÿêà ìà¹ òàêó ñòðóêòóðó:

G0(t, τ, ε) =



(
Q(ε) +O

(
µm+1−nh))) [M1Z2(0, ε)Z

−1(τ, ε)−

−N1Z1(T, ε)Z
−1(τ, ε)

]
+ µn−1Z1(t, ε)Z

−1(τ, ε)

ïðè 0 ≤ τ ≤ t ≤ T ;(
Q(ε) +O

(
µm+1−nh))) [M1Z2(0, ε)Z

−1(τ, ε)−

−N1Z1(T, ε)Z
−1(τ, ε)

]
− µn−1Z2(t, ε)Z

−1(τ, ε)

ïðè 0 ≤ t ≤ τ ≤ T.

Âèõîäÿ÷è ç óìîâè 5◦, íåâàæêî ïåðåêîíàòèñÿ, ùî âñi ìàòðè÷íi ôóíêöi¨, ÿêi âõî-
äÿòü äî ñêëàäó G0(t, τ, ε), ðiâíîìiðíî îáìåæåíi ïðè äîñèòü ìàëèõ ε > 0 íà âiäïî-
âiäíèõ âiäðiçêàõ. Âðàõîâóþ÷è òàêîæ îáìåæåíiñòü ìàòðèöi Z(t, ε) i âåêòîðà d(ε),
ç ðiâíîñòi (75) äiñòàíåìî, ùî ‖zm(t, ε)‖≤cµm+3−n(h+2), äå c � äåÿêà ñòàëà, ùî íå
çàëåæèòü âiä ε. Çâiäñè íà ïiäñòàâi (67), (68), (69), (70) òà (8) îòðèìà¹ìî øóêàíi
îöiíêè äëÿ âåêòîðà êåðóâàííÿ u(t, ε) òà âiäïîâiäíî¨ òðà¹êòîði¨ x(t, ε):

‖x(t, ε) − xm(t, ε)‖≤c1µm+3−n(h+2),

‖u(t, ε) − um(t, ε)‖≤c2µm+3−n(h+2),

äå

xm(t, ε) = µ1−n
n∑
i=1

m∑
k=0

µk
k∑
j=0

u
(1)
ji (t)c

(i)
k−j exp

(
ε−h

t∫
0

(
λ0(τ) +

m∑
k=1

µkλ
(i)
k (τ)

)
dτ
)

+

+ µ1−n
n∑
i=1

m∑
k=0

µk
k∑
j=0

v
(1)
ji (t)c̃

(i)
k−j exp

(
ε−h

T∫
t

(
λ̄0(τ) +

m∑
k=1

µkλ̄
(i)
k (τ)

)
dτ
)
, (76)

um(t, ε) = µ1−n
n∑
i=1

m∑
k=0

µk
k∑
j=0

v
(3)
ji (t)c̃

(i)
k−j exp

(
ε−h

T∫
t

(
λ̄0(τ) +

m∑
k=1

µkλ̄
(i)
k (τ)

)
dτ
)
. (77)

4. Âèñíîâêè

Âçÿâøè äî óâàãè óìîâó 6◦, ïiäñóìîâóþ÷è ðåçóëüòàòè ïðîâåäåíèõ äîñëiäæåíü,
ïðèõîäèìî äî òàêî¨ òåîðåìè.

Òåîðåìà. ßêùî âèêîíóþòüñÿ óìîâè 1◦ − 8◦, à òàêîæ (20), òî iñíó¹ ¹äèíèé âåê-

òîð êåðóâàííÿ u(t, ε), ÿêèé âèðàæà¹òüñÿ àñèìïòîòè÷íîþ ôîðìóëîþ

u(t, ε) = um(t, ε) +O
(
ε

m+3
n

−(h+2)
)
,
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ùî ïåðåâîäèòü ñèñòåìó (1) iç ñòàíó x1(ε) â ñòàí x2(ε), ìiíiìiçóþ÷è ôóíêöiîíàë

(2), äå um(t, ε) çîáðàæà¹òüñÿ ó âèãëÿäi ðîçâèíåííÿ (77). Âiäïîâiäíà òðà¹êòîðiÿ,

çà ÿêîþ çäiéñíþ¹òüñÿ öåé ïåðåõiä, âèðàæà¹òüñÿ àñèìïòîòè÷íîþ ôîðìóëîþ

x(t, ε) = xm(t, ε) +O
(
ε

m+3
n

−(h+2)
)
,

äå âåêòîð xm(t, ε) çîáðàæà¹òüñÿ ðîçâèíåííÿì (76).

Àíàëîãi÷íî, âèêîðèñòîâóþ÷è ðiâíÿííÿ ðîçãàëóæåííÿ (15), (34) i ìåòîä äiàãðàì
Íüþòîíà, ðîçãëÿäàþòüñÿ é áiëüø ñêëàäíi âèïàäêè, êîëè óìîâà (20) íå âèêîíó¹òüñÿ.
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