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Àííîòàöèÿ. Â ñòàòüå ðàññìàòðèâàåòñÿ ïðîáëåìà ïðèáëèæåííîãî ðåøåíèÿ ýêñïîíåíöèàëüíî

íåêîððåêòíûõ çàäà÷, ïðåäñòàâëåííûõ â âèäå ëèíåéíûõ îïåðàòîðíûõ óðàâíåíèé ïåðâîãî ðîäà

ñ âîçìóùåííûìè ïðàâûìè ÷àñòÿìè è îïåðàòîðàìè. Äëÿ òàêîãî êëàññà çàäà÷ áûë ðàçðàáîòàí ìå-

òîä ðåøåíèÿ, ñîñòîÿùèé â êîìáèíàöèè ïðèíöèïà íåâÿçêè Ìîðîçîâà è êîíå÷íîìåðíîãî âàðèàíòà

òèõîíîâñêîé ðåãóëÿðèçàöèè. Óñòàíîâëåíî, ÷òî óêàçàííàÿ êîìáèíàöèÿ îáåñïå÷èâàåò îïòèìàëüíûé

ïîðÿäîê òî÷íîñòè.

Êëþ÷åâûå ñëîâà: ýêñïîíåíöèàëüíî íåêîððåêòíàÿ çàäà÷à, ïàðàìåòð ðåãóëÿðèçàöèè, óñëîâèå

èñòîêîïðåäñòàâèìîñòè, ïðèíöèï íåâÿçêè.

1. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì çàäà÷ó íàõîæäåíèÿ ïðèáëèæåííîãî ðåøåíèÿ äëÿ íåêîððåêòíîé çà-
äà÷è, ïðåäñòàâèìîé â âèäå îïåðàòîðíîãî óðàâíåíèÿ

Ax = y, (1.1)

ãäå âìåñòî y äîñòóïíî ïðèáëèæåíèå yδ ∈ Y , ‖y − yδ‖ ≤ δ, δ > 0, à A : X → Y �
ëèíåéíûé êîìïàêòíûé èíúåêòèâíûé îïåðàòîð, äåéñòâóþùèé èç ãèëüáåðòîâà ïðî-
ñòðàíñòâà X â Y , ïðè÷åì Range(A) = {v ∈ Y : v = Ax, x ∈ X} íå çàìêíóò â Y . Äëÿ
ñîêðàùåíèÿ âûêëàäîê, îáîçíà÷èì ñêàëÿðíûå ïðîèçâåäåíèÿ â ýòèõ ïðîñòðàíñòâàõ
÷åðåç (·, ·) è ñîîòâåòñòâóþùèå èì íîðìû ÷åðåç ‖ · ‖. Áîëåå òîãî, òåì æå ñèìâî-
ëîì ‖ · ‖ áóäåì îáîçíà÷àòü ñòàíäàðòíóþ îïåðàòîðíóþ íîðìó. Èç êîíòåêñòà áóäåò
ÿñíî, êàêîå èìåííî ïðîñòðàíñòâî èëè íîðìà èìååòñÿ ââèäó. Îáû÷íî óðàâíåíèå
(1.1) íàçûâàþò æåñòêî íåêîððåêòíîé çàäà÷åé, åñëè åãî ðåøåíèå x0 = A−1y èìååò
êîíå÷íóþ ãëàäêîñòü â íåêîòîðîì ñìûñëå, à A ÿâëÿåòñÿ îïåðàòîðîì áåñêîíå÷íîé
ãëàäêîñòè. Ïðèìåðîì òàêîãî ðîäà çàäà÷ ÿâëÿþòñÿ ýêñïîíåíöèàëüíî íåêîððåêòíûå
çàäà÷è. Õàðàêòåðíîé ÷åðòîé ïîñëåäíèõ çàäà÷ ÿâëÿåòñÿ òî, ÷òî ðåøåíèå x0 ïðè-
íàäëåæèò íåêîòîðîìó ïîäïðîñòðàíñòâó V , íåïðåðûâíî âëîæåííîìó â X, ïðè÷åì
ñèíãóëÿðíûå çíà÷åíèÿ îïåðàòîðà êàíîíè÷åñêîãî âëîæåíèÿ Jv èç V â X ñòðåìÿò-
ñÿ ê íóëþ ñ ïîëèíîìèàëüíîé ñêîðîñòüþ, â òî âðåìÿ êàê ñîáñòâåííûå çíà÷åíèÿ
{σl}∞l=1 îïåðàòîðà A ñòðåìÿòñÿ ê íóëþ äîñòàòî÷íî áûñòðî òàêèì îáðàçîì, ÷òî âû-
ïîëíÿþòñÿ äâóñòîðîííèå îöåíêè c exp(− exp . . . exp lr) ≤ σl ≤ c̄ exp(− exp . . . exp lr)
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ïðè íåêîòîðûõ êîíñòàíòàõ c̄ ≥ c > 0 (òóò ôóíêöèÿ exp ôèãóðèðóåò K ≥ 1 ðàç).
Ñëåäóÿ [8], [15], â äàííîì ñëó÷àå åñòåñòâåííî ïðåäïîëîæèòü, ÷òî x0 ïðèíàäëåæèò
ìíîæåñòâó

MK
p,ρ(A) := {x : x = (ln . . . ln︸ ︷︷ ︸

K ðàç

(A∗A)−1)−pv, ‖v‖ ≤ ρ} (1.2)

ïðè íåêîòîðîì íåèçâåñòíîì çíà÷åíèè p > p0 è èçâåñòíûõ ρ > 0 è K = 1, 2, . . ., ãäå
îïåðàòîðíàÿ ôóíêöèÿ (ln . . . ln(A∗A)−1)−p îïðåäåëÿåòñÿ ñïåêòðàëüíûì ðàçëîæåíè-
åì îïåðàòîðà

A∗A =
∞∑
k=1

σ2
k(Ψk, ·)Ψk

îïåðàòîðà A∗A, òî åñòü

(ln . . . ln(A∗A)−1)−pv =
∞∑
l=1

(ln . . . lnσ−2
l )−p(Ψl, v)Ψl.

Â äàëüíåéøåì áåç ïîòåðè îáùíîñòè áóäåì ñ÷èòàòü, ÷òî ‖A‖ ≤ θ ≤ MK , MK =

m
1/2
K , mK = e−1/mK−1 , K ≥ 2, m1 = e−1, òî åñòü σl ≤ MK , l = 1, 2, . . ..
Ñëåäóåò îòìåòèòü, ÷òî èññëåäîâàíèÿ ýêñïîíåíöèàëüíî íåêîððåêòíûõ çàäà÷ íà-

÷àëèñü ñ ðàáîòû [8], ãäå áûëè íàéäåíû îöåíêè òî÷íîñòè òèõîíîâñêîãî ìåòîäà ðåãó-
ëÿðèçàöèè óðàâíåíèé (1.1) ñ îïåðàòîðàìè êàê êîíå÷íîé, òàê è áåñêîíå÷íîé ãëàä-
êîñòè. Ìåòîäû ðåãóëÿðèçàöèè ýêñïîíåíöèàëüíî íåêîððåêòíûõ çàäà÷ ðàññìàòðèâà-
ëèñü â [6], ãäå áûë ïðåäëîæåí àëãîðèòì ðåøåíèÿ (1.1) â ñëó÷àå íåòî÷íî çàäàííûõ
îïåðàòîðà è ïðàâîé ÷àñòè, êîòîðûé èñïîëüçóåò ìîäèôèêàöèþ ìåòîäà àïîñòåðèîð-
íîãî âûáîðà ïàðàìåòðà ðåãóëÿðèçàöèè èç [9]. Ïîçæå, â ðàáîòå [12] áûë ïðåäëîæåí
ìåòîä ðåøåíèÿ ýêñïîíåíöèàëüíî íåêîððåêòíûõ çàäà÷ (1.1) ñ ðåøåíèÿìè (1.2) ïðè
K = 1, ñóòü êîòîðîãî ñîñòîèò â êîìáèíàöèè ìåòîäà îáû÷íîé òèõîíîâñêîé ðåãó-
ëÿðèçàöèè ñ ïðèíöèïîì íåâÿçêè Ìîðîçîâà. Çäåñü æå áûëî óñòàíîâëåíî, ÷òî óêà-
çàííàÿ êîìáèíàöèÿ ïîçâîëÿåò äîñòè÷ü îïòèìàëüíîé ïî ïîðÿäêó â ëîãàðèôìè÷å-
ñêîé øêàëå òî÷íîñòè O(ln−p 1

δ
) âîññòàíîâëåíèÿ ðåøåíèé èç óêàçàííîãî ìíîæåñòâà

äëÿ ëþáîãî p > p0. Èññëåäîâàíèÿ [12] áûëè ïðîäîëæåíû â ðàáîòàõ [13], [14], ãäå
èñïîëüçîâàíèå ðåãóëÿðèçàöèè Òèõîíîâà ñ ñîâîêóïíîñòè ñ ìîäèôèêàöèåé ïðèíöè-
ïà íåâÿçêè îáåñïå÷èëî îïòèìàëüíûé ïîðÿäîê òî÷íîñòè O((ln . . . ln 1

δ
)−p) íà êëàññå

ýêñïîíåíöèàëüíî íåêîððåêòíûõ çàäà÷ ñ ðåøåíèÿìè (1.2) ïðè ëþáîì K = 1, 2, . . ..
Êðîìå òîãî, â ýòèõ ðàáîòàõ áûë óñòàíîâëåíî, ÷òî ïðè K = 1 óêàçàííàÿ êîìáèíà-
öèÿ ïîçâîëÿåò äîñòè÷ü îïòèìàëüíîãî ïîðÿäêà òî÷íîñòè è â ñëó÷àå âîçìóùåííîãî
îïåðàòîðà. Öåëüþ íàñòîÿùåé ñòàòüè ÿâëÿåòñÿ îáîáùåíèå ðåçóëüòàòîâ, ïîëó÷åííûõ
â [13], [14], íà âåñü êëàññ ýêñïîíåíöèàëüíî íåêîððåêòíûõ çàäà÷ ñ ðåøåíèÿìè (1.2)
ïðè ëþáîì K = 1, 2, . . . íà ñëó÷àé âîçìóùåííîãî îïåðàòîðà. À èìåííî, áóäåò óñòà-
íîâëåíà îïòèìàëüíîñòü êîìáèíàöèè êîíå÷íîìåðíîãî ìåòîäà Òèõîíîâà è ïðèíöèïà
íåâÿçêè íà óêàçàííîì êëàññå çàäà÷.

Èòàê, ïóñòü âìåñòî A äîñòóïíî ïðèáëèæåíèå Ah, ‖A−Ah‖ ≤ h, ãäå Ah : X → Y
òàêæå ëèíåéíûé êîìïàêòíûé èíúåêòèâíûé îïåðàòîð.
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2. Âûáîð ïàðàìåòðà ðåãóëÿðèçàöèè

Ïîñêîëüêó Range(A) ïðåäïîëàãàåòñÿ íåçàìêíóòûì, òî íåïðåðûâíîé çàâèñèìî-
ñòè ðåøåíèÿ x0 îò âõîäíûõ äàííûõ íåò. Ñëåäîâàòåëüíî, ÷èñëåííîå ðåøåíèå çàäà÷è
(1.1)-(1.2) òðåáóåò ïðèìåíåíèÿ ñïåöèàëüíûõ ìåòîäîâ ðåãóëÿðèçàöèè.

Â ðàìêàõ ìåòîäà Òèõîíîâà ðåãóëÿðèçîâàííîå ðåøåíèå xδ,h
α îïðåäåëÿåòñÿ êàê

ðåøåíèå âàðèàöèîííîé çàäà÷è Iα(X) := ‖Ahx − yδ‖2 + α‖x‖2 → min. Äëÿ ÷èñ-
ëåííîé ðåàëèçàöèè òèõîíîâñêîãî ìåòîäà íåîáõîäèìî âûïîëíÿòü âñå âû÷èñëåíèÿ ñ
êîíå÷íîìåðíûì ïðèáëèæåíèåì Ah,n âìåñòî Ah. Â ýòîì ñëó÷àå âàðèàöèîííàÿ çàäà-
÷à Iα(X) → min çàìåíÿåòñÿ íà êîíå÷íîìåðíûé àíàëîã

Iα,n(x) := ‖Ah,nx− yδ‖2 + α‖x‖2 → min,

ãäå Ah,n � íåêîòîðîå êîíå÷íîìåðíîå ïðèáëèæåíèå ñ rank(Ah,n) = n. Âû÷èñëåíèå
ïðèáëèæåíèÿ xδ,h

α,n äëÿ x0 = A−1y òðåáóåò â ýòîì ñëó÷àå ðåøåíèÿ ëèíåéíîãî îïå-
ðàòîðíîãî óðàâíåíèÿ

αx+ A∗
h,nAh,nx = A∗

h,nyδ. (2.1)

Êîíå÷íîìåðíîå ïðèáëèæåíèå èìååò ñìûñë âûáðàòü ñëåäóþùèì îáðàçîì

‖Ah − Ah,n‖ ≤ ε,

ãäå ε = max{h, δρ−1}. Òîãäà

‖A− Ah,n‖ ≤ ‖A− Ah‖+ ‖Ah − Ah,n‖ ≤ ε+ h. (2.2)

Âûáåðåì ïàðàìåòð ðåãóëÿðèçàöèè α èç êîíå÷íîãî óïîðÿäî÷åííîãî ìíîæåñòâà, èìå-
þùåãî âèä ãåîìåòðè÷åñêîé ñåòêè

∆q(δ) = {α : α = αm := α0q
m, m = 0, 1, . . . , α ∈ (δ2, α0), q ∈ (0, 1)}.

Ïðèáëèæåííîå ðåøåíèå xδ,h
αm,n = (αmI + A∗

h,nAh,n)
−1A∗

h,nyδ âû÷èñëÿåì ïóòåì ðåøå-
íèÿ

αmx+ A∗
h,nAh,nx = A∗

h,nyδ, m = 0, 1, 2, . . . ,

äî òåõ ïîð, ïîêà íå âûïîëíèòñÿ óñëîâèå

‖Ah,nx
δ,h
αm,n − yδ‖ ≤ d0(δ + h), (2.3)

ãäå d0 ≥ max{M−1
K ρ+ 9

4
, 5
2
ρ}.

Äëÿ âû÷èñëåíèÿ îöåíêè òî÷íîñòè ïðåäëîæåííîãî ìåòîäà ïîòðåáóåòñÿ ðÿä âñïî-
ìîãàòåëüíûõ óòâåðæäåíèé.

Ëåììà 1 ([13]). Ïóñòü ‖A‖ ≤ MK è x0 = A−1y ∈ MK
p,ρ(A). Åñëè xα = (αI +

A∗A)−1A∗y, òî äëÿ äîñòàòî÷íî ìàëûõ α ñïðàâåäëèâî

‖Axα − y‖ ≤ M−1
K ρ

√
α(ln . . . ln︸ ︷︷ ︸

Kðàç

1

α
)−p.
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Ëåììà 2. Ïðåäïîëîæèì, ÷òî óñëîâèÿ ëåììû (1) âûïîëíåíû. Òîãäà ñóùåñòâóåò
α = αk ∈ ∆q(δ), óäîâëåòâîðÿþùåå óñëîâèþ (2.3). Áîëåå òîãî, íàéäóòñÿ d′, d′′ > 0
òàêèå, ÷òî

d′(δ + h) ≤ ‖Axαk
− y‖ ≤ d′′(δ + h).

Äîêàçàòåëüñòâî. Ïðåæäå âñåãî çàìåòèì,÷òî

‖x0‖ = ‖(ln . . . ln(A∗A)−1)−pv‖ ≤ ρ sup
0<λ≤mK

|(ln . . . ln 1

λ2
)−p| ≤ ρ.

Êàê èçâåñòíî, äëÿ ëþáîãî îãðàíè÷åííîãî îïåðàòîðà B âûïîëíÿåòñÿ

B(αI +B∗B)−1 = (αI +BB∗)−1B,

‖(αI +B∗B)−1‖ ≤ α−1, ‖(αI +B∗B)−1B∗‖ ≤ 1

2
√
α
, (2.4)

‖B(αI +B∗B)−1B∗‖ ≤ 1.

Ñëåäóÿ [7], ïðåäñòàâèì ðàçíîñòü Axα − y â âèäå

Axα − y = Ah,nx
δ,h
α,n − yδ + S1 + S2, (2.5)

ãäå

S1 = (Ah,n(αI + A∗
h,nAh,n)

−1A∗
h,n − I)(y − yδ) =

= (αI + Ah,nA
∗
h,n)

−1(Ah,nA
∗
h,n − (αI + Ah,nA

∗
h,n))(y − yδ) =

= −α(αI + Ah,nA
∗
h,n)

−1(y − yδ),

S2 = (A(αI + A∗A)−1A∗ − Ah,n(αI + A∗
h,nAh,n)

−1A∗
h,n)y =

= (AA∗(αI + AA∗)−1 − (αI + Ah,nA
∗
h,n)

−1Ah,nA
∗
h,n)y =

= α(αI + Ah,nA
∗
h,n)

−1(AA∗ − Ah,nA
∗
h,n)(αI + AA∗)−1)y.

Íåñëîæíî âèäåòü, ÷òî

‖S1‖ ≤ α‖(αI + AhA
∗
h)

−1‖‖y − yδ‖ ≤ δ.

Äàëåå îöåíèì íîðìó S2, èñïîëüçóÿ ïðåäñòàâëåíèå

S2 = S ′
2 + S ′′

2 ,

ãäå
S ′
2 = α(αI + Ah,nA

∗
h,n)

−1(A− Ah,n)A
∗(αI + AA∗)−1Ax0,

‖S ′
2‖ ≤ α‖(αI + Ah,nA

∗
h,n)

−1‖‖A− Ah,n‖‖A∗(αI + AA∗)−1A‖‖x0‖ ≤

≤ α
1

α
‖A− Ah,n‖‖x0‖ ≤ (ε+ h)ρ,
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S ′′
2 = α(αI + Ah,nA

∗
h,n)

−1Ah,n(A
∗ − A∗

h,n)(αI + AA∗)−1Ax0,

‖S ′′
2‖ ≤

‖A∗ − A∗
h,n‖‖x0‖
4

≤ (ε+ h)ρ

4
.

Òîãäà

‖S2‖ ≤ (ε+ h)ρ+
(ε+ h)ρ

4
=

5

4
(ε+ h)ρ.

Èç Ëåììû (1) è (2.5) ñëåäóåò, ÷òî

‖Ah,nx
δ,h
α,n − yδ‖ ≤ ‖Axα − y‖+ 5

4
(h+ ε)ρ+ δ,

è, â ÷àñòíîñòè, äëÿ α = δ2(ln . . . ln︸ ︷︷ ︸
Kðàç

1
δ
)2p èìååì

‖Ah,nx
δ,h
α,n − yδ‖ ≤ M−1

K ρδ +
5

4
(h+ ε)ρ+ δ ≤ (M−1

K ρ+ 1)δ +
5

4
(2h+ δρ−1)ρ =

= (M−1
K ρ+

9

4
)δ +

5

2
ρh ≤ d0(δ + h), (2.6)

ãäå d0 ≥ max{M−1
K ρ+ 9

4
; 5
2
ρ}.

Ó÷èòûâàÿ, ÷òî ‖Ah,nx
δ,h
α,n − yδ‖ ìîíîòîííî çàâèñèò îò α è, êðîìå òîãî, ïðè äî-

ñòàòî÷íî ìàëûõ δ è q > (ln . . . ln 1
δ
)−2p0 èíòåðâàë (δ2, δ2(ln . . . ln 1

δ
)2p) ñîäåðæèò íå

ìåíüøå îäíîãî ýëåìåíòà ∆q(δ), ìû äåëàåì âûâîä, ÷òî ñóùåñòâóåò α = αk ∈ ∆q(δ),
óäîâëåòâîðÿþùåå (2.3). Èç (2.5) ïðè òàêîì αk èìååì

‖Axαk
− y‖ ≤ ‖Ah,nx

δ,h
αk,n

− yδ‖+ δ +
5

4
(ε+ h)ρ ≤

≤ d0(δ + h) +
5

4
(δρ−1 + 2h)ρ+ δ = (d0 +

9

4
)δ + (d0 +

5

2
ρ)h ≤ d′′(δ + h),

ãäå d′′ ≥ d0 +max{9
4
; 5
2
ρ}.

Ñ äðóãîé ñòîðîíû, èñïîëüçóÿ ñïåêòðàëüíîå ðàçëîæåíèå îïåðàòîðà A∗A, ëåãêî
ïîëó÷èòü

‖Axα − y‖ =
{ ∞∑

k=1

[ ασk

α+ σ2
k

(ln . . . ln︸ ︷︷ ︸
Kðàç

1

α
σ−2
k )−p

]2
|(Ψk, v)|2

}1/2

, σk ∈ (0,MK ]. (2.7)

Òîãäà èç (2.3)-(2.7) ñëåäóåò, ÷òî

‖Axαk
− y‖ = ‖Axqαk−1

− y‖ ≥ q‖Axαk−1
− y‖ ≥

≥ q
[∥∥∥Ah,nx

δ,h
αk−1,n

− yδ

∥∥∥− δ − 5

4
(ε+ h)ρ

]
≥

≥ q
[
d0(δ + h)− δ − 5

4
(δρ−1 + 2h)ρ

]
≥ q

[
(d0 −

9

4
)δ + (d0 −

5

2
ρ)h

]
≥ d′(δ + h),

ãäå d′ ≥ q(d0 −max{9
4
; 5
2
ρ}). Ëåììà äîêàçàíà.

ISSN 0203�3755 Äèíàìè÷åñêèå ñèñòåìû, òîì 1(29), �2 (2011)



224 À.Â. ÃÐÓØÅÂÀß

Äëÿ äîêàçàòåëüñòâà îñíîâíîãî ðåçóëüòàòà íàì ïîòðåáóåòñÿ ïðîìåæóòî÷íàÿ
îöåíêà.

Ëåììà 3. Ïóñòü ‖A‖ ≤ MK è x0 = A−1y ∈ MK
p,ρ(A). Åñëè α âûáðàíî òàêèì

îáðàçîì, ÷òî ïðè íåêîòîðîì c′′ > 0 âûïîëíÿåòñÿ

‖Axα − y‖ ≤ c′′(h+ δ),

òî

‖x0 − xα‖ ≤ c1(ln . . . ln
1

h+ δ
)−p,

ãäå êîíñòàíòà c1 çàâèñèò òîëüêî îò c′′, p è ρ.

Äîêàçàòåëüñòâî ýòîãî ðåçóëüòàòà ïðîâîäèòñÿ ïî òîé æå ñõåìå, ÷òî è äîêàçà-
òåëüñòâî Ëåììû 3 èç ðàáîòû [13] è ïî ýòîé ïðè÷èíå çäåñü íå ïðèâîäèòñÿ.

3. Îñíîâíîé ðåçóëüòàò

Òåîðåìà 1. Ïóñòü ‖A‖ ≤ MK è x0 = A−1y ∈ MK
p,ρ(A). Åñëè n è α = αm ∈ ∆q(δ)

âûáðàíî â ñîîòâåòñòâèè ñ (2.2) è (2.3), òî

‖x0 − xδ,h
αm,n

‖ ≤ c0(ln . . . ln
1

h+ δ
)−p,

ãäå êîíñòàíòà c0 > 0 çàâèñèò òîëüêî îò p, ρ,MK , q, d0.

Äîêàçàòåëüñòâî. Ïðåæäå âñåãî, âîñïîëüçóåìñÿ íåðàâåíñòâîì òðåóãîëüíèêà

‖x0 − xδ,h
αm,n‖ ≤ ‖x0 − xαm‖+ ‖xαm − xh

αm,n‖+ ‖xh
αm,n − xδ,h

αm,n‖, (3.1)

ãäå
xh
αm,n = (αmI + A∗

h,nAh,n)
−1A∗

h,ny.

Äàëåå, èç Ëåììû 2 ñëåäóåò, ÷òî

‖Axαm − y‖ ≤ d′′(h+ δ).

Ñëåäîâàòåëüíî, óñëîâèÿ Ëåììû 3 âûïîëíÿþòñÿ ïðè c′′ = d′′. Ïîëó÷àåì îöåíêó
ïåðâîãî ñëàãàåìîãî èç ïðàâîé ÷àñòè (3.1)

‖x0 − xαm‖ ≤ (ln . . . ln
1

h+ δ
)−p.

Îöåíèì âòîðîå ñëàãàåìîå

‖xαm − xh
αm,n‖ = ‖(αmI + A∗A)−1A∗y − (αmI + A∗

h,nAh,n)
−1A∗

h,ny‖ =

= ‖(αmI+A∗
h,nAh,n)

−1[(αmI+A∗
h,nAh,n)A

∗−A∗
h,n(αmI+AA∗)](αmI+AA∗)−1Ax0‖ =

= ‖(αmI + A∗
h,nAh,n)

−1[αm(A
∗ − A∗

h,n) + A∗
h,n(Ah,n − A)A∗](αmI + AA∗)−1Ax0‖ ≤

≤ R1 +R2,
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ãäå

R1 = αm‖(αmI + A∗
h,nAh,n)

−1(A∗ − A∗
h,n)(αmI + AA∗)−1Ax0‖ ≤

≤ ‖A− Ah,n‖
2
√
αm

ρ =
(ε+ h)ρ

2
√
αm

,

R2 = ‖(αmI + A∗
h,nAh,n)

−1A∗
h,n(Ah,n − A)A∗(αmI + AA∗)Ax0‖ =

(h+ ε)ρ

2
√
αm

.

Òîãäà

‖xαm − xh
αm,n‖ ≤ (ε+ h)ρ

√
αm

.

Íàêîíåö,

‖xh
αm,n − xδ,h

αm,n
‖ = ‖(αmI + A∗

h,nAh,n)
−1A∗

h,n(y − yδ)‖ ≤

≤ ‖(αmI + A∗
hAh)

−1A∗
h‖‖y − yδ‖ ≤ δ

2
√
αm

Ñóììèðóÿ ïîëó÷åííûå âûøå îöåíêè, íàõîäèì

‖x0 − xδ,h
αm,n‖ ≤ c1(ln . . . ln

1

h+ δ
)−p +

(ε+ h)ρ
√
αm

+
1

2

δ
√
αm

≤

≤ c1(ln . . . ln
1

h+ δ
)−p +

1

2

δ
√
αm

+
ρ

√
αm

(2h+ δρ−1) ≤ c1(ln . . . ln
1

h+ δ
)−p+

+
3δ

2
√
αm

+
2hρ
√
αm

≤ c1(ln . . . ln
1

h+ δ
)−p +

h+ δ
√
αm

(2ρ+
3

2
). (3.2)

Ïóñòü ñïîñîá (2.3) âûáîðà ïàðàìåòðà äàåò αm òàêîå, ÷òî αm > h + δ. Â ýòîì
ñëó÷àå ïîëó÷àåì

‖x0 − xδ,h
αm,n‖ ≤ c1(ln . . . ln

1

h+ δ
)−p +

√
h+ δ(2ρ+

3

2
) ≤ c2(ln . . . ln

1

h+ δ
)−p.

Ñ äðóãîé ñòîðîíû, åñëè αm ≤ h+ δ, òî â ñèëó Ëåìì 1 è 2

d′(h+ δ) ≤ ‖Axαm − y‖ ≤ M−1
K ρ

√
αm(ln . . . ln

1

αm

)−p ≤ M−1
K ρ

√
αm(ln . . . ln

1

h+ δ
)−p.

Ýòî çíà÷èò, ÷òî
h+ δ
√
αm

≤ ρ

MKd′
(ln . . . ln

1

h+ δ
)−p.

Òîãäà èç (3.2) ñëåäóåò

‖x0−xδ,h
αm,n‖ ≤

ρ(2ρ+ 3
2
)

MKd′
(ln . . . ln

1

h+ δ
)−p+c1(ln . . . ln

1

h+ δ
)−p = c3(ln . . . ln

1

h+ δ
)−p.

Òåîðåìà äîêàçàíà ïðè c̃ = max{c2, c3}.

ISSN 0203�3755 Äèíàìè÷åñêèå ñèñòåìû, òîì 1(29), �2 (2011)



226 À.Â. ÃÐÓØÅÂÀß

Ñïèñîê öèòèðóåìûõ èñòî÷íèêîâ

1. ÁàêóøèíñêèéÀ.Á., ÊîêóðèíÌ.Þ. Èòåðàòèâíûå ìåòîäû äëÿ ðåøåíèÿ íåêîððåêò-
íûõ îïåðàòîðíûõ óðàâíåíèé ñ ãëàäêèìè îïåðàòîðàìè. � Ìîñêâà: Åäèòîðèàë ÓÐÑÑ,
2002. � 192 c.

2. ÊîêóðèíÌ.Þ. Î íåîáõîäèìûõ è äîñòàòî÷íûõ óñëîâèÿõ ìåäëåííîé ñõîäèìîñòè ìå-
òîäîâ ðåøåíèÿ ëèíåéíûõ íåêîððåêòíûõ çàäà÷ // Èçâ. âóçîâ. Ìàòåì. � 2002. � �2. �
Ñ. 81�84.

3. ÑîëîäêèéÑ. Ã. Îïòèìèçàöèÿ ïðîåêòèâíûõ ìåòîäîâ ðåøåíèÿ ëèíåéíûõ íåêîððåêòíûõ
çàäà÷ // Æóðí. Âû÷èñë. Ìàò. è Ìàò. Ôèç. � 1999. � Ò. 39, �2. � Ñ. 195�203.

4. ÒèõîìèðîâÂ.Ì. Íåêîòîðûå âîïðîñû òåîðèè ïðèáëèæåíèÿ. � Mîñêâà: Èçä-âî Ìîñê.
óí-òà, 1976. � 303 ñ.

5. CaoH., Pereverzev S. Natural linearization for the identi�cation of a di�usion coe�cient
in a quasi-linear parabolic system from short-time observations // Inverse Problems. �
2006. � �22. � P. 2311�2330.

6. HohageT. Regularization of exponentially ill-posed problems // Numer. Funct. Anal.
Optim. � 2000. � �21. � P. 439�464.

7. MaasP., RiederA. Wavelet-accelerated Tikhonov-Phillips regularization with
applications // Inverse Problems in medical imaging and nondestructive testing /
Ed. H. W. Engl. � Wien: Springer. � 1997. � P. 134�158.

8. MairB.A. Tikhonov regularization for �nitely and in�nitely smoothing operators // SIAM
J. Math. Anal. � 1994. � V. 1, �25. � P. 135�147.

9. PlatoR., VainikkoG. On the regularization of projection methods for solving ill-posed
problems // Numer. Math. � 1990. � �57. � P. 63�79.

10. Pereverzev S.V. Optimization of projection methods for solving ill-posed problems //
Computing. � 1995. � V. 55, �2. � P. 113�124.

11. Pereversev S., Pressdorf S. On the characterization of self-regularization properties of a
fully discrete projection method for Symm's integral equation // J. Integral Equations
Appl. � 2000. � V. 2, �2. � P. 113�130.

12. SchockE., Pereverzev S.V. Morozov's discrepancy principle for Tikhonov regularization
of severely ill-posed problems in �nite-dimensional subspaces // Numer. Funct. Anal.
Optim. � 2000. � �21. � P. 901�916.

13. Solodky S.G., MosentsovaA.V. Morozov's discrepancy principle for the Tikhonov
regularization of exponentially ill-posed problems // Comp. Meth. Appl. Math. � 2008. �
V. 8, �1. � P. 86�98.

14. Solodky S.G., MosentsovaA.V. Unsaturable methods for solving severely ill-posed
problems // Int. J. Comput. Sci. Math. � 2009. � V. 2, �3. � P. 229�242.

15. TautenhanhU. Optimality for ill-posed problems under general source conditions //
Numer. Funct. Anal. and Optimiz. � 1998. � V. 1, �19. � P. 377�398.

Ïîëó÷åíà 08.05.2011 Ïåðåðàáîòàíà 26.11.2011

ISSN 0203�3755 Äèíàìè÷åñêèå ñèñòåìû, òîì 1(29), �2 (2011)


