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Àíîòàöiÿ. Çàïðîïàíîâàíî ñïîñiá âèçíà÷åííÿ òåðìî-íàïðóæåíî-äåôîðìiâíîãî ñòàíó áàãàòîøà-
ðîâî¨ îñíîâè, â êðóãîâié îáëàñòi ãðàíèöi ÿêî¨ ÿêî¨ âiäîìà òåìïåðàòóðà, à iíøà ÷àñòèíà ìåæi
òåïëîiçîëüîâàíà. Ïðèêëàäåíi íàâàíòàæåííÿ âèêëèêàþòü îñåñèìåòðè÷íóþ äåôîðìàöiþ îñíîâè.
Ðîçâ'ÿçîê øóêà¹òüñÿ çà äîïîìîãîþ iíòåãðàëüíîãî ïåðåòâîðåííÿ Õàíêåëÿ, à çàäîâîëåííÿ óìîâ
ñóìiñíîñòi äåôîðìàöié çàãàëüíî¨ ãðàíèöi ñóñiäíiõ øàðiâ çàáåçïå÷ó¹òüñÿ âèêîðèñòàííÿì ìåòîäó
ôóíêöié ïîäàòëèâîñòi. Îòðèìàíî iíòåãðàëüíå ðiâíÿííÿ Ôðåäãîëüìà äëÿ âèçíà÷åííÿ íåâiäîìî¨
ôóíêöi¨ òåïëîâîãî ïîòîêó â îáëàñòi äi¨ òåìïåðàòóðè, ïiñëÿ çíàõîäæåííÿ ÿêîãî îòðèìà¹ìî îñ-
íîâíó ãðàíè÷íó çàäà÷ó, ìåòîä ðîçâ'ÿçàííÿ ÿêî¨ âiäîìèé. ×èñåëüíèé ïðèêëàä íàâåäåíî äëÿ òðè-
øàðîâî¨ îñíîâè. Ïîáóäîâàíi ãðàôiêè íîðìàëüíèõ íàïðóæåíü äëÿ ðiçíèõ âiäíîøåíü êîåôiöi¹íòiâ
òåïëîâîãî ðîçøèðåííÿ øàðiâ.
Êëþ÷îâi ñëîâà: òåðìîïðóæíiñòü, áàãàòîøàðîâà îñíîâà, çàêîí Äþàìåëÿ-Íåéìàíà, iíòåãðàëüíå
ðiâíÿííÿ.

1. Ïîñòàíîâêà ïðîáëåìè òà îãëÿä ïóáëiêàöié
Ïiä òåðìiíîì "òåðìîïðóæíà áàãàòîøàðîâà îñíîâà" áóäåìî ðîçóìiòè ïðóæíó

áàãàòîøàðîâó îñíîâó, ÿêà çàçíà¹ òåðìîïðóæíî¨ äåôîðìàöi¨. Áàãàòîøàðîâà îñíî-
âà - öå ïàêåò, ñêëàäåíèé çi ñêií÷åíî¨ êiëüêîñòi øàðiâ, ÿêèé ëåæèòü íà àáñîëþò-
íî æîðñòêîìó ïiâïðîñòîði. Êiëüêiñòü ïðóæíèõ øàðiâ â îñíîâi äîðiâíþ¹ n. Øàðè
íóìåðóþòüñÿ çâåðõó âíèç. Óñi øàðè ¹ îäíîðiäíèìè, íåâàãîìèìè òà içîòðîïíèìè.
Êîæåí øàð õàðàêòåðèçó¹òüñÿ òîâùèíîþ h, äâîìà ïðóæíèìè êîíñòàíòàìè E, ν,
êîåôiöi¹íòîì òåïëîïðîâiäíîñòi kT òà êîåôiöi¹íòîì òåïëîâîãî ðîçøèðåííÿ αT .

Íà ÷àñòèíi âåðõíüî¨ ìåæi, ùî îáìåæåíà êîëîì, âiäîìà òåìïåðàòóðà, iíøà ÷àñòè-
íà öi¹¨ ìåæi òåïëîiçîëüîâàíà (òîáòî òåïëîâèé ïîòiê äîðiâíþ¹ íóëþ). Ïðèêëàäåíi
äî âåðõíüî¨ ìåæi íàâàíòàæåíÿ òà çàäàíi òåìïåðàòóðè òàêi, ïðè ÿêèõ îñíîâà çàçíà¹
îñåñèìåòðè÷íó äåôîðìàöiþ. Ñòàâèòüñÿ çàäà÷à ïðî âèçíà÷åííÿ íàïðóæåíü, ïåðå-
ìiùåíü i òåìïåðàòóðè äëÿ óñiõ òî÷îê îñíîâè â ðàìêàõ íåçâ'ÿçíî¨ òåðìîïðóæíîñòi.

Áàãàòîøàðîâèìè îñíîâàìè ìîäåëþþòüñÿ äîðîæíi îäÿãè, ïiäëîãè ïðîìèñëîâèõ
áóäèíêiâ, àåðîäðîìíi ïîêðèòòÿ i òîìó ïîäiáíå. Ïiä ÷àñ ðîçðàõóíêó ïîäiáíèõ êîí-
ñòðóêöié íà ìiöíiñòü ïîòðiáíî òàêîæ âðàõîâóâàòè, îêðiì ìåõàíi÷íèõ, i òåìïåðà-
òóðíi åôåêòè.

Ðîçâ'ÿçàííþ çàäà÷ òåðìîïðóæíîñòi ïðèñâÿ÷åíi òàêi ôóíäàìåíòàëüíi äîñëiä-
æåííÿ ÿê, íàïðèêëàä, [1, 2, 3, 4, 5, 6]. Îäíàê â öèõ ðîáîòàõ àâòîðè îáìåæóþòüñÿ
âèïàäêîì àáî ïiâïðîñòîðó, àáî øàðó. Äåôîðìàöiÿ iñòîòíî áàãàòîøàðîâèõ îñíîâ
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ïiä âïëèâîì òåìïåðàòóðè äîñëiäæóâàëèñÿ ðiçíèìè ìåòîäàìè â ðîáîòàõ óêðà¨íñü-
êèõ â÷åíèõ òàêèõ ÿê Àëòóõîâ �.Â., Øåâ÷åíêî Â.Ï. [7, 8], Ïðîöþê Á.Â. [9, 10],
Áëàæåâñüêèé Ñ.Ã., Ëåíþê Ì.Ï. [11] òà iíøèõ. Öié çàäà÷i ïðèñâÿ÷åíi é ïóáëiêà-
öi¨ iíîçåìíèõ â÷åíèõ Chao Ching-Kong, Gao B., Bhowmick R., Das Bikash Ranjan,
Carrera Erasmo, Hsueh C.H. [12, 13, 14, 15] òà iíøèõ. Ó äàííié ðîáîòi äëÿ çíà-
õîäæåííÿ íåâiäîìèõ âåëè÷èí âèêîðèñòîâó¹òüñÿ ìåòîä ôóíêöié ïîäàòëèâîñòi, ÿêèé
çàðåêîìåíäóâàâ ñåáå ÿê íàäiéíèé ñïîñiá îòðèìàííÿ äîñòîâiðíèõ ÷èñåëüíèõ ðåçóëü-
òàòiâ äëÿ çàäà÷ òåîði¨ ïðóæíîñòi.

Ðîçâ'ÿçîê îñíîâíî¨ ãðàíè÷íî¨ çàäà÷i òåîði¨ òåðìîïðóæíîñòi äëÿ áàãàòîøàðîâî¨
îñíîâè ç áóäü-ÿêîþ ñêií÷åííîþ êiëüêiñòþ øàðiâ ó âèïàäêó ïëîñêî¨ äåôîðìàöi¨
áóëî îòðèìàíî àâòîðàìè ó ïóáëiêàöi¨ [16], à äëÿ ïðîñòîðîâîãî âèïàäêó - ó ñòàòòi
[17]. Ðîçâ'ÿçîê ìiøàíî¨ ãðàíè÷íî¨ çàäà÷i äëÿ òåðìîïðóæíî¨ áàãàòîøàðîâî¨ îñíîâè
ó âèïàäêó ïëîñêî¨ äåôîðìàöi¨ ðîçãëÿíóòî ó ðîáîòi [18]. Ó äàííié ñòàòòi ðîçãëÿíóòi
ìåòîäè ïåðåíåñåíi íà âèïàäîê îñåñèìåòðè÷íî¨ äåôîðìàöi¨.

2. Îñíîâíà ÷àñòèíà
Ó êîæíîìó øàði îñíîâè ââåäåìî ëîêàëüíó öèëiíäðè÷íó ñèñòåìó êîîðäèíàò òàê,

ÿê ïîêàçàíî íà ðèñóíêó 1.

Ðèñ. 1. Òðèøàðîâà îñíîâà

Çàäà÷à çâîäèòüñÿ äî ðîçâ'ÿçàííÿ íà-
ñòóïíî¨ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü
äëÿ êîæíîãî ç øàðiâ [6]:

∆u− u

ρ2
+

1

1− 2ν

∂e
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∆T = 0. (3)
Òóò u = uρ, w = uz - êîìïîíåíòè âåêòîðà ïåðåìiùåííÿ, e = ∂u

∂ρ
+ u

ρ
+ ∂w

∂z
- îá'¹ìíà

äåôîðìàöiÿ, ∆ = ∂2

∂ρ2 + 1
ρ

∂
∂ρ

+ ∂2

∂z2 - îïåðàòîð Ëàïëàñà.
Ðîçâ'ÿçêè ïîâèííi çàäîâiëüíÿòè óìîâàì ç÷åïëåííÿ øàðiâ:

uk(ρ; hk) = uk+1(ρ; 0), wk(ρ; hk) = wk+1(ρ; 0),

σz k(ρ; hk) = σz k+1(ρ; 0), τρz k(ρ; hk) = τρz k+1(ρ; 0),

Tk(ρ; hk) = Tk+1(ρ; 0), kTk
∂Tk

∂z
(ρ; hk) = kTk+1

∂Tk+1

∂z
(ρ; 0), k = 1; n− 1.

Ãðàíè÷íi óìîâè ìàþòü âèãëÿä:

T1(ρ; 0) = f(ρ)

ïðè ρ ≤ R,
∂T1

∂z
(ρ; 0) = 0
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ïðè ρ > R,
σz1(ρ; 0) = σ(ρ), τρz1(ρ; 0) = τ(ρ).

Òóò R - ðàäióñ êðóãà, â ÿêîìó ðîçïîäiëåíà òåìïåðàòóðà, f(ρ), σ(ρ), τ(ρ) - çàäàíi
ôóíêöi¨.

Ïîòðiáíî âèçíà÷èòè ïîòiê â êîëi, äå âiäîìà òåìïåðàòóðà. Ïiñëÿ öüîãî çàäà-
÷à áóäå çâåäåíà äî îñíîâíî¨ ãðàíè÷íî¨ çàäà÷i òåîði¨ òåðìîïðóæíîñòi. Ó ðîáîòi
[17] çà äîïîìîãîþ äâîâèìiðíîãî iíòåãðàëüíîãî ïåðåòâîðåííÿ Ôóð'¹ íàâåäåíî ñïîñiá
ðîçâ'ÿçàííÿ çàäà÷i ó âèïàäêó ïðîñòîðîâî¨ äåôîðìàöi¨. Ó âèïàäêó îñåñèìåòðè÷íî¨
äåôîðìàöi¨ ôîðìóëè ñïðîùóþòüñÿ i âïåðøå íàâîäÿòüñÿ â äàííié ñòàòòi.

3. Çíàõîäæåííÿ ïîòîêó âñåðåäèíi çàäàííî¨ îáëàñòi
Ðîçâ'ÿçîê ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü (1)-(3) áóäåìî øóêàòè çà äîïîìî-

ãîþ ïåðåòâîðåííÿ Õàíêåëÿ ïî çìiííié ρ (ââàæà¹ìî, ùî âñi ôóíêöi¨ çàäîâiëüíÿþòü
óìîâàì iñíóâàííÿ iíòåãðàëüíîãî ïåðåòâîðåííÿ):

f
θ
(p) =

+∞∫

0

ρf(ρ)Jθ(pρ)dρ,

äå p ∈ [0; +∞) - ïàðàìåòð iíòåãðàëüíîãî ïåðåòâîðåííÿ. Îáåðíåíèì äî íüîãî áóäå
ïåðåòâîðåííÿ

f(ρ) =

+∞∫

0

pf
θ
(p)Jθ(pρ)dp,

Äî ðiâíÿííÿ (1) çàñòîñó¹ìî ïåðåòâîðåííÿ Õàíêåëÿ ïåðøîãî ïîðÿäêó (òîáòî
áåðåìî θ = 1), à äî ðiâíÿíü (2), (3) - íóëüîâîãî ïîðÿäêó (ó öüîìó âèïàäêó θ = 0).
Òîäi ó ïðîñòîði òðàíñôðìàíò Õàíêåëÿ ðiâíÿííÿ (1)-(3) äëÿ êîæíîãî ç øàðiâ îñíîâè
íàáóâàþòü âèãëÿäó [19]:

(1− 2ν)
d2U

dz2
− 2(1− ν)p2U − p

dW

dz
= −2(1 + ν)αT pT ,

2(1− ν)
d2W

dz2
− (1− 2ν)p2W + p

dU

dz
= 2(1 + ν)αT

dT

dz
,

d2T

dz2
− p2T = 0,

äå U(p; z) = u1(p; z), W (p; z) = w0(p; z), T (p; z) = T
0
(p; z) - òðàíñôîðìàíòè Õàíêå-

ëÿ ôóíêöié ïåðåìiùåíü òà òåìïåðàòóðè âiäïîâiäíî.
Óâåäåìî äîïîìiæíi ôóíêöi¨ øàðó, ïîâ'ÿçàíi ç òðàíñôîðìàíòàìè Õàíêåëÿ òåì-

ïåðàòóðíèõ òà ìåõàíi÷íèõ âåëè÷èí íà éîãî âåðõíié ìåæi:

α(p) = σz(p; 0), δ(p) = τρz(p; 0),
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β(p) =
Ep

2(1 + ν)
W (p; 0), γ(p) =

Ep

2(1 + ν)
U(p; 0).

ε(p) =
1

p

dT (p; z)

dz
|z=0, η(p) = T (p; 0).

Òóò σz(p; z) = σz
0(p; z), τρz(p; z) = τρz

1(p; z) - òðàíñôîðìàíòè Õàíêåëÿ.
Íàâåäåìî âèðàçè äëÿ òðàíñôîðìàíò Õàíêåëÿ óñiõ âåëè÷èí, ùî âèçíà÷àþòü

òåðìî-íàïðóæåíî-äåôîðìiâíèé ñòàí øàðó, ÷åðåç äîïîìiæíi ôóíêöi¨ öüîãî øàðó:

U(p; z) =
1 + ν

2Ep(1− ν)
{pz sh pzα + 2 [(1− 2ν) sh pz + pz ch pz] β+

+2 [pz sh pz + 2(1− ν) ch pz] γ + [(3− 4ν) sh pz + pz ch pz] δ−
−EαT pz sh pzη − EαT [pz ch pz − sh pz] ε},

W (p; z) =
1 + ν

2Ep(1− ν)
{[(3− 4ν) sh pz − pz ch pz] α + 2 [2(1− ν) ch pz − pz sh pz] β+

+2 [(1− 2ν) sh pz − pz ch pz] γ − pz sh pzδ + EαT [sh pz + pz ch pz] η + EαT pz sh pzε},

σz(p; z) =
1

2(1− ν)
{[2(1− ν) ch pz − pz sh pz] α + 2 [sh pz − pz ch pz] β − 2pz sh pzγ−

− [(1− 2ν) sh pz + pz ch pz] δ + EαT pz sh pzη + EαT [pz ch pz − sh pz] ε},

τρz(p; z) =
1

2(1− ν)
{[pz ch pz − (1− 2ν) sh pz] α + 2pz sh pzβ + 2 [sh pz + pz ch pz] γ+

+ [pz sh pz + 2(1− ν) ch pz] δ − EαT [sh pz + pz ch pz] η − EαT pz sh pzε},
T (p; z) = ch pzη + sh pzε. (4)

Òàêèì ÷èíîì, çàäà÷à çâåëàñü äî çíàõîäæåííÿ øiñòêè äîïîìiæíèõ ôóíêöié äëÿ
êîæíîãî iç øàðiâ.

Ç óìîâ ñïðÿæåííÿ øàðiâ îäåðæó¹ìî ðåêóðåíòíi ñïiââiäíîøåííÿ ìiæ äîïîìiæ-
íèìè ôóíêöiÿìè ñóñiäíiõ øàðiâ:

αk+1 =
1

2(1− νk)
{[2(1− νk) ch phk − phk sh phk] αk + 2 [sh phk − phk ch phk] βk−

−2phk sh phkγk − [(1− 2νk) sh phk + phk ch phk] δk+

+EkαTkphk sh phkηk + EkαTk [phk ch phk − sh phk] εk},

βk+1 =
Ek+1(1 + νk)

4Ek(1 + νk+1)(1− νk)
{[(3− 4νk) sh phk − phk ch phk] αk+

+2 [2(1− νk) ch phk − phk sh phk] βk + 2 [(1− 2νk) sh phk − phk ch phk] γk−
−phk sh phkδk + EkαTk [sh phk + phk ch phk] ηk + EkαTkphk sh phkεk},

γk+1 =
Ek+1(1 + νk)

4Ek(1 + νk+1)(1− νk)
{phk sh phkαk+
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2 [(1− 2νk) sh phk + phk ch phk] βk + 2 [phk sh phk + 2(1− νk) ch phk] γk+

+ [(3− 4νk) sh phk + phk ch phk] δk−EkαTkphk sh phkηk−EkαTk [phk ch phk − sh phk] εk},

δk+1 =
1

2(1− νk)
{[phk ch phk − (1− 2νk) sh phk] αk + 2phk sh phkβk+

+2 [sh phk + phk ch phk] γk + [phk sh phk + 2(1− νk) ch phk] δk−
−EkαTk [sh phk + phk ch phk] ηk − EkαTkphk sh phkεk},

ηk+1 = ch phkηk + sh phkεk, εk+1 =
kTk

kTk+1

[sh phkηk + ch phkεk] .

Îòæå, ÿêùî íàì âiäîìà øiñòêà äîïîìiæíèõ ôóíêöié α, β, γ, δ, η, ε áóäü-ÿêîãî øà-
ðó, íàïðèêëàä ïåðøîãî, òî ìè ìîæåìî âèçíà÷èòè, êîðèñòóþ÷èñü âèùå íàâåäèíèìè
ôîðìóëàìè, äîïîìiæíi ôóíêöi¨ äëÿ áóäü-ÿêîãî iíøîãî øàðó.

Ìîæíà ïîêàçàòè, ùî äëÿ êîæíîãî øàðó öi ôóíêöi¨ íå ¹ íåçàëåæíèìè, à ïîâ'ÿçàíi
ìiæ ñîáîþ òàêèìè ñïiââiäíîøåííÿìè:

βk = Ãkαk + D̃kηk, εk = −rkηk. (5)

Òóò óâåäåíî íàñòóïíi ïîçíà÷åííÿ: αk =

(
αk

δk

)
, βk =

(
βk

γk

)
. Åëåìåíòè ìàòðèöü

Ãk, D̃k i ôóíêöiÿ rk ó öèõ âèðàçàõ íàçèâàþòüñÿ ôóíêöiÿìè ïîäàòëèâîñòi i ¨õ ìîæíà
îá÷èñëèòè çà ðåêóðåíòíèìè ñïiââiäíîøåííÿìè, ìåòîä îòðèìàííÿ ÿêèõ îïèñàíî ó
[17]:

Ãk =
(
Ãk+1Nk −Qk

)−1 (
Lk − Ãk+1Mk

)
, rk =

rk+1kTk+1 ch phk + kTk sh phk

rk+1kTk+1 sh phk + kTk ch phk

,

D̃k =
(
Ãk+1Nk −Qk

)−1 [
Vk − Ãk+1Jk − D̃k+1(ch phk − rk sh phk)

]
.

Òóò
Nk =

1

1− νk

(
sh phk − phk ch phk −phk sh phk

phk sh phk sh phk + phk ch phk

)
,

Qk = 2Λk

(
2(1− νk) ch phk − phk sh phk (1− 2νk) sh phk − phk ch phk

(1− 2νk) sh phk + phk ch phk phk sh phk + 2(1− νk) ch phk

)
,

Lk = Λk

(
(3− 4νk) sh phk − phk ch phk −phk sh phk

phk sh phk (3− 4νk) sh phk + phk ch phk

)
,

Mk =
1

2(1− νk)

(−phk sh phk + 2(1− νk) ch phk −(1− 2νk) sh phk − phk ch phk

−(1− 2νk) sh phk + phk ch phk phk sh phk + 2(1− νk) ch phk

)
,

Vk =
Ek+1(1 + νk)αTk

4(1 + νk+1)(1− νk)

(
sh phk + phk ch phk − rkphk sh phk

−phk sh phk − rk(sh phk − phk ch phk)

)
,

Jk =
EkαTk

2(1− νk)

(
phk sh phk − rk (phk ch phk − sh phk)
− sh phk − phk ch phk + rkphk sh phk

)
, Λk =

Ek+1(1 + νk)

4Ek(1 + νk+1)(1− νk)
.
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Îá÷èñëåííÿ ïî÷èíàþòüñÿ ç ôóíêöié ïîäàòëèâîñòi íèæíüîãî ïðóæíîãî øàðó. ßêùî
âií ìà¹ ñêií÷åíó òîâùèíó, òî çàñòîñîâóþòüñÿ ôîðìóëè

Ãn = −Q−1
n Ln, D̃n = −Q−1

n Vn, rn = cth phn.

Ïðè îá÷èñëåííi ïî öèì ôîðìóëàì ìîæíà ïîêëàñòè, ùî En+1 = 1, νn+1 = 0, òàê ÿê
öi âåëè÷èíè ó ïðîöåñi îá÷èñëåííÿ ñêîðîòÿòüñÿ. ßêùî æ íèæíié øàð ¹ ïðóæíèì
ïiâïðîñòîðîì, òî

Ãn =

(−(1− νn) 1−2νn

2
1−2νn

2
−(1− νn)

)
, D̃n = −EnαTn

2

(
1
−1

)
, rn = 1.

Ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨ ìîæíà äîâåñòè, ùî lim
p→∞

r1(p) = 1 i öå äà¹ çìîãó
äðóãå iç ñïiââiäíîøåíü (5) çàïèñàòè ó âèãëÿäi:

η1(p) = −(1− d̃1(p))ε1(p), (6)

äå ôóíêöiÿ d̃1(p) - òàê çâàíà ìîäèôiêîâàíà ôóíêöiÿ ïîäàòëèâîñòi ïåðøîãî øàðó
áàãàòîøàðîâî¨ îñíîâè, ÿêà çàäîâiëüíÿ¹ óìîâi: lim

p→∞
d̃1(p)eph1 = 0. �¨ ìîæíà îá÷èñëè-

òè, ÿêùî êîðèñòóâàòèñÿ ðåêóðåíòíèìè ôîðìóëàìè

d̃k =

(
kTk+1 − kTk + kTkd̃k+1

)
e−phk

kTk+1 ch phk + kTk sh phk(1− d̃k+1)
,

ïî÷èíàþ÷è ç ôóíêöi¨ d̃n(p) = e−phn

ch phn
.

Ïiäñòàâèâøè (6) â îñòàíí¹ ðiâíÿííÿ (4), îòðèìà¹ìî âèðàç òðàíñôîðìàíòè òåì-
ïåðàòóðè ïåðøîãî øàðó:

T 1(p; z) = −e−pzε1(p) + ch pzd̃1(p)ε1(p).

Öå äà¹ çìîãó çàïèñàòè âèðàç äëÿ òåìïåðàòóðè â ïåðøîìó øàði:

T1(ρ; z) =

+∞∫

0

pT 1(p; z)J0(pρ)dp =

+∞∫

0

p
(
−e−pzε1(p) + ch pzd̃1(p)ε1(p)

)
J0(pρ)dp. (7)

Iç îçíà÷åííÿ ôóíêöi¨ ε1(p) âèïëèâà¹, ùî

ε1(p) =
1

p

+∞∫

0

s

(
∂T1(s; z)

∂z
|z=0

)
J0(ps)ds =

1

p

R∫

0

sϕ(s)J0(ps)ds.

Áóëî âðàõîâàíî òîé ôàêò, ùî ïðè ρ > R âåðõíÿ ìåæà áàãàòîøàðîâî¨ îñíîâè òåïëîi-
çîëüîâàíà, òîáòî ∂T1

∂z
(ρ; z)|z=0 = 0 òà ââåäåíî ïîçíà÷åííÿ ϕ(ρ) = ∂T1

∂z
(ρ; z)|z=0, 0 ≤

ρ ≤ R.
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Äëÿ çíàõîäæåííÿ òåìïåðàòóðè íà âåðõíié ìåæi ïåðøîãî øàðó ïiäñòàâèìî z = 0
â (7) i îòðèìà¹ìî iíòåãðàëüíå ðiâíÿííÿ âiäíîñíî íåâiäîìîãî ïîòîêó â îáëàñòi äi¨
òåìïåðàòóðè

T1(ρ; 0) = f(ρ) = −
R∫

0

sϕ(s)W 0
00(ρ; s)ds +

R∫

0

sϕ(s)λ(ρ; s)ds, (8)

äå W 0
00(ρ; s) =

∞∫
0

J0(ps)J0(pρ)dp - iíòåãðàë Âåáåðà-Ñîíiíà, λ(ρ; s) =
∞∫
0

d̃1(p)J0(ps)J0(pρ)dp.

Ïåðåéäåìî äî íîâèõ çìiííèõ t òà ρ:

t =
s

R
, ρ =

ρ

R
.

Âðàõîâóþ÷è òå, ùî W 0
00(Rρ; Rt) =

W 0
00(ρ;t)

R
òà ïîçíà÷èâøè Φ(t) = Rϕ(Rt), F (ρ) =

f(Rρ), çâåäåìî ðiâíÿííÿ (8) äî âèãëÿäó:

−
1∫

0

tΦ(t)W 0
00(ρ; t)dt + R

1∫

0

tΦ(t)λ(Rρ; Rt)dt = F (ρ). (9)

Çàçíà÷èìî, ùî ôóíêöiÿ λ(Rρ; Rt) ¹ ðåãóëÿðíîþ.
Íàáëèæåíèé ðîçâ'ÿçîê öüîãî ðiâíÿííÿ áóäåìî øóêàòè ó âèãëÿäi:

Φ(t) =
l∑

k=0

m2k√
1− t2

P2k

(√
1− t2

)
. (10)

Òóò m2k - íåâiäîìi êîåôiöi¹íòè, P2k(x) - ïîëiíîìè Ëåæàíäðà. Öi ïîëiíîìè îð-
òîãîíàëüíi íà âiäðiçêó (0; 1) ç âàãîþ 1 i äëÿ íèõ âèêîíóþòüñÿ òàêi ñïåêòðàëüíi
ñïiââiäíîøåííÿ [20]:

1∫

0

tP2s

(√
1− t2

)
√

1− t2
W 0

00(x; t)dt =
π

2

(2s− 1)!!2

(2s)!!2
P2s

(√
1− x2

)
. (11)

Ïiäñòàâèìî âèðàç (10) â iíòåãðàëüíå ðiâíÿííÿ (9) ç óðàõóâàííÿì ñïiââiäíîøåí-
íÿ (11) ìàòèìåìî

l∑

k=0

m2k
π

2

(2k − 1)!!2

(2k)!!2
P2k

(√
1− ρ2

)
= F (ρ).

Äëÿ çíàõîäæåííÿ êîåôiöi¹íòiâ m2k âiçüìåìî l + 1 çíà÷åííÿ ρ ç iíòåðâàëó (0; 1).
Îòðèìà¹ìî ñèñòåìó

l∑

k=0

m2kA2ki = χi.
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Áóëî ââåäåíî ïîçíà÷åííÿ:

A2ki =
(2k − 1)!!2

(2k)!!2
P2k

(√
1− ρ2

i

)
, χi =

2

π
F (ρi).

Ðîçâ'ÿçàâøè îñòàííþ ñèñòåìó ëiíiéíèõ ðiâíÿíü, íàáëèæåíî âèçíà÷à¹ìî íåâiäî-
ìó ôóíêöiþ ïîòîêó íà äiëÿíöi 0 ≤ ρ ≤ R çà ôîðìóëîþ:

ϕ(s) =
1

R
Φ

( s

R

)
=

l∑

k=0

m2k√
R2 − s2

P2k

(√
R2 − s2

R2

)
.

Òàêèì ÷èíîì, ìîæíà âèçíà÷èòè äîïîìiæíi ôóíêöi¨ øàðó è îá÷èñëèòè òðàíñôîð-
ìàíòè ïåðåìiùåíü, íàïðóæåíü i òåìïåðàòóðè ó áóäü-ÿêié òî÷öi îñíîâè.

4. ×èñåëüíèé ïðèêëàä

Ðîçãëÿíåìî, ÿê âïëèâà¹ çìiíà êîåôiöi¹íòà òåïëîâîãî ðîçøèðåííÿ ñåðåäíüîãî
øàðó òðèøàðîâî¨ îñíîâè íà ðîçïîäië íîðìàëüíèõ íàïðóæåíü íà çàãàëüíié ìåæi
ïåðøîãî òà äðóãîãî øàðiâ.

Ðîçãëÿíåìî îñíîâó, ÿêà ñêëàäà¹òüñÿ ç òðüîõ øàðiâ, ùî ç÷åïëåíi ç àáñîëþòíî
æîðñòêèì ïiâïðîñòîðîì. Óñi ëiíiéíi ðîçìiðè âiäíîñèìî äî ðàäióñó êîëà, óñåðåäèíi
ÿêîãî çàäàíà òåìïåðàòóðà. Óñi øàðè îñíîâè ìàþòü îäíàêîâó òîâùèíó h1 = h2 =
h3 = 1, îäíàêîâi ìîäóëi Þíãà E1 = E2 = E3, îäíàêîâi êîåôiöi¹íòè Ïóàññîíà
ν1 = ν2 = ν3 òà òåïëîïðîâiäíîñòi kT1 = kT2 = kT3, i âiäðiçíÿþòüñÿ ëèøå êîå-
ôiöi¹íòàìè òåïëîâîãî ðîçøèðåííÿ αT1 = αT3 = ωαT1. Óñåðåäèíi êîëà ðàäióñà R
çàäàíà òåìïåðàòóðà, çà éîãî ìåæàìè ïîâåðõíÿ òåïëîiçîëüîâàíà. Çîâíiøíiõ ñèë íå
ïðèêëàäåíî. Òîáòî ãðàíè÷íi óìîâè çàäà÷è ìàþòü âèä:

T1(ρ; 0) = T0, ρ ∈ D, D : 0 ≤ ρ ≤ 1,
∂T1

∂z
(ρ; 0) = 0, ρ /∈ D,

σz1(ρ; 0) = τρz1(ρ; 0) = 0.

Íà ðèñóíêó 2 íàâåäåíî íîðìàëüíi íàïðóæåííÿ 2(1+ν1)σz(ρ;1)
αT1T0E1

íà ñïiëüíié ìåæi
âåðõíüîãî òà ñåðåäíüîãî øàðiâ. Ðîçãëÿíóòî âèïàäêè, êîëè αT1 = αT3 i αT2 = ωαT1

ïðè ω = 0, 1; 1; 10.
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Ðèñ. 2. Íàïðóæåííÿ 2(1+ν1)σz(ρ;1)
αT1T0E1

ßê ìîæíà ïîáà÷èòè iç ãðàôiêiâ, íàéáiëüøi íîðìàëüíi íàïðóæåííÿ â îáëàñòi ïiä
çîíîþ íàãðiâó âèíèêàþòü òîäi, êîëè êîåôiöi¹íò òåïëîâîãî ðîçøèðåííÿ äðóãîãî øà-
ðó çíà÷íî ìåíüøèé, íiæ ñóñiäíiõ øàðiâ. I ó öüîìó âèïàäêó íîðìàëüíi íàïðóæåííÿ
¹ ñòèñêàþ÷èìè.
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