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Àíîòàöiÿ. Äîñëiäæó¹òüñÿ ìîæëèâiñòü ïîáóäîâè àñèìïòîòè÷íîãî ðîçâ'ÿçêó äâîòî÷êîâî¨ êðàéîâî¨

çàäà÷i äëÿ ëiíiéíî¨ ñèíãóëÿðíî çáóðåíî¨ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü ç òîòîæíî âèðîäæå-

íîþ ìàòðèöåþ ïðè ïîõiäíèõ ó âèïàäêó êðàòíîãî ñïåêòðà ãðàíè÷íî¨ â'ÿçêè ìàòðèöü. Çíàõîäÿòüñÿ

óìîâè iñíóâàííÿ ¹äèíîãî ðîçâ'ÿçêó öi¹¨ êðàéîâî¨ çàäà÷i i ïîáóäîâàíà éîãî àñèìïòîòèêà ó âèãëÿäi

ðîçâèíåíü çà äðîáîâèìè ñòåïåíÿìè ìàëîãî ïàðàìåòðà. Â õîäi äîñëiäæåííÿ âèêîðèñòîâóþòüñÿ

ðåçóëüòàòè àñèìïòîòè÷íîãî àíàëiçó çàãàëüíîãî ðîçâ'ÿçêó ëiíiéíèõ ñèíãóëÿðíî çáóðåíèõ ñèñòåì

äèôåðåíöiàëüíèõ ðiâíÿíü ç âèðîäæåííÿìè

Êëþ÷îâi ñëîâà: ñèíãóëÿðíi çáóðåííÿ, ãðàíè÷íà â'ÿçêà ìàòðèöü, êðàòíèé ñïåðòð, àñèìïòî-

òè÷íèé ðîçâ'ÿçîê

Ðîçãëÿíåìî äâîòî÷êîâó êðàéîâó çàäà÷ó

εhB(t)
dx

dt
= A(t, ε)x+ f(t, ε), (1)

Mx(0, ε) +Nx(T, ε) = d(ε), (2)

äå x(t, ε) � øóêàíèé n-âèìiðíèé âåêòîð, t ∈ [0;T ]; ε ∈ (0; ε0] � ìàëèé äiéñíèé
ïàðàìåòð, h ∈ N ; A(t, ε), B(t)� êâàäðàòíi ìàòðèöi n-ãî ïîðÿäêó;M,N � (n−1)×n-
âèìiðíi ìàòðèöi çi ñòàëèìè åëåìåíòàìè; f(t, ε), d(ε) � çàäàíi n- i (n − 1)-âèìiðíi
âåêòîðè âiäïîâiäíî.

Íåõàé âèêîíóþòüñÿ òàêi óìîâè:
1◦ ìàòðèöÿ A(t, ε) i âåêòîð f(t, ε) äîïóñêàþòü íà âiäðiçêó [0;T ] ðiâíîìiðíi

àñèìïòîòè÷íi ðîçâèíåííÿ çà ñòåïåíÿìè ïàðàìåòðà ε:

A(t, ε) ∼
∞∑
k=0

εkAk(t); f(t, ε) ∼
∞∑
k=0

εkfk(t);

2◦ êîåôiöi¹íòè ðîçâèíåíü Ak(t), fk(t) i ìàòðèöÿ B(t) íåñêií÷åííî äèôåðåíöiéî-
âàíi íà âiäðiçêó [0;T ];

3◦ detB(t) = 0,∀t ∈ [0;T ];
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4◦ ãðàíè÷íà â'ÿçêà ìàòðèöü

L(t, λ) = A0(t)− λB(t)

ðåãóëÿðíà ïðè âñiõ t ∈ [0;T ] i çáåðiãà¹ íà öüîìó âiäðiçêó ñòàëó êðîíåêåðîâó
ñòðóêòóðó, òîáòî êðàòíîñòi âñiõ âëàñíèõ çíà÷åíü ãðàíè÷íî¨ â'ÿçêè i âiäïîâiäíèõ
ñêií÷åííèõ òà íåñêií÷åííèõ åëåìåíòàðíèõ äiëüíèêiâ ¹ ñòàëèìè íà äàíîìó âiäðiç-
êó.

Êðàéîâà çàäà÷à (1), (2) ðîçãëÿäàëàñü ó ðîáîòàõ [1,4] çà óìîâè, êîëè ãðàíè-
÷íà â'ÿçêà ìàòðèöü A0(t) − λB(t) ìà¹ íà âiäðiçêó [0;T ] ïðîñòèé ñïåêòð. Ó öié
ñòàòòi ðîçãëÿíåìî ìîæëèâiñòü ïîáóäîâè àñèìïòîòè÷íîãî ðîçâ'ÿçó êðàéîâî¨ çàäà÷i ó
çíà÷íî ñêëàäíiøîìó âèïàäêó, êîëè ãðàíè÷íà â'ÿçêà ìàòðèöü ìà¹ íà [0;T ] êðàòíèé
ñïåêòð, à ñàìå: îäèí ñêií÷åííèé åëåìåíòàðíèé äiëüíèê (λ − λ0(t))

p êðàòíiñòþ p i
îäèí íåñêií÷åííèé � êðàòíiñòþ q (p+ q = n).

ßê ïîêàçàíî â [2, ñ.97-98], ñêií÷åííîìó åëåìåíòàðíîìó äiëüíèêó (λ − λ0(t))
p

âiäïîâiäà¹ æîðäàíiâ ëàíöþæîê âåêòîðiâ ìàòðèöi A0(t) âiäíîñíî B(t) çàâäîâæêè p,
âåêòîðè ÿêîãî âèçíà÷àþòüñÿ âèðàçàìè ϕi(t) = [H(t)B(t)]i−1ϕ(t), i = 1, p, äå H(t)
� íàïiâîáåðíåíà ìàòðèöÿ äëÿ ìàòðèöi A0(t) − λ0B(t), à ϕ(t) � âëàñíèé âåêòîð
öi¹¨ â'ÿçêè ìàòðèöü. Íåñêií÷åííîìó åëåìåíòàðíîìó äiëüíèêó âiäïîâiäà¹ æîðäàíiâ
ëàíöþæîê âåêòîðiâ ìàòðèöi B(t) âiäíîñíî A0(t) çàâäîâæêè q, âåêòîðè ÿêîãî âèçíà-
÷àþòüñÿ âèðàçàìè ϕ̃i(t) = [G(t)A0(t)]

i−1ϕ̃(t), i = 1, q, äå G(t) � íàïiâîáåðíåíà
ìàòðèöÿ äëÿ ìàòðèöi B(t).

Ïîçíà÷èìî ψ(t) i ψ̃(t) � íóëi ìàòðèöü (A0−λ0B)∗ òà B∗ âiäïîâiäíî i âèçíà÷èìî
¨õ òàê, ùîá âèêîíóâàëèñÿ ñïiââiäíîøåííÿ

(B(HB)i−1ϕ, ψ) = δi,p, i = 1, p, (A0(GA0)
j−1ϕ̃, ψ̃) = δj,q, j = 1, q,

äå δi,j � ñèìâîë Êðîíåêåðà, ùî çàâæäè ìîæëèâî [2]. Çãiäíî ç òåîði¹þ àñèìïòîòè÷-
íîãî iíòåãðóâàííÿ âèðîäæåíèõ ëiíiéíèõ ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü, ðîçðîá-
ëåíîþ â [2,3], àñèìïòîòè÷íi ðîçâèíåííÿ ëiíiéíî íåçàëåæíèõ ðîçâ'ÿçêiâ îäíîðiäíî¨
ñèñòåìè

εhB(t)
dx

dt
= A(t, ε)x, (3)

ùî âiäïîâiäàþòü ñêií÷åííîìó åëåìåíòàðíîìó äiëüíèêó, ìîæíà ïîáóäóâàòè ó âèã-
ëÿäi

x(t, ε) = u(t, ε) exp(ε−h

∫ t

0

(λ0(τ) + λ(τ, ε))dτ), (4)

äå u(t, ε) � n-âèìiðíà âåêòîð-ôóíêöiÿ, λ(t, ε) � ñêàëÿðíà âåêòîð-ôóíêöiÿ, ÿêi
çîáðàæàþòüñÿ ôîðìàëüíèìè ðîçâèíåííÿìè çà äðîáîâèìè ñòåïåíÿìè ìàëîãî ïàðà-
ìåòðà. Ïðè öüîìó, ÿê ïîêàçàíî â [2], ôóíêöiÿ λ(t, ε) ìà¹ çàäîâîëüíÿòè ðiâíÿííÿ
ðîçãàëóæåííÿ

λp +
∞∑
s=1

εsL0s +
∞∑
k=1

∞∑
s=1

εsLks[λ
k] = 0, (5)
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êîåôiöi¹íòè ÿêîãî âèðàæàþòüñÿ ôîðìóëàìè

L0s =
s∑

j=1

(−1)j(P s
j (HΓ)ϕ, ψ), s = 1, 2, . . . ,

Lks[λ
k] =

[ s
h
]∑

i=0

s−ih∑
j=0

(−1)jDi[λk](P s−hi
i+k,j(HB,HΓ)ϕ, ψ), k, s = 1, 2, . . . .

Âiäïîâiäíèé âåêòîð u(t, ε) çîáðàæà¹òüñÿ ó âèãëÿäi

u(t, ε) = ϕ+
∞∑
s=1

εsHL̃0sϕ+
∞∑
k=1

∞∑
s=0

εsHL̃ks[λ
k]ϕ, (6)

äå

L̃0s =
s∑

j=1

(−1)jP s
j (HΓ), s = 1, 2, . . . ,

L̃ks[λ
k] =

[ s
h
]∑

i=0

s−ih∑
j=0

(−1)jDi[λk]P s−hi
i+k,j(HB,HΓ), k = 1, 2, . . . , s = 0, 1, . . . . (7)

Ñèìâîëîì Pm
s,k(HB,HΓ) òóò ïîçíà÷åíî ñóìó âñåìîæëèâèõ "äîáóòêiâ"s ìíîæíè-

êiâ ìàòðèöü HB i k îïåðàòîðiâ HΓj1 , HΓj2 , . . . , HΓjk ç íàòóðàëüíèìè iíäåêñàìè,
ñóìà ÿêèõ j1 + j2 + jk = m, äå Γk = Ak(t) − δk,hB(t) d

dt
, k = 1, 2, . . .. Ïðè öüîìó

ïåðøèé ìíîæíèê H ó âñiõ äîäàíêàõ öüîãî âèðàçó "âiäáèðà¹òüñÿ òîáòî ïåðøèì
"ìíîæíèêîì"ó íèõ ¹ àáî B àáî Γj ç âiäïîâiäíèì iíäåêñîì. Ñèìâîëîì Di[λk] ïîçíà-
÷à¹òüñÿ äèôåðåíöiàëüíèé âèðàç, ùî ÿâëÿ¹ ñîáîþ ñóìó âñåìîæëèâèõ äîáóòêiâ k
"ìíîæíèêiâ"λ òà i "ìíîæíèêiâ"D = d

dt
. Ïðè öüîìó îïåðàòîð D äi¹ íà âåñü âèðàç,

ÿêèé ìiñòèòüñÿ ïðàâîðó÷ âiä íüîãî, íàïðèêëàä,

D2[λ2] = D2λ2 +DλDλ+ λD2λ = 3(λ′)2 + 4λλ′′.

Äîâåäåíî, ùî çà âiäñóòíîñòi òî÷îê ïîâîðîòó ðiâíÿííÿ ðîçãàëóæåííÿ (5) çàâæäè
ìà¹ p ðîçâ'ÿçêiâ λi(t, ε), ÿêi ìîæíà çíàéòè ó âèãëÿäi ôîðìàëüíèõ ðîçâèíåíü çà
äðîáîâèìè ñòåïåíÿìè ìàëîãî ïàðàìåòðà, ïîêàçíèêè ÿêèõ çàëåæàòü âiä ïîâåäiíêè
êîåôiöi¹íòiâ Lks[λ

k] i âèçíà÷àþòüñÿ çà äîïîìîãîþ äiàãðàì Íüþòîíà.
Ðîçãëÿíåìî íàéïðîñòiøèé âèïàäîê, êîëè

L01 = −(Γ1ϕ, ψ) = (A1ϕ, ψ) + δh,1(ϕ
′, ψ) 6= 0, ∀t ∈ [0;T ]. (8)

Òîäi âiäïîâiäíà äiàãðàìà Íüþòîíà ìà¹ âèãëÿä âiäðiçêà, ùî ñïîëó÷à¹ òî÷êè ç êîîð-
äèíàòàìè (0; 1) i (p; 0) (íà îñi Ox âiäêëàäà¹ìî ïîêàçíèêè ñòåïåíÿ λ, à íà îñi îð-
äèíàò � ïîêàçíèêè ñòåïåíiâ ε ÷ëåíiâ ðiâíÿííÿ (5)). Çâiäñè âèïëèâà¹, ùî òàíãåíñ

ISSN 0203�3755 Äèíàìè÷åñêèå ñèñòåìû, òîì 1(29), �1 (2011)



18 Ì.Á.ÂIÐÀ

êóòà íàõèëó äiàãðàìè äî âiä'¹ìíîãî íàïðÿìó îñi Ox äîðiâíþ¹ 1
p
. Òîìó âiäïîâiäíi

ðîçâèíåííÿ äëÿ ôóíêöié λi(t, ε) ìîæíà ïîáóäóâàòè çà ñòåïåíÿìè µ1 = ε
1
p :

λj(t, ε) =
∞∑
k=1

µk
1λ

(j)
k (t), j = 1, p. (9)

Ïðè öüîìó ïåðøèé êîåôiöi¹íò öüîãî ðîçâèíåííÿ çàäîâîëüíÿ¹ âèçíà÷àëüíå ðiâíÿí-
íÿ

(λ
(j)
1 (t))p + L01 = 0, (10)

ç ÿêîãî çíàõîäèìî

λ
(j)
1 (t) = p

√
|(Γ1ϕ, ψ)| exp

(
i
arg(Γ1ϕ, ψ) + 2π(j − 1)

p

)
, j = 1, p.

Ïiäñòàâèâøè ðÿä (9) ó ðiâíÿííÿ ðîçãàëóæåííÿ (5), äiñòàíåìî

∞∑
k=p

µk
1P

k
p (λ

(i)) +
∞∑
k=p

µk
1L0, k

p
+

∞∑
k=p+1

[ k−1
p

]∑
s=1

k−sp∑
j=1

µk
1Ljs[P

k−sp
j (λ(i))] = 0, (11)

äå L0, k
p

= 0, ÿêùî ÷èñëî k íå äiëèòüñÿ íà p. Ïðèðiâíÿâøè â (11) âèðàçè ïðè

îäíàêîâèõ ñòåïåíÿõ µ1, îòðèìà¹ìî íåñêií÷åííó ñèñòåìó ðiâíÿíü

P k
p (λ

(i)) + L0, k
p
+

[ k−1
p

]∑
s=1

k−sp∑
j=1

Ljs[P
k−sp
j (λ(i))] = 0, k = p, p+ 1, . . . . (12)

Ïåðøå ðiâíÿííÿ öi¹¨ ñèñòåìè (ïðè k = p) çáiãà¹òüñÿ iç âèçíà÷àëüíèì ðiâíÿííÿì
(10). Ïîêëàâøè â íüîìó p+ k çàìiñòü k i âçÿâøè äî óâàãè, ùî

P p+k
p (λ(i)) = p(λ

(i)
1 )p−1λ

(i)
k+1 + P̃ p+k

p (λ(i)),

äå P̃ p+k
p (λ(i)) � òà ÷àñòèíà âèðàçó P p+k

p (λ(i)), ÿêà ìiñòèòü òiëüêè òi λ
(i)
j , iíäåêñè

ÿêèõ j < k + 1, à òðåòié äîäàíîê ó (12) íå ìiñòèòü λ
(i)
j , iíäåêñè ÿêèõ ïåðåâèùóþòü

k, ìàòèìåìî òàêó ðåêóðåíòíó ôîðìóëó äëÿ âèçíà÷åííÿ êîåôiöi¹íòiâ ðîçâèíåííÿ
(9):

λ
(i)
k+1(t) = − 1

p(λ
((i))
1 )p−1

P̃ p+k
p (λ(i)) + L0, p+k

p
+

[ p+k−1
p

]∑
s=1

p+k−sp∑
j=1

Ljs[P
p+k−ps
j (λ(i))]

 .

(13)
Ùîá îäåðæàòè âiäïîâiäíi ðîçâèíåííÿ äëÿ âåêòîðiâ ui(t, ε), ïiäñòàâèìî (9) ó (6).
Ïåðåãðóïóâàâøè äîäàíêè, äiñòàíåìî ðîçâèíåííÿ

ui(t, ε) = ϕ(t) +
∞∑
k=1

µk
1u

(i)
k (t), i = 1, p,
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êîåôiöi¹íòè ÿêèõ âèçíà÷àþòüñÿ ôîðìóëàìè

u
(i)
k (t) =

[ k−1
p

]∑
s=0

k−sp∑
j=1

HL̃js[P
k−ps
j (λ(i))]ϕ+HL̃0, k

p
ϕ, k = 1, 2, . . . , i = 1, p. (14)

Îäíîðiäíà ñèñòåìà (3) êðiì p ðîçâ'ÿçêiâ ïåðøî¨ ãðóïè âèãëÿäó (4), ùî âiäïî-
âiäàþòü ñêií÷åííîìó åëåìåíòàðíîìó äiëüíèêó ãðàíè÷íî¨ â'ÿçêè ìàòðèöü A0 −
λB(t), ìàòèìå ùå i ðîçâ'ÿçêè äðóãî¨ ãðóïè, ÿêi âiäïîâiäàþòü íåñêií÷åííîìó
åëåìåíòàðíîìó äiëüíèêó.

Çãiäíî ç òåîði¹þ, ðîçðîáëåíîþ â [2], àñèìïòîòè÷íi ðîçâèíåííÿ öèõ ðîçâ'ÿçêiâ
ìîæíà ïîáóäóâàòè ó âèãëÿäi

x(t, ε) = v(t, ε) exp

(
ε−h

∫ t

0

dτ

ξ(τ, ε)

)
, (15)

äå v(t, ε) � n-âèìiðíà âåêòîð-ôóíêöiÿ, ξ(t, ε) � ñêàëÿðíà âåêòîð-ôóíêöiÿ, ÿêi
çîáðàæàþòüñÿ ôîðìàëüíèìè ðîçâèíåííÿìè çà äðîáîâèìè ñòåïåíÿìè ìàëîãî ïàðà-
ìåòðà. Ïðè öüîìó, ôóíêöiÿ ξ(t, ε) ìà¹ çàäîâîëüíÿòè ðiâíÿííÿ ðîçãàëóæåííÿ

ξq +
∞∑
k=1

∞∑
s=1

εsMks[ξ
k] = 0, (16)

êîåôiöi¹íòè ÿêîãî âèðàæàþòüñÿ ôîðìóëàìè:

M1s[ξ] = ξ(Asϕ̃, ψ̃), s = 1, 2, . . . ,

Mks[ξ
k] =

min(k−2;[ s
h
])∑

j=0

(−1)jξ2D̃j(ξk−2)(P s−hj
k−j (GΓ)ϕ̃, ψ̃), k, s = 1, 2, . . . , (17)

äå D̃j(ξs) � ñóìà âñåìîæëèâèõ äîáóòêiâ j ìíîæíèêiâ Dξ òà s− j ìíîæíèêiâ ξ, à
âiäïîâiäíèé âåêòîð v(t, ε) çîáðàæà¹òüñÿ ó âèãëÿäi

v(t, ε) = ϕ̃+
∞∑
k=1

∞∑
s=0

εsGM̃ks[ξ
k]ϕ̃, (18)

äå
M̃k0[ξ

k] = ξkA0(GA0)
k−1, k = 1, 2, . . . ,

M̃ks[ξ
k] =

min(k−1;[ s
h
])∑

j=0

(−1)jξD̃j(ξk−1)P s−hj
k−j (GΓ), k, s = 1, 2, . . . . (19)

Ðîçãëÿíåìî íàéáiëüø ïðîñòèé âèïàäîê, êîëè êîåôiöi¹íò M11 âiäìiííèé âiä íó-
ëÿ, òîáòî âèêîíó¹òüñÿ óìîâà

(A1ϕ̃, ψ̃) 6= 0,∀t ∈ [0;T ]. (20)
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Òîäi äiàãðàìà Íüþòîíà, ïîáóäîâàíà çà êîåôiöi¹íòàìè ðiâíÿííÿ ðîçãàëóæåííÿ (16)
ìà¹ âèãëÿä âiäðiçêà, ùî ñïîëó÷à¹ òî÷êè ç êîîðäèíàòàìè (1; 1) òà (q; 0) (íà îñi àáñöèñ
âiäêëàäà¹ìî ïîêàçíèêè ñòåïåíÿ ξ, à íà îñi îðäèíàò � ïîêàçíèêè ñòåïåíÿ ε ÷ëåíiâ
ðiâíÿííÿ (16)). Òàíãåíñ êóòà íàõèëó äiàãðàìè äî âiä'¹ìíîãî íàïðÿìêó îñi àáñöèñ
äîðiâíþ¹ äîâæèíi ïðîåêöi¨ äiàãðàìè íà âiñü àáñöèñ, à ñàìå q− 1. Çâiäêè âèïëèâà¹,
ùî öå ðiâíÿííÿ ìà¹ q − 1 ðîçâ'ÿçêiâ ξi(t, ε), i = 1, q − 1, ÿêi ìîæíà ïîáóäóâàòè ó

âèãëÿäi ðîçâèíåíü çà ñòåïåíÿìè µ2 = ε
1

q−1 :

ξi(t, ε) =
∞∑
k=1

µk
2ξ

(i)
k (t), i = 1, q − 1. (21)

Ïðè öüîìó ïåðøèé êîåôiöi¹íò ðîçâèíåííÿ (21) çàäîâîëüíÿ¹ âiäïîâiäíå âèçíà-
÷àëüíå ðiâíÿííÿ

(ξ
(i)
1 )q + ξ

(i)
1 (t)M11 = 0, (22)

çâiäêè çíàõîäèìî

ξ
(j)
1 (t) =

q−1

√
−(A1ϕ̃, ψ̃) exp

(
i
arg(−(A1ϕ̃, ψ̃)) + 2π(j − 1)

q − 1

)
, j = 1, q − 1.

Äëÿ çíàõîäæåííÿ íàñòóïíèõ êîåôiöi¹íòiâ ïiäñòàâèìî ðÿä (21) ó ðiâíÿííÿ (16).
Ïåðåãðóïóâàâøè äîäàíêè i ïðèðiâíÿâøè âèðàçè ç îäíàêîâèìè ñòåïåíÿìè µ2, äiñòà-
íåìî íåñêií÷åííó ñèñòåìó ðiâíÿíü

P k
q (ξ

(i)) +

[ k−1
q−1

]∑
s=1

k−(q−1)s∑
j=1

Mjs[P
k−(q−1)s
j (ξ(i))] = 0, k = q + 1, . . . .

Ïîêëàâøè â íié q + k çàìiñòü k, äiñòàíåìî

P q+k
q (ξ(i)) +M11[ξ

(i)
k+1] +

[ q+k−1
q−1

]∑
s=2

q+k−(q−1)s∑
j=1

Mjs[P
q+k−(q−1)s
j (ξ(i))]+

+
k+1∑
j=2

Mj1[P
k+1
j (ξ(i))] = 0. (23)

Çãiäíî ç (17), (22) âèêîíó¹òüñÿ ðiâíiñòü

P q+k
q (ξ(i)) +M11[ξ

(i)
k+1] = −(q − 1)ξ

(i)
k+1M11 + P̃ q+k

q (ξ(i)),

äå P̃ q+k
q (ξ(i)) � òà ÷àñòèíà âèðàçó P q+k

q (ξ(i)), ÿêà íå ìiñòèòü ξ
(i)
k+1. Òîäi iç ðiâíÿííÿ

(23) äiñòàíåìî òàêó ðåêóðåíòíó ôîðìóëó äëÿ çíàõîäæåííÿ êîåôiöi¹íòiâ ðîçâèíåí-
íÿ (21):

ξ
(i)
k+1(t) =

1

(q − 1)(A1ϕ̃, ψ̃)
[

[ q+k−1
q−1

]∑
s=2

q+k−(q−1)s∑
j=1

Mjs[P
q+k−(q−1)s
j (ξ(i))]+
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+
k+1∑
j=2

Mj1[P
k+1
j (ξ(i))]], k = 1, 2, . . . , i = 1, q − 1.

Ïiäñòàâèâøè ðÿä (21) ó (18) i çäiéñíèâøè âiäïîâiäíi äi¨ íàä ôîðìàëüíèìè ðÿäàìè
òà çãðóïóâàâøè äîäàíêè ç îäíàêîâèìè ñòåïåíÿìè µ2, äiñòàíåìî ôîðìàëüíi ðîçâè-
íåííÿ äëÿ âåêòîð-ôóíêöi¨ vi(t, ε):

vi(t, ε) = ϕ̃(t) +
∞∑
k=1

µk
2v

(i)
k (t), i = 1, q − 1,

êîåôiöi¹íòè ÿêèõ âèðàæàþòüñÿ ôîðìóëàìè

v
(i)
k (t) =

[ k−1
q−1

]∑
s=0

k−(q−1)s∑
j=1

GM̃js[P
k−(q−1)s
j (ξ(i))]ϕ̃, k = 1, 2, . . . .

Òàêèì ÷èíîì, çà âèêîíàííÿì óìîâ (8), (20), îäíîðiäíà ñèñòåìà (3) ìà¹ p ôîð-
ìàëüíèõ ðîçâ'ÿçêiâ, ùî âiäïîâiäàþòü ñêií÷åííîìó åëåìåíòàðíîìó äiëüíèêó, âèã-
ëÿäó (4) òà q − 1 ôîðìàëüíèõ ðîçâ'ÿçêiâ, ùî âiäïîâiäàþòü íåñêií÷åííîìó åëåìåí-
òàðíîìó äiëüíèêó, âèãëÿäó (15).

×àñòèííèé ðîçâ'ÿçîê íåîäíîðiäíî¨ ñèñòåìè (1) øóêà¹ìî ó âèãëÿäi

x(t, ε) = ṽ(t, ε),

äå ṽ(t, ε) � n-âèìiðíà âåêòîð-ôóíêöiÿ, ùî çîáðàæà¹òüñÿ ðîçâèíåííÿì

ṽ(t, ε) =
∞∑
k=0

εkṽk(t). (24)

Ïiäñòàâèâøè îñòàíí¹ ðîçâèíåííÿ ó ñèñòåìó (1) i ïðèðiâíÿâøè âèðàçè ïðè îäíà-
êîâèõ ñòåïåíÿõ ε, äiñòàíåìî ñèñòåìó ðiâíÿíü:

A0(t)ṽk(t) = B(t)ṽ′k−h(t)−
k∑

i=1

Ai(t)ṽk−i(t)− fk(t), k = 0, 1, . . . .

Íåõàé
detA0(t) 6= 0, ∀t ∈ [0;T ], (25)

òîäi iç îñòàííüî¨ ñèñòåìè îäåðæèìî

ṽk(t) = A−1
0 (t)[B(t)ṽ′k−h(t)−

k∑
i=1

Ai(t)ṽk−i(t)− fk(t)], k = 0, 1, . . . . (26)

Ïðèïóñòèìî òåïåð, ùî âèêîíóþòüñÿ óìîâè:

Reλ0(t) < 0, Reξ
(i)
1 (t) < 0, i = 1, l, Reξ

(j)
1 > 0, j = l + 1, q − 1. (27)
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Òîäi ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (1), (2) áóäó¹ìî ó âèãëÿäi ñóìè ëiíiéíî¨ êîìáiíàöi¨
ðîçâ'ÿçêiâ îäíîðiäíî¨ ñèñòåìè i ÷àñòèííîãî ðîçâ'ÿçêó íåîäíîðiäíî¨ ñèñòåìè:

x(t, ε) = µ
−(p−1)
1

p∑
i=1

ui(t, µ1)ci(ε) exp(ε
−h

∫ t

0

λi(τ, µ1)dτ)+

µ
−(l−1)
2

l∑
i=1

vi(t, µ2)c̃i(ε) exp(ε
−h

∫ t

0

dτ

ξi(τ, µ2)
)+

+µ
−(q−l−2)
2

q−1∑
i=l+1

vi(t, µ2)c̃i(ε) exp(−ε−h

∫ T

t

dτ

ξi(τ, µ2)
) + ṽ(t, ε), (28)

äå ci(ε), i = 1, p, c̃j(ε), j = 1, q − 1 � ñêàëÿðíi ìíîæíèêè, ÿêi ðîçêëàäàþòüñÿ â
ôîðìàëüíi ñòåïåíåâi ðÿäè

ci(ε) =
∞∑
k=0

µkc
(i)
k , i = 1, p,

c̃j(ε) =
∞∑
k=0

µkc̃
(j)
k , j = 1, q − 1, µ = p(q−1)

√
ε,

êîåôiöi¹íòè ÿêèõ c
(i)
k , c̃

(j)
k , k = 0, 1, . . ., ïiäëÿãàþòü âèçíà÷åííþ iç êðàéîâî¨ óìîâè

(2). Ïiäñòàâèâøè âåêòîð (28) ó êðàéîâó óìîâó (2) i çíåõòóâàâøè, íà ïiäñòàâi óìîâè
(27), åêñïîíåíöiàëüíî ìàëèìè äîäàíêàìè, îòðèìà¹ìî:

µ−(p−1)(q−1)

p∑
i=1

Mui(0, µ1)ci(ε) + µ−(l−1)p

l∑
i=1

Mvi(0, µ2)c̃i(ε)+

+µ−(q−l−2)p

q−1∑
i=l+1

Nvi(T, µ2)c̃i(ε) = d(ε)−Mṽ(0, ε)−Nṽ(T, ε).

Ïðèïóñòèìî, äëÿ âèçíà÷åíîñòi, ùî p ≥ q − 1. Òîäi (p− 1)(q − 1) > (l − 1)p,
(p− 1)(q− 1) > (q− l− 2)p. Ïîìíîæèâøè îñòàíí¹ ðiâíÿííÿ íà µ(p−1)(q−1) i ïðèðiâ-
íÿâøè êîåôiöi¹íòè ïðè îäíàêîâèõ ñòåïåíÿõ µ, äiñòàíåìî ñèñòåìó ðiâíÿíü

p∑
i=1

[ k
q−1

]∑
j=0

Mu
(i)
j (0)c

(i)
k−(q−1)j +

l∑
i=1

[
k−(q−1)(p−1)+p(l−1)

p
]∑

j=0

Mv
(i)
j (0)c̃

(i)
k−(q−1)(p−1)+p(l−1)−pj+

+

q−1∑
i=l+1

[
k−(q−1)(p−1)+p(q−l−2)

p
]∑

j=0

Nv
(i)
j (T )c̃

(i)
k−(q−1)(p−1)+p(q−l−2)−pj = l k−(q−1)(p−1)

p(q−1)

, k = 0, 1, . . . ,

(29)
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äå lk = dk −Mṽk(0)−Nṽk(T ), ïðè÷îìó la
b
= 0, ÿêùî a íå äiëèòüñÿ íà b àáî a

b
< 0.

Íåõàé

detU0 6= 0, (30)

äå

U0 = [Mϕ(0),MH(0)B(0)ϕ(0), . . . ,M [H(0)B(0)]p−1ϕ(0),

Mϕ̃(0),MG(0)A0(0)ϕ̃(0), . . . ,M [G(0)A0(0)]
l−1ϕ̃(0),

Nϕ̃(T ), NG(T )A0(T )ϕ̃(T ), . . . , N [G(T )A0(T )]
q−l−2ϕ̃(T )].

Ïiäñòàâèìî âiäïîâiäíi âåêòîð-ôóíêöi¨ ó ñèñòåìó (29). Âçÿâøè äî óâàãè (7), (19) i
çìiíèâøè ïîðÿäîê ñóìóâàííÿ, äiñòàíåìî

p∑
i=1

[ k
q−1

]∑
s=0

[ k
q−1

]∑
j=s

P j
s (λ

(i)(0))c
(i)
k−(q−1)jM(HB)sϕ(0)+

+
l∑

i=1

[
k−(q−1)(p−1)+p(l−1)

p
]∑

s=0

[
k−(q−1)(p−1)+p(l−1)

p
]∑

j=s

P j
s (ξ

(i)(0))c̃
(i)
k−(q−1)(p−1)+p(l−1)−pjM(GA0)

sϕ̃(0)+

+

q−1∑
i=l+1

[
k−(q−1)(p−1)+p(q−l−2)

p
]∑

s=0

[
k−(q−1)(p−1)+p(q−l−2)

p
]∑

j=s

P j
s (ξ

(i)(T ))c̃
(i)
k−(q−1)(p−1)+p(q−l−2)−pj×

×N(GA0)
sϕ̃(T ) = l̃k, k = 0, 1, . . . , (31)

l̃k = l k−(q−1)(p−1)
p(q−1)

−
p∑

i=1

[ k
q−1

]∑
j=0

MHL̃0, j
p
ϕ(0)c

(i)
k−(q−1)j−

−
p∑

i=1

[ k
q−1

]∑
j=0

[ j−1
p

]∑
s=1

j−ps∑
r=1

MHL̃rs[P
j−ps
r (λ(i)(0))]c

(i)
k−(q−1)jϕ(0)−

−
l∑

i=1

[
k−(q−1)(p−1)+p(l−1)

p
]∑

j=1

[ j−1
q−1

]∑
s=1

j−(q−1)s∑
r=1

M̃rs[P
j−(q−1)s
r (ξ(i)(0))]c̃

(i)
k−(q−1)(p−1)+p(l−1)−pj×

×MGϕ̃(0)−
l∑

i=1

[
k−(q−1)(p−1)+p(l−1)

p
]∑

j=0

MGM̃0, j
q−1

(0)ϕ̃(0)c̃
(i)
k−(q−1)(p−1)+p(l−1)−pj−

−
q−1∑

i=l+1

[
k−(q−1)(p−1)+p(q−l−2)

p
]∑

j=1

[ j−1
q−1

]∑
s=1

j−(q−1)s∑
r=1

M̃rs[P
j−(q−1)s
r (ξ(i)(T ))]c̃

(i)
k−(q−1)(p−1)+p(q−l−2)−pj×
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×NGϕ̃(T )−
q−1∑

i=l+1

[
k−(q−1)(p−1)+p(q−l−2)

p
]∑

j=1

NGM̃0, j
q−1

(T )ϕ̃(T )c̃
(i)
k−(q−1)(p−1)+p(q−l−2)−pj.

Ïðîàíàëiçó¹ìî îäåðæàíi ðiâíÿííÿ. Ïðè k < (q−1)(p−1) ó öå ðiâíÿííÿ âõîäÿòü
âåêòîðè M(HB)sϕ(0), s = 0, p− 2, M(GA0)

iϕ̃(0), i = 0, l − 2, N(GA0)
jϕ̃(T ),

j = 0, q − l − s, ÿêi ¹ ñòîâïöÿìè ìàòðèöi U0. À îñêiëüêè ìàòðèöÿ U0 íåîñîáëèâà,
òî öi âåêòîðè ëiíiéíî íåçàëåæíi. Êðiì òîãî, l̃k = 0 ïðè k < (q − 1)(p − 1). Òîìó,
âðàõîâóþ÷è ëiíiéíó íåçàëåæíiñòü öèõ âåêòîðiâ, iç (31) äiñòàíåìî

p∑
i=1

[ k
q−1

]∑
j=s

P j
s (λ

(i)(0))c
(i)
k−(q−1)j = 0, s = 0,

[
k

q − 1

]
, (32)

l∑
i=1

[
k−(q−1)(p−1)+p(l−1)

p
]∑

j=s

P j
s (ξ

(i)(0))c̃
(i)
k−(q−1)(p−1)+p(l−1)−pj = 0, (33)

s = 0,

[
k − (q − 1)(p− 1) + p(l − 1)

p

]
,

q−1∑
i=l+1

[ k−(q−1)(p−1)+p(q−l−2)
p ]∑

j=s

P j
s (ξ

(i)(T ))c̃
(i)
k−(q−1)(p−1)+p(q−l−2)−pj = 0, (34)

s = 0,

[
k − (q − 1)(p− 1) + p(q − l − 2)

p

]
.

Ðîçãëÿíåìî ðiâíÿííÿ (31) ïðè k = (q − 1)(p− 1):

p∑
i=1

p−1∑
s=0

p−1∑
j=s

P j
s (λ

(i)(0))c(q−1)(p−1)−(q−1)jM(HB)sϕ(0)+

+
l∑

i=1

l−1∑
s=0

l−1∑
j=s

P j
s (ξ

(i)(0))c̃
(i)
p(l−1)−pjM(GA0)

sϕ̃(0)+

+

q−1∑
j=l+1

q−l−2∑
s=0

q−l−2∑
j=s

P j
s (ξ

(i)(T ))c̃
(i)
p(q−l−2)−pjN(GA0)

sϕ̃(T ) = l0. (35)

Ðîçêëàäåìî âåêòîð l0 çà âåêòîðàìè áàçèñóM(HB)sϕ(0), s = 0, p− 1,M(GA0)
iϕ̃(0),

i = 0, l − 1, N(GA0)
jϕ̃(T ), j = 1, q − l − 2:

l0 =

p−1∑
s=0

α((q−1)(p−1))
s M(H(0)B(0))sϕ(0)+

ISSN 0203�3755 Äèíàìè÷åñêèå ñèñòåìû, òîì 1(29), �1 (2011)



ÊÐÀÉÎÂÀ ÇÀÄÀ×À ÄËß ÂÈÐÎÄÆÅÍÎ� ÑÈÍÃÓËßÐÍÎ ÇÁÓÐÅÍÎ� ÑÈÑÒÅÌÈ 25

+
l−1∑
s=0

α
((q−1)(p−1))
p+s M(G(0)A0(0))

sϕ̃(0)+

+

q−l−2∑
s=0

α
((q−1)(p−1))
p+l+s N(G(T )A0(T ))

sϕ̃(T ).

Âðàõîâóþ÷è ëiíiéíó íåçàëåæíiñòü áàçèñíèõ âåêòîðiâ, ç ðiâíÿííÿ (35) äiñòàíåìî

p∑
i=1

p−1∑
j=s

P j
s (λ

(i)(0))c
(i)
(q−1)(p−1)−(q−1)j = α(q−1)(p−1)

s , s = 0, p− 1, (36)

l∑
i=1

l−1∑
j=s

P j
s (ξ

(i)(0))c̃
(i)
p(l−1)−pj = α

((q−1)(p−1))
p+s , s = 0, l − 1, (37)

q−1∑
i=l+1

q−l−2∑
j=s

P j
s (ξ

(i)(T ))c̃
(i)
p(q−l−2)−pj = α

(q−1)(p−1)
p+l+s , s = 0, q − l − 2. (38)

Âçÿâøè p − 1 ðiâíÿíü iç ñèñòåìè (32) (ïðè k = (q − 1)s, s = 0, p− 2) i îñòàíí¹
ðiâíÿííÿ iç ñèñòåìè (36) (ïðè s = p − 1), äiñòàíåìî ñèñòåìó p ðiâíÿíü âiäíîñíî

íåâiäîìèõ c
(i)
0 , i = 1, p:

p∑
i=1

c
(i)
0 = 0,

p∑
i=1

λ
(i)
1 (0)c

(i)
0 = 0,

.........................
p∑

i=1

[λ
(i)
1 (0)]p−2c

(i)
0 = 0,

p∑
i=1

[λ
(i)
1 (0)]p−1c

(i)
0 = α

((q−1)(p−1))
p−1 ,

ÿêó ìîæíà çàïèñàòè ó âèãëÿäi

W1c0 = m0,

äå

W1 =


1 1 . . . 1

λ
(1)
1 (0) λ

(2)
1 (0) . . . λ

(p)
1 (0)

· · · · · · · · · · · ·
(λ

(1)
1 (0))p−1 (λ

(2)
1 (0))p−1 . . . (λ

(p)
1 (0))p−1

 ,
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c0 = col(c
(1)
0 , c

(2)
0 , . . . , c

(p)
0 ), m0 = col(0, . . . , 0, α

((q−1)(p−1))
p−1 ).

Âèçíà÷íèê ìàòðèöiW1 ¹ âèçíà÷íèêîì Âàíäåðìîíäà, i, îòæå, íå äîðiâíþ¹ íóëþ,
îñêiëüêè λ

(i)
1 (0) 6= λ

(j)
1 (0) ïðè i 6= j. Îòæå,

c0 =W−1m0.

Âçÿâøè ðiâíÿííÿ iç (33) ïðè k = ps+(q−1)(p−1)−p(l−1), s = 0, l − 2 i îñòàíí¹
ðiâíÿííÿ iç (37) (ïðè s = l − 1), äiñòàíåìî àíàëîãi÷íó ñèñòåìó ðiâíÿíü âiäíîñíî

ñòàëèõ c̃
(i)
0 , i = 1, l:

l∑
i=1

c̃
(i)
0 = 0,

l∑
i=1

ξ
(i)
1 (0)c̃

(i)
0 = 0,

.........................

l∑
i=1

[ξ
(i)
1 (0)]l−2c̃

(i)
0 = 0,

l∑
i=1

[ξ
(i)
1 (0)]l−1c̃

(i)
0 = α

((q−1)(p−1))
p+l−1 ,

àáî ó âåêòîðíî-ìàòðè÷íîìó âèãëÿäi

W2c̃0 = m̃0,

äå

W2 =


1 . . . 1

ξ
(1)
1 (0) . . . ξ

(l)
1 (0)

· · · · · · · · ·
(ξ

(1)
1 (0))l−1 . . . (ξ

(l)
1 (0))l−1

 ,

c̃0 = col(c̃
(1)
0 , c̃

(2)
0 , . . . , c̃

(l)
0 ), m̃0 = col(0, . . . , 0, α

((q−1)(p−1))
p+l−1 ). Îñêiëüêè ξ

(i)
1 (0) 6= ξ

(j)
1 (0),

i 6= j, òî detW2 6= 0 i, îòæå,
c̃0 =W−1

2 m̃0.

Íàðåøòi, âçÿâøè iç ñèñòåìè (34) q− l− 2 ðiâíÿíü: ïðè k = ps+ (q− 1)(p− 1)−
p(q− l− 2), s = 0, q − l − 3 i îñòàíí¹ ðiâíÿííÿ ç (38) (ïðè s = q− l− 2), îòðèìà¹ìî

ñèñòåìó ðiâíÿíü âiäíîñíî ñòàëèõ c̃
(i)
0 ç iíäåêñàìè i = l + 1, q − 1:

q−1∑
i=l+1

c̃
(i)
0 = 0,

q−1∑
i=l+1

ξ
(i)
1 (T )c̃

(i)
0 = 0,
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.........................
q−1∑

i=l+1

[ξ
(i)
1 (T )]q−l−3c̃

(i)
0 = 0,

q−1∑
i=l+1

[ξ
(i)
1 (T )]q−l−2c̃

(i)
0 = α

((q−1)(p−1))
p+q−2 ,

ÿêà ó âåêòîðíî-ìàòðè÷íié ôîðìi çàïèñó¹òüñÿ ó âèãëÿäi

W3ĉ0 = m̂0,

äå

W3 =


1 . . . 1

ξ
(l+1)
1 (T ) . . . ξ

(q−1)
1 (T )

· · · · · · · · ·
(ξ

(l+1)
1 (T ))q−l−2 . . . (ξ

(q−1)
1 (T ))q−l−2

 ,

ĉ0 = col(c̃
(l+1)
0 , c̃

(l+2)
0 , . . . , c̃

(q−1)
0 ), m̂0 = col(0, . . . , 0, α

((q−1)(p−1))
p+q−2 ). Îñêiëüêè ξ

(i)
1 6= ξ

(j)
1

ïðè i 6= j, òî i detW3 6= 0, i, îòæå,

ĉ0 = W−1
3 m̂0.

Àíàëîãi÷íî çíàéäåìî ñòàëi c
(i)
k , i = 1, p, c̃

(j)
k , j = 1, q − 1, k = 1, 2, . . ..

Ïåðåêîíà¹ìîñÿ, ùî ïîáóäîâàíèé òàêèì ÷èíîì ôîðìàëüíèé ðîçâ'ÿçîê ìà¹
àñèìïòîòè÷íèé õàðàêòåð. Äëÿ öüîãî ðîçãëÿíåìî m-íàáëèæåííÿ

xm(t, ε) = µ−(p−1)(q−1)

p∑
i=1

m∑
k=0

µk(

[ k
q−1

]∑
j=0

u
(i)
j (t)c

(i)
k−(q−1)j) exp(ε

−h

∫ t

0

λ(i)m (τ, µ1)dτ)+

+µ−(l−1)p

l∑
i=1

m∑
k=0

µk(

[ k
p
]∑

j=0

v
(i)
j (t)c̃

(i)
k−pj) exp(ε

−h

∫ t

0

dτ

ξ
(i)
m (τ, µ2)

)+

µ−(q−l−2)p

q−1∑
i=l+1

m∑
k=0

µk(

[ k
p
]∑

j=0

v
(i)
j (t)c̃

(i)
k−pj) exp(−ε

−h

∫ T

t

dτ

ξ
(i)
m (τ, µ2)

)+

+

[ m
p(q−1) ]∑
k=0

µkp(q−1)ṽk(t), (39)

äå

λ(i)m (t, µ1) = λ0(t) +

[ m
q−1 ]∑
k=1

µk
1λ

(i)
k , i = 1, p, ξ(j)m (t, µ2) =

[mp ]∑
k=1

µk
2ξ

(j)
k (t), j = 1, q − 1.
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Ïîäàâøè øóêàíèé ðîçâ'ÿçîê çàäà÷i (1), (2) ó âèãëÿäi x(t, ε) = xm(t, ε) + ym(t, ε),
äiñòàíåìî òàêó êðàéîâó çàäà÷ó âiäíîñíî íåâ'ÿçêè ym(t, ε):

εhB(t)
dym
dt

= A(t, ε)ym + µm−(p−1)qã(t, ε), (40)

Mym(0, ε) +Nym(T, ε) = µm+p+q−pqb(ε), µ = p(q−1)
√
ε, (41)

äå a(t, ε), b(ε) � äåÿêi îáìåæåíi âåêòîðè.
ßê ïîêàçàíî â [2], ôóíäàìåíòàëüíà ìàòðèöÿ îäíîðiäíî¨ ñèñòåìè (3) çîáðà-

æà¹òüñÿ àñèìïòîòè÷íîþ ôîðìóëîþ

X(t, ε) = [U (1)
m (t, ε) +O(εα);U (2)

m (t, ε) +O(εα)]×

×diag{exp(ε−h

∫ t

0

Λ(1)
m (τ, ε)dτ); exp(−ε−h

∫ T

t

Λ(2)
m (τ, ε)dτ)},

â ÿêié

α =
m− (p− 1)q − hp(q − 1)

p(q − 1)
,

Λ(1)
m (t, ε) = diag{λ(1)m (t, ε), . . . , λ(p)m (t, ε), (ξ(1)m (t, ε))−1, . . . , (ξ(l)m (t, ε))−1},

Λ(2)
m (t, ε) = diag{(ξ(l+1)

m (t, ε))−1, . . . , (ξ(q−l−2)
m (t, ε))−1},

U
(1)
m (t, ε) � ïðÿìîêóòíà n × (p + l)-ìàòðèöÿ, ñòîâïöÿìè ÿêî¨ ¹ âåêòîðè u

(i)
m (t, ε),

i = 1, p, v
(j)
m (t, ε), j = 1, l, à U

(2)
m (t, ε) � n× (n− p− l− 1)-ìàòðèöÿ, ñòîâïöÿìè ÿêî¨

¹ âåêòîðè v
(j)
m (t, ε), j = l + 1, q − 1, äå

u(i)m (t, ε) =
m∑
k=0

µk
1u

(i)
k (t), i = 1, p, v(j)m (t, ε) =

m∑
k=0

µk
2v

(j)
k (t), j = 1, q − 1.

Àíàëîãi÷íî âèðàçèìî é ôóíäàìåíòàëüíó ìàòðèöþ ñïðÿæåíî¨ ñèñòåìè
εh d

dt
B∗(t)y = −A∗(t, ε)y:

Y (t, ε) = [Û (1)
m (t, ε) +O(εα); Û (2)

m (t, ε) +O(εα)]×

×diag{exp(ε−h

∫ t

0

Λ(1)∗

m (τ, ε)dτ); exp(−ε−h

∫ T

t

Λ(2)∗

m (τ, ε)dτ)}.

Åëåìåíòè ìàòðèöü Û
(i)
m (t, ε), i = 1, 2 âèçíà÷àþòüñÿ iç ñïðÿæåíî¨ ñèñòåìè çà òèì æå

àëãîðèòìîì, ùî i åëåìåíòè ìàòðèöü U
(i)
m (t, ε), i = 1, 2.

Ââåäåìî ïîçíà÷åííÿ

Y (1)
m (t, ε) = diag{exp(εh

∫ t

0

Λ(1)
m (τ, ε)dτ), 0},

Y (2)
m (t, ε) = diag{0, exp(−ε−h

∫ T

t

Λ(2)
m (τ, ε)dτ)},
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äå íóëüîâi áëîêè ìàþòü ðîçìiðíiñòü (n− 1− l)× (n− 1− l) i l× l âiäïîâiäíî. Òîäi

X(t, ε) = X1(t, ε) +X2(t, ε),

äå
Xi(t, ε) = [U (1)

m (t, ε) +O(εα);U (2)
m (t, ε) +O(εα)]Y (i)

m (t, ε), i = 1, 2.

Òîäi çãiäíî ç [2, c.62-64] çàãàëüíèé ðîçâ'ÿçîê ñèñòåìè (40) ìîæíà ïîäàòè ó âèãëÿäi

ym(t, ε) = X(t, ε)c(ε) +

∫ t

0

X1(t, ε)Y
∗(τ, ε)q(τ, ε)dτ +

∫ t

T

X2(t, ε)Y
∗(τ, ε)q(τ, ε)dτ−

−ϕ̃(t)(A(t, ε)ϕ̃, ψ̃)−1ψ̃∗q(t, ε),

q(t, ε) = µm−(p−1)q−p(q−1)hã(t, ε).

Ïiäñòàâèâøè öåé âèðàç ó êðàéîâó óìîâó (41), âñòàíîâèìî, ùî iç íå¨ îäíî-
çíà÷íî âèçíà÷à¹òüñÿ âåêòîð c(ε), à øóêàíèé ðîçâ'ÿçîê çàäà÷i (40),(41) âèðàæà¹òüñÿ
ôîðìóëîþ

ym(t, ε) = (Gq)(t, ε)+µm+p+q−pqX(t, ε)([MU (1)
m (0, ε);NU (2)

m (1, ε)]+O(εα))−1b(ε), (42)

ó ÿêié

(Gq)(t, ε) =

∫ T

0

G0(t, τ, ε)q(τ, ε)dτ+

+X(t, ε)([MU (1)
m (0, ε);NU (2)

m (T, ε)]−1 +O(εα))(Mξ(0, ε) +Nξ(T, ε))− ξ(t, ε),

ξ(t, ε) = ϕ̃(t)(A(t, ε)ϕ̃, ψ̃)−1ψ̃∗q(t, ε),

à G(t, τ, ε) � ìàòðèöÿ Ãðiíà, ÿêà ìà¹ íàñòóïíó ñòðóêòóðó:

G0(t, τ, ε) =



(U
(1)
m (t, ε) +O(εα)) exp

(
ε−h

∫ t

τ
Λ

(1)
m (s, ε)ds

)
×

×[Û
(1)∗
m (τ, ε) +O(εα)] +Km(t, τ, ε),

ÿêùî 0 ≤ τ < t ≤ T,

(U
(2)
m (t, ε) +O(εm+1)) exp

(
−ε−h

∫ τ

t
Λ

(2)
m (s, ε)ds

)
×

×(Û
(2)∗
m (τ, ε) +O(εm+1)) +Km(t, τ, ε),

ÿêùî 0 ≤ t ≤ τ ≤ T,

äå
Km(t, τ, ε) = (Um(t, ε) +O(εα))(Y (1)

m (t, ε) + Y (2)
m (t, ε))×

×([MU (1)
m (0, ε);NU (2)

m (T, ε)] +O(εα))−1×
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×[(MU (2)
m (0, ε) +O(εα)) exp(−ε−h

∫ τ

0

Λ(2)
m (s, ε)ds)(Û (2)∗

m (τ, ε) +O(εα))−

−(NU (1)
m (T, ε) +O(εα)) exp(ε−h

∫ T

τ

Λ(1)
m (s, ε)ds)(Û (1)∗

m (τ, ε) +O(εα))].

Âçÿâøè äî óâàãè, ùî

[MU (1)
m (0, ε) +O(εα);NU (2)

m (T, ε) +O(εα)]−1 = µ−(p−1)(q−1)R(ε),

äå R(ε) � îáìåæåíà êâàäðàòíà ìàòðèöÿ (n − 1)-ãî ïîðÿäêó i âðàõóâàâøè îáìå-
æåíiñòü âñiõ âåêòîðíèõ i ìàòðè÷íèõ ôóíêöié, ÿêi âõîäÿòü ó ïðàâó ÷àñòèíó ðiâíîñòi
(42) i ïåðåéøîâøè â íié äî îöiíîê çà íîðìîþ, äiñòàíåìî òàêó àñèìïòîòè÷íó îöiíêó
äëÿ íåâ'ÿçêè ym(t, ε):

‖ym(t, ε)‖ ≤ cµm−p(q−1)(h+1)−(p−1)(2q−1), µ = p(q−1)
√
ε.

Ó ðåçóëüòàòi ïðîâåäåíèõ âèêëàäîê ïðèõîäèìî äî íàñòóïíî¨ òåîðåìè.

Òåîðåìà 1. ßêùî ãðàíè÷íà â'ÿçêà ìàòðèöü A0 − λ0B ìà¹ íà âiäðiçêó [0;T ] îäèí
ñêií÷åííèé åëåìåíòàðíèé äiëüíèê êðàòíiñòþ p i îäèí íåñêií÷åííèé � êðàòíiñòþ
q = n− p, M,N � ïðÿìîêóòíi ìàòðèöi ðîçìiðíiñòþ (n− 1)× n, i âèêîíóþòüñÿ
óìîâè 1◦ − 4◦, (8), (20), (25), (27), (30), òî ïðè äîñèòü ìàëèõ ε iñíó¹ ¹äèíèé
ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (1), (2), ùî âèðàæà¹òüñÿ àñèìïòîòè÷íîþ ôîðìóëîþ

x(t, ε) = xm(t, ε) +O(εγ),

äå γ = m−p(q−1)(h+1)−(p−1)(2q−1)
p(q−1)

, à âåêòîð xm(t, ε) çîáðàæà¹òüñÿ ó âèãëÿäi ðîçâè-

íåííÿ (39), êîåôiöi¹íòè ÿêîãî âèçíà÷àþòüñÿ çà îïèñàíèì àëãîðèòìîì.
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