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Àííîòàöèÿ. Ðàññìîòðåíû ñëàáîíåëèíåéíûå êðàåâûå çàäà÷è äëÿ îïåðàòîðíûõ óðàâíåíèé ñ íåòå-

ðîâûì îïåðàòîðîì â ëèíåéíîé ÷àñòè êðàåâîé çàäà÷è â êðèòè÷åñêîì ñëó÷àå. Ïîëó÷åíû íåîáõî-

äèìûå è äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ åäèíñòâåííîãî ðåøåíèÿ, ïîñòðîåíà ñõîäÿùàÿñÿ

èòåðàöèîííàÿ ïðîöåäóðà äëÿ åãî ïîñòðîåíèÿ.

Êëþ÷åâûå ñëîâà: ñëàáîíåëèíåéíàÿ êðàåâàÿ çàäà÷à, íåòåðîâ îïåðàòîð, êðèòè÷åñêèé ñëó÷àé

ïåðâîãî ïîðÿäêà.

1. Âñòóïëåíèå

Ðåøåíèå ñëàáîíåëèíåéíûõ êðàåâûõ çàäà÷ ñóùåñòâåííûì îáðàçîì çàâèñèò îò
âîçìîæíîñòè ïîñòðîåíèÿ ðåøåíèé ñîîòâåòñòâóþùåé ëèíåéíîé (ïîðîæäàþùåé)
êðàåâîé çàäà÷è è ïðåäïîëàãàåò èñïîëüçîâàíèå èíôîðìàöèè î ëèíåéíîì îïåðàòî-
ðå èñõîäíîãî îïåðàòîðíîãî óðàâíåíèÿ. Îíî îñíîâàíî íà ïîñòðîåíèè îáîáùåííîãî
îïåðàòîðà Ãðèíà ïîðîæäàþùåé ëèíåéíîé ïîëóîäíîðîäíîé êðàåâîé çàäà÷è. Òàêèå
êðàåâûå çàäà÷è ðàññìàòðèâàëèñü äëÿ ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé â ïåðèîäè÷åñêîì ñëó÷àå [5], äëÿ ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëü-
íûõ óðàâíåíèé è ñèñòåì ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ óðàâíåíèé â îáùåì
íåòåðîâîì ñëó÷àå [1], [2], äëÿ èìïóëüñíûõ ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëü-
íûõ óðàâíåíèé [12] è èìïóëüñíûõ ñèñòåì ñ çàïàçäûâàþùèì àðãóìåíòîì [3].

Îäíîé èç îòëè÷èòåëüíûõ îñîáåííîñòåé ýòèõ çàäà÷ ÿâëÿåòñÿ òî, ÷òî èñõîäíûå
äèôôåðåíöèàëüíûå ñèñòåìû ÿâëÿþòñÿ âñþäó ðàçðåøèìûìè [9]. Äëÿ íå âñþäó
ðàçðåøèìûõ îïåðàòîðíûõ óðàâíåíèé ïîäîáíûå êðàåâûå çàäà÷è åùå ìàëî èçó-
÷åíû. Ê òàêèì çàäà÷àì îòíîñÿòñÿ, íàïðèìåð, ñëàáîíåëèíåéíûå êðàåâûå çàäà÷è
äëÿ èíòåãðî-äèôôåðåíöèàëüíûõ, ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ óðàâíåíèé
è äð., ó êîòîðûõ èñõîäíîå ëèíåéíîå îïåðàòîðíîå óðàâíåíèå ÿâëÿåòñÿ íåòåðîâûì,
òî åñòü, íå âñþäó ðàçðåøèìûì.

Â äàííîé ñòàòüå ñòàâÿòñÿ ñëåäóþùèå çàäà÷è. Ñ èñïîëüçîâàíèåì êîíñòðóêöèé
îáîáùåííî-îáðàòíîãî îïåðàòîðà â áàíàõîâîì ïðîñòðàíñòâå íàéòè êðèòåðèè ðàçðå-
øèìîñòè è ôîðìóëû äëÿ ïðåäñòàâëåíèÿ ðåøåíèé ëèíåéíûõ êðàåâûõ çàäà÷ äëÿ
íåòåðîâûõ îïåðàòîðíûõ óðàâíåíèé, ïîñòðîèòü îáîáùåííûé îïåðàòîð Ãðèíà äëÿ
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ýòèõ çàäà÷. Ïîëó÷èòü íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ðàçðåøèìîñòè ñëàáî-
íåëèíåéíûõ êðàåâûõ çàäà÷ ñ íåòåðîâûì îïåðàòîðîì â ëèíåéíîé ÷àñòè èñõîäíîãî
îïåðàòîðíîãî óðàâíåíèÿ. Ïðèìåíÿÿ ìåòîäû òèïà Ëÿïóíîâà-Øìèäòà [1], [2], [5], [7],
[10], íàéòè óñëîâèÿ ïåðåõîäà îò èñõîäíîé êðàåâîé çàäà÷è ê îïåðàòîðíîé ñèñòåìå,
äëÿ ðåøåíèÿ êîòîðîé ïðèìåíèìû èòåðàöèîííûå àëãîðèòìû. Èñïîëüçóÿ ïðèíöèï
íåïîäâèæíîé òî÷êè, ïîñòðîèòü ñõîäÿùèåñÿ èòåðàöèîííûå àëãîðèòìû äëÿ îòûñêà-
íèÿ ðåøåíèé òàêèõ êðàåâûõ çàäà÷.

2. Ïîñòàíîâêà çàäà÷è

Îáîçíà÷èì ÷åðåç B1 áàíàõîâî ïðîñòðàíñòâî âåêòîð-ôóíêöèé z : I → Rn,
îïðåäåëåííûõ íà êîíå÷íîì ïðîìåæóòêå I; B2 � áàíàõîâî ïðîñòðàíñòâî âåêòîð-
ôóíêöèé f : I → Rn1 ; Iε0 = [0, ε0] � ïðîìåæóòîê çíà÷åíèé ìàëîãî ïàðàìåòðà ε;
Cn[ε] � ïðîñòðàíñòâî íåïðåðûâíûõ ïî ε ôóíêöèé c : Iε0 → Rn.

Ðàññìîòðèì íåëèíåéíóþ êðàåâóþ çàäà÷ó ñ ìàëûì íåîòðèöàòåëüíûì ïàðàìåò-
ðîì ε, ε ∈ Iε0

Lz(·, ε)(t) = f(t) + εZ(z(t, ε), t, ε), (2.1)

`z(·, ε) = α+ εJ(z(·, ε), ε), (2.2)

ãäå

(à1) L : B1 → B2 � íåòåðîâ îïåðàòîð, (µ = dim N(L) < ∞, ν =
dim N(L∗) <∞, µ 6= ν);

(a2) Z : B1 × I × Iε0 → B2 × Iε0 � íåëèíåéíûé ïî z îãðàíè÷åííûé
îïåðàòîð, êîòîðûé â îêðåñòíîñòè ïîðîæäàþùåãî ðåøåíèÿ ‖z − z0‖ ≤ q
èìååò ïðîèçâîäíóþ Ôðåøå ïî z è íåïðåðûâåí ïî ε, q � äîñòàòî÷íî ìàëàÿ
êîíñòàíòà;

(a3) Z(0, t, 0) = 0, Z ′
z(0, t, 0) = 0;

(a4) f ∈ B2;
(a5) ` : B1 → Rm � ëèíåéíûé îãðàíè÷åííûé âåêòîð-ôóíêöèîíàë;
(a6) J : B1 ×Iε0 → Rm ×Iε0 � íåëèíåéíûé ïî z îãðàíè÷åííûé âåêòîð-

ôóíêöèîíàë, êîòîðûé â îêðåñòíîñòè ïîðîæäàþùåãî ðåøåíèÿ ||z− z0|| ≤ q
èìååò ïðîèçâîäíóþ Ôðåøå ïî z è íåïðåðûâíûé ïî ε;

(a7) J(0, 0) = 0, J ′
z(0, 0) = 0;

(a8) α ∈ Rm.

(2.3)

Íàðÿäó ñ çàäà÷åé (2.1), (2.2) ðàññìîòðèì ëèíåéíóþ êðàåâóþ çàäà÷ó

Lz0(t) = f(t), (2.4)

`z0(·) = α, (2.5)

êîòîðàÿ ïîëó÷àåòñÿ èç (2.1), (2.2) ïðè ε = 0.
Ïî àíàëîãèè ñ ïîäîáíûìè çàäà÷àìè äëÿ ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëü-

íûõ óðàâíåíèé (ñì. [1], [2], [5]), êðàåâóþ çàäà÷ó (2.4), (2.5), êîòîðàÿ ïîëó÷àåòñÿ èç

ISSN 0203�3755 Äèíàìè÷åñêèå ñèñòåìû, òîì 1(29), �2 (2011)



ÑËÀÁÎÍÅËÈÍÅÉÍÛÅ ÊÐÀÅÂÛÅ ÇÀÄÀ×È ÄËß ÎÏÅÐÀÒÎÐÍÛÕ ÓÐÀÂÍÅÍÈÉ 229

çàäà÷è (2.1), (2.2) ïðè ε = 0, áóäåì íàçûâàòü ïîðîæäàþùåé êðàåâîé çàäà÷åé äëÿ
çàäà÷è (2.1), (2.2). Ðåøåíèÿ çàäà÷è (2.4), (2.5) áóäåì íàçûâàòü ïîðîæäàþùèìè.

Ðàññìîòðèì çàäà÷ó îá óñëîâèÿõ ñóùåñòâîâàíèÿ è ïîñòðîåíèè ðåøåíèé z(t, ε)
êðàåâîé çàäà÷è (2.1), (2.2), ïðèíàäëåæàùèõ ïðîñòðàíñòâó B1 ïî t, ïðîñòðàíñòâó
Cn[ε] ïî ε è îáðàùàþùèõñÿ ïðè ε = 0 â ïîðîæäàþùåå ðåøåíèå êðàåâîé çàäà÷è
(2.4), (2.5). Â äàëüíåéøåì ýòî ïðîñòðàíñòâî áóäåì îáîçíà÷àòü B1Cn[ε].

3. Ëèíåéíûå êðàåâûå çàäà÷è

Ñíà÷àëà ðàññìîòðèì çàäà÷ó îá óñëîâèÿõ ðàçðåøèìîñòè è ïðåäñòàâëåíèè ðåøå-
íèé ïîðîæäàþùåé ëèíåéíîé êðàåâîé çàäà÷è (2.4), (2.5) ñ íåòåðîâûì îïåðàòîðîì.

Îáîçíà÷èì ÷åðåç dimN(L) = µ < ∞ è dimN(L∗) = ν < ∞ � ðàçìåðíîñòè
íóëü-ïðîñòðàíñòâ îïåðàòîðîâ L è åìó ñîïðÿæåííîãî L∗, ñîîòâåòñòâåííî. Ïóñòü
{fi}µi=1 ⊂ N(L), fi = col(f

(1)
i , f

(2)
i , . . . , f

(n)
i ) � áàçèñ ïîäïðîñòðàíñòâà N(L), à

{ϕs(·)}νs=1 ⊂ N∗(L), ϕs(·) = col(ϕ
(1)
s (·), ϕ(2)

s (·), . . . , ϕ(n1)
s (·)) � áàçèñ ïîäïðîñòðàí-

ñòâà N∗(L) ⊂ B∗
2. Äëÿ ýëåìåíòîâ {fi}µi=1 è ôóíêöèîíàëîâ {ϕs(·)}νs=1 ñóùåñòâó-

þò ñîïðÿæåííî áèîðòîãîíàëüíûå ñèñòåìà ôóíêöèîíàëîâ {γj(·)}µj=1 ⊂ B∗
1, γj(·) =

col(γ
(1)
j (·), γ(2)j (·), . . . , γ(n)j (·)) è ïîëíàÿ ñèñòåìà ýëåìåíòîâ {ψk}νk=1 ⊂ YL ⊂ B2, ψk =

col(ψ
(1)
k , ψ

(2)
k , . . . , ψ

(n1)
k ). Ïîäïðîñòðàíñòâî YL ⊂ B2 èçîìîðôíî íóëü-ïðîñòðàíñòâó

N(L∗) ñîïðÿæåííîãî îïåðàòîðà L∗.
Ôóíêöèîíàëû {γj(·)}µj=1 è {ϕs(·)}νs=1, îïðåäåëåííûå íà ïîäïðîñòðàíñòâàõ

N(L) ⊂ B1 è YL ⊂ B2 (ïî òåîðåìå Õàíà-Áàíàõà), ìîãóò áûòü ïðîäîëæåíû ñ ñîõðà-
íåíèåì íîðì íà ïðîñòðàíñòâà B1 è B2, ñîîòâåòñòâåííî.

Îáîçíà÷èì
X = (f1, f2, . . . , fµ),

Γ (·) = (γ1(·), γ2(·), . . . , γµ(·))T ,
Φ(·) = (ϕ1(·), ϕ2(·), . . . , ϕν(·))T ,
Ψ = (ψ1, ψ2, . . . , ψν)

ìàòðèöû ðàçìåðíîñòåé (n×µ), (µ×n), (ν×n1) è (n1×ν), ñîîòâåòñòâåííî. Îòìåòèì,
÷òî Γ (X) = Eµ, Φ(Ψ) = Eν � åäèíè÷íûå ìàòðèöû.

Ïî àíàëîãèè ñ [6], îïåðàòîðû ïðîåêòèðîâàíèÿ PN(L) : B1 → N(L) è PYL
: B2 →

YL ïîñòðîèì ïî ôîðìóëàì:

PN(L)(z) = XΓ (z), ∀z ∈ B1, (3.1)

PYL
(y) = ΨΦ(y), ∀y ∈ B2. (3.2)

Ñíà÷àëà ðàññìîòðèì óñëîâèÿ ñóùåñòâîâàíèÿ è ïðåäñòàâëåíèå ðåøåíèé íåîä-
íîðîäíîé çàäà÷è Êîøè

Lz(t) = f(t), (3.3)

z(t0) = z0, t0 ∈ I. (3.4)
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Èçâåñòíî [2], [12], ÷òî îïåðàòîðíîå óðàâíåíèå (2.4) ñ íåòåðîâûì îïåðàòîðîì,
âñëåäñòâèå åãî íîðìàëüíîé ðàçðåøèìîñòè, èìååò ðåøåíèå äëÿ òåõ è òîëüêî òåõ
f(t) ∈ B2, êîòîðûå óäîâëåòâîðÿþò óñëîâèþ

(PYL
f)(t) = Ψ(t)(Φf)(·) = 0. (3.5)

Óñëîâèå (3.5), â ñèëó ëèíåéíîé íåçàâèñèìîñòè ñòîëáöîâ ìàòðèöû Ψ(t), ýêâèâàëåíò-
íî óñëîâèþ

(Φf)(·) = 0.

Ïðè âûïîëíåíèè óñëîâèÿ (3.5) îáùåå ðåøåíèå óðàâíåíèÿ (2.4) ïðåäñòàâèìî â âèäå:

z0(t) = (PN(L)ẑ)(t) + (L−f)(t), (3.6)

ãäå ẑ = ẑ(t) � ïðîèçâîëüíûé ýëåìåíò ïðîñòðàíñòâà B1, L
− � îãðàíè÷åííûé

îáîáùåííî-îáðàòíûé îïåðàòîð ê íåòåðîâîìó îïåðàòîðó L [2]. Èñïîëüçóÿ ïðåäñòàâ-
ëåíèå (3.1) ïðîåêòîðà PN(L), äëÿ êàæäîãî z(t) ∈ N(L) ïîëó÷èì

z(t) = (PN(L)ẑ)(t) = X(t)(Γ ẑ)(·) = X(t)c, (3.7)

ãäå c = col(γ1ẑ(·), γ2ẑ(·), . . . , γµẑ(·)) � ïðîèçâîëüíûé âåêòîð-ñòîëáåö êîíñòàíò, c ∈
Rµ.

Ñ ó÷åòîì (3.7) îáùåå ðåøåíèå íåòåðîâîãî óðàâíåíèÿ (2.4) ïðèìåò âèä:

z0(t) = X(t)c+ (L−f)(t), (3.8)

ãäå X(t) � (µ× µ)-ìåðíàÿ ôóíäàìåíòàëüíàÿ ìàòðèöà óðàâíåíèÿ (2.4).
Îáîçíà÷èì ÷åðåç X(t0) : R

µ → Rn− (n× µ)-ìåðíóþ ïîñòîÿííóþ ìàòðèöó, t0 ∈
I, PN(X(t0)) : R

µ → N(X(t0)) � (µ× µ)-ìåðíóþ ìàòðèöó-îðòîïðîåêòîð, PN(X∗(t0)) :
Rn → N(X∗(t0))� (n×n)-ìåðíóþ ìàòðèöó-îðòîïðîåêòîð,X+(t0)� (µ×n)-ìåðíóþ
ìàòðèöó, ïñåâäîîáðàòíóþ ê ìàòðèöå X(t0) [1], [2], [11].

Èç (3.7) èìååì ÷òî ëþáîé ýëåìåíò z(t) èç íóëü-ïðîñòðàíñòâà N(L) ïðåäñòàâèì
â âèäå

z(t) = X(t)c.

Ýòî ñîîòíîøåíèå ñïðàâåäëèâî äëÿ ëþáîãî t ∈ I, â òîì ÷èñëå è äëÿ t = t0. Ñëåäîâà-
òåëüíî, äëÿ ëþáîãî z0 = z0(t0) ñóùåñòâóåò ýëåìåíò c ∈ Rµ òàêîé, ÷òî âûïîëíÿåòñÿ
ðàâåíñòâî

z0 = z0(t0) = X(t0)c.

Ñóùåñòâîâàíèå äëÿ ëþáîãî z0 = z0(t0) ýëåìåíòà c ∈ Rµ îçíà÷àåò, ÷òî óðàâíåíèå

X(t0)c = z0

ðàçðåøèìî ïðè ëþáîé ïðàâîé ÷àñòè z0 ∈ Rn. Ýòî çíà÷èò, ÷òî rankX(t0) = n,
íóëü-ïðîñòðàíñòâî N(X∗(t0)) = {0} è, êàê ñëåäñòâèå, îðòîïðîåêòîð íà íóëü-
ïðîñòðàíñòâî N(X∗(t0)) ⊂ Rn ðàâåí íóëþ, PN(X∗(t0)) ≡ 0, ∀t0 ∈ I.
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Ïðè t = t0, èç (3.8) ïîëó÷èì àëãåáðàè÷åñêîå óðàâíåíèå

X(t0)c = z0 − (L−f)(t0),

êîòîðîå, ñ ó÷åòîì PN(X∗(t0)) ≡ 0, âñþäó ðàçðåøèìî è èìååò îáùåå ðåøåíèå

c = PN(X(t0))cµ +X+(t0)[z0 − (L−f)(t0)], (3.9)

ãäå cµ ∈ Rµ � ïðîèçâîëüíûé âåêòîð-ñòîëáåö êîíñòàíò.
Ïîäñòàâèâ íàéäåííîå c èç (3.9) â ðàâåíñòâî (3.8), ïîëó÷èì îáùåå ðåøåíèå çà-

äà÷è Êîøè (3.3), (3.4)

z(t) = X(t){PN(X(t0))cµ +X+(t0)[z0 − (L−f)(t0)]}+ (L−f)(t) =

= X0(t)cµ +X(t)X+(t0)z0 + (G0f)(t),
(3.10)

ãäå X0(t) = X(t)PN(X(t0)), (G0f)(t) = (L−f)(t) − X(t)X+(t0)L
−f)(t0) � ëèíåéíûé

îãðàíè÷åííûé îïåðàòîð, êîòîðûé áóäåì íàçûâàòü îïåðàòîðîì Ãðèíà ïîëóîäíîðîä-
íîé (z0 = 0) çàäà÷è Êîøè (3.3), (3.4).

Òàêèì îáðàçîì, äëÿ çàäà÷è Êîøè (3.3), (3.4) ñïðàâåäëèâî ñëåäóþùåå óòâåð-
æäåíèå.

Òåîðåìà 1. Ïóñòü L : B1 → B2 � íåòåðîâ îïåðàòîð. Çàäà÷à Êîøè (3.3), (3.4)
ðàçðåøèìà äëÿ ëþáûõ z0 = z(t0), t0 ∈ I è òåõ è òîëüêî òåõ f(t) ∈ B2, êîòîðûå
óäîâëåòâîðÿþò óñëîâèþ (3.5), è åå îáùåå ðåøåíèå ïðåäñòàâèìî â âèäå

z(t) = X0(t)cµ +X(t)X+(t0)z0 + (G0f)(t).

Çàìå÷àíèå 1. Åñëè îïåðàòîðíîå óðàâíåíèå (3.3) âñþäó ðàçðåøèìî, òî PYL
≡ 0

è óñëîâèå (3.5) áóäåò âñåãäà âûïîëíåíî. Â ýòîì ñëó÷àå îïåðàòîð L áóäåò èìåòü
îãðàíè÷åííûé ïðàâûé îáðàòíûé îïåðàòîð L−1

r [6], à îáîáùåííûé îïåðàòîð Ãðèíà
áóäåò èìåòü âèä:

(G0f)(t) = (L−1
r f)(t)−X(t)X+(t0)L

−1
r )(t0).

Äàëåå ðàññìîòðèì óñëîâèÿ ðàçðåøèìîñòè è ïðåäñòàâëåíèå ðåøåíèé ëèíåéíîé
ïîðîæäàþùåé êðàåâîé çàäà÷è (2.4), (2.5).

Îáîçíà÷èì ÷åðåç Q = `X(·) (m×µ)-ìåðíóþ ïîñòîÿííóþ ìàòðèöó, PN(Q) : R
µ →

N(Q) � (µ× µ)-ìåðíóþ ìàòðèöó-îðòîïðîåêòîð; PN(Q∗) : R
m → N(Q∗) � (m×m)-

ìåðíóþ ìàòðèöó-îðòîïðîåêòîð; PNρ(Q) � (µ × ρ)-ìåðíóþ ìàòðèöó, ñîñòàâëåííóþ
èç ïîëíîé ñèñòåìû ρ = µ − rank Q ëèíåéíî íåçàâèñèìûõ ñòîëáöîâ ìàòðèöû-
îðòîïðîåêòîðà PN(Q), PNd(Q∗) � (d × m)-ìåðíóþ ìàòðèöó, ñîñòàâëåííóþ èç ïîë-
íîé ñèñòåìû d = m− rank Q ëèíåéíî íåçàâèñèìûõ ñòðîê ìàòðèöû-îðòîïðîåêòîðà
PN(Q∗), Q

+ � ïñåâäîîáðàòíóþ ê ìàòðèöå Q (µ × m)-ìåðíóþ ìàòðèöó, êîòîðóþ
ìîæíî ïîñòðîèòü ïî ôîðìóëàì Q+ = (Q∗Q + PN(Q))

−1Q∗ = Q∗(QQ∗ + PN(Q∗))
−1

[11].
Äëÿ ïîðîæäàþùåé êðàåâîé çàäà÷è (2.4), (2.5) ñïðàâåäëèâî ñëåäóþùåå óòâåð-

æäåíèå.
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Òåîðåìà 2. Ïóñòü L : B1 → B2 � íåòåðîâ îïåðàòîð. Òîãäà, åñëè rank Q ≤
min(m,µ), òî ñîîòâåòñòâóþùàÿ (2.4), (2.5) îäíîðîäíàÿ (f(t) = 0, α = 0) êðàåâàÿ
çàäà÷à èìååò ρ è òîëüêî ρ ëèíåéíî íåçàâèñèìûõ ðåøåíèé

z(t) = Xρ(t)cρ, cρ ∈ Rρ,

ãäå Xρ(t) = X(t)PNρ(Q) � (n × ρ)-ìåðíàÿ ôóíäàìåíòàëüíàÿ ìàòðèöà îäíîðîäíîé
êðàåâîé çàäà÷è.

Íåîäíîðîäíàÿ êðàåâàÿ çàäà÷à (2.4), (2.5) ðàçðåøèìà äëÿ òåõ è òîëüêî òåõ
f(t) ∈ B2 è α ∈ Rm, êîòîðûå óäîâëåòâîðÿþò ν + d ëèíåéíî íåçàâèñèìûì óñëî-
âèÿì {

(Φf)(·) = 0,
PNd(Q∗){α− `L−f)(·)} = 0

(3.11)

è ïðè ýòîì èìååò ρ-ïàðàìåòðè÷åñêîå ñåìåéñòâî ëèíåéíî íåçàâèñèìûõ ðåøåíèé

z(t, cρ) = Xρ(t)cρ + (Gf)(t) +X(t)Q+α, (3.12)

ãäå G : B2 → ker ` ⊂ B1,

(Gf)(t) = (L−f)(t)−X(t)Q+`(L−f)(·) (3.13)

� îáîáùåííûé îïåðàòîð Ãðèíà ïîëóîäíîðîäíîé (α = 0) êðàåâîé çàäà÷è (2.4), (2.5).

Äîêàçàòåëüñòâî. Ïîäñòàâèâ (3.8) â (2.5), ïîëó÷èì àëãåáðàè÷åñêóþ ñèñòåìó

Qc+ `(L−f)(·) = α,

êîòîðàÿ ðàçðåøèìà òîãäà è òîëüêî òîãäà, êîãäà âûïîëíåíî óñëîâèå [2, c. 92]

PNd(Q∗){α− `(L−f)(·)} = 0,

ïðè âûïîëíåíèè êîòîðîãî îíà èìååò ρ-ïàðàìåòðè÷åñêîå ñåìåéñòâî ðåøåíèé

c = PNρ(Q)cρ +Q+{α− `(L−f)(·)}. (3.14)

Ïîäñòàâëÿÿ (3.14) â (3.8), ïîëó÷èì îáùåå ðåøåíèå êðàåâîé çàäà÷è (2.4), (2.5)

z0(t) = z(t, cρ) = X(t){PNρ(Q)cρ +Q+[α− `(L−f)(·)]}+ (L−f)(t) =

= Xρ(t)cρ + (L−f)(t)−X(t)Q+`(L−f)(·) +X(t)Q+α =

= Xρ(t)cρ + (Gf)(t) +X(t)Q+α.

Â êà÷åñòâå ñëåäñòâèé èç äîêàçàííîé òåîðåìû, ðàññìîòðèì äâà ¾êðàéíèõ¿ ñëó-
÷àÿ, êîãäà rank Q = µ è rank Q = m.
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Ñëåäñòâèå 1. Åñëè rank Q = µ, òî µ ≤ m. Â ýòîì ñëó÷àå îäíîðîäíàÿ êðàåâàÿ
çàäà÷à (2.4), (2.5) íå èìååò ðåøåíèé, êðîìå òðèâèàëüíîãî.

Íåîäíîðîäíàÿ êðàåâàÿ çàäà÷à (2.4), (2.5) ñ íåòåðîâûì îïåðàòîðîì L : B1 → B2

ðàçðåøèìà äëÿ òåõ è òîëüêî òåõ f(t) ∈ B2 è α ∈ Rm, êîòîðûå óäîâëåòâîðÿþò
ν + d, (d = m− µ) ëèíåéíî-íåçàâèñèìûì óñëîâèÿì{

(Φf)(·) = 0,
PNd(Q∗){α− `L−f)(·)} = 0

è ïðè ýòîì èìååò åäèíñòâåííîå ðåøåíèå

z(t) = (Gf)(t) +X(t)Q+α.

Äîêàçàòåëüñòâî. Åñëè rank Q = µ, òî PN(Q) ≡ 0 è Xρ(t) = 0. Â ýòîì ñëó÷àå
ïñåâäîîáðàòíàÿ ìàòðèöà Q+ íàõîäèòñÿ ïî ôîðìóëå Q+ = (Q∗Q)−1Q∗.

Ñëåäñòâèå 2. Åñëè rank Q = m, òî m ≤ µ. Â ýòîì ñëó÷àå îäíîðîäíàÿ êðàåâàÿ
çàäà÷à (2.4), (2.5) èìååò ρ è òîëüêî ρ ëèíåéíî íåçàâèñèìûõ ðåøåíèé

z(t) = Xρ(t)cρ, cρ ∈ Rρ, ρ = µ−m.

Íåîäíîðîäíàÿ êðàåâàÿ çàäà÷à (2.4), (2.5) ñ íåòåðîâûì îïåðàòîðîì L : B1 → B2

ðàçðåøèìà äëÿ òåõ è òîëüêî òåõ f(t) ∈ B2, êîòîðûå óäîâëåòâîðÿþò ν ëèíåéíî
íåçàâèñèìûì óñëîâèÿì

(Φf)(·) = 0

è ïðè ýòîì èìååò ρ-ïàðàìåòðè÷åñêîå ñåìåéñòâî ëèíåéíî íåçàâèñèìûõ ðåøåíèé

z(t, cρ) = Xρ(t)cρ + (Gf)(t) +X(t)Q+α.

Äîêàçàòåëüñòâî. Åñëè rank Q = m, òî PN(Q∗) = 0 è âòîðîå óñëîâèå â (3.11) áó-
äåò âñåãäà âûïîëíåíî. Â ýòîì ñëó÷àå ïñåâäîîáðàòíàÿ ìàòðèöà Q+ íàõîäèòñÿ ïî
ôîðìóëå Q+ = Q∗(QQ∗)−1.

Çàìå÷àíèå 2. Åñëè îïåðàòîðíîå óðàâíåíèå (2.4) ÿâëÿåòñÿ âñþäó ðàçðåøèìûì, òî
êðàåâàÿ çàäà÷à (2.4), (2.5) áóäåò íåòåðîâîé. Òàêèå çàäà÷è ïîäðîáíî ðàññìîòðåíû
â ñëó÷àÿõ, êîãäà (Lz)(t) = ż(t) − A(t)z(t) � îáûêíîâåííûé äèôôåðåíöèàëüíûé
îïåðàòîð [1], [12], äèôôåðåíöèàëüíûé îïåðàòîð ñ ñîñðåäîòî÷åííûì çàïàçäûâàíèåì
(Lz)(t) = ż(t)−A(t)(Sh)z(t) [2], [3]. Â ýòèõ ñëó÷àÿõ ïðàâûé îáðàòíûé îïåðàòîð L−1

r

èìååò èíòåãðàëüíîå ïðåäñòàâëåíèå [8]

(L−1
r f)(t) =

∫ b

a

K(t, s)g(s)ds,

ãäå K(t, s) � ìàòðèöà Êîøè.
Îáîáùåííûé îïåðàòîð Ãðèíà èìååò âèä:

(Gf)(t) =

∫ b

a

K(t, s)f(s)ds−X(t)Q+`

∫ b

a

K(·, s)f(s)ds.
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Çàìå÷àíèå 3. Åñëè ôóíêöèîíàë ` óäîâëåòâîðÿåò óñëîâèþ

`

∫ b

a

K(·, s)f(s)ds =
∫ b

a

`K(·, s)f(s) ds,

òî îáîáùåííûé îïåðàòîð Ãðèíà èìååò ïðåäñòàâëåíèå

(Gf)(t) =

∫ b

a

G(t, s)f(s) ds,

ÿäðî êîòîðîãî G(t, s) = K(t, s)−X(t)Q+`K(·, s) íàçûâàåòñÿ îáîáùåííîé ìàòðèöåé
Ãðèíà.

4. Ñëàáîíåëèíåéíûå êðàåâûå çàäà÷è. Êðèòè÷åñêèé ñëó÷àé
ïåðâîãî ïîðÿäêà

Ðàññìîòðèì êðàåâóþ çàäà÷ó (2.1), (2.2) â ñëó÷àå, êîãäà ïîðîæäàþùàÿ êðàåâàÿ
çàäà÷à (2.4), (2.5) íåîäíîçíà÷íî ðàçðåøèìà. Òàêîé ñëó÷àé äëÿ àíàëîãè÷íûõ çà-
äà÷ äëÿ âñþäó ðàçðåøèìûõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ ñèñòåì íàçâàí [1]
êðèòè÷åñêèì ñëó÷àåì ïåðâîãî ïîðÿäêà.

Áóäåì èñêàòü óñëîâèå ñóùåñòâîâàíèÿ è àëãîðèòì ïîñòðîåíèÿ ðåøåíèé z(t, ε) ∈
B1Cn[ε] êðàåâîé çàäà÷è (2.1), (2.2), îáðàùàþùèõñÿ ïðè ε = 0 â îäíî èç ïîðîæäà-
þùèõ ðåøåíèé óðàâíåíèÿ êðàåâîé çàäà÷è (2.4), (2.5). Èç òåîðåìû 2 ñëåäóåò, ÷òî
ïîðîæäàþùàÿ êðàåâàÿ çàäà÷à (2.4), (2.5) èìååò ðåøåíèå òîãäà è òîëüêî òîãäà, êî-
ãäà f(t) ∈ B2 è α ∈ Rm óäîâëåòâîðÿþò óñëîâèÿì (3.11), ïðè âûïîëíåíèè êîòîðûõ
îíà èìååò ñåìåéñòâî ðåøåíèé (3.12) z(t, cρ) = z0(t, cρ).

4.1. Íåîáõîäèìîå óñëîâèå ñóùåñòâîâàíèÿ ðåøåíèé

Ïðåäïîëîæèì, ÷òî f(t) ∈ B2 è α ∈ Rm òàêîâû, ÷òî óñëîâèÿ (3.11) âûïîëíåíû.
Ïîêàæåì, ÷òî èìååò ìåñòî ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 3. Ïóñòü êðàåâàÿ çàäà÷à (2.1), (2.2) óäîâëåòâîðÿåò óñëîâèÿì (2.3) è
èìååò ðåøåíèå z(t, ε), íåïðåðûâíîå ïî ε ∈ [0, ε0], îáðàùàþùååñÿ ïðè ε = 0 â íåêî-
òîðîå ïîðîæäàþùåå ðåøåíèå z0(t, cρ) âèäà (3.12), ïîëó÷åííîå ïðè cρ = c0. Òîãäà
ýëåìåíò c0 ∈ Rρ óäîâëåòâîðÿåò ñèñòåìå óðàâíåíèé{

ΦZ(z0(·, c0) + x(·, ε), ·, ε) = 0,
PNd(Q∗){J(z0(·, c0) + x(·, ε), ε)− `L−Z(z0(·, c0) + x(·, ε), ·, ε)} = 0.

Äîêàçàòåëüñòâî. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû. Òîãäà ïðè âñåõ 0 ≤ ε ≤ ε0
ñïðàâåäëèâû òîæäåñòâà

Lz(·, ε)(t) ≡ f(t) + εZ(z(t, ε), t, ε),

(`z)(·) ≡ α+ εJ(z(·, ε), ε).
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Èñïîëüçóÿ òåîðåìó 1 è ó÷èòûâàÿ ñïðàâåäëèâîñòü óñëîâèé (3.11), äëÿ ýòîé êðàåâîé
çàäà÷è ïîëó÷èì, ÷òî ïðè âñåõ ε ∈ Iε0 , ε 6= 0 íåëèíåéíûå îïåðàòîð Z(z(t, ε), t, ε) è
ôóíêöèîíàë J(z(·, ε), ε) óäîâëåòâîðÿþò óñëîâèÿì{

ΦZ(z(·, ε), ·, ε) = 0,
PNd(Q∗){J(z(·, ε), ε)− `L−Z(z(·, ε), ·, ε)} = 0.

(4.1)

Òîãäà, ïîñêîëüêó íåëèíåéíûå îïåðàòîð Z(z, t, ε) è ôóíêöèîíàë J(z(·, ε), ε) óäîâëå-
òâîðÿþò óñëîâèÿì (a2), (a3) è (a5), (a6) èç (2.3) â îêðåñòíîñòè (ε = 0) ðåøåíèÿ
z0(t, c0), òî, ïåðåõîäÿ ê ïðåäåëó ïðè ε → 0, z(t, ε) → z0(t, c0), ïîëó÷èì ñèñòåìó
ðàâåíñòâ

F (c0) =

[
ΦZ(z(·, c0), ·, 0)(·)
PNd(Q∗){J(z(·, c0), 0)− `L−Z(z(·, c0), ·, 0)(·)}

]
= 0, (4.2)

êîòîðûå äîêàçûâàþò òåîðåìó.

Åñëè ñèñòåìà (4.2) èìååò íåêîòîðîå ðåøåíèå c0 = c]0 ∈ Rρ, òî êîíñòàíòà c]0
îïðåäåëÿåò òî ïîðîæäàþùåå ðåøåíèå z0(t, c

]
0), êîòîðîìó ìîæåò îòâå÷àòü ðåøåíèå

z(t, ε) èñõîäíîé ñèñòåìû (2.1), (2.2), îáðàùàþùååñÿ â z0(t, c
]
0) ïðè ε = 0.

Ñèñòåìà îïåðàòîðíûõ óðàâíåíèé (4.2) àíàëîãè÷íà èçâåñòíîìó â òåîðèè ïåðèî-
äè÷åñêèõ íåëèíåéíûõ êîëåáàíèé [1], [2] óðàâíåíèþ äëÿ ïîðîæäàþùèõ àìïëèòóä.
Ïîýòîìó, â äàëüíåéøåì, áóäåì åå íàçûâàòü ñèñòåìîé óðàâíåíèé äëÿ ïîðîæäàþùèõ
êîíñòàíò êðàåâîé çàäà÷è (2.1), (2.2).

Åñëè ñèñòåìà óðàâíåíèé (4.2) íå èìååò ðåøåíèé, òî êðàåâàÿ çàäà÷à (2.1), (2.2)
íå îáëàäàåò èñêîìûì ðåøåíèåì. Òàêèì îáðàçîì, íåîáõîäèìîå óñëîâèå (4.2) íåîäíî-
çíà÷íî ðàçðåøèìîé êðàåâîé çàäà÷è ìîæåò áûòü óäîâëåòâîðåíî âûáîðîì ýëåìåíòà
c]0 = cρ â ñåìåéñòâå ïîðîæäàþùèõ ðåøåíèé (3.12).

4.2. Äîñòàòî÷íîå óñëîâèå ñóùåñòâîâàíèÿ ðåøåíèé

Íàéäåì äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ ðåøåíèÿ êðàåâîé çàäà÷è (2.1),
(2.2). Âûïîëíÿÿ â çàäà÷å (2.1), (2.2) çàìåíó ïåðåìåííûõ

z(t, ε) = z0(t, c
]
0) + x(t, ε),

â êîòîðîé êîíñòàíòà c]0 ∈ Rρ óäîâëåòâîðÿåò ñèñòåìå óðàâíåíèé äëÿ ïîðîæäàþùèõ
êîíñòàíò (4.2), ïðèõîäèì ê ñëåäóþùåé çàäà÷å: íàéòè óñëîâèÿ ñóùåñòâîâàíèÿ è
àëãîðèòì ïîñòðîåíèÿ ðåøåíèÿ x(t, ε) ∈ B1Cn[ε], îáðàùàþùåãîñÿ â íóëü ïðè ε = 0
êðàåâîé çàäà÷è

Lx(·, ε)(t) = εZ(z0(t, c
]
0) + x(t, ε), t, ε),

`x(·, ε) = εJ(z0(·, c]0) + x(·, ε), ε).
(4.3)

Èñïîëüçóÿ ñâîéñòâà (2.3) íåëèíåéíûõ îïåðàòîðà Z(z, t, ε) è ôóíêöèîíàëà
J(z, ε), âûäåëèì ó íèõ ëèíåéíûå ÷àñòè ïî x è ÷ëåíû íóëåâîãî ïîðÿäêà ïî ε. Â
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ðåçóëüòàòå ïîëó÷èì ðàçëîæåíèÿ:

Z(z0(t, c
]
0) + x(t, ε), t, ε) = Z0(t, c

]
0) + L0x(·, ε)(t) +R(x(t, ε), t, ε),

J(z0(·, c]0) + x(·, ε), ε) = J0(·, c]0) + `0x(·, ε) + `1(x(·, ε), ε),
(4.4)

ãäå Z0(t, c
]
0) = Z(z0(t, c

]
0), t, 0) : B1 × I → B2;

J0(·, c]0) = J0(z0(·, c]0, 0) : B1 × I → Rm;
L0 : B1×Iε0 → B2×Iε0 � ëèíåéíûé îãðàíè÷åííûé îïåðàòîð, ïðåäñòàâëÿþùèé

ñîáîé ïðîèçâîäíóþ Ôðåøå íåëèíåéíîãî îïåðàòîðà Z(z, t, ε) ïî z ïðè z = z0(t, c
]
0);

`0 : B1 ×Iε0 → Rm ×Iε0 � ëèíåéíûé îãðàíè÷åííûé âåêòîð-ôóíêöèîíàë, ïðåä-
ñòàâëÿþùèé ñîáîé ïðîèçâîäíóþ Ôðåøå îò íåëèíåéíîãî ôóíêöèîíàëà J(z, ε) ïî z
ïðè z = z0(t, c

]
0);

R : B1×I×Iε0 → B2×Iε0 � íåëèíåéíûé îïåðàòîð, óäîâëåòâîðÿþùèé óñëîâèÿì
(a2) è (a3) èç (2.3);

`1 : B1 × I × Iε0 → Rm × Iε0 � íåëèíåéíûé âåêòîð-ôóíêöèîíàë, óäîâëåòâîðÿ-
þùèé óñëîâèÿì (a6) è (a7) èç (2.3).

Ðàññìàòðèâàÿ íåëèíåéíîñòè â êðàåâîé çàäà÷å (4.3) êàê íåîäíîðîäíîñòè è ïðè-
ìåíÿÿ ê íåé òåîðåìó 1, ïîëó÷èì äëÿ åå ðåøåíèÿ x(t, ε) ñëåäóþùåå ïðåäñòàâëåíèå

x(t, ε) = Xρ(t)c(ε) + x(1)(t, ε), c(ε) ∈ Cρ[ε],

ãäå íåèçâåñòíûé âåêòîð c(ε) îïðåäåëÿåòñÿ èç óñëîâèé ðàçðåøèìîñòè òèïà (4.1){
Φ{Z0(·, c]0)+

PNd(Q∗){J0(·, c]0) + `0x(·, ε) + `1(x(·, ε), ε)−

+L0x(·, ε) +R(x(·, ε), ·, ε) = 0,

−`L−[Z0(·, c]0) + L0x(·, ε) +R(x(·, ε), ·, ε)] = 0.

Çäåñü Cρ[ε] � ïðîñòðàíñòâî íåïðåðûâíûõ ïî ε ôóíêöèé ñî çíà÷åíèÿìè â åâêëèäî-
âîì ïðîñòðàíñòâå Rρ, c(·) : Iε0 → Rρ.

Íåèçâåñòíàÿ âåêòîð-ôóíêöèÿ x(1)(t, ε) îïðåäåëÿåòñÿ ïî ôîðìóëå

x(1)(t, ε) = ε[(GZ(z0(·, c]0) + x(·, ε), ·, ε))(t) +X(t)Q+J(z0(·, c]0) + x(·, ε), ε)],

ãäå G � îáîáùåííûé îïåðàòîð Ãðèíà (3.13).
Èñïîëüçóÿ ðàçëîæåíèÿ (4.4) è òîò ôàêò, ÷òî âåêòîðíàÿ êîíñòàíòà c]0 íåîáõî-

äèìî óäîâëåòâîðÿåò ñèñòåìå óðàâíåíèé äëÿ ïîðîæäàþùèõ êîíñòàíò (4.2), äëÿ íà-
õîæäåíèÿ ðåøåíèÿ x(t, ε) ∈ B1Cn[ε] ñëàáîíåëèíåéíîé êðàåâîé çàäà÷è (2.1), (2.2)
ïðèõîäèì ê ýêâèâàëåíòíîé îïåðàòîðíîé ñèñòåìå

x(t, ε) = Xρ(t)c(ε) + x(1)(t, ε),

B0c(ε) = −
[

Φ{L0x
(1)(·, ε)+

PNd(Q∗){`0x(1)(·, ε) + `1(x(·, ε), ε)−
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+R(x(·, ε), ·, ε)}
−`L−[L0x

(1)(·, ε) +R(x(·, ε), ·, ε)]}

]
,

(4.5)

x(1)(t, ε) = ε[(G{Z(z0(·, c]0) + L0[Xρ(·)c(ε) + x(1)(·, ε)]) +R(x(·, ε), ·, ε)})(t)+

+X(t)Q+{J(z0(·, c]0) + `0[Xρ(·)c(ε) + x(1)(·, ε)]) + `1(x(·, ε), ε)}],

ãäå

B0 =

[
ΦL0

PNd(Q∗)[`0 + `L−L0]}

]
Xρ(·)

� ((ν + d)× ρ)-ìåðíàÿ ïîñòîÿííàÿ ìàòðèöà.
Îáîçíà÷èì ÷åðåç PN(B0) : Rρ → N(B0) è PN(B∗

0)
: Rν+d → YB0 ìàòðèöû-

îðòîïðîåêòîðû, à ÷åðåç B+
0 � (ρ × (ν + d))-ìåðíóþ ïñåâäîîáðàòíóþ ìàòðèöó ê

ìàòðèöå B0.

4.3. Ïîñòðîåíèå åäèíñòâåííîãî ðåøåíèÿ

Ïðåäïîëîæèì, ÷òî dimkerB0 = 0, ò.å. PN(B0) = 0. Òîãäà âòîðîå óðàâíåíèå îïå-
ðàòîðíîé ñèñòåìû (4.5) ðàçðåøèìî òîãäà è òîëüêî òîãäà, êîãäà âûïîëíåíî óñëîâèå
[2]

PN(B∗
0)

[
Φ{L0x

(1)(·, ε) +R(x(·, ε), ·, ε)}
PNd(Q∗){`0x(1)(·, ε) + `1(x(·, ε), ε)− `L−[L0x

(1)(·, ε) +R(x(·, ε), ·, ε)]}

]
= 0,

(4.6)
ïðè âûïîëíåíèè êîòîðîãî îíî áóäåò îäíîçíà÷íî ðàçðåøèìî

c(ε) = −B+
0

[
Φ{L0x

(1)(·, ε) +R(x(·, ε), ·, ε)}
PNd(Q∗){`0x(1)(·, ε) + `1(x(·, ε), ε)− `L−[L0x

(1)(·, ε) +R(x(·, ε), ·, ε)]}

]
.

Ïóñòü PN(B∗
0)

[
Φ
PNd(Q∗)

]
= 0. Òîãäà óñëîâèå (4.6) âñåãäà âûïîëíÿåòñÿ è ïðè

PN(B0) = 0 îïåðàòîðíàÿ ñèñòåìà (4.5) ïðèìåò âèä:

x(t, ε) = Xρ(t)c(ε) + x(1)(t, ε),

c(ε) = −B+
0

[
Φ{L0x

(1)(·, ε)+
PNd(Q∗){`0x(1)(·, ε) + `1(x(·, ε), ε)−

(4.7)

+R(x(·, ε), ·, ε)}
−`L−[L0x

(1)(·, ε) +R(x(·, ε), ·, ε)]}

]
,

x(1)(t, ε) = ε[(G{Z(z0(·, c]0) + L0[Xρ(·)c(ε) + x(1)(·, ε)]) +R(x(·, ε), ·, ε)})(t)+

+εX(t)Q+{J(z0(·, c]0) + `0[Xρ(·)c(ε) + x(1)(·, ε)]) + `1(x(·, ε), ε)}].
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Èñïîëüçóÿ [1], [2], [4], [5], ïðèâåäåì îïåðàòîðíóþ ñèñòåìó (4.7) ê ñèñòåìå, äëÿ
ðåøåíèÿ êîòîðîé ïðèìåíèì ìåòîä ïðîñòûõ èòåðàöèé.

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:
y(t, ε) = col(x(t, ε), c(ε), x(1)(t, ε))− âåêòîð-ñòîëáåö èç áàíàõîâà ïðîñòðàíñòâà

B = B1Cn[ε]×Cρ[ε]×B1Cn[ε];

(W1ϕ(·, ε)(t) = −B+
0

[
ΦL0

PNd(Q∗)[`0 − `L−L0]

]
ϕ(·, ε)

� îãðàíè÷åííûé îïåðàòîð;

W =


0 Xρ(t) IB1Cn[ε]

0 0 W1

0 0 0

 (4.8)

� êëåòî÷íî-ìàòðè÷íûé îïåðàòîð âåðõíåòðåóãîëüíîãî âèäà, ãäå IB1Cn[ε] � òîæäå-
ñòâåííûé îïåðàòîð â ïðîñòðàíñòâå B1Cn[ε];

U(y(t, ε), t, ε) =

=


0

−B+
0

[
ΦR(x(·, ε), ·, ε)

PNd(Q∗){`1(x(·, ε), ε)− `L−R(x(·, ε), ·, ε)}

]
ε[(G{Z(z0(·, c]0) + L0[Xρ(·)c(ε) + x(1)(·, ε)] +R(x(·, ε), ·, ε))})(t)+
+X(t)Q+{J(z0(·, c]0) + `0[Xρ(·)c(ε) + x(1)(·, ε)]) + `1(x(·, ε), ε)}]

 �

âåêòîðíàÿ îïåðàòîðíàÿ ôóíêöèÿ, êîòîðàÿ óäîâëåòâîðÿåò óñëîâèÿì (a2), (a3) èç
(2.3).

Îïåðàòîðû, êîòîðûå âõîäÿò â êëåòî÷íî-ìàòðè÷íûé îïåðàòîð (4.8), ëèíåéíûå
îãðàíè÷åííûå ïî îïðåäåëåíèþ è êàê ñóïåðïîçèöèè ëèíåéíûõ îãðàíè÷åííûõ îïå-
ðàòîðîâ.

Èñïîëüçóÿ ââåäåííûå îáîçíà÷åíèÿ, îïåðàòîðíóþ ñèñòåìó (4.7) ìîæíî ïðåäñòà-
âèòü â âèäå

y(t, ε) = (Wy(·, ε))(t) + (U(y(·, ε), ·, ε))(t). (4.9)

Â ñèëó ñòðóêòóðû êëåòî÷íî-ìàòðè÷íîãî îïåðàòîðàW âåðõíåòðåóãîëüíîãî âèäà
ñ íóëåâûìè êëåòêàìè íà ãëàâíîé äèàãîíàëè è íèæå îïåðàòîðíàÿ ñèñòåìà (4.9)
ïðåîáðàçóåòñÿ â ñèñòåìó

Vy(t, ε) = U(y(t, ε), t, ε),

ãäå

V = IB −W =

 IB1Cn[ε] −Xρ(t) −IB1Cn[ε]

0 IB1Cn[ε] −W1

0 0 IB1Cn[ε]

 .
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Îïåðàòîð V � âåðõíåòðåóãîëüíûé êëåòî÷íûé, ñ òîæäåñòâåííûìè îïåðàòîðàìè
íà ãëàâíîé äèàãîíàëè. Ïî àíàëîãèè ñ [4] ìîæíî ïîêàçàòü, ÷òî îïåðàòîð V èìååò
îãðàíè÷åííûé îáðàòíûé. Ïîñêîëüêó îïåðàòîð W � íåëèíåéíûé è çàâèñèò îò ε, à
îïåðàòîð V−1 îãðàíè÷åí, òî çà ñ÷åò âûáîðà çíà÷åíèé ïàðàìåòðà ε ìîæíî äîáèòüñÿ
òîãî, ÷òîáû ñóïåðïîçèöèÿ îïåðàòîðîâ V−1W áûëà ñæèìàþùèì îïåðàòîðîì. Èç
ïðèíöèïà ñæèìàþùèõ îòîáðàæåíèé ñëåäóåò, ÷òî ñèñòåìà (4.7) èìååò åäèíñòâåííîå
ðåøåíèå.

Èñïîëüçóÿ ìåòîä ïðîñòûõ èòåðàöèé äëÿ íàõîæäåíèÿ ðåøåíèé êðàåâîé çàäà÷è
(2.1), (2.2) â êëàññå âåêòîð-ôóíêöèé íåïðåðûâíûõ ïî ε, îáðàùàþùèõñÿ â íóëü ïðè
ε = 0, ïîëó÷àåì ñëåäóþùèé èòåðàöèîííûé ïðîöåññ.

Ïðèáëèæåíèÿ x
(1)
k+1(t, ε) ê x

(1)(t, ε) áóäåì èñêàòü êàê ÷àñòíûå ðåøåíèÿ êðàåâûõ
çàäà÷

Lx
(1)
k+1(·, ε)(t) = ε{Z0(t, c

]
0) + (L0[Xρ(·)ck(ε) + x

(1)
k (·, ε)])(t) +R(xk(t, ε), t, ε)},

`x
(1)
k+1(·, ε) = ε{J0(·, c]0) + `0[Xρ(·)ck(ε) + x

(1)
k (·, ε)] + `1(xk(·, ε), ε)}.

(4.10)
Ïî òåîðåìå 1 ñ ó÷åòîì ðàçëîæåíèé (4.4) ðåøåíèå çàäà÷è (4.10) ïðåäñòàâèìî â

âèäå

x
(1)
k+1(t, ε) = ε[(G{Z(z0(·, c]0) + L0[Xρ(·)ck(ε) + x

(1)
k (·, ε)]) +R(xk(·, ε), ·, ε)})(t)+

+X(t)Q+{J(z0(·, c]0) + `0[Xρ(·)ck(ε) + x
(1)
k (·, ε)]) + `1(xk(·, ε), ε)}].

Èç íåîáõîäèìîãî è äîñòàòî÷íîãî óñëîâèÿ ðàçðåøèìîñòè êðàåâîé çàäà÷è (4.10),
ñ ó÷åòîì âûáîðà c]0 ∈ Rρ èç ñèñòåìû óðàâíåíèé äëÿ ïîðîæäàþùèõ êîíñòàíò (4.2),
ïðèõîäèì ê óðàâíåíèþ

B0ck(ε) = −

[
Φ{L0x

(1)
k (·, ε) +R(xk(·, ε), ·, ε)}

PNd(Q∗){`0x(1)k (·, ε) + `1(xk(·, ε), ε)− `L−[L0x
(1)
k (·, ε) +R(xk(·, ε), ·, ε)]

]
,

(4.11)
èç êîòîðîãî íàõîäèòñÿ k-å ïðèáëèæåíèå ck(ε) ê c(ε). Ðàçðåøèìîñòü ñèñòåì (4.11)
äëÿ êàæäîãî k îáåñïå÷èâàåòñÿ âûïîëíåíèåì óñëîâèÿ

PN(B∗
0)

[
Φ
PNd(Q∗)

]
= 0,

à åäèíñòâåííîñòü � óñëîâèåì PN(B0) = 0.
Òîãäà (k + 1)-å ïðèáëèæåíèå xk+1(t, ε) ê x(t, ε) çàïèøåòñÿ â âèäå:

xk+1(t, ε) = Xρ(t)ck(ε) + x
(1)
k+1(t, ε), k = 0, 1, 2, . . . ,

ãäå x0(t, ε) = x
(1)
0 (t, ε) = 0, x1(t, ε) = x

(1)
1 (t, ε)

Òàêèì îáðàçîì, äëÿ êðàåâîé çàäà÷è (2.1), (2.2) ñïðàâåäëèâà ñëåäóþùàÿ òåîðå-
ìà.
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Òåîðåìà 4. Ïóñòü êðàåâàÿ çàäà÷à (2.1), (2.2) óäîâëåòâîðÿåò óñëîâèÿì (2.3),
à ñîîòâåòñòâóþùàÿ ïîðîæäàþùàÿ êðàåâàÿ çàäà÷à (2.4), (2.5) ïðè âûïîëíåíèè
óñëîâèÿ (3.11) èìååò ñåìåéñòâî ïîðîæäàþùèõ ðåøåíèé (3.12). Òîãäà äëÿ êàæ-
äîãî ýëåìåíòà c0 = c]0 ∈ Rρ, óäîâëåòâîðÿþùåãî ñèñòåìå óðàâíåíèé äëÿ ïîðîæäà-
þùèõ êîíñòàíò (4.2), ïðè âûïîëíåíèè óñëîâèé

PN(B0) = 0, PN(B∗
0)

[
Φ

PNd(Q∗)

]
= 0

êðàåâàÿ çàäà÷à (2.1), (2.2) èìååò åäèíñòâåííîå ðåøåíèå z(t, ε) íåïðåðûâíîå ïî ε,
îáðàùàþùååñÿ â ïîðîæäàþùåå ðåøåíèå z(t, c]0) ïðè ε = 0. Ýòî ðåøåíèå ìîæíî
íàéòè ñ ïîìîùüþ ñõîäÿùåãîñÿ íà [0, ε∗] ⊂ Iε0 èòåðàöèîííîãî ïðîöåññà

zk+1(t, ε) = z0(t, c
]
0) + xk+1(t, ε),

xk+1(t, ε) = Xρ(t)ck(ε) + x
(1)
k+1(t, ε),

ck(ε) = −B+
0

[
Φ{L0x

(1)
k (·, ε) +R(xk(·, ε), ·, ε)}

PNd(Q∗){`0x(1)k (·, ε) + `1(xk(·, ε), ε)− `L−[L0x
(1)
k (·, ε) +R(xk(·, ε), ·, ε)]}

]
,

x
(1)
k+1(t, ε) = ε[(G{Z(z0(·, c]0) + L0[Xρ(·)ck(ε) + x

(1)
k (·, ε)])+

+R(xk(·, ε), ·, ε)}(t) +Xρ(t)Q
+{J(z0(·, c]0)+

+`0[Xρ(·)ck(ε) + x
(1)
k (·, ε)]) + `1(xk(·, ε), ε)}],

x0(t, ε) = x
(1)
0 (t, ε) = 0, x1(t, ε) = x

(1)
1 (t, ε), k = 0, 1, 2, . . . .

Çàìå÷àíèå 4. Ïîäîáíûå êðàåâûå çàäà÷è äëÿ âñþäó ðàçðåøèìûõ ñèñòåì îáûêíî-
âåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ðàññìîòðåíû â [1], [2], à äëÿ äèôôåðåíöè-
àëüíûõ ñèñòåì ñ ñîñðåäîòî÷åííûì çàïàçäûâàíèåì â [2], [3].
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