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Àíîòàöiÿ. Çàïðîïîíîâàíî ÷èñåëüíî-àíàëiòè÷íèé ìåòîä ïîñëiäîâíèõ íàáëèæåíü äëÿ äîñëiäæåí-
íÿ iñíóâàííÿ òà íàáëèæåíî¨ ïîáóäîâè ðîçâ'ÿçêiâ íåëiíiéíèõ ñèñòåì äèôåðåíöiàëüíî-îïåðàòîðíèõ
ðiâíÿíü ÿê ó êðèòè÷íîìó, òàê i â íåêðèòè÷íîìó âèïàäêàõ. Âñòàíîâëåíî êîíñòðóêòèâíi íåîáõiä-
íi òà äîñòàòíi óìîâè iñíóâàííÿ ðîçâ'ÿçêiâ, çíàéäåíî îöiíêè ïîõèáêè ïîáóäîâàíèõ íàáëèæåíèõ
ðîçâ'ÿçêiâ.
Êëþ÷îâi ñëîâà: ÷èñåëüíî-àíàëiòè÷íèé ìåòîä ïîñëiäîâíèõ íàáëèæåíü, êðàéîâà çàäà÷à, äèôå-
ðåíöiàëüíî-îïåðàòîðíå ðiâíÿííÿ.

1. Âñòóï
×èñåëüíî-àíàëiòè÷íèé ìåòîä À.Ì.Ñàìîéëåíêà [5] çíàéøîâ çàñòîñóâàííÿ ïðè

äîñëiäæåííi ðîçâ'ÿçêiâ ðiçíîãî ðîäó êðàéîâèõ çàäà÷, çîêðåìà äëÿ iíòåãðî-äèôåðå-
íöiàëüíèõ òà ôóíêöiîíàëüíî-äèôåðåíöiàëüíèõ ðiâíÿíü [1, 4, 6, 7]. Ó äàíié ðîáîòi
ìîäèôiêàöiþ ÷èñåëüíî-àíàëiòè÷íîãî ìåòîäó, ðîçðîáëåíó â [2], çàñòîñîâàíî äî äî-
ñëiäæåííÿ ðîçâ'ÿçêiâ ñèñòåì äèôåðåíöiàëüíî-îïåðàòîðíèõ ðiâíÿíü, ïiäïîðÿäêîâà-
íèõ ëiíiéíèì êðàéîâèì îáìåæåííÿì.

2. Ïîñòàíîâêà çàäà÷i
Ðîçãëÿíåìî ñèñòåìó íåëiíiéíèõ äèôåðåíöiàëüíî-îïåðàòîðíèõ ðiâíÿíü ç âèäiëå-

íîþ ëiíiéíîþ ÷àñòèíîþ
dx

dt
= A(t)x + f(t, x, (Bx)(t)), (1)

òà ëiíiéíèìè ôóíêöiîíàëüíèìè îáìåæåííÿìè çàãàëüíîãî âèãëÿäó
`x = α, (2)

äå t ∈ [a, b], A(t) = (Aij(t))
n
i,j=1, A(t) ∈ C[a, b], x : [a, b] → D1 ⊂ Rn, Bx :

([a, b], D1) → ([a, b], D2), f : [a, b] × D1 × D2 → Rn, äå D1 ⊂ Rn, D2 ⊂ Rp � äå-
ÿêi çàìêíåíi îáìåæåíi îáëàñòi âiäïîâiäíî â Rn òà â Rp. Ïðè p < ∞ D2 ¹ îáëàñòþ
ñêií÷åíî-âèìiðíîãî ïðîñòîðó, à ÿêùî p=∞, òî D2 � îáëàñòü íåñêií÷åííî-âèìiðíîãî
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ïðîñòîðó. ` � ëiíiéíèé âåêòîð-ôóíêöiîíàë, ` : C([a, b],Rn) → Rn, α∈Rn � ñòàëèé
âåêòîð.

Îñêiëüêè çà òåîðåìîþ Ô. Ðiññà [3] çàâæäè ìîæíà çíàéòè ìàòðè÷íî-çíà÷íó
ôóíêöiþ C(t) îáìåæåíî¨ âàðiàöi¨ òàêó, ùî ëiíiéíèé ôóíêöiîíàë l ìîæíà ïðåä-
ñòàâèòè çà äîïîìîãîþ iíòåãðàëà Ðiìàíà-Ñòiëò¹ñà, òî êðàéîâi óìîâè (2) ìîæåìî
çàïèñàòè ó âèãëÿäi

b∫

a

[
dC(t)

]
x(t) = α. (3)

3. Êðèòè÷íèé âèïàäîê
Ðîçãëÿíåìî êðèòè÷íèé [7] âèïàäîê � êîëè âiäïîâiäíà (1), (2) ëiíiéíà îäíîðiäíà

êðàéîâà çàäà÷à
dx

dt
= A(t)x, `x = 0, (4)

ìà¹ k, 1 ≤ k ≤ n ëiíiéíî íåçàëåæíèõ ðîçâ'ÿçêiâ.
Ââåäåìî äî ðîçãëÿäó íàñòóïíi ïîçíà÷åííÿ

Z(s) =

b∫

s

[
dC(t)

]
Ωt

s, G = Z(a) = `Ω•
a =

b∫

a

[
dC(t)

]
Ωt

a,

äå Ωt
a � ìàòðèöàíò âiäïîâiäíî¨ (1) ëiíiéíî¨ îäíîðiäíî¨ ñèñòåìè. ×åðåç G+ ïîçíà÷è-

ìî ¹äèíó ïñåâäîîáåðíåíó äî G ïî Ìóðó-Ïåíðîóçó [8] (n×n)-ìàòðèöþ, à ÷åðåç PGk

i PG∗k � (n× k) i (k× n)-âèìiðíi ìàòðèöi, ÿêi ¹ îðòîïðîåêòîðàìè ç ïðîñòîðó Rn íà
íóëü ïðîñòîðè Ker(G) i Ker(G∗) ìàòðèöü G i G∗ âiäïîâiäíî, ïðè÷îìó ñòîâïöi ìàò-
ðèöi PGk

¹ ëiíiéíî íåçàëåæíèìè i óòâîðþþòü ïîâíèé áàçèñ ÿäðà Ker(G) ìàòðèöi
G, à ðÿäêè ìàòðèöi PG∗k óòâîðþþòü ïîâíèé áàçèñ ÿäðà ìàòðèöi G∗:

PGk
:Rk→Ker(G), Ker(G) = PGk

Rn, PG∗k : Rn → Ker(G∗), Ker(G∗) = PG∗kR
n,

rank(PGk
) = rank(PG∗k) = k = n− rank(G).

Íåõàé â îáëàñòi (t, x, y)∈ [a, b]×D1×D2⊂Rn+p+1 âèêîíóþòüñÿ íàñòóïíi óìîâè:

A) âåêòîð-ôóíêöiÿ f(t, x, y) íåïåðåðâíà i çàäîâîëüíÿ¹ óìîâè îáìåæåíîñòi i Ëiï-
øiöà:
|f(t, x, y)|≤m(t), |f(t, x′, y′)−f(t, x′′, y′′)|≤K1(t)|x′−x′′|+K2(t)|y′−y′′|,

|(Bx′)(t)− (Bx′′)(t)| ≤ N(t)|x′ − x′′|, (5)

äå m(t) � âåêòîð-ôóíêöiÿ ç íåâiä'¹ìíèìè iíòåãðîâíèìè åëåìåíòàìè, K1(t),
K2(t), N(t) � ìàòðèöi-ôóíêöi¨ ç íåâiä'¹ìíèìè iíòåãðîâíèìè êîìïîíåíòàìè
ïîðÿäêiâ âiäïîâiäíî (n×n), (n×p) òà (p×n). Äëÿ x∈Rn, y∈Rp ÷åðåç |·| çàâæäè
áóäåìî ïîçíà÷àòè àáñîëþòíó âåëè÷èíó âåêòîðà, òîáòî |x| = (|x1|, . . . , |xn|)>,
|y| = (|y1|, . . . , |yp|)> i, âiäïîâiäíî, äëÿ ìàòðèöü |K1| = (|K(1)

ij |), |K2| = (|K(2)
ik |),

|N | = (|Nkj|), i, j = 1, n, k = 1, p, à âñi íåðiâíîñòi ðîçóìi¹ìî ïîêîìïîíåíòíî;
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B) Dβ≡
{
ξ∈Rk | B (x0 (t, ξ) , β)⊆D1

} 6=∅, äå B(y, %) = {x ∈ Rn : |x− y| ≤ %},

x0(t, ξ)=Ωt
aPGk

ξ+Ωt
a

(
G++

(
R(t)−G+R2

)
P ∗

Gk
R−1

1 PG∗k

)
α,

L(t, s) =





Ωt
s − Ωt

a

(
G+ + (R(t)−G+R2) P ∗

G∗k
R−1

1 PG∗k

)
Z(s), 0 ≤ s ≤ t ≤ b,

−Ωt
a

(
G+ + (R(t)−G+R2) P ∗

G∗k
R−1

1 PG∗k

)
Z(s), 0 ≤ t < s ≤ b,

R(t)=

t∫

a

Ωa
sZ

∗(s)ds, R1=PG∗kR2P
∗
G∗k

, R2=

b∫

a

Z(τ)Z∗(τ)dτ, β=max
t∈[a,b]

b∫

a

|L(t, s)|m(s)ds;

C) íàéáiëüøå äîäàòíå âëàñíå çíà÷åííÿ ìàòðèöi Q ìåíøå çà îäèíèöþ,

Q = max
t∈[a,b]

b∫

a

|L(t, s)| (K1(s) + K2(s)N(s)
)
ds.

Ðîçãëÿíåìî îïåðàòîð Qx :C([a, b], Rn)→C([a, b], Rn), ñiì'þ k-ïàðàìåòðè÷íèõ âi-
äîáðàæåíü Lξx :C([a, b], Rn)→C([a, b], Rn) i âåêòîð-ôóíêöiîíàë µ :C([a, b], Rn)→Rn:

(Qx)(t) =

b∫

a

|L(t, s)|x(s)ds,

(Lξx)(t)=Ωt
a

(
PGk

ξ+G+α
)
+Ωt

a

(
R(t)−G+R2

)
P ∗

G∗k
R−1

1 PG∗kα+

b∫

a

L(t, s)f(s, x(s), (Bx)(s))ds,

µ(x) = PG∗k

(
α−

b∫

a

Z(τ)f(τ, x(τ), (Bx)(τ))dτ
)
.

Íåîáõiäíi òà äîñòàòíi óìîâè iñíóâàííÿ ðîçâ'ÿçêiâ êðàéîâî¨ çàäà÷i (1), (2) ìiñòÿòü
íàñòóïíi òâåðäæåííÿ.

Ëåìà 1. Íåõàé âèêîíó¹òüñÿ óìîâà A i ϕ(t) = ϕ(t, ξ∗) ¹ ðîçâ'ÿçêîì êðàéîâî¨ çàäà÷i
(1), (2). Òîäi iñíó¹ ξ∗ òàêå, ùî ϕ(t) ¹ ðîçâ'ÿçêîì ñèñòåìè ðiâíÿíü

ϕ = Lξϕ,
µ(ϕ) = 0,

(6)
i ïðè öüîìó éîãî ïî÷àòêîâå çíà÷åííÿ âèçíà÷à¹òüñÿ çà ôîðìóëîþ

ϕ(a) = ϕ0 ≡ PGk
ξ + G+

(
α−

b∫

a

Z(s)f(s, ϕ(s), (Bϕ)(s))ds
)
. (7)

Ëåìà 2. Íåõàé âèêîíó¹òüñÿ óìîâà A. ßêùî ïðè äåÿêîìó çíà÷åííi ïàðàìåòðà
ξ = ξ∗ ∈ Rk ôóíêöiÿ ϕ(t) = ϕ(t, ξ∗) ¹ ðîçâ'ÿçêîì ñèñòåìè ðiâíÿíü (6), òî ϕ(t) ¹
ðîçâ'ÿçêîì êðàéîâî¨ çàäà÷i (1), (2) i ïðèéìà¹ ïî÷àòêîâå çíà÷åííÿ (7).

Äîâåäåííÿ. Ïðîâîäèòüñÿ çà ñõåìîþ äîâåäåííÿ òåîðåì 1,2 [1].
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Äëÿ çíàõîäæåííÿ ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i (1), (2) ïîáóäó¹ìî ðåêóðåíòíó k-
ïàðàìåòðè÷íó ïîñëiäîâíiñòü ôóíêöié

x0(t, ξ) = Ωt
aPGk

ξ + Ωt
a

(
G+ +

(
R(t)−G+R2

)
P ∗

Gk
R−1

1 PG∗k

)
α,

xm(t, ξ)=x0(t, ξ)+

b∫

a

L(t, s)f(s, xm−1(s, ξ), (Bxm−1)(·, ξ)(s))ds, ξ∈Rk, m=1, 2, . . ., (8)

ÿêi çàäîâîëüíÿþòü êðàéîâi óìîâè (2) ïðè äîâiëüíèõ çíà÷åííÿõ ïàðàìåòðà ξ.
Ñïðàâåäëèâi íàñòóïíi îöiíêè âiäõèëåíü:

|(Lξx)(t)−x0(t, ξ)|≤
T∫

0

|L(t, s)| |f(s, x(s), (Bx(·, ξ))(s))ds|≤
T∫

0

|L(t, s)|m(s)ds≤β, (9)

|xm+1 (t, ξ)− xm (t, ξ)| = |(Lξ (xm (·, ξ)− xm−1 (·, ξ))) (t)| ≤
≤ (Q |xm (·, ξ)− xm−1 (·, ξ)|) (t) ≤ (Q2 |xm−1 (·, ξ)− xm−2 (·, ξ)|) (t) ≤

≤ . . . ≤ (Qm |x1 (·, ξ)− x0 (·, ξ)|) (t) ≤ Qmβ,

|xm+j (t, ξ)− xm (t, ξ)| ≤
j−1∑
i=0

|xm+i+1 (t, ξ)− xm+i (t, ξ)| ≤

≤
j−1∑
i=0

(Qm+i |x1 (·, ξ)− x0 (·, ξ)|) (t) ≤
j−1∑
i=0

Qm+iβ . (10)

Ç (9) i óìîâ A, Ñ âèïëèâà¹, ùî (Lξx) (t) ∈ D1 ïðè âñiõ ξ ∈ Dβ, t ∈ [a, b],
x ∈ C([a, b], D1). Êðiì òîãî, ç óìîâè D âèïëèâà¹, ùî ïîñëiäîâíiñòü (8) ðiâíîìið-
íî çáiãà¹òüñÿ ïðè m → ∞ â îáëàñòi (t, ξ) ∈ [a, b] × Dβ äî ãðàíè÷íî¨ ôóíêöi¨
x∗ (t, ξ), ÿêà ñïiâïàäà¹ ç íåðóõîìîþ òî÷êîþ x = x∗ (t, ξ) îïåðàòîðà Lξ. Îñêiëüêè
∞∑
=0

Qi = (In −Q)−1, òî ïåðåõîäÿ÷è â (10) äî ãðàíèöi ïðè j →∞ îäåðæèìî, ùî

|x∗ (t, ξ)− xm (t, ξ)| ≤ (In −Q)−1 Qmβ. (11)
Áåðó÷è äî óâàãè ëåìè 1, 2 ìîæåìî ñôîðìóëþâàòè îñíîâíèé ðåçóëüòàò ðîáîòè.

Òåîðåìà 1. Íåõàé äëÿ êðàéîâî¨ çàäà÷i (1), (2) ñïðàâåäëèâi ïðèïóùåííÿ A�D.
Òîäi:

1) ïðè âñiõ ξ∈Dβ⊂Rk îïåðàòîð Lξ ìà¹ íåðóõîìó òî÷êó x∗(·, ξ)∈C([a, b], D1),
ÿêà ñïiâïàäà¹ ç ãðàíè÷íîþ ôóíêöi¹þ x∗ (t, ξ)= lim

m→∞
xm(t, ξ) ïîñëiäîâíîñòi (8).

Äëÿ çáiæíîñòi ïîñëiäîâíèõ íàáëèæåíü ïðè âñiõ íàòóðàëüíèõ m âèêîíó-
þòüñÿ îöiíêè (11);

2) ôóíêöiÿ x∗(t) = x∗(t, ξ∗) ¹ ðîçâ'ÿçêîì êðàéîâî¨ çàäà÷i (1), (2) òîäi i òiëüêè
òîäi, êîëè òî÷êà ξ=ξ∗ ¹ ðîçâ'ÿçêîì âèçíà÷àëüíîãî ðiâíÿííÿ ∆(ξ)=0:

∆(ξ)
def
= µ (x∗(·, ξ))=PG∗k

(
α−

b∫

a

Z(τ)f(τ, x∗(τ, ξ), (Bx∗(·, ξ))(τ)) dτ
)
. (12)
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Ïðè öüîìó x∗(a, ξ) = PGk
ξ + G+

(
α−

b∫
a

Z(τ)f (τ, x∗(τ, ξ), (Bx∗(·, ξ))(τ)) dτ
)
.

Íàñòóïíå òâåðäæåííÿ ìiñòèòü äîñòàòíi óìîâè, äëÿ ïåðåâiðêè ÿêèõ íå ïîòðiáíî
çíàõîäèòè ãðàíè÷íó ôóíêöiþ ïîñëiäîâíîñòi (8).
Òåîðåìà 2. Íåõàé äëÿ êðàéîâî¨ çàäà÷i (1), (2) ñïðàâåäëèâi ïðèïóùåííÿ À�D i,
êðiì òîãî:

1) iñíó¹ îïóêëà, çàìêíåíà îáëàñòü D′ ⊂ Dβ ⊂ Rk òàêà, ùî ïðè äåÿêîìó ôiêñî-
âàíîìó íàòóðàëüíîìó m âiäîáðàæåííÿ ∆m(ξ) : Dβ → Rk:

∆m(ξ)
def
= µ (xm(·, ξ)) = PG∗k

(
α−

b∫

a

Z(τ)f (τ, xm(τ, ξ)) dτ
)

ìiñòèòü â îáëàñòi D′ ¹äèíó îñîáëèâó òî÷êó ξ 0m íåíóëüîâîãî iíäåêñó;

2) íà ãðàíèöi ∂D′ îáëàñòi D′ âèêîíó¹òüñÿ íåðiâíiñòü
inf

ξ∈∂D′
|∆m (ξ)| > Q1 (In −Q)−1 Qmβ, (13)

äå Q1 =
T∫
a

∣∣PG∗kZ(s)
∣∣ ·

(
K1(s) + K2(s)N(s)

)
ds.

Òîäi iñíó¹ ðîçâ'ÿçîê x∗(t) = x∗(t, ξ∗), x∗(a) = PGk
ξ +G+

(
α−

b∫
a

Z(τ)f(τ, x∗(τ))dτ

)

êðàéîâî¨ çàäà÷i (1), (2), äå ξ∗ ∈ D′.
Äîâåäåííÿ. Ïðîâîäèòüñÿ àíàëîãi÷íî äî äîâåäåííÿ òåîðåìè 3 [2].

4. Íåêðèòè÷íèé âèïàäîê
Ó íåêðèòè÷íîìó âèïàäêó � êîëè det(G) 6= 0, òîáòî âiäïîâiäíà ëiíiéíà îä-

íîðiäíà êðàéîâà çàäà÷à (4) ìà¹ òiëüêè òðèâiàëüíèé ðîçâ'ÿçîê, òî ìà¹ìî, ùî
PGk

= 0 i ∆(ξ) ≡ 0, à òîìó ïðè çàñòîñóâàííi çàïðîïîíîâàíîãî âàðiàíòó ÷èñåëüíî-
àíàëiòè÷íîãî ìåòîäó íå ïîòðiáíî ðîçâ'ÿçóâàòè âèçíà÷àëüíå ðiâíÿííÿ. Ïðè öüîìó
ñïðàâåäëèâèì ¹ íàñòóïíå òâåðäæåííÿ, äîâåäåííÿ ÿêîãî áëèçüêå äî äîâåäåííÿ òåî-
ðåìè 1.
Òåîðåìà 3. Íåõàé îäíîðiäíà êðàéîâà çàäà÷à (4) íå ìà¹ íåòðèâiàëüíèõ ðîçâ'ÿçêiâ
i äëÿ êðàéîâî¨ çàäà÷i (1), (2) ñïðàâåäëèâi ïðèïóùåííÿ A i
B1) x̃0(t, ξ) = Ωt

aG
−1α ëåæèòü â îáëàñòi D1 ðàçîì iç ñâî¨ì β̃- îêîëîì, äå

β̃ = max
t∈[a,b]

b∫

a

|L̃(t, s)|m(s)ds, L̃(t, s) =

{
Ωt

s − Ωt
aG

−1Z(s), 0 ≤ s ≤ t ≤ b,
−Ωt

aG
−1Z(s), 0 ≤ t < s ≤ b,

òîäi êðàéîâà çàäà÷à (1), (2) ìà¹ õî÷à á îäèí ðîçâ'ÿçîê.
ßêùî, êðiì òîãî, âèêîíó¹òüñÿ òàêîæ i óìîâà
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C1) íàéáiëüøå äîäàòíå âëàñíå çíà÷åííÿ ìàòðèöi Q̃ ìåíøå çà îäèíèöþ,

Q̃ = max
t∈[a,b]

b∫

a

∣∣∣L̃(t, s)
∣∣∣ ·

(
K1(s) + K2(s)N(s)

)
x(s)ds,

òî â îáëàñòi D1 êðàéîâà çàäà÷à (1), (2) ìà¹ ¹äèíèé ðîçâ'ÿçîê x̃∗(t) = lim
m→∞

x̃m(t),
ÿêèé ¹ ãðàíèöåþ ïîñëiäîâíîñòi ôóíêöié

x̃m(t) = x̃0(t) +

b∫

a

L̃(t, s)f(s, x̃m−1(s, ξ))ds, x̃0(t) = Ωt
aG

−1α, m = 1, 2, . . . ,

Ïðè öüîìó âèêîíóþòüñÿ îöiíêè çáiæíîñòi
|x̃∗(t)− x̃m(t)| ≤

(
In − Q̃

)−1

Q̃mβ̃.
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