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Annsoramusi. PaccMoTpens! ciaboHeMHeHBIE KPAEBBIE 33/Ia491 [IJ1s1 ONIEPATOPHBIX YPABHEHUIA C HETe-
POBBIM OIEPATOPOM B JIMHEHHONW YaCTH KPAEBOM 33/a4Uu B KPUTHIECKOM ciydae. llomyuensr HeoOxo-
JAUMBIE U JIOCTATOYHBbIE YCJIOBUA CYIIECTBOBAHHUSA €IWHCTBEHHOI'O DelIeHNd, IOCTPOEHA CXOAAIIAACT
UTEPalMOHHASA IIPONE/IyPa sl €r0 IOCTPOeHUA.

KurroueBbie caoBa: cinaboHenvHeliHAas KpaeBas 337ada, HETEPOB OMEPATOD, KPUTHUYECKWI CIydail

IepBOI0 TOPAIKA.
1. Berymienue

Pentenne craboHemHEeTHBIX KPAEBBIX 33/1a9 CYIIECTBEHHBIM OOPAa30M 3aBUCHT OT
BO3MOYKHOCTH TOCTPOEHUSA PENIeHU COOTBETCTBYIOIIEH JUHEHHON (HOpO)K)lanmeﬁ)
KpaeBoil 3a/1a4 U HpeJoaraeT UCIoJIb30BaHne HHGOPMANUA O JHHEHHOM OIepaTo-
peé MCXOIHOTO OlepaTopHOro ypapHeHus. OHO OCHOBAHO Ha IMOCTPOEHUH OOOOIIEHHOTO
omnepaTtopa ['pnHa mOpoXK ANl TUHEHHON O TyOIHOPOTHOM KpaeBoit 3agaun. Takne
KpaeBble 3a/la4l PAaCCMATPUBAJIKUCH JIjIsi CUCTEM OOBIKHOBEHHBIX JudhepeHnunaibHbiX
yDaBHEHWH B IEPHOINYECKOM cJiydae 5], aist cucreM 0OBIKHOBEHHBIX b depeHnnaib-
HBIX ypaBHEHHU u cucTeM (yHKIHOHATLHO-TH(MdepeHnaaIbHbIX YpaBHEHHI B 001IeM
HeTepoBoM ciy4ae [1], [2], mis uMIyIbCHBIX cucTeM OOBIKHOBEHHBIX MubdepeHnnaib-
HBIX ypaBHeHHii [12| u UMIyJILCHBIX CHCTEM € 3aMa3/IbIBAIOIINM apryMeHToMm [3].

OsiHOiT U3 OTIMIUTEIHHBIX OCODEHHOCTEH ITUX 331249 SBJSIETCS TO, YTO MUCXOIHBIE
muddepeHuanibable CUCTEMbI SIBISIIOTCA BCIOJY paspemmuMbivu [9]. s He Beroay
Pa3peIINMbIX OIePATOPHBIX ypaBHEHHil MMOJOOHBIE KpaeBble 3aJadd elne MaJo H3Y-
veHpl. K TakmM 3aadaM OTHOCATCS, HAIpUMep, CIabOHeTHHeiHble KpaeBble 3aIadn
Juist uaTerpo-auddepennuaibubix, GYHKIUOHAIBHO-/IU(dEPEeHIIUATBHBIX YpaBHEHU T
1 JIp., Y KOTOPBIX MCXOJHOE JIUHEITHOe OlepaTOpHOe yPAaBHEHUE sIBJISETCST HETEPOBBIM,
TO €CTh, He BCIO/Ly Pa3pemnMbIM.

B sannoii crarbe crapsgrcd ciaepyionme 3agadud. C UCHOJIb30BAHUEM KOHCTPYKIMii
0060011IeHHO-00PATHOIO OlepaTopa B 6aHAXOBOM IPOCTPAHCTBE HANTH KPUTEPUN pa3pe-
MUMOCTH W (DOPMYJIBI JIJIsT TIPEJCTAB/IEHNST PEIIeHuil JIMHEHHBIX KPAeBBIX 3aa4 JIJIsI
HETEPOBBLIX OIEPATOPHBLIX ypaBHEHMi, MOCTPOUTL 0000IIeHHbIH omepaTop ['puHa s
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X 33/a4. [lomyunTs HEOOXOMUMBIE W JOCTATOYHBIE YCJOBUS PA3PENIUMOCTHU CIa00-
HEeJIMHEHHBbIX KPaeBbIX 33/1a4 C HETE€POBbIM OLIEPATOPOM B JIMHEHHONH 4acTU UCXO/HOI'O
onepaTopHoro ypasaenusi. [Ipumvensist merozst Tuna JIsnynosa-IImuara [1], [2], [5], [7],
[10], maiiTu ycioBus mepexosa OT MCXOTHON KpaeBoii 3a/1a4u K OIEPATOPHOil cucTeMe,
JIJIS pelieHns KOTOPOil MPUMeHUMbl UTepalluOHHbIE aJITOPUTMBI. Vcmoab3ysa npuHIun
HEIIOJABUKHON TOYKH, IOCTPOUTH CXOAAIINECd UTepAllMOHHbIe aJArOPUTMBI 1/ OTBICKa-
HU4 PeNleHni TAKAX KPaeBbIX 3a/1a4.

2. IlocTanoBka 3ama4m

Obozuaunm vepes B; GamaxoBo mpoctpancTBO BekTOp-dyHKIMit 2: Z — R",
ompeJie/IeHHBIX Ha KOHEYHOM IpoMexkyTKe Z; By — 6aHaxoBO HMPOCTPAHCTBO BEKTOP-
dbyukmmii f: Z — R™; Z., = [0,69] — npoMekyTOK 3HAYEHUH MAJIOrO MApaMerpa &;
C.,[e] — npocrpancTBo HenpepbiBabIX 10 € Gyukuumit ¢: Z,, — R™.

Paccmorpnm HelmHEHYIO KpaeByIo 3aa49y ¢ MaJbIM HEOTPHIATEIbHBIM MTapaMeT-
poM €, € € L,

Lz(-,e)(t) = f(t) +Z(2(t,e),t, ), (2.1)

Cz2(-e) = a+eJ(z(-¢e),¢), (2.2)
e

(al) L : By — By — wnerepos oneparop, (¢ = dim N(L) < oo, v =
dim N(L*) < oo, p # v);

(a2) Z : By X I x I., — By x I, — mesuHeiinblii 10 z OrpaHnYeHHbII
onepaTop, KOTOPbIi B OKPECTHOCTH MOPOKAamouero pemenus ||z — zl| < ¢
nuMeeT npou3BoHy0 Ppere 110 2 U HENPEPBIBEH 110 €, ¢ — JOCTATOYHO MaJiasi
KOHCTAHTA;

(a3) Z(0,t,0) =0, Z.(0,t,0) = 0;

() f € By 23

(ab) £ : By — R™ — Jmneituplii orpanndeHubiii BeKTOp-hyHKIHOHA,

(a6) J : By x I, = R™ x Z., — mesiuHeRHbIii 110 2 OTPAHUYICHHBI BEKTOD-
byHKIMOHA, KOTOPBIHl B OKPECTHOCTH TIOPOKAaroiiero pemenus ||z — zg|| < ¢
uMeeT Hpou3BoAHY0 Dpelle 10 z ¥ HelIPEePBIBHBI 110 &;

(a7) J(0,0) =0, J/(0,0) = 0

(a8) o € R™.

Hapsiny ¢ 3agaueii (2.1), (2.2) paccMOTpuM JHHEHHYIO KPAEBYIO 3312y
Lz(t) = f(t), (2.4)
lz() = a, (2.5)

KoTOpast mosyuaercs u3 (2.1), (2.2) npu € = 0.
[To anajioruu ¢ MoOOHBIMHE 38 /IaYAMU JIJIS CUCTEM OOBIKHOBEHHBIX JindepeHIinaib-
ubix ypasuennit (cm. [1], [2], [5]), kpaeByio 3agaqy (2.4), (2.5), koTopas mosydaercs u3
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sagaun (2.1), (2.2) npu € = 0, GyzeM HA3BIBATH MOPOXKIAMOIIEHT KpaeBoil 3aadeil 1yis
3agaan (2.1), (2.2). Pemenns 3agaqau (2.4), (2.5) OymeM Ha3bIBATH MOPOZKIAIOMIAMH.

Paccmorpum 3a1ady 00 yCJ0BUsIX CYHIECTBOBAHUSI M IIOCTPOEHUN penienuii z(t, €)
Kpaepoii 3agaqan (2.1), (2.2), npuHasuexkamux npocrpancrsy B 1o t, npoctpancTBy
C.[e] mo € u obpamaromuxcst ipu € = 0 B HOPOKIAOIIEe pelleHne KpaeBoll 3a1a4u
(2.4), (2.5). B manbHeitnem 310 mpocTpancTBo Oyaem oboznadats B, C,e].

3. JIuneiinble KpaeBbIe 3aJa49N

Cuavasia pacCMOTPUM 33129y 00 YCJIOBHAX PA3PEIIHMOCTH U IPE/CTABICHIH Pellie-
HUI TOPOKIatoIell InHeiiHol Kpaesoii 3agaun (2.4), (2.5) ¢ HETEPOBBIM OIEPATOPOM.

O6oznaunm vyepe3z dimN (L) = p < oo u dimN(L*) = v < 00 — pa3MepHOCTH
HY/Tb-TIPOCTPAHCTB OMepaTopoB L u emy compszkeHHOTO L*, coorBercrBenHo. Ilycrhb
{fiYle, € N(L), f; = col(fi(l),fi@),...,fi(n) — 6Gasuc noanpocrpancrsa N(L), a
{ea()}oy © N*(L), @u(s) = col(@dV (), 07 ()., ")(-)) — Basnc nommpocrpan-
cra N*(L) C Bj. Jlna sanementon {f;}r; n dbynkmumonanos {ps(-)}s_; cymecrsy-
IOT CONPAXKEHHO GnopToroHanpuble cucrema dymkmuonanos {7v;(-)}io; C B, 7;(-) =

col(vj(l)(-), J(.Q)(-), e ](n)()) ¥ TmoJiHas cucreMa 31eMeHToB {U; }r_; C Yy C By, ¢ =
col( ,(Cl),w,(f), ce ,(Cm)). [Moanpocrpancreo Yy, C Bs u3oMopdHO HYJIB-POCTPAHCTBY
N(L*) conpsizkennoro omeparopa L*.

Oyuxuuonasnbl {v;() Y., u {ps()},_,, oupereneHHble Ha MOAMPOCTPAHCTBAX

N(L) € By u Y, C By (o Teopeme Xana-Banaxa), MOTYT OBITH TIPOJIOJIZKEHbI ¢ COXPa-
HeHHeM HOpM Ha npocrpancrsa By u B, coorBeTcTBeHHO.

O6o3naunm

X:(fh Jay oo, fu)7
= (1 () 7()s )
(01()s 02055 00,
(Y1, 2, oo, W)

MaTpHUIBl pazMeprocteit (nx ), (uxn), (vxny) u (ny Xv), coorBercrBerno. OrMernm,
aro ['(X) = E,, ?(¥) = E, — eIUHUTHBIE MATPHIILL.

ITo ananoruu ¢ [6], oneparopst npoekruposanus Py : B1 — N(L) u Py, : By —
Y7, nocrpoum o dpopmyJiam:

Prny(2) = XI'(2), Vz € By, (3.1)

Py, (y) =¥9(y), Vy € Bs. (3.2)

CHauana pacCMOTPUM YCJOBHUs CYIIECTBOBAHUS U ITIPeJACTaBICHUE PeIleHuil HeoI-
HOpoHO# 3a1a4un Kot

Lz(t) = f(1), (3.3)
Z(to) = 2y, bg € 1. (34)
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sgectno [2|, [12], uTo omeparopuoe ypashenue (2.4) ¢ HETEPOBBIM ONEPATOPOM,
BCJICJICTBHE €r0 HOPMaJIbHOH paspelmmMOCTH, UMEeeT PEIleHHe JJId TeX U TOJbKO Tex
f(t) € Ba, KOTOpBIE YI0BIETBOPSIIOT YCJIOBUIO

(Py, [)(t) =¥ ()(2f)(-) = 0. (3.5)

Yeaosue (3.5), B CHly JTMHERHON HE3aBUCHMOCTH CTOJIOIOB MaTpuIlsl ¥ (), SKBUBaIEHT-
HO YCJIOBHIO

(@)(-) = 0.
[Tpu BeimosiHeHUN yeaoBus (3.5) obiee perenne ypasaenus (2.4) mpecTaBuMo B BUJIE:
20(t) = (Prnwy2) () + (L7 f)(1), (3.6)
rjae 2 = Z(t) — npousBOJIbHBIN 3jeMeHT npocrpaHncTBa Bi, L~ — orpannveHHbIil

06061eHHO-00paTHBIIT omepaTop K HeTepoBoMy omepartopy L [2]. Mcmob3yst mpeacras-
menne (3.1) mpoexropa Pu(r), A1 Kazxkaoro z(t) € N(L) noayanm

2(t) = (Pn)2)(t) = X(0)(I'2)(-) = X(t)e, (3.7)

rae ¢ = col(712(+),%22(+), ..., 7,2()) — IpOU3BONLHBIH BEKTOP-CTOMOEI] KOHCTAHT, ¢ €
R*.
C yuerom (3.7) obiiee penienue HerepoBoro ypasaenust (2.4) npuver Bu:

20(t) = X()e+ (L)), (3.8)

riae X (t) — (u X p)-vepuas dyHpamenTagbHas Marpuna ypasaenus (2.4).
Ob6o3nauum uepe3 X (tg) : R* — R"— (n X j1)-MepHYIO HOCTOSIHHYIO MaTpHuily, tg €
T, Pnix)) : R* = N(X(to)) — (1 X jt)-MepHYI0 MaTPHUILY-OPTOIPOEKTOD, Py (x+(1))
R" — N(X*(to)) — (nXn)-MepHYIO MATPHUILY-OPTONPOEKTOP, X T (tg) — (X n)-MepHytO
MaTpuity, ncesgoobparuyio k marpune X (to) [1], [2], [11].
U3 (3.7) umeem uro J11060ii s1ement z(t) u3z uyab-upocrpancrsa N (L) npegcraBum
B BHJIE

(t) = X (t)e.

DTO COOTHOIIEHUE CIIPABEINBO /Ui JiF00oro ¢t € Z, B Tom uuce u s t = ty. CiuepoBa-
TeJIbHO, JIJIs JIIO0r0 29 = 2o(t) cymecTByer sjiement ¢ € R* 1akoil, 4ro BbIIOIHAETCSI
PABEHCTBO

20 = Zo(to) = X(to)c.

CymecrBoBanue 114 J1000ro zg = 2o(tg) asemenra ¢ € R* o3nadaer, 4o ypaBHenue
) y

X(to)c = 20
paspemumo npu 1000 mpasoit wactu zp € R™. Dr1o 3mauwmt, uro rank X (ty) = n,
myab-npocrpancteo N(X*(tg)) = {0} m, xak ciaeacTsue, OPTONPOCKTOP HA HYJIb-

npocrpanctso N(X*(t)) C R™ pasen myimo, Py(x+()) = 0,Vty € L.
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[pu t = to, u3 (3.8) momyunm anrebpanveckoe ypaBHEHUE

X(to)e = 20 — (L™ f)(to),

KOTOpOoe, ¢ y4eToM Py (x+(t,)) = 0, BCIOLY paspelnMo U UMeeT o0liee pellenue

c= PN(X(to))C,u + X+<t0)[20 — (Lif) (to)], (39)

riae ¢, € R* — npousBoibHbIl BeKTOP-CTOI0€I], KOHCTAHT.
[MojxcraBus naiigennoe ¢ u3 (3.9) B pasencrso (3.8), nosyuum obiee perieHue 3a-
naan Komm (3.3), (3.4)

2(t) = X(O{Pucxonen + X ()20 — (L)1)} + (L)1) =
— Xo(t)e, + X (DX (to) 20+ (Gof)(2),

rae Xo(t) = X () Pn(xqo), (Gof)(t) = (L™ f)(t) — X (#) X (to) L™ f)(to) — nuneitnsrii
OrpaHHYCHHBI OepaTop, KOTOPLIl Oy1eM Ha3bIBATh OIIepaTOpoM I'pHHA 010 IHOPOI-
Hoil (29 = 0) 3amaun Komu (3.3), (3.4).

Takum obpaszom, st 3agaqu Komm (3.3), (3.4) cupaBeyinBo ciejyiomiee yrBep-
KIEHHE.

(3.10)

Teopema 1. ITycmo L : By — By — nemepos onepamop. 3adava Kowu (3.3), (3.4)
paspewuma oas mobux zg = z(ty), to € I u mex u moavko mex: f(t) € Ba, Komopoie
ydosaemeopatom ycaosuto (3.5), u ee obuwee pewerue npedcmasumo 6 ude

2(t) = Xo(t)e, + X (1) X" (to) 20 + (Gof)(2)-

Bameuanue 1. Ecnm onmeparopuoe ypasuenue (3.3) BCioay paspemumo, 70 Py, = 0
u ycaoue (3.5) Gymer Bcerja BHIMOTHEHO. B 3TOM ciyuae omeparop L Gymer mMernb
orpanndenHHblil mpasbiit o6patHeiit oneparop L' [6], a 06obmennbiit oneparop ['puna
Oy/eT uMeTh BU/I;

(Gof)(t) = (L1 f)(t) — X (1) X" (to) Ly ) (to)-

Jlajee paccMOTPUM YCJIOBUsI Pa3peNIMMOCTH U TIPe/ICTaB/IeHUe peleHuil JnHeitHoi
MOPOXKAAIONIEH Kpaesoit 3agaun (2.4), (2.5).

O6ozuaunm gepes ) = (X (+) (m X p1)-MepHyTo mocTosHEYI0 Marpuiy, Pyg): R* —
N(Q) — (1 X pt)-MepHYIO MATPHITY-0pTONpPOeKTOpP; P g+ : R™ — N(Q*) — (m x m)-

MEPHYIO MATPHILY-OPTOIPOEKTOD; Py (q) — (i X p)-MepHYIO MaTpHILy, COCTAB/ICHHYIO
u3 TOJHOM cucTtembl p = p — rank () JiMHEHHO HE3aBUCUMBIX CTOJIONOB MaTPHUIBI-
opronpoexkTopa Py, Pn,@+) — (d X m)-MepHy0 MaTpHILy, COCTABIECHHYIO W3 MOJI-

HOi1 cucteMbl d = m — rank Q JMHEHHO HE3ABUCUMBIX CTPOK MATPHUIIBI-OPTOIPOEKTOPA
Pn(g+y, @ — ncesmooGparnyio kK Marpure ¢ (@ X m)-MepHyI0 MaTpHILY, KOTODPYIO
MO2KHO 1ocrpouts 1o dopmytam QT = (Q*Q + Pyg) 'Q* = Q*(QQ* + Pygn) ™"
[11].

s mopox narotieit Kpaepoii 3amaun (2.4), (2.5) cnpaBeyinBo cJjenyoliee yTBep-
JKJICHHE.
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Teopema 2. IIycmv L : By — By — nemepos onepamop. Tozda, ecau rank Q <
min(m, ), mo coomeememeyrowas (2.4), (2.5) odnopodnas (f(t) =0, = 0) xpaesas
30000 UMEEM P U MOALKO P AUHETHO HE3A6UCUMDLT PeuLeHu

z2(t) = X,(t)ep, ¢, € R,

ede X,(t) = X(t)Pn,q) — (n X p)-mepnas dyndamernmanvnas mampuya 001opodnot
Kpaesot 3ada4u.

Heoonopodnas kpaesas sadava (2.4), (2.5) paspewuma dan mexr u moavko mex
f(t) € By u a € R™, xomopue ydosiemsopsarom v + d aunelino He3a6UCUMbLM YCAO-

SBUAM (@f)() B 07
{ Pry@ola— L™ f)()} =0 (3.11)

U MPU IMOM UMEEM. P-NAPAMEMPUUECKOE CEMETCMBO AUHETHO HE3ABUCUMLT PeULeHU
At ep) = X, (0)cy + (G + X(HQ*a, (312)
2de G : By — kerl C By,
(GH(E) = (L™ f)(t) = X(OQ UL f)(") (3.13)
— 0606wennvil onepamop I'puna noayodrnopodnot (o = 0) kpaesoti sadawu (2.4), (2.5).
Joxazamenvcmeo. Tloacrasus (3.8) B (2.5), moayduM aare6pamtdecKyio CHCTEMY
Qe+ UL™f)() = a,
KOTOpAasl pa3pelinma TOrJa U TOJbKO TOTJa, KOIJIa BBIIOJHEHO ycaoBue |2, ¢. 92]
Pyy@n{a—=UL7f)()} =0,
IPH BBIIOJTHEHUH KOTOPOI'O OHA MMeEET p-IIapaMeTpHUYecKoe CeMeiHCcTBO pemntenuii
¢ = Prn,@¢ +Q{a— UL f)()}. (3.14)
[Moxcrasass (3.14) B (3.8), nosyunm obiee pentenue Kpaesoii 3agaun (2.4), (2.5)
z20(t) = z(t, ¢p) = X(E{ Pr,@cp + Q7 la = UL™ ()} + (L71)(®) =

— X, (e, + (L)) = XOQ UL F)() + X()Q a =
— X, (e, + (GO + X()Q*a.
]

B kauectBe cieacTBuii u3 J0Ka3aHHON TEOPEMBbI, PACCMOTPUAM JIBa «KpaffHUX»  CJIy-
qasd, korma rank () = p u rank Q) = m.
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CaencrBue 1. Ecau rank QQ = p, mo p < m. B amom cayuae 00HopodHas kpaesas
sadava (2.4), (2.5) ne umeem pewenut, Kpome mpusuaAsLHOZ0.

Heoonopoonas kpaesas 3adaua (2.4), (2.5) ¢ nemeposvim onepamopom L : By — By
paspewuma oas mex u moavko mex f(t) € By u a € R™, xomopuwie ydosaemeopsaiom
v+d, (d=m— [) AuHETHO-HE3ABUCUMBLM YCAOBUAM

{ (@f)() =0,
Prn,oia—LL™f)(-)} =0

U NPU IMOM UMEEM QUHCMEEHH0E DEULEHUE

2(t) = (GA() + X(H)Q e
Hoxasamesvcmeo. Ecim rank @ = p, 10 Pyng) = 0 u X,(t) = 0. B srom ciyuae
nceso06paTHas Marpuna QT maxomures o dgopmyae QT = (Q*Q) Q. O
CaencrBue 2. Ecau rank Q = m, mo m < p. B amom cayuae odnopodnasn kpaesas
sadava (2.4), (2.5) umeem p u moavko p AuNElHO HE3ABUCUMNT PeULEHUT

2(t) = X,(t)c,, ¢, € R, p=p—m.

Heoonopoonas kpaesas 3adaua (2.4), (2.5) ¢ nemeposvim onepamopom L : By — By
paspewuma oaa mex u moavko mex f(t) € By, xomopwie ydosaemeopatom v aunetino
HE3AGUCUMBLM YCAOGUAM

(@f)(-) =0

U npu 3Mmom UMeem pP-napamempuiecroe cemeticmeo AUHedHO HE3A6UCUMBLL peweHuﬂ

2(t,0,) = X,(t)e, + (G)() + X (DQ e

Jokazamenvcmeo. Ecin rank () = m, to Py(g+) = 0 n Bropoe yciosue B (3.11) Gy-
JeT BCeryia BBIIOJHEHO. B 3ToM ciaydae mcepmoobparnag marpuna QT Haxomurcesa mo
dopmyre QT = Q*(QQ*) ™. O

Bamewanue 2. Ecnu oneparopuoe ypasaenne (2.4) sBseTcs BCIOLY PA3PEIIHMbBIM, TO
KpaeBas 3agava (2.4), (2.5) Gyzer HerepoBoil. Takue 3a1a4u MOAPOGHO PACCMOTPEHDI
B cayuasx, korga (Lz)(t) = 2(t) — A(t)z(t) — obbikuoBennbiil auddepeHnnanbHbit
oneparop |1}, [12], auddbepennuaabubiii oneparop ¢ cocpe0TOYeHHBIM 3ala3/ b BAHTEM
(Lz)(t) = 2(t) — A(t)(Sh)2(¢) [2], |3]- B aTux ciayuasx npasbiii o6parbiii oneparop L, !
IMeeT HHTerpajbHoe Ipe/cTaBienue (8|

(L)) = / K(t, 8)g(s)ds,

riae K(t,s) — marpuna Konm.
O60o0mennbiit oneparop ['puna umeer Bu;

b b
GN0) = [ K9 f(s)ds = X0Q"¢ [ K(.9)f(5)ds.
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Samevarue 3. Ecan dyHkimonaa ¢ yaoBIeTBOPSET YCIOBHIO

b b
E/ K(-,s)f(s)ds:/ (K (-, s)f(s)ds,

TO 0000MIeHHbI# onepaTop ['puna umeer npejcrapjienue

(Gh)(t) = / G(t, 5)f(s) ds.

a,po koroporo G(t,s) = K(t,s) — X (t)QTCK (-, s) nazwiBaercs 0600mennoii marpuueii
[puna.

4. CiraboHenunHeitHbIe KpaeBble 3aaun. Kputudeckuii ciaydaii
IIePBOro IOPIIKa

Paccmorpum kpaeByio 3ajgady (2.1), (2.2) B caydae, Korja IOpOK/IAIONIAs KpaeBast
3amada (2.4), (2.5) meogHo3HAUHO paspentuMa. Takoil ciydaii 11 aHATOTHYHBIX 3a-
JIAd JIJIsl BCIOJLY Pa3peliuMbiX OObIKHOBEHHBIX JuddDepeHinaibHbiX cucreM Ha3BaH |1]
KPpUTHYECKUM CJly4daeM II€epBOI'O IIOPsAJAKA.

ByeMm uckarhb ycaoBue CyniecTBOBaHUsI W aJIlOPUTM MOCTPOeHus pernenuii z(t, ) €
B, C,[¢] kpaesoii 3amaun (2.1), (2.2), obpamarormuxcst upu € = 0 B OJHO U3 HOPOZK I~
IONUX pellleHuil ypaBHeHus KpaeBoil 3amaun (2.4), (2.5). VI3 Teopembl 2 cieayer, 4To
HOPOKIAIONIAas KpaeBast 3a1aua (2.4), (2.5) uMeer pernenne TOTIa U TOJBKO TOTJIA, KO-
riaa f(t) € By u a € R™ ynossersopsor ycaosusim (3.11), 1pu BbIIOJHEHUH KOTOPBIX
oma umeer cemeiicTo pemenuit (3.12) 2(t,c,) = 2(t, c,).

4.1. HeobxonmMoe yc0BHE CYIIECTBOBAHUSA PEIIEHUIA

[IpeanonoxuM, uro f(t) € By u o € R™ makoBsl, uto ycnoBus (3.11) BBIIOTHEHBI.
[Tokazkem, 94TO UMeeT MeCTO cJeylonias TeopeMa.

Teopema 3. [Tycmv kpaesas zadawa (2.1), (2.2) ydosaemeopsem ycaosusam (2.3) u
umeem pewenue z(t,€), nenpepuwenoe no € € [0, &), obpawaroweecs npu € = 0 6 Heko-
mopoe noposicdarowsee pewenue zy(t, c,) suda (3.12), noaywennoe npu c, = co. Tozda
anemenm cg € RP ydosaemesopaem cucmeme ypasrenu

{ DZ(20(,c0) + x(+,€),-,¢) =0,
Pnyoo{J(20(- o) + (- €),e) =L~ Z(20(+, co) + (-, €),-,¢)} = 0.

Zoxazamenvcmeo. IlycTh BuImoHeHb yeaoBus TeopeMbl. Toraa mpu Beex 0 < € < g
CIIpaBe/IIUBHI TOXK IECTBA

Lz(-e)(t) = f(t) +eZ(z(t,e),t,¢),
(lz)()) = a+ed(z(¢),¢).
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Hcnonb3ys Teopemy 1 u yuuThiBast ClIpaBeTABOCTE yeaouii (3.11), mis 91oit Kpaesoit
3a/1a4M TOJIyYuM, 9TO 1pu Beex € € I, € # 0 ueqmueitubie oneparop Z(z(t,€),t,€) n
dyukumonan J(z(+,€),€) yI0BIETBOPSIOT YCJIOBUAM

OZ(2(-,¢),-,¢e) =0,
{ Pryon{J(2(-€),e) = (L™ Z(2(-€),-,€)} = 0. (4.1)

Tora, NOCKOJNbKY HeauHelinbie onepatop Z(z,t, &) u dynkunonan J(z(+, ), &) ymnose-
TBOpstioT yeaosusiM (a2), (a3) u (ab), (ab) u3 (2.3) B okpecrnoctu (¢ = 0) pemrennst
20(t, co), To, mepexonst K npegeny npu € — 0, z(t,e) — 2o(t, o), moayIUM CcHCTEMY
PABEHCTB

_ @Z(Z(',CO), 70)() _
F(co) = [ Py {J(=( o), 0) — €L~ Z(=(-, o), - 0)(-)} | = (4.2)

KOTOPHIE JIOKA3bIBAIOT TEOPEMY. 0

Eciau cucrema (4.2) mveer HEKOTOpOe perieHue ¢y = cg € R’, To koHcTranTa cg

ONpe/IEISIeT TO MOPOK AAIONIee pemenne Zo(t, ¢h), KOTOPOMY MOKET OTBedYaTh pemenne
=(t, €) uexonmoii cucremst (2.1), (2.2), obpamaiomeecs B 2 (t, ¢) npu & = 0.

Cucrema omepaTopHbIX ypaBHeHuit (4.2) aHATOIMYHA U3BECTHOMY B T€OPUH TIEPUO-
JIMYECKUX HeJUHeHHbIX Kosebanuii (1], [2| ypaBHeHHIO /151 TOPOXK JATONIMX AMILIATY/I.
[TosTomy, B jajibHeiitiiem, Oy/ieM ee Ha3bIBaTh CHCTEMO YpaBHEHUIT 1151 TOPOZK IAIOIITAX
KOHCTAHT KpaeBoil 3agaun (2.1), (2.2).

Eciu cucrema ypasuenuit (4.2) He uMmeeT perienuii, To kpaesast 3ajgaua (2.1), (2.2)
He 00Js1a1aeT KCKOMBIM perieHreM. Takum 06pazom, Heobxoaumoe ycaosue (4.2) Heo[Ho-
3HAYHO Pa3PENuMOil KpaeBoii 3a/1a4u MOXKeT ObITh Y/I0BJIETBOPEHO BLIOOPOM 3JIEMEHTA
¢ = ¢, B cenmeiicTBe TOpOKIATONIAX penmerii (3.12).

4.2. /TocTaTovHOE yCJIOBUE CYHIECTBOBAHUSA pPeEIeHMIt

Haiigem nocratodnbie ycJOBHsI CyIIECTBOBaHWs pellleHnsi KpaeBoil 3agaun (2.1),
(2.2). Bommostasisg B 3agade (2.1), (2.2) 3aMeHy mepeMeHHBIX

2(te) = 20(t, ) + z(t,¢),

B KOTOPO#l KOHCTaHTA c(ﬁ) € R’ ynosierBopsier cucreme ypaBHEHHI JIJIsI TTOPOKIAIOIINX
KOHCTAHT (4.2), IpUXOAUM K CJEAYIOmeil 3ajade: HAWTH yCJOBUS CYIIECTBOBAHUSA W
asroput™ nocrpoenus pemenns (t, ) € B1C,[e], obpamatomerocst B Hy1b mpu € = 0

KpaeBoil 3a1a9n
La(-,)(t) = eZ(z(t, ¢f) + (t, ), 1, ),
(x(-,e) = eJ(z0(-, ) + (-, €),€).

Ucnonb3yst cpoiictea (2.3) HeauwnediHbIX onepartopa Z(z,t,e) m dyHKImOHANA
J(z,€), BbIIEJIUM Yy HUX JIMHEHHBbIE YACTH 110 T M YJIEHbI HYJIEBOIO MOpgAJIKa 1o €. B

(4.3)
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pe3yjabTaTe IHOJIYIUM Pa3/I0KEeHHUA:

Z(z(t, ch) + x(t,e),t,€) = Zo(t, ch) + Lox(-,e)(t) + R(x(t, ), t,¢e), (4.4)

J(20(-, ) + (-, €),8) = Jo(-, ) + Lox(-,€) + Ly (z(-,€), €), '
e Zo(t, &) = Z(z(t, ch),t,0) : By x T — By;

Jo(-cb) = Jo(zo(-,é,0) - By x T — R™;

Lo : By xZ., = By x 1., — nuHeitHbIi OrpaHWYeHHBII OTIepaTop, MPeACTaABIAIONNN
coboii npoussoanyo Ppemte Heauneiinoro oneparopa Z(z,t,¢) no z npu z = 2o(t, c%);

ly:By xZ.,, - R™ x 1., — nuHelHbll OTpaHUYEHHDIT BeKTOP-DYHKIINOHAI, TTPe/I-
crasasomuii coboii npoussoanyio Opeme or mequueiinoro dpynknuonana J(z, ) mo z
upn z = zo(t, ch);

R :BixIxZ,, — ByxZ., — HequHeHBIN OIepaTOP, YIOBIETBOPIIONINNA YCIOBHAM
(a2) u (a3) us (2.3);

(y : By XTI xZI,, - R™ x 1, — ueqnHeiinolii BeKTOp-dYHKIIMOHAJ, YI0BIETBODSI-
fomuii yeaosusMm (a6) u (a7) u3 (2.3).

PaccmarpuBasi nesmneiinocTH B KpaeBoii 3a1a4e (4.3) Kak HEOJHOPOJHOCTH U [PH-
MeHsisl K Heil TeopeMy 1, mojiyunm Jiist ee pentenus z(t, €) cjejyroniee npejcraBjieHue

z(t ) = X, (t)e(e) + 2W(t,¢), c(e) € C,le],
TJle HEM3BECTHBIN BEKTOD ¢(€) ompe/iensgercsa u3 yeaoBuii paspemumoct Tuma (4.1)

{ D{Zy(- Cg)"‘
Py {do(, b)) + box (- €) + b (x(-,€),€)—

+Lox(-,e) + R(z(-,¢),-,e) =0,
—(L7[Zo(-, ) + Loz(-,€) + R(z(-,¢), -, €)] = 0.

3necy C,le] — mpocTpanCTBO HENPEPBIBHBIX 110 € (DYHKIUI CO 3HAYCHUSME B €BKJIH/I0-
BoM mpocrpanctee R?, ¢(+) : ., — R”.
Hemspecrunas sextop-dynkuus 21 (L, ) onpenensercs mo dbopmyse

x(l)(t,g) - 6[(02(20(-, Cg) + ZE(-,&), '7 5))<t> + X<t>Q+‘](ZO('7 Cg) + x("g)v 8)]:

rae G — o6obuienustii oneparop I'puna (3.13).

Ucnonp3yst paznoxkennst (4.4) w ToT Bakt, 970 BEKTOPHAS KOHCTAHTA c% HE00XO-
JIIMO YJIOBJIETBOPSIET CHCTeMe YDABHEHUN JJisl TIOPOXKIAONINX KOHCTAHT (4.2), 1715 Ha-
xoxaenns pemenns x(t,e) € B1C,[e] cnabonenuneiinoii kpaesoit 3amaun (2.1), (2.2)
MPUXOJIMM K IKBUBAJEHTHOU ONEepaTOPHON cucreme

z(t,e) = X,(t)c(e) + x(l)(t, e),

D{LoxW (-, &)+

Bocl®) = | Payan {lorV(,e) + b (a(-,2),2)—

ISSN 0203-3755 /Iunammdeckue cucremsr, Tom 1(29), N2 (2011)



CJIABOHEJ/IMHEHHBIE KPAEBBIE 3AJIAYU J1/IST OITIEPATOPHBIX YPABHEHUI 237

—}-R(l’(',6),',€)} :|
—~(L~[Loz W (-, e) + R(x(+,€),-e)]} |’

(4.5)
2W(t,e) = e[(G{Z(20(-, ) + Lo[X,(-)ele) + 2 (-, )]) + R(x(-,2), -, )} (8)+
X(OQ I (20, ch) + L[ X, ()ele) + 2V (-, e)]) + b (a(-, ), )],

riae
®L, ¥

B, = .
0 Pyl + €L~ Lo]} o)

— ((v + d) X p)-MepHast HOCTOSHHAST MATPHIIA.

O6osnaanmv wepes Py, - RP — N(By) u Py - Rt — Yp, marpuim-
opronpoexkTophl, a depes By — (p X (v + d))-MepHyI0 HCeBI00OPATHYIO MATPHILY K
matpure By.

4.3. IlocTpoeHne eAMHCTBEHHOTO pEIeHU

Ipeamonoxmm, aro dimker By = 0, T.e. Py(s,) = 0. Torma sropoe ypasnenue ome-
paTopHOii cucTeMbl (4.5) pa3pernMo TorIa i TOJbKO TOL/IA, KO/ BBIIIOJIHEHO YCIOBHEe

2]

Prs [ P{ Loz V(- e >+R<<¢x,@}]:0
B | Pryony{lor V(- ) + iz (-,€),€) — L7 [Loz V(- ) + R(z(-,€), )]} | ~

DU BBIIOJIHEHUU KOTOPOT'O OHO OyJIeT OJJHO3HAYHO Pa3pPerinuMo

da:-w{ @@wm@@+R@m@ﬁ@}}
0 PNd(Q*){EOQ:(l)(Ug)+£1<x('7€)78>_EL_[LOx(l)('v‘g)+R(x('75)7'78 ]} ‘

b

PNd(Q*)
Py s,y = 0 oneparopuast cucrema (4.5) npumer Bu:

[ycrs Pysy) l } = 0. Torma ycsioBue (4.6) Bcerga BBIIOJIHSIETCS U 1PH

z(t,e) = X,(t)e(e) + 13(1)<t, £),

B @{Lox(l)(,€)+
&)= -5 [ PN¢(Q*){£0I(1)<'75) + i (x(-€),6)—

(4.7)
+R(z (., )7 ,€)}
(L [Lox(- ) + R(x(-,€), -, )]}

2 (t,) = e[(G{Z(20(-, c) + Lo[X,(-)ele) + V(- )]) + R(z (-, €), -, &) () +

)
+eX ()Q{J (20 c§) + bo[X, ()C(€)+x(”(7€)]) +0(x(-e),6)}].
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Ucnonwsys [1], [2], [4], [5], npuBemem omeparopryio cucremy (4.7) k cucreme, jis
pelieHusd KOTOpOil HPUMEHUM METOJ, IIPOCTHIX uTepalui.

Bsejiem ciesyronime o603HadeHMsA:

y(t,e) = col(x(t,e),c(e), zM(t,€))— BekTOp-cTONGEN M3 GaHAXOBA IIPOCTPAHCTBA
B =B,C,[¢] x C,[¢e] x B;C,[¢];

PL
Wip(-,e)(t) = =B 2 | o,
( 130( 5)( ) 0 PNd(Q*)[éo _ ELfLO] 90( 5)

— Or'PAHUYEHHBIA oneparop;
0 X,(t) Is,c,q

0 O 0

— KJIETOYHO-MATPUUHBIH OIEpPATOP BEPXHETPEYTOABHOIO BUAR, e IB,c, [ — TOXK/Ie-
cTBeHHBIH oneparop B npocrpancree B1C, [e];

U(y(t,e),t,e) =

(- €):,

X ‘)
5 &) o)} .

_ OR(x

= 0 PNd(Q*){gl(x(W ) )_EL R(ZL‘(,

e(G{Z (20 (- ) + Lol[X,(-)e(e) + aM (-, )] + Rl (-, €), -, €))}) (1) +
X(H)QHJ (z0(-, ch) + lo[X,(-)ele ) 2D e)]) + bi(a( ), )}

BEKTOpHAs oneparopHas (yHKIHs, KOTOpasi yJoBjieTBopsier yciaoBusm (a2), (a3) u3
(2.3).

Omneparopbl, KOTOPbIe BXOJAT B KJIETOYHO-MATPUYHBIA oneparop (4.8), auHeiinbie
OrpaHUYEHHBIE 10 ONPEIEJEHUI0 U KAK CYNEPHO3UIMK JUHEHHBIX OrPAHUYEHHBIX Olle-
pPaTopoB.

Ucnonb3yst BBeieHHbIe 0003HAYEHsI, ONIEPATOPHYIO cucremy (4.7) MOXKHO mpe/cTa-
BUTH B BHJIE

y(t.e) = Wy(-,e) (@) + Uy(- ), -, €))(D)- (4.9)

B cuity cTpyKTyphl KJI€TOYHO-MATPUUHOTO ofiepaTopa VY BepXHeTPeyTroJibHOTO BU/JIA
C HYJIeBBIMH KJIETKAMHU Ha TJIABHON JIMATOHAIM W HUXKe onepaTopHasi cucrema (4.9)
npeobpaszyercsd B CUCTEMY
Vy(t,e) = Uy(t,e),t,e),

rie
Ig,c,g —X,(t) —IByc,¢
V=Ig-W-= 0 Isic.g  —Wi
0 0 I, c,[e)
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Omnepatop V — BepxXHETPEYTOJIbHBIH KJIeTOUHBIN, C TOXKIECTBEHHBIMU OI€PATOPAMEI
Ha aBHOi nuaronaiu. [To amamorun ¢ [4] MoxkHO HOKa3aTh, 9TO onepaTrop V mmeer
orpanuvenubiii ooparubiii. [Tockoyibky oneparop VW — He/mHelHbIH U 3aBUCUT OT €, &
omeparop V! orpanmden, To 3a cdeT BEIOOpa 3HAYCHMIT HapaMeTpa € MOKHO JOOUTHCS
TOTO, YTOOBI CYHepIo3uIus omeparopos YV 'W 6blaa c:KEMAIOMIM omepaTopoM. 13
IPUHIATA CZKUMAIONUX 0TOOpazKeHuii cyiejyer, uro cucrema (4.7) uMeer e THHCTBEHHOE
pelieHue.

Hcrnonn3yst MeTo1 TPOCTHIX WTepaInil 11 HAXOXKAeHNs pelieHnii KpaeBoil 3a1a4qn
(2.1), (2.2) B kI1acce BeKTOP-DYHKIHI HEIPEPHIBHBIX 110 £, 0OPAIIAIOIINXCS B HYJIb IPU
e = 0, momy4JaeM cJIeIyIONNAI HTepaMOHHBIN MPOIece.

[Tpubsnzkenns x,(fl)l(t, ) k D (t, ) Gyaem uckarh Kak JaCTHBIE PEITCHHs] KPACBBIX
3aJ1a4

_l’_

Lay)y (-, e) (1) = e{ Zot, ) + (Lol X, (Jer(e) + z) ()N (1) + Rlau(t,e), t,2)},
(i () = e{ o ch) + X, (Jerle) + i ()] + falanl-r2), €) ).

(4.10)

ITo Teopeme 1 ¢ yuerom passoxkennii (4.4) pemrenne 3agaqau (4.10) nmpeacraBumo B

BHUJIE

o)1 (t,e) = e(G{Z (20, ch) + LolX,()er(e) + 2V (-, e)]) + R(zi(-, ), - )} () +
+ X (QH I (20(- ch) + Lo X, (Vewle) + 2V (-, 0)]) + i(p(-,€), €)}]-

13 HEoOX0AMMOro 1 JOCTATOYHOIO YCJIOBUST PA3PENMMOCTH KpaeBoii 3a1aan (4.10),
¢ yueToM BbIOOpa cg € R, n3 cucremnpl ypaBHeHnit 1718 TOPOK JAIOMINX KOHCTAHT (4.2),
IPUXO/IUM K YPaBHEHHIO

- (Lo, (- €) + Rli(-,€), )}
Pryan{bori) () + awi(,0),€) = LL7[Lozi () + R(aa(€), )] |
(4.11)
13 KOTOPOTrO HAXOAUTCst k-e mpubmzkenue cx(€) k ¢(¢). Paspemmumocts cucrem (4.11)
JUIA KaxKA0ro k obecriednBaeTcsl BbIIIOJHEHHEM YCJIOBUSA

@
Fives) { Py } -

Bock(e) =

a eJIMHCTBeHHOCTb — ycjoBueM Py gy) = 0.
Torga (k + 1)-e npubanxkenne xpi1(t,€) k z(t, ) 3auumnercs: B Buje:

T (t,e) = X,(O)ex(e) + i) (te), k=0,1,2,...,
e zo(t,e) = 27 (t,e) = 0, w1 (t, e) = {1 (t, €)

Taxkum obpazom, st Kpaepoii 3agaqn (2.1), (2.2) cnpaBeminBa cJiepyoIias Teope-
Ma.
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Teopema 4. Ilycmwv wpaesas sadava (2.1), (2.2) ydosaemeopsaem ycaosuam (2.3),
a coomeememeyowas noposcdatouas Kpaesas 3adaua (2.4), (2.5) npu éwvnosnenun

yeaosus (3.11) umeem cemeticmeo nopostcoarouyux pewenuti (3.12). Tozda das rasrc-

0020 snemenma cy = cﬁ € R”, ydosaemeoparuwezo cucmeme ypasrernut das noporcoa-

rwux Konemanm (4.2), npu ewnosnenuy yeaosud

)
Pz =0, Frvisi) { Py } -

kpaesas zadava (2.1), (2.2) umeem eduncmeennoe pewenue z(t,€) nenpepwvieroe no €,
obpawaweeca 6 nopoxcdamowee pewenue =(t,ch) npu e = 0. Dmo pewenue mosrcHo
natimu ¢ nomowywto crodawezoca wa |0, e.] C L., umepayuonnozo npoyecca

Zk+1 (t, 5) = ZO(ta C(ﬁ)) + xk-l—l(t? 5)’
Trar(t,€) = X, (H)ex(e) + i), (8, ),

ck<5> — _Bt ¢{L0x](<;1)<'75> +R(xk('75>,',8)}
" | Pra@{tort (8) + talanl €),€) — (L7 [Loay (- €) + Rlae(-,€), - 2)]}

vyl (tg) = el(G{Z(z0(-, &) + Lo[X,()er(e) + 2 (- )])+
+R(xr(-£), ) () + X ()QT{ ] (z0(-, cb)+
o[ X, (Ver(e) + 2 (- 0)]) + balx(-2), )},

zo(t,e) = a2V (t,e) =0, z1(t,e) =2"(t,e), k=0,1,2,....

Sameuanue 4. TlomobHBIE KpaeBble 3aJa4d JJId BCIOAY Pa3peIINMbIX CHCTEM OOBIKHO-
BeHHBIX JuddepeHnuanbHbIX ypaBuenuii pacemorpensl B (1], [2], a ais quddepenru-
AJIBHBIX CHCTEM C COCPEJIOTOYEeHHbIM 3ala3/piBanuem B [2], [3].
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