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Àííîòàöèÿ. Ðàññìàòðèâàåòñÿ çàäà÷à î äâèæåíèè ñôåðè÷åñêîãî ãèðîñòàòà ïîä äåéñòâèåì ïî-
òåíöèàëüíûõ è ãèðîñêîïè÷åñêèõ ñèë, îïèñûâàåìàÿ äèôôåðåíöèàëüíûìè óðàâíåíèÿìè Êèðõãî-
ôà. Ïîëó÷åíû ÿâíûå çàâèñèìîñòè îñíîâíûõ ïåðåìåííûõ îò âðåìåíè è ïîêàçàíî, ÷òî èçó÷àåìàÿ
ïðåöåññèÿ ïåðâîãî òèïà îïèñûâàåòñÿ ïåðèîäè÷åñêèìè ôóíêöèÿìè âðåìåíè. Íà îñíîâàíèè òåîðèè
ñèñòåì àâòîíîìíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé èññëåäîâàíà ñèñòåìà óðàâíåíèé â âàðèàöèÿõ,
âûïèñàíî óðàâíåíèå Õèëëà è ïîñòðîåíà ôóíäàìåíòàëüíàÿ ìàòðèöà. Ñ ïîìîùüþ ïåðâîãî ìåòî-
äà Ëÿïóíîâà ïîëó÷åíî ðåøåíèå ñèñòåìû íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé â âèäå ðÿ-
äîâ Ëÿïóíîâà ñ îäíîé ïðîèçâîëüíîé ïîñòîÿííîé, îïðåäåëÿþùåå àñèìïòîòè÷åñêè-ïðåöåññèîííûå
äâèæåíèÿ ãèðîñòàòà â ñëó÷àå, êîãäà ïðåäåëüíîå äâèæåíèå ÿâëÿåòñÿ ïîëóðåãóëÿðíîé ïðåöåññèåé
ïåðâîãî òèïà.

1. Ââåäåíèå
Ïðåöåññèîííûå äâèæåíèÿ, õàðàêòåðíûì ñâîéñòâîì êîòîðûõ ÿâëÿåòñÿ ïîñòîÿí-

ñòâî óãëà ìåæäó äâóìÿ îñÿìè l1 è l2 (îñü l1 íåèçìåííî ñâÿçàíà ñ ãèðîñòàòîì, îñü
l2 íåïîäâèæíà â ïðîñòðàíñòâå), íàõîäÿò øèðîêîå ïðèìåíåíèå â ïðèëîæåíèÿõ. Â
ýòîé ðàáîòå îïèñàíû êëàññû ïðåöåññèîííûõ äâèæåíèé êàê â êëàññè÷åñêîé çàäà÷å
î äâèæåíèè òÿæåëîãî òâåðäîãî òåëà, òàê è â çàäà÷å î äâèæåíèè ãèðîñòàòà ïîä
äåéñòâèåì ïîòåíöèàëüíûõ è ãèðîñêîïè÷åñêèõ ñèë, êîòîðàÿ îïèñûâàåòñÿ óðàâíå-
íèÿìè Êèðõãîôà-Ïóàññîíà [1, 2]. Îáçîð ðåçóëüòàòîâ, ïîëó÷åííûõ â èññëåäîâàíèè
ïðåöåññèîííûõ äâèæåíèé, äàí â ðàáîòå [3]. Îäíèì èç âàæíûõ íàïðàâëåíèé â äè-
íàìèêå òâåðäîãî òåëà ÿâëÿåòñÿ íàïðàâëåíèå, ïîñâÿùåííîå èññëåäîâàíèþ àñèìï-
òîòè÷åñêèõ äâèæåíèé ãèðîñòàòà, ïðåäåëüíûì äâèæåíèåì êîòîðûõ ñëóæàò ïðåöåñ-
ñèîííûå äâèæåíèÿ. Ýôôåêòèâíûì ìåòîäîì â èçó÷åíèè òàêèõ äâèæåíèé ÿâëÿåòñÿ
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ïåðâûé ìåòîä Ëÿïóíîâà [4]. Íà åãî îñíîâå â ðàáîòå [5] ðàçðàáîòàíà ìåòîäèêà èñ-
ñëåäîâàíèÿ óñëîâèé ñóùåñòâîâàíèÿ àñèìïòîòè÷åñêè-ïðåöåññèîííûõ äâèæåíèé ãè-
ðîñòàòà ïîä äåéñòâèåì ïîòåíöèàëüíûõ è ãèðîñêîïè÷åñêèõ ñèë è èçó÷åíû íåêîòî-
ðûå êëàññû àñèìïòîòè÷åñêè-ïðåöåññèîííûõ äâèæåíèé. Â ðàáîòå [6] ðàññìîòðåíû
àñèìïòîòè÷åñêè-ïðåöåññèîííûå äâèæåíèÿ ñôåðè÷åñêîãî ãèðîñòàòà â ñëó÷àå, êîãäà
ïðåäåëüíîå äâèæåíèå ÿâëÿåòñÿ ëèáî ðåãóëÿðíîé ïðåöåññèåé, ëèáî ïîëóðåãóëÿðíîé
ïðåöåññèåé âòîðîãî òèïà. Äàííàÿ ðàáîòà ïîñâÿùåíà èçó÷åíèþ àñèìïòîòè÷åñêè-
ïðåöåññèîííûõ äâèæåíèé ñôåðè÷åñêîãî ãèðîñòàòà, ïðåäåëüíûì äâèæåíèåì êîòî-
ðûõ ñëóæèò ïîëóðåãóëÿðíàÿ ïðåöåññèÿ ïåðâîãî òèïà [7].

2. Ïîñòàíîâêà çàäà÷è
Ðàññìîòðèì çàäà÷ó î äâèæåíèè ãèðîñòàòà ïîä äåéñòâèåì ïîòåíöèàëüíûõ è ãè-

ðîñêîïè÷åñêèõ ñèë â ñëó÷àå, êîãäà ýëëèïñîèä èíåðöèè ÿâëÿåòñÿ ñôåðîé. Îáîçíà-
÷èì ÷åðåç µ0 ìîìåíò èíåðöèè îòíîñèòåëüíî ãëàâíîé îñè ãèðîñòàòà. Òîãäà óðàâíå-
íèÿ äâèæåíèÿ Êèðõãîôà-Ïóàññîíà òàêîâû

ω̇ =
1

µ0

[ω × (Bν − λ) + ν × (Cν − s)] , (1)

ν̇ = ν × ω. (2)
Çäåñü ââåäåíû îáîçíà÷åíèÿ: ω = (ω1, ω2, ω3) � âåêòîð óãëîâîé ñêîðîñòè ãèðîñòàòà;
ν = (ν1, ν2, ν3) � åäèíè÷íûé âåêòîð îñè ñèììåòðèè ñèëîâûõ ïîëåé; λ = (λ1, λ2, λ3) �
ãèðîñòàòè÷åñêèé ìîìåíò, õàðàêòåðèçóþùèé äâèæåíèå íîñèìûõ òåë; s = (s1, s2, s3)
� âåêòîð, ñîíàïðàâëåííûé ñ âåêòîðîì îáîáùåííîãî öåíòðà ìàññ; B = (Bij),
C = (Cij) � ïîñòîÿííûå ñèììåòðè÷íûå ìàòðèöû òðåòüåãî ïîðÿäêà; òî÷êà íàä ïå-
ðåìåííûì îáîçíà÷àåò îòíîñèòåëüíóþ ïðîèçâîäíóþ ïî âðåìåíè t.

Óðàâíåíèÿ (1), (2) èìåþò ïåðâûå èíòåãðàëû

µ0ω
2 − 2(s · ν) + (Cν · ν) = 2E, ν · ν = 1,

(µ0ω + λ) · ν − (Bν · ν)/2 = k.
(3)

Çäåñü E è k � ïðîèçâîëüíûå ïîñòîÿííûå. Ñëåäóÿ ðàáîòå [3] íàïðàâèì ïî
îñè l1 åäèíè÷íûé âåêòîð a , à îñü l2 íàïðàâèì ïî âåêòîðó âåðòèêàëè ν. Òîãäà
äëÿ ïðåöåññèîííûõ äâèæåíèé ãèðîñòàòà âûïîëíÿåòñÿ èíâàðèàíòíîå ñîîòíîøåíèå
a · ν = a0, ãäå a0 � ïîñòîÿííàÿ. Ïóñòü a = (0, 0, 1), òîãäà äëÿ êîìïîíåíò âåêòîðîâ
ν è ω èìååì çíà÷åíèÿ

ν1 = a′0 sinϕ, ν2 = a′0 cosϕ, ν3 = a0,

ω1 = a′0ψ̇ sinϕ, ω2 = a′0ψ̇ cosϕ, ω3 = a0ψ̇ + ϕ̇.
(4)

Çäåñü a0 = cos θ0, a′0 = sin θ0, ãäå θ0 � óãîë ìåæäó âåêòîðàìè a è ν.
Óñëîâèÿ ñóùåñòâîâàíèÿ ïðåöåññèé (4) äëÿ óðàâíåíèé (1), (2) ñ èíòåãðàëàìè (3)

â ðàáîòå [8] ñâåäåíî ê èññëåäîâàíèþ ðåøåíèé óðàâíåíèé

µ0(a0ϕ̇+ ψ̇) = k − (λ · ν) + (Bν · ν)/2, (5)
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µ0(ϕ̇
2 + 2a0ϕ̇ψ̇ + ψ̇2) = 2E + 2(s · ν)− (Cν · ν), (6)

3a
′2
0 µ0ϕ̇ψ̇ + µ0a0(ϕ̇

2 + 2a0ϕ̇ψ̇ + ψ̇2) + ϕ̇
[
a0(λ · a)− a0(Bν · ν)+

+ (λ · ν)− 2k
]
+ ψ̇

[
(λ · a) + a0(λ · ν)− (Ba · ν)− 2a0k

]
+

+ a0(s · ν)− (Ca · ν) + 2a0E = 0.

(7)

Óðàâíåíèþ (7) â ñèëó ñîîòíîøåíèÿ (6) ìîæíî ïðèäàòü âèä

3a
′2
0 µ0ϕ̇ψ̇ + ϕ̇

[
a0(λ · a)− a0(Bν · ν) + (λ · ν)− 2k

]
+

+ ψ̇
[
(λ · a) + a0(λ · ν)− (Ba · ν)− 2a0k

]
+

+ 4a0E + 3a0(s · ν)− (Ca · ν)− a0(Cν · ν) = 0.

(8)

Ðàññìîòðèì ñëó÷àé ïîëóðåãóëÿðíîé ïðåöåññèè ïåðâîãî òèïà, äëÿ ÷åãî ïîëîæèì
â óðàâíåíèÿõ (5), (6), (8) ψ̇ = m, ãäå m � ïîñòîÿííàÿ. Åñëè äîïîëíèòåëüíî ê
óêàçàííîìó óñëîâèþ ñ÷èòàòü a0 = 0 (θ0 = π/2), òî ïîëó÷èì ñëåäóþùèå óñëîâèÿ
ñóùåñòâîâàíèÿ ïîëóðåãóëÿðíîé ïðåöåññèè ïåðâîãî òèïà

B23 = B12 = 0, B22 = B11, C23 = C12 = 0, C13 = −mB13,

λ1 = λ2 = 0, s3 = −mλ3, m = −B11/µ0, k = 3µ0m/2.
(9)

Çàâèñèìîñòü ϕ̇ îò óãëà ñîáñòâåííîãî âðàùåíèÿ íàéäåì èç ôîðìóëû (6)

ϕ̇2(ϕ) = (c2 cos 2ϕ+ c1 cosϕ+ c′1 sinϕ− µ0m
2)/µ0, (10)

ãäå

c2 = (C11 − C22)/2, c1 = 2s2, c′1 = 2s1, c0 = 2E − (C11 + C22)/2. (11)

Îòìåòèì, ÷òî â ýòîì ðåøåíèè ïîñòîÿííàÿ èíòåãðàëà ýíåðãèè ïðèíèìàåò ïðî-
èçâîëüíîå çíà÷åíèå. Çàâèñèìîñòè νi(t), ωi(t) ìîæíî íàéòè èç ñîîòíîøåíèé (11),
ïîäñòàâèâ â íèõ ψ̇ = m è ϕ̇ èç ôîðìóëû (10).

Ïðåöåññèþ (9), (10) ìîæíî îõàðàêòåðèçîâàòü êàê ñóïåðïîçèöèþ äâóõ âðàùå-
íèé: ðàâíîìåðíîå âðàùåíèå ñî ñêîðîñòüþ m âîêðóã âåðòèêàëè è âðàùåíèå îòíî-
ñèòåëüíî ãîðèçîíòàëüíîé îñè ñî ñêîðîñòüþ ϕ̇.

Â äàííîé ñòàòüå ñòàâèòñÿ çàäà÷à èçó÷åíèÿ óñëîâèé ñóùåñòâîâàíèÿ äâèæåíèé,
êîòîðûå ïðè t→∞ ñòðåìÿòñÿ ê óêàçàííîé âûøå ïðåöåññèè.

3. Óðàâíåíèÿ â âàðèàöèÿõ. Óðàâíåíèå Õèëëà
Áóäåì ñ÷èòàòü, ÷òî óðàâíåíèå (10) îïðåäåëÿåò ïåðèîäè÷åñêóþ ôóíêöèþ ϕ(t).

Ýòî âîçìîæíî, íàïðèìåð, òîãäà, êîãäà ïàðàìåòðû â óñëîâèÿõ (11) óäîâëåòâîðÿþò
ðàâåíñòâàì C22 = C11, s2 = 0. Òîãäà èç óðàâíåíèÿ (10) âûòåêàåò

ψ̇ = −a0η0dn(k∗, τ), ϕ̇2 = A0 +B0 sinϕ,

A0 = (2E − C11 − µ0m
2)/µ0, B0 = 2s1/µ0.

(12)
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Áóäåì ïðåäïîëàãàòü, ÷òî ïàðàìåòðû A0 è B0 â (12) óäîâëåòâîðÿþò óñëîâèÿì
0 < B0 < A0. Ââîäÿ îáîçíà÷åíèÿ

η0 =
√
A0 +B0, k2

∗ = 2B0/(A0 +B0), τ = η0t/2 (13)

è ïðèìåíÿÿ òåîðèþ ýëëèïòè÷åñêèõ ôóíêöèé, èç óðàâíåíèÿ (12) â ñèëó îáîçíà÷åíèé
(13) ïîëó÷èì

ϕ̇ = η0dn(k∗, τ), sinϕ = −2sn(k∗, τ)cn(k∗, τ), cosϕ = cn2(k∗, τ)− sn2(k∗, τ), (14)

ãäå k∗ � ìîäóëü ýëëèïòè÷åñêèõ ôóíêöèé. Òàêèì îáðàçîì, èçó÷àåìàÿ ïðåöåññèÿ
(12) îïèñûâàåòñÿ ïåðèîäè÷åñêèìè ôóíêöèÿìè âðåìåíè (ïåðèîä ðàâåí 8K0/η0, ãäå
K0 � ïîëíûé ýëëèïòè÷åñêèé èíòåãðàë ïåðâîãî ðîäà). Ýòî ïîçâîëÿåò èñïîëüçî-
âàòü ïåðâûé ìåòîä Ëÿïóíîâà ïðèìåíèòåëüíî ê èññëåäîâàíèþ àñèìïòîòè÷åñêè-
ïåðèîäè÷åñêèõ ðåøåíèé äèôôåðåíöèàëüíûõ óðàâíåíèé.

Ñëåäóÿ ðàáîòå [5], îáîçíà÷èì èññëåäóåìóþ ïðåöåññèþ ÷åðåç ω∗ = ω∗(t),
ν∗ = ν∗(t) è ïîëîæèì â óðàâíåíèÿõ Êèðõãîôà (1)

ω = ω∗ + Ω, ν = ν∗ + γ. (15)

Òîãäà èç (1) èìååì

Ω̇ =
1

µ0

[(λ−Bν∗)×Ω + Ω×Bγ + ω∗ ×Bγ + s× γ + ν∗ × Cγ−
− Cν∗ × γ + Cν∗ × ν∗], γ̇ = ν∗ ×Ω− ω∗ × γ + γ ×Ω.

(16)

Â ñèëó ïåðâîãî ìåòîäà Ëÿïóíîâà [4] ïðè èññëåäîâàíèè àñèìïòîòè÷åñêèõ äâè-
æåíèé (Ω → 0, γ → 0) äîñòàòî÷íî ðàññìîòðåòü ëèíåéíóþ ñèñòåìó, âûòåêàþùóþ
èç (16)

Ω̇ =
1

µ0

[(λ−Bν∗)×Ω + ω∗ ×Bγ + s× γ + ν∗ × Cγ − Cν∗ × γ],

γ̇ = ν∗ ×Ω− ω∗ × γ.

(17)

Ñèñòåìà óðàâíåíèé â âàðèàöèÿõ (17) äîïóñêàåò ïåðâûå èíòåãðàëû

µ0(ω
∗ ·Ω) + (Cν∗ − s) · γ = c1, ν∗ · γ = c2,

µ0(ν
∗ ·Ω) + (µ0ω

∗ −Bν∗ + λ) · γ = c3.
(18)

Òàê êàê ïî ïðåäïîëîæåíèþ ν∗(t), ω∗(t) � ïåðèîäè÷åñêèå ôóíêöèè, òî â ñèëó ñóùå-
ñòâîâàíèÿ ó ñèñòåìû (17) ïåðâûõ èíòåãðàëîâ (18) ÷åòûðå õàðàêòåðèñòè÷íûõ ÷èñëà
ñèñòåìû (17) ðàâíû íóëþ. Äëÿ ñóùåñòâîâàíèÿ àñèìïòîòè÷åñêèõ ðåøåíèé óðàâíå-
íèé (17) íåîáõîäèìî èññëåäîâàòü çíàêè îñòàâøèõñÿ äâóõ õàðàêòåðèñòè÷íûõ ÷èñåë
ñèñòåìû (17).
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Ñëåäóÿ [5], ââåäåì ïåðåìåííûå
u1 = µ0(Ω · a), u2 = µ0(Ω · ν∗), u3 = µ0(Ω · (a× ν∗)),

u4 = γ · a, u5 = γ · ν∗, u6 = γ · (a× ν∗).
(19)

Çàìåíà (19) íå èçìåíÿåò õàðàêòåðèñòè÷íûõ ÷èñåë ñèñòåìû (17). Â ïåðåìåííûõ (19)
èíòåãðàëû (18) èìåþò âèä

ϕ̇u1 + ψ̇u2 − (a′0)
−2[(τ 4 · τ 1)u4 + (τ 4 · τ 2)u4 + (τ 4 · τ 3)u6 = c1, u5 = c2,

u2 + (b · τ 1)u4 + (b · τ 2)u5 + (b · τ 3)u6 = c3,
(20)

ãäå
b = (a′0)

−2[µ0(ϕ̇a + ψ̇ν∗) + τ 5], τ 1 = a− a0ν
∗, τ 2 = ν∗ − a0a,

τ 3 = a× ν∗, τ 4 = s− Cν∗, τ 5 = λ−Bν∗.
(21)

Îáðàòíîå ê (19) ïðåîáðàçîâàíèå èìååò âèä

Ω =
1

a
′2
0 µ0

(u1τ 1 + u2τ 2 + u3τ 3), γ =
1

a
′2
0

(u4τ 1 + u5τ 2 + u6τ 3). (22)

Ñëåäóÿ ìåòîäèêå, èçëîæåííîé â ðàáîòå [5], ïîëîæèì
x = m(t)u, (23)

ãäå x = (x1, x2, x3, x4, x5, x6)
T , u = (u1, u2, u3, u4, u5, u6)

T , à m(t) = (mij(t)). Çäåñü
m11 = m12 = m14 = m15 = m16 = 0, m13 = 1,

m21 = m22 = m23 = m25 = m26 = 0, m24 = 1,

m31 = m32 = m33 = m34 = m35 = 0, m36 = 1,

m41 = ϕ̇, m42 = ψ̇, m43 = 0, m44 = −(a′0)
−2(τ 4 · τ 1),

m45 = −(a′0)
−2(τ 4 · τ 2), m46 = −(a′0)

−2(τ 4 · τ 3)

m51 = m52 = m53 = m54 = m56 = 0, m55 = 1,

m61 = m63 = 0, m62 = 1, m64 = (b · τ 1), m65 = (b · τ 2), m66 = (b · τ 3).

(24)

Ñ ïîìîùüþ ïðåîáðàçîâàíèÿ (22), çàìåíû (23) è îáîçíà÷åíèé (20), (21), (24) èç
óðàâíåíèé (17) ïîëó÷èì

ẋ1 =
6∑

i=1

h1i(t)xi, ẋ2 =
6∑

i=1

h2i(t)xi, ẋ3 =
6∑

i=1

h3i(t)xi, (25)

ẋ4 = 0, ẋ5 = 0, ẋ6 = 0. (26)
Î÷åâèäíî, èç óðàâíåíèé (26) â ñèëó (20) ñëåäóåò, ÷òî x4 = c1, x5 = c2, x6 = c3.

Ïî ïðåäïîëîæåíèþ ïðåäåëüíîå äâèæåíèå îïèñûâàåòñÿ ïåðèîäè÷åñêèìè ôóíêöèÿ-
ìè âðåìåíè. Ñëåäîâàòåëüíî, õàðàêòåðèñòè÷íûå ÷èñëà óðàâíåíèé (25) (26) ñîâïà-
äàþò ñ õàðàêòåðèñòè÷íûìè ÷èñëàìè ñèñòåìû òðåòüåãî ïîðÿäêà

ẋ1 = h11(t)x1 + h12(t)x2 + h13(t)x3,

ẋ2 = h21(t)x1 + h22(t)x2 + h23(t)x3,

ẋ3 = h31(t)x1 + h32(t)x2 + h33(t)x3,

(27)
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ãäå h11 = 0, h12(t) = [ϕ̇2(τ 2 · Bτ 1) − ϕ̇ψ̇(τ 1 · Bτ 1) − ϕ̇(τ 1 · Cτ 1) − a
′2
0 ϕ̇(ν∗ · τ 4)+

+G1(g2 · τ 1)−G2(g1 · τ 1)]/a
′2
0 ϕ̇, h13(t) = [ϕ̇2(τ 2 ·Bτ 3)− ϕ̇ψ̇(τ 1 ·Bτ 3)− ϕ̇(τ 1 ·Cτ 3)−

−G1(g2 · τ 3) − G2(g1 · τ 3)]/a
′2
0 ϕ̇, h21(t) = 1/µ0, h22(t) = 0, h23(t) = −ψ̇, h31(t) = 0,

h32(t) = ψ̇−[(τ 1·τ 4)+a
′2
0 (a0ϕ̇+ψ̇)(b·τ 1)]/a

′2
0 ϕ̇µ0, h33(t) = −[(τ 3·τ 4)+a

′2
0 (a0ϕ̇+ψ̇)(τ 3·

·τ 5)]/a
′2
0 ϕ̇µ0. Çäåñü îáîçíà÷åíî g1 = ϕ̇b, g2 = ψ̇b+τ 4/a

′2
0 ,G1 = a

′2
0 [ψ̇+τ 1·(τ 3×b)/µ0],

G2 = a
′2
0 [τ 2 · (τ 3 × b)/µ0 − a0ψ̇].

Äëÿ îïðåäåëåíèÿ õàðàêòåðèñòè÷íûõ ÷èñåë ñèñòåìû (27) â ðàáîòàõ [5, 6] èñ-
ïîëüçîâàíà ñîïðÿæåííàÿ ñèñòåìà. Ñ åå ïîìîùüþ â ðàáîòå [5] ïîëó÷åíî óðàâíåíèå
Õèëëà, íà îñíîâàíèè êîòîðîãî ìîæíî îïðåäåëèòü íåíóëåâûå õàðàêòåðèñòè÷íûå
÷èñëà ñèñòåìû (27). Â äàííîé ðàáîòå ýòî óðàâíåíèå íàéäåì äðóãèì ìåòîäîì. Çà-
ïèøåì ñèñòåìó (27)

ẋ1 = h12(t)x2 + h13(t)x3, ẋ2 = x1/µ0 − ψ̇x3, ẋ3 = h32(t)x2 + h33(t)x3. (28)

Íà îñíîâàíèè òåîðèè ñèñòåì àâòîíîìíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé óðàâ-
íåíèÿ (28) äîïóñêàþò ÷àñòíîå ðåøåíèå

x∗1(t) = −a′20 µ0ϕ̇ψ̇, x∗2(t) = 0, x∗3(t)− a
′2
0 ϕ̇. (29)

Ïîäñòàâèì âûðàæåíèÿ (29) â ñèñòåìó (28). Òîãäà ïîëó÷èì óñëîâèÿ

h13(t) =
µ0

ϕ̇
(ϕ̈ψ̇ + ψ̈ϕ̇), h33(t) =

ϕ̈

ψ̇
. (30)

Äëÿ ïîëó÷åíèÿ óðàâíåíèÿ Õèëëà âûðàçèì x1 = µ0ẋ2+ψ̇µ0x3 èç âòîðîãî óðàâíåíèÿ
ñèñòåìû (28) è ïîäñòàâèì â ïåðâîå óðàâíåíèå ýòîé ñèñòåìû. Ó÷èòûâàÿ âûðàæåíèÿ
(30), ïîëó÷èì óðàâíåíèå

µ0ẍ2 + (µ0ψ̇h32(t)− h12(t))x2 = 0.

Â ðàçâåðíóòîì âèäå èìååì

a
′2
0 ϕ̇µ

2
0ẍ2 + {a′20 µ2

0ϕ̇
3 − µ0ψ̇

2(λ · a−Ba · ν∗ − a0(λ · ν∗) + a0(Bν∗ · ν∗))−
− µ0ϕ̇

2(3(Ba · ν∗)− a0(Ba · a)− 2a0(Bν∗ · ν∗)− (1 + a
′2
0 )(a · λ) + a0(λ · ν∗))+

+ µ0ϕ̇ψ̇((a2
0 − a

′2
0 )(Bν∗ · ν∗)− 2a0(Ba · ν∗) + (Ba · a) + a

′2
0 (λ · ν∗))−

− ψ̇[µ0(s · a− Ca · ν∗ − a0(s · ν∗) + a0(Cν∗ · ν∗))− (λ · ν∗ −Bν∗ · ν∗)(λ · a−
−Ba · ν∗ − a0(λ · ν∗) + a0(Bν∗ · ν∗))] + ϕ̇[µ0(Ca · a) + (2a2

0−
− a

′2
0 )µ0(Cν∗ · ν∗) + a0µ0(s · a)− 3a0µ0(Ca · ν∗) + (a

′2
0 − a2

0)µ0(s · ν∗)+
+ (a · λ−Ba · ν∗)(a · λ−Ba · ν∗ − a0(λ · ν∗) + a0(Bν∗ · ν∗))]−
− (λ · ν∗ −Bν∗ · ν∗)(a · s− Ca · ν∗ − a0(s · ν∗) + a0(Cν∗ · ν∗))}x2 = 0.

(31)
Îòëè÷èòåëüíîé îñîáåííîñòüþ óðàâíåíèÿ (31) ÿâëÿåòñÿ òî, ÷òî îíî ïîëó÷åíî

äëÿ îáùåãî ñëó÷àÿ ñôåðè÷åñêîãî ãèðîñòàòà è ìîæåò áûòü èñïîëüçîâàíî äëÿ èññëå-
äîâàíèÿ àñèìïòîòè÷åñêè-ïðåöåññèîííûõ äâèæåíèé ñôåðè÷åñêîãî ãèðîñòàòà, êîãäà
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ïðåäåëüíîå äâèæåíèå � ïðåöåññèÿ ëþáîãî âèäà (ðåãóëÿðíàÿ, ïîëóðåãóëÿðíàÿ, ïðå-
öåññèÿ îáùåãî âèäà).

Çàïèøåì óðàâíåíèå (31) äëÿ ñëó÷àÿ (9), (12)

µ2
0ẍ2 + [µ2

0ϕ̇− µ0ϕ̇(3B13 sinϕ− 2λ3) + (µ0s1 − 2λ3B13) sinϕ+

+B2
13 sin2 ϕ+ λ2

3 +mµ0(B33 −B11) + µ0(C33 − C11)]x2 = 0.
(32)

Èç ñîîòíîøåíèé (12)�(14) ñëåäóåò, ÷òî ϕ̇ ÿâëÿåòñÿ îãðàíè÷åííîé ôóíêöèåé âðå-
ìåíè è çàâèñèò îò ïàðàìåòðîâ µ0, m, s1, C11, E. Èñïîëüçóÿ ýòî ñâîéñòâî, à òàêæå
óñëîâèå Ëÿïóíîâà p(t) ≤ 0 (p(t) 6= 0) ñóùåñòâîâàíèÿ ïîëîæèòåëüíîãî õàðàêòå-
ðèñòè÷íîãî ÷èñëà óðàâíåíèÿ ẍ2 + p(t)x2 = 0, èç óðàâíåíèÿ (32) ìîæíî ñäåëàòü
âûâîä: äëÿ áîëüøèõ ïîëîæèòåëüíûõ çíà÷åíèé ïàðàìåòðà B11−B33 óðàâíåíèå (32)
èìååò îäíî ïîëîæèòåëüíîå è îäíî îòðèöàòåëüíîå õàðàêòåðèñòè÷íûå ÷èñëà. Îáùåå
ðåøåíèå óðàâíåíèÿ (32) òàêîâî

x2(t) = C1e
−λtψ1(t) + C2e

λtψ2(t), (33)

ãäå λ > 0, ψ1(t) è ψ2(t) � ïåðèîäè÷åñêèå ôóíêöèè âðåìåíè ñ ïåðèîäîì 8K0/η0, C1

è C2 � ïðîèçâîëüíûå ïîñòîÿííûå.
Îáðàòèìñÿ ê ñèñòåìå (28). Â ñèëó òîãî, ÷òî h32(t) = 0, h33(t) = ϕ̈/ϕ̇ èç òðåòüåãî

óðàâíåíèÿ ñèñòåìû (28) ïîëó÷èì x3(t) = C3ϕ̇, ãäå C3 � ïðîèçâîëüíàÿ ïîñòîÿííàÿ.
Ñëåäîâàòåëüíî, èç âòîðîãî óðàâíåíèÿ ñèñòåìû (28) íàéäåì

x1(t) = µ0[C1e
−λt(ψ′1(t)− λψ1(t)) + C2e

λt(ψ′2(t)− λψ2(t))] +mC3ϕ̇. (34)

Òàêèì îáðàçîì, ôóíäàìåíòàëüíàÿ ìàòðèöà ñèñòåìû (28) òàêîâà

X(t) =




µ0e
−λt(ψ′1(t)− λψ1(t)) µ0e

λt(ψ′2(t)− λψ2(t)) mϕ̇
e−λtψ1(t) eλtψ1(t) 0

0 0 ϕ̇


 . (35)

Èç (33)�(35) âûòåêàåò, ÷òî äëÿ ïîñòðîåíèÿ ðÿäîâ Ëÿïóíîâà â êà÷åñòâå ïåðâîãî
ïðèáëèæåíèÿ íåîáõîäèìî áðàòü ïåðâûé âåêòîð-ñòîëáåö ôóíäàìåíòàëüíîé ìàòðè-
öû X(t). Äëÿ íàõîæäåíèÿ îáùåãî ðåøåíèÿ ñèñòåìû (25), (26) íåîáõîäèìî âîñïîëü-
çîâàòüñÿ ìàòðèöåé (35). Îáîçíà÷èì ôóíäàìåíòàëüíóþ ìàòðèöó ñèñòåìû (25), (26)
÷åðåç X∗(t). Â ñèëó ðåçóëüòàòîâ ïåðâîãî ìåòîäà Ëÿïóíîâà ëèíåéíàÿ ñèñòåìà (17)
ÿâëÿåòñÿ ïðàâèëüíîé è äîïóñêàåò ÷åòûðå íóëåâûõ õàðàêòåðèñòè÷íûõ ÷èñëà, îäíî
ïîëîæèòåëüíîå õàðàêòåðèñòè÷íîå ÷èñëî λ è îäíî îòðèöàòåëüíîå õàðàêòåðèñòè÷íîå
÷èñëî (−λ). Ïîýòîìó ðåøåíèå óðàâíåíèé (16) â ïåðåìåííûõ ui (i = 1, 6) òàêîâî

ui(t) =
∞∑

m1=1

L
(m1)
i (t)cm1(e−λt)m1 , (36)

ãäå c � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, m1 � íàòóðàëüíîå ÷èñëî, L(m1)
i � íåïðåðûâíûå

ôóíêöèè, õàðàêòåðèñòè÷íûå ÷èñëà êîòîðûõ íå ìåíåå íóëÿ. Ðÿäû (36) ñõîäÿòñÿ
àáñîëþòíî äëÿ ìàëûõ çíà÷åíèé c è ïðè t→∞ ui(t) → 0 (i = 1, 6).
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Òàêèì îáðàçîì, ïðè âûïîëíåíèè óñëîâèé 0 < 2s1 < 2E−C11−µ0m
2,m > 0,B11−

B33 > 0 äîêàçàíî ñóùåñòâîâàíèå ðåøåíèé íåëèíåéíûõ óðàâíåíèé â âîçìóùåíèÿõ
(16), äëÿ êîòîðûõ â ñèëó ñîîòíîøåíèé (22), (36) Ω → 0, γ → 0. Ðåøåíèÿ (36)
îïèñûâàþò àñèìïòîòè÷åñêè-ïðåöåññèîííûå äâèæåíèÿ ñôåðè÷åñêîãî ãèðîñòàòà ïîä
äåéñòâèåì ïîòåíöèàëüíûõ è ãèðîñêîïè÷åñêèõ ñèë. Ïðåäåëüíûì äâèæåíèåì äëÿ
íèõ ÿâëÿåòñÿ ïîëóðåãóëÿðíàÿ ïðåöåññèÿ ïåðâîãî òèïà: ψ̇ = m, ϕ̇ = η0dn(k∗, τ).
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