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Àííîòàöèÿ. Äîêàçàíî ñóùåñòâîâàíèå ïîëîæåíèÿ ðàâíîâåñèÿ àâòîíîìíîé ñëàáîíåëèíåéíîé
ïåðèîäè÷åñêîé êðàåâîé çàäà÷è äëÿ ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, ÿâ-
ëÿþùåãîñÿ ôóíêöèåé ìàëîãî ïàðàìåòðà. Íàéäåíû èòåðàöèîííûå ïðîöåäóðû äëÿ ïîñòðîåíèÿ ðå-
øåíèé ïîñòàâëåííîé çàäà÷è è äîêàçàíû óñëîâèÿ ñõîäèìîñòè ýòèõ ïðîöåäóð ê èñêîìîìó ðåøåíèþ.
Â êà÷åñòâå ïðèìåðà äîêàçàíî ñóùåñòâîâàíèå ïîëîæåíèÿ ðàâíîâåñèÿ àâòîíîìíîé ïåðèîäè÷åñêîé
çàäà÷è äëÿ âîçìóùåííîãî óðàâíåíèÿ Âàí-äåð-Ïîëÿ è ïðåäëîæåíû ñõîäÿùèåñÿ èòåðàöèîííûå
ïðîöåäóðû äëÿ ïîñòðîåíèÿ ðåøåíèÿ, ÿâëÿþùåãîñÿ ôóíêöèåé ìàëîãî ïàðàìåòðà.

1. Ïîñòàíîâêà çàäà÷è. Èññëåäóåì çàäà÷ó î íàõîæäåíèè ïîëîæåíèÿ ðàâíî-
âåñèÿ ñëàáîíåëèíåéíîé àâòîíîìíîé ïåðèîäè÷åñêîé çàäà÷è, ïðåäñòàâëÿþùåãî îäíî
èç ðåøåíèé [1, 2, 3]

z(t, ε) = col
(
z(1)(t, ε), . . . , z(n)(t, ε)

)
,

z(i)(·, ε) ∈ C1[0, T1(ε)], T1(0) = T, z(i)(t, ·) ∈ C[0, ε0], i = 1, 2, . . . , n

ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

dz/dt = Az + εZ(z, ε), (1)

óäîâëåòâîðÿþùèõ êðàåâîìó óñëîâèþ

`z(·, ε) = z(0, ε)− z(T1(ε), ε) = 0. (2)

Ðåøåíèå çàäà÷è (1), (2) èùåì â ìàëîé îêðåñòíîñòè ðåøåíèÿ

z0(t) = col
(
z

(1)
0 (t), ... , z

(n)
0 (t)

)
, z

(i)
0 (·) ∈ C1[0, T ], i = 1, 2, . . . , n

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâàíèé (êîä
2201020)
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ïîðîæäàþùåé çàäà÷è

dz0/dt = Az0, `z0(·) = z0(0)− z0(T ) = 0. (3)

Çäåñü A � ïîñòîÿííàÿ íåíóëåâàÿ (n × n)-ìàòðèöà è Z(z, ε) � n-ìåðíàÿ âåêòîð-
ôóíêöèÿ. Âåêòîð-ôóíêöèþ Z(z, ε) ïðåäïîëàãàåì íåïðåðûâíî äèôôåðåíöèðóåìîé
ïî íåèçâåñòíîé z(t, ε) â ìàëîé îêðåñòíîñòè ðåøåíèÿ ïîðîæäàþùåé çàäà÷è è íå-
ïðåðûâíî äèôôåðåíöèðóåìîé ïî ìàëîìó ïàðàìåòðó ε â ìàëîé ïîëîæèòåëüíîé
îêðåñòíîñòè íóëÿ.

Ïðè èçó÷åíèè ïîëîæåíèé ðàâíîâåñèÿ â êëàññè÷åñêèõ ðàáîòàõ [4, 5, 6] õîðîøî
èçó÷åíû àâòîíîìíûå ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé áåç
ìàëîãî ïàðàìåòðà; ïðè ýòîì ïîëîæåíèÿ ðàâíîâåñèÿ ïðåäñòàâëÿþò ñîáîé êîíñòàí-
òû. Â ïîñòàâëåííîé çàäà÷å (1), (2) ìàëûé ïàðàìåòð ïðèñóòñòâóåò, ïðè ýòîì åñòå-
ñòâåííî âîçíèêàåò çàâèñèìîñòü ïîëîæåíèÿ ðàâíîâåñèÿ îò ýòîãî ïàðàìåòðà. Òàêèì
îáðàçîì, öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ äîêàçàòåëüñòâî ñóùåñòâîâàíèÿ, à òàêæå
íàõîæäåíèå ïîëîæåíèÿ ðàâíîâåñèÿ â çàäà÷å (1), (2), êàê ôóíêöèè ìàëîãî ïàðà-
ìåòðà.

Îáîçíà÷èì ôóíêöèþ F (z(t, ε), ε) = Az + εZ(z, ε); ïîðîæäàþùàÿ çàäà÷à (3)
èìååò òðèâèàëüíîå ðåøåíèå z0(t) ≡ 0, ÿâëÿþùååñÿ ïîëîæåíèåì ðàâíîâåñèÿ ýòîé
çàäà÷è. Î÷åâèäíî F (z0(t), 0) = 0, êðîìå òîãî,

∂F (z(t, ε), ε)

∂z

∣∣∣∣
ε=0

= A 6= 0,

ñëåäîâàòåëüíî, ïî òåîðåìå î íåÿâíîé ôóíêöèè äëÿ íåêîòîðîãî çíà÷åíèÿ ε∗ ≤ ε0

â äîñòàòî÷íî ìàëîé îêðåñòíîñòè ïîðîæäàþùåãî ðåøåíèÿ z0(t) ≡ 0 ñóùåñòâóåò
åäèíñòâåííîå ïîëîæåíèå ðàâíîâåñèÿ

z(ε) = col
(
z(1)(ε), . . . , z(n)(ε)

)
, z(i)(·) ∈ C[0, ε0], i = 1, 2, . . . , n, 0 < ε ≤ ε∗ ≤ ε0

ñèñòåìû (1). Ïîñêîëüêó ïîëîæåíèå ðàâíîâåñèÿ ñèñòåìû (1) óäîâëåòâîðÿåò óñëî-
âèþ (2), ïîñòîëüêó ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (1), (2), ïðè ε = 0
îáðàùàþùååñÿ â íóëåâîå ðåøåíèå çàäà÷è (3). Äëÿ âû÷èñëåíèÿ ýòîãî ðåøåíèÿ ïðè
óñëîâèè det A 6= 0 ïðèìåíèìà èòåðàöèîííàÿ ïðîöåäóðà

zk+1(ε) = −εA−1Z(zk(ε), ε), z0 ≡ 0, k = 0, 1, 2, . . . . (4)

Äîñòàòî÷íûì óñëîâèåì ñõîäèìîñòè èòåðàöèîííîé ïðîöåäóðû (4) ÿâëÿåòñÿ óñëîâèå

sup
k∈N

sup
ε∈[0;ε∗]

∣∣∣∣
∣∣∣∣ε · A−1 · ∂Z(zk(ε), ε)

∂z

∣∣∣∣
∣∣∣∣ < 1. (5)

Â ñèëó íåïðåðûâíîé äèôôåðåíöèðóåìîñòè íåëèíåéíîñòè ñèñòåìû (1) ïî íåèç-
âåñòíîé z, óñëîâèå (5) âûïîëíÿåòñÿ äëÿ äîñòàòî÷íî ìàëûõ çíà÷åíèé ïàðàìåòðà
ε. Òàêèì îáðàçîì, óñëîâèå (5) îïðåäåëÿåò îòðåçîê çíà÷åíèé ìàëîãî ïàðàìåòðà
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ε ∈ [0, ε∗], íà êîòîðîì ñîõðàíÿåòñÿ ñõîäèìîñòü èòåðàöèîííîé ïðîöåäóðû (4). Íîð-
ìó âåêòîð-ôóíêöèè ϕ(t) = col(ϕ(1)(t), . . . , ϕ(n)(t)), ϕ(i)(·) ∈ C[a, b], i = 1, 2, . . . , n
ñ÷èòàåì ðàâíîé [7, c.385], [8, c.123]

||ϕ(t)|| = max
1≤i≤n

||ϕ(i)(t)||, ||ϕ(i)(t)|| = max
a≤t≤b

|ϕ(i)(t)|.

Íîðìîé (n× n)− ìàòðèöû A(t) = aij(t), aij(·) ∈ C[a, b] áóäåì íàçûâàòü ÷èñëî

||A(t)|| = max
1≤i≤n

n∑
j=1

||aij(t)||.

2. Óñêîðåíèå ñõîäèìîñòè èòåðàöèîííîé ïðîöåäóðû. Ñîãëàñíî òåîðåìå
Êàíòîðîâè÷à [8, 9], äëÿ íàõîæäåíèÿ ïîëîæåíèÿ ðàâíîâåñèÿ ñèñòåìû (1) òàêæå
ïðèìåíèìà èòåðàöèîííàÿ ïðîöåäóðà

zk+1(ε) = zk(ε)−
{

∂F (z(t, ε), ε)

∂z

}−1

· F
(

zk(ε), ε

)
, z0 ≡ 0, k = 0, 1, 2, . . . . (6)

Â äîñòàòî÷íî ìàëîé îêðåñòíîñòè ïîðîæäàþùåãî ðåøåíèÿ z0 ≡ 0 è òî÷êè ε = 0
ïðè óñëîâèè

2γ1(ε)γ2(ε)γ3(ε) < 1. (7)
èòåðàöèîííàÿ ïðîöåäóðà (6) ñõîäèòñÿ, ïðè÷åì èìååò ìåñòî êâàäðàòè÷íàÿ ñõîäè-
ìîñòü. Çäåñü âåëè÷èíû γ1(ε), γ2(ε), γ3(ε) ãàðàíòèðóþò âûïîëíåíèå íåðàâåíñòâ

∣∣∣∣∣

∣∣∣∣∣

{
∂F (z0, ε)

∂z

}−1∣∣∣∣∣

∣∣∣∣∣ ≤ γ1(ε),

∣∣∣∣∣

∣∣∣∣∣F
(

z0, ε

)∣∣∣∣∣

∣∣∣∣∣ ≤ γ2(ε),

∣∣∣∣∣

∣∣∣∣∣
∂2F (z(ε), ε)

∂z2

∣∣∣∣∣

∣∣∣∣∣ ≤ γ3(ε).

Òàêèì îáðàçîì, äîêàçàíà ñëåäóþùàÿ ëåììà.
Ëåììà. Â ìàëîé îêðåñòíîñòè ïîðîæäàþùåãî ðåøåíèÿ z0(t) ≡ 0 è òî÷êè

ε = 0 çàäà÷à (1), (2) èìååò åäèíñòâåííîå ðåøåíèå

z(ε) = col

(
z(1)(ε), . . . , z(n)(ε)

)
, z(i)(·) ∈ C[0, ε∗],

i = 1, 2, . . . , n, 0 < ε ≤ ε∗ ≤ ε0,

ïðè ε = 0 îáðàùàþùååñÿ â íóëåâîå ðåøåíèå çàäà÷è (3). Äëÿ âû÷èñëåíèÿ ýòîãî
ðåøåíèÿ â ñëó÷àå íåâûðîæäåííîñòè ìàòðèöû A è ïðè óñëîâèè (5) ïðèìåíèìà
èòåðàöèîííàÿ ïðîöåäóðà (4), à ïðè óñëîâèè (7) � èòåðàöèîííàÿ ïðîöåäóðà (6).

Ïîñêîëüêó òî÷íîå ðåøåíèå z(ε) íåèçâåñòíî, ïîñòîëüêó íà ïðàêòèêå èìååò
ñìûñë èñïîëüçîâàòü ñëåäóþùåå óñëîâèå ñõîäèìîñòè 2 ·γ1(ε) ·γ2(ε) · γ̃3(k, ε) < 1, ãäå

∣∣∣∣∣

∣∣∣∣∣
∂2F (zk(ε), ε)

∂z2

∣∣∣∣∣

∣∣∣∣∣ ≤ γ̃3(k, ε);
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íîðìà âòîðîé ïðîèçâîäíîé (ïî Ôðåøå) ôóíêöèè F (z(ε), ε) ïðåäñòàâëÿåò ñîáîé
∣∣∣∣∣

∣∣∣∣∣
∂2F (z(ε), ε)

∂z2

∣∣∣∣∣

∣∣∣∣∣ = sup
||x||≤1

∣∣∣∣∣

∣∣∣∣∣
∂

∂z

{
∂F (z(ε), ε)

∂z
· x

}
· x

∣∣∣∣∣

∣∣∣∣∣.

Äîêàçàííàÿ ëåììà ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì óòâåðæäåíèÿ äîêàçàííîãî
À. Ä. Ìûøêèñîì [4]; ïðè ýòîì ïðîÿñíÿåòñÿ ñòðóêòóðà íàéäåííîãî ïîëîæåíèÿ ðàâ-
íîâåñèÿ çàäà÷è (1), (2), à èìåííî � çàâèñèìîñòü ïîëîæåíèÿ ðàâíîâåñèÿ îò ìàëîãî
ïàðàìåòðà â äîñòàòî÷íî ìàëîé îêðåñòíîñòè ïîðîæäàþùåãî ðåøåíèÿ z0(t) ≡ 0.

3. Ïåðèîäè÷åñêàÿ çàäà÷à äëÿ óðàâíåíèÿ òèïà Âàí-äåð-Ïîëÿ. Èñïîëü-
çóåì èòåðàöèîííûå ïðîöåäóðû (4) è (6) äëÿ íàõîæäåíèÿ ïîëîæåíèé ðàâíîâåñèÿ
z(ε) = col

(
z(a)(ε), z(b)(ε)

)
âîçìóùåííîãî óðàâíåíèÿ Âàí-äåð-Ïîëÿ

dz/dt = Az + εZ(z, ε), A =

[
0 1

−1 0

]
, Z(z, ε) =




sin(ε)[
1−

(
z(a)

)2
]
· z(b)


 . (8)

Â ìàëîé îêðåñòíîñòè ïîðîæäàþùåãî ðåøåíèÿ z0(t) ≡ 0 è òî÷êè ε = 0 óðàâ-
íåíèå (8) èìååò åäèíñòâåííîå ïîëîæåíèå ðàâíîâåñèÿ. Ìàòðèöà A íåâûðîæäåíà,
ñëåäîâàòåëüíî äëÿ âû÷èñëåíèÿ ïîëîæåíèÿ ðàâíîâåñèÿ âîçìóùåííîãî óðàâíåíèÿ
Âàí-äåð-Ïîëÿ ïðèìåíèìà èòåðàöèîííàÿ ïðîöåäóðà

z
(a)
k+1(ε) = ε ·

[
1−

(
z

(a)
k

)2
]
· z(b)

k , z
(b)
k+1(ε) = −ε sin(ε), k = 0, 1, 2, . . . . (9)

Äëÿ îïðåäåëåíèÿ çíà÷åíèé ìàëîãî ïàðàìåòðà ε ∈ [0, ε∗], íà êîòîðîì ñîõðàíÿåò-
ñÿ ñõîäèìîñòü èòåðàöèîííîé ïðîöåäóðû (9), èñïîëüçóåì óñëîâèå (5). Íåðàâåíñòâî

∣∣∣∣∣

∣∣∣∣∣ε · A
−1 · ∂Z(zk(ε), ε)

∂z

∣∣∣∣∣

∣∣∣∣∣ = ε ·
[
||2z(a)

k z
(b)
k ||+

∣∣∣∣∣

∣∣∣∣∣
(

z
(a)
k

)2

− 1

∣∣∣∣∣

∣∣∣∣∣

]
< 1

âûïîëíÿåòñÿ äëÿ ε < 0, 778 608 ≈ ε∗ ≤ ε∗; â ýòîì ñëó÷àå

sup
k∈N

sup
ε∈[0;ε∗]

∣∣∣∣
∣∣∣∣ε · A−1 · ∂Z(zk(ε), ε)

∂z

∣∣∣∣
∣∣∣∣ =

∣∣∣∣
∣∣∣∣ε∗ · A−1 · ∂Z(z2(ε), ε∗)

∂z

∣∣∣∣
∣∣∣∣ ≈ 0, 999 999 .

Ïðè óñëîâèè ïðåêðàùåíèÿ èòåðàöèé ||F (zk(ε∗), ε∗)|| < 10−15, èòåðàöèîííàÿ ïðîöå-
äóðà (9) ñõîäèòñÿ íà 30-ì øàãó; ïðè ýòîì

z
(a)
30 (ε∗) ≈ −0, 368 070 ; z

(b)
30 (ε∗) ≈ −0, 546 807 .
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Äëÿ ïîñòðîåíèÿ èòåðàöèîííîé ïðîöåäóðû (6) ñîãëàñíî ìåòîäó Íüþòîíà-Êàíòî-
ðîâè÷à ïðèõîäèì ê èòåðàöèîííîé ïðîöåäóðå

z
(a)
k+1(ε) = z

(a)
k (ε)− 1

1 + 2εz
(a)
k z

(b)
k

[(
1− (z

(a)
k )2

)(
z

(b)
k + ε sin(ε)

)
+

+ z
(b)
k − ε

(
1− (z

(a)
k )2

)
z

(b)
k

]
,

z
(b)
k+1(ε) =

(
z

(b)
k + ε sin(ε)

)(
1 + 2εz

(a)
k z

(b)
k

)
, k = 0, 1, 2, . . . .

(10)

Äëÿ îöåíêè äëèíû îòðåçêà [0, ε∗], íà êîòîðîì ñîõðàíÿåòñÿ ñõîäèìîñòü èòåðàöèîí-
íîé ïðîöåäóðû (6), íàéäåì âåëè÷èíû γ1(ε), γ2(ε) è γ3(k, ε). Îáðàùàÿ ìàòðèöó

{
∂F (z0, ε)

∂z

}−1

=

[
ε −1
1 0

]
,

íàõîäèì åå íîðìó ∣∣∣∣∣

∣∣∣∣∣

{
∂F (z0, ε)

∂z

}−1∣∣∣∣∣

∣∣∣∣∣ = 1 + ε = γ1(ε).

Àíàëîãè÷íî ∣∣∣∣∣

∣∣∣∣∣F
(

z0, ε

)∣∣∣∣∣

∣∣∣∣∣ =

∣∣∣∣
∣∣∣∣
[

ε sin ε
0

] ∣∣∣∣
∣∣∣∣ = ε sin ε = γ2(ε).

Äëÿ âû÷èñëåíèÿ âòîðîé ïðîèçâîäíîé (ïî Ôðåøå)

∂

∂z

{
∂F (z(ε), ε)

∂z
· x

}
· x,

ñîâïàäàþùåé ñ âòîðîé ïðîèçâîäíîé (ïî Ôðåøå) ôóíêöèè

Z(z(ε), ε) =

[
Z(a)(z(ε), ε)
Z(b)(z(ε), ε)

]
,

Z(a)(z(ε), ε) = sin ε, Z(b)(z(ε), ε) =

[
1−

(
z(a)

)2
]
· z(b)

âîñïîëüçóåìñÿ ôîðìóëîé [10]

∂

∂z

{
∂F (z(ε), ε)

∂z
· x

}
· x =

[
x∗ ·Ha(z) · x
x∗ ·Hb(z) · x

]
;

çäåñü

Ha(z) =

[
∂2Z(a)(z(ε),ε)

∂(z(a))2
∂2Z(a)(z(ε),ε)

∂z(a)∂z(b)

∂2Z(a)(z(ε),ε)

∂z(a)∂z(b)

∂2Z(a)(z(ε),ε)

∂(z(b))2

]
, Hb(z) =

[
∂2Z(b)(z(ε),ε)

∂(z(a))2
∂2Z(b)(z(ε),ε)

∂z(a)∂z(b)

∂2Z(b)(z(ε),ε)

∂z(a)∂z(b)

∂2Z(b)(z(ε),ε)

∂(z(b))2

]
−
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(2× 2)-ìàòðèöû Ãåññå. Â äàííîì ïðèìåðå

Ha(z) = O2, Hb(z) = −2

[
z(b) z(a)

z(a) 0

]
,

ïðè ýòîì

γ̃3(k, ε) =

∣∣∣∣
∣∣∣∣Hb(zk)

∣∣∣∣
∣∣∣∣ = 2 ·

[∣∣∣∣
∣∣∣∣z

(a)
k

∣∣∣∣
∣∣∣∣ +

∣∣∣∣
∣∣∣∣z

(b)
k

∣∣∣∣
∣∣∣∣
]
.

Òàêèì îáðàçîì, ïîëó÷àåì óñëîâèå ñõîäèìîñòè èòåðàöèîííîé ïðîöåäóðû (10)

4 · ε · (1 + ε) · sin(ε) ·
[∣∣∣∣

∣∣∣∣z
(a)
k

∣∣∣∣
∣∣∣∣ +

∣∣∣∣
∣∣∣∣z

(b)
k

∣∣∣∣
∣∣∣∣
]

< 1;

ýòî óñëîâèå âûïîëíÿåòñÿ ïðè ε < 0, 578 866 ≈ ε∗ ≤ ε∗; â ýòîì ñëó÷àå íåâÿçêà
÷åòâåðòîãî ïðèáëèæåíèÿ ||F (z4(ε), ε)|| < 10−15, ïðè ýòîì

z
(a)
4 (0, 1) ≈ −0, 177 539; z

(b)
4 (0, 1) ≈ −0, 316 683.

Óñëîâèåì ñõîäèìîñòè èòåðàöèîííîé ïðîöåäóðû (10) ÿâëÿåòñÿ òàêæå òðåáîâàíèå

zk(ε) ∈ [−r; r], r ≈ 2 · γ2(ε∗) = 2 · ε∗ · sin(ε∗) ≈ 0, 633 366.

Âîñïîëüçîâàâøèñü ñðåäñòâàìè ñèñòåìû Mathcad 12, çàêëþ÷àåì, ÷òî ïîñëåäíåå
óñëîâèå âûïîëíÿåòñÿ. Äëÿ ñðàâíåíèÿ ñêîðîñòè ñõîäèìîñòè èòåðàöèîííûõ ïðîöå-
äóð (9) è (10), âû÷èñëèì ïîëîæåíèå ðàâíîâåñèÿ óðàâíåíèÿ (8) ïî ôîðìóëå (9)
ïðè ìàêñèìàëüíîì çíà÷åíèè ε = ε∗ äëÿ ñõåìû (10). Â ýòîì ñëó÷àå íåâÿçêà òîëüêî
òðèíàäöàòîãî ïðèáëèæåíèÿ ïîëó÷åííîãî ìåòîäîì ïðîñòûõ èòåðàöèé (9), óäîâëå-
òâîðÿåò óñëîâèþ ||F (z13(ε∗), ε∗)|| < 10−15, â îòëè÷èå îò ÷åòâåðòîãî ïðèáëèæåíèÿ
ïî ñõåìå (10) Íüþòîíà-Êàíòîðîâè÷à.

Äîêàçàííàÿ ëåììà ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì òåîðåìû [4], äîêàçàííîé
À. Ä. Ìûøêèñîì, ñ äðóãîé ñòîðîíû â äàííîé ïîñòàíîâêå ñíÿòû îãðàíè÷åíèÿ íà
îáëàñòü çàäàíèÿ íåëèíåéíîñòè äèôôåðåíöèàëüíîé ñèñòåìû (1), êðîìå ìàëîñòè
îêðåñòíîñòè òî÷êè z0 = 0. Êðîìå òîãî, íàëè÷èå ïîëîæåíèÿ ðàâíîâåñèÿ z = z(ε)
çàäà÷è (1), (2) ïðè îïðåäåëåííûõ óñëîâèÿõ ñîãëàñíî òåîðåìå Õîïôà âëå÷åò çà ñî-
áîé ñóùåñòâîâàíèå ïåðèîäè÷åñêîãî ðåøåíèÿ. Â ñâîþ î÷åðåäü áèôóðêàöèÿ Õîïôà
èìååò ìåñòî â ðàçëè÷íûõ äèíàìè÷åñêèõ ìîäåëÿõ áèîëîãè÷åñêèõ ÿâëåíèé [12].

Ñïèñîê öèòèðóåìûõ èñòî÷íèêîâ
1. Boichuk A.A., Samoilenko A.M. Generalized inverse operators and Fredholm boundary-

value problems.� Utrecht; Boston: VSP, 2004.� XIV + 317 pp.
2. Ìàëêèí È.Ã.Íåêîòîðûå çàäà÷è òåîðèè íåëèíåéíûõ êîëåáàíèé.- Ì. Ãîñòåõèçäàò. 1956.

491 ñ.
3. Áîé÷óê À.À., ×óéêî Ñ.Ì. Àâòîíîìíûå ñëàáîíåëèíåéíûå êðàåâûå çàäà÷è // Äèôôå-

ðåíö. óðàâíåíèÿ. 1992. � 28, � 10 Ñ. 1668 � 1674.

ISSN 0203�3755 Äèíàìè÷åñêèå ñèñòåìû, âûï. 23 (2007)



Î ÏÎËÎÆÅÍÈÈ ÐÀÂÍÎÂÅÑÈß ÀÂÒÎÍÎÌÍÎÉ ÏÅÐÈÎÄÈ×ÅÑÊÎÉ ÇÀÄÀ×È 37

4. Ìûøêèñ À.Ä. Îáîáùåíèÿ òåîðåìû î òî÷êå ïîêîÿ äèíàìè÷åñêîé ñèñòåìû âíóòðè çà-
ìêíóòîé òðàåêòîðèè // Ìàòåìàò. ñáîðíèê // 1954. � 34, � 3 Ñ. 525 � 540.

5. Àíäðîíîâ À.À., Âèòò À.À., Õàéêèí Ñ.Ý. Òåîðèÿ êîëåáàíèé. 2 èçä. Ì. Íàóêà. 1981.
568 ñ.

6. Íåìûöêèé Â.Â., Ñòåïàíîâ Â.Â. Êà÷åñòâåííàÿ òåîðèÿ äèôôåðåíöèàëüíûõ óðàâíå-
íèé. Ì.� Ëåíèíãðàä. ÎÃÈÇ. 1947. 448 ñ.

7. Ãàíòìàõåð Ô.Ð. Òåîðèÿ ìàòðèö. Ì. Íàóêà. 1988. 552 ñ.
8. Êàíòîðîâè÷ Ë.Â., Àêèëîâ Ã.Ï. Ôóíêöèîíàëüíûé àíàëèç. Ì. Íàóêà. 1977. 744 ñ.
9. Äåííèñ Äæ., Øíàáåëü Ð. ×èñëåííûå ìåòîäû áåçóñëîâíîé îïòèìèçàöèè è ðåøåíèÿ

íåëèíåéíûõ óðàâíåíèé. Ì. Ìèð. 1988. 440 ñ.
10. Ïîñòíèêîâ Ì.Ì. Ââåäåíèå â òåîðèþ Ìîðñà. Ì. Íàóêà. 1971. 567 ñ.
11. Ãðåáåíèêîâ Å.À., Ðÿáîâ Þ.À. Êîíñòðóêòèâíûå ìåòîäû àíàëèçà íåëèíåéíûõ ñèñòåì.

Ì. Íàóêà. 1979. 432 ñ.
12. Ìàððè Äæ. Íåëèíåéíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ â áèîëîãèè. Ëåêöèè î ìîäå-

ëÿõ. Ì. Ìèð. 1983. 397 ñ.

Ïîëó÷åíà 01.04.2007

ISSN 0203�3755 Äèíàìè÷åñêèå ñèñòåìû, âûï. 23 (2007)


