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Àííîòàöèÿ. Ðàññìîòðåíà çàäà÷à äîïóñòèìîãî ñèíòåçà ïîçèöèîííîãî óïðàâëåíèÿ äëÿ àôôèí-
íûõ ñèñòåì c îäíîìåðíûì óïðàâëåíèåì ñ íàïåðåä çàäàííûìè ãåîìåòðè÷åñêèìè îãðàíè÷åíèÿìè
íà óïðàâëåíèå è åãî ïðîèçâîäíûå äî ïðîèçâîëüíîãî çàäàííîãî ïîðÿäêà. Èññëåäîâàíèÿ ïðîâîäÿò-
ñÿ íà îñíîâå ìåòîäà ôóíêöèè óïðàâëÿåìîñòè. Ïîêàçàíî, ÷òî êàæäàÿ íåîòðèöàòåëüíàÿ ìîíîòîííî
íåâîçðàñòàþùàÿ íà íåîòðèöàòåëüíîé ïîëóîñè ôóíêöèÿ, èìåþùàÿ íå ìåíåå, ÷åì n (n � ðàçìåð-
íîñòü ñèñòåìû) òî÷åê óáûâàíèÿ, óäîâëåòâîðÿþùàÿ íåêîòîðîìó óñëîâèþ, ïîðîæäàåò ñåìåéñòâî
óïðàâëåíèé, êàæäîå èç êîòîðûõ ïåðåâîäèò ïðîèçâîëüíóþ òî÷êó èç íåêîòîðîé îêðåñòíîñòè íà÷à-
ëà êîîðäèíàò â íà÷àëî êîîðäèíàò çà êîíå÷íîå âðåìÿ è óäîâëåòâîðÿåò çàäàííûì îãðàíè÷åíèÿì.
Íà âðåìÿ äâèæåíèÿ äàþòñÿ òî÷íûå îöåíêè ñíèçó è ñâåðõó. Ðåçóëüòàòû ïðîèëëþñòðèðîâàíû ïðè-
ìåðîì.
Êëþ÷åâûå ñëîâà: íåëèíåéíàÿ óïðàâëÿåìàÿ ñèñòåìà, äîïóñòèìûé ñèíòåç, ìåòîä ôóíêöèè
óïðàâëÿåìîñòè, èíåðöèîííîå óïðàâëåíèå.

1. Ââåäåíèå
Â ñâÿçè ñ èññëåäîâàíèåì óïðàâëÿåìîñòè è ñòàáèëèçàöèè íåëèíåéíûõ ñèñòåì â

ðàáîòå [3] áûë ââåäåí êëàññ íåëèíåéíûõ ñèñòåì, ïîëó÷èâøèõ íàçâàíèå òðåóãîëü-
íûå ñèñòåìû. Â ýòîé ðàáîòå ïðåäëîæåí êîíñòðóêòèâíûé ìåòîä îòîáðàæåíèÿ òàêèõ
ñèñòåì íà ëèíåéíûå ïðè ïîìîùè çàìåíû ïåðåìåííûõ è çàìåíû óïðàâëåíèÿ, ÷òî
âïîñëåäñòâèè ñòàëî ïðåäìåòîì ìíîãî÷èñëåííûõ îáîáùåíèé [2, 10, 13, äð.]. Âàæíîé
îñîáåííîñòüþ èñõîäíîãî ïîäõîäà [3] ÿâëÿþòñÿ ìèíèìàëüíûå òðåáîâàíèÿ ê ãëàäêî-
ñòè ïðàâûõ ÷àñòåé îòîáðàæàåìûõ ñèñòåì, â òî âðåìÿ êàê â ñóùåñòâóþùåé â íàñòî-
ÿùåå âðåìÿ òåîðèè íåëèíåéíûõ ñèñòåì îáùåãî âèäà çàäà÷à îòîáðàæàåìîñòè, êàê è
ìíîãèå äðóãèå âîïðîñû, òðàäèöèîííî èçó÷àþòñÿ â áåñêîíå÷íî-äèôôåðåíöèðóåìîì
ñëó÷àå.

Äàëüíåéøåå ðàçâèòèå òåîðèè òðåóãîëüíûõ ñèñòåì, à òàêæå ïðèìåíåíèÿ èäåé
è òåõíèêè òðåóãîëüíûõ ñèñòåì ê èññëåäîâàíèþ îòîáðàæàåìîñòè èõ íà ëèíåéíûå
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ñèñòåìû ïîëó÷åíî â ðàáîòå [12] äëÿ òðåóãîëüíûõ ñèñòåì è â ðàáîòàõ [11, 15] äëÿ
íåëèíåéíûõ ñèñòåì ñ çàäàííîé ìèíèìàëüíîé ñòåïåíüþ ãëàäêîñòè ïðàâûõ ÷àñòåé.
À èìåííî, îïèñàíû êëàññû ñèñòåì, êîòîðûå îòîáðàæàþòñÿ íà ëèíåéíûå ñèñòåìû
òîëüêî ñ ïîìîùüþ çàìåíû ïåðåìåííûõ (êëàññà C2(Q) ñ íåâûðîæäåííûì ÿêîáè-
àíîì), ÷òî ïîçâîëÿåò ñîõðàíèòü îãðàíè÷åíèÿ íà óïðàâëåíèå, è, êàê ïðàâèëî, ÿâ-
ëÿåòñÿ âàæíûì ïðè ðåøåíèè çàäà÷ óïðàâëåíèÿ. Òàê, â ðàáîòå [15] äàí êðèòåðèé
ëèíåàðèçóåìîñòè â îáëàñòè Q óïðàâëÿåìûõ íåëèíåéíûõ ñèñòåì êëàññà C1(Q). Ïî-
êàçàíî, ÷òî íåëèíåéíàÿ ñèñòåìà

ẋ = g(x, u), x ∈ Q ⊂ Rn, u ∈ R, g(x, u) ∈ C1(Q×R), (1.1)

ÿâëÿåòñÿ ëîêàëüíî ëèíåàðèçóåìîé â îáëàñòè Q òîãäà è òîëüêî òîãäà, åñëè âûïîë-
íåíû ñëåäóþùèå óñëîâèÿ:

(A) g(x, u) = a(x) + b(x)u, ãäå a(x), b(x) ∈ C1(Q);
(B1) âåêòîð ôóíêöèè ad0

ab(x), . . . , adn
ab(x) ñóùåñòâóþò è ïðèíàäëåæàò êëàññó

C1(Q), ãäå âñå ñêîáêè Ëè adk
ab(x) âåêòîðíûõ ïîëåé a(x), b(x) îïðåäåëÿþòñÿ êàê

ad0
ab(x)=b(x), adk+1

a b(x)=[a(x), adk
ab(x)]=ax(x)adk

ab(x)− (
adk

ab(x)
)

x
a(x) äëÿ k ≥ 0;

(B2) rang(b(x), adab(x), . . . , adn−1
a b(x)) = n, x ∈ Q;

(B3) [adk
ab(x), adi

ab(x)] = 0 äëÿ âñåõ 0 ≤ i, k ≤ n è adn
ab(x) =

n∑
i=1

piadi−1
a b(x) äëÿ

x ∈ Q;
(B4) ñóùåñòâóåò ôóíêöèÿ ϕ0(x) : Q→ R, ϕ0(x) ∈ C2(Q), òàêàÿ ÷òî

ϕ0
x(x)adk

ab(x) = 0, k = 0, . . . , n− 2, x ∈ Q, (1.2)

ϕ0
x(x)adn−1

a b(x) 6= 0, x ∈ Q. (1.3)
Â äàííîé ðàáîòå ïðèâåäåíî êîíñòðóêòèâíîå ðåøåíèå çàäà÷è äîïóñòèìîãî ñèí-

òåçà èíåðöèîííûõ óïðàâëåíèé äëÿ íåëèíåéíûõ ñèñòåì âèäà (1.1) ñ íóëåâîé òî÷-
êîé ïîêîÿ, óäîâëåòâîðÿþùèõ ýòèì óñëîâèÿì, ò.å. çàäà÷è ïîñòðîåíèÿ óïðàâëåíèÿ
u = u(x), êîòîðîå ïåðåâîäèò ïðîèçâîëüíóþ íà÷àëüíóþ òî÷êó x0 èç íåêîòîðîé
îêðåñòíîñòè Q ⊂ Q íà÷àëà êîîðäèíàò â íà÷àëî êîîðäèíàò ïî òðàåêòîðèè x(t) ∈ Q
ñèñòåìû ẋ = g(x, u(x)) çà êîíå÷íîå âðåìÿ T (x0), è òàêîãî, ÷òî

|u(k)(x)| ≤ dk, k = 0, 1, . . . , l, x ∈ Q, (1.4)

ãäå u(k)(x) � ïðîèçâîäíàÿ k-ãî ïîðÿäêà â ñèëó ñèñòåìû ẋ = g(x, u(x)). Èññëåäîâàíèÿ
ïðîâåäåíû íà îñíîâå ìåòîäà ôóíêöèè óïðàâëÿåìîñòè [4]�[6]. Ïîñòðîåíî ìíîæåñòâî
óïðàâëåíèé, êàæäîå èç êîòîðûõ ðåøàåò çàäà÷ó ñèíòåçà óïðàâëåíèé è âìåñòå ñî
ñâîèìè ïðîèçâîäíûìè äî ïðîèçâîëüíîãî çàäàííîãî ïîðÿäêà óäîâëåòâîðÿåò çàäàí-
íûì îãðàíè÷åíèÿì. Íà âðåìÿ äâèæåíèÿ äàþòñÿ òî÷íûå îöåíêè ñíèçó è ñâåðõó.
Ðåçóëüòàòû ïðîèëëþñòðèðîâàíû ìîäåëüíûì ïðèìåðîì.

Äàííàÿ ðàáîòà ÿâëÿåòñÿ ðàçâèòèåì ðåçóëüòàòîâ ðàáîò [7, 8, 14]. Â îòëè÷èå îò
ðåçóëüòàòîâ ýòèõ ðàáîò, ðàññìàòðèâàåòñÿ ðåøåíèå çàäà÷è ñèíòåçà èíåðöèîííûõ
óïðàâëåíèé äëÿ íåëèíåéíûõ ñèñòåì íå ïî ïåðâîìó ïðèáëèæåíèþ. Ðàññìàòðèâàåò-
ñÿ êëàññ íåëèíåéíûõ ñèñòåì � àôôèííûõ ñèñòåì. Ðàçâèòèå ðåçóëüòàòîâ ðàáîòû
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[7] ñîñòîèò â ðåøåíèè çàäà÷è ñèíòåçà èíåðöèîííûõ óïðàâëåíèé, à â ñðàâíåíèè ñ
ðàáîòàìè [8, 14] çäåñü äàåòñÿ ïîñòðîåíèå èíåðöèîííûõ óïðàâëåíèé, êîòîðûå ïî-
ðîæäàþòñÿ íå îäíîé ôóíêöèåé, à íåêîòîðûì êëàññîì ôóíêöèé. Ýòî ðàñøèðÿåò
êëàññ óïðàâëåíèé, ðåøàþùèõ çàäà÷ó ñèíòåçà èíåðöèîííûõ óïðàâëåíèé.

2. Ðåøåíèå çàäà÷è ñèíòåçà èíåðöèîííûõ óïðàâëåíèé
Ðàññìîòðèì çàäà÷ó äîïóñòèìîãî ñèíòåçà èíåðöèîííûõ óïðàâëåíèé äëÿ ñèñòå-

ìû
ẋ = a(x) + b(x)u, x ∈ Q ⊂ Rn, u ∈ R, (2.1)

ãäå îáëàñòü Q � îêðåñòíîñòü íà÷àëà êîîðäèíàò, ôóíêöèè a(x), b(x) ∈ C1(Q), óäî-
âëåòâîðÿþò óñëîâèÿì (B1)�(B3) è a(0) = 0.

Ñëåäóÿ ðàáîòå [15], ïóñòü ϕ0(x) ∈ C2(Q) (ϕ0(0) = 0) � ñêàëÿðíàÿ ôóíêöèÿ,
ÿâëÿþùàÿñÿ íåòðèâèàëüíûì ðåøåíèåì ñèñòåìû (1.2) äèôôåðåíöèàëüíûõ óðàâ-
íåíèé â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà, óäîâëåòâîðÿþùàÿ óñëîâèþ (1.3).
Ïóñòü c(τ) ∈ C1(ϕ0(Q)) � ñêàëÿðíàÿ ôóíêöèÿ, íå îáðàùàþùàÿñÿ â íóëü íà îáðà-
çå ϕ0(Q), òàêàÿ, ÷òî ϕ0

x(x)adn−1
a b(x) = c(ϕ0(x)) äëÿ x ∈ Q. Îïðåäåëèì ôóíêöèþ

Φ(τ) =
∫

dτ/c(τ) ïðè τ ∈ ϕ0(Q). Ðàññìîòðèì ôóíêöèþ ϕ(x) = Φ(ϕ0(x)) ∈ C2(Q)
è çàìåíó ïåðåìåííûõ z = N(x) ∈ C2(Q) âèäà N1(x) = ϕ(x), N2(x) = Laϕ(x),
. . . , Nn(x) = Ln−1

a ϕ(x), ãäå Lk
aϕ(x) � ïðîèçâîäíàÿ Ëè k-ãî ïîðÿäêà ïî íàïðàâëå-

íèþ âåêòîðíîãî ïîëÿ a(x) ôóíêöèè ϕ(x). Òîãäà ñèñòåìà (2.1) îòîáðàæàåòñÿ [15] íà
ëèíåéíóþ ñèñòåìó âèäà

ż = A0z + b0(p z + u), (2.2)
ãäå A0 � (n×n)-ìàòðèöà, ó êîòîðîé ýëåìåíòû ïåðâîé íàääèàãîíàëè ðàâíû åäèíèöå,
à âñå îñòàëüíûå ýëåìåíòû ðàâíû íóëþ, b0 � n-é îðò ïðîñòðàíñòâà Rn, p � n-ìåðíàÿ
âåêòîð-ñòðîêà, êîìïîíåíòàìè êîòîðîé ÿâëÿþòñÿ êîýôôèöèåíòû õàðàêòåðèñòè÷å-
ñêîãî ïîëèíîìà ìàòðèöû A0 + b0p.

Ïóñòü f(s) � ïðîèçâîëüíàÿ íåîòðèöàòåëüíàÿ ìîíîòîííî íåâîçðàñòàþùàÿ íà ïî-
ëóîñè [0, +∞) ôóíêöèÿ, èìåþùàÿ íå ìåíåå, ÷åì n òî÷åê óáûâàíèÿ, óäîâëåòâîðÿ-
þùàÿ óñëîâèþ

∞∫
0

s2n−1f(s)ds < ∞.

Äëÿ êàæäîé òàêîé ôóíêöèè f(s) ðàññìîòðèì ñåìåéñòâî
{
F−1

f,α(Θ)
}

1≤α<∞ ïîëî-

æèòåëüíî îïðåäåëåííûõ ìàòðèö F−1
f,α(Θ) =

∞∫
0

f
(
t/Θ1/α

)
e−A0tb0b

∗
0e
−A∗0tdt. Ïîñêîëü-

êó
Θ1/αe−A0sΘ1/α

b0b
∗
0e
−A∗0sΘ1/α

= D−1
α (Θ)e−A0sb0b

∗
0e
−A∗0sD−1

α (Θ), (2.3)
ãäå Dα(Θ) = diag

(
Θ− 2n−2k+1

2α

)n

k=1
, òî äëÿ F−1

f,α(Θ) ïîëó÷àåì ïðåäñòàâëåíèå

F−1
f,α(Θ) = D−1

α (Θ)F−1
f D−1

α (Θ), (2.4)

ãäå ìàòðèöà F−1
f =

∞∫
0

f(s)e−A0sb0b
∗
0e
−A∗0sds. Ñëåäîâàòåëüíî, ìàòðèöà Ff,α(Θ) ïðåä-

ñòàâèìà â âèäå
Ff,α(Θ) = Dα(Θ)FfDα(Θ). (2.5)
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2.1. Îïðåäåëåíèå ôóíêöèè óïðàâëÿåìîñòè

Ïóñòü a0 > 0 � ïîêà ïðîèçâîëüíîå ÷èñëî, êîòîðîå áóäåò îïðåäåëåíî äàëåå.
Ðàññìîòðèì ôóíêöèþ

Φα(Θ, x) = 2a0Θ− (Ff,α(Θ)N(x), N(x)), x ∈ Q, α ≥ 1. (2.6)

Âûáåðåì ÷èñëî Θ > 0, ïîëîæèì Rα = δ
(
2a0Θ/‖Ff,α(Θ)‖)1/2

, ãäå ÷èñëî δ ∈ (0, 1)
òàêîâî, ÷òî {z = N(x) : ‖z‖ ≤ Rα} ⊂ N(Q), è ðàññìîòðèì ìíîæåñòâî Q1

α = {x ∈
Q : ‖N(x)‖ ≤ Rα}. Òîãäà íåðàâåíñòâî Φα(Θ, x) > 0 âûïîëíÿåòñÿ äëÿ âñåõ
x ∈ Q1

α. Äëÿ ôèêñèðîâàííîãî α ≥ 1 îïðåäåëèì ôóíêöèþ óïðàâëÿåìîñòè Θα(x) èç
óðàâíåíèÿ

Φα(Θ, x) = 0, x ∈ Q1
α \ {0}. (2.7)

Ëåììà 1. Äëÿ êàæäîãî êîíå÷íîãî ÷èñëà α ≥ 1 óðàâíåíèå (2.7) îïðåäåëÿåò åäèí-
ñòâåííóþ ïîëîæèòåëüíóþ íåïðåðûâíî äèôôåðåíöèðóåìóþ â Q1

α \ {0} ôóíêöèþ
Θ = Θα(x) è âìåñòå ñ ðàâåíñòâîì Θα(0) = 0 íåïðåðûâíóþ â îáëàñòè Q1

α. Äëÿ
÷èñëà cα, óäîâëåòâîðÿþùåãî óñëîâèþ

0 < cα ≤ σδ2Θ/
(‖Ff,α(Θ)‖‖F−1

f,α(Θ)‖) , σ ∈ (0, 1), (2.8)

ìíîæåñòâî Qα = {x : Θα(x) ≤ cα} ÿâëÿåòñÿ îãðàíè÷åííûì è Qα ⊂ int Q1
α.

Äîêàçàòåëüñòâî. Èç (2.6) â ñèëó íåðàâåíñòâà

(Ff,α(Θ)N(x), N(x)) ≥ ‖N(x)‖2/‖F−1
f,α(Θ)‖, x ∈ Q1

α \ {0}, (2.9)

è ïðåäñòàâëåíèÿ (2.4) èìååì lim
Θ→+0

Φα(Θ, x)= − ∞, x ∈ Q1
α \ {0}. Òîãäà òàê êàê

Φα(Θ, x) ÿâëÿåòñÿ âîçðàñòàþùåé ïî Θ ôóíêöèåé äëÿ âñåõ x ∈ Q1
α \ {0}, ïðè-

÷åì Φα(Θ, x) > 0, òî óðàâíåíèå (2.7) èìååò åäèíñòâåííîå ïîëîæèòåëüíîå ðåøåíèå
Θα(x), x ∈ Q1

α \{0}. Ïîñêîëüêó Φα(Θ, x) íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíêöèÿ
ïî Θ è ïî x è ∂Φα(Θ, x)/∂Θ 6= 0, òî ïî òåîðåìå î íåÿâíîé ôóíêöèè Θα(x) ÿâëÿåò-
ñÿ íåïðåðûâíî äèôôåðåíöèðóåìîé â îáëàñòè Q1

α \ {0} ôóíêöèåé. Íåïðåðûâíîñòü
Θα(x) â íóëå âûòåêàåò èç íåðàâåíñòâà Θα(x) ≤ (N2

max‖Ff‖‖x‖2/(2a0))
α/(α+2n−1)

,
ãäå Nmax = max

x∈Q1
α

‖Nx(x)‖.
Â ñèëó íåðàâåíñòâà (2.9) è òîãî, ÷òî (Ff,α(Θ)N(x), N(x)) ÿâëÿåòñÿ óáûâàþùåé

ïî Θ ôóíêöèåé, èìååì Q1
α ⊃

{
x ∈ Q : Θα(x) ≤ R2

α/(2a0‖F−1
f,α(Θ)‖)} . Îòñþäà äëÿ

cα èç (2.8) ñëåäóåò ñïðàâåäëèâîñòü âêëþ÷åíèÿ Qα ⊂ intQ1
α.

Çàäàäèì óïðàâëåíèå uf,α(x) â îáëàñòè Q1
α \ {0} ôîðìóëîé

uf,α(x) = −1

2
f(0)b∗0Ff,α(Θα(x))N(x)− p N(x). (2.10)

Îãðàíè÷åííîñòü ýòîãî óïðàâëåíèÿ è åãî ïðîèçâîäíûõ áóäåò ïîêàçàíà äàëåå.
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Ëåììà 2. Ïðîèçâîäíàÿ ôóíêöèè Θα(x) (1 ≤ α < ∞) â ñèëó ñèñòåìû

ẋ = a(x) + b(x)uf,α(x) (2.11)

â îáëàñòè Q1
α \ {0} óäîâëåòâîðÿåò íåðàâåíñòâàì

−λα
maxΘ

1−1/α
α (x) ≤ Θ̇α(x) ≤ −λα

minΘ
1−1/α
α (x), λα

max > λα
min > 0, (2.12)

ïðè÷åì âðåìÿ äâèæåíèÿ Tα(x0) èç ïðîèçâîëüíîé òî÷êè x0 ∈ Qα \ {0} â íà÷àëî
êîîðäèíàò óäîâëåòâîðÿåò îöåíêàì

α

λα
max

Θ1/α
α (x0) ≤ Tα(x0) ≤ α

λα
min

Θ1/α
α (x0). (2.13)

Äîêàçàòåëüñòâî. Îáîçíà÷èì y = Dα(Θα(x))N(x), P0 = −1
2
f(0)b∗0Ff . Íà îñíîâàíèè

(2.5) ðàâåíñòâî (2.7) ïðè Θ = Θα(x) è óïðàâëåíèå (2.10) ïðèíèìàþò âèä

2a0Θα(x)− (Ff y, y) = 0, (2.14)

uf,α(x) = Θ−1/(2α)
α (x)P0y − pN(x). (2.15)

Âû÷èñëèì ïðîèçâîäíóþ y â ñèëó ñèñòåìû (2.11) ñ uf,α(x) âèäà (2.15). Ïîñêîëüêó
â ñèëó ðàâåíñòâà (2.2) èìååì

Ṅ(x) = A0N(x) + Θ−1/(2α)
α (x)b0P0y, (2.16)

òî íà îñíîâàíèè ðàâåíñòâà Dα(Θ)
(
A0D

−1
α (Θ) + b0P0Θ

−1/(2α)
)

= A1Θ
−1/α, ãäå A1 =

(A0 + b0P0), ïîëó÷àåì

ẏ =
(
Θ̇α(x)Θ−1

α (x)Hα + A1Θ
−1/α
α (x)

)
y, (2.17)

ãäå Hα = diag
(−2n−2k+1

2α

)n

k=1
. Èç ðàâåíñòâà (2.14) â ñèëó ðàâåíñòâà (2.17) èìååì

Θ̇α(x) = −(Wfy, y)

(Fα
f y, y)

Θ1−1/α
α (x), (2.18)

ãäå Wf = −(FfA1 + A∗
1Ff ), Fα

f = Ff −HαFf − FfH
α.

Ïîêàæåì, ÷òî Wf ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåëåííîé ìàòðèöåé. Äåéñòâè-
òåëüíî, ïîñêîëüêó â ñèëó âûáîðà ôóíêöèè f(s) èìååì

A0F
−1
f + F−1

f A∗
0 = −

∞∫

0

f(s)d
(
e−A0sb0b

∗
0e
−A∗0s

)
= f(0)b0b

∗
0 − F̂f ,

ãäå F̂f =

∫ ∞

0

e−A0sb0b
∗
0e
−A∗0sd(−f(s)) � ïîëîæèòåëüíî îïðåäåëåííàÿ ìàòðèöà [1, 9],

òî ïîëó÷àåì ðàâåíñòâî FfA0 +A∗
0Ff = f(0)Ffb0b

∗
0Ff −Ff F̂fFf . Îòñþäà ñëåäóåò, ÷òî

ìàòðèöà Wf = Ff F̂fFf è ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåëåííîé.
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Ïîêàæåì, ÷òî Fα
f ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåëåííîé ìàòðèöåé. Òàê êàê, ñ

îäíîé ñòîðîíû, ∂
∂Θ

F−1
f,α(Θ) = 1

Θ

∞∫
0

s
α

Θ1/αe−A0sΘ1/α
b0b

∗
0e
−A∗0sΘ1/α

d (−f(s)) , òî îòñþäà
â ñèëó ðàâåíñòâà (2.3) ïîëó÷àåì

∂

∂Θ
F−1

f,α(Θ) =
1

Θ
D−1

α (Θ)F̃f,αD−1
α (Θ), (2.19)

ãäå F̃f,α =
∞∫
0

s
α

e−A0sb0b
∗
0e
−A∗0sd (−f(s)) � ïîëîæèòåëüíî îïðåäåëåííàÿ ìàòðèöà [1, 9].

Ñ äðóãîé ñòîðîíû, èç ðàâåíñòâà (2.4) èìååì

∂

∂Θ
F−1

f,α(Θ) =
1

Θ
D−1

α (Θ)
(−HαF−1

f − F−1
f Hα

)
D−1

α (Θ). (2.20)

Èç (2.19), (2.20) ïîëó÷àåì ðàâåíñòâî −FfH
α − HαFf = Ff F̃f,αFf , à ïîýòîìó Fα

f �
ïîëîæèòåëüíî îïðåäåëåííàÿ ìàòðèöà.

Òîãäà èç (2.18) ïîëó÷àåì íåðàâåíñòâà (2.12), ãäå λα
min, λα

max � íàèìåíüøåå è
íàèáîëüøåå ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû (Fα

f )−1Wf . Ïî òåîðåìå 1.3 [6, ñòð. 21]
èç íåðàâåíñòâ (2.12) ïîëó÷àåì îöåíêè íà âðåìÿ äâèæåíèÿ âèäà (2.13).

2.2. Âû÷èñëåíèå ïðîèçâîäíûõ óïðàâëåíèÿ

Âû÷èñëèì ïðîèçâîäíóþ k-ãî ïîðÿäêà óïðàâëåíèÿ uf,α(x) âèäà (2.15) â ñèëó
ñèñòåìû (2.11). Îáîçíà÷èì Pi(α, y) =

(
2i−1
2α

E −Hα
)
βα(y)+A1, i = 1, . . ., ãäå βα(y) =

(Wfy, y)/(Fα
f y, y). Òîãäà ðàâåíñòâî (2.18) ïðèíèìàåò âèä Θ̇α(x) = −βα(y)Θ

1−1/α
α (x),

â ñèëó êîòîðîãî èç (2.17) ïîëó÷àåì ðàâåíñòâî ẏ =
(
A1 − Hαβα(y)

)
Θ
−1/α
α (x)y. Íà

îñíîâàíèè ïîñëåäíåãî ðàâåíñòâà ïðîèçâîäíàÿ p-ãî ïîðÿäêà â ñèëó ñèñòåìû (2.11)
êâàäðàòè÷íîé ôîðìû (V y, y) èìååò âèä

(V y, y)(p) =

p−1∑
s=0

Cs
p−1

(
(Vay, y)(p−1−s) +

p−1−s∑

l=0

C l
p−1−s(Vhy, y)(p−1−s−l)β(l)

α (y)
)
×

×Θ−1/α
α

( s∑
m=1

m!

αm

∑
α1+...+αm=s−m

ζ(s)
α1...αm

β(α1)
α . . . β(αm)

α Θ−m/α
α

)
, (2.21)

ãäå Va = V A1 + A∗
1V, Vh = −(V Hα + HαV ), ζ

(s)
α1...αm � ïîëîæèòåëüíûå ÷èñëà, îïðå-

äåëÿåìûå ðåêóððåíòíûìè ñîîòíîøåíèÿìè

ζ
(1)
0 = 1, ζ

(s)
α1...αm = ζ ′(s)α1...αm

, ζ
(s)
α1...αm−10 = ζ

(s−1)
α1...αm−1 + ζ ′(s)α1...αm−10

,

ζ ′(s)α1...αm
=ζ

(s−1)
α1−1α2...αm

+ . . . + ζ
(s−1)
α1...αm−1αm−1, α1+...+αi=s−m, m=1, ..., s, s=2, ....
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Çäåñü è äàëåå ñëàãàåìîå ñ îòðèöàòåëüíûì èíäåêñîì ðàâíî íóëþ, Ci
k � áèíîìèàëü-

íûå ÷èñëà. Ïîñêîëüêó

( 1

(Fα
f y, y)

)(i)

=
1

(Fα
f y, y)

i∑
j=1

(−1)j
∑

α1+...+αj=i−j

γ(i)
α1...αj

j∏

l=1

(Fα
f y, y)(αl+1)

(Fα
f y, y)

,

ãäå γ
(i)
α1...αj � ïîëîæèòåëüíûå ÷èñëà, îïðåäåëÿåìûå ðåêóððåíòíûìè ñîîòíîøåíèÿìè

γ
(1)
0 = 1, γ

(i)
α1...αj = γ ′(i)

α1...αj
, α1 + . . . + αj = i− j, j = 1, . . . , i, i = 2, . . . ,

γ
(i)
α1...αj−10 = j γ

(i−1)
α1...αj−1 + γ ′(i)

α1...αj−10
, γ ′(i)

α1...αj
= γ

(i−1)
α1−1α2...αj

+ . . . + γ
(i−1)
α1...αj−1αj−1,

òî äëÿ k = 1, 2, . . . èìååì

β(k)
α (y) =

k∑
i=0

Ci
k

(Wfy, y)(k−i)

(Fα
f y, y)

i∑
j=1

(−1)j
∑

α1+...+αj=i−j

γ(i)
α1...αj

j∏

l=1

(Fα
f y, y)(αl+1)

(Fα
f y, y)

, (2.22)

ãäå ïðîèçâîäíûå êâàäðàòè÷íûõ ôîðì (Wfy, y), (Fα
f y, y) âû÷èñëÿþòñÿ ïî ôîð-

ìóëå (2.21). Ìåòîäîì èíäóêöèè óñòàíàâëèâàåòñÿ ñïðàâåäëèâîñòü ñîîòíîøåíèé:
� íà îñíîâàíèè ðàâåíñòâà

(
Θ
− 2i+1

2α
α y

)(1)

= Pi+1Θ
− 2i+3

2α
α y ñïðàâåäëèâîñòü ôîðìóëû

(
Θ
− 1

2α
α y

)(k)
=

k∑
i=1

∑

α1+...+αi=k−i

ζ(k)
α1...αi

P
(α1)
1 . . . P

(αi)
i Θ

− 2i+1
2α

α y, k = 1, 2, . . . (2.23)

ãäå P
(αi)
i (α, y) =

(
2i−1
2α

E −Hα
)
β

(αi)
α (y), i = 1, . . . , k;

� íà îñíîâàíèè ðàâåíñòâ (2.16), An
0 = 0 ñïðàâåäëèâîñòü ôîðìóëû

N (k)(x) = δkA
k
0N(x) +

mk−1∑
j=0

Amk−1−j
0 b0P0

(
Θ
− 1

2α
α y

)(j+(1−δk)(k−n))
, k = 1, . . . (2.24)

ãäå δk = 1 äëÿ k < n, δk = 0 äëÿ k ≥ n, mk = min{k, n}.
Òàêèì îáðàçîì, ïðîèçâîäíàÿ k-ãî ïîðÿäêà u

(k)
f,α(x) (k = 1, 2, . . .) óïðàâëåíèÿ

uf,α(x) çàäàåòñÿ ôîðìóëîé

u
(k)
f,α(x) = P0

(
Θ
− 1

2α
α y

)(k) − pN (k)(x), (2.25)

ãäå
(
Θ
− 1

2α
α y

)(k)
, N (k)(x) èç (2.23), (2.24) ñîîòâåòñòâåííî.

2.3. Îãðàíè÷åííîñòü óïðàâëåíèÿ è åãî ïðîèçâîäíûõ

Ïîêàæåì, ÷òî ÷èñëî a0 ìîæåò âûáðàíî òàêèì, ÷òî óïðàâëåíèå è åãî ïðîèçâîä-
íûå áóäóò óäîâëåòâîðÿòü çàäàííûì îãðàíè÷åíèÿì.
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Ëåììà 3. Äëÿ êàæäîãî êîíå÷íîãî ÷èñëà α ≥ 2l +1 ÷èñëî a0 ìîæåò âûáðàíî òà-
êèì, ÷òî óïðàâëåíèå uf,α(x) è åãî ïðîèçâîäíûå u

(1)
f,α(x), . . . , u

(l)
f,α(x) â ñèëó ñèñòåìû

(2.11) óäîâëåòâîðÿþò îãðàíè÷åíèÿì

|u(k)
f,α(x)| ≤ dk, x ∈ Qα \ {0}, k = 0, 1, . . . , l. (2.26)

Äîêàçàòåëüñòâî. Âíà÷àëå ìåòîäîì èíäóêöèè óñòàíîâèì, ÷òî

|β(k)
α (y(Θα(x), x)| ≤ βk(α)Θ−k/α

α (x), k = 1, . . . , x ∈ Qα. (2.27)

Èç (2.22) ïðè k=1 èìååì β̇α(y)=
(
(Wfy, y)(1)−βα(y)(Fα

f y, y)(1)
)
/(Fα

f y, y). Îòñþäà
â ñèëó ðàâåíñòâà (2.21) ïðè p = 1 è íåðàâåíñòâà βα(y) ≤ λα

max ïîëó÷àåì, ÷òî
|β̇α(y)| ≤ β1(α)Θ

− 1
α

α , ãäå β1(α) = ωα
1 + λα

maxφ
α
1 , çäåñü ωα

1 = max
{|λWa

min|, |λWa
max|

}
+

λα
max max

{
|λWh

min|, |λWh
max|

}
, φα

1 = max
{
|λF α

a
min|, |λF α

a
max|

}
+ λα

max max
{
|λF α

h
min|, |λF α

h
max|

}
, ãäå

λWa
min, λWa

max, λWh
min, λWh

max, λ
F α

a
min, λ

F α
a

max, λ
F α

h
min, λ

F α
h

max � íàèìåíüøèå è íàèáîëüøèå ñîáñòâåí-
íûå çíà÷åíèÿ ìàòðèö (F α

f )−1(Wf )a, (Fα
f )−1(Wf )h, (Fα

f )−1(Fα
f )a, (Fα

f )−1(Fα
f )h ñîîò-

âåòñòâåííî.
Ïðåäïîëîæèì, ÷òî äëÿ ëþáîãî y ñïðàâåäëèâû íåðàâåíñòâà

|β(ν)
α (y)| ≤ βν(α)Θ

− ν
α

α , ν = 0, . . . , k − 1. (2.28)

Ýòî îçíà÷àåò, ÷òî âûïîëíåíû íåðàâåíñòâà
∣∣∣∣∣
(V y, y)(ν)

(Fα
f y, y)

∣∣∣∣∣ ≤ vν(α)Θ
− ν

α
α , ν = 0, . . . , k − 1, (2.29)

ïðè V = Wf , V = Fα
f , V = Wa è V = Wh, V = (Fα

f )a ≡ F α
f A1 + A∗

1F
α
f , V = (Fα

f )h ≡
−(Fα

f Hα + HαFα
f ) ñ vν ðàâíûì, ñîîòâåòñòâåííî, ων , φν , ωa

ν , ωh
ν , φa

ν , φh
ν . Ïîýòîìó íà

îñíîâàíèè ðàâåíñòâà (2.21) èìååì
∣∣∣∣∣
(Wfy, y)(k)

(Fα
f y, y)

∣∣∣∣∣ ≤ ωkΘ
− k

α
α ,

∣∣∣∣∣
(Fα

f y, y)(k)

(Fα
f y, y)

∣∣∣∣∣ ≤ φkΘ
− k

α
α , (2.30)

ãäå

ωk =
k−1∑
s=0

Cs
k−1

(
ωa

k−1−s+
k−1−s∑

l=0

C l
k−1−sω

h
k−1−s−lβl

) s∑
m=1

m!

αm

∑
α1+...+αm=s−m

ζ(s)
α1...αm

βα1
. . . βαm

,

φk =
k−1∑
s=0

Cs
k−1

(
φa

k−1−s+
k−1−s∑

l=0

C l
k−1−sφ

h
k−1−s−lβl

) s∑
m=1

m!

αm

∑
α1+...+αm=s−m

ζ(s)
α1...αm

βα1
. . . βαm

.

Òîãäà èç (2.22) â ñèëó íåðàâåíñòâ (2.28)�(2.30) ñëåäóåò íåðàâåíñòâî (2.27), ãäå

βk =
k∑

i=0

Ci
kωk−i

i∑
j=1

∑
α1+...+αj=i−j

γ(i)
α1...αj

φα1+1 · . . . · φαj+1.
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Ïîñêîëüêó â ñèëó (2.27) èìååì

‖P (k)
i (α, y)‖ ≤

(
n + i− 1

α
βk(α) + δ0k ‖A1‖

)
Θ−k/α

α , i = 1, . . . , k = 0, 1, . . . ,

ãäå δ0k � ñèìâîë Êðîíåêåðà, òî ‖ ∑
α1+...+αi=k−i

ζα1...αi
P

(α1)
1 . . . P

(αi)
i ‖ ≤ σk,i(α)Θ

−(k−i)/α
α ,

ãäå σk,i(α) =
∑

α1+...+αi=k−i

ζα1...αi

i∏
j=1

(
n+j−1

α
βαj

(α) + δ0αj
‖A1‖

)
. Ïîýòîìó èç (2.23) ïî-

ëó÷àåì
‖(Θ−1/α

α (x)y
)(k)‖ ≤ σk(α)Θ

− 2k+1
2α

α (x)‖y‖, k = 0, 1 . . . , (2.31)

ãäå σ0 = 1, σk(α) =
k∑

i=1

σk,i(α). Ó÷èòûâàÿ íåðàâåíñòâî (2.31), èç (2.24) ïîëó÷àåì

‖N (k)(x)‖ ≤
(
δk‖Ak

0D
−1
α (Θα(x))‖Θ

2k+1
2α

α (x) +
mk−1∑
j=0

‖Amk−1−j
0 b0P0‖

× σj+(1−δk)(k−n)Θ
(k−j−(1−δk)(k−n))/α
α (x)

)
Θ
− 2k+1

2α
α (x)‖y‖.

(2.32)

Ïîñêîëüêó ‖Ak
0D

−1
α (Θ)‖Θ 2k+1

2α = Θ
γ
α , ãäå γ = n+1 ïðè Θ > 1, γ = 1 ïðè Θ ≤ 1, è

k − j − (1− δk)(k − n) ≥ 1, òî èç íåðàâåíñòâà (2.32) èìååì

‖N (k)(x)‖ ≤ `k(α)Θ
− 2k+1

2α
α (x)‖y‖, x ∈ Qα \ {0}, (2.33)

ãäå `k(α) = δkc
γ
α
α +

mk−1∑
j=0

‖Amk−1−j
0 b0P0‖σj+(1−δk)(k−n)(α)c

k−j−(1−δk)(k−n)

α
α . Èç ðàâåíñòâà

(2.25) â ñèëó íåðàâåíñòâ (2.31), (2.33) âûòåêàåò, ÷òî

|u(k)
f,α(x)| ≤ ηk(α)Θ

− 2k+1
2α

α (x)‖y‖, x ∈ Qα \ {0}, k = 0, 1, . . . , (2.34)

ãäå ηk(α) = ‖P0‖σk(α) + ‖p‖`k(α). Èç ðàâåíñòâà (2.14) âûòåêàåò íåðàâåíñòâî
‖y‖2 ≤ 2a0Θα(x)‖F−1

f ‖, â ñèëó êîòîðîãî èç (2.34) äëÿ α ≥ (2l+1) â îáëàñòè Qα \{0}
ïîëó÷àåì íåðàâåíñòâî

|u(k)
f,α(x)| ≤ ηk(α)

√
2a0‖F−1

f ‖ c
1
2
− 2k+1

2α
α , k = 0, 1, . . . , l. (2.35)

Âûáåðåì ÷èñëî a0 èç óñëîâèÿ

0 < a0 ≤ 1

2‖F−1
f ‖ min

0≤k≤l

d2
k

η2
k(α) c

1− 2k+1
α

α

. (2.36)

Òîãäà èç (2.35) ïîëó÷àåì íåðàâåíñòâà (2.26).

Òàêèì îáðàçîì, èìååì òåîðåìó, äàþùóþ ðåøåíèå çàäà÷è ñèíòåçà èíåðöèîííûõ
óïðàâëåíèé äëÿ ñèñòåìû (2.1).
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Òåîðåìà 1. Ðàññìîòðèì ñèñòåìó (2.1), ãäå îáëàñòü Q � îêðåñòíîñòü íà÷àëà
êîîðäèíàò, ôóíêöèè a(x), b(x) ∈ C1(Q), óäîâëåòâîðÿþò óñëîâèÿì (B1)�(B3) è
a(0) = 0. Ïóñòü f(s) � ïðîèçâîëüíàÿ íåîòðèöàòåëüíàÿ ìîíîòîííî íåâîçðàñòà-
þùàÿ íà ïîëóîñè [0, +∞) ôóíêöèÿ, èìåþùàÿ íå ìåíåå, ÷åì n òî÷åê óáûâàíèÿ,
òàêàÿ, ÷òî

∞∫
0

s2n−1f(s)ds < ∞, êîíå÷íîå ÷èñëî α ≥ 2l+1, a0 óäîâëåòâîðÿåò óñëî-
âèþ (2.36), ôóíêöèÿ óïðàâëÿåìîñòè Θα(x) ïðè x 6= 0 ÿâëÿåòñÿ ïîëîæèòåëüíûì
ðåøåíèåì óðàâíåíèÿ (2.7), Θα(0) = 0, îáëàñòü Q = {x : Θα(x) ≤ cα}, ãäå cα èç
(2.8).

Òîãäà óïðàâëåíèå uf,α(x) âèäà (2.10) äëÿ ñèñòåìû (2.1) ðåøàåò çàäà÷ó ñèíòåçà
èíåðöèîííûõ óïðàâëåíèé â îáëàñòè Qα \ {0}, ïðè÷åì âðåìÿ äâèæåíèÿ Tα(x0) èç
ïðîèçâîëüíîé òî÷êè x0 ∈ Qα â íà÷àëî êîîðäèíàò ïî òðàåêòîðèè ñèñòåìû (2.1)
ñ óïðàâëåíèåì uf,α(x) óäîâëåòâîðÿåò îöåíêàì (2.13).

Äîêàçàòåëüñòâî. Áûëî óñòàíîâëåíî, ÷òî äëÿ êàæäîãî êîíå÷íîãî ÷èñëà α ≥ 1
óðàâíåíèå (2.7) îïðåäåëÿåò åäèíñòâåííóþ ïîëîæèòåëüíóþ ôóíêöèþ Θα(x), íåïðå-
ðûâíî äèôôåðåíöèðóåìóþ â Q1

α \ {0}, êîòîðàÿ ïðè Θα(0) = 0 ÿâëÿåòñÿ íåïðå-
ðûâíîé â Q1

α, è ïîêàçàíî, ÷òî äëÿ ïîñòîÿííîé cα èç (2.8) îáëàñòü Qα ÿâëÿåòñÿ
îãðàíè÷åííîé è Qα ⊂ int Q1

α (ëåììà 1); óïðàâëåíèå (2.10) ÿâëÿåòñÿ ëèïøèöåâûì
â êàæäîì ìíîæåñòâå K(ρ1, ρ2) = {x : 0 < ρ1 ≤ ‖N(x)‖ ≤ ρ2 ≤ Rα} ñ ïîñòîÿííîé
Ëèïøèöà Lu(ρ1, ρ2) → +∞ ïðè ρ1 → 0; ïîêàçàíî, ÷òî ïðîèçâîäíàÿ ôóíêöèè Θα(x)
â ñèëó ñèñòåìû (2.1) ñ ýòèì óïðàâëåíèåì óäîâëåòâîðÿåò íåðàâåíñòâàì (2.12), ïî-
ëó÷åíû òî÷íûå îöåíêè (2.13) íà âðåìÿ äâèæåíèÿ Tα(x0) èç ïðîèçâîëüíîé òî÷êè
x0 îáëàñòè Qα \ {0} â íà÷àëî êîîðäèíàò (ëåììà 2); íàêîíåö, óñòàíîâëåíî, ÷òî äëÿ
êàæäîãî α ≥ 2l + 1 è ÷èñëà a0, âûáðàííîãî èç óñëîâèÿ (2.36), óïðàâëåíèå è åãî
ïðîèçâîäíûå â ñèëó ñèñòåìû (2.1) óäîâëåòâîðÿþò îãðàíè÷åíèÿì (2.26) (ëåììà 3).

Òîãäà ïî òåîðåìå 1 èç [4, 5] ñëåäóåò óòâåðæäåíèå äàííîé òåîðåìû.

Ñëåäñòâèå 1. Ïóñòü â óñëîâèÿõ òåîðåìû 1 ôóíêöèÿ f(s) èìååò âèä

f(s) = fα(s) =

{
(1− s/α)α ïðè 0 ≤ s < α,

0 ïðè s ≥ α.
(2.37)

Òîãäà óïðàâëåíèå (2.10) äëÿ ñèñòåìû (2.1) ðåøàåò çàäà÷ó ñèíòåçà èíåðöèîí-
íûõ óïðàâëåíèé â îáëàñòè Qα \ {0} è âðåìÿ äâèæåíèÿ Tα(x0) èç ïðîèçâîëüíîé
òî÷êè x0 ∈ Qα â íà÷àëî êîîðäèíàò ðàâíî αΘ

1
α
α (x0).

Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî, ïðè òàêîì âûáîðå ôóíêöèè f(s) èç ðàâåíñòâà
(2.18) ïîëó÷àåì, ÷òî ïðîèçâîäíàÿ ôóíêöèè óïðàâëÿåìîñòè Θα(x) óäîâëåòâîðÿåò
ðàâåíñòâó Θ̇α(x) = −Θ

1− 1
α

α (x), îòêóäà ñëåäóåò óòâåðæäåíèå äàííîãî ñëåäñòâèÿ.

Ïðèìåð 1. Ðàññìîòðèì çàäà÷ó ñèíòåçà èíåðöèîííûõ óïðàâëåíèé äëÿ ñèñòåìû

ẋ1 = x3(3 + x2
3) + u, ẋ2 = x1 + x3 +

x3
3

3
, ẋ3 =

−9x2 + 2x3(3 + x2
3)− 2u

2(1 + x2
3)

, (2.38)

ISSN 0203�3755 Äèíàìè÷åñêèå ñèñòåìû, âûï. 25 (2008)



ÑÈÍÒÅÇ ÈÍÅÐÖÈÎÍÍÛÕ ÓÏÐÀÂËÅÍÈÉ ÄËß ÀÔÔÈÍÍÛÕ ÑÈÑÒÅÌ 61

ñ îãðàíè÷åíèÿìè íà óïðàâëåíèå âèäà (1.4) ïðè l = 2, ãäå d0 = 40, d1 = 75, d2 = 135,
ò.å. |u| ≤ 40, |u̇| ≤ 75, |ü| ≤ 135. Çäåñü

a(x) =




x3(3 + x2
3)

x1 + x3 + x3
3/3

−9x2 + 2x3(3 + x2
3)

2(1 + x2
3)


 , b(x) =




1

0

− 1

1 + x2
3


 .

Äëÿ ýòîé ñèñòåìû â îáëàñòè Q = R3 ñóùåñòâóþò
{
adk

ab(x)
}3

k=0
, ãäå ad0

ab(x) =

b(x), adk
ab(x) = ax(x)adk−1

a b(x)− (adk−1
a b(x))xa(x), k = 1, 2, 3, êîòîðûå èìåþò âèä

adab(x) = −




3
0
3

1+x2
3


 , ad2

ab(x) = −




9
6
9

1+x2
3


 , ad3

ab(x) = −



27
18
0


 ,

rang(b(x) adab(x) ad2
ab(x)) = 3, [adk

ab(x), adi
ab(x)] = 0 äëÿ âñåõ 0 ≤ i, k ≤ 3,

ad3
ab(x) = −27

2
b(x)− 9

2
adab(x)) + 3 ad2

ab(x),

ôóíêöèÿ ϕ0(x1, x2, x3) = x2 óäîâëåòâîðÿåò ñèñòåìå (1.2), èìåþùåé âèä
∂ϕ0(x)

∂x1

− 1

1 + x2
3

∂ϕ0(x)

∂x3

= 0,
∂ϕ0(x)

∂x1

+
1

1 + x2
3

∂ϕ0(x)

∂x3

= 0,

è ϕ0
x(x)ad2

ab(x) 6= 0 äëÿ âñåõ x ∈ R3, ò.å. âûïîëíåíû óñëîâèÿ (B1)�(B4).
Ïîñêîëüêó ôóíêöèÿ c(τ) = −1/6, òî ϕ(x) = −x2/6 è ñ ïîìîùüþ çàìåíû ïå-

ðåìåííûõ z = N(x) = (−x2/6,−(3x1 + 3x3 + x3
3)/18, 3x2/4− x3(3 + x2

3)/3)
∗ ñèñòåìà

(2.38) îòîáðàæàåòñÿ íà ñèñòåìó

ż1 = z2, ż2 = z3, ż3 = −27

2
z1 − 9

2
z2 + 3z3 + u.

Ñîãëàñíî óñëîâèÿì òåîðåìû 1, âûáåðåì ôóíêöèþ f(s) âèäà (2.37), α = 5 è äàëåå
èíäåêñû óêàçûâàòü íå áóäåì. Èç íåðàâåíñòâà (2.8) ïðè Θ = 2.5 · 109 è ïðè áëèçêèõ
ê åäèíèöå çíà÷åíèÿõ σ è δ ïîëó÷àåì c = 1. Ñîãëàñíî óñëîâèþ (2.36) ïîëîæèì
a0 = 1. Îïðåäåëèì ôóíêöèþ óïðàâëÿåìîñòè Θ(x) ïðè x 6= 0 êàê ïîëîæèòåëüíûé
êîðåíü óðàâíåíèÿ

2Θ2 − 288

625
x2

2 −
128

375
Θ1/5x2(3x1 + 3x3 + x3

3)−
82

1125
Θ2/5(3x1 + 3x3 + x3

3)
2+

+
48

25
Θ2/5x2

(
3

4
x2 − 1

3
x3(3 + x2

3)

)
+

24

25
Θ3/5(3x1 + 3x3 + x3

3)

(
3

4
x2−

− 1

3
x3(3 + x2

3)

)
− 24

5
Θ4/5

(
3

4
x2 − 1

3
x3(3 + x2

3)

)2

= 0 (2.39)

è ïîëîæèì Θ(0) = 0.
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Ðèñ. 1. Îáëàñòü Q.

Ðàññìîòðèì îáëàñòü Q = {x : Θ(x) ≤ 1}, êîòîðàÿ èçîáðàæåíà íà ðèñ. 1. Ñî-
ãëàñíî ôîðìóëå (2.10) óïðàâëåíèå u(x), êîòîðîå äëÿ ñèñòåìû (2.38) ðåøàåò çàäà÷ó
ñèíòåçà èíåðöèîííûõ óïðàâëåíèé â îáëàñòè Q, èìååò âèä

u(x) = −9

4
x2 +

12x2

25Θ3/5
−

(
1

4
− 6

25Θ2/5

)
(3x1 + 3x3 + x3

3)−

−
(

3 +
12

5Θ1/5

)(
3x2

4
− 1

3
x3(3 + x2

3)

)
,

è âìåñòå ñ ïðîèçâîäíûìè

u̇(x) = − 108x2

125Θ4/5
− 36x2

25Θ3/5
−

(
3

4
+

8

25Θ3/5
+

18

25Θ2/5

)
(3x1 + 3x3 + x3

3)+

+

(
9

2
+

24

25Θ2/5
+

36

5Θ1/5

)(
3x2

4
− 1

3
x3(3 + x2

3)

)
,

ü(x) = −144x2

625Θ
+

324x2

125Θ4/5
+

54x2

25Θ3/5
−

(
156

625Θ4/5
− 24

25Θ3/5
− 27

25Θ2/5

)
(3x1+

+3x3 + x3
3) +

(
27

2
+

96

25Θ3/5
− 72

25Θ2/5
− 54

5Θ1/5

)(
3x2

4
− 1

3
x3(3 + x2

3)

)

(çäåñü Θ = Θ(x)) óäîâëåòâîðÿåò â íåé îãðàíè÷åíèÿì |u(x)| ≤ 40, |u̇(x)| ≤ 75,
|ü(x)| ≤ 135.

Íàéäåì òðàåêòîðèþ ñèñòåìû (2.38) èç òî÷êè x0 = (11,−5.5,−2)∗ ∈ Q â íà÷à-
ëî êîîðäèíàò. Äëÿ ýòîãî òðåáóåòñÿ ëèøü îäèí ðàç ðåøèòü óðàâíåíèå (2.39) ïðè
x = x0 äëÿ íàõîæäåíèÿ ïîëîæèòåëüíîãî êîðíÿ Θ0. Èìååì Θ0 ≈ 0.94398 è âðåìÿ
äâèæåíèÿ T (x0) ≈ 4.94268. Ïîñêîëüêó θ̇ = −θ4/5, θ(0) = Θ0, òî θ(t) = ((T−t)/5)5.
Íàõîæäåíèå ðåøåíèÿ z(t) = (z1(t), z2(t), z3(t))

∗ çàäà÷è Êîøè äëÿ ñèñòåìû (2.2)
ñ óïðàâëåíèåì u(z) = −1

2
b∗0F (θ(t))z−pz è íà÷àëüíûìè óñëîâèÿìè z10 = −x20/6,

z20 = −(3x10+3x30+x3
30)/18, z30 = 3x20/4−x30(3+x2

30)/3 ñâîäèòñÿ ê ðåøåíèþ çàäà÷è
Êîøè äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ ïîñòîÿííûìè êîýôôèöèåíòàìè îòíî-
ñèòåëüíî ôóíêöèè y(τ) = z1(T − eτ ) âèäà 2y′′′−15y′′+122y′−360y = 0, y(ln T ) = z10,
y′(ln T ) = −Tz20, y′′(ln T )−y′(ln T ) = T 2z30. Ýòî ðåøåíèå èìååò âèä
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Ðèñ. 2. Òðàåêòîðèÿ x(t).

z1(t) = (T − t)5(c1 + c2 cos γ(t) + c3 sin γ(t)),

z2(t) = (T − t)4
(
5c1 − (5c2 +

√
47 c3) cos γ(t) + (

√
47 c2 − 5c3) sin γ(t)

)
,

z3(t) = (T − t)3
(
20c1 − (27c2 − 9

√
47 c3) cos γ(t)− (27c3 + 9

√
47 c2) sin γ(t)

)
,

ãäå c1 = (72z10 + 9Tz20 + T 2z30)/(47T 5), c2 = ξ1 cos(
√

47 ln T ) − ξ2 sin(
√

47 ln T ),
c3 = ξ1 sin(

√
47 ln T ) + ξ2 cos(

√
47 ln T ), ξ1 = −(25z10 + 9Tz20 + T 2z30)/(47T 5),

ξ2 = −(5z10 + Tz20)/(
√

47 T 5), γ(t) =
√

47 ln(T−t). Èç ñèñòåìû

−x2/6 = z1, (−3x1 − 3x3 − x3
3)/18 = z2, 3x2/4− x3(3 + x2

3)/3 = z3

íàõîäèì òðàåêòîðèþ x(t), êîòîðàÿ èìååò ñëåäóþùèé âèä

x(t) = (9z1(t)/2− 6z2(t) + z3(t),−6z1(t), w(t)− 1/w(t))∗ ,

ãäå w(t) =
(
−2916z1(t)+

√
186624+(2916z1(t)+648z3(t))2 − 648z3(t)

)1/3

/(6 3
√

2).

Òðàåêòîðèÿ, íà÷èíàþùàÿñÿ â òî÷êå (11,−5.5,−2)∗ è îêàí÷èâàþùàÿñÿ â íóëå â
ìîìåíò âðåìåíè T, èçîáðàæåíà íà ðèñ. 2.
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Ðèñ. 3. Óïðàâëåíèå è åãî ïðîèçâîäíûå íà òðàåêòîðèè.

Íà ðèñ. 3 èçîáðàæåíû ãðàôèêè óïðàâëåíèÿ, åãî ïåðâîé è âòîðîé ïðîèçâîäíûõ
íà òðàåêòîðèè. Î÷åâèäíî, óïðàâëåíèå è åãî ïðîèçâîäíûå íà òðàåêòîðèè óäîâëå-
òâîðÿþò çàäàííûì îãðàíè÷åíèÿì.
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