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Àííîòàöèÿ. Äëÿ ëèíåéíîé íåñòàöèîíàðíîé ñèñòåìû óïðàâëåíèÿ, êîýôôèöèåíòû êîòîðîé ÿâ-
ëÿþòñÿ íåïðåðûâíûìè íà èíòåðâàëå [0,∞) (è, âîçìîæíî íåîãðàíè÷åííûìè ïðè t →∞) äðîáíî-
ðàöèîíàëüíûìè ôóíêöèÿìè, íàéäåíû äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ îãðàíè÷åííîé ëèíåé-
íîé îáðàòíîé ñâÿçè ïî âûõîäó îáåñïå÷èâàþùåé àñèìïòîòè÷åñêóþ óñòîé÷èâîñòü òðèâèàëüíîãî
ðåøåíèÿ çàìêíóòîé ñèñòåìû. Ïðèâîäÿòñÿ ïðèìåðû.

1. Ââåäåíèå
Ïóñòü âåêòîð ñîñòîÿíèÿ x(t) ñèñòåìû óïðàâëåíèÿ îïèñûâàåòñÿ óðàâíåíèåì

ẋ(t) = A(t)x(t) + B(t)u(t), x(t) ∈ Rn, u(t) ∈ Rm, (1.1)

à âåêòîð âûõîäà (íàáëþäåíèé) y(t) � óðàâíåíèåì

y(t) = C(t)x(t), y(t) ∈ Rp, (1.2)

ãäå n ≥ m è n ≥ p (ñàìàÿ ðàñïðîñòðàíåííàÿ â ïðèëîæåíèÿõ ñèòóàöèÿ); A(t) ∈
Rn×n, B(t) ∈ Rn×m è C(t) ∈ Rp×n� ìàòðèöû äðîáíî-ðàöèîíàëüíûõ ôóíêöèé, àíà-
ëèòè÷åñêèõ íà èíòåðâàëå [0,∞).

Çàäà÷à 1. Ïðåäïîëîæèì, ÷òî çàêîí óïðàâëåíèÿ u(t) ñèñòåìîé (1.1), (1.2) ôîð-
ìèðóåòñÿ â âèäå ëèíåéíîé îáðàòíîé ñâÿçè ïî âûõîäó: u(t) = K(t)y(t). Òðåáóåòñÿ
ïîñòðîèòü íåïðåðûâíóþ íà èíòåðâàëå [0,∞) ìàòðèöó K(t) ∈ Rm×p (âîçìîæíî
íåîãðàíè÷åííóþ ïðè t → ∞) óêàçàííîé îáðàòíîé ñâÿçè, óäîâëåòâîðÿþùóþ óñëî-
âèÿì:

1)∀t ∈ [0,∞) ñóùåñòâóåò êîíñòàíòà M > 0 òàêàÿ, ÷òî ‖u(t)‖ < M ;
2)òðèâèàëüíîå ðåøåíèå çàìêíóòîé ñèñòåìû óïðàâëåíèÿ

ẋ(t) = (A(t) + B(t)K(t)C(t))x(t) (1.3)

áóäåò àñèìïòîòè÷åñêè óñòîé÷èâûì.
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Äëÿ ðåøåíèÿ ïîñòàâëåííîé çàäà÷è íåîáõîäèìî áóäåò ïðèâåñòè ïàðó ìàòðèö
A(t) è B(t) ê íåêîòîðîìó êàíîíè÷åñêîìó âèäó. Õîðîøî èçâåñòíî [1], êàê ïîñòðîèòü
êàíîíè÷åñêóþ ôîðìó äëÿ ïîñòîÿííûõ ìàòðèö A è B. Ïîêàæåì, ÷òî òàêàÿ æå
êàíîíè÷åñêàÿ ôîðìà (ïðè íåêîòîðûõ îãðàíè÷åíèÿõ) ìîæåò áûòü ïîñòðîåíà è äëÿ
ïåðåìåííûõ âî âðåìåíè ìàòðèö A(t) è B(t).

Ïóñòü q � öåëîå íåîòðèöàòåëüíîå ÷èñëî. Ââåäåì â ðàññìîòðåíèå ëèíåéíûé îïå-
ðàòîð

(A(t)− d/dt)q : Rn → Rn,

äåéñòâèå êîòîðîãî çàäàåòñÿ ôîðìóëîé

(A(t)− d/dt)qx(t) = (A(t)− d/dt)q−1 ◦ (A(t)− d/dt)x(t).

Íàïðèìåð, (A(t) − d/dt)x(t) = A(t)x(t) − ẋ(t); (A(t) − d/dt)2x(t) = (A(t) −
d/dt)(A(t)−d/dt)x(t) = (A(t)−d/dt)(A(t)x(t)−ẋ(t)) = A2x(t)−Ȧ(t)x(t)−2A(t)ẋ(t)+
ẍ(t).

Ïðåäïîëîæèì, ÷òî ∀t ∈ [0,∞) è íåêîòîðîé àíàëèòè÷åñêîé íà ýòîì æå èíòåð-
âàëå ìàòðèöû T (t) ∈ Rm×m âûïîëíÿåòñÿ óñëîâèå det T (t) 6= 0.

Ïðåäñòàâèì ÷èñëî n â ñëåäóþùåì âèäå: n = km + l = l(k + 1) + (m − l)k, ãäå
n ≥ m > l ≥ 0, k > 0, k è l � öåëûå ÷èñëà. Ââåäåì îáîçíà÷åíèÿ: ν1 = ... = νl = k+1,
νl+1 = ... = νm = k. (ßñíî, ÷òî ν1 + ... + νm = n.)

Îáîçíà÷èì ñòîëáöû ìàòðèöû B(t)T (t) ÷åðåç b1(t), ..., bm(t) è ïîñòðîèì ôóíê-
öèîíàëüíóþ (n× n)-ìàòðèöó

S(t) = (b1(t), ..., (A(t)− d/dt)ν1b1(t),b2(t), ..., (A(t)− d/dt)ν2b2(t), ...,

bm(t), ..., (A(t)− d/dt)νmbm(t)).

Ïðåäïîëîæèì, ÷òî äëÿ îïðåäåëåííîé âûøå íà ïîëóèíòåðâàëå [0,∞) ìàòðèöû
T (t) èìååò ìåñòî íåðàâåíñòâî det S(t) 6= 0. Òîãäà ïî ôîðìóëå

fi(t) = (0, ..., 0 1︸ ︷︷ ︸
ν1+...+νi

0, ..., 0)S−1(t)

îäíîçíà÷íî îïðåäåëÿþòñÿ âåêòîð-ñòðîêè fi, ãäå â âåêòîð-ñòðîêå (0, ..., 0 1 0, ..., 0) ∈
Rn åäèíèöà ñòîèò íà ìåñòå ñ íîìåðîì ν1 + ... + νi; i = 1, ..., m.
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Ââåäåì â ðàññìîòðåíèå ìàòðè÷íûé ëèíåéíûé îïåðàòîð

P(t) =




f1(t)
f1(t)(A(t)− d/dt)

...
f1(t)(A− d/dt)ν1−1

−−−−−−−
...

−−−−−−−
fm(t)

fm(t)(A− d/dt)
...

fm(t)(A− d/dt)νm−1




: Rn → Rn.

Äëÿ äàëüíåéøåãî íåîáõîäèìî áóäåò íàéòè ìàòðèöó P (t) îïåðàòîðà P(t) â èñõîä-
íîì áàçèñå ïðîñòðàíñòâà Rn. Ñ ýòîé öåëüþ ââåäåì îáîçíà÷åíèå: P−1(t) = (x1(t), ...,
xn(t)) è âîñïîëüçóåìñÿ òîæäåñòâîì P (t) · P−1(t) = En. Òîãäà äëÿ îïðåäåëåíèÿ
ñòîëáöà x1(t) áóäåì èìåòü ñëåäóþùóþ ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé





f1(t)x1(t) = 1,
f1(t)(A(t)x1(t)− ẋ1(t)) = 0,
. . . . . . . . . . . . . .
f1(t)(A(t)− d/dt)ν1−1x1(t) = 0,
. . . . . . . . . . . . . .
f1(t)(A(t)− d/dt)νm−1x1(t) = 0.

(1.4)

Ïðîäèôôåðåíöèðóåì ïåðâîå èç óðàâíåíèé ñèñòåìû (1.4) è ïîäñòàâèì âî âòîðîå.
Òîãäà áóäåì èìåòü: ḟ1(t)x1(t) = −f1(t)ẋ1(t) è [f1(t)A(t) + ḟ1(t)]x1(t) = 0. Àíàëîãè÷-
íî, äèôôåðåíöèðóÿ ïåðâîå èç óðàâíåíèé ñèñòåìû (1.4) äâà ðàçà, à âòîðîå óðàâ-
íåíèé � îäèí ðàç, ïîëó÷èì f̈1(t)x1(t) + 2ḟ1(t)ẋ1(t) + f1(t)ẍ1(t) = 0, ḟ1(t)A(t)x1(t) +
f1(t)Ȧ(t)x1(t) + f1(t)A(t)ẋ1(t) + f̈1(t)x1(t) + ḟ1(t)ẋ1(t) = 0. Ïîäñòàâëÿÿ ïîñëåäíåå
ñîîòíîøåíèå â òðåòüå óðàâíåíèå ñèñòåìû (1.4), ïîñëå íåêîòîðûõ ïðåîáðàçîâàíèé,
áóäåì èìåòü

[f1(t)A
2(t) + 2ḟ1(t)A(t) + f1(t)Ȧ(t) + f̈1(t)]x1(t) = 0

èëè
[(f1(t)A(t) + ḟ1(t))A(t) +

d

dt
(f1(t)A(t) + ḟ1(t))]x1(t) = 0.

Ââåäåì îáîçíà÷åíèÿ: z(1)
1 (t) = f1(t), z

(1)
2 (t) = f1(t)A(t)+ḟ1(t) = z

(1)
1 (t)A(t)+ż

(1)
1 (t),

z
(1)
3 = z

(1)
2 (t)A(t) + ż

(1)
2 (t), ..., z

(2)
1 (t) = f2(t), z

(2)
2 = z

(2)
1 (t)A(t) + ż

(2)
1 (t) è òàê äàëåå.

Òîãäà íåñëîæíî çàêëþ÷èòü, ÷òî ëþáàÿ ñòðîêà ìàòðèöû P (t) ìîæåò áûòü çàïèñàíà
â ôîðìå

z
(i)
j+1 = z

(i)
j (t)A(t) + ż

(i)
j (t) ∈ Rn,
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ãäå z
(i)
1 (t) = fi(t), j = 1, ..., νi − 1; i = 1, ..., m.

Åñëè òåïåðü â ïðàâîé ÷àñòè ñèñòåìû (1.4) çàìåíèòü ñòîëáåö (1 0 ... 0)T íà
ñòîëáåö (0 ... 0 1 0 ... 0)T , ãäå åäèíèöà ðàñïîëîæåíà íà i-ì ìåñòå, òî â ñèëó
îïåðàöèé äèôôåðåíöèðîâàíèÿ âèä ýòîãî ïîñòîÿííîãî ñòîëáöà íå áóäåò âëèÿòü íà
êîíå÷íóþ ôîðìó ìàòðèöû P (t). Òàêèì îáðàçîì, ìàòðèöà îïåðàòîðà P(t) ìîæåò
áûòü ïðåäñòàâëåíà â âèäå

P T (t) = ((z
(1)
1 )T , ..., (z(1)

ν1
)T , ..., (z

(m)
1 )T , ..., (z(m)

νm
)T ) ∈ Rn×n. (1.5)

Äîêàæåì òåïåðü íåâûðîæäåííîñòü ìàòðèöû P (t). Äëÿ ýòîãî âîçäåéñòâóåì îïå-
ðàòîðîì P(t) íà ìàòðèöó S(t). Òîãäà ïîëó÷èì

P(t) ◦ S(t) = P (t) · S(t) =




Q11(t) . . . Q1m(t)
... . . . ...

Qm1(t) . . . Qmm(t)


 ,

ãäå Qij(t) ∈ Rνi×νj ; i, j = 1, ..., m.
Ñòðóêòóðó ìàòðèöû P (t)S(t) ïðîùå âñåãî ïîÿñíèòü íà êîíêðåòíîì ïðèìåðå,

êîòîðûé áû ó÷èòûâàë âñå íüþàíñû îáùåãî ñëó÷àÿ.
Ïóñòü, íàïðèìåð, n = 8,m = 3, ν1 = ν2 = 3, ν3 = 2. Òîãäà

P (t)S(t) =




0 0 1
0 1 ∗
1 ∗ ∗
0 0 0
0 0 ∗
0 ∗ ∗
0 0 0
0 0 ∗

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 0 0
0 0 ∗
0 ∗ ∗
0 0 1
0 1 ∗
1 ∗ ∗
0 0 0
0 0 ∗

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 0
0 ∗
∗ ∗
0 0
0 ∗
∗ ∗
0 1
1 ∗




,

ãäå çíàêîì ∗ îáîçíà÷åíû íåñóùåñòâåííûå äëÿ äàëüíåéøåãî ýëåìåíòû.
Íåïîñðåäñòâåííîå âû÷èñëåíèå îïðåäåëèòåëÿ ìàòðèöû P (t)S(t) ïîêàçûâàåò, ÷òî

åãî âåëè÷èíà ðàâíà 1 èëè −1. Òàêèì îáðàçîì, ìàòðèöà P (t) îáðàòèìà, åñëè òàêîâîé
ÿâëÿåòñÿ ìàòðèöà S(t). Îáîáùåíèå ýòîãî óòâåðæäåíèÿ íà ïðîèçâîëüíûå íàòóðàëü-
íûå ÷èñëà n è m (n ≥ m) îñóùåñòâëÿåòñÿ áåç òðóäà.

Ïîñòðîèì ìàòðèöó S(t) è ïðåäïîëîæèì, ÷òî det S(t) 6= 0 ∀t ∈ [0,∞). Òîãäà
ìîæíî ïîñòðîèòü ìàòðèöó P (t) âèäà (1.5), äëÿ êîòîðîé det P (t) 6= 0 ∀t ∈ [0,∞).
Çàìåòèì, ÷òî ìàòðèöà P (t) âîîáùå ãîâîðÿ íå ÿâëÿåòñÿ ìàòðèöåé Ëÿïóíîâà (îíà
ìîæåò áûòü íåîãðàíè÷åííîé).

Ââåäåì â ñèñòåìå (1.1) çàìåíû ïåðåìåííûõ x(t) è u(t) ïî ôîðìóëàì x(t) =
P−1(t)z(t) è u(t) = G−1(t)v(t), ãäå ìàòðèöà G(t) ∈ Rm×m (∀t ∈ [0,∞) det G(t) 6= 0)
áóäåò îïðåäåëåíà íèæå. Òîãäà âìåñòî ñèñòåìû (1.1) ïîëó÷èì ñèñòåìó

ż(t) = (P (t)A(t)P−1(t) + Ṗ (t)P−1(t))z(t) + P (t)B(t)G−1(t)v(t) =
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= Ac(t)z(t) + Bc(t)v(t). (1.6)

Ëåãêî ïðîâåðèòü, ÷òî â íîâûõ áàçèñàõ ïðîñòðàíñòâ Rn×n è Rm×m ìàòðèöû A(t)
è B(t) ïðèíèìàþò ôîðìó:

Ac(t) = P (t)A(t)P−1(t) + Ṗ (t)P−1(t) =




A11(t) . . . A1m(t)
... ...

Am1(t) . . . Amm(t)


 , (1.7)

Bc(t) = P (t)B(t)G(t) =




B11 0
. . .

0 Bmm


 ; (1.8)

ãäå

Aii(t) =




0 1 . . . 0
... ... . . . ...
0 0 . . . 1

−ai,ηi−1+1(t) −ai,ηi−1+2(t) . . . −ai,ηi
(t)


 ∈ Rνi×νi ;

η0 = 0, η1 = ν1, η2 = ν1 + ν2, ..., ηi = ν1 + ... + νi;

Aij(t) =




0 . . . 0
... ...
0 . . . 0

−ai,δj−1+1(t) . . . −ai,δj
(t)


 ∈ Rνi×νj ;

δ0 = 0, δ1 = ν1, δ2 = ν1 + ν2, ..., δi = ν1 + ... + νj; Bii =




0
...
0
1


 ∈ Rνi .

Çäåñü öåëûå ïîëîæèòåëüíûå ÷èñëà νi ïðèíèìàþò äâà çíà÷åíèÿ: νi = k + 1, åñëè
i = 1, ..., l è νi = k, åñëè i = l + 1, ..., m, ãäå k � öåëàÿ ÷àñòü ÷èñëà n/m, à l =
n− km; i, j = 1, ..., m.

Çàìåòèì, ÷òî èç óñëîâèÿ det S(t) 6= 0 ∀t ∈ [0,∞) âûòåêàåò, ÷òî rankB(t) = m
∀t ∈ [0,∞). Òîãäà íåâûðîæäåííàÿ íà ïîëóèíòåðâàëå [0,∞) ìàòðèöà G(t) íàõîäèòñÿ
èç ðåøåíèÿ ìàòðè÷íîãî óðàâíåíèÿ P (t)B(t) = Bc(t)G(t), ãäå ìàòðèöà Bc(t) = Bc

íå çàâèñèò îò âðåìåíè. Òàêèì îáðàçîì, íàìè äîêàçàíà ñëåäóþùàÿ òåîðåìà.
Òåîðåìà 1. Ïðåäïîëîæèì, ÷òî äëÿ ñèñòåìû (1.1) âûïîëíåíî óñëîâèå : det S(t) 6=
0 äëÿ íåêîòîðîé íåâûðîæäåííîé äîñòàòî÷íîå ÷èñëî ðàç äèôôåðåíöèðóåìîé ìàò-
ðèöû T (t) è âñåõ òî÷åê èíòåðâàëà [0,∞). Òîãäà äëÿ âñåõ t ∈ [0,∞) ñóùåñòâóþò
îáðàòèìûå ìàòðèöû P (t) è G(t) òàêèå, ÷òî ìàòðèöû Ac(t) è Bc(t) îïðåäåëåíû
è íåïðåðûâíû íà èíòåðâàëå [0,∞) è èìåþò ñòðóêòóðó ìàòðèö (1.7) è (1.8).
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2. Îáðàòíàÿ ñâÿçü ïî ñîñòîÿíèþ

Âåçäå â ýòîì ðàçäåëå ïðåäïîëàãàåòñÿ, ÷òî C(t) = En, ãäå En � åäèíè÷íàÿ ìàò-
ðèöà ïîðÿäêà n.

Ââåäåì â ñèñòåìó (1.6) îáðàòíóþ ñâÿçü ïî ôîðìóëå v(t) = Kc(t)z(t), ãäå Kc(t) ∈
Rm×n. Òîãäà áóäåì èìåòü óðàâíåíèå çàìêíóòîé ñèñòåìû â âèäå ż(t) = (Ac(t) +
Bc(t)Kc(t))z(t). Ïðè ýòîì ìàòðèöà Ac(t) + Bc(t)Kc(t) èìååò ñòðóêòóðó ìàòðèöû
Ac(t), à åå ñòðîêè ñ íîìåðàìè ν1, ν1 + ν2, ..., ν1 + ... + νm = n òàêîâû




−α11(t) . . . −α1n(t)
... . . .

...
−αm1(t) . . . −αmn(t)


 + Kc(t). (2.1)

Ïðåäïîëîæèì, ÷òî ìàòðèöà (2.1) äîëæíà ñîâïàäàòü ñ ïðîèçâîëüíîé ïîñòîÿííîé
ìàòðèöåé Hc ∈ Rm×n. Òîãäà íåîáõîäèìàÿ äëÿ ýòîãî ìàòðèöà Kc(t) îïðåäåëÿåòñÿ
èç ñîîòíîøåíèÿ

Kc(t) = Hc −




−α11(t) . . . −α1n(t)
... . . .

...
−αm1(t) . . . −αmn(t)


 .

ßñíî, ÷òî â êà÷åñòâå Hc ìîæíî âçÿòü òàêóþ ìàòðèöó, ÷òîáû ïîñòîÿííàÿ ìàò-
ðèöà Ac1 = Ac(t) + BcKc(t) èìåëà ëþáîé íàïåðåä çàäàííûé ñïåêòð (â ÷àñòíîñòè,
áûëà áû ãóðâèöåâîé).

Ïîñëå âû÷èñëåíèÿ ìàòðèöû Kc(t) îñòàëîñü âåðíóòüñÿ ê èñõîäíûì áàçèñàì ïðî-
ñòðàíñòâ Rn è Rm. Äëÿ ýòîãî ñëåäóåò çàìåíèòü Kc(t) íà K(t) = G−1(t)Kc(t)P (t).

Çäåñü âàæíî îáðàòèòü âíèìàíèå íà îäíî îáñòîÿòåëüñòâî: çàìêíóòàÿ ñèñòåìà
ż(t) = (Ac(t) + BcKc(t))z(t) áóäåò óñòîé÷èâîé â íîâîì áàçèñå ïðîñòðàíñòâà Rn, íî
â èñõîäíîì áàçèñå çàìêíóòàÿ ñèñòåìà ẋ(t) = (A(t)+B(t)K(t))x(t) ìîæåò îêàçàòüñÿ
íåóñòîé÷èâîé. Äëÿ òîãî, ÷òîáû èçáåæàòü ýòîãî íóæíî ïîòðåáîâàòü îãðàíè÷åííîñòè
ðåøåíèÿ x(t) = P−1(t)z(t).

Åñëè ìàòðèöà (Ac(t)+BcKc(t)) ïîñòîÿííà è ãóðâèöåâà, òî êîîðäèíàòû âåêòîðà
z(t) èìåþò âèä zi(t) =

n∑
j=1

wij(t) exp(βjt), ãäå wij(t) � ïîëèíîìû è βj < 0 � æåëàåìûå

ñîáñòâåííûå ÷èñëà; i = 1, ..., n. Òîãäà ëåãêî ïðîâåðÿåòñÿ, ÷òî åñëè ýëåìåíòû ìàòðèö
P (t) è P−1(t) � äðîáíî-ðàöèîíàëüíûå ôóíêöèè, òî êîîðäèíàòû âåêòîðà x(t) èìåþò
âèä xi(t) =

n∑
j=1

(sij(t))/d(t) exp(βjt), ãäå sij(t) è d(t) = det P (t) � ïîëèíîìû; i =

1, ..., n. Òàêèì îáðàçîì, åñëè d(t) 6= 0 íà [0,∞), òî ðåøåíèå x(t) îãðàíè÷åíî.
Äàëåå, óïðàâëåíèå u(t) = K(t)x(t) ïðåäñòàâëÿåò ñîáîé âåêòîð, âñå êîîðäèíàòû

êîòîðîãî èìåþò âèä
n∑

i=1

(pij(t))/d(t) exp(βjt), ãäå pij(t) � ïîëèíîìû. Ñëåäîâàòåëüíî,
lim
t→∞

u(t) = 0. Òåì ñàìûì ìû äîêàçàëè ñëåäóþùóþ òåîðåìó.
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Òåîðåìà 2. Ïðåäïîëîæèì, ÷òî äëÿ ñèñòåìû (1.1) óñëîâèå det S(t) 6= 0 âûïîëíÿ-
åòñÿ äëÿ íåêîòîðîé íåâûðîæäåííîé íà [0,∞) ìàòðèöû T (t) ñ äðîáíî-ðàöèîíàëü-
íûìè ýëåìåíòàìè è âñåõ òî÷åê èíòåðâàëà [0,∞). Òîãäà ñóùåñòâóåò òàêàÿ íåïðå-
ðûâíàÿ íà [0,∞) ìàòðèöà K(t) ñ äðîáíî-ðàöèîíàëüíûìè ýëåìåíòàìè, ÷òî òðè-
âèàëüíîå ðåøåíèå ñèñòåìû ẋ(t) = (A(t) + B(t)K(t))x(t) ãëîáàëüíî àñèìïòîòè÷å-
ñêè óñòîé÷èâî è lim

t→∞
‖K(t)x(t)‖ = 0.

3. Ïðèìåð ñèíòåçà ïî ñîñòîÿíèþ
Ðàññìîòðèì ëèíåéíóþ ñèñòåìó (1.1), ãäå

A(t) =




2 0 −1
1 1 1
2 1 t


 ∈ R3×3, B(t) =




t 0
t + 1 0

2 1


 ∈ R3×2.

Íàéäåì îãðàíè÷åííóþ îáðàòíóþ ñâÿçü ïî ñîñòîÿíèþ u(t) = K(t)x(t), K(t) ∈
R2×3 òàêóþ, ÷òî çàìêíóòàÿ ýòîé îáðàòíîé ñâÿçüþ ñèñòåìà áûëà ãëîáàëüíî àñèì-
ïòîòè÷åñêè óñòîé÷èâà.

Ñîñòàâèì ìàòðèöó

S(t) = (b1, A(t)b1(t)− ḃ1(t),b2(t)) =




t 2t− 3 0
t + 1 2t + 2 0

2 5t + 1 1


 ,

ãäå ν1 = 2, ν2 = 1.
Òîãäà

S−1(t) =
1

3(t + 1)




2(t + 1) −(2t− 3) 0
−(t + 1) t 0

(5t− 3)(t + 1) −(5t2 − 3t + 6) 3(t + 1)


 ,

f1(t) =
1

3(t + 1)
(−t− 1, t, 0), f2(t) =

1

3(t + 1)
((5t− 3)(t + 1),−5t2 + 3t− 6, 3(t + 1)).

Ñîñòàâëÿåì ìàòðèöó

P (t) =
1

3(t + 1)2




−(t + 1)2 t(t + 1) 0
−(t2 + 3t + 2) t2 + t + 1 2t2 + 3t + 1

(t + 1)(5t2 + 2t− 3) −(t + 1)(5t2 − 3t + 6) 3(t + 1)2


 ;

òîãäà

Ṗ (t) =
1

3(t + 1)3




0 t + 1 0
t + 1 t− 1 t + 1

5(t + 1)3 −(5t3 + 15t2 + t− 9) 0


 .

Ïðèâîäèì ìàòðèöû B(t) è A(t) ê êàíîíè÷åñêîìó âèäó (1.8), (1.7):

Bc(t) = P (t)B(t)G−1(t) =




0 0
1 (2t + 1)/(3(t + 1))
0 1


 G−1(t) =




0 0
1 0
0 1


 ,

ISSN 0203�3755 Äèíàìè÷åñêèå ñèñòåìû, âûï. 20 (2006)



10 B.E. ÁÅËÎÇÅÐÎÂ, Ì.Â. ÊÎÐÍÅÅÂ

ãäå
G(t) =

(
1 (2t + 1)/(3(t + 1))
0 1

)
;

Ac(t) = P (t)A(t)P−1(t) + Ṗ (t)P−1(t) =

=




0 1 0

−70t4 + 43t3 + 133t2 + 36t + 63

9(t + 1)2

10t2 + 8t + 9

3(t + 1)
−(14t− 3)(t2 + t + 1)

9(t + 1)2

−35t3 − 26t2 + 81t− 12

3(t + 1)
0 −7t2 − 4t + 3

3(t + 1)




.

Âûáèðàåì ìàòðèöó Kc(t) îáðàòíîé ñâÿçè òàê, ÷òîáû ìàòðèöà Ac(t)+Bc(t)Kc(t)
óäîâëåòâîðÿëà äâóì óñëîâèÿì: îíà äîëæíà áûòü ïîñòîÿííîé è ãóðâèöåâîé. Â êà-
÷åñòâå òàêîé ìàòðèöû îáðàòíîé ñâÿçè ìîæíî âçÿòü, íàïðèìåð, ìàòðèöó

Kc(t) =




70t4 + 43t3 + 133t2 + 36t + 63

9(t + 1)2
−10t2 + 8t + 9

3(t + 1)

14t3 + 20t2 + 29t + 6

9(t + 1)2

−6 +
35t3 − 26t2 + 81t− 12

3(t + 1)
−11 −6 +

7t2 − 4t + 3

3(t + 1)


 .

Òîãäà ìàòðèöà çàìêíóòîé ñèñòåìû ïðèìåò âèä

Ac(t) + Bc(t)Kc(t) =




0 1 0
0 0 1

−6 −11 −6


 ;

ñîáñòâåííûå ÷èñëà ýòîé ìàòðèöû îòðèöàòåëüíû: µ1 = −1, µ1 = −2, µ1 = −3.
Ìàòðèöà K(t) îáðàòíîé ñâÿçè â èñõîäíûõ áàçèñàõ ïðîñòðàíñòâ R3 è R2 èìååò

âèä
K(t) = G−1(t)Kc(t)P (t) =

=




85t3 + 73t2 − 87t− 56

9(t + 1)2
−35t2 + 13t− 47

3(t + 1)

−(5t + 4)(17t3 − t2 + 11t + 10)

9(t + 1)3

35t3 − t2 + 8t + 19

3(t + 1)2

−20t3 − 75t2 − 99t− 23

9(t + 1)2

7t2 − 44t− 26

3(t + 1)




T

,

à ìàòðèöà çàìêíóòîé ñèñòåìû, â èñõîäíîì áàçèñå ïðîñòðàíñòâà R3, òàêîâà:

A(t) + B(t)K(t) =

=




85t4 + 73t3 − 69t2 − 20t + 18

9(t + 1)2
−t(5t + 4)(17t3 − t2 + 11t + 10)

9(t + 1)3

85t3 + 73t2 − 78t− 47

9(t + 1)
−85t4 + 63t3 + 42t2 + 76t + 31

9(t + 1)2

65t3 + 20t2 − 36t + 47

9(t + 1)2
−65t4 + 15t3 + 54t2 + 80t + 14

9(t + 1)3

⇒
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⇒

−20t4 − 75t3 − 90t2 − 5t + 9

9(t + 1)2

−20t3 − 75t2 − 108t− 32

9(t + 1)

−10t3 − 57t2 + 3t + 32

9(t + 1)2




.

Ñîãëàñíî òåîðåìå 2 ïîëîæåíèå ðàâíîâåñèÿ ñèñòåìû ẋ(t) = (A(t)+B(t)K(t))x(t)
ãëîáàëüíî àñèìïòîòè÷åñêè óñòîé÷èâî. (Ïðè ýòîì ìàòðèöà (A(t)+B(t)K(t)) íåïðå-
ðûâíà íà [0,∞) è íåîãðàíè÷åíà ïðè t →∞, íî lim

t→∞
‖u(t)‖ = lim

t→∞
‖K(t)x(t)‖ = 0.)

4. Îáðàòíàÿ ñâÿçü ïî âûõîäó
Â ýòîì ðàçäåëå ïðåäïîëàãàåòñÿ, ÷òî îáðàòíàÿ ñâÿçü ôîðìèðóåòñÿ ïî âûõîäó:

u(t) = K(t)y(t). Îñíîâíîé ðåçóëüòàò, êîòîðûé áóäåò â êîíöå êîíöîâ äîêàçàí, ñî-
äåðæèòñÿ â ñëåäóþùåé òåîðåìå.
Òåîðåìà 3. Ïóñòü mp > n è ∀t ∈ [0,∞) det S(t) 6= 0, rank C(t) = p è ìàòðèöû

C(t)B(t), C(t)(A(t)− d/dt)B(t), ..., C(t)(A(t)− d/dt)n−1B(t) (4.1)

� ëèíåéíî íåçàâèñèìû. Òîãäà äëÿ ïî÷òè âñåõ ìàòðèö A(t), B(t) è C(t) ñóùå-
ñòâóåò íåïðåðûâíàÿ íà [0,∞) ìàòðèöà K(t) òàêàÿ, ÷òî òðèâèàëüíîå ðåøåíèå
ñèñòåìû (1.3) àñèìïòîòè÷åñêè óñòîé÷èâî è lim

t→∞
‖K(t)y(t)‖ = 0.

Äîêàçàòåëüñòâî. Èç óñëîâèÿ (4.1) ñëåäóåò, ÷òî ∀t ≥ 0

rank(B(t), (A(t)− d/dt)B(t), ..., (A(t)− d/dt)n−1B(t)) = n.

Ìîæíî ñ÷èòàòü, ÷òî ìàòðèöû A(t) è B(t) ïðèâåäåíû ê âèäó (1.7), (1.8) (ïðè ýòîì
ìàòðèöà C(t) ïåðåéäåò â ìàòðèöó Cc(t) = C(t)P−1(t)) = (c1(t), ..., cn(t)) ∈ Rp×n.

Ïóñòü m ≤ p. (Ïðè m ≤ p � çàìåíèì A(t), B(t) è C(t) íà A(t)T , C(t)T è B(t)T .)
Ââåäåì îáîçíà÷åíèÿ

gii(t, µ) = ai,ν1(t)+...+νi−1+1(t)µ
νi + ... + ai,ν1+...+νi

(t)µ,

gij(t, µ) = ai,ν1+...+νj−1+1(t)µ
νj + ... + ai,ν1+...+νj

(t)µ (ïðè i 6= j),

H(t, µ) = (c1(t)µ
ν1 , ..., cν1(t)µ, ..., cν1+...+νm−1+1(t)µ

νm , ..., cν1+...+νm(t)µ) ∈ Rp×m,

ãäå i, j = 1, ..., m; ν1 + ... + νm = n.
Ñîñòàâèì ìàòðèöó

G(t, µ) =




g11(t, µ) . . . g1m(t, µ)
... . . . ...

gm1(t, µ) . . . gmm(t, µ)


 ∈ Rm×m.
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Òîãäà äëÿ ôèêñèðîâàííûõ ÷èñåë n,m, p è íåñòàöèîíàðíûõ ìàòðèö Ac(t), Bc(t)
è Cc(t) ìîæíî ïîëó÷èòü íåñòàöèîíàðíûé àíàëîã èçâåñòíîé ôîðìóëû 6.19 [1, ñ.166]:

det(Em + G(t, µ)−K(t)H(t, µ)) =

= det

(
(Em|K(t)) ·

(
Em + G(t, µ)
−H(t, µ)

) )
= 1 + gn(µ), (4.2)

ãäå 1 + gn(µ) =
n∏

i=1

(1− µµ−1
i ) � æåëàåìûé ïîñòîÿííûé õàðàêòåðèñòè÷åñêèé ìíîãî-

÷ëåí çàìêíóòîé ñèñòåìû; µi 6= 0, i = 1, ..., n.

Äëÿ äîêàçàòåëüñòâî òåîðåìû íåîáõîäèìî ïîêàçàòü ñóùåñòâîâàíèå âåùåñòâåííî-
ãî ðåøåíèÿ Kc(t) = K(t) óðàâíåíèÿ (4.2). Ðàçîáüåì ýòî äîêàçàòåëüñòâî íà íåñêîëü-
êî ÷àñòåé.

1) Òàê êàê mp > n è p ≥ m, òî ëåãêî ïðîâåðèòü, ÷òî ñóùåñòâóåò òàêàÿ îáðàòè-
ìàÿ ìàòðèöà Em+p + N(t) ∈ R(m+p)×(m+p), äëÿ êîòîðîé âûïîëíÿåòñÿ ðàâåíñòâî

(Em+p + N(t))

(
Em + G(t, µ)
−H(t, µ)

)
=

=




1 + g11(t, µ) g12(t, µ) . . . g1m(t, µ)
g21(t, µ) 1 + g22(t, µ) . . . g2m(t, µ)

... ... ...
gm1(t, µ) gm2(t, µ) . . . 1 + gmm(t, µ)
h11(t, µ) h12(t, µ) . . . h1m(t, µ)

... ... ...
hp−m,1(t, µ) hp−m,2(t, µ) . . . hp−m,m(t, µ)

hp−m+1,1(t, µ) hp−m+1,2(t, µ) . . . 0
... ... ...

hp,1(t, µ) hp,2(t, µ) . . . 0




= F (t, µ) ∈ R(m+p)×m.

2) Èñïîëüçóÿ ìàòðèöó F (t, µ), ïåðåïèøåì ðàâåíñòâî (4.2) â ñëåäóþùåé ôîðìå

det
(

(Em|Kc(t)) · (Em+p + N(t))−1 · F (t, µ)
)

= 1 + gn(µ)

èëè
det((L1(t,Kc)|L2(t,Kc)) · F (t, µ)) = 1 + gn(µ), (4.3)

ãäå (L1(t,Kc)|L2(t,Kc)) = (Em|K(t)) · (Em+p +N(t))−1 è ìàòðèöû L1(t,Kc) ∈ Rm×m

è L2(t, Kc) ∈ Rm×p ëèíåéíî çàâèñÿò îò Kc(t) ∈ Rm×p.
Îäíîâðåìåííî ñ óðàâíåíèåì (4.3) ðàññìîòðèì óðàâíåíèå

det
(
(L1(t,Kc)|L2(t,Kc)) · F (t, µ)

)
= 0. (4.4)
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Çàìåòèì, ÷òî ðåøåíèåì (4.4) áóäåò ìàòðèöà (L1(t,Kc)|L2(t,Kc)) = (0|W (t)), ãäå
W (t) ∈ Rm×m � ëþáàÿ îáðàòèìàÿ íà èíòåðâàëå [0,∞) ìàòðèöà è 0 ∈ Rm×p. Òîãäà
ðåøåíèåì óðàâíåíèÿ

det

(
(X(t)|Y (t)) ·

(
Em + G(t, µ)
−H(t, µ)

) )
= 0, X(t) ∈ Rm×m, Y (t) ∈ Rm×p, (4.5)

áóäåò ìàòðèöà (X0(t)|Y0(t)) = (0|W (t)) · (Em+p + N(t)), äëÿ êîòîðîé âûïîëíÿåòñÿ
óñëîâèå: det(X0(t)) = 0. (Çàìåòèì, ÷òî ìàòðèöà (X0(t)|Y0(t)) âñåãäà ìîæåò áûòü
ñäåëàíà ïîëèíîìèàëüíîé. Êðîìå òîãî, âûáîðîì ìàòðèöû W (t) âñåãäà ìîæíî ñäå-
ëàòü òàê, ÷òîáû rankX0(t) = m− 1.)

3) Òàê êàê rankX0(t) = m − 1, òî ñ ïîìîùüþ ïîäõîäÿùåé ïîëèíîìèàëüíîé
ìàòðèöû G(t) ∈ Rm×m ìîæíî äîáèòüñÿ òîãî, ÷òî â ìàòðèöå Q(t)(X0(t)|Y0(t)) m-é
ñòîëáåö áóäåò íóëåâûì. Äðóãèìè ñëîâàìè

Q(t) ·X0(t) =




D(t)|0
−−−
∗ ∗ ∗|0


 , D(t) ∈ R(m−1)×(m−1) è ∀t rank D(t) = m− 1.

4) Áóäåì ñ÷èòàòü, ÷òî ìàòðèöà (X0(t)|Y0(t)) çàìåíåíà íà Q(t)(X0(t)|Y0(t)). (ßñ-
íî, ÷òî ìàòðèöà Q(t)(X0(t)|Y0(t)) òàêæå áóäåò ðåøåíèåì (4.5).) Ðàññìîòðèì óðàâ-
íåíèå

det

(
(εEm + X(t)|Y (t)) ·

(
Em + G(t, µ)
−H(t, µ)

) )
=

= det((εEm + X(t))(Em + G(t, µ)− Y (t)H(t, µ)) =

= det(εEm + X(t) + (εEm + X(t))G(t, µ)− Y (t)H(t, µ)) =

= det(εEm + X(t))(1 + gn(µ)), (4.6)
êîòîðîå ïðè ε = 0 è det X(t) = 0 èìååò òî æå ðåøåíèå (X0(t)|Y0(t)), ÷òî è (4.5).

Ëåãêî ïðîâåðÿåòñÿ, ÷òî det(εEm + X(t)) = ε det(εEm−1 + D(t)). Òîãäà, â ñèëó
ïóíêòà 3), ïðè ε = 0 εEm + X(t) = X0(t) è det(εEm−1 + D(t)) = det D(t) 6= 0.
Ñëåäîâàòåëüíî, ïàðàìåòð ε > 0 ìîæíî âûáðàòü òàêèì îáðàçîì, ÷òîáû ∀t ∈ [0,∞)

det(Em +
1

ε
X(t)) 6= 0. Òîãäà óðàâíåíèå (4.6) ïåðåïèøåòñÿ ñëåäóþùèì îáðàçîì

det(Em + G(t, µ)− 1

ε
(Em +

1

ε
X(t))−1Y (t)H(t, µ)) = 1 + gn(µ), (4.7)

Åñëè òåïåðü ââåñòè îáîçíà÷åíèå

Kc(t) =
1

ε
(Em +

1

ε
X(t))−1Y (t),

òî óðàâíåíèå (4.7) ïåðåïèøåòñÿ â âèäå (4.2).
5) Äîêàæåì ñóùåñòâîâàíèå ðåøåíèÿ óðàâíåíèÿ (4.7) (à çíà÷èò è (4.2)). Äëÿ

ýòîãî:
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� íàõîäèì ìàòðèöó (X0(t)|Y0(t));
� ôèêñèðóåì ìàëûé ïàðàìåòð ε > 0;
� ñ÷èòàåì ýëåìåíòû y11 = y1, ..., y1p = yp, y21 = yp+1, ..., y2,p = y2p, y31 =

y2p+1,...,yi,j = yn ìàòðèöû Y (t) íåèçâåñòíûìè, à îñòàâøèåñÿ mp − n ýëåìåíòîâ
íàçíà÷àåì ðàâíûìè ñîîòâåòñòâóþùèì ýëåìåíòàì ìàòðèöû Y0(t);

� ïðèäàåì ïàðàìåòðó µ â óðàâíåíèè (4.6) n ðàçëè÷íûõ âåùåñòâåííûõ çíà÷åíèé
µ1, ..., µn;

� ðàñêðûâàåì êàæäîå èç ïîëó÷èâøèõñÿ óðàâíåíèé; â èòîãå áóäåì èìåòü ñèñòåìó
f(t,y) = 0 n óðàâíåíèé f1(t, y1, ..., yn) = 0, ..., fn(t, y1, ..., yn) = 0 îò n íåèçâåñòíûõ.
(Çäåñü ïðèíÿòû îáîçíà÷åíèÿ f = (f1, ..., fn)T , y = (y1, ..., yn)T );

� ðåøàåì óðàâíåíèå f(t,y) = 0 c ïîìîùüþ êàêîé-ëèáî èòåðàöèîííîé ïðîöåäó-
ðû (íàïðèìåð, ìåòîäîì Íüþòîíà). Â êà÷åñòâå íà÷àëüíîãî ïðèáëèæåíèÿ âûáèðàåì
âåêòîð y0, ñîñòàâëåííûé èç ïåðâûõ n ýëåìåíòîâ ìàòðèöû Y0(t), ãäå ñîîòâåòñòâèå
ìåæäó ýëåìåíòàìè âåêòîðà y0 è ýëåìåíòàìè ìàòðèöû Y0(t) îïðåäåëåíî âûøå. Òî-
ãäà äëÿ ëþáîãî ôèêñèðîâàííîãî t∗ ∈ [0,∞) ïîñëåäîâàòåëüíûå èòåðàöèè âû÷èñëÿ-
þòñÿ ïî ôîðìóëå

yk+1(t
∗) = yk(t

∗)−
(

∂f

∂y
(yk(t

∗))

)−1

· f(yk(t
∗)), k = 0, 1, 2, ...,

ãäå ∂f

∂y
(yk(t

∗)) ∈ Rn×n � ìàòðèöà ßêîáè, âû÷èñëåííàÿ â òî÷êå yk(t
∗). Ïðîöåññ

ïðåêðàùàåòñÿ ïî äîñòèæåíèè çàäàííîé òî÷íîñòè δ: ‖yk‖ < δ. (Îòìåòèì, ÷òî ∀t ∈
[0,∞) ëåãêî ïîëó÷èòü íåñòàöèîíàðíûé àíàëîã èçâåñòíîé ôîðìóëû 6.17[1, c.166]:

det(En − µ(Ac(t) + Bc(t)Kc(t)Cc(t))) = det(Em + G(t, µ)−Kc(t)H(t, µ)).

Òîãäà, êàê ïîêàçàíî â [1, c.90], ìàòðèöà ßêîáè ñèñòåìû f(t,y) = 0 ïðåäñòàâëÿåò
ñîáîé ìàòðèöó, ïîëó÷åííóþ ðàçâåðòûâàíèåì êàæäîé èç ìàòðèö (4.1) â ñòîëáåö
ðàçìåðà mn. Ñëåäîâàòåëüíî, èç óñëîâèé òåîðåìû 3 ñëåäóåò, ÷òî t∗ ∈ [0,∞)

rank ∂f

∂y
(yk(t

∗)) = n.

Ýòî äîêàçûâàåò êîððåêòíîñòü ïðèâåäåííîé âûøå èòåðàöèîííîé ïðîöåäóðû.)
� åñëè ïðîöåññ ðàñõîäèòñÿ, òî óìåíüøàåì ÷èñëî ε > 0 è ïîâòîðÿåì óêàçàííóþ

ïðîöåäóðó ñíîâà; òàê ïðè ε = 0 ñóùåñòâóåò òî÷íîå ðåøåíèå (X0(t)|Y0(t)) ñèñòåìû
(4.5), òî â ñèëó íåïðåðûâíîé çàâèñìîñòè ðåøåíèÿ îò ìàëîãî ïàðàìåòðà ε òåîðåìà
î íåÿâíîé ôóíêöèè [3, c.24] óòâåðæäàåò, ÷òî äëÿ íåêîòîðîãî äîñòàòî÷íî ìàëîãî
ε > 0 óêàçàííûé èòåðàöèîííûé ïðîöåññ íà÷íåò ñõîäèòüñÿ;

� âû÷èñëÿåì ìàòðèöó îáðàòíîé ñâÿçè Kc(t) ïî ôîðìóëå

Kc(t) =
1

ε
(Em +

1

ε
X0(t))

−1Yk(t),
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ãäå Yk(t) � ìàòðèöà, ó êîòîðîé ïåðâûå n ýëåìåíòîâ ïðåäñòàâëÿåò âåêòîð yk(t), à
ïîñëåäíèå mp−n ýëåìåíòîâ ñîâïàäàþò ñ ñîîòâåòñòâóþùèìè ýëåìåíòàìè ìàòðèöû
Y0(t). (ßñíî, ÷òî â îáùåì ñëó÷àå ìû ïîëó÷èì íå ôóíêöèîíàëüíóþ ìàòðèöó Kc(t),
à ïîñëåäîâàòåëüíîñòü ÷èñëîâûõ ìàòðèö Kc(t

∗
0), Kc(t

∗
1), ...)

6)Ìû ïîëó÷èëè, ÷òî â óñëîâèÿõ òåîðåìû 3, äëÿ òðîéêè ìàòðèö Ac(t), Bc(t) è
Cc(t), ïðåäñòàâëåíûõ â êàíîíè÷åñêîì âèäå, âûáîðîì îáðàòíîé ñâÿçè Kc(t) êîðíè
õàðàêòåðèñòè÷åñêîãî ïîëèíîìà det(En − µ(Ac(t) + Bc(t)Kc(t)Cc(t))) ìîãóò áûòü
ñäåëàíû ëþáûìè íàïåðåä çàäàííûìè.

Äëÿ äàëüíåéøåãî íåîáõîäèìî âûÿñíèòü ñòðóêòóðó ìàòðèöû Kc(t).
Îáîçíà÷èì ÷åðåç F = {R, t} íåêîòîðîå êîíå÷íîå ðàñøèðåíèå ïîëÿ âåùåñòâåííûõ

÷èñåë R ñ ïîìîùüþ òðàíñöåíäåíòíîãî ýëåìåíòà t. (Ýëåìåíòû F ýòî âñåâîçìîæíûå
ðàöèîíàëüíûå äðîáè, ÷èñëèòåëè è çíàìåíàòåëè êîòîðûõ ñîñòîÿò èç ìíîãî÷ëåíîâ
îò t ñ êîýôôèöèåíòàìè èç R.)

Òåïåðü ââåäåì ïðîåêòèâíîå ãðàññìàíîâî ìíîãîîáðàçèå GrF(m,m + p) âñåõ m-
ìåðíûõ ïîäïðîñòðàíñòâ â ïðîñòðàíñòâå Fm+p [1, 4]. Èçâåñòíî [1, 4], ÷òî ñóùåñòâóåò
âëîæåíèå

g : GrF(m,m + p) → FPd

ãðàññìàíîâà ìíîãîîáðàçèÿ â ïðîåêòèâíîå ïðîñòðàíñòâî FPd ðàçìåðíîñòè d = Cm
m+p − 1,

êîòîðîå ïîçâîëÿåò îòîæäåñòâèòü òî÷êè èç GrF(m,m + p) íåêîòîðûìè òî÷êàìè èç
FPd.

Ñîñòàâèì ìàòðèöó

U(t) =

(
∧m

(
Em + G(t, µ1)
−H(t, µ1)

)
, ...,∧m

(
Em + G(t, µn)
−H(t, µn)

))
∈ F(d+1)×n,

ãäå ñèìâîë ∧m(...) îçíà÷àåò m-þ âíåøíþþ ñòåïåíü ñîîòâåòñòâóþùåé ìàòðèöû [1].
Íàéäåì ìíîæåñòâî L = {x(t)} âñåõ ðåøåíèé ñèñòåìû óðàâíåíèé x(t)U(t) = 0,

ãäå x(t) ∈ Fd+1 � âåêòîð-ñòðîêà. Î÷åâèäíî L � ëèíåéíîå ïðîñòðàíñòâî, îäíîçíà÷íî
îïðåäåëåííîå ìàòðèöàìè Ac(t), Bc(t) è Cc(t). Òîãäà ñîîòíîøåíèå (4.2) îïðåäåëÿåò
öåíòðàëüíóþ ïðîåêöèþ

φ : GrF(m,m + p)− L → FPn

Íàïîìíèì [1, c. 102], ÷òî òî÷êà (Cc(t), Ac(t), Bc(t)) ∈ Fn2+nm+pn íàçûâàåòñÿ îá-
ùåé (íåîñîáîé), åñëè è òîëüêî åñëè L

⋂
GrF(m,m+p) = 0. Â ñëó÷àå æå, åñëè èìååò

ìåñòî íåðàâåíñòâî L
⋂
GrF(m,m + p) 6= 0, òî òî÷êà (Cc(t), Ac(t), Bc(t)) íàçûâàåòñÿ

îñîáîé.
Êîãäà òî÷êà (Cc(t), Ac(t), Bc(t)) ÿâëÿåòñÿ îáùåé, òî öåíòðàëüíàÿ ïðîåêöèÿ φ

ÿâëÿåòñÿ êîíå÷íûì ìîðôèçìîì GrF(m, m + p) → FPn [1, c.57] è, ñëåäîâàòåëü-
íî, ïîðÿäîê l ãðàññìàíîâà ìíîãîîáðàçèÿ GrF(m,m + p) ìîæåò áûòü âû÷èñëåí ïî
èçâåñòíîé ôîðìóëå [1,4]:

l = degGrF(m,m + p) =
1! · 2! · ... · (m− 1)! · (mp)!

p! · (p + 1)! · ... · (m + p− 1)!
. (4.8)
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Òîãäà èç ôîðìóëû (4.8) íåìåäëåííî âûòåêàåò, ÷òî êîýôôèöèåíòû ìàòðèöû
Kc(t) ïðèíàäëåæàò íåêîòîðîìó àëãåáðàè÷åñêîìó ðàñøèðåíèþ

√
F ñòåïåíè l ïîëÿ F

[2]. (Ýëåìåíòû ïîëÿ
√
F ïðåäñòàâëÿþò ñîáîé ðàöèîíàëüíûå êîìáèíàöèè íåêîòîðûõ

ðàäèêàëîâ èç äðîáíî-ðàöèîíàëüíûõ ôóíêöèé ñòåïåíè íå âûøå, ÷åì l .)
Êàê ïîêàçàíî â [1, c.102] äëÿ òîãî, ÷òîáû çàäà÷à ñèíòåçà èìåëà âåùåñòâåííîå

ðåøåíèå äîñòàòî÷íî, ÷òîáû òðîéêà ìàòðèö (Cc(t), Ac(t), Bc(t)) áûëà áû îñîáîé.
Êðîìå òîãî, òàì æå äîêàçàíî, ÷òî â ñëó÷àå mp > n óïðàâëÿåìàÿ è íàáëþäàåìàÿ
ñèñòåìà (1.6) ñ âûõîäîì y(t) = Cc(t)z(t) äëÿ ïî÷òè âñåõ ìàòðèö Ac(t), Bc(t) è
Cc(t) ÿâëÿåòñÿ îñîáîé. Ñëåäîâàòåëüíî, â óñëîâèÿõ òåîðåìû 3 ñóùåñòâóåò ðåøåíèå
Kc(t) ∈ (

√
F)m×p.

7)Ïðåäïîëîæèì, ÷òî âñå êîðíè ïîëèíîìà 1+gn(µ) � îòðèöàòåëüíû (äëÿ ïðîñòî-
òû ìû îïóñêàåì ñëó÷àé êîìïëåêñíî-ñîïðÿæåííûõ êîðíåé ñ îòðèöàòåëüíûìè âå-
ùåñòâåííûìè ÷àñòÿìè). Òàêèì îáðàçîì ïîëó÷àåì, ÷òî ∀t ∈ [0,∞) ìàòðèöà Ac(t)+
Bc(t)Kc(t)Cc(t) � ãóðâèöåâà. Òîãäà ñóùåñòâóåò íåâûðîæäåííàÿ íà [0,∞) ìàòðèöà
V (t) ∈ Rn×n òàêàÿ, ÷òî

V (t)(Ac(t) + Bc(t)Kc(t)Cc(t))V
−1(t) = V0 + V1(t),

ãäå V0 ∈ Rn×n � ïîñòîÿííàÿ äèàãîíàëüíàÿ ìàòðèöà, à V1(t) = V̇ (t)V (t)−1 ∈ Rn×n �
ìàòðèöà ñ ýëåìåíòàìè èç (

√
F)m×p (ñì. ïóíêò 6). (Íåâûðîæäåííîñòü V (t) ñëåäóåò

èç òîãî, ÷òî ýòà ìàòðèöà ñîñòàâëåíà èç ñîáñòâåííûõ âåêòîðîâ ìàòðèöû (Ac(t) +
Bc(t)Kc(t)Cc(t)), âñå ñîáñòâåííûå ÷èñëà êîòîðîé ïîñòîÿííû è ðàçëè÷íû.)

Ìîæíî ïðîâåðèòü, ÷òî lim
t→∞

V1(t) = 0. Ïîýòîìó, ñîãëàñíî [5, c.114], âñå ðåøåíèÿ
ñèñòåìû

ẇ(t) = (V (t)(Ac(t) + Bc(t)Kc(t)Cc(t))V
−1(t) + V̇ (t)V −1(t))w(t)

àñèìïòîòè÷åñêè óñòîé÷èâû. Ñëåäîâàòåëüíî, òàêîâûìè æå ÿâëÿþòñÿ è ðåøåíèÿ
ñèñòåìû ż(t) = (Ac(t) + Bc(t)Kc(t)Cc(t))z(t).

Ñ ïîìîùüþ ïðåîáðàçîâàíèÿ P (t) (ôîðìóëà (1.5)) âåðíåìñÿ ê èñõîäíîìó áàçèñó
ïðîñòðàíñòâà Rn. Òîãäà ìàòðèöà Ac(t) + Bc(t)Kc(t)Cc(t) ïåðåéäåò â ìàòðèöó

P−1(t)(Ac(t) + Bc(t)Kc(t)Cc(t))P (t)− P−1(t)Ṗ (t) = A(t) + B(t)K(t)C(t).

Ñëåäîâàòåëüíî, âåêòîð x(t) ðåøåíèé ñèñòåìû ẋ(t) = (A(t) + B(t)K(t)C(t))x(t)
èìååò âèä: x(t) = P−1(t)z(t) è ïîòîìó x(t) îãðàíè÷åí íà [0,∞) (ñì. äîêàçàòåëüñòâî
òåîðåìû 2).

Àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû 2, óïðàâëåíèå u(t) = K(t)C(t)x(t) ïðåä-
ñòàâëÿåò ñîáîé âåêòîð, âñå êîîðäèíàòû êîòîðîãî èìåþò âèä

n∑
j=1

rij(t) exp(βjt), ãäå

rij(t) � àëãåáðàè÷åñêèå ôóíêöèè îò äðîáíî-ðàöèîíàëüíûõ ôóíêöèé è βj < 0. Ñëå-
äîâàòåëüíî, lim

t→∞
u(t) = 0.

Òàêèì îáðàçîì, lim
t→∞

‖K(t)y(t)‖ = lim
t→∞

‖K(t)C(t)x(t)‖ = 0. Ýòî óòâåðæäåíèå è
çàâåðøàåò äîêàçàòåëüñòâî òåîðåìû 3.
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5. Ïðèìåð ñèíòåçà ïî âûõîäó
Ïóñòü íåêîòîðàÿ ñèñòåìà óïðàâëåíèÿ èìååò òå æå ìàòðèöû A è B, ÷òî è â

ðàçäåëå 3, à óðàâíåíèå âûõîäà (1.2) çàäàåòñÿ ìàòðèöåé

C(t) =

(
1 −1 0
0 0 1

)
∈ R2×3.

Ñ ïîìîùüþ ìàòðèöû P (t) ïåðåéäåì îò òðîéêè C(t), A(t), B(t) ê òðîéêå Cc(t), Ac(t),
Bc(t), ãäå ìàòðèöû Ac(t), Bc(t) òå æå, ÷òî è â ðàçäåëå 3, à ìàòðèöà Cc(t) èìååò âèä

Cc(t) = C(t)P−1(t) =
1

3(t + 1)

(
10t2 − 7t− 6 −3(t + 1) 2t + 1

−(5t2 − 2t + 15) 6(t + 1) −(t− 1)

)
∈ R2×3.

Òîãäà G(t, µ) =

=




70t4 + 43t3 + 133t2 + 36t + 63

9(t + 1)2
µ2 − 10t2 + 8t + 9

3(t + 1)
µ,

(14t− 3)(t2 + t + 1)

9(t + 1)2
µ

35t3 − 26t2 + 81t− 12

3(t + 1)
µ2,

7t2 − 4t + 3

3(t + 1)
µ


 ;

−H(t, µ) = − 1

3(t + 1)

(
(10t2 − 7t− 6)µ2 − 3(t + 1)µ, (2t + 1)µ

−(5t2 − 2t + 15)µ2 + 6(t + 1)µ, −(t− 1)µ

)
.

Âûáåðåì ìàòðèöû X0 è Y0 â âèäå

X0 =

(
x11 0
x21 0

)
, Y0 =

(
y11 y12

y21 y22

)

Íàçíà÷èì êîýôôèöèåíòû ìàòðèö X0 è Y0 òàêèì îáðàçîì, ÷òîáû det(X0G(t, µ)−
Y0H(t, µ)) ≡ 0. Äëÿ ýòîãî äîñòàòî÷íî âûïîëíåíèÿ óñëîâèé

x11
(14t− 3)(t2 + t + 1)

9(t + 1)2
− y11

3(2t + 1)(t + 1)

9(t + 1)2
+ y12

3(t + 1)(t− 1)

9(t + 1)2
= 0,

x21
(14t− 3)(t2 + t + 1)

9(t + 1)2
− y21

3(2t + 1)(t + 1)

9(t + 1)2
+ y22

3(t + 1)(t− 1)

9(t + 1)2
= 0.

Ïîñëåäíèå ðàâåíñòâà ìîãóò áûòü óäîâëåòâîðåíû, åñëè ïîëîæèòü, íàïðèìåð,
x11 = 1, x21 = 0, y12 = 0. Òîãäà

y11 =
(14t− 3)(t2 + t + 1)

3(2t + 1)(t + 1)
, y21 = −t + 1, y22 = −2t− 1.

Òàêèì îáðàçîì

X0 =

(
1 0
0 0

)
, Y0 =




(14t− 3)(t2 + t + 1)

3(2t + 1)(t + 1)
0

−t + 1 −2t− 1


 .
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Èñõîäÿ èç âèäà ìàòðèöû Kc(t) âûáèðàåì íà÷àëüíîå ïðèáëèæåíèå â âèäå

Kc0(t) =

(
1/(ε + 1) 0

0 ε

)
·



(14t− 3)(t2 + t + 1)

3(2t + 1)(t + 1)
0

−t + 1 −2t− 1


 .

Ïóñòü g3(µ) = 1 + 6µ + 11µ2 + 6µ3. Âîñïîëüçóåìñÿ óðàâíåíèåì (4.7). Òîãäà
ïîñëå ïðèðàâíèâàíèÿ êîýôôèöèåíòîâ ñëåâà è ñïðàâà ïðè îäèíàêîâûõ ñòåïåíÿõ µ
ïîëó÷èì ñèñòåìó óðàâíåíèé

f1(t, k11, k12, k21, k22) = 6, f2(t, k11, k12, k21, k22) = 11, f3(t, k11, k12, k21, k22) = 6 (5.1)

îòíîñèòåëüíî íåèçâåñòíûõ ýëåìåíòîâ k11, k12, k21, k22 ìàòðèöû Kc(t). Äëÿ òîãî, ÷òî-
áû ñèñòåìà (5.1) áûëà ðàçðåøèìà ïðè ëþáîì ïîëèíîìå g3(µ) äîñòàòî÷íî, ÷òîáû
åå ìàòðèöà ßêîáè (ïðè Kc(t) ≡ 0)

J(t) =
1

9(t + 1)2




9 + 18t + 9t2 −27− 54t− 27t2

27 + 36t− 9t3 27 + 45t− 9t2 − 27t3

6 + 54t + 120t2 + 72t3 33 + 27t + 21t2 + 27t3

∣∣∣∣∣∣
→

→
∣∣∣∣∣∣

−3− 9t− 6t2 −3 + 3t2

12 + 15t + 15t2 + 6t3 3 + 21t + 24t2 + 18t3

−15− 54t− 72t2 − 48t3 −6− 42t− 33t2 − 18t3




èìåëà ðàíã 3 äëÿ ëþáûõ t ≥ 0.
Ëåãêî ïðîâåðèòü, ÷òî ïîäìàòðèöà J124(t) ìàòðèöû J(t), ðàñïîëîæåííàÿ â ïåð-

âîì, âòîðîì è ÷åòâåðòîì ñòîëáöàõ èìååò îïðåäåëèòåëü

det J124(t) = − 1

9(t + 1)3
(189t5 + 595t4 + 908t3 + 785t2 + 463t + 96).

ßñíî, ÷òî det J124(t) 6= 0 ∀t[0,∞). Ñëåäîâàòåëüíî, ∀t ∈ [0,∞) rankJ(t) = 3.
Òåïåðü ìîæíî íàéòè ìàòðèöó Kc(t) äëÿ ðÿäà çíà÷åíèé t ≥ 0. Äëÿ ýòîãî èñ-

ïîëüçóåì èòåðàöèîííóþ ïðîöåäóðó ïóíêòà 5 ðàçäåëà 4.
Ïóñòü ε = 0.03. Òîãäà ìàòðèöà íà÷àëüíîãî ïðèáëèæåíèÿ èìååò âèä

Kc0(t) =




(14t− 3)(t2 + t + 1)

3.09(2t + 1)(t + 1)
0

−(t− 1)/0.03 −(2t + 1)/0.03


 .

Äëÿ òàêîãî íà÷àëüíîãî ïðèáëèæåíèÿ ïîëó÷åíû ñëåäóþùèå ìàòðèöû îáðàòíûõ
ñâÿçåé:

t = 0

Ac(0) =




0 1 0
−7 3 1/3
4 0 −1


 , Bc(0) =




0 0
1 0
0 1


 , Cc(0) =

( −2 −1 1/3
−5 2 1/3

)
,
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Kc(0) =

( −0.25 0
29.61 −54.38

)
;

t = 1

Ac(1) =




0 1 0
−115/12 9/2 −11/12
−13 0 −1


 , Bc(1) = Bc(0), Cc(1) =

( −1/2 −1 1/2
−3 2 0

)
,

Kc(1) =

( −16.1969 0
−51.3939 5.4762

)
;

t = 2

Ac(2) =




0 1 0
−2131/81 65/9 −175/81
−326/9 0 −23/9


 , Bc(2) = Bc(0),

Cc(2) =

(
20/9 −1 5/9
−31/9 2 −1/9

)
, Kc(2) =

( −37.0085 0
−84.9625 4.2643

)
.

Ìàòðèöà îáðàòíîé ñâÿçè â èñõîäíîì áàçèñå âûãëÿäèò òàê: K(t) = G−1(t)Kc(t).
Äëÿ òîãî, ÷òîáû äëÿ äàííîé ñèñòåìû óïðàâëåíèÿ ïîëó÷èòü óäîâëåòâîðèòåëüíîå

ðåøåíèå çàäà÷è ñèíòåçà â âèäå ïîñëåäîâàòåëüíîñòè ÷èñëîâûõ ìàòðèö K(t0), K(t1),
..., K(ts), ..., íóæíî èñïîëüçîâàòü ìåëêèé øàã ïî âðåìåíè: ∆t = ti+1 − ti ∼ 10−5.
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