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Àíîòàöiÿ. Âèêîðèñòîâóþ÷è ðåçóëüòàòè àñèìïòîòè÷íîãî àíàëiçó çàãàëüíîãî ðîçâ'ÿçêó ëiíiéíèõ
ñèíãóëÿðíî çáóðåíèõ ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü ç òîòîæíî âèðîäæåíîþ ìàòðèöåþ ïðè
ïîõiäíèõ, äîñëiäæó¹òüñÿ ìîæëèâiñòü ïîáóäîâè àñèìïòîòè÷íîãî ðîçâ'ÿçêó äâîòî÷êîâî¨ êðàéîâî¨
çàäà÷i äëÿ òàêî¨ ñèñòåìè ó âèïàäêó ïðîñòîãî ñïåêòðà ãðàíè÷íî¨ â'ÿçêè ìàòðèöü, çíàõîäÿòüñÿ
óìîâè iñíóâàííÿ ¹äèíîãî ðîçâ'ÿçêó öi¹¨ êðàéîâî¨ çàäà÷i i áóäó¹òüñÿ éîãî àñèìïòîòèêà ó âèãëÿäi
ðîçâèíåíü çà ñòåïåíÿìè ìàëîãî ïàðàìåòðà. Ïðè öüîìó çàäà÷à ðîçãëÿäà¹òüñÿ ïðè äîñèòü çàãàëü-
íèõ ïðèïóùåííÿõ ùîäî ìàòðèöü êðàéîâèõ óìîâ
Êëþ÷îâi ñëîâà: àñèìïòîòèêà, ñèíãóëÿðíi çáóðåííÿ, ãðàíè÷íà â'ÿçêà ìàòðèöü

Ðîçãëÿíåìî êðàéîâó çàäà÷ó

εhB(t)
dx

dt
= A(t, ε)x+ f(t, ε), (1)

Mx(0, ε) +Nx(1, ε) = d(ε), (2)

äå t ∈ [0; 1]; ε ∈ (0; ε0]− ìàëèé äiéñíèé ïàðàìåòð, h ∈ N ; A(t, ε), B(t) � äiéñíi
àáî êîìïëåêñíîçíà÷íi êâàäðàòíi ìàòðèöi n-ãî ïîðÿäêó; M,N � ìàòðèöi çi ñòàëèìè
åëåìåíòàìè ðîçìiðíiñòþ (l × n); f(t, ε), d(ε) � çàäàíi n− i l−âèìiðíi âåêòîðè
âiäïîâiäíî, x(t, ε) � øóêàíèé n−âèìiðíèé âåêòîð.

Áóäåìî ïåðåäáà÷àòè, ùî âèêîíóþòüñÿ òàêi óìîâè:
1◦ detB(t) = 0,∀t ∈ [0; 1];
2◦ ìàòðèöÿ A(t, ε) i âåêòîð f(t, ε) äîïóñêàþòü íà âiäðiçêó [0; 1] ðiâíîìiðíi àñèìï-

òîòè÷íi ðîçâèíåííÿ çà ñòåïåíÿìè ïàðàìåòðà ε:

A(t, ε) ∼
∞∑

k=0

εkAk(t); f(t, ε) ∼
∞∑

k=0

εkfk(t);

3◦ êîåôiöi¹íòè ðîçâèíåíü Ak(t), fk(t) i ìàòðèöÿ B(t) íåñêií÷åííî äèôåðåíöiéî-
âàíi íà âiäðiçêó [0; 1];

4◦ ãðàíè÷íà â'ÿçêà ìàòðèöü

L(t, λ) = A0(t)− λB(t) (3)
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ðåãóëÿðíà ïðè âñiõ t ∈ [0; 1] i çáåðiãà¹ íà öüîìó âiäðiçêó ñòàëó êðîíåêåðîâó ñòðó-
êòóðó.

Êðàéîâà çàäà÷à (1), (2) ðîçãëÿäàëàñü ó ðîáîòàõ [2], [3] ó âèïàäêó, êîëè ìàò-
ðèöÿ B(t) ïðè ïîõiäíié � îäèíè÷íà, äå äëÿ ïîáóäîâè àñèìïòîòè÷íîãî ðîçâ'ÿçêó
çàñòîñîâóâàâñÿ ìåòîä ïðèìåæîâèõ ôóíêöié. Ó ðîáîòi [6], âèõîäÿ÷è iç àñèìïòîòè÷-
íîãî àíàëiçó çàãàëüíîãî ðîçâ'ÿçêó ñèñòåìè (1), ïðîâåäåíîãî â [4], [5], ïîáóäîâàíà
àñèìïòîòèêà ðîçâ'ÿçêó äàíî¨ çàäà÷i ó âèïàäêó, êîëè ãðàíè÷íà â'ÿçêà ìàòðèöü ìà¹
ïðîñòi ñêií÷åííi i íåñêií÷åííèé åëåìåíòàðíi äiëüíèêè. Ïðè öüîìó ïåðåäáà÷àëîñü,
ùî ðîçìiðíiñòü ìàòðèöü êðàéîâî¨ óìîâè ïîâ'ÿçàíà iç êiëüêiñòþ ñêií÷åííèõ åëå-
ìåíòàðíèõ äiëüíèêiâ ãðàíè÷íî¨ â'ÿçêè (3).

Ó äàíié ñòàòòi, óçàãàëüíþþ÷è ðåçóëüòàòè, îòðèìàíi â [6], âèâ÷à¹òüñÿ ìîæëè-
âiñòü ïîáóäîâè àñèìïòîòè÷íîãî ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i (1), (2) ó âèïàäêó, êîëè
ìàòðèöi êðàéîâî¨ óìîâèM i N ìàþòü äîâiëüíó ðîçìiðíiñòü (M , N - (l×n)-ìàòðèöi,
l ∈ N).

ßê i â [6], áóäåìî ðîçãëÿäàòè âèïàäîê, êîëè:
5◦ â'ÿçêà ìàòðèöü (3) ìà¹ n − 1 ïðîñòèõ ñêií÷åííèõ åëåìåíòàðíèõ äiëüíèêiâ

λ− λ1(t), ..., λ− λn−1(t) i îäèí � íåñêií÷åííèé.
Ç öi¹¨ óìîâè âèïëèâà¹ [4], ùî âëàñíèì çíà÷åííÿì λi(t), i = 1, n− 1 äàíî¨ â'ÿçêè

âiäïîâiäàþòü ëèøå âëàñíi âåêòîðè ϕi(t), i = 1, n− 1 ìàòðèöi A0(t) âiäíîñíî B(t), à
ïðè¹äíàíi âåêòîðè âiäñóòíi. Íóëüîâîìó âëàñíîìó çíà÷åííþ ìàòðèöi B(t) âiäíîñíî
A0(t) òàêîæ âiäïîâiäà¹ ëèøå âëàñíèé âåêòîð, ÿêèé ïîçíà÷èìî ϕ̃(t). Ïîçíà÷èâøè
ψi(t), i = 1, n− 1, ψ̃(t) � íóëi ñïðÿæåíèõ ìàòðèöü (A0(t)− λB(t))∗ òà B∗(t) âiäïî-
âiäíî, âèçíà÷èìî ¨õ òàê, ùîá âèêîíóâàëèñÿ ñïiââiäíîøåííÿ

(Bϕi, ψi) = 1, i = 1, n− 1; (A0ϕ̃, ψ̃) = 1, (4)

äå (x, y) � ñêàëÿðíèé äîáóòîê â óíiòàðíîìó n−âèìiðíîìó ïðîñòîði, â ÿêîìó ðîçãëÿ-
äà¹òüñÿ äàíà çàäà÷à.

Ïðè öüîìó, çãiäíî ç [7], âåêòîðè ϕi(t), ψi(t), ϕ̃(t), ψ̃(t), i = 1, n− 1 ìîæíà âèçíà-
÷èòè òàê, ùîá âîíè ìàëè òàêèé æå ñòóïiíü ãëàäêîñòi, ùî i ìàòðèöi A0(t), B(t),
òîáòî áóëè íåñêií÷åííî äèôåðåíöiéîâàíèìè, ùî i ïåðåäáà÷à¹òüñÿ â ïîäàëüøèõ âè-
êëàäêàõ.

Ðîçâ'ÿçîê äâîòî÷êîâî¨ êðàéîâî¨ çàäà÷i (1), (2) ïîáóäó¹ìî, âèõîäÿ÷è ç ðåçóëü-
òàòiâ àñèìïòîòè÷íîãî àíàëiçó çàãàëüíîãî ðîçâ'ÿçêó îäíîðiäíî¨ ñèñòåìè

εhB(t)
dx

dt
= A(t, ε)x, (5)

ïðîâåäåíîãî â [4]. ßê ïîêàçàíî â [4], çà âèêîíàííÿ óìîâè 5◦, çàãàëüíèé ðîçâ'ÿçîê
ñèñòåìè ðiâíÿíü (5) ÿâëÿ¹ ñîáîþ ëiíiéíó êîìáiíiöiþ n − 1 ÷àñòèííèõ ðîçâ'ÿçêiâ,
ÿêi ìîæíà ïîáóäóâàòè ó âèãëÿäi

xi(t, ε) = ui(t, ε) exp(ε−h

∫ t

0

λi(t, ε)dt), i = 1, n− 1, (6)
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äå ui(t, ε), i = 1, n− 1 � n-âèìiðíi âåêòîð-ôóíêöi¨, à λi(t, ε), i = 1, n− 1 � ñêàëÿðíi
ôóíêöi¨, ùî çîáðàæàþòüñÿ ðîçâèíåííÿìè çà ñòåïåíÿìè ε:

ui(t, ε) =
∞∑

k=0

εku
(i)
k (t), λi(t, ε) = λi(t) +

h−1∑

k=1

εkλ
(i)
k (t), i = 1, n− 1. (7)

Âèâåäåìî ôîðìóëè äëÿ çíàõîäæåííÿ êîåôiöi¹íòiâ ðîçâèíåíü (7), ÿêi áóäóòü
íåîáõiäíi äëÿ ïîäàëüøèõ âèêëàäîê. Ïiäñòàâèâøè (6), (7) ó (5) i ïðèðiâíÿâøè êîå-
ôiöi¹íòè ïðè îäíàêîâèõ ñòåïåíÿõ ε, äiñòàíåìî

(A0(t)− λi(t)B(t))u
(i)
0 (t) = 0, (8)

(A0(t)− λi(t)B(t))u
(i)
k (t) = b

(i)
k (t), k = 1, 2, ..., (9)

b
(i)
k (t) = B(t)(u

(i)
k−h(t))

′ +B(t)
h−1∑
j=1

λ
(i)
j (t)u

(i)
k−j(t)−

k∑
j=1

Aj(t)u
(i)
k−j(t), k = 1, 2, . . . . (10)

Ðîçâ'ÿçóþ÷è ðiâíÿííÿ (8), ìà¹ìî

u
(i)
0 (t) = c

(i)
0 (t)ϕi(t), i = 1, n− 1, (11)

äå c(i)0 (t) � ïîêè ùî íåâiäîìi ôóíêöi¨. Iç ðiâíÿíü (9), çà âèêîíàííÿ óìîâè
ðîçâ'ÿçíîñòi

(b
(i)
k (t), ψi(t)) = 0, k = 1, 2, . . . , (12)

âåêòîðè u(i)
k (t), i = 1, n− 1 çíàõîäèòèìåìî çà ôîðìóëàìè

u
(i)
k (t) = Hi(t)b

(i)
k (t) + c

(i)
k (t)ϕi(t), i = 1, n− 1, k = 1, 2 . . . , (13)

äå c(i)k (t) � íåâiäîìi ôóíêöi¨, ÿêi ïiäëÿãàþòü âèçíà÷åííþ, Hi(t) = (A0 − λ
(i)
0 B)−

� íàïiâîáåðíåíi ìàòðèöi äî ìàòðèöü A0(t)− λ
(i)
0 (t)B(t). Çäiéñíþþ÷è âçà¹ìíó

ïiäñòàíîâêó ôîðìóë (11), (13) â (10), ïðè k = 1, h− 1 äiñòàíåìî

b
(i)
k (t) =

k−1∑
s=0

k−s∑
j=1

c(i)s (t)(−1)jP̂ k−s
j (HiΓ

(i))ϕi(t), i = 1, n− 1, k = 1, h− 1, (14)

äå ñèìâîë P̂ k
j (HiΓ

(i)) ïîçíà÷à¹ ñóìó âñåìîæëèâèõ äîáóòêiâ j "ìíîæíèêiâ"
âèãëÿäó HiΓl1 , . . . , HiΓlh−1

, ñóìà iíäåêñiâ ÿêèõ l1 + . . .+ lh−1 äîðiâíþ¹ k,
Γ

(i)
j = Aj − λ

(i)
j B, j = 1, h− 1, i = 1, n− 1, ïðè÷îìó ó âñiõ äîäàíêàõ âiäñóòíié

ïåðøèé ìíîæíèê Hi; c(i)s (t), s = 0, k − 1, i = 1, n− 1 � íåâiäîìi ôóíêöi¨.
Áåðó÷è äî óâàãè îñòàííþ ôîðìóëó, óìîâè ðîçâ'ÿçíîñòi (12) çàïèøåìî ó âèãëÿäi

(
k−1∑
s=0

k−s∑
j=1

c(i)s (t)(−1)jP̂ k−s
j (HiΓ

(i))ϕi(t), ψi(t)

)
= 0, k = 1, h− 1, i = 1, n− 1. (15)

ISSN 0203�3755 Äèíàìè÷åñêèå ñèñòåìû, âûï. 26 (2009)



16 Ì.Á. ÂIÐÀ

Çâiäñè, âðàõîâóþ÷è (4), äiñòàíåìî òàêi ôîðìóëè äëÿ ôóíêöié λ(i)
k (t), i = 1, n− 1,

k = 1, h− 1 :

λ
(i)
k (t) =

(
Akϕi −

k∑
j=2

(−1)jP̂ k
j (HiΓ

(i))ϕi(t), ψi(t)

)
= 0,

k = 1, h− 1, i = 1, n− 1. (16)

Ïiäñòàâèâøè (14) ó (13), îòðèìà¹ìî âiäïîâiäíi ôîðìóëè äëÿ âåêòîðiâ u(i)
k (t) :

u
(i)
k (t) =

k∑
s=0

k−s∑
j=0

c(i)s (t)(−1)jP k−s
j (HiΓ

(i))ϕi(t), k = 0, h− 1, (17)

äå P k
j (HiΓ

(i)) = HiP̂
k
j (HiΓ

(i)).

Ðîçãëÿíåìî ðiâíÿííÿ (9), ïîêëàâøè k = h. Âåêòîð b(i)h (t) ìàòèìå âèãëÿä

b
(i)
h (t) = −

h∑
j=1

Γ
(i)
j u

(i)
h−j,

äå Γhu = (Ah −B d
dt

)u. Âðàõîâóþ÷è â îñòàííüîìó âèðàçi ðiâíiñòü

Γhu
(i)
0 = c

(i)
0 (t)Γhϕi − (c

(i)
0 (t))′Bϕi,

à òàêîæ ôîðìóëè (17), ïåðåòâîðèìî éîãî äî âèãëÿäó

b
(i)
h (t) =

h−1∑
s=0

h−s∑
j=1

c(i)s (t)(−1)jP̂ h−s
j (HiΓ

(i))ϕi(t) + (c
(i)
0 (t))′Bϕi, i = 1, n− 1 (18)

äå c(i)s (t), i = 1, n− 1, s = 0, h− 1 � ïîêè ùî íåâiäîìi ôóíêöi¨. Òîäi óìîâà (12)
ïðè k = h çàïèøåòüñÿ ó âèãëÿäi

(
h∑

j=1

c(i)s (t)(−1)jP̂ h
j (HiΓ

(i))ϕi(t) + (c
(i)
0 (t))′Bϕi(t), ψi(t)

)
+ (. . .) = 0, (19)

äå òðèêðàïêîþ ïîçíà÷åíî òi äîäàíêè, ÿêi àíóëþþòüñÿ iç âðàõóâàííÿì óìîâ
ðîçâ'ÿçíîñòi (12) íà ïîïåðåäíiõ êðîêàõ. Ââiâøè ïîçíà÷åííÿ

λ
(i)
h (t) =

(
h∑

j=1

(−1)j+1P̂ h
j (HiΓ

(i))ϕi(t), ψi(t)

)
, i = 1, n− 1, (20)

i, âðàõóâàâøè ñïiââiäíîøåííÿ (4), ðiâíÿííÿ (19) ïîäàìî ó âèãëÿäi

(c
(i)
0 (t))′ = λ

(i)
h (t)c

(i)
0 (t), i = 1, n− 1, (21)
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çâiäêè îäíîçíà÷íî âèçíà÷èìî ôóíêöi¨ c(i)0 (t), i = 1, n− 1 (ñòàëi iíòåãðóâàííÿ ïî-
êëàäà¹ìî ðiâíèìè îäèíèöi). Ïiäñòàâèâøè (21) ó (18), äiñòàíåìî

b
(i)
h (t) =

h−1∑
s=0

h−s∑
j=1

c(i)s (t)(−1)jP̂ h−s
j (HiΓ

(i))ϕi(t) + c
(i)
0 (t)λ

(i)
h (t)Bϕi,

äå c(i)s (t), s = 1, h− 1, i = 1, h− 1 � âñå ùå íåâiäîìi ôóíêöi¨.
Áåðó÷è äî óâàãè îñòàííié âèðàç, êîåôiöi¹íòè u

(i)
h (t), i = 1, n− 1 çíàéäåìî çà

ôîðìóëîþ (13):

u
(i)
h (t) =

h∑
s=0

h−s∑
j=0

c(i)s (t)(−1)jP h−s
j (HiΓ

(i))ϕi(t) + c
(i)
0 (t)λ

(i)
h (t)HiBϕi, i = 1, n− 1.

Àíàëîãi÷íî äîñëiäèìî ðiâíÿííÿ (9) ïðè k = h+ 1, 2h− 1. Ââåäåìî ïîçíà÷åííÿ

λ
(i)
k (t) = (

k−h∑

l=1

k−h+1−l∑
i=1

(−1)i+1λh−1+lP̂
k−h+1−l
i (HiB,HiΓ

(i))ϕi(t)+

+
k∑

i=1

(−1)i+1P k
i (HiΓ

(i))ϕi, ψi), k = h+ 1, 2h− 1, i = 1, h− 1, (22)

äå ñèìâîë P̂ k
j (HiB,HiΓ

(i)) ïîçíà÷à¹ ñóìó âñåìîæëèâèõ äîáóòêiâ j "ìíîæíèêiâ"
âèäó HiΓ

(i)
l1
, ..., HiΓ

(i)
lj
, j = 1, h− 1 i îäèí âèäó HiB, ïðè÷îìó ñóìà íàòóðàëüíèõ

iíäåêñiâ l1 + . . .+ lj äîðiâíþ¹ k, à ïåðøèé ìíîæíèê Hi ó âñiõ äîäàíêàõ âiäñóòíié.
Òîäi, âðàõóâàâøè (15), (20), (22), óìîâè (12) ïîäàìî ó âèãëÿäi ëiíiéíî¨ ñèñòåìè
äèôåðåíöiàëüíèõ ðiâíÿíü

(c
(i)
1 (t))′ = λ

(i)
h (t)c

(i)
1 (t) + λ

(i)
h+1(t)c

(i)
0 (t);

(c
(i)
2 (t))′ = λ

(i)
h (t)c

(i)
2 (t) + λ

(i)
h+1(t)c

(i)
1 (t) + λ

(i)
h+2(t)c

(i)
0 (t);

............................................. (23)

(c
(i)
h−1(t))

′ = λ
(i)
h (t)c

(i)
h−1(t) + λ

(i)
h+1(t)c

(i)
h−2(t) + . . .+ λ

(i)
2h−1(t)c

(i)
0 (t).

Ðîçâ'ÿçóþ÷è ïîñëiäîâíî êîæíå ç öèõ ðiâíÿíü, äiñòàíåìî ôóíêöi¨ c(i)j (t), j = 1, h− 1,
âçÿâøè ñòàëi iíòåãðóâàííÿ ðiâíèìè îäèíèöi.

Íàðåøòi, âðàõîâóþ÷è (22), (23), âèðàçè äëÿ âåêòîð-ôóíêöié u(i)
k (t), k = h+ 1, 2h− 1

ïåðåòâîðèìî äî âèãëÿäó

u
(i)
k (t) =

k−h∑

l=0

k−h+1−l∑
j=1

k−h+1−l−j∑
s=0

c
(i)
l (t)λ

(i)
h−1+j(−1)sP k−h+1−l−j

s (HiB,HiΓ
(i))ϕi+
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+
k∑

l=0

k−l∑
s=0

c
(i)
l (t)(−1)sP k−l

s (HiΓ
(i))ϕi,

äå P k
j (HiB,HiΓ

(i)) = HiP̂
k
j (HiB,HiΓ

(i)), à îïåðàòîðè Γju, j = h+ 1, 2h− 1 ìàþòü
íàñòóïíó ñòðóêòóðó

Γ
(i)
j u =





(Aj − λ
(i)
j B)u, j < h,

(Ah −B d
dt

)u, j = h,

Aju, j > h.

(24)

Ðîçãëÿíóâøè ðiâíÿííÿ (9) ïðè äîâiëüíîìó k, âðàõîâóþ÷è (24), çà ôîðìóëîþ
(13) âèçíà÷èìî âåêòîð-ôóíêöi¨ u(i)

k (t), i = 1, n− 1, k = 1, 2, ... :

u
(i)
k (t) =

k∑
s=0

k−s∑

l=0

(−1)lc(i)s (t)P k−s
l (HiΓ(i))ϕi+

+
k−h−1∑

j=0

k−h−j∑

l=1

(−1)lP k−h−j
l (HiΓ

(i))Hig
(i)
h+j +Hig

(i)
k , (25)

äå

g
(i)
k (t) = −Γhu

(i)
k−h −

k−h∑

l=1

Ah+lu
(i)
k−h−l,

à ñèìâîë P k
j (HiΓ(i)) � ïîçíà÷à¹ ñóìó âñåìîæëèâèõ äîáóòêiâ j "ìíîæíèêiâ" âèäó

HiΓ
(i)
l1
, . . . , HiΓ

(i)
lj
, ñóìà iíäåêñiâ ÿêèõ äîðiâíþ¹ k, ïðè÷îìó îïåðàòîðè Γ

(i)
j ≡ 0 ïðè

j ≥ h, à ôóíêöi¨ c(i)s (t), s = 0, k âèçíà÷àþòüñÿ iç ëàíöþãà äèôåðåíöiàëüíèõ ðiâíÿíü

(c
(i)
0 (t))′ = λ

(i)
h (t)c

(i)
0 (t);

(c
(i)
1 (t))′ = λ

(i)
h (t)c

(i)
1 (t) + λ

(i)
h+1(t)c

(i)
0 (t);

.............................................

(c
(i)
k−h(t))

′ = λ
(i)
h (t)c

(i)
k−h(t) + λ

(i)
h+1(t)c

(i)
k−h−1(t) + . . .+ λ

(i)
k (t)c

(i)
0 (t).

Âèçíà÷åííÿ ñêàëÿðiâ λ(i)
j (t), j = 1, h− 1, i = 1, n− 1 i âåêòîð-ôóíêöié u

(i)
k (t),

k = 0, 1, . . . , i = 1, n− 1 çàâåðøó¹ ïîáóäîâó ôîðìàëüíèõ ðîçâ'ÿçêiâ (6) îäíîðiäíî¨
ñèñòåìè (5).

×àñòèííèé ðîçâ'ÿçîê íåîäíîðiäíî¨ ñèñòåìè (1) ïîáóäó¹ìî ó âèãëÿäi

x̃(t, ε) = v(t, ε), (26)

äå n−âèìiðíà ôóíêöiÿ v(t, ε) çîáðàæà¹òüñÿ ôîðìàëüíèì ðîçâèíåííÿì

v(t, ε) =
∞∑

j=0

εjvj(t). (27)
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Äëÿ âèçíà÷åííÿ êîåôiöi¹íòiâ ðîçâèíåííÿ vk(t) ïiäñòàâèìî âåêòîð (26) i ðîçâèíåííÿ
(27) â ñèñòåìó (1) òà ïðèðiâíÿ¹ìî âèðàçè ïðè îäíàêîâèõ ñòåïåíÿõ ε :

A0(t)vk(t) = B(vk−h)
′ −

k∑
i=1

Ai(t)vk−i(t)− fk(t), k = 0, 1, . . . .

Ïðèïóñòèâøè, ùî âèêîíó¹òüñÿ óìîâà

detA0(t) 6= 0,∀t ∈ [0; 1], (28)

äiñòàíåìî òàêó ðåêóðåíòíó ôîðìóëó:

vk(t) = A−1
0 (t)

(
B(vk−h)

′ −
k∑

i=1

Ai(t)vk−i − fk(t)

)
, k = 0, 1, . . . . (29)

Ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (1), (2) òåïåð áóäóâàòèìåìî ó âèãëÿäi

x(t, ε) =
n−1∑
i=1

ui(t, ε) exp(ε−h

∫ t

0

λi(t, ε)dt)c̃
(i)(ε) + v(t, ε), (30)

äå c̃(i)(ε) =
∑∞

j=0 ε
j c̃

(i)
j (ε), äå c̃(i)j (ε), i = 1, n− 1 � êîåôiöi¹íòè, ÿêi ïiäëÿãàþòü

âèçíà÷åííþ iç êðàéîâèõ óìîâ.
Ïåðåéäåìî äî àíàëiçó êðàéîâî¨ óìîâè (2), ïðèïóñêàþ÷è, ùî:

Reλi(t) < 0, i = 1, n− 1, ∀t ∈ [0; 1]. (31)

Ç öi¹þ ìåòîþ ïiäñòàâèìî ôîðìóëó (30) ó (2):

M

n−1∑
i=1

ui(0, ε)c̃
(i)(ε) +N

n−1∑
i=1

ui(1, ε) exp(ε−h

∫ 1

0

λi(t, ε)dt)c̃
(i)(ε) =

= d(ε)−Mv(0, ε)−Nv(1, ε). (32)

Ïðèðiâíÿâøè â îäåðæàíîìó ðiâíÿííi âèðàçè ïðè ε0, i ââiâøè ïîçíà÷åííÿ

Q0(ε) = [Mu
(1)
0 (0) +Nu

(1)
0 (1) exp(ε−h

∫ 1

0

λ1(t, ε)dt), . . . ,

Mu
(n−1)
0 (0) +Nu

(n−1)
0 (1) exp(ε−h

∫ 1

0

λn−1(t, ε)dt)]

c̃0(ε) = col(c̃
(1)
0 (ε), . . . , c̃

(n−1)
0 (ε)), l0 = d0 −Mv0(0)−Nv0(1) äiñòàíåìî

Q0(ε)c̃0(ε) = l0. (33)
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Àíàëîãi÷íî, ïðèðiâíþþ÷è â (32) âèðàçè ïðè k−õ ñòåïåíÿõ ìàëîãî ïàðàìåòðà,
äiñòàíåìî ðiâíÿííÿ

Q0(ε)c̃k(ε) = lk −Q1(ε)c̃k−1(ε)− . . .−Qk(ε)c̃0(ε), (34)

â ÿêîìó
Qk(ε) = [Mu

(1)
k (0) +Nu

(1)
k (1) exp(ε−h

∫ 1

0

λ1(t, ε)dt), . . . ,

Mu
(n−1)
k (0) +Nu

(n−1)
k (1) exp(ε−h

∫ 1

0

λn−1(t, ε)dt)],

c̃k(ε) = col(c̃
(1)
k (ε), . . . , c̃

(n−1)
k (ε)), lk = dk −Mvk(0)−Nvk(1).

Òàêèì ÷èíîì, ðîçâ'ÿçàííÿ êðàéîâî¨ çàäà÷i (1), (2) çâîäèòüñÿ äî âiäøóêàííÿ
ðîçâ'ÿçêiâ ñèñòåìè àëãåáðà¨÷íèõ ðiâíÿíü (33), (34).

Ïðèïóñòèìî, ùî

rankQ0(ε) = n− 1. (35)

Òîäi iñíó¹ ïñåâäîîáåðíåíà ïî Ìóðó-Ïåíðîóçó (n−1)×l-ìàòðèöÿ [Q0(ε)]
+, ÿêà ìîæå

áóòè îá÷èñëåíà çà ôîðìóëîþ [1, c.91]

[Q0(ε)]
+ = (Q∗0(ε)Q0(ε))

−1Q∗0(ε).

Ïîçíà÷èìî ÷åðåç ϕ̂s, s = 1, l − (n− 1) � áàçèñ íóëü-ïðîñòîðó N([Q0(ε)]
∗). Ñêëàäå-

ìî iç öèõ âåêòîðiâ (l × l)−âèìiðíó ìàòðèöþ Ãðàìà

β = {βsk} = {(ϕ̂s, ϕ̂k)}

i âèçíà÷èìî ìàòðèöþ-îðòîïðîåêòîð

PQ∗0(ε) = Σs,k=1β
(−1)
sk ϕ̂sϕ̂

T
k , (36)

äå β(−1)
sk � åëåìåíòè ìàòðèöi, îáåðíåíî¨ äî ñèìåòðè÷íî¨ ìàòðèöi Ãðàìà β. Òîäi

çãiäíî ç òåîði¹þ, ðîçðîáëåíîþ â [1], ðiâíÿííÿ (33) ìà¹ ¹äèíèé ðîçâ'ÿçîê

c0(ε) = [Q0(ε)]
+l0, (37)

ÿêùî âèêîíó¹òüñÿ óìîâà
PQ∗0(ε)l0 = 0, (38)

à ðiâíÿííÿ (34) ìà¹ ðîçâ'ÿçîê

c̃k(ε) = [Q0(ε)]
+(lk −Q1(ε)c̃k−1(ε)− . . .−Qk(ε)c̃0(ε)), k = 1, 2, . . . , (39)

ÿêùî
PQ∗0(ε)(lk −Q1(ε)c̃k−1(ε)− . . .−Qk(ε)c̃0(ε)) = 0, k = 1, 2, . . . (40)
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Òàêèì ÷èíîì, âèêîíàííÿ íåñêií÷åííîãî ëàíöþãà óìîâ (38), (40) çàáåçïå÷ó¹ iñíó-
âàííÿ ¹äèíîãî íàáîðó âåêòîðiâ c̃k(ε), k = 0, 1, ..., à, îòæå, i ¹äèíiñòü ôîðìàëüíîãî
ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i (1), (2).

Ïåðåêîíà¹ìîñÿ, ùî ïîáóäîâàíèé â òàêèé ñïîñiá ôîðìàëüíèé ðîçâ'ÿçîê êðàéîâî¨
çàäà÷i (1), (2) ìà¹ àñèìïòîòè÷íèé õàðàêòåð. Ââåäåìî äî ðîçãëÿäó m−íàáëèæåííÿ
øóêàíîãî ðîçâ'ÿçêó

xm(t, ε) =
n−1∑
i=1

u(i)
m (t, ε) exp(ε−h

∫ t

0

λi(t, ε)dt)c̃
(i)
m (ε) + vm(t, ε),

äå

c̃(i)m (ε) =
m∑

j=0

εj c̃
(i)
j (ε), ṽm(t, ε) =

m∑
j=0

εj ṽj(t), u
(i)
m (t, ε) =

m∑
j=0

εju
(i)
j (t).

Ïiäñòàâèìî âåêòîð xm(t, ε) â äèôåðåíöiàëüíèé âèðàç

L(x) = εhB(t)
dx

dt
− A(t, ε)x− f(t, ε),

âðàõîâóþ÷è ïðè öüîìó àëãîðèòì âèçíà÷åííÿ ôóíêöié λi(t, ε) i âåêòîð-ôóíêöié
u

(i)
m (t, ε), vm(t, ε) à òàêîæ óìîâó (31). Äiñòàíåìî

L(xm) = εm+1a(t, ε),

äå a(t, ε) � n−âèìiðíà âåêòîð-ôóíêöiÿ, ðiâíîìiðíî îáìåæåíà íà [0; 1] ïðè ε→ 0.
Íåõàé x(t, ε) - òî÷íèé ðîçâ'ÿçîê çàäà÷i (1), (2), iñíóâàííÿ ÿêîãî [4] çàáåçïå÷ó-

¹òüñÿ óìîâàìè (31), (38), (40). Ïîçíà÷èìî

ym(t, ε) = xm(t, ε)− x(t, ε). (41)

Òîäi âåêòîð ym(t, ε) áóäå ðîçâ'ÿçêîì êðàéîâî¨ çàäà÷i

B(t)
dym

dt
= Ã(t, ε)ym + εm+1−ha(t, ε), (42)

Mym(0, ε) +Nym(1, ε) = εm+1b(ε), (43)

äå
Ã(t, ε) = ε−hA(t, ε),

b(ε) - äåÿêèé îáìåæåíèé l−âèìiðíèé âåêòîð.
Ïîðÿä iç êðàéîâîþ çàäà÷åþ (42), (43) ðîçãëÿíåìî âiäïîâiäíó îäíîðiäíó çàäà÷ó

B(t)
dx

dt
= Ã(t, ε)x, (44)

Mx(0, ε) +Nx(1, ε) = 0, (45)
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à òàêîæ ñèñòåìó, ñïðÿæåíó ç (44)

d

dt
B∗(t)x = −Ã∗(t, ε)x. (46)

Çãiäíî ç [4] ôóíäàìåíòàëüíà ìàòðèöÿ îäíîðiäíî¨ ñèñòåìè (44) â äàíîìó âèïàäêó
ìà¹ âèãëÿä

Xn−1(t, ε) = (Um(t, ε) +O(εm+1)) exp(ε−h

∫ t

0

Λ(t, ε)dt),

äå Λ(t, ε) = diag{λ1(t, ε), . . . , λn−1(t, ε)}, Um(t, ε) =
∑m

k=0 ε
kUk(t), à ìàòðèöi Uk(t)

ñêëàäàþòüñÿ ç âåêòîð-ñòîâïöiâ, ÿêi âèçíà÷àþòüñÿ çà ôîðìóëàìè (25). Ôóíäàìåí-
òàëüíà ìàòðèöÿ ñïðÿæåíî¨ ñèñòåìè (46) ìà¹ âèãëÿä

Yn−1(t, ε) = (Ûm(t, ε) +O(εm+1)) exp(−ε−h

∫ t

0

Λ∗(t, ε)dt),

äå Ûm(t, ε) � ìàòðèöÿ, åëåìåíòè ÿêî¨ âèçíà÷àþòüñÿ çà òèì æå àëãîðèòìîì, ùî i
åëåìåíòè ìàòðèöi Um(t, ε); Λ∗ - ìàòðèöÿ, êîìïëåêñíî ñïðÿæåíà ç Λ. Òîäi, âèêîðè-
ñòîâóþ÷è [4, c.64], çàãàëüíèé ðîçâ'ÿçîê ñèñòåìè (42) ïîäàìî ó âèãëÿäi

ym(t, ε) = (Um(t, ε) +O(εm+1)) exp(ε−h

∫ t

0

Λ(s, ε)ds)c(ε)+

+

∫ t

0

(Um(t, ε) +O(εm+1)) exp(ε−h

∫ t

τ

Λ(s, ε)ds)×

×(Û∗m(τ, ε) +O(εm+1))q(τ, ε)dτ − ϕ̃(t)(ψ̃∗(t)L̃ϕ̃(t))−1ψ̃∗(t)q(t, ε), (47)

äå
q(t, ε) = εm−h+1a(t, ε),

L̃(t) = Ã(t, ε)− εhB(t)
d

dt
.

Ïiäñòàâèâøè îäåðæàíèé âèðàç ó êðàéîâó óìîâó (43), äiñòàíåìî àëãåáðà¨÷íå ðiâ-
íÿííÿ

Qm(ε)c(ε) = βm(ε), (48)

äå
Qm(ε) = MUm(0, ε) +NUm(1, ε) exp(ε−h

∫ 1

0

Λ(t, ε)dt),

βm(ε) = εm+1b(ε) +Mξ(0, ε) +Nξ(1, ε)−
∫ 1

0

(NUm(1, ε) +O(εm+1))×

× exp(ε−h

∫ 1

τ

Λ(s, ε)ds)(Û∗m(τ, ε) +O(εm+1))q(τ, ε)dτ −O(εm+1)exp(ε−h

∫ 1

0

Λ(t, ε)dt),
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äå
ξ(t, ε) = ϕ̃(t)(ψ̃∗(t)L̃ϕ̃(t))−1ψ̃∗(t)q(t, ε),

çâiäêè, áåðó÷è äî óâàãè, ùî çãiäíî ç (35) rankQm(ε) = n− 1 ïðè äîñèòü ìàëèõ ε,
âåêòîð c(ε) âèçíà÷èìî çà ôîðìóëîþ

c(ε) = [Qm(ε)]+βm(ε), (49)

äå [Qm(ε)]+ � ïñåâäîîáåðíåíà ïî Ìóðó-Ïåíðîóçó ìàòðèöÿ äî ìàòðèöi Qm(ε). Âèõî-
äÿ÷è iç îçíà÷åííÿ ïñåâäîîáåðíåíî¨ ìàòðèöi òà óìîâè (35), ëåãêî ïåðåêîíàòèñÿ, ùî
[Qm(ε)]+ = [Q0(ε)]

+ +O(ε), äå [Q0(ε)]
+ � îáìåæåíà ìàòðèöÿ.

Âèçíà÷èâøè â òàêèé ñïîñiá âåêòîð c(ε), ðîçâ'ÿçîê íåîäíîðiäíî¨ êðàéîâî¨ çàäà÷i
(42), (43) îòðèìà¹ìî ó âèãëÿäi

ym(t, ε) = (Gq)(t, ε) + (Um(t, ε) +O(εm+1)) exp(ε−h

∫ t

0

Λ(t, ε)dt)×

×[Qm(ε)]+εm+1b(ε), (50)

äå (Gq)(t, ε) � îïåðàòîð Ãðiíà, ÿêèé ìà¹ âèãëÿä

(Gq)(t, ε) =

∫ 1

0

G0(t, τ, ε)q(τ, ε)dτ + (Um(t, ε) +O(εm+1)) exp(ε−h

∫ t

0

Λ(s, ε)ds)×

×[Qm(ε)]+(Mξ(0, ε) +Nξ(1, ε))− ξ(t, ε), (51)

G0(t, τ, ε) - ìàòðèöÿ Ãðiíà îäíîðiäíî¨ êðàéîâî¨ çàäà÷i (44), (45), ÿêà ìà¹ íàñòóïíó
ñòðóêòóðó:

G0(t, τ, ε) =





−(Um(t, ε) +O(εm+1)) exp(ε−h
∫ t

0
Λ(t, ε)dt)×

×[Qm(ε)]+N(Um(1, ε) +O(εm+1))×

× exp(ε−h
∫ 1

τ
Λ(s, ε)ds)(Û∗m(τ, ε) +O(εm+1)),

ÿêùî 0 ≤ t < τ ≤ 1;

(Um(t, ε) +O(εm+1)) exp(ε−h
∫ t

τ
Λ(s, ε)ds)×

×(Û∗m(τ, ε) +O(εm+1))− (Um(t, ε) +O(εm+1))×

× exp(ε−h
∫ t

0
Λ(t, ε)dt)[Qm(ε)]+×

×N(Um(1, ε) +O(εm+1)) exp(ε−h
∫ 1

τ
Λ(s, ε)ds)×

×(Û∗m(τ, ε) +O(εm+1)),

ÿêùî 0 ≤ τ ≤ t ≤ 1.

(52)
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Ïåðåéäåìî â ðiâíîñòi (50) äî îöiíîê çà íîðìîþ, áåðó÷è äî óâàãè óìîâó (31). Âðàõó-
âàâøè îáìåæåíiñòü âñiõ ìàòðè÷íèõ i âåêòîðíèõ ôóíêöié, ÿêi ìiñòÿòüñÿ â (52),
äiñòàíåìî

‖ym(t, ε)‖ ≤ εm−h+1ĉ,

äå ĉ � äåÿêà ñòàëà, ùî íå çàëåæèòü âiä ε. Ïîâåðíóâøèñü äî çàìiíè (41), îòðèìà¹ìî
îñòàòî÷íó îöiíêó

‖xm(t, ε)− x(t, ε)‖ ≤ εm−h+1ĉ.

Ïiäñóìêîì ïðîâåäåíèõ âèêëàäîê ¹ òàêà òåîðåìà.
Òåîðåìà 1. ßêùî âèêîíóþòüñÿ óìîâè 1◦−5◦, i (28), (31), (35), (38), (40), òî ïðè
äîñèòü ìàëèõ ε êðàéîâà çàäà÷à (1), (2) ìà¹ ¹äèíèé ðîçâ'ÿçîê, ÿêèé âèðàæà¹òüñÿ
àñèìïòîòè÷íîþ ôîðìóëîþ

x(t, ε) =
n−1∑
i=1

u(i)
m (t, ε) exp(ε−h

t∫

0

λi(t, ε)dt) + vm(t, ε) +O(εm−h+1),

äå u(i)
m (t, ε), i = 1, n− 1; vm(t, ε) � n−âèìiðíi âåêòîð-ôóíêöi¨, λi(t, ε), i = 1, n− 1

� ñêàëÿðíi ôóíêöi¨, ùî çîáðàæàþòüñÿ ó âèãëÿäi ðîçâèíåíü (7),(27), êîåôiöi¹íòè
ÿêèõ âèçíà÷àþòüñÿ çà äîïîìîãîþ ðåêóðåíòíèõ ôîðìóë (25), (16), (29).

Ïåðåëiê öèòîâàíèõ äæåðåë
1. Áîé÷óê À.À., Æóðàâë¼â Â.Ô., Ñàìîéëåíêî À.Ì. Îáîáù¼ííî-îáðàòíûå îïåðàòîðû è

íåòåðîâû êðàåâûå çàäà÷è. Òðóäè Iíñòèòóòó ìàòåìàòèêè ÍÀÍÓ, òîì 13. � Êè¨â: Ií-
ñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, 1995. � 318 ñ.

2. Êàðàíäæóëîâ Ë.È., Áîé÷óê À.À., Áîæêî Â.À. Àñèìïòîòè÷åñêîå ðàçëîæåíèå ðåøå-
íèé ñèíãóëÿðíî âîçìóù¼ííîé ëèíåéíîé êðàåâîé çàäà÷è // Äîêë. ÀÍ Óêðàèíû. �
1994. � � 1. � Ñ. 7�10.

3. Êàðàíäæóëîâ Ë.È. Ëèíåéíûå êðàåâûå çàäà÷è äëÿ ñèíãóëÿðíî âîçìóù¼ííûõ äèôôå-
ðåíöèàëüíûõ ñèñòåì // Äîêë. ÀÍ Óêðàèíû. � 1996. � � 7. � Ñ. 1�5.

4. Ñàìîéëåíêî À.Ì., Øêiëü Ì.I., ßêîâåöü Â.Ï. Ëiíiéíi ñèñòåìè äèôåðåíöiàëüíèõ ðiâ-
íÿíü ç âèðîäæåííÿìè. � Êè¨â: Âèùà øêîëà, 2000. � 294 ñ.

5. Øêèëü Í.È., Ñòàðóí È.È., ßêîâåö Â.Ï. Àñèìïòîòè÷åñêîå èíòåãðèðîâàíèå ëèíåé-
íûõ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé ñ âûðîæäåíèÿìè. � Êè¨â: Âèùà øêîëà,
1991. � 207 ñ.

6. ßêîâåö Â.Ï., Âèðà Ì.Á Ïîñòðîåíèå àñèìïòîòè÷åñêèõ ðåøåíèé äâóõòî÷å÷íûõ êðàå-
âûõ çàäà÷ äëÿ âûðîæäåííîé ñèíãóëÿðíî âîçìóù¼ííîé ñèñòåìû äèôôåðåíöèàëüíûõ
óðàâíåíèé // Òðóäû Âîðîíåæñêîé çèìíåé ìàòåìàòè÷åñêîé øêîëû Ñ.Ã. Êðåéíà-2008.
Âîðîíåæ:ÂîðÃÓ. � 2008. � � 1. � Ñ. 319-332.

7. Sibuya Y. Some global properties of matrixes of functions of one variable // Math. anal. �
1965. � 161, � 1. � P. 67�77.

Ïîëó÷åíà 10.06.2009

ISSN 0203�3755 Äèíàìè÷åñêèå ñèñòåìû, âûï. 26 (2009)


