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Àííîòàöèÿ. Ïîëó÷åíî ðåøåíèå ïåðâîé îñíîâíîé ãðàíè÷íîé çàäà÷è î ïëàíàðíûõ êîëåáàíèÿõ

ïðÿìîóãîëüíîé ïëàñòèíû. Íà îñíîâå ìåòîäà ñóïåðïîçèöèè çàäà÷à ñâîäèòñÿ ê áåñêîíå÷íîé ñèñòå-

ìå ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé. Ïðè ïîìîùè ìåòîäà ïðåäåëüíûõ ëèìèòàíò íàõîäÿòñÿ

ïåðâûå íåèçâåñòíûå â ñèñòåìå è ñòðîèòñÿ àñèìïòîòè÷åñêàÿ ôîðìóëà äëÿ îñòàëüíûõ íåèçâåñòíûõ.

Êëþ÷åâûå ñëîâà: áåñêîíå÷íàÿ ñèñòåìà, àñèìïòîòèêà, ïðÿìîóãîëüíàÿ ïëàñòèíà.

1. Ââåäåíèå

Ïðè èññëåäîâàíèè ïëàíàðíûõ êîëåáàíèé ïðÿìîóãîëüíûõ ïëàñòèí èñòîðè÷åñêè
ñôîðìèðîâàëèñü äâà îñíîâíûõ àíàëèòè÷åñêèõ ïîäõîäà: ìåòîä ñóïåðïîçèöèè è ìå-
òîä îäíîðîäíûõ ðåøåíèé. Îáà äàííûõ ìåòîäà èñïîëüçóþò îáùèå ðåøåíèÿ óðàâíå-
íèé äâèæåíèÿ ïëàñòèíû, îáëàäàþùèå äîñòàòî÷íîé ïîëíîòîé äëÿ óäîâëåòâîðåíèÿ
ãðàíè÷íûì óñëîâèÿì, íåîïðåäåëåííûå êîýôôèöèåíòû â ïðåäñòàâëåíèè ðåøåíèÿ
îïðåäåëÿþòñÿ èç áåñêîíå÷íûõ ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé. Èç-
âåñòíî, ÷òî âûðàæåíèÿ, êîòîðûå äàåò ìåòîä îäíîðîäíûõ ðåøåíèé, ñîäåðæàò êîðíè
êîìïëåêñíûõ òðàíñöåíäåíòíûõ äèñïåðñèîííûõ óðàâíåíèé [10], ïîýòîìó, êàê ïðà-
âèëî, ó÷èòûâàþò ëèøü ïåðâûå âåòâè äèñïåðñèîííûõ óðàâíåíèé [9], ÷òî ïîçâîëÿåò
ïîëó÷èòü ïðèáëèæåííîå ðåøåíèå. Â ñëó÷àå âîçáóæäåíèÿ êîëåáàíèé íàïðÿæåíèÿ-
ìè â [8] çàäà÷à ðàññìàòðèâàëàñü íà îñíîâå ìåòîäà ñóïåðïîçèöèè. Ïðè ýòîì ãëàâíóþ
ðîëü â ïîñòðîåíèè ýôôåêòèâíîãî àëãîðèòìà ðåøåíèÿ çàäà÷è èãðàëà ãèïîòåçà, âû-
äâèíóòàÿ ïî àíàëîãèè ñ ïîäîáíîé çàäà÷åé ñòàòèêè, î ñóùåñòâîâàíèè ïðåäåëà ó
íåèçâåñòíûõ â áåñêîíå÷íîé ñèñòåìå äëÿ ïðîèçâîëüíîãî âèäà âûíóæäàþùåé íà-
ãðóçêè

lim
m→∞

xm = − lim
m→∞

ym = G (1.1)

Äàííàÿ ãèïîòåçà íàøëà ïîäòâåðæäåíèå â ðàññìîòðåííûõ ÷èñëåííûõ ïðèìåðàõ [1],
[8]. Îòìåòèì òàêæå, ÷òî õîòÿ â [1], [8] ïðåäåë ïðåäïîëàãàëñÿ, âîîáùå ãîâîðÿ, îòëè÷-
íûì îò íóëÿ, èç äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ ïðåäåëà [3] ñëåäóåò, ÷òî â ÷àñòíûõ
ñëó÷àÿõ îí ìîæåò îáðàùàòüñÿ â íóëü. Î÷åâèäíî, ÷òî çàäàííûå íà ãðàíèöå ñìå-
ùåíèÿ ñîîòâåòñòâóþò íåêîòîðûì ãðàíè÷íûì íàïðÿæåíèÿì, â ñèëó ÷åãî ðàññìàò-
ðèâàåìîé ïåðâîé ãðàíè÷íîé çàäà÷å ìîæåò áûòü ñîïîñòàâëåíà ýêâèâàëåíòíàÿ âòî-
ðàÿ ãðàíè÷íàÿ çàäà÷à. Åñëè â îáîèõ ñëó÷àÿõ íåèçâåñòíûå â áåñêîíå÷íûõ ñèñòåìàõ
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îïðåäåëÿþòñÿ ÷åðåç îäíè è òå æå íåîïðåäåëåííûå êîýôôèöèåíòû îáùåãî ðåøåíèÿ,
òî ìîæíî îæèäàòü, ÷òî äëÿ íåèçâåñòíûõ â áåñêîíå÷íîé ñèñòåìå, ñîîòâåòñòâóþùåé
ïåðâîé îñíîâíîé ãðàíè÷íîé çàäà÷è, ñïðàâåäëèâ àñèìïòîòè÷åñêèé çàêîí (1.1).

Â äàííîé ñòàòüå èñïîëüçóåòñÿ ìåòîä ñóïåðïîçèöèè ïðèìåíèòåëüíî ê ïåðâîé
îñíîâíîé ãðàíè÷íîé çàäà÷å. Ïðåäåëüíàÿ êîíñòàíòà G âûðàæàåòñÿ ÷åðåç ïðîèçâîä-
íûå ãðàíè÷íûõ ñìåùåíèé. Ïðè ïîìîùè ìåòîäà ïðåäåëüíûõ ëèìèòàíò [7] íàõîäÿòñÿ
ïåðâûå íåèçâåñòíûå è âòîðîé ñòåïåííîé ÷ëåí àñèìïòîòèêè ðåøåíèÿ.

2. Ïîñòàíîâêà çàäà÷è è ñâåäåíèå ê áåñêîíå÷íîé ñèñòåìå

Ðàññìîòðèì â áåçðàçìåðíûõ êîîðäèíàòàõ óñòàíîâèâøèåñÿ êîëåáàíèÿ òîíêîé
ïëàñòèíû [−1; 1]× [−η; η] ïîä äåéñòâèåì âûíóæäàþùèõ ñìåùåíèé. Ïîëó÷àåì ñëå-
äóþùóþ êðàåâóþ çàäà÷ó äëÿ óðàâíåíèé Ëàìå îòíîñèòåëüíî óñðåäíåííîãî ïî òîë-
ùèíå âåêòîðà ñìåùåíèé:

∆u+
1

1− 2ν∗
grad div u =

ρ

G

∂2u

∂ t2
(2.1)

ãäå ν∗ = ν
1+ν

, ν �êîýôôèöèåíò Ïóàññîíà, ρ � ïëîòíîñòü ìàòåðèàëà, G �ìîäóëü
ñäâèãà.

ux|x=±1 = f1(y)e
−iωt; uy|x=±1 = f2(y)e

−iωt;
ux|y=±η = g1(x)e

−iωt; uy|y=±η = g2(y)e
−iωt.

(2.2)

Îáùåå ðåøåíèå u = {ux(x, y)~i + uy(x, y)~j}e−i ω t óðàâíåíèé (2.1) â ñëó÷àå ñèììåò-
ðè÷íûõ ïî îáåèì îñÿì êîëåáàíèé ïðåäñòàâëÿåòñÿ â âèäå ñóììû îáùèõ ðåøåíèé
äëÿ ïîëîñ x ∈ [−1; 1] è y ∈ [−η; η]:

ux = C0 sinΩ1x−
∞∑

m=1

(Am
αm

p1m
ch p1my +Bm

p2m
αm

ch p2my) sinαmx+

+
∞∑

m=1

(Cmsh q1mx+Dmsh q2mx) cos βmy;

uy = A0 sinΩ1y +
∞∑

m=1

(Amsh p1my +Bmsh p2my) cosαmx−

−
∞∑

m=1

(Cm
βm

q1m
ch q1mx+Dm

q2m
βm

ch q2mx) sin βmy;

(2.3)

ãäå αm = πm, βm = mπ
η
, q2l,m = β2

m − Ω2
l , p

2
l,m = α2

m − Ω2
l , (l = 1, 2), Ω1 =

ω
c1
, Ω2 =

ω
c2
,

c1 =
√

2G(1−ν∗)
ρ (1−2ν∗) � ñêîðîñòü ïðîäîëüíîé âîëíû, c2 =

√
G
ρ
� ñêîðîñòü ñäâèãîâîé âîë-

íû.
Ïóñòü äëÿ âûíóæäàþùèõ êîëåáàíèÿ ñìåùåíèé ñïðàâåäëèâû ðàçëîæåíèÿ â ðÿ-

äû Ôóðüå

f1 = f10 +
∞∑

m=1

f1m cos βmy; f2 =
∞∑

m=1

f2m sin βmy;

g1 =
∞∑

m=1

g1m sinαmx; g2 = g20 +
∞∑

m=1

g2m cosαmx.
(2.4)
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Òîãäà êðàåâûå óñëîâèÿ (2.2) ïðèâîäÿò ê ñëåäóþùåé ñèñòåìå ôóíêöèîíàëüíûõ ðà-
âåíñòâ:

I.C0 sinΩ1 +
∞∑

m=1

(Cmsh q1m +Dmsh q2m) cos βmy = f10 +
∞∑

m=1

f1m cos βmy;

II.A0 sinΩ1y +
∞∑

m=1

(−1)m(Amsh p1my +Bmsh p2my)−

−
∞∑

m=1

(Cm
βm

q1m
ch q1m +Dm

q2m
βm

ch q2m) sin βmy =
∞∑

m=1

f2m sin βmy;

III.C0 sinΩ1x−
∞∑

m=1

(Am
αm

p1m
ch p1mη +Bm

p2m
αm

ch p2mη) sinαmx+

+
∞∑

m=1

(−1)m(Cmsh q1mx+Dmsh q2mx) =
∞∑

m=1

g1m sinαmx;

IV.A0 sinΩ1η +
∞∑

m=1

(Amsh p1mη +Bmsh p2mη) cosαmx = g20 +
∞∑

m=1

g2m cosαmx.

(2.5)
Ðàâåíñòâà I è IV ïîçâîëÿþò ñðàçó íàéòè C0 =

f10
sinΩ1

è A0 =
g20

sinΩ1η
, à òàêæå âûðàçèòü

Cm = −sh q2m
sh q1m

Dm +
f1m

sh q1m
; Am = −sh p2mη

sh p1mη
Bm +

g2m
sh p1mη

(2.6)

Ôóíêöèîíàëüíûå ðàâåíñòâà II è III ïîñëå ðàçëîæåíèÿ âõîäÿùèõ â íèõ ôóíêöèé
ïî ïîëíîé ñèñòåìå òðèãîíîìåòðè÷åñêèõ ôóíêöèé è ïîäñòàíîâêè (2.6) ïðèâîäÿò ê
ïàðíîé áåñêîíå÷íîé ñèñòåìå ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé:

∆x
mxm =

∞∑
n=1

amnyn + Pm;

∆y
mym =

∞∑
n=1

bmnxn +Qm;
(m ∈ N) (2.7)

ãäå xn = (−1)nBnsh p2nη
η

; yn = (−1)nDnsh q2n,

∆x
m = η

(
αm

p1m
cth p1mη − p2m

αm
cth p2mη

)
,∆y

m = βm

q1m
cth q1m − q2m

βm
cth q2m;

amn =
2Ω2

1αm

(1−2ν∗)
1

(β2
n+p21m)(β2

n+p22m)
, bmn =

2Ω2
1βm

(1−2ν∗)
1

(α2
n+q21m)(α2

n+q22m)
;

Pm = 2f10αm

p21m
+ (−1)m

(
g1m + g2m

αm

p1m
cth p1mη

)
+ 2αm

∞∑
n=1

(−1)nf1n
β2
n+p21m

Qm = 2g20βm

ηq21m
+ (−1)m

(
f2m + f1m

βm

q1m
cth q1m

)
+ 2βm

η

∞∑
n=1

(−1)ng2n
α2
n+q21m

.

(2.8)

3. Èññëåäîâàíèå áåñêîíå÷íîé ñèñòåìû

Ïðè èññëåäîâàíèè áåñêîíå÷íûõ ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé
çà÷àñòóþ óäàåòñÿ äîêàçàòü ñóùåñòâîâàíèå îãðàíè÷åííîãî (ãëàâíîãî) ðåøåíèÿ ïî-
êàçàâ, ÷òî â íåêîòîðîì ôóíêöèîíàëüíîì ïðîñòðàíñòâå îïåðàòîð, ñîîòâåòñòâóþùèé
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áåñêîíå÷íîé ìàòðèöå â ïðàâîé ÷àñòè ñèñòåìû, ÿâëÿåòñÿ ñæèìàþùèì. Â ÷àñòíîñòè,
ýòî âûïîëíÿåòñÿ, åñëè áåñêîíå÷íàÿ ñèñòåìà

zm =
∞∑
n=1

cmnzn + bm, m ∈ N, (3.1)

óäîâëåòâîðÿåò óñëîâèÿì ðåãóëÿðíîñòè
∞∑
n=1

|cmn| < 1, m ∈ N. Åñëè óêàçàííîå

óñëîâèå âûïîëíÿåòñÿ ñ íåêîòîðîãî íîìåðà m > NR, òî áåñêîíå÷íàÿ ñèñòåìà íàçû-
âàåòñÿ êâàçèðåãóëÿðíîé è åå èññëåäîâàíèå ìîæíî ñâåñòè ê èññëåäîâàíèþ êîíå÷íîé
ñèñòåìû [2] ïîðÿäêà NR.

×òîáû èñcëåäîâàòü ðåãóëÿðíîñòü (2.7) èñïîëüçóåì çíà÷åíèå ðÿäà èç [6]:

∞∑
n=1

1

n2 + a2
=

π

2a
cth π a− 1

2a2
, (3.2)

òîãäà çíà÷åíèÿ ðÿäîâ èç ìîäóëåé êîýôôèöèåíòîâ ñèñòåìû (2.7) ìîæíî âû÷èñëèòü
òî÷íî:

S2m−1 =
∞∑
n=1

|amn

∆x
m
| = 1

|∆x
m|

Na∑
n=1

(|amn| − amn)+

+ 2αm

|∆x
m|

(
η

2p2m
cth p2mη − η

2p1m
cth p1mη +

1
2p21m

− 1
2p22m

)
;

S2m =
∞∑
n=1

| bmn

∆y
m
| = 1

|∆y
m|

Nb∑
n=1

(|bmn| − bmn)+

+ 2βm

|∆y
m|

(
1

2q2m
cth q2m − 1

2q1m
cth q1m + 1

2q21m
− 1

2q22m

)
,

(3.3)

ãäå Na = [η
√

max(0, (Ω2/π)2 − 1)] è Nb = [
√

max(0, (Ω2/π)2 − 1/η2)] ([x] - öåëàÿ
÷àñòü x ∈ R).

Ïðè m → ∞ ìîæíî íàéòè ñëåäóþùèå àñèìïòîòè÷åñêèå ïðåäñòàâëåíèÿ äëÿ
âåëè÷èí â ïîñëåäíåé ôîðìóëå (l = 1, 2):

qlm ≈ βm − Ω2
l

2βm
; plm ≈ αm − Ω2

l

2αm

; ∆x
m ≈ Ω2

1 + Ω2
2

2α2
m

η; ∆y
m ≈ Ω2

1 + Ω2
2

2β2
m

. (3.4)

Ïîäñòàâëÿÿ (3.4) â (3.3) ïîëó÷àåì îöåíêó ïðè m→ ∞:

Sm =
1

3− 4ν∗
+O

(
1

m

)
. (3.5)

Èç (3.5) ñëåäóåò, ÷òî ñèñòåìà (2.7) ÿâëÿåòñÿ êâàçèðåãóëÿðíîé. Äåéñòâèòåëüíî, äëÿ
ëþáîãî çíà÷åíèÿ ÷àñòîòû Ω âñåãäà ìîæíî íàéòè íîìåð NR, íà÷èíàÿ ñ êîòîðîãî
Sm < 1.

Ïîëîæèì, ÷òî ôóíêöèè fl(y), gl(x) (l = 1, 2), çàäàþùèå âûíóæäàþùèå êîëå-
áàíèÿ ñìåùåíèÿ, äâàæäû äèôôåðåíöèðóåìû. Ïîêàæåì, ÷òî ýòîò ôàêò ïðèâîäèò
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ê îãðàíè÷åííîñòè ñâîáîäíûõ ÷ëåíîâ ñèñòåìû (2.7). Äåéñòâèòåëüíî, ó÷òåì ÷òî

2αm

∞∑
n=1

(−1)nfn
β2
n + p21m

= η

η∫
−η

f1(y)

(
chp1my

shp1my
− 1

ηp1m

)
dy, (3.6)

òîãäà ñâîáîäíûå ÷ëåíû ìîæíî çàïèñàòü êàê êâàäðàòóðû ãðàíè÷íûõ óñëîâèé

Pm =
η∫

−η

f1(y)
(

chp1my
shp1my

− 1
ηp1m

+ αm

ηp21m

)
dy+

+(−1)m
1∫

−1

(g1(x) sinαmx+ cthp1mη
αm

p1m
g2(x) cosαmx)dx.

(3.7)

Äâàæäû èíòåãðèðóÿ ïî ÷àñòÿì äàííîå ðàâåíñòâî, ñ èñïîëüçîâàíèåì (3.4) íàéäåì
ïðè m→ ∞:

Pm =
2(f1(η)− g1(1))

αm

+
2(g′2(1)− f ′

1(η))

α2
m

+O(α−3
m ). (3.8)

Â ñèëó òîãî, ÷òî ux(1, η) = f1(η) = g1(1) ïîëó÷àåì àñèìïòîòè÷åñêîå ïîâåäåíèå
ñâîáîäíûõ ÷ëåíîâ

Pm

∆x
m

=
4(1− 2ν∗)(g′2(1)− f ′

1(η))

ηΩ2
1(3− 4ν∗)

+O(1/αm). (3.9)

Àíàëîãè÷íî äîêàçûâàåòñÿ îãðàíè÷åííîñòü ñâîáîäíûõ ÷ëåíîâ Qm

Qm

∆y
m

= −4(1− 2ν∗)(g′2(1)− f ′
1(η))

ηΩ2
1(3− 4ν∗)

+O(1/βm). (3.10)

4. Àëãîðèòì îöåíêè íåèçâåñòíûõ. Àñèìïòîòèêà

Ïðîâåäåì çàìåíó ïåðåìåííûõ:

xm = X0
m+

NR∑
j=1

(Xj,1
m xj +Xj,2

m yj); ym = Υ0
m+

NR∑
j=1

(Υj,1
m xj +Υj,2

m yj); (m > NR) (4.1)

ãäå NR = NR(Ω, η) � íîìåð, íà÷èíàÿ ñ êîòîðîãî äëÿ ñèñòåìû (2.7) âûïîëíÿþò-
ñÿ óñëîâèÿ ðåãóëÿðíîñòè. Ïîäñòàíîâêà (4.1) â ñèñòåìó ïðèâîäèò ê ñîâîêóïíîñòè
áåñêîíå÷íûõ ñèñòåì ñ îäèíàêîâîé ìàòðèöåé îòíîñèòåëüíî ââåäåííûõ íîâûõ íåèç-
âåñòíûõ:

X0
m = 1

∆x
m

∞∑
n=NR+1

amnΥ
0
n +

Pm

∆x
m
;

Υ0
m = 1

∆y
m

∞∑
n=NR+1

bmnX
0
n +

Qm

∆y
m
;


Xj1

m = 1
∆x

m

∞∑
n=NR+1

amnΥ
j1
n ;

Υj1
m = 1

∆y
m

∞∑
n=NR+1

bmnX
j1
n +

bmj

∆y
m
;

Xj2
m = 1

∆x
m

∞∑
n=NR+1

amnΥ
j2
n +

amj

∆x
m
;

Υj2
m = 1

∆y
m

∞∑
n=NR+1

bmnX
j2
n ;

(m > NR; j = 1, 2, ...NR)

(4.2)
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è ê êîíå÷íîé ñèñòåìå ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî ïåðâûõ
íåèçâåñòíûõ {xm, ym}NR

m=1, êîýôôèöèåíòû êîòîðîé çàâèñÿò îò ðåøåíèé (4.2):

∆x
mxm =

NR∑
n=1

(
∞∑

j=NR+1

amjΥ
n1
j

)
xn +

NR∑
n=1

(
amn +

∞∑
j=NR+1

amjΥ
n2
j

)
yn+

+ Pm +
∞∑

j=NR+1

amnΥ
0
n;

∆y
mym =

NR∑
n=1

(
bmn +

∞∑
j=NR+1

bmjX
n1
j

)
xn +

NR∑
n=1

(
∞∑

j=NR+1

bmjX
n2
j

)
yn+

+Qm +
∞∑

j=NR+1

bmnX
0
n;

(4.3)

Ñîãëàñíî (3.5) áåñêîíå÷íûå ñèñòåìû (4.2) ÿâëÿþòñÿ âïîëíå ðåãóëÿðíûìè. Òàê êàê
èñõîäíàÿ ñèñòåìà (2.7) èìååò îãðàíè÷åííûå ñâîáîäíûå ÷ëåíû, òî è âñå ñèñòåìû
(4.2) òàêæå èìåþò îãðàíè÷åííûå ñâîáîäíûå ÷ëåíû. Òàêèì îáðàçîì, ñîãëàñíî èç-
âåñòíîé òåîðåìå [2] êàæäàÿ èç ñèñòåì (4.2) èìååò åäèíñòâåííîå îãðàíè÷åííîå ðåøå-
íèå. ×òîáû ïðèâåñòè âïîëíå ðåãóëÿðíûå ñèñòåìû (4.2) ê âèäó, óäîâëåòâîðÿþùåìó
îáîáùåííîìó çàêîíó ñóùåñòâîâàíèÿ íåíóëåâîãî ïðåäåëà ó ðåøåíèÿ [4], ïðîâåäåì
çàìåíó ïåðåìåííûõ:

X0
m =

(1− 2ν∗)(g′2(1)− f ′
1(η))

(1− ν∗)ηΩ2
1

+
x0m
αλ
m

; Υ0
m = −(1− 2ν∗)(g′2(1)− f ′

1(η))

(1− ν∗)ηΩ2
1

+
y0m
βλ
m

; (4.4)

Xj k
m =

xj km
αλ
m

; Υj k
m =

yj km
βλ
m

(m > NR; j = 1, 2, ..., NR; k = 1, 2) (4.5)

Äàëüíåéøèå âûêëàäêè ïðîâåäåì äëÿ ñèñòåìû îòíîñèòåëüíî X0
m,Y

0
m, òàê êàê ïîñëå

çàìåíû âñå ñèñòåìû èìåþò îäèíàêîâûé ïîðÿäîê óáûâàíèÿ ñâîáîäíûõ ÷ëåíîâ êàê
O(1/m). Äàííàÿ ñèñòåìà ïðèìåò âèä

x0m = αλ
m

∆x
m

∞∑
n=NR+1

amn

βλ
n
y0n + αλ

m

(
Pm

∆x
m
− (1−2ν∗)(g′2(1)−f ′

1(η))

(1−ν∗)ηΩ2
1

(
1 +

∞∑
n=NR+1

amn

∆x
m

))

y0m = βλ
m

∆y
m

∞∑
n=NR+1

bmn

αλ
n
x0n + βλ

m

(
Qm

∆y
m
+

(1−2ν∗)(g′2(1)−f ′
1(η))

(1−ν∗)ηΩ2
1

(
1 +

∞∑
n=NR+1

bmn

∆y
m

)) ,

(4.6)
Íîìåð NR âñåãäà ìîæíî ïîäîáðàòü òàêèì, ÷òî êîýôôèöèåíòû (4.6) áóäóò ñòðîãî
ïîëîæèòåëüíûìè. Äëÿ îöåíêè ðåãóëÿðíîñòè ýòîé ñèñòåìû, íà îñíîâå ôîðìóëû
Ýéëåðà-Ìàêëîðåíà ïîëó÷àåì ñëåäóþùåå çíà÷åíèå ðÿäà

SN(a) =
∞∑

k=N

k−λ

k2+a2
= N−(1+λ)

1+λ 2F1

(
1, 1+λ

2
, 3+λ

2
;−
(

a
N

)2)
+ N−λ

2(N2+a2)
+

+ λN−(λ+1)

12(N2+a2)
+ N1−λ

6(N2+a2)2
− 1

720

(
λ(λ+1)(λ+2)N−(λ+3)

(N2+a2)
+ 6λ2N−(λ+1)

(N2+a2)2
− 24(1−λ)N1−λ

(N2+a2)3

)
,

(4.7)
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êîòîðûé ïðè a→ ∞ äàåò àñèìïòîòèêó

SN(a) =
π

2 cos πλ
2

a−(1+λ) + kNa
−2 +O

(
a−(3+λ)

)
, (4.8)

ãäå kN = N1−λ

λ−1
+ 1

2
N−λ + λ

12
N−(1+λ) − λ(λ+1)(λ+2)

720
N−(3+λ). Ôîðìóëû (4.8) ïîçâîëÿþò

âû÷èñëèòü çíà÷åíèå ðÿäîâ â óñëîâèÿõ ðåãóëÿðíîñòè

1− ϕm = αλ
m

∆x
m

∞∑
n=NR+1

amn

βλ
n

=2αλ+1
m η2+λ

∆x
mπ2+λ

(
SNR+1

(
η p2m
π

)
− SNR+1

(
η p1m
π

))
,

1− ψm = βλ
m

∆y
m

∞∑
n=NR+1

bmn

αλ
n

= 2β1+λ
m

∆mπ2+λ

(
SNR+1

(
q2m
π

)
− SNR+1

(
q1m
π

))
.

(4.9)

à (3.4), (4.8), (4.9) èññëåäîâàòü ïîâåäåíèå ïðè áîëüøèõ íîìåðàõ m:

1− ϕm = 1+λ
(3−4ν∗) cos πλ

2

+ 4kN∗+1η
λ−1

π(3−4ν∗)m1−λ +O
(

1
m

)
;

1− ψm = 1+λ
(3−4ν∗) cos πλ

2

+ 4kN∗+1η
1−λ

π(3−4ν∗)m1−λ +O
(

1
m

)
.

(4.10)

Òàê êàê êîýôôèöèåíò kN ÿâëÿåòñÿ îòðèöàòåëüíîé âåëè÷èíîé, òî äëÿ âûïîëíå-
íèÿ óñëîâèé ðåãóëÿðíîñòè äîëæíî âûïîëíÿòüñÿ ðàâåíñòâî

cos
πλ

2
=

λ+ 1

3− 4ν∗
(4.11)

Ñâîáîäíûå ÷ëåíû ñèñòåì (4.2), ñîãëàñíî (3.9),(3.10), âåäóò ñåáÿ êàê O(1/m),
äëÿ îãðàíè÷åííîñòè ñâîáîäíûõ ÷ëåíîâ ñèñòåìû (4.6) íåîáõîäèìî ÷òîáû λ ∈ [0; 1).
Àíàëîãè÷íî çàäà÷å ñòàòèêè [5], óðàâíåíèå (4.11) èìååò çäåñü åäèíñòâåííûé êîðåíü,
êîòîðûé ðàñïîëîæåí íà èíòåðâàëå [0;λ∗] (λ∗ = 0, 633451). Ìîæíî ïðîâåðèòü, ÷òî
ïîñëå çàìåíû (4.4) áåñêîíå÷íàÿ ñèñòåìà (4.6) óäîâëåòâîðÿåò îáîáùåííîìó ïðèçíà-
êó ñóùåñòâîâàíèÿ íåíóëåâîãî ïðåäåëà ó ðåøåíèÿ [4],[5]. Äåéñòâèòåëüíî, ïóñòü â
óñëîâèÿõ äàííîé òåîðåìû qm = ξm = m1−λ. Ó÷òåì òàêæå, ÷òî â ñèëó àñèìïòîòè-
÷åñêîãî çàêîíà (3.4) äëÿ ∆x

m, ∆
y
m âñåãäà íàéäóòñÿ êîíñòàíòû ∆x

sup,∆
x
inf ,∆

y
sup,∆

y
inf

òàêèå ÷òî
∆x

inf ≤ ∆x
mα

2
m ≤ ∆x

sup; ∆
y
inf ≤ ∆y

mβ
2
m ≤ ∆y

sup (m > NR) (4.12)

Òîãäà ïðè m > n ñïðàâåäëèâû îöåíêè

2Ω2
1

1−2ν∗
ηλ

π∆x
sup

(
η2

η2+1

)2
n−λ ≤ amnqm

∆x
m

≤ 2Ω2
1

1−2ν∗
ηλα4

NR

π∆x
infp

2
1NR

p22NR

n−λ;

2Ω2
1

1−2ν∗
η−λ

π∆y
sup

(
1

η2+1

)2
n−λ ≤ bmnξm

∆y
m

≤ 2Ω2
1

1−2ν∗
η−λβ4

NR

π∆y
infq

2
1NR

q22NR

n−λ.
(4.13)

Ñëåäîâàòåëüíî, äëÿ åäèíñòâåííîãî îãðàíè÷åííîãî ðåøåíèÿ (4.6) ñóùåñòâóåò
îáùèé ïîëîæèòåëüíûé ïðåäåë

lim
m→∞

x0m = lim
m→∞

y0m = G0. (4.14)
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Èç (4.4), (4.14) ñëåäóþò àñèìïòîòè÷åñêèå ôîðìóëû äëÿ èñõîäíûõ íåèçâåñòíûõ:

X0
m =

(1−2ν∗)(g′2(1)−f ′
1(η))

(1−ν∗)ηΩ2
1

+ G0

αλ
m
;

Υ0
m = − (1−2ν∗)(g′2(1)−f ′

1(η))

(1−ν∗)ηΩ2
1

+ G0

βλ
m
;

(4.15)

Ðàññìàòðèâàÿ ïîäîáíûì îáðàçîì ñèñòåìû (4.2) ìîæíî äîêàçàòü ñïðàâåäëèâîñòü
ôîðìóë ïðè m→ ∞

Xj1
m ≈

G1
j

αλ
m

; Υj1
m ≈

G1
j

βλ
m

; Xj2
m ≈

G2
j

αλ
m

; Υj,2
m ≈

G2
j

βλ
m

. (4.16)

Òîãäà èç çàìåíû (4.1) è ñîîòíîøåíèé (4.15), (4.16) ïîëó÷àåì äâó÷ëåííóþ àñèìïòî-
òè÷åñêóþ ôîðìóëó äëÿ íåèçâåñòíûõ â èññëåäóåìîé áåñêîíå÷íîé ñèñòåìå ëèíåéíûõ
àëãåáðàè÷åñêèõ óðàâíåíèé (2.7)

xm = G+
G1

αλ
m

; ym = −G+
G1

βλ
m

(4.17)

ãäå G =
(1−2ν∗)(g′2(1)−f ′

1(η))

(1−ν∗)ηΩ2
1

; G1 = G0 +
NR∑
j=1

(G1
jxj +G2

jyj). Ôîðìóëà (4.17) â îáùåì

ñëó÷àå ñîîòâåòñòâóåò çàêîíó (1.1), äîáàâëÿÿ â íåãî âòîðîé ÷ëåí àñèìïòîòèêè.

5. ×èñëåííûé ïðèìåð

Ïðîèëëþñòðèðóåì èçëîæåííûé âûøå ïîäõîä íà ïðèìåðå ñëåäóþùåé êðàåâîé
çàäà÷è:

ux|x=±1 =

(
1 + cos

πy

η

)
e−iωt; uy|x=±1 = 0; ux|y=±η = 0; uy|y=±η = 0. (5.1)

Ñâîáîäíûå ÷ëåíû áåñêîíå÷íîé ñèñòåìû (2.7) â ýòîì ñëó÷àå èìåþò âèä

Pm =
2αmβ

2
1

∆x
mp

2
1m(p

2
1m + β2

1)
; Qm =

(−1)mδ1mβm
∆y

mq1m
cth q1m. (5.2)

Èç ïîñëåäíåé ôîðìóëû, ñëåäóåò, ÷òî ïðè áîëüøèõ çíà÷åíèÿõ m, ñâîáîäíûå ÷ëåíû
âåäóò ñåáÿ êàê O(1/m). Òàêèì îáðàçîì, çäåñü ïîëó÷àåì G = 0.

Ïðè ðåøåíèè áåñêîíå÷íîé ñèñòåìû (2.7) èñïîëüçîâàëîñü ðàçëîæåíèå (4.2),
(4.3), òàê êàê áåñêîíå÷íûå ñèñòåìû (4.2), ïîñëå çàìåíû (4.4), ýôôåêòèâíî ðåøà-
þòñÿ ìåòîäîì ïðåäåëüíûõ ëèìèòàíò [7] íà âñåì äèàïàçîíå ÷àñòîòû âûíóæäåííûõ
êîëåáàíèé. Áëèçîñòü ê íóëþ îïðåäåëèòåëÿ êîíå÷íîé ñèñòåìû (4.3) ïîêàçûâàåò áëè-
çîñòü ðåçîíàíñíîé ÷àñòîòû. Ïîëîæèì ν∗ = 0, 17; η = 1. Òîãäà êîðåíü óðàâíåíèÿ
(4.11) îêàçûâàåòñÿ ðàâíûì λ = 0, 538457. Ôîðìóëû (3.3) ïîçâîëÿþò âûÿñíèòü, ÷òî
â äèàïàçîíå Ω ∈ (0; 2

√
2) ∪ (3, 043; 3, 393) ñèñòåìà (2.7) ÿâëÿåòñÿ âïîëíå ðåãó-

ëÿðíîé, ÷òî óêàçûâàåò íà îòñóòñòâèå çäåñü ñîáñòâåííûõ ÷àñòîò. Ðàâåíñòâî íóëþ
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Ðèñ.1 Îïðåäåëèòåëü ñèñòåìû (4.3)

íà äàííîé ÷àñòîòå îïðåäåëèòåëÿ êîíå÷íîé ñèñòåìû (4.3) ÿâëÿåòñÿ íåîáõîäèìûì
óñëîâèåì òîãî, ÷òî ýòà ÷àñòîòà ÿâëÿåòñÿ ñîáñòâåííîé. Íà ðèñ. 1. ïðåäñòàâëåíî ïî-
âåäåíèå ýòîãî îïðåäåëèòåëÿ ïðè äàííûõ ïàðàìåòðàõ çàäà÷è â îêðåñòíîñòè ïåðâîé
ñîáñòâåííîé ÷àñòîòû. Òàêèì îáðàçîì, çíà÷åíèå ïåðâîé ñîáñòâåííîé ÷àñòîòû îêà-
çûâàåòñÿ ðàâíûì Ω(1) = 3, 4125.

Äëÿ êîìïîíåíòîâ âåêòîðà ñìåùåíèé èç (2.3) ïîëó÷àåì âûðàæåíèÿ

ux = −η
∞∑

m=1

(
p2m
αm

ch p2my

sh p2mη
− αm

p1m

ch p1my

sh p1mη

)
(−1)mxm sinαmx+

+
∞∑

m=1

(
sh q2mx

sh q2m
− sh q1mx

sh q1m

)
(−1)mym cos βmy+

+f10
sinΩ1x

sinΩ1

+
∞∑

m=1

f1m
sh q1mx

sh q1m
cos βmy −

∞∑
m=1

g2mαm

p1m

ch p1my

sh p1mη
sinαmx;

uy = η

∞∑
m=1

(
sh p2my

sh p2mη
− sh p1my

sh p1mη

)
(−1)mxm cosαmx−

−
∞∑

m=1

(
q2m
βm

ch q2mx

sh q2m
− βm
q1m

ch q1mx

sh q1m

)
(−1)mym sin βmy+

+g20
sinΩ1y

sinΩ1η
+

∞∑
m=1

g2m
sh p1my

sh p1mη
cosαmx−

∞∑
m=1

f1mβm
q1m

ch q1mx

sh q1m
sin βmy.

(5.3)

Îòêóäà ñëåäóåò, ÷òî ðÿäû, ïðåäñòàâëÿþùèå ñìåùåíèÿ, ÿâëÿþòñÿ ñëàáî ñõîäÿ-
ùèìèñÿ ðÿäàìè Ôóðüå íà ãðàíèöå, ãäå ìîæíî óëó÷øèòü èõ ñõîäèìîñòü íà îñíîâå
çàêîíà (4.17). Óñëîâèÿ ux(1, y) = (1 + cos π y

η
) è uy(x, η) = 0 âûïîëíÿþòñÿ òî÷íî ïî

ïîñòðîåíèþ ðåøåíèÿ, ïîãðåøíîñòü âûïîëíåíèÿ óñëîâèÿ uy(1, y) = 0 õàðàêòåðèçóåò
òàáëèöà 1.
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Òàáëèöà 1. Âûïîëíåíèå ãðàíè÷íûõ óñëîâèé uy(1, y) = 0

y ïðîñòàÿ ðåäóêöèÿ ïðåäåëüíûå ëèìèòàíòû
0,1 -0,014697 -0,000013
0,3 -0,047047 -0,000038
0,5 -0,090959 -0,000054
0,7 -0,169640 -0,000031
0,9 -0,401939 -0,001953

Çäåñü äàíû çíà÷åíèÿ uy(1, ȳj) ïðè óäåðæàíèè â ðàñ÷åòàõ N = 10 ïåðâûõ óðàâ-
íåíèé è íåèçâåñòíûõ äëÿ ÷àñòîòû Ω = 3, 410.

Äàííûå ýòîé òàáëèöû ïîêàçûâàþò, ÷òî ïîãðåøíîñòü íàðàñòàåò áëèæå ê óãëî-
âîé òî÷êå (â ñàìîé óãëîâîé òî÷êå âñåãäà èìååì çíà÷åíèÿ òîæäåñòâåííî ðàâíûå
íóëþ), ïðè÷åì óëó÷øåíèå ñõîäèìîñòè, ïðè êîòîðîé èñïîëüçîâàëîñü çíàíèå àñèìï-
òîòèêè (4.17), äàåò, â îòëè÷èå îò ìåòîäà ïðîñòîé ðåäóêöèè, óæå ïðè óäåðæàíèè
â ðàñ÷åòàõ N = 10 óðàâíåíèé óäîâëåòâîðèòåëüíûé ðåçóëüòàò. Óâåëè÷åíèå ÷èñëà
âîâëåêàåìûõ â ðàñ÷åòû íåèçâåñòíûõ è óðàâíåíèé äàåò âîçìîæíîñòü âûïîëíèòü
ãðàíè÷íûå óñëîâèÿ ñ âûñîêîé òî÷íîñòüþ, íåñìîòðÿ íà òî, ÷òî çíà÷åíèå ÷àñòîòû
âûíóæäåííûõ êîëåáàíèé îêàçûâàåòñÿ äîñòàòî÷íî áëèçêèì ê ñîáñòâåííîé ÷àñòîòå.
Òàê ïðè óäåðæàíèè N = 100 óðàâíåíèé â ìåòîäå ïðåäåëüíûõ ëèìèòàíò ãðàíè÷íûå
óñëîâèÿ âûîëíÿþòñÿ ñ ïîãðåøíîñòüþ ìåíåå 10−6.

6. Çàêëþ÷åíèå

Ïðåäñòàâëåííûå ÷èñëåííûå ðåçóëüòàòû ïîêàçûâàþò, ÷òî çíàíèå àñèìïòîòèêè
íåèçâåñòíûõ â êâàçèðåãóëÿðíîé áåñêîíå÷íîé ñèñòåìå â ñîâîêóïíîñòè ñ îöåíêîé
ïåðâûõ íåèçâåñòíûõ ìåòîäîì ïðåäåëüíûõ ëèìèòàíò, ïîçâîëÿåò çíà÷èòåëüíî ïîâû-
ñèòü òî÷íîñòü âû÷èñëåíèé, â òîì ÷èñëå è â íåïîñðåäñòâåííîé áëèçîñòè îò ñîáñòâåí-
íîé ÷àñòîòû êîëåáàíèé. Îòìåòèì òàêæå, ÷òî èçëîæåííûé ïîäõîä ê èññëåäîâàíèþ
áåñêîíå÷íîé ñèñòåìû ïîçâîëÿåò âû÷èñëèòü ñîáñòâåííûå ÷àñòîòû ïëàñòèíû.
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