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Àííîòàöèÿ. Ðàññìàòðèâàåòñÿ ëèíåéíîå äèôôåðåíöèàëüíî-ðàçíîñòíîå óðàâíåíèå íåéòðàëüíîãî
òèïà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè d

dt [x(t)− dx(t− τ)] = ax(t)+bx(t−τ), τ > 0, x(t) ∈ R, t ≥ 0,
íà÷àëüíîå âîçìóùåíèå êîòîðîãî íàõîäèòñÿ â δ-îêðåñòíîñòè ïîëîæåíèÿ ðàâíîâåñèÿ. Ïîëó÷åíà
ìàæîðàíòíàÿ îöåíêà îòêëîíåíèÿ ðåøåíèÿ óðàâíåíèÿ îò ïîëîæåíèÿ ðàâíîâåñèÿ.

1. Ââåäåíèå

Ïðàêòè÷åñêèå çàäà÷è ïîñëåäíåãî âðåìåíè âûçâàëè íåîáõîäèìîñòü ïî-
ëó÷åíèÿ îöåíîê ôóíêöèîíèðîâàíèÿ äèíàìè÷åñêèõ ïðîöåññîâ, îïèñûâàåìûõ
ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûìè óðàâíåíèÿìè [1�2]. Êàê ïðàâèëî, ïîëó÷åíèå
óòâåðæäåíèÿ îá óñòîé÷èâîñòè èëè íåóñòîé÷èâîñòè ðåøåíèé äëÿ ïðàêòè÷åñêèõ çà-
äà÷ óæå íå äîñòàòî÷íî. Áûâàåò, ÷òî è íåóñòîé÷èâàÿ ñèñòåìà íà íåáîëüøîì ïðîìå-
æóòêå âðåìåíè äàåò íåïëîõèå ðåçóëüòàòû. Ïîýòîìó âàæíûì ÿâëÿåòñÿ ïîëó÷åíèå
êîíñòðóêòèâíûõ îöåíîê ñõîäèìîñòè (èëè ðàñõîäèìîñòè) ðåøåíèé óðàâíåíèé. Ðàñ-
ñìîòðèì ëèíåéíîå ñêàëÿðíîå äèôôåðåíöèàëüíî-ðàçíîñòíîå óðàâíåíèå íåéòðàëü-
íîãî òèïà [3, 4]

d

dt
[x(t)− dx(t− τ)] = ax(t) + bx(t− τ), τ > 0, x(t) ∈ R1, t ≥ 0. (1.1)

Óðàâíåíèå ìîæåò áûòü êàê óñòîé÷èâûì, òàê è íåóñòîé÷èâûì. Ïðåäïîëàãàåòñÿ, ÷òî
íà÷àëüíîå âîçìóùåíèå íàõîäèòñÿ â δ-îêðåñòíîñòè ïîëîæåíèÿ ðàâíîâåñèÿ. Òðåáóåò-
ñÿ ïîëó÷èòü ìàæîðàíòíóþ îöåíêó âåëè÷èíû îòêëîíåíèÿ ðåøåíèÿ x(t) óðàâíåíèÿ
(1.1) îò ïîëîæåíèÿ ðàâíîâåñèÿ.

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ñëîâàöêîãî ôîíäà VEGA, ãðàíò No. 1/3238/06
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Çäåñü è â äàëüíåéøåì èñïîëüçóþòñÿ ñëåäóþùèå âåêòîðíûå è ìàòðè÷íûå íîðìû

|A| = {
λmax(A

T A)
}1/2

, ‖x(t)‖τ = max
−τ≤s≤0

|x(s + t)|,

‖x(t)‖τ,β =





0∫

−τ

eβs |x(t + s)|2d s





1/2

,
(1.2)

ãäå λmax(·) è λmin(·) � íàèáîëüøåå è íàèìåíüøåå ñîáñòâåííûå ÷èñëà ñîîòâåòñòâó-
þùèõ ñèììåòðè÷íûõ, ïîëîæèòåëüíî îïðåäåëåííûõ ìàòðèö.

Äëÿ ïîëó÷åíèÿ îöåíîê âîçìóùåíèé èñïîëüçóåòñÿ ìåòîä ôóíêöèîíàëîâ
Ëÿïóíîâà-Êðàñîâñêîãî [5, 6].

2. Îöåíêè ñõîäèìîñòè ðåøåíèé óñòîé÷èâûõ ñêàëÿðíûõ
óðàâíåíèé

Ðàññìîòðèì ëèíåéíîå óðàâíåíèå (1.1) â ïðåäïîëîæåíèè åãî óñòîé÷èâîñòè. Èìå-
åò ìåñòî ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 1. Ïóñòü ïàðàìåòðû óðàâíåíèÿ (2.1) òàêîâû, ÷òî

a + bd− |b + ad| > 0. (2.1)

Òîãäà íóëåâîå ðåøåíèå àñèìïòîòè÷åñêè óñòîé÷èâî è äëÿ ïðîèçâîëüíîãî ðåøåíèÿ
x(t) ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà ñõîäèìîñòè

‖x(t)‖τ,β ≤
[√

1 + d2

g
(|x(0)|+ |x(−τ)|) + ‖x(0)‖τ,β

]
e−βt, t ≥ 0,

ãäå β =
a + bd− |b + ad|

(1 + d2) + gτ
. (2.2)

Äîêàçàòåëüñòâî. Êàê áûëî ñêàçàíî âûøå, äëÿ ïîëó÷åíèÿ ôîðìóëû (2.2) èñïîëü-
çóåì ìåòîä ôóíêöèîíàëîâ Ëÿïóíîâà-Êðàñîâñêîãî [5,6]. Ôóíêöèîíàë âûáèðàåòñÿ â
âèäå

V [x(t), t] = eγth [x(t)− dx(t− τ)]2 + geγt

0∫

−τ

eβsx2(t + s)d s,

ãäå ïîñòîÿííûå h > 0, g > 0, γ > 0, β > 0 áóäóò îïðåäåëåíû â äàëüíåéøåì.
Ïîñêîëüêó ôóíêöèîíàë V ÿâëÿåòñÿ îäíîðîäíûì îòíîñèòåëüíî h è g, òî ìîæíî
ïîëîæèòü h = 1. Ïðîèçâåäÿ çàìåíó t + s = ξ, ïîëó÷èì

V [x(t), t] = eγt [x(t)− dx(t− τ)]2 + geγt

t∫

t−τ

e−β(t−ξ)x2(ξ)d ξ, g > 0. (2.3)
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Èñïîëüçóÿ ââåäåííûå ìàòðè÷íûå è âåêòîðíûå íîðìû (1.2), ïîëó÷èì äëÿ (2.3) ñëå-
äóþùèå äâóñòîðîííèå îöåíêè:

geγt ‖x(t)‖2
τ,β ≤ V [x(t), t] ≤ eγt

(
1 + d2

) [
x2(t) + x2(t− τ)

]
+ geγt ‖x(t)‖2

τ,β . (2.4)

Âû÷èñëèì ïîëíóþ ïðîèçâîäíóþ ôóíêöèîíàëà (2.3) âäîëü ðåøåíèé óðàâíåíèÿ
(1.1). Îíà èìååò âèä

d

dt
V [x(t), t] = γeγt [x(t)− dx(t− τ)]2 + 2eγt [x(t)− dx(t− τ)] [−ax(t) + bx(t− τ)] +

+ geγt
[
x2 (t)− e−βτx2 (t− τ)

]
+ eγtg (γ − β)

t∫

t−τ

e−β(t−ξ)x2(ξ)dξ.

Çàïèøåì ïðîèçâîäíóþ â âèäå

d

dt
V [x(t), t] =

= −eγt (x(t), x(t− τ))

{[
2a− g −ad− b
−ad− b 2bd + g

]
− γ

[
1 −d
−d d2

]}(
x(t)
x(t− τ)

)
+

+ eγtg(1− e−βτ )x2(t− τ)− eγt (β − γ) g

t∫

t−τ

e−β(t−ξ)x2(ξ)d ξ. (2.5)

Óñëîâèåì ïîëîæèòåëüíîé îïðåäåëåííîñòè ìàòðèöû

S[g] =

[
2a− g − ad− b
−ad− b 2bd + g

]
,

ñîãëàñíî êðèòåðèÿ Ñèëüâåñòðà, ÿâëÿåòñÿ âûïîëíåíèå íåðàâåíñòâ

∆1 = 2a− g > 0,
∆2 = (2a− g)(2bd + g)− (ad + b)2 > 0.

Îïòèìàëüíîå çíà÷åíèå âåëè÷èíû g, ò.å. çíà÷åíèå, ïðè êîòîðîì ìàòðèöà S[g] áóäåò
ïîëîæèòåëüíî îïðåäåëåííîé, âûáåðåì èç óñëîâèÿ ìàêñèìóìà îïðåäåëèòåëÿ ∆2,
ò.å. èç óñëîâèÿ

d∆2

dg
=

d

dg

[
(2a− g)(2bd + g)− (ad + b)2

]
= 0.

Èç ýòîãî óñëîâèÿ ñëåäóåò, ÷òî g = a− bd è, ñëåäîâàòåëüíî, ïîëó÷àåì

S[g] =

[
a + bd − (ad + b)
−(ad + b) a + bd

]
.
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Ïîñêîëüêó ïðè âûáðàííîì g èìååì

∆1 = a + bd è ∆2 = (a + bd)2 − (ad + b)2,

òî óñëîâèÿ ïîëîæèòåëüíîé îïðåäåëåííîñòè ìàòðèöû S [g] ïîëó÷àþò âèä

a + bd > |ad + b| .

Èç õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ ìàòðèöû S[g]

λ2 − 2(a + bd)λ +
[
(a + bd)2 − (ad + b)2

]
= 0

íàõîäèì λmin (S[g]) = (a + bd)− |ad + b|. Âûáåðåì âåëè÷èíû β è γ òàêèì îáðàçîì,
÷òîáû β − γ ≥ 0. Ïîñêîëüêó

λmax (M) = 1 + d2, ãäå M =

[
1 −d
−d d2

]
,

òî ïåðåïèøåì âûðàæåíèå (2.5) äëÿ ïðîèçâîäíîé ôóíêöèîíàëà V [x(t), t] ñëåäóþ-
ùèì îáðàçîì

d

dt
V [x(t), t] ≤ −eγt

{
[(a + bd)− |b + ad|]− γ

(
1 + d2

)}
x2(t)−

− eγt
{
[(a + bd)− |b + ad|]− γ

(
1 + d2

)− (
1− e−βτ

)
g
}

x2 (t− τ)−
− eγt (β − γ) g ‖x(t)‖2

τ,β (2.6)

Äëÿ ôóíêöèîíàëà V [x(t), t] è åãî ïðîèçâîäíîé áóäóò ñïðàâåäëèâû íåðàâåíñòâà
(2.4), (2.6). Ïîëó÷èì óñëîâèÿ, êîòîðûå íåîáõîäèìî íàëîæèòü íà êîýôôèöèåíòû
óðàâíåíèÿ è ïàðàìåòðû ôóíêöèîíàëà Ëÿïóíîâà-Êðàñîâñêîãî, ÷òîáû äëÿ ïîëíîé
ïðîèçâîäíîé ôóíêöèîíàëà âûïîëíÿëîñü íåðàâåíñòâî

d

dt
V [x(t), t] ≤ −ςV [x(t), t], ς > 0.

Ïðîâåäåì ñëåäóþùèå ïðåîáðàçîâàíèÿ.
1. Ïåðåïèøåì ïðàâóþ ÷àñòü íåðàâåíñòâà (2.4) â âèäå

−eγt ‖x(t)‖2
τ,β ≤ −1

g
V [x(t), t] + eγt 1 + d2

g
x2(t) + eγt 1 + d2

g
x2(t− τ)

è ïîäñòàâèì â íåðàâåíñòâî (2.6). Ïîëó÷àåì

d

dt
V [x(t), t] ≤ −(β − γ)V [x(t), t]−

− eγt{[(a + bd)− |b + ad|]− γ(1 + d2)− (β − γ)(1 + d2)}x2(t)−
− eγt{[(a + bd)− |b + ad|]− γ(1 + d2)− (β − γ)(1 + d2)− (1− e−βτ )g}x2(t− τ)
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È, åñëè êîýôôèöèåíòû óðàâíåíèÿ è ïàðàìåòðû ôóíêöèîíàëà òàêîâû, ÷òî

[(a + bd)− |b + ad|]− γ
(
1 + d2

)− (β − γ)
(
1 + d2

)− (
1− e−βτ

)
g > 0,

èëè
[(a + bd)− |b + ad|]− γ (1 + d2)− (

1− e−βτ
)
g

1 + d2
> β − γ,

òî
d

dt
V [x(t), t] ≤ −ςV [x(t), t] , ς = β − γ. (2.7)

2. Ïåðåïèøåì ïðàâóþ ÷àñòü íåðàâåíñòâà (2.4) â âèäå

−eγtx2(t) ≤ − 1

1 + d2
V [x(t), t] + eγtx2(t− τ) + eγt g

1 + d2
‖x(t)‖2

τ,β

è âíîâü ïîäñòàâèì ïîëó÷åííîå âûðàæåíèå â íåðàâåíñòâî (2.6). Ïîëó÷àåì

d

dt
V [x(t), t] ≤ − [(a + bd)− |b + ad|]− γ(1 + d2)

1 + d2
V [x(t), t]−

− eγt(1− e−βτ )gx2(t)−

− eγt

{
(β − γ)− [(a + bd)− |b + ad|]− γ(1 + d2)

1 + d2
g

}
‖x(t)‖2

τ,α

Ïîñêîëüêó ïðè β > 0 ñëàãàåìîå eγt
(
1− e−βτ

)
g âñåãäà ïîëîæèòåëüíî, òî ýòî

íåðàâåíñòâî íåëüçÿ ïðèâåñòè ê âèäó, êîãäà ïðàâàÿ ÷àñòü ñîäåðæèò òîëüêî ÷ëåí
−ςV [x(t), t].

3. Íàêîíåö, ïåðåïèøåì ïðàâóþ ÷àñòü íåðàâåíñòâà (2.4) â âèäå

−eγtx2(t− τ) ≤ − 1

1 + d2
V [x(t), t] + eγtx2(t) + eγt g

1 + d2
‖x(t)‖2

τ,β

è ïîäñòàâèì ïîëó÷åííîå âûðàæåíèå â (2.6). Ïîëó÷àåì

d

dt
V [x(t), t] ≤ − [(a + bd)− |b + ad|]− γ(1 + d2)− (1− e−βτ )g

1 + d2
V [x(t), t]−

− eγt(1− e−βτ )gx2(t)−

− eγtg

{
(β − γ)− [(a + bd)− |b + ad|]− γ(1 + d2)− (1− e−βτ )g

1 + d2

}
‖x(t)‖2

τ,α

È, åñëè ïàðàìåòðû òàêîâû, ÷òî

[(a + bd)− |b + ad|]− γ (1 + d2)− (
1− e−βτ

)
g

1 + d2
≤ β − γ,

òî
d

dt
V [x(t), t] ≤ −ςV [x(t), t], ς = D(β)− γ, (2.8)
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ãäå D(β) =
[(a + bd)− |b + ad|]− (

1− e−βτ
)
g

1 + d2
. Ðåøèâ äèôôåðåíöèàëüíûå íåðàâåí-

ñòâà (2.7), (2.8), ïîëó÷àåì

V [x(t), t] ≤ V [x(0), 0]e−ςt, t ≥ 0,

ς =

{
β − γ, åñëè β − γ < D(β),

D(β)− γ, åñëè β − γ ≥ D(β).

Âíîâü èñïîëüçóÿ äâóñòîðîííèå îöåíêè (2.4) äëÿ ôóíêöèîíàëà Ëÿïóíîâà -
Êðàñîâñêîãî V [x(t), t], çàïèøåì

eγtg ‖x(t)‖2
τ,β ≤ V [x(t), t] ≤ V [x(0), 0]e−ςt ≤

≤
{(

1 + d2
) [

x2(0) + x2(−τ)
]
+ g ‖x(0)‖2

τ,β

}
e−ςt, t ≥ 0.

Îòñþäà îêîí÷àòåëüíàÿ îöåíêà ñõîäèìîñòè ðåøåíèé ñêàëÿðíîãî óðàâíåíèÿ íåé-
òðàëüíîãî òèïà, ïîëó÷åííàÿ ñ ïîìîùüþ ôóíêöèîíàëà Ëÿïóíîâà-Êðàñîâñêîãî, èìå-
åò âèä

‖x(t)‖τ,β ≤
[√

1 + d2

g
(|x(0)|+ |x(−τ)|) + ‖x(0)‖τ,β

]
e−θ(β)t, t ≥ 0,

θ (β) = ς + γ,

ãäå ôóíêöèÿ θ (β) èìååò âèä

θ (β) = min

{
[(a + bd)− |b + ad|]− (

1− e−βτ
)
g

1 + d2
, β

}
. (2.9)

Ôóíêöèÿ θ (β) ïðåäñòàâëÿåò ñîáîé êóñî÷íî íåïðåðûâíî-äèôôåðåíöèðóåìóþ ôóíê-
öèþ, ñîñòàâëåííóþ èç äâóõ ÷àñòåé. Ïåðâàÿ èç íèõ

θ1 (β) =
[(a + bd)− b + ad]− g

1 + d2
+

g

1 + d2
e−βτ

íà ïðîìåæóòêå β ≥ 0 ÿâëÿåòñÿ íåïðåðûâíî äèôôåðåíöèðóåìîé, ìîíîòîííî óáû-
âàþùåé ôóíêöèåé, ïðè÷åì

θ1 (0) =
[(a + bd)− |b + ad|]

1 + d2
> 0,

lim
β→+∞

θ1 (β) =
[(a + bd)− |b + ad|]− g

1 + d2
.

Âòîðàÿ ôóíêöèÿ θ2 (β) = β ìîíîòîííî âîçðàñòàþùàÿ. Ïîýòîìó ìàêñèìàëüíîå çíà-
÷åíèå ôóíêöèè θ (β) îïðåäåëÿåòñÿ ïðè ïåðåñå÷åíèè ýòèõ äâóõ êðèâûõ, ò.å. ÿâëÿåòñÿ
ðåøåíèåì óðàâíåíèÿ

[
(a + bd)− |b + ad| − (

1− e−βτ
)
g
]

1 + d2
= β. (2.10)
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Òî÷íîå ðåøåíèå óðàâíåíèÿ (2.10) íàéòè íå óäàåòñÿ. Ïîëó÷èì ïðèáëèæåííîå ðå-
øåíèå ýòîãî óðàâíåíèÿ, ãàðàíòèðóþùåå îöåíêó ñõîäèìîñòè ðåøåíèÿ. Äëÿ ýòîãî
çàìåíèì ôóíêöèþ θ1 (β) îòðåçêîì ïðÿìîé ïðîõîäÿùåé ÷åðåç òî÷êó M0 (0, θ1 (0)),
ñ óãëîâûì êîýôôèöèåíòîì, ñîâïàäàþùèì ñ ïðîèçâîäíîé ôóíêöèè ς1 (β) â òî÷êå
β = 0. Îí èìååò âèä

θ1 (β) = θ′1 (0) β + θ1 (0) .

Ïîäñòàâëÿÿ ñîîòâåòñòâóþùèå çíà÷åíèÿ ïàðàìåòðîâ, ïîëó÷èì

θ1 (β) = − gτ

1 + d2
β +

[(a + bd)− |b + ad|]
1 + d2

.

Ïîýòîìó ðåøåíèåì óðàâíåíèÿ

− gτ

1 + d2
β +

[(a + bd)− |b + ad|]
1 + d2

= β

áóäåò
β =

[(a + bd)− |b + ad|]
(1 + d2) + gτ

.

Òàêèì îáðàçîì îêîí÷àòåëüíî ïîëó÷àåì óòâåðæäåíèå (2.2) òåîðåìû 1.

3. Îöåíêè ñõîäèìîñòè ðåøåíèé íåóñòîé÷èâûõ ñêàëÿðíûõ
óðàâíåíèé

Âíîâü ðàññìîòðèì ñêàëÿðíîå óðàâíåíèå (1.1)

d

dt
[x(t)− dx(t− τ)] = −ax(t) + bx(t− τ), a > 0, |d| 6= 1.

Íà ýòîò ðàç íå áóäåì äåëàòü ïðåäïîëîæåíèé, ãàðàíòèðóþùèõ åãî óñòîé÷èâîñòü.
Â ýòîì ñëó÷àå íå áóäåì íàêëàäûâàòü óñëîâèå γ > 0. Ïîñêîëüêó ðàññìàòðèâàåòñÿ
ëèíåéíîå óðàâíåíèå íà êîíå÷íîì èíòåðâàëå âðåìåíè, òî äàæå â ñëó÷àå íåóñòîé-
÷èâîñòè ìîæíî ïðîâîäèòü îöåíêè ðàñõîæäåíèé åãî ðåøåíèé. Ïîëó÷åíèå îöåíîê
ðàñõîæäåíèÿ âíîâü áóäåì ïîëó÷àòü ñ èñïîëüçîâàíèåì ôóíêöèîíàëà (2.3)

V [x(t), t] = eγt [x(t)− dx(t− τ)]2 + geγt

0∫

−τ

eβsx2(t + s)ds, g > 0.

Èìååò ìåñòî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 2. Ïóñòü ïàðàìåòðû óðàâíåíèÿ (1.1) òàêîâû, ÷òî íå âûïîëíÿåòñÿ

a + bd− |b + ad| > 0
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à ñèñòåìà íåðàâåíñòâ (îòíîñèòåëüíî ïåðåìåííûõ g > 0, γ)

γ + g < 2a, g2 + gγ
(
1− d2

)
+ 2 (bd− a) g < − (ad− b)2 (3.1)

èìååò ðåøåíèå. Òîãäà äëÿ ïðîèçâîëüíîãî ðåøåíèÿ x(t) óðàâíåíèÿ (1.1) ñïðàâåäëè-
âà ñëåäóþùàÿ îöåíêà ñõîäèìîñòè

‖x(t)‖τ,β ≤
[√

1 + d2

g
(|x(0)|+ |x(−τ)|) + ‖x(0)‖τ,β

]
e−θ(β,γ)t , t ≥ 0, (3.2)

θ (β, γ) = min

{
λmin (S [g, γ])− (

1− e−βτ
)
g

1 + d2
+ γ, β

}
,

λmin(S[g, γ]) =
1

2

{
[2(a + bd)− γ(1 + d2)]−

−
√

[2(a− bd− g)− γ(1− d2)]2 + [(ad + b)− γ]2
}

Äîêàçàòåëüñòâî. Çàïèøåì ïðîèçâîäíóþ ôóíêöèîíàëà (2.3) â âèäå

d

dt
V [x(t)] =

= −eγt(x(t), x(t− τ))

[
2a− g − γ −(ad + b) + γd

−(ad + b) + γd 2bd + g − γd2

](
x(t)

x(t− τ)

)
+

+ eγtg(1− e−βτ )x2(t− τ)− eγt(β − γ)g

∫ t

t−τ

e−β(t−ξ)x2(ξ)dξ

Óñëîâèåì ïîëîæèòåëüíîé îïðåäåëåííîñòè ìàòðèöû

S[g, γ] =

[
2a− g − γ − (ad + b) + γd
−(ad + b) + γd 2bd + g − γd2

]
,

ñîãëàñíî êðèòåðèÿ Ñèëüâåñòðà, ÿâëÿåòñÿ âûïîëíåíèå íåðàâåíñòâ
∆1 = 2a− g − γ > 0,

∆2 = (2a− g − γ)(2bd + g − γd2)− [− (ad + b) + γd]2 > 0.

Ïåðåïèøåì èõ â âèäå
γ + g < 2a,

g2 + gγ
(
1− d2

)
+ 2 (bd− a) g < − (ad− b)2 .

Ñîãëàñíî óñëîâèÿ òåîðåìû 2, ñèñòåìà íåðàâåíñòâ èìååò ðåøåíèå. Ïîýòîìó äëÿ
ïîëíîé ïðîèçâîäíîé ôóíêöèîíàëà Ëÿïóíîâà èìååò ìåñòî ñîîòíîøåíèå

d

dt
V [x(t), t] ≤ −eγtλmin(S[g, γ])[x2(t) + x2(t− τ)]+

+ eγtg(1− e−βτ )x2(t− τ)− eγt(β − γ)g‖x(t)‖2
τ,β (3.3)
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ãäå

λmin(S[g, γ]) =
1

2

{
[2(a + bd)− γ(1 + d2)]−

−
√

[2(a− bd− g)− γ(1− d2)]2 + [(ad + b)− γ]2
}

È òàê êàê ìàòðèöà S [g, γ] ïîëîæèòåëüíî îïðåäåëåííàÿ, òî λmin (S [g, γ]) > 0.
Òàêèì îáðàçîì äëÿ ôóíêöèîíàëà V [x(t), t] è åãî ïðîèçâîäíîé áóäóò ñïðàâåä-

ëèâû íåðàâåíñòâà (2.3), (3.3).
Ïðîâåäåì ñëåäóþùèå ïðåîáðàçîâàíèÿ.
1. Ïåðåïèøåì ïðàâóþ ÷àñòü íåðàâåíñòâà (2.3) â âèäå

−eγt ‖x(t)‖2
τ,β ≤ −1

g
V [x(t), t] + eγt 1 + d2

g
x2(t) + eγt 1 + d2

g
x2(t− τ)

è ïîäñòàâèì â íåðàâåíñòâî (3.3). Ïîëó÷àåì

d

dt
V [x(t), t] ≤ −(β − γ)V [x(t), t]−

− eγt{λmin(S[g, γ])− (β − γ)(1 + d2)}x2(t)−
− eγt{λmin(S[g, γ])} − (β − γ)(1 + d2)− (1− e−βτ )g}x2(t− τ)

È, åñëè ïàðàìåòðû óðàâíåíèÿ òàêîâû, ÷òî

λmin (S [g, γ])− (β − γ)
(
1 + d2

)− (
1− e−βτ

)
g > 0,

òî
d

dt
V [x(t), t] ≤ −ςV [x(t), t] , ς = β − γ. (3.4)

2. Ïåðåïèøåì ïðàâóþ ÷àñòü íåðàâåíñòâà (2.3) â âèäå

−eγtx2(t) ≤ − 1

1 + d2
V [x(t), t] + eγtx2(t− τ) + eγt g

1 + d2
‖x(t)‖2

τ,β

è âíîâü ïîäñòàâèì ïîëó÷åííîå âûðàæåíèå â íåðàâåíñòâî (3.3). Ïîëó÷àåì

d

dt
V [x(t), t] ≤ −λmin (S [g, γ])

1 + d2
V [x(t), t] + eγt

(
1− e−βτ

)
gx2(t− τ)−

− eγt

{
(β − γ) g − λmin (S [g, γ])

1 + d2
g

}
‖x(t)‖2

τ,β .

Ïîñêîëüêó ïðè β > 0 ñëàãàåìîå eγt
(
1− e−βτ

)
g âñåãäà ïîëîæèòåëüíî, òî íåðàâåí-

ñòâî íåëüçÿ ïðèâåñòè ê âèäó, êîãäà ïðàâàÿ ÷àñòü ñîäåðæèò òîëüêî îòðèöàòåëüíûé
÷ëåí V [x(t), t].
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3. Íàêîíåö, ïåðåïèøåì ïðàâóþ ÷àñòü íåðàâåíñòâà (2.3) â âèäå

−eγtx2(t− τ) ≤ − 1

1 + d2
V [x(t), t] + eγtx2(t) + eγt g

1 + d2
‖x(t)‖2

τ,β

è ïîäñòàâèì ïîëó÷åííîå âûðàæåíèå â (3.3). Ïîëó÷àåì

d

dt
V [x(t)] ≤ −λmin (S [g, γ])− (

1− e−βτ
)
g

1 + d2
V [x(t), t]−

− eγt
(
1− e−βτ

)
gx2(t)−

− eγtg

{
(β − γ)− λmin (S [g, γ])− (

1− e−βτ
)
g

1 + d2

}
‖x(t)‖2

τ,α .

È, åñëè ïàðàìåòðû òàêîâû, ÷òî

λmin (S [g, γ])− (
1− e−βτ

)
g

1 + d2
≤ β − γ,

òî
d

dt
V [x(t), t] ≤ −ςV [x(t), t] ,

ς = D1(β) =
λmin (S [g, γ])− (

1− e−βτ
)
g

1 + d2
. (3.5)

Ðåøàÿ îáà äèôôåðåíöèàëüíûõ íåðàâåíñòâà (3.4), (3.5), ïîëó÷àåì

V [x(t), t] ≤ V [x(0), 0]e−ςt, t ≥ 0,

ς =

{
β − γ, åñëè β − γ < D1(β),

D1(β), åñëè β − γ ≥ D1(β).

Âíîâü èñïîëüçóÿ äâóñòîðîííèå îöåíêè (2.3) äëÿ ôóíêöèîíàëà Ëÿïóíîâà-
Êðàñîâñêîãî V [x(t), t], çàïèøåì

eγtg ‖x(t)‖2
τ,β ≤ V [x(t), t] ≤ V [x(0), 0]e−ςt ≤
≤

{(
1 + d2

) [
x2(0) + x2(−τ)

]
+ g ‖x(0)‖2

τ,β

}
e−ςt, t ≥ 0.

Îòñþäà îêîí÷àòåëüíàÿ îöåíêà ñõîäèìîñòè ðåøåíèé ñêàëÿðíîãî óðàâíåíèÿ íåé-
òðàëüíîãî òèïà, ïîëó÷åííàÿ ñ ïîìîùüþ ôóíêöèîíàëà Ëÿïóíîâà-Êðàñîâñêîãî,
âíîâü èìååò âèä

‖x(t)‖τ,β ≤
[√

1 + d2

g
(|x(0)|+ |x(−τ)|) + ‖x(0)‖τ,β

]
e−θ(β,γ)t, t ≥ 0,
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ãäå θ (β, γ) èìååò âèä

θ (β, γ) = min

{
λmin (S [g, γ])− (

1− e−βτ
)
g

1 + d2
+ γ, β

}
.

Çàìå÷àíèå 1. Ìîæíî ïðîâåðèòü, ÷òî íåðàâåíñòâà (3.1) âñåãäà èìåþò íåíóëåâîå
ðåøåíèå. Ïîýòîìó ýòî òðåáîâàíèå èç óñëîâèé òåîðåìû ìîæíî èñêëþ÷èòü.
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