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Àííîòàöèÿ. Äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ íåíóëåâîãî ïðåäåëà äëÿ ðåøåíèÿ áåñêîíå÷íîé

ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé îáîáùàþòñÿ íà ñëó÷àé íåîòðèöàòåëüíîé ìàòðè-

öû ñèñòåìû. Ïðèâîäèòñÿ äîêàçàòåëüñòâî òåîðåìû íà îñíîâå ñâîéñòâ ëèìèòàíò. Ðàññìàòðèâàåòñÿ

ïðèìåð ïðèëîæåíèÿ äàííîãî ðåçóëüòàòà ê èññëåäîâàíèþ ñîáñòâåííûõ êîëåáàíèé îðòîòðîïíîé

ïëàñòèíû. Çàìåíîé íåèçâåñòíûõ îäíîðîäíàÿ êâàçèðåãóëÿðíàÿ áåñêîíå÷íàÿ ñèñòåìà ñâîäèòñÿ ê

ðåãóëÿðíûì ñèñòåìàì. Ïîêàçàíî ÷òî ðåãóëÿðíûå ñèñòåìû óäîâëåòâîðÿþò óñëîâèÿì ïðåäëîæåí-

íîé òåîðåìû.

Êëþ÷åâûå ñëîâà: áåñêîíå÷íàÿ ñèñòåìà, ïðåäåë ðåøåíèÿ, ëèìèòàíòû, îðòîòðîïíàÿ ïëàñòèíà

1. Ââåäåíèå

Çàêîí àñèìïòîòè÷åñêèõ âûðàæåíèé áûë ñôîðìóëèðîâàí è äîêàçàí
Á.Ì.Êîÿëîâè÷åì [3] â 1930 ã. êàê èòîã åãî ðàáîòû ñ È. Ã.Áóáíîâûì íàä
ïàðíîé áåñêîíå÷íîé ñèñòåìîé, âîçíèêàþùåé â çàäà÷å èçãèáà ïðÿìîóãîëüíîé
ïëàñòèíû ïîä äåéñòâèåì ãèäðîñòàòè÷åñêîãî äàâëåíèÿ. Â [2] ðàññìàòðèâàåòñÿ
ïðèëîæåíèå çàêîíà àñèìïòîòè÷åñêèõ âûðàæåíèé ê çàäà÷àì ñòàòèêè è äèíàìèêè
äëÿ ïðÿìîóãîëüíîé ïðèçìû è êîíå÷íîãî öèëèíäðà. Â [4] äëÿ ïàðíîé áåñêîíå÷-
íîé ñèñòåìû ïðåäëàãàåòñÿ îñëàáëåííàÿ ôîðìóëèðîâêà, äàþùàÿ âîçìîæíîñòü
èñïîëüçîâàòü ïðèçíàê äëÿ îòûñêàíèÿ ñòåïåííûõ àñèìïòîòèê â ñèñòåìàõ, âîçíè-
êàþùèõ â ðÿäå çàäà÷ òåîðèè óïðóãîñòè [6]. Â íàñòîÿùåé ñòàòüå ïðåäëàãàåòñÿ
îáîáùåíèå íà ñëó÷àé áåñêîíå÷íîé ìàòðèöû, çàäàâàåìîé íåîòðèöàòåëüíûì áëîêîì
ïðîèçâîëüíîãî ïîðÿäêà.

2. Ðåãóëÿðíîñòü è ëèìèòàíòû

Ðàññìîòðèì áåñêîíå÷íóþ ñèñòåìó óðàâíåíèé ñ íåîòðèöàòåëüíûìè êîýôôèöè-
åíòàìè è ñâîáîäíûìè ÷ëåíàìè, çàïèñàííóþ â ôîðìå

xi
m =

s∑
j=1

∞∑
n=1

aijmnx
j
n + bim (m = 1, 2, . . . ; i = 1, 2, . . . , s) (2.1)
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Áëîê áåñêîíå÷íîé ìàòðèöû Amn = {aijmn}s1 � ñèìâîëè÷åñêàÿ ìàòðèöà ïîðÿäêà s.

Åñëè Amn =

(
0 a12mn

a21mn 0

)
, ãäå aijmn > 0 òî äëÿ èññëåäîâàíèÿ àñèìïòîòè÷åñêèõ

ñâîéñòâ ðåøåíèÿ áåñêîíå÷íîé ñèñòåìû (2.1) ìîæíî ïðèìåíèòü ïðèçíàê â èçâåñòíîé
ôîðìóëèðîâêå äëÿ ïàðíîé ñèñòåìû, äëÿ äðóãèõ ñëó÷àåâ ðåçóëüòàòû îòñóòñòâóþò.
Óñëîâèÿ ðåãóëÿðíîñòè äëÿ ñèñòåìû (2.1) çàïèñûâàþòñÿ ñëåäóþùèì îáðàçîì

s∑
j=1

∞∑
n=1

aijmn = 1− ϕi
m < 1, (m = 1, 2, . . . ; i = 1, 2, . . . , s) (2.2)

Äàëåå ïðåäïîëàãàåòñÿ, ÷òî ó ðàññìàòðèâàåìîé áåñêîíå÷íîé ñèñòåìû ñóùåñòâóåò
åäèíñòâåííîå îãðàíè÷åííîå ðåøåíèå.

Îãîâîðèì ðàñïîëîæåíèå íóëåâûõ ýëåìåíòîâ â ìàòðèöå Amn, èñêëþ÷àÿ ñëó÷àé
ðàñùåïëåíèÿ ñèñòåìû íà íåñêîëüêî. Äëÿ ýòîãî ïîòðåáóåì, ÷òîáû íàïðàâëåííûé
ãðàô ìàòðèöû Amn áûë ñèëüíî ñâÿçàí. Äåéñòâèòåëüíî, â ýòîì ñëó÷àå äëÿ ëþáîãî
ìíîæåñòâà ñòðîê Ik = {i1, i2, . . . , ik} (1 ≤ k ≤ s − 1) ìàòðèöû Amn ñóùåñòâóåò
aijmn 6= 0 ïðè i ∈ Ik, j /∈ Ik. Ïåðåä ôîðìóëèðîâêîé è äîêàçàòåëüñòâîì òåîðåìû
ââåäåì â ðàññìîòðåíèå ëèìèòàíòû:

V sN
s(m−1)+i =

s∑
j=1

N∑
n=1

aijmnx
j
n + bim

s∑
j=1

N∑
n=1

aijmn + ϕi
m

, (m > N)

Ïóñòü HN = sup
m>N

V sN
s(m−1)+i, hN = inf

m>N
V sN
s(m−1)+i (i = 1, 2, . . . , s), òîãäà äëÿ òî÷íûõ

ãðàíåé ëèìèòàíò ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ [3]
1) îñíîâíîå ñâîéñòâî ëèìèòàíò: hN ≤ xi

m ≤ HN , (m > N, i = 1, 2, . . . , s);
2) ñâîéñòâî ìîíîòîííîñòè: hN ≥ hN−1; HN ≤ HN−1 (N = 1, 2, . . . ).
Èç ñâîéñòâà ìîíîòîííîñòè, â ñèëó îãðàíè÷åííîñòè ðåøåíèÿ (2.1), ïîëó÷àåì

ñóùåñòâîâàíèå
lim

N→∞
hN = h, lim

N→∞
HN = H.

3. Îáîáùåíèå çàêîíà àñèìïòîòè÷åñêèõ âûðàæåíèé

Òåîðåìà 1. Åñëè â êàæäîé i-îé ñòðîêå ìàòðèöû Amn âñå íåíóëåâûå ýëåìåíòû

äîïóñêàþò îöåíêó ïðè n < m:

lrin ≤ aijmnξ
i
m ≤ Lrin, (L ≥ l > 0), (3.1)

ãäå ïîñëåäîâàòåëüíîñòè ξim, r
i
n òàêîâû, ÷òî ∃ P > 0: bimξ

i
m ≤ P , ϕi

mξ
i
m ≤ P ;

lim
N→∞

(
N∑

n=1

rin

)−1

= 0; ξim = O(
m−1∑
n=1

rin), ïðè m → ∞.

Òîãäà ñóùåñòâóåò îáùèé íåíóëåâîé ïðåäåë

lim
m→∞

xi
m = G > 0, (i = 1, 2, . . . , s).
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Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî òåîðåìû ïðîâåäåì â äâà ýòàïà. Íà ïåðâîì äî-
êàæåì, ÷òî h > 0; íà âòîðîì H = h.

1. Â ñèëó ìîíîòîííîñòè hN äîñòàòî÷íî ïîêàçàòü, ÷òî íàéäåòñÿ N∗ : hN∗ > 0.
Ïóñòü ñâîáîäíûå ÷ëåíû ñèñòåìû (2.1) òàêîâû, ÷òî bi0m0

> 0. Òàê êàê åäèíñòâåí-
íîå ðåøåíèå ñèñòåìû ñîâïàäàåò ñ ãëàâíûì (êîòîðîå íåîòðèöàòåëüíî), òî xi0

m0
> 0.

Ðàçîáüåì òåïåðü ìíîæåñòâî íîìåðîâ {1, 2, . . . , s} = I0 ∪ I0, (I0 = {i0}). Òàê êàê
íàïðàâëåííûé ãðàô ìàòðèöû Amn ñèëüíî ñâÿçàí, òî ñóùåñòâóåò íîìåð i1 ∈ I0
äëÿ êîòîðîãî ai1i0mn > 0. Òîãäà èç (3.1) ñëåäóåò, ÷òî ñóùåñòâóåò íîìåð m1 > m0:
ai1i0m1m0

xi0
m0

> 0, à çíà÷èò xi1
m1

> 0. Äàëåå îïðåäåëÿåì êàê I1 = {i0, i1}, òîãäà ñóùå-

ñòâóåò ai2jmn > 0, (i2 ∈ I1, j ∈ I1). Èç îöåíêè (3.1) ñëåäóåò, ÷òî íàéäåòñÿ m2 > m1:

a
i2ip
m2mpx

ip
mp > 0 (p = 0, 1), îòêóäà xi2

m2
> 0 è ò. ä. Ïðîäîëæàÿ, ïîëó÷àåì, ÷òî

x
ip
mp > 0 (p = 0, 1, . . . , s− 1), ïðè ýòîì

s−1⋃
p=0

ip = {1, 2, . . . , s}, m0 < m1 < · · · < ms−1.

Îöåíèì ëèìèòàíòû V sN
s(m−1)+i ïðè m > N∗ > ms−1 (i = 1, 2, . . . , s) ñíèçó:

V sN∗

s(m−1)+i ≥
l
∑

j∈Ω(i)

N∗∑
n=1

rinx
j
n

L
∑

j∈Ω(i)

N∗∑
n=1

rin + P

≥
lrimp∗

min
p

x
ip
mp

Ls
N∗∑
n=1

rin + P

> 0,

(Ω(i) � ìíîæåñòâî íîìåðîâ ñòîëáöîâ íåíóëåâûõ ýëåìåíòîâ i -îé ñòðîêè Amn).
Ñóùåñòâîâàíèå p∗ = p∗(i) îáåñïå÷èâàåòñÿ òåì, ÷òî äëÿ ëþáîé ñòðîêè i ìàòðèöû

Amn íàéäåòñÿ õîòÿ áû îäèí íåíóëåâîé ýëåìåíò. Òîãäà íèæíÿÿ ãðàíü hN∗ > 0.
2. Ðàññìîòðèì âåðõíèå ãðàíè HN1 ≤ HN0 . Ïóñòü HN1 äîñòèãàåòñÿ íà V

sN1

s(m∗−1)+i∗ ,
åñëè sup äîñòèãàåòñÿ â òî÷êå ñãóùåíèÿ, òî m∗ è i∗ ìîæíî âûáðàòü êîíå÷íûìè è
òàêèìè, ÷òî çíà÷åíèå îòëè÷àåòñÿ îò HN1 íà âåëè÷èíó ïðåíåáðåæèìî ìàëóþ ïî
ñðàâíåíèþ ñ âåëè÷èíàìè, ó÷àñòâóþùèìè â äàëüíåéøèõ îöåíêàõ.

Ïðåäñòàâèì â âèäå ðàçíîñòè V sN1

s(m−1)+i = D(m, i)− η(m, i)(m > N1), ãäå

D(m, i) =

∑
j∈Ω(i)

N0∑
n=1

aijmnx
j
n + bjm+HN0

∑
j∈Ω(i)

N1∑
n=N0+1

aijmn

∑
j∈Ω(i)

N1∑
n=1

aijmn + ϕi
m

, (3.2)

η(m, i) =

∑
j∈Ω(i)

N1∑
n=N0+1

aijmn(HN0 − xj
n)

∑
j∈Ω(i)

N1∑
n=1

aijmn + ϕi
m

. (3.3)

Ïðåäñòàâëåíèå (3.2) äàåò îöåíêó: D(m, i) ≤ HN0 . Òîãäà èç íåðàâåíñòâà

HN1 = D(m∗, i∗)− η(m∗, i∗) ≤ HN0 − η(m∗, i∗),
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íàõîäèì, ÷òî
η(m∗, i∗) ≤ HN0 −HN1 ≤ HN0 −H ≤ ε(N0). (3.4)

Èç (3.4) ìîæíî ïîëó÷èòü ñëåäóþùóþ îöåíêó:

ε(N0) ≥ η(m∗, i∗) ≥
l
∑

j∈Ω(i∗)

N1∑
n=N0+1

ri
∗
n (HN0 − xj

n)

P + L
∑

j∈Ω(i∗)

N1∑
n=1

ri∗n

. (3.5)

Îòêóäà ∑
j∈Ω(i∗)

N1∑
n=N0+1

ri
∗
n (HN0 − xj

n)

∑
j∈Ω(i∗)

N1∑
n=1

ri∗n

≤ ε(N0)

l
(L+

P

min
i=1,2,...,s

ri1
).

Èñïîëüçóÿ ïîñëåäíåå íåðàâåíñòâî, ìîæíî îöåíèòü η(m, i∗) ñâåðõó:

η(m, i∗) ≤
L
∑

j∈Ω(i∗)

N1∑
n=N0+1

ri
∗
n (HN0 − xj

n)

l
∑

j∈Ω(i∗)

N1∑
n=1

ri∗n

≤ L

l2
ε(N0)(L+

P

min
i=1,2,...,s

ri1
).

Ïîëó÷àåì, ÷òî âåëè÷èíà η(m, i∗) ÿâëÿåòñÿ áåñêîíå÷íî ìàëîé âíå çàâèñèìîñòè îò
N1.

Îöåíèì òåïåðüD(m, i∗), ïîäåëèâ ÷èñëèòåëü è çíàìåíàòåëü äðîáè íà âûðàæåíèå∑
j∈Ω(i∗)

N1∑
n=N0+1

ai
∗j
mn. Çíàìåíàòåëü ýòîé äðîáè ìîæíî ñäåëàòü ñêîëü óãîäíî áëèçêèì ê

åäèíèöå ñîîòâåòñòâóþùèì âûáîðîì N1:

1 ≤ 1 +

∑
j∈Ω(i∗)

N0∑
n=1

ai
∗j
mn + ϕi∗

m

∑
j∈Ω(i∗)

N1∑
n=N0+1

ai
∗j
mn

≤ 1 +

sL
N0∑
n=1

ri
∗
n + P

l
N1∑

n=N0+1

ri∗n

≤ 1 + ε1(N1),

à ÷èñëèòåëü D(m, i∗) � ê HN0 . Çíà÷èò,

∀ ε > 0 ∃Nε : m > N > Nε : |V sN
s(m−1)+i∗ −H| < ε. (3.6)

Åñëè ïðè íåêîòîðîì N1 inf äîñòèãàåòñÿ íà ëèìèòàíòå V sN1

s(m′−1)+i′ , òî ïîäîáíûì æå
îáðàçîì ìîæíî ïîêàçàòü, ÷òî

∀ ε > 0 ∃Nε : m > N > Nε : |V sN
s(m−1)+i′ − h| < ε. (3.7)
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Â ñëó÷àå s = 1 (íóëåâûå ýëåìåíòû îòñóòñòâóþò) i∗ ≡ i′, è, â ñèëó åäèíñòâåííî-
ñòè ïðåäåëà, H = h, ÷òî äîêàçûâàåò òåîðåìó â îáùåì ñëó÷àå i∗ 6= i′ è H − h > 0.

Èç ìîíîòîííîñòè ãðàíåé ëèìèòàíò ñëåäóåò, ÷òî ∀ ε > 0 ∃ N > Nε :

hN ≥ h− ε,HN ≤ H + ε.

Ïðè ýòîì èç îñíîâíîãî ñâîéñòâà ëèìèòàíò ñëåäóåò h−ε ≤ xi
m ≤ H+ε, (m > N ;

i = 1, 2, . . . , s). Èç (3.6) ïîëó÷àåì, ÷òî ïðè m = N + 1 ñïðàâåäëèâà îöåíêà:

H − ε ≤ V
s(m−1)
s(m−1)+i∗ ≤ H + ε.

Èñïîëüçóÿ ïîñëåäíèå íåðàâåíñòâà íàéäåì ïðè m > N íèæíþþ îöåíêó äëÿ xi∗
m:

xi∗

m =
∑

j∈Ω(i∗)

∞∑
n=1

ai
∗j
mnx

j
n + bi

∗

m ≡ V
s(m−1)
s(m−1)+i∗

 ∑
j∈Ω(i∗)

m−1∑
n=1

ai
∗j
mn + ϕi∗

m

+

+
∑

j∈Ω(i∗)

∞∑
n=m

ai
∗j
mnx

j
n ≥ (H − ε)

 ∑
j∈Ω(i∗)

m−1∑
n=1

ai∗jmn + ϕi∗

m

+

+ (h− ε)
∑

j∈Ω(i∗)

∞∑
n=m

ai
∗j
mn = h− ε+ (H − h)

 ∑
j∈Ω(i∗)

m−1∑
n=1

ai
∗j
mn + ϕi∗

m

 ≥

≥ h− ε+
(H − h)l

ξi∗m

m−1∑
n=1

ri
∗

n .

Èç óñëîâèÿ òåîðåìû ñëåäóåò, ÷òî íàéäåòñÿ N = N(i) òàêîé, ÷òî ïðè m > N(i) :

ξim ≤ Ci

m−1∑
n=1

rin. Åñëè ïîëîæèòü N > max
i=1,2,...,s

N(i) è δ ≤ min
i=1,2,...,s

(Ci)
−1, ïîëó÷àåì äëÿ

m > N :

1

ξim

m−1∑
n=1

rin ≥ δ > 0, (i = 1, 2, . . . , s).

Òîãäà îöåíêà xi∗
m ïðèíèìàåò âèä:

xi∗

m ≥ h− ε+ (H − h)lδ, (m > N). (3.8)

Îáîçíà÷èì U0 = {i∗}, U0 = {1, 2, . . . , s} \ {i∗}, òîãäà ñóùåñòâóåò ýëåìåíò ai1i
∗

mn > 0
(i1 ∈ U0). Îöåíèì ñíèçó ëèìèòàíò V sN1

s(m−1)+i1
ïðè íåêîòîðîì N1 > N , äëÿ ýòîãî
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ïðåäñòàâèì ëèìèòàíò â âèäå:

V sN1

s(m−1)+i1
=

∑
j∈Ω(i1)

N∑
n=1

ai1jmnx
j
n + bi1m + (h− ε)

∑
j∈Ω(i1)

N1∑
n=N+1

ai1jmn

∑
j∈Ω(i1)

N1∑
n=1

ai1jmn + ϕi1
m

+

+

∑
j∈Ω(i1)

N1∑
n=N+1

ai1jmn(x
j
n − h+ ε)

∑
j∈Ω(i1)

N1∑
n=1

ai1jmn + ϕi1
m

;

Èç ýòîãî ïðåäñòàâëåíèÿ ìîæíî çàìåòèòü íà îñíîâå (3.8), ÷òî

V sN1

s(m−1)+i1
≥ h− ε+

∑
j∈Ω(i1)

N1∑
n=N+1

ai1jmn(x
j
n − h+ ε)

∑
j∈Ω(i1)

N1∑
n=1

ai1jmn + ϕi1
m

≥

≥ h− ε+

N1∑
n=N+1

ai1i∗mn (x
i∗
n − h+ ε)

∑
j∈Ω(i1)

N1∑
n=1

ai1jmn + ϕi1
m

≥ h− ε+

(H − h)lδ
N1∑

n=N+1

ai1i
∗

mn∑
j∈Ω(i1)

N1∑
n=1

ai1jmn + ϕi1
m

.

Ïî óñëîâèþ òåîðåìû rin òàêîâû, ÷òî ìîæíî âûáðàòü íîìåð N1 (m > N1):

N1∑
n=N+1

ai1i
∗

mn∑
j∈Ω(i1)

N1∑
n=1

ai1jmn + ϕi1
m

≥
l

N1∑
n=N+1

ri1n

sL
N1∑
n=1

ri1n + P

≥ θ > 0. (3.9)

Çäåñü, θ < 1 � íåêîòîðàÿ ïîñòîÿííàÿ, ñóùåñòâîâàíèå êîòîðîé îáåñïå÷èâàåòñÿ òåì,
÷òî ïðåäåë ïîñëåäíåé äðîáè â (3.9) ðàâåí l/sL . Òàêèì îáðàçîì,

V sN1

s(m−1)+i1
≥ h− ε+ (H − h)lδθ, (3.10)

â ÷àñòíîñòè, ýòà îöåíêà âåðíà ïðèm = N1+1, òî åñòü V
s(m−1)
s(m−1)+i1

≥ h−ε+(H−h)lδθ.
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Îöåíèì xi1
m (m > N1) ñíèçó:

xi1
m =

∑
j∈Ω(i1)

∞∑
n=1

ai1jmnx
j
n + bi1m = V

s(m−1)
s(m−1)+i1

 ∑
j∈Ω(i1)

m−1∑
n=1

ai1jmn + ϕi1
m

+

+
∑

j∈Ω(i1)

∞∑
n=m

ai1jmnx
j
n ≥ (h− ε+ (H − h)lδθ)

 ∑
j∈Ω(i1)

m−1∑
n=1

ai1jmn + ϕi1
m

+

+ (h− ε)
∑

j∈Ω(i1)

∞∑
n=m

ai1jmn = h− ε+ (H − h)lδθ

 ∑
j∈Ω(i1)

m−1∑
n=1

ai1jmn + ϕi1
m

 ≥

≥ h− ε+ (H − h)l2δθ
1

ξi1m

m−1∑
n=1

ri1n ≥ h− ε+ (H − h)(lδ)2θ. (3.11)

Ïóñòü U1 = {i∗, i1}, òàê êàê δ ìîæíî âûáðàòü òàêèì, ÷òî lδ < 1, òî îöåíêà äëÿ xi1
m

áóäåò âåðíà è äëÿ âñåõ

xi
m ≥ h− ε+ (H − h)(lδ)2θ, i ∈ U1, m > N1. (3.12)

Èç óñëîâèÿ ñóùåñòâóåò i2 ∈ U1, ÷òî ai2jmn > 0 (j ∈ U1). Ñòðîèì, àíàëîãè÷íî (3.10)
îöåíêó ñíèçó äëÿ V sN2

s(m−1)+i2
, òîãäà íàéäåòñÿ N2 > N1:

V sN2

s(m−1)+i2
≥ h− ε+ (H − h)(lδθ)2. (3.13)

Òîãäà, àíàëîãè÷íî (3.11) ïîëó÷àåì îöåíêó äëÿ xi2
m (m > N2):

xi2
m ≥ h− ε+ (H − h)(lδ)3θ2.

Ïóñòü Up = {i∗, i1, . . . , ip}, ïðåäïîëîæèì, ÷òî ñïðàâåäëèâû îöåíêè

xi
m ≥ h− ε+ (H − h)(lδ)p+1θp, i ∈ Up,m > Np (Np+1 ≥ Np) , (3.14)

V
sNp

s(m−1)+i ≥ h− ε+ (H − h)(lδθ)p. (3.15)

Òîãäà íàéäåòñÿ ip+1 ∈ Up, ÷òî a
ip+1i
mn > 0 (i ∈ Up). Âûáèðàåì Np+1 > Np òàêèì, ÷òî

âûïîëíÿåòñÿ

V
sNp+1

s(m−1)+ip+1
≥ h−ε+

(H − h)(lδ)p+1θp
Np+1∑

n=Np+1

a
jp+1i
mn

∑
j∈Ω(ip+1)

Np+1∑
n=1

a
ip+1i
mn + ϕ

ip+1
m

≥ h−ε+(H−h)(lδθ)p+1. (3.16)

Ïðè m > Np+1 èç (3.16) ñëåäóåò V
s(m−1)
s(m−1)+ip+1

≥ h− ε+ (H − h)(lδθ)p+1.
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Îöåíèì x
ip+1
m (m > Np+1):

xip+1
m =

∑
j∈Ω(ip+1)

∞∑
n=1

aip+1j
mn xj

n + bip+1
m =

= V
s(m−1)
s(m−1)+ip+1

 ∑
j∈Ω(ip+1)

m−1∑
n=1

aip+1j
mn + ϕip+1

m

+
∑

j∈Ω(ip+1)

∞∑
n=m

aip+1j
mn xj

n ≥

≥ h− ε+ (H − h)(lδθ)p+1

 ∑
j∈Ω(ip+1)

m−1∑
n=1

aip+1j
mn + ϕip+1

m

 ≥

≥ h− ε+ (H − h)(lδ)p+2θp+1.

Ìîæíî óòâåðæäàòü, ñîãëàñíî ìàòåìàòè÷åñêîé èíäóêöèè, ÷òî ïðè p = s−1; Us−1 =
{1, 2, . . . , s} äëÿ m > Ns − 1:

V
s(m−1)
s(m−1)+i ≥ h− ε+ (H − h)(lδθ)s−1, (i = 1, 2, . . . , s).

Ïðè äîñòàòî÷íî ìàëîì ε V
s(m−1)
s(m−1)+i îêàçûâàåòñÿ âíå ε-îêðåñòíîñòè h, â òîì ÷èñëå è

äëÿ i′, äëÿ êîòîðîãî âûïîëíÿåòñÿ (3.7). Óêàçàííîå ïðîòèâîðå÷èå äîêàçûâàåò, ÷òî
ïðåäåëû òî÷íûõ ãðàíåé ëèìèòàíò ñîâïàäàþò H = h, â ñèëó îñíîâíîãî ñâîéñòâà
ëèìèòàíò ïîëó÷àåì óòâåðæäåíèå òåîðåìû.

Çàìå÷àíèå 1. Áåñêîíå÷íàÿ ñèñòåìà (2.1), óäîâëåòâîðÿþùàÿ óñëîâèÿì òåîðåìû, íå
ÿâëÿåòñÿ âïîëíå ðåãóëÿðíîé, òî åñòü

lim
m→0

ϕi
m = 0, (i = 1, 2, . . . , s) (3.17)

Äåéñòâèòåëüíî, èç óñëîâèé ðåãóëÿðíîñòè (2.2) ñëåäóåò, ÷òî

ϕi
m +

s∑
j=1

N∑
n=1

aijmn < 1,

òîãäà èç (3.1) è ϕi
mξ

i
m ≤ P :

ϕi
m ≡

ξimϕ
i
m

(
ϕi
m +

s∑
j=1

N∑
n=1

aijmn

)

ξimϕ
i
m +

s∑
j=1

N∑
n=1

ξima
ij
mn

≤ P

l
N∑

n=1

rin

,

ó÷èòûâàÿ óñëîâèå lim
N→∞

(
N∑

n=1

rin

)−1

= 0, ïîëó÷àåì ðàâåíñòâî (3.17).
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4. Ñîáñòâåííûå êîëåáàíèÿ îðòîòðîïíîé ïëàñòèíêè

Â êà÷åñòâå ïðèìåðà ðàññìîòðèì ñîáñòâåííûå êîëåáàíèÿ òîíêîé ïðÿìîóãîëüíîé
îðòîòðîïíîé ïëàñòèíêè (x, y) ∈ [−a; a]× [−b, b] òîëùèíû h. Óðàâíåíèå äâèæåíèÿ è
ãðàíè÷íûå óñëîâèÿ ñâîáîäíîãî êðàÿ çàïèñûâàþòñÿ ïðè ïîìîùè ÷åòûðåõ óïðóãèõ
êîíñòàíò:

Dx
∂4w

∂x4
+ 2H

∂4w

∂x2∂y2
+Dy

∂4w

∂y4
= −ρh

∂2w

∂t2
(4.1)

ãäå ρ � ïëîòíîñòü, Dx = E′
xh

3

12
;Dy =

E′
yh

3

12
;H = D1 + 2Dxy;D1 =

E′′h3

12
;Dxy =

Gh3

12
;

x = ±a : Dx
∂2w

∂x2
+D1

∂2w

∂y2
= 0;Dx

∂3w

∂x3
+ (H + 2Dxy)

∂3w

∂x∂y2
= 0;

y = ±b : Dy
∂2w

∂y2
+D1

∂2w

∂x2
= 0;Dy

∂3w

∂y3
+ (H + 2Dxy)

∂3w

∂x2∂y
= 0.

Îáùåå ðåøåíèå óðàâíåíèÿ (3.17) w = W (x, y)eiωt ñòðîèì ïðè ïîìîùè ìåòîäà ðàç-
äåëåíèÿ ïåðåìåííûõ â ôîðìå ðÿäîâ Ôóðüå. Íèæå ïðåäñòàâëåíî ðåøåíèå â ñëó÷àå
ñèììåòðè÷íûõ ïî îáåèì îñÿì êîëåáàíèé:

W = A0 cos 4

√
E ′

x/E
′
yΩy +B0ch 4

√
E ′

x/E
′
yΩy + C0 cosΩx+D0chΩx+

+
∞∑
n=1

(Anchp̄ny +Bnchpny) cosαnx+
∞∑
n=1

(Cnchq̄nx+Dnchqnx) cos βny
(4.2)

ãäå Ω4 = ρhω2/Dx � áåçðàçìåðíàÿ ÷àñòîòà êîëåáàíèé,αn = πn/a; βn = πn/b.
Âåëè÷èíû pn = p1n + ip2n; qn = q1n + iq2n � ðåøåíèÿ áèêâàäðàòíûõ óðàâíåíèé

E ′
y

E ′
x

p4 − 2α2
n

E ′′ + 2G

E ′
x

p2 + α4
n − Ω4 = 0; q4 − 2β2

n

E ′′ + 2G

E ′
x

q2 +
E ′

y

E ′
x

β4
n − Ω4 = 0.

Ðàñêëàäûâàÿ âõîäÿùèå ôóíêöèè â ðÿäû Ôóðüå, èç ðàâåíñòâ ïðè áàçèñíûõ ôóíê-
öèÿõ ïîëó÷àåì áåñêîíå÷íóþ ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé:

x0aΩ(ctgΩa+ cthΩa) + y0
2E ′′

E ′
x

4

√
E ′

x

E ′
y

=

√
E ′

x

E ′
y

E ′′Ω4

E ′
y

∞∑
n=1

yn
p2np̄

2
n

;

y0bΩ

√
E ′

x

E ′
y

(
ctg 4

√
E ′

x

E ′
y

Ωb+ cth 4

√
E ′

x

E ′
y

Ωb

)
+ x0

2E ′′

E ′
y

=
E ′′Ω4

E ′
y

∞∑
n=1

xn

q2nq̄
2
n

;

xm∆
x
m = 4

√
E ′

x

E ′
y

4Ω4E ′′

E ′
yβ

4
m − E ′

xΩ
4
y0 + 2

√
E ′

y

E ′
x

∞∑
n=1

(
1− E′′(E′′+4G)

E′
xE

′
y

)
β2
mα

2
n +

E′′

E′
y
Ω4

α4
n +

2E′′+4G
E′

x
β2
mα

2
n +

E′
y

E′
x
β4
m − Ω4

yn

ym∆
y
m =

√
E ′

y

E ′
x

4Ω4E ′′

E ′
y(α

4
m − Ω4)

y0 + 2

√
E ′

x

E ′
y

∞∑
n=1

(
1− E′′(E′′+4G)

E′
xE

′
y

)
β2
nα

2
m + E′′

E′
y
Ω4

β4
n +

2E′′+4G
E′

y
β2
nα

2
m + E′

x

E′
y
(α4

m − Ω4)
xn,

(4.3)
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ãäå

x0 = C0Ω
sinΩa

a
; xn =

E ′
x(−1)nCnq̄n(q

2
n − q̄2n)shq̄na

a((E ′′ + 4G)β2
n − E ′

xq
2
n)

;

y0 = A0Ω
sin 4

√
E′

x

E′
y
Ωb

b
; yn =

(E ′
y)

3/2(−1)nAnp̄n(p
2
n − p̄2n)shp̄na√

E ′
xb((E

′′ + 4G)α2
n − E ′

yp
2
n)

;

∆x
m =

a

qmq̄m(q2m − q̄2m)

[
q̄m

(
q2m − E ′′

E ′
x

β2
m

)(
E ′′ + 4G

E ′
x

β2
m − q̄2m

)
cthqma−

qm

(
q̄2m − E ′′

E ′
x

β2
m

)(
E ′′ + 4G

E ′
x

β2
m − q2m

)
cthq̄ma

]
;

∆y
m =

b

pmp̄m(p2m − p̄2m)

[
p̄m

(
p2m − E ′′

E ′
y

α2
m

)(
E ′′ + 4G

E ′
y

α2
m − p̄2m

)
cthpmb−

pm

(
p̄2m − E ′′

E ′
y

α2
m

)(
E ′′ + 4G

E ′
y

α2
m − p2m

)
cthp̄mb

]
.

Ìîæíî ïîêàçàòü, ÷òî ñèñòåìà (4.3) êâàçèðåãóëÿðíà, òî åñòü äëÿ íåå âûïîëíÿ-
þòñÿ óñëîâèÿ ðåãóëÿðíîñòè (2.2) íà÷èíàÿ ñ íåêîòîðîãî íîìåðà NR, òàê êàê

lim
m→∞

(1− ϕ1
m) = lim

m→∞
(1− ϕ2

m) =
E ′

xE
′
y − E ′′2 − 4GE ′′

E ′
xE

′
y − E ′′2 + 4G

√
E ′

xE
′
y

< 1.

Èññëåäîâàíèå (4.3) ìîæíî ñâåñòè [6] ê ðåãóëÿðíûì ñèñòåìàì, äëÿ ýòîãî ïðåäñòàâèì
êàê ëèíåéíóþ êîìáèíàöèþ ïåðâûõ NR íåèçâåñòíûõ îñòàëüíûå íåèçâåñòíûå (X1 =
x0, X2 = y0, X2m+1 = xm, X2m+2 = ym):

Xm =

NR∑
j=1

ξjmXj (m > NR), (4.4)

ïîëó÷àåì, ïîñëå ïîäñòàíîâêè (4.4) â (4.3) ïðè m > NR, ñîâîêóïíîñòü áåñêîíå÷íûõ
ñèñòåì îòíîñèòåëüíî {ξjm} (Mmn � ýëåìåíò áåñêîíå÷íîé ìàòðèöû (4.3))

ξjm =
∞∑

n=NR+1

Mmnξ
j
n +Mmj (m > NR; j = 1, 2, . . . , NR). (4.5)

Ñèñòåìû (4.5) â ñèëó êâàçèðåãóëÿðíîñòè èñõîäíîé ñèñòåìû (4.3) áóäóò âïîëíå ðå-
ãóëÿðíûìè, ÷òî îçíà÷àåò äëÿ íèõ ñóùåñòâîâàíèå åäèíñòâåííîãî îãðàíè÷åííîãî
ðåøåíèÿ. Ïåðâûå íåèçâåñòíûå îïðåäåëÿþòñÿ èç êîíå÷íîé îäíîðîäíîé ñèñòåìû

Xm =

NR∑
n=1

(Mmn +
∞∑

j=NR+1

Mmjξ
n
j )Xn (m = 1, 2, . . . , NR) (4.6)
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Ñèñòåìà (4.6) íà ñîáñòâåííûõ ÷àñòîòàõ Ω∗ èìååò íåòðèâèàëüíîå ðåøåíèå, êîòîðîå
ïîçâîëÿåò ïîñòðîèòü ñîáñòâåííûå ôîðìû ïëàñòèíû. Òàêèì îáðàçîì, ðàâåíñòâî íó-
ëþ îïðåäåëèòåëÿ ñèñòåìû (4.6) ìîæåò âûñòóïàòü â ðîëè äèñïåðñèîííîãî óðàâíå-
íèÿ äëÿ îïðåäåëåíèÿ ñîáñòâåííûõ ÷àñòîò ïëàñòèíû. Ýôôåêòèâíîñòü ïðåäñòàâëåí-
íîãî ïîäõîäà îêàçûâàåòñÿ íàïðÿìóþ ñâÿçàííîé ñ òî÷íîñòüþ ðåøåíèÿ ðåãóëÿðíûõ
ñèñòåì (4.5).

Ïðèâåäåì ïðè ïîìîùè çàìåíû ïåðåìåííûõ

Zj
2m+1 =

ξj2m+1β
2+λ
m

(E ′
x)

1/2+λ/4
; Zj

2m+2 =
ξj2m+2α

2+λ
m

(E ′
y)

1/2+λ/4
(m > Nr;Nr = [NR/2]− 1)

ñèñòåìû (4.5) ê âèäó

Zj
2m+1 =

2
∆x

m

(
E′

y

E′
x

)1+λ
4

∞∑
n=Nr+1

(
βm

αn

)2+λ

(
1−E′′(E′′+4G)

E′
xE′

y

)
β2
mα2

n+
E′′
E′
y
Ω4

α4
n+

2E′′+4G
E′
x

β2
mα2

n+
E′
y

E′
x
β4
m−Ω4

Zj
2n+2+

+
β2+λ
m M2m+1,j

(E′
x)

1/2+λ/4 ;

Zj
2m+2 =

2
∆y

m

(
E′

x

E′
y

)1+λ
4

∞∑
n=Nr+1

(
αm

βn

)2+λ

(
1−E′′(E′′+4G)

E′
xE′

y

)
β2
nα

2
m+E′′

E′
y
Ω4

β4
n+

2E′′+4G
E′
y

β2
nα

2
m+

E′
x

E′
y
(α4

m−Ω4)
Zj

2n+1+

+
α2+λ
m M2m+2,j

(E′
y)

1/2+λ/4 ; (m > Nr)

(4.7)

Âûáðàâ äîñòàòî÷íî áîëüøèì NR â ðàçëîæåíèè (4.4), âñåãäà ìîæíî äîáèòüñÿ íåîò-
ðèöàòåëüíîñòè êîýôôèöèåíòîâ (4.7). Íåîïðåäåëåííûé êîýôôèöèåíò λ íàõîäèòñÿ
èç óñëîâèÿ, ÷òîáû äëÿ (4.7) ïîñëåäîâàòåëüíîñòè èç óñëîâèé ðåãóëÿðíîñòè (2.2)
ñòðåìèëèñü ê íóëþ (3.17). Ñóììèðóÿ ðÿäû â óñëîâèÿõ ðåãóëÿðíîñòè ïî ôîðìóëå
Ýéëåðà-Ìàêëîðåíà è ïåðåõîäÿ ê ïðåäåëó, ïîëó÷àåì ðàâåíñòâî:

ϕi
m = 1− f(λ) +O(mλ−1),

ãäå

f(λ) =
4
√

4E ′
xE

′
y(E

′
xE

′
y − E ′′2 − 4E ′′G)√√

E ′
xE

′
y − E ′′ − 2G(E ′

xE
′
y − E ′′2 + 4G

√
E ′

xE
′
y)
×

×
sin

(
λ+1
2
arctg

√
E′

xE
′
y−(E′′+2G)2

(E′′+2G)2

)
cos πλ

2

.

Óðàâíåíèå äëÿ îïðåäåëåíèÿ λ èìååò âèä: f(λ) = 1, äàííîå óðàâíåíèå èìååò
åäèíñòâåííûé êîðåíü íà λ ∈ [0, 1) äëÿ âñåõ çíà÷åíèé óïðóãèõ ïîñòîÿííûõ.

Ïîëîæèâ ξ1m = ξ2m = m1−λ è r1n = r2n = n−λ, ìîæíî óâèäåòü, ÷òî äëÿ ñèñòå-
ìû (4.7) âûïîëíÿþòñÿ âñå òðåáóåìûå òåîðåìîé îöåíêè, åäèíñòâåííîñòü ðåøåíèÿ
ñëåäóåò èç òåîðåìû Ï.Ñ.Áîíäàðåíêî [1]. Òàêèì îáðàçîì, ñïðàâåäëèâî

lim
m→∞

Zj
2m+1 = lim

m→∞
Zj

2m+2 = G̃j.
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Íàëè÷èå ïîëîæèòåëüíîãî ïðåäåëà ó ðåøåíèé (4.7) ïîçâîëÿåò èñïîëüçîâàòü äëÿ
äâóñòîðîííèõ îöåíîê ïåðâûõ íåèçâåñòíûõ è ïðåäåëüíîãî çíà÷åíèÿ, ìåòîä ïðåäåëü-
íûõ ëèìèòàíò [5] è ïîëó÷èòü íåòðèâèàëüíîå ðåøåíèå (4.3) íà ñîáñòâåííîé ÷àñòîòå
êîëåáàíèé ñ òðåáóåìîé òî÷íîñòüþ. Òàê äëÿ êâàäðàòíîé ïëàñòèíêè èç ïÿòèñëîéíîé
êëåíîâîé ôàíåðû (a = b = 1;E ′

x = 131; E ′
y = 42; E ′′ = 5, 1; G = 11, 1 â åäèíè-

öàõ 103 kg/cm2) áûëà íàéäåíà ïåðâàÿ ñîáñòâåííàÿ ÷àñòîòà ïëàñòèíû Ω∗
1 = 1, 77737

êàê íóëü îïðåäåëèòåëÿ êîíå÷íîé ñèñòåìû (4.6). Íà äàííîé ñîáñòâåííîé ÷àñòîòå
NR(Ω

∗
1) = 2, òî åñòü òîëüêî äâà ïåðâûõ óðàâíåíèÿ (4.3) íå ÿâëÿþòñÿ ðåãóëÿðíûìè.

Íèæå ïðåäñòàâëåíû äàííûå îöåíêè ïðè óäåðæàíèè â êîíå÷íûõ ñèñòåìàõ ìåòîäà
ëèìèòàíò 200 óðàâíåíèé:

0, 002331 ≤ Z1
3 ≤ 0, 002331 0, 040867 ≤ Z2

3 ≤ 0, 040867
0, 014317 ≤ Z1

4 ≤ 0, 014317 0, 014441 ≤ Z2
4 ≤ 0, 014441

0, 005135 ≤ Z1
5 ≤ 0, 005135 0, 010399 ≤ Z2

5 ≤ 0, 010399
0, 004344 ≤ Z1

200 ≤ 0, 004353 0, 012368 ≤ Z2
200 ≤ 0, 012397

0, 004345 ≤ G̃1 ≤ 0, 004389 0, 012254 ≤ G̃2 ≤ 0, 012407

Íåòðèâèàëüíîå ðåøåíèå ñèñòåìû (4.6) X1 = 1;X2 = −14, 5957 ïîçâîëÿåò ïî
ôîðìóëàì (4.4) íàéòè âñå îñòàâøèåñÿ êîìïîíåíòû íåòðèâèàëüíîãî ðåøåíèÿ êâà-
çèðåãóëÿðíîé áåñêîíå÷íîé ñèñòåìû (4.3). Ó÷èòûâàÿ, ÷òî äëÿ äàííîãî ïðèìåðà çíà-
÷åíèå λ = 0, 414002 èç (4.4) äëÿ èñõîäíûõ íåèçâåñòíûõ ñëåäóåò àñèìïòîòè÷åñêàÿ
ôîðìóëà:

xm ≈ Gλ(E
′
x)

1/2+λ/4

β2+λ
m

, ym ≈
Gλ(E

′
y)

1/2+λ/4

α2+λ
m

(m → ∞),

ãäå Gλ =
NR∑
j=1

XjG̃j.

5. Çàêëþ÷åíèå
Ïðåäñòàâëåííîå îáîáùåíèå çàêîíà àñèìïòîòè÷åñêèõ âûðàæåíèé, áëàãîäàðÿ

ââåäåííûì â óñëîâèå ïîñëåäîâàòåëüíîñòÿì rin, ïîçâîëÿò èñïîëüçîâàòü òåîðåìó äëÿ
èññëåäîâàíèÿ ñòåïåííûõ àñèìïòîòèê êâàçèðåãóëÿðíûõ áåñêîíå÷íûõ ñèñòåì, âîç-
íèêàþùèõ â çàäà÷àõ äèíàìèêè è ñòàòèêè óïðóãîãî òåëà, â òîì ÷èñëå è äëÿ çàäà÷
íà ñîáñòâåííûå çíà÷åíèÿ.
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