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for non-autonomous Cauchy problems
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Abstracts. Studying product approximations of the non-autonomous Cauchy problem (nACP)
solution operator in a Banach space X we use the Howland-Evans-Neidhardt approach. The main
idea is to reformulate this problem as an autonomous Cauchy problem (ACP) in an extended Banach
space LP(Z, X), p € [1,00), of X-valued functions on the time-interval Z. A fundamental observation is
the one-to-one correspondence between solution operators of nACP on X and the evolution semigroups
of ACP on LP(Z, X). We show that this relation allows to apply a full power of the operator-theoretical
methods to scrutinise the nACP, including the proof of the product approximation formulae for
solution operators with operator-norm estimate of the rate of convergence.

Keywords: Trotter product formula, convergence rate, approximation, evolution equations, solution

operator, extension theory, perturbation theory, operator splitting.

1. Introduction

The theory of evolution equations plays an important role in various areas of pure
and applied mathematics, physics and other natural sciences. Since the early 1950s,
starting with papers by T. Kato [12] and R.S. Phillips |22], research in this field became
very active and it still enjoys a lot of attention. A comprehensive introduction to this
topic is presented in |7, Chapter VI. 9.] and also in the book by W. Tanabe [26].

A general Cauchy problem for linear non-autonomous evolution equations in a
Banach space has the form

u(t) = —Ct)u(t), u(s)=use X, 0<s<t<T, (1.1)

where {C(t) }1ez is a one-parameter (time-dependent) family of closed linear operators
in the separable Banach space X. Here the time-interval Z := [0,7] C R and we
also introduce Zy := (0,7]. To solve the non-autonomous Cauchy problem (nACP)
(1.1) means to find a so-called solution operator (or propagator): {U(t,s)}usen, A =
{(t,s) € Zo x Ly : 0 < s <t < T}, with the property that u(t) = U(t, s)us, (t,s) € A,
is in a certain sense a solution of the problem (1.1) for an appropriate set of initial
data u,.
By definition, propagator {U(t,s)}s)eca is supposed to be a strongly continuous

operator-valued function U(-,-) : A — Z(X) satisfying the properties:

U(t,t)=1 for tel,,

Ut,r)U(r,s) =Ul(t,s) for t,r,se€Zy with s<r<t,

1Ullzx) == sup [[U(t;8)]l2x) < o0,

(t,8)eA
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322 V.A.ZAGREBNOV

where .Z(X) denotes the space of bounded linear operators on X. For details see
Definition 3.5 in §3.1.

We note that there are essentially two different approaches to solve the abstract
linear nACP (1.1) in the normed vector spaces.

The first method consists of approximation of the operator family {C(t)}er by
operators {{C, () }tez }nen, for which the corresponding Cauchy problem

u(t) = —Cr(t)u(t), u(s)=us€X, 0<s<t<T

can be easily solved. Often, the family of operators {C(t)}icz is approximated by a
piecewise constant operators, see T. Kato [13, 14]. Then one encounters the problem: In
which sense the sequence of approximating propagators {{U,(t, s) }(t.s)ea }nen converges
to the solution operator {U(t, s)}sea of the nACP (1.1) 7

Another approach which allows to solve the problem (1.1) using perturbation, or
extension theory for linear operators is due to Howland-Evans-Neidhardt [9, 8, 16]. It
does not need any approximation scheme, for introduction see e.g |7, 19]. This approach
is quite flexible and can be used in very general settings. Its main idea can be described
as follows:

The nACP in X can be reformulated as an autonomous Cauchy problem (ACP) in
a new Banach space LP(Z, X), p € [1, 00), of p-summable functions on the time-interval
7 with values in the Banach space X.

In the second approach a central notion is the evolution generator K on LP(Z, X).
It generates a semigroup {U(7) = e"™*},5¢ on LP(Z, X) which is called an evolution
semigroup. In turn the evolution semigroup on LP(Z,X) is entirely defined by
propagator {U(Z,s)}s)eca in such a way that the representation

uit,t—7)ft—m7), ifte(r,T],

| (1.2)
0, ifo<t<r,

(€)= UNNH(E) = {

holds for any f € LP(Z, X). In the following we use the short notation
(€™ N () = UT) () = Ut t —1)xz(t — 1) f(t —7)

where xz(+) is the characteristic function of the interval Z. It turns out that there is
a one-to-one correspondence between the set of all evolution generators and the set of
all propagators. Moreover, the important observation is that the set of all evolution
generators in LP(Z, X') can be characterised quite independently from propagators, see
Theorem 3.3.

Notice that in this paper we use a definition of the generator of a semigroup which
differs from the usual one by the sign, see (1.2). It turns out that this choice of definition
is more convenient for our presentation.

The first problem we have to solve is: How to find the evolution generator for a
nACP (1.1) 7 To this aim we introduce the so-called evolution pre-generator

K =Dy+C, dom(K)=dom(Dy)Ndom(C)C L*(Z,X),
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PRODUCT APPROXIMATION OF SOLUTION OPERATORS 323

where Dj is the generator of the right-shift semigroup and C is the multiplication
operator induced by the operator family {C(t)}er in LP(Z,X). Appropriate
assumptions on the family {C(¢)}.cz guarantee that operator C is a generator in
LP(Z,X). If {U(t,5)}ts)ea is the solution operator of the nACP (1.1), then it turns
out that the generator K of the associated evolution semigroup {U(7)},>o defined by
(1.2) is a closed operator extension of the evolution pre-generator K. Conversely, if the
evolution pre-generator K admits a closed extension, which is an evolution generator,
then the corresponding propagator {U (¢, s},s)ca can be regarded as a solution operator
of the nACP (1.1).

In general, it is difficult to answer the question: whether an evolution pre-generator
admits a closed extension, which is an evolution generator ? However, the problem
simplifies if the pre-generator is closable and its closure is a generator. In this case one
gets that the closure is already an evolution generator. Then obviously the evolution
pre-generator admits only one extension, which is a generator and, hence, which is an
evolution generator. This means, that the nACP (1.1) is solvable and even uniquely.

From the point of view of the operator theory the problem formulated above fits
into the question: whether the sum of two generators is essentially a generator, i.e.
whether the closure of the sum of two generators is a generator.

If the sum of two generators A and B of contractions semigroups in some Banach
space is essentially a generator, then the Trotter product formula

e7C =s—lim (e ™A B/ 0 .= A+ B,

n—o0

in the strong operator topology, is valid for the closure A + B. This formula goes
back to Sophus Lie (1875) for bounded linear operators. Later it was generalised by
H. Trotter to unbounded generators of contraction semigroups, see [27]. The formula
admits a further generalisation to an arbitrary pair { A, B} of generators of semigroups
if their semigroups satisfy a so-called Trotter stability condition, cf. Proposition 5.7.

Note that generalisation [27] says nothing about the convergence-rate of the Trotter
product formula and by consequence about the error-bound for approximation of
solution operators. To this aim one has to consider the convergence of the Trotter
product formula in the operator-norm topology. For the case of Banach spaces see [5].
However, in [5]| the operator A was assumed to be a generator of a holomorphic
semigroup. In our case, this assumption is not satisfied for a principal reason: the
evolution semigroup (1.2) can never be a holomorphic semigroup! Nevertheless, some
observations of [5] admit a generalisation to the case of evolution semigroups. We
discuss this point in Remark 7.10.

Finally, after having determined the convergence rate of the Trotter product
formula in the operator-norm, one has to carry over this result to the propagator
approximations. It turns out that the Trotter product formula yields an approximation
of the propagator {U(t, s)},sea in the operator norm, which has (uniformly in A) the
same convergence-rate as the Trotter product formula for the evolution semigroup, see
Theorems 7.8 and 7.11.

ISSN 0203-3755 urammuueckue cucremsbr, 2019, Tom 9(37), Ned



324 V.A.ZAGREBNOV

We express a hope that these results might be useful in applications since they
give a uniform error estimate for a discretized approximation of the solution operator
{U(t,5)}ts)ea for the nACP (1.1), see §7. In particular, it concerns the numerical
simulations, where as a palliative approach one uses some domain-dependent error
estimates for operator splitting schemes in the strong operator topology |[3].

Now we give an overview of the contents of the paper in more details. Our aim is
analysis a linear nACP of the form

u(t) = —Au(t) — B(t)u(t), u(s)=use€ X, 0<s<t<T, (1.3)

where A is a generator of a bounded holomorphic semigroup and {B(t) };e7 is a family
of the closed (for any time-interval Z = [0,7]) linear operators in X. To proceed we
make the following assumptions:

Assumption 1.1. Let o € (0,1) and X be a (separable) Banach space.

(A1) The operator A is a generator of a bounded holomorphic semigroup of class
G(My4,0) (]15], Ch.IX, §1.4) with zero in the resolvent set: 0 € o(A).

(A2) The operators { B(t) };er are densely defined and closed for a.e. t € Z and it holds
that dom(A) C dom(B(t)) for a.e. t € Z. Moreover, for all x € dom(A) the function
t — B(t)x is strongly measurable.

(A3) For a.e. t € Z and some « € (0,1) we demand that dom(A®) C dom(B(t)) and
that

Co 1= ess sup,ez||B(t) A7 2(x) < o0 .

(A4) Let {B(t) }+ez be a family of generators in X that for all t € Z belong to the same
class G(Mp,vp). The function Z 3 ¢t — (B(t) + £I) "'z € X is strongly measurable for
any z € X and any & > 3.

(A5) We assume that dom(A*) C dom(B(t)*) and
Cy := ess sup,ez|| B(t)* (A*) Y 2(x+) < o0,

where A* and B(t)* denote operators which are adjoint of A and B(t), respectively.

(A6) There exists 8 € (a, 1) and a constant Lz > 0 such that for a.e. t, s € Z one has
the estimate:

|A~Y(B(t) — B(s))A || #x) < Lg|t — s|5 .

We comment here that, the assumptions (A4) and (A3) imply assumption (A2).
So, assuming (A4) and (A3) we can drop the assumption (A2).

Let A and B be the multiplication operators induced by A and {B(t)}iez in
LP(Z, X). Further let Dy be the generator of the right-shift semigroup in LP(Z, X).
Note that since A is a semigroup generator in X, the operator A in the space
LP(Z, X) is also a generator. Moreover, the semigroup {e~"*},>¢ commutes with the
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PRODUCT APPROXIMATION OF SOLUTION OPERATORS 325

semigroup {e~7P°},5¢. Therefore, the product {e~"*e~7P0} 5, defines a semigroup

and its generator is denoted by ICy. Note that Ky = Dy + A , i.e. a closure of the
operator sum Dy + A. In general, domain of the generator Ky can be larger than
dom(A) Ndom(Dy). A widely used assumption about the operator A is its mazimal
parabolic regularity, see [1, 23, 24, 2|. This means that the operator sum Dy + A is
already closed, i.e. g = Do+ .A and dom(Ky) = dom(.A) Ndom(Dy). In this paper the
maximal parabolic regularity is not supposed for our purposes.

Now our first of the main results can be formulated as follows:

Theorem 1.2. Let the assumptions (A1), (A2) and (A3) be satisfied. Then, the operator
K = Ko+ B with dom(K) = dom(Ky) Ndom(B), is an evolution generator in L?(Z, X),
p € [1,00), and the non-autonomous Cauchy problem (1.3) has a unique solution
operator {U(t, s)}.s)ea in the sense of Definition 3.5.

The proof of this theorem mainly uses a perturbation theory due to J.Voigt 28],
see Proposition 4.2. Note that the theorem holds without assuming that operators
{B(t) }4ez are generators.

We comment that if the assumption (A4) is satisfied, then the induced
multiplication operator 5 becomes a generator that also belongs to G(Mp, f5). A pair
{B, Ky} is called Trotter-stable if it satisfies the condition

sup sup (e_TB/”e_T’CO/")nH < 00 .

neN >0
If the pair {B, Ky} is Trotter-stable, then by the Trotter product formula the evolution
semigroup {e~"®},5¢ admits the representation

e =5 —lim (e 7B/memRo/myn, (1.4)

n—oo

It turns out that the pair {B, Ky} is Trotter-stable if the operator family {B(t)}iez is
stable with respect to A (see Definition 5.5). Let us mention here that the pair {B, Ko}
is Trotter-stable if and only if the pair {Ky, B} is Trotter-stable, i.e. the estimate:

sup sup
neN 7>0

‘(677’&)/”677—8/“)”“ < oo,

holds. In particular this yields that one can interchange operators Ky and B in
formula (1.4). Note that Trotter stability condition is always satisfied for generators of
contraction semigroups.

Let {U(t,5)}tsea be the propagator corresponding to the evolution semigroup
{e7™*} .50 via (1.2). Then the Trotter product formula yields an approximation of the
propagator {U(Z,5)},s)ea in the strong operator topology and we prove in this paper
the following assertion:

Theorem 1.3. Let the assumptions (Al), (A3) and (A4) be satisfied. If the family
{B(t) }+ez is stable with respect to A (see Definition 5.5), then

T—1
lim sup/ {Un(s + 7,5) —=U(s+ 1, 9)}x|fds =0, ze€X, (1.5)
0

n—=00 rcT
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326 V.A.ZAGREBNOV

for any p € [1,00), where the Trotter product approximation {{U,(t,s)}.s)ea }nen is
defined by

Un(t,s) :== HGj(t,s;n), n=12,...,
H (16)

. . _tfsB +-tfs —QA .
Gj(t,s;n) :=e  n PEHS =504 5 =0,1,2,... 0,

(t,s) € A, with the increasingly ordered product in j from the right to the left.

Our second main result shows that the convergence in (1.5) can be improved
from the strong to the operator-norm topology and that the convergence-rate can be
estimated from above.

Theorem 1.4. Let the assumptions (A1), (A3), (A4), (Ab), and (A6) be satisfied. If the
family of generators { B(t) }1ez is stable with respect to A and § € (a, 1), then there is
a constant Cy, g > 0 such that

Cop

nf—a’

€SS sup HUn(t7 S) - U(t’ 8) HX(X) <
(t,s)EA

n=2.3,.... (1.7)

Now few remarks are in order. The paper [11] suggests that if both A and B(t)
are positive self-adjoint operators in a Hilbert space and if the operators { B(t) };>0 are
Kato-infinitesimally-small with respect to A, then a operator norm convergence rate
O(In(n)/n) instead of (1.7) might be possible.

On the other hand, in [3, 4] Bétkai et al investigated approximations of solution
operators for non-autonomous evolution equations by a different type of so-called
operator splittings in the strong operator topology. They include, as particular,
symmetrised /non-symmetrised time-dependent Trotter product approximations in the
strong operator topology studied by [29, 30|, as well as some other Trotter-Kato product
formulae, see e.g. [18]. In the first paper [3|, the authors proved the strong operator
convergence and established for the non-autonomous parabolic case an optimal domain-
dependent convergence rate for the (sequential) splitting approximation. The second
paper [4] is devoted to a detailed analysis of the case of bounded perturbations.

Equation (1.3) describes various problems related to the linear nACP. As an
example, we consider in §8 the diffusion equation perturbed by a time-dependent
t — V/(t,-) scalar potential:

u(t) = Au(t) = V(t,x)u(t), u(s)=us e L1(Q), 0<s<t<T, ze€Q, (1.8)
where Q C R? is a bounded domain with C2- boundaries and ¢ € (1, 00). Let
V(t,z) : IxQ—=C, Re(V(t,z)) >0 fort €Z, ae. z €

be a measurable scalar time-dependent potential. Assuming regularity of the potential
V(t,z), the conditions (A3), (A5) and (A6) can be satisfied. As an example for the
case of d = 3, we have the following theorem.

ISSN 0203-3755 duramuyaeckue cucrembl, 2019, Tom 9(37), Ned



PRODUCT APPROXIMATION OF SOLUTION OPERATORS 327

Theorem 1.5. Let Q C R? be a bounded domain with C?*—boundary. Let a € (0,1/2)
and ¢ € (3,3/2«). Choose ¢ € [3/(2a),¢], 8 € (a,1) and 7 € [3/(2a + 2), 0]. Let
B(t)f = V(t,)f define a scalar-valued multiplication operator in X = L9(Q2) with
Ve L=(Z,L2(2)) N CP(Z,L7(Q)) and Re(V (t,x)) > 0. Then, the evolution problem
(1.8) has a unique solution operator {U(t, s)},s)eca, which admits the approximation
f(ﬁfa))

?

sup( syea | Un(t, s) = U(t, 8)l 2(za(e)) = O(n

where for (¢,s) € A the approximating propagator U, (¢, s) is defined by the product
formula

né
Un(t,s) =[] Git.s), n=1,2,...,
j=1
G;(t,s;n) = e*tﬁsv(sﬂt%")et;sA, j=12,....,n.

The conditions for other values of the parameters when d > 2, ¢ € (1,00), are
formulated in §8.

This paper is organised as follows. In §2 we summarise some basic facts about the
semigroup theory, the fractional powers of operators and the multiplication operators.
In §3, we describe our approach to solution of the nACPs. In §4 the existence of
unique solution operator for our case of the linear nACP is proved. §5 presents the
basic properties of stability, whereas §6 investigates convergence of the Trotter-type
product approximations in the strong topology. §7 contains the proof of the lifting of
these convergence to the operator-norm topology. An application to a non-stationary
diffusion equation is the subject of §8.

2. Recall from the theory of semigroups

Below we recall some basic facts from the operator and semigroup theory, which
are indispensable for our presentation below.

Throughout this paper we are dealing with a separable Banach space denoted by
(X, |l - lx). Let S and T be two operators in X. If dom(S) C dom(7T) and there are
constants a,b > 0 such that

1Tz x < allSzlx +0llz]x, @€ dom(S),

then the operator T' is called S-bounded with the relative bound a.

We define the resolvent of operator A by R(A\,A) = (A —X)~! : X — dom(A)
when A is from the resolvent set o(A). A family {7(¢)}+>o of bounded linear operators
on the Banach space X is called a strongly continuous (one-parameter) semigroup if it
satisfies the functional equation

T(0) =1, T(t+s)=THT(s), t,s>0,
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328 V.A.ZAGREBNOV

and the orbit maps [0,00) 3 t — T'(t)x are continuous for every x € X. In the following
we simply call them semigroups.
For a given semigroup its generator is a linear operator defined by the limit

o1
Az = }111{‘% E([L’ —T(h)x)

on domain
.1 .
dom(A) :={zx € X : }IL% E(x —T(h)x) exists}.

Note that in our definition of the semigroup generator differs from the standard one
by the sign minus, cf. [15].

It is well-known that the generator of a strongly continuous semigroup is a closed
and densely defined linear operator, which uniquely determines the semigroup (see e.g.
|7, Theorem 1.1.4]). For a given generator A we will write {T'(t) = e '},50, for the
corresponding semigroup.

Recall that for any semigroup {7'(t)}:>o there are constants M, y4, such that it
holds ||T(¢)|| < Mae¥at for all ¢ > 0. These semigroups are known as quasi-bounded
of class G(Ma,7v4) and following the Kato book we write that A € G(Ma,~v4) for
its generator [15, Ch.IX]. If yv4 < 0, {T'(t)}i>0 is called a bounded semigroup. For
any semigroup we can construct a bounded semigroup by adding operator vI for
some constant v > 74 to its generator. Then the operator A := A + vI generates
a bounded semigroup {7T'(¢) }>o with ||T(¢)]] < Myu. If [|T(¢)|| < 1, the semigroup is
called a contraction semigroup and correspondingly a quasi-contraction semigroup, if
the property ||7(¢)|| < e¥4* holds.

It is known (see [15, Ch.IX]) that for a generator A € G(Ma,7y4) the open half
plane {z € C : Re(z) < —va} is contained in the resolvent set o(A) of A and one has
the estimate ||R(\, A)*|| < M4/(—Re(X\) —~4)* for the resolvent R(\, A) = (A—\I)~!
and the natural k£ € N. Note that if A € G(My,v4), then A=A+vlc G(Ma,va—v).
Therefore, the open half-plane {z € C : Re(z) < v — 4} is contained in the resolvent
set o(A).

Note that the semigroup {7T'(t)}:>o on X is called a bounded holomorphic semigroup
if its generator A satisfies: ran(7'(t)) C dom(A) for all ¢ > 0, and sup,-, |[tAT(t)] <
M < oo. Recall, that in this case the bounded semigroup {7(¢)}:>o has a unique
analytic continuation into the open sector {z € C\{0} : |arg(z)| < (M) < 7w/2} C C
of the angle §(M) > 0, which is a monotonously decreasing function of M such that
limps 00 6(M) = 0, see, e.g., [31, Ch.1.5]. For a short recall from the perturbation
theory of semigroups see, e.g., [32, Ch.1.7] and §4 below.

2.1. Fractional powers

We recall here some facts about the fractional powers of linear operators, see e.g.
[21, Chapter 2.6]. To this end assume that A is a generator of a bounded holomorphic
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semigroup {e"};50 and 0 € g(A). Then the fractional power for a € (0, 1) is defined
by

1 0o
Ao — _/ ta_le_tAdt ’
0

where I' : R, — R is the Bernoulli gamma-function. Moreover, we define A° = 1I.
Thus, the operator family {A~*},>¢ defines a semigroup of bounded linear operators
and the operators A~ for o > 0 are invertible [21, 2.6.5-6]. So, for &« > 0 we can define
A% = (A=*)~L. With this definition, we get dom(A%) C dom(A”) for a > 3 > 0. In
particular, we have dom(A) C dom(A?) for every a € (0,1).

The following facts are also well-known.

Proposition 2.1. Let A be generator of a bounded holomorphic semigroup.

(i) Then there is a constant Cy such that for all ;1 > 0 it holds

IA*(A + pd)7H| < Cop ™.

(ii) For u > 0 and 0 < o < 1 it holds that

dom((A + ul)*) = dom(A?)

One of the basic tool for analysis of bounded holomorphic evolution semigroups is
summarised by the following proposition.

Proposition 2.2 (|21, Theorem 2.6.13]). Let A be generator of a bounded holomorphic
semigroup U(z) and 0 € go(A). Then for 0 < a, we get

sup [|t* AU (t)|| = M2 < co.
>0

2.2. Multiplication operators

Let Z = [0,T] be a compact interval. We consider the Banach spaces LP(Z, X),
p € [1,00), of Lebesgue p-summable X-valued functions. The dual space LP(Z, X)* of
LP(Z, X) is defined by the sesquilinear duality relation (-,-), which generates bounded
functionals:

LT, X) x IM(T,X)" 5 (£,T) = {/,T) € C.
Then the following statement characterises the space LP(Z, X)*.

Proposition 2.3 (|6, Theorem 1.5.4]). Let 1 < p < oo, and let p’ be defined by (p')~! +
(p)~! = 1. Then for each T' € LP(Z, X)* there exists a function ¥ : Z — X* such that :

(i) ¥ is w*-measurable, i.e. measurable are the functions t — (f(t), U(t)) for all f €
LP(Z,X)

(ii) The function [[W(-)] x- is measurable and belongs to L (),

x ot || (1)
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(iii) If (f,I) = [, dt(f(t),¥(t)) for all f € LP(Z,X), then ||| = || [[¥(-)|lx= |-

Conversely, each w*-measurable function ¥ : Z — X*, for which there is g € L” ()
such that ||¥(¢)||x- < g(t) for a.e. t € Z, induces by (iii) a continuous linear functional
I on LP(Z, X), whose norm is less than or equal to [|g]|;, -

An important role plays in the following the so-called multiplication operators on
the Banach space LP(Z, X), p € [1,00). A function ¢ € L*>°(Z) defines a multiplication
operator M (¢) on LP(Z, X) by

(M()f)(t) := p(t) f(t) for ace. t € T, dom(M(p)) = LP(Z, X).

Moreover, let C(Z, X) be the Banach space of all continuous functions f : Z — X
endowed with the supremum norm. By Cy(Z, X)) we denote the subspace of C'(Z, X)
of all continuous functions, which vanish at ¢t = 0.

Definition 2.4. We say the set D C LP(Z, X) has a dense cross-section in X if

i) DCc L»(Z,X)NC(Z,X) ,

(i) for any t € Zy the set [D]; := {z € X : 3f € D such that ]?(t) =z} is dense in X
, where f denotes the unique continuous representative of f € D.

Using definition of the multiplication operator M (¢) and the cross-section density
property we find a condition when a linear set is dense in LP(Z, X). Let us denote by
WHrP(T), k € N, p € [1,00] the Sobolev space over Z. Then one gets the following
statement.

Proposition 2.5. If a linear set D C LP(Z, X)) has a dense cross-section in X and if for
every ¢ € W1°°(Z) one has : M(¢)D C D, then D is dense in LP(Z, X).

Proof. Let I' € LP(Z, X)* be a functional on LP(Z, X) such that
(f,I)=0, feD.

Now we use the characterisation of the dual space LP(Z, X)* given by Proposition 2.3.
Then there is a w*-measurable function W : 7 — X* such that

0=(fT)= /I<f(t),\lf(t)> dt, for f € D.

By virtue of M(¢)D C D for ¢ € W'>°(Z), it follows that

0= /I<¢(t)f(t),‘1’(t)> dt = /ch(t)(f(t),‘l’(t» dt

i.e., the function ¢t — (f(t),¥(t)) is in L'(Z). Since ¢ € W1>(Z) is arbitrary, we
conclude that

0= (f(t),¥(t)), forae. tel.

Then the condition that D has a dense cross-section implies W(¢) = 0 for a.e. t € T
and hence I' = 0. O
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Now, let {C(t)}iez be a family of linear operators in the Banach space X. We
note that the domains of operators {C(¢)}.cz may depend on the parameter ¢. The
multiplication operator C in LP(Z, X) induced by {C(t) }+ez is defined by

(CH(E) :==C[)f(t), with domain

f(t) € dom(C(t)) for a.e. t € I} (2.1)
; :

don(€)i= { e riaxy TSRO e S

Proposition 2.6. If {C(t)}ier is a family of closed linear operators in X, then the
induced operator C is also closed.

Proof. Let the sequence {f,}n>1 C dom(C) be such that limits: lim,,_, f,, = f and
lim, ,ooCf, = g, exist in the LP(Z, X)-topology. This implies that by a diagonal
procedure one can find a subsequence {f,, }r>1 such that lim,, . fn,(t) = f(t) and
lim,,, 00 (C [0, ) (t) = g(t) for a.e. t € Z. Since for any ¢t € Z the operator C(t) is closed
in X, we conclude that f(t) € dom(C(t)) and C(t)f(t) = g(t) for almost all £ € Z. On
the other hand, since g € LP(Z, X), it follows that f € dom(C) and that (Cf)(t) = g(t)
almost everywhere in Z. The latter proves that operator C is closed. O]
For a family of generators, we have the following theorem.

Theorem 2.7. Let {C(t)}iez be a family of generators in X such that for almost all
t € Z it holds that C(t) € G(M, ) for some M > 1 and § € R. If the function
I3t (Ot)+¢&) 'z € X is strongly measurable for £ > 3, z € X, then the induced
multiplication operator C is a generator in LP(Z, X), p € [1,00), and the corresponding
semigroup {e""},5¢ is given by

(eTChH)(t) = e "W f(t) for ae. t €.
In particular, on obtains that C € G(M, 3).

Proof. Let J C Z be a Borel set with characteristic function x7(:). For £ > § and
x € X we define the mapping

fre=E&CH)+&) xs()r: T = X.
Then, by definition f7 ¢ is element of LP(Z, X) , f7¢(t) € dom(C(t)) for a.e. t € T and
Ct)f7e(t) =Exat)x = (CH) + &) xa(t)

is also an element of LP(Z, X). Hence, f7¢ € dom(C). Since for a.e. t € T the operator
C'(t) is a generator in X the Yosida approximation argument yields that

fre(t) = xs(t)z, for € 00, z€ X, ae. t €.

Note that it is valid for any J C Z. Therefore, dom(C) is dense in LP(Z, X).
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Now, we estimate the iterated resolvents. Recall that for any ¢ € 7 the operators
C(t) belong to the same class G(M, ). Thus, for any k € N we have

IC®) + N e < G

Hence, for almost every ¢t € Z and any f € LP(Z, X)), we obtain

M

1€+ M)A = 1(CEH) + N (F@B)lx < mllf(ﬂl!x, A> B

This implies that
_ M
€+ 0l < =g lfles A > 5.

and therefore, by the Hille-Yosida Theorem (see e.g. [7, Theorem 2.3.8]) it follows that
C is a generator in LP(Z, X). The corresponding semigroup is given by the Euler limit:

e f = lim <1+ Ic)fnf, felrT,X) .
n—00 n

For any n > 0, we have

((1 + %c) - f) (1) = (1 + %C(t))*n £t .

This yields

n—o0

@renw=tin ((1+7¢) ") 0 -

— lim (1 + %C(t)>_n F(t) = e COF(t) |

n—o0

which coincides with expression claimed in theorem. O

Remark 2.8. We note that the domain of the generator C does not necessarily have a
dense cross-section in X since its elements might be not continuous.

An operator A in X, that does not depend on the time-parameter ¢, trivially induces
a multiplication operator A in LP(Z, X) given by

(Af)(t) := Af(t) forae teT
with

dom(A) = {f € I"(T, X) f(t) € dom(A) for a.e. t € I}.

Ist— Af(t) € LP(Z,X)

Then Theorem 2.7 immediately yields the following corollary:
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Corollary 2.9. Let A be a generator in X. Then the induced multiplication operator
A is a generator in LP(Z, X) and its semigroup is given by

(™)) = e TAf(t), ae teT.

The next lemma describes how domains of two induced multiplication operators in
LP(Z, X)) can be described by domains of the corresponding operators in the space X.

Lemma 2.10. Let the assumptions (A1) and (A2) be satisfied. If

esssup | B(t)z||x < Col|Az||x < oo for z € dom(A), (2.2)
tez

is valid, then dom(A) C dom(B).

Proof. Let f € dom(A). Then, by definition of dom(.A) one gets f(t) € dom(A) for
a.e. t € T and hence f(t) € dom(B(t)) for a.e. t € Z. Consequently, by virtue of (2.2)
we obtain

esssup | BA)A™ | #x) < Co -
teT

Hence, one gets

1B f(t)llx = I1BOATAf ()] x < Coll Af(B)llx

which yields that the function t — B(t)f(¢) is in L?(Z, X). Thus, f € dom(B), i.e.
dom(.A) C dom(B). O

Note that a family {F(¢)}+ezr of bounded operators is measurable if the map Z >
t — F(t)x € X is measurable for each x € X. The following proposition is very useful
for our purposes.

Proposition 2.11 (|8]). Let {F(t)}iezr be a measurable family of bounded linear
operators on X. Then, for the induced multiplication operator F on LP(Z, X) its norm
can be expressed as

IFlz@wezxy = s Sup 1F ()] 2(x) -

3. Non-autonomous Cauchy problems and the evolution
semigroups approach to solve them

Let us consider the nACP (1.1) in the separable Banach space X. We are going to
explain an approach of solving it by using the evolution semigroups.

3.1. Evolution semigroup approach

Crucial for this approach is the notion of the evolution pre-generator.
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Definition 3.1. An operator K in LP(Z,X), p € [1,00), is called a evolution pre-
generator if

(i) dom(K) c C(Z,X) and M(¢)dom(K) C dom(K) for ¢ € WH>(T),

(i) KM(9)f — M(Q)KS = M(§)f, [ € dom(K), ¢ € WH(T), where é = 6,
(iii) the domain dom(K) has a dense cross-section in X (see Definition 2.4).

If, in addition, the operator K is a generator of a semigroup in LP(Z, X), then K is
called an evolution generator.

Remark 3.2. The domain dom(K) of an evolution pre-generator is dense in the Banach
space LP(Z,X). Indeed, the dense cross-section property (iii) together with (i) and
Lemma 2.5 imply the density of dom(K) C LP(Z, X).

Now, we can present the main idea concerning the solving of the problem (1.1). The
next theorem explains why we are interested in such a notion as evolution semigroups.

Theorem 3.3 (|16, Theorem 4.12|). Between the set of all semigroups {¢~™*}, 5, on the
Banach space LP(Z, X)}, p € [1,00), generated by an evolution generator I and the
set of all solution operators (propagators) {U(t, s)} s)ca on the Banach space X exists
a one-to-one correspondence such that the relation

(e = Ut t = T)xz(t = 7)f(t = 7), (3.1)

holds for f € LP(Z, X) and for a.e. t € Z, where xz(-) is the characteristic function of
the interval Z.

In other words, there is a one-to-one correspondence between evolution semigroups
and the propagators that solve the nACP problem (1.1)

One of the important example of evolution generator is Dy := J, defined in the
space LP(Z, X) by

DOf(t> = atf(t)ﬂ dom(D0> = {f € WLP([O?T]?X) : f(O) = 0} .

Then, the operator Dy is a generator of class G(1,0) of the right-shift evolution
semigroup {S(7)},>0 that has the form

(e f)(1) = (ST = [t~ hxalt = 7), [ e LT X), actel.

The propagator corresponding to the right-shift evolution semigroup is the identity
propagator, i.e. U(t,s) = I for (t,s) € A € Iy x Iy, where Zy = T \ {0}.

We note that the generator Dy has empty spectrum since the semigroup {S(7)}->0
is nilpotent and therefore the integral fooo dr e S(7)f exists for any A € C and for
any f € LP(Z,X).

For a given operator family {C(¢)}1ez in X the induced multiplication operator C
in LP(Z, X) is defined by (2.1). We consider in LP(Z, X') the operator

K :=Dy+C, dom(K) := dom(Dy) N dom(C) . (3.2)
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Lemma 3.4. 1f dom(lz) has a dense cross-section, then the operator K is a evolution
pre-generator.

Proof. By (3.2) we get dom(K) C dom(Dy) C C(Z,X). Since C is an induced
multiplication operator, then by definition (2.1) it commutes with the operator M (¢)

for ¢ € Whoo(T). So, with dgm(l%) = dom(Dy) N dom(C) we get M(¢)don~(l€) C

dom(K). Then the relation KM (¢)f — M(¢)Kf = M(¢)f for f € dom(K) (see
Definition 3.1, (ii)) follows by the Leibniz rule for (DM (¢)f)(t) = 0u(of)(1). O

Now, we precise the notion of the solution operator of the problem (1.1) versus the
propagator {U(t,s)},s)ea on the Banach space X. In the beginning we described it in
Introduction §1.

Definition 3.5.

(i) The evolution nACP (1.1) is called correctly posed in Zo = Z \ {0} if K defined by
(3.2) is an evolution pre-generator.

(i) A propagator {U(t,s)}wsea is called a solution operator of the correctly posed
evolution problem (1.1) if the corresponding evolution generator K (Theorem 3.3) is
an operator extension of IC, i.e. I C .

(iii) The evolution problem (1.1) has a unique solution operator if K admits only one
extension that is an evolution generator.

Remark 3.6.
(i) It is an open problem whether an evolution pre-generator admits several extension

which are evolution generators. However, if this is case then the nACP (1.1) has more
than one solution operator.

(ii) Our Definition 3.5 (ii) of a correctly posed nACP is a weak property. For example,
the notion of well-posedness developed in [20] implies this property.

To find extensions of the evolution pre-generator IC which are evolution generators
is, in general, a nontrivial problem. However, there is a special case, that easily
guarantees the existence of such extension and, moreover, it is unique.

Theorem 3.7. Assume that the nACP (1.1) is correctly posed in Zy. If the evolution pre-
generator K is closable in LP(Z, X) and its closure K is a generator, then the evolution
problem (1.1) has a unique solution operator.

Proof. Assume that I belongs to the class G(M, 8). Then by Lemma 2.16 of [16] the

estimate

110 < =g |+ Ol f € dom(K),

holds a.e. in Z for all £ > (. In particular, one gets for any f € dom(K):

Iflle < K+ fllo

M
(€ — ﬁ)(iv—l)/pH<
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Hence, we conclude for the closure K of K one has dom(K) ¢ C(Z, X).

Now, we show that I is an evolution generator. Let f € dom(K). Then, by the
closeness of IC, there is a sequence f,, € dom(lz) such that f, — f and K fn— Kf,
both in LP(Z, X). Let ¢ € W*(Z). Since K is an evolution pre-generator, Definition
3.1, (ii) yields

KM () fo = M($)K f + M() fo-

Note that the right-hand side converges to M (¢)Kf + M(¢)f. Therefore, we conclude
that M(¢)f € dom(K) and KM (¢)f = M(®)Kf + M(p)f. Hence, K is an evolution
generator. _

Now let K and K’ be two different extensions of K that are both evolution
generators. Since K is the closure of K and K’ is closed, we get dom(K) C dom(K')
and the restriction: K’dom(K) = K. Recall that e=**(dom(K)) C dom(K), for s > 0.
Then for all f € dom(K) and 0 < s < 7 we obtain

d

£{e—(fr—s)lC’6—st} _ 6—(7’—5)}C’ (}C/ o IC)G_SICf -0.

Hence, the function s ~— e~ ("% c=5Ky is a constant for each u € dom(K). Thus,

the semigroup generated by K’ must be the same as the one by X, which implies
K=K. O

These considerations suggest the following strategy for solving the nACP:
To find the unique solution operator of the problem (1.1) it is sufficient to prove that
the evolution pre-generator IE, defined by (3.2), is essentially generator, i.e., the closure
of K is a generator.

3.2. A special class of evolution equations

We are interested in the nACP of a special form. Setting C(t) := A+ B(t), t € Z,
dom(C(t)) = dom(A) Ndom(B(t)) we see that this problem fits into (1.1).

The operator A in X trivially induces a multiplication operator A in the Banach
space LP(Z, X). The operator family {B(t)}ez induces a multiplication operator B.
Our aim is, to show that the closure of the evolution pre-generator

K :=Dy+ A+ B, dom(K):= dom(Dy) N dom(A) N dom(B)

becomes an evolution generator under appropriate assumptions on the operator A and
the operator family {B(t) }ez.

Firstly, we consider the operator sum Dy + A. Let A be a generator in X with the
semigroup {e"™},59. Then A is a generator in LP(Z, X) with semigroup {e ™*},>¢
given by (e ™Af)(t) = e "Af(t) for a.e. t € I (cf. Lemma 2.9). Since A is time-
independent, the operators A and Dy commute. Hence, the product

eTPAS = xg(- = T)eAf (-~ 7)
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defines a semigroup on LP(Z, X). The generator of this semigroup is denoted by Ky
and satisfies the following properties:

Lemma 3.8. Let A be a generator in X inducing the multiplication operator A in
LP(Z, X). Let Dgy be the generator of the right-shift semigroup on LP(Z, X). Then, the
following holds:

(i) The set D := dom(Dy) N dom(.A) is dense in LP(Z, X ) and it has a dense cross-
section in X. In particular, dom (/) has a dense cross-section in X.

(ii) The restriction KoD =: Ko = Dy + A and the closure (I/Cvg) = K.

(iil) [le7™| zrezx)) = lle” ™| cezr(z,x)) for 7 € Z. In particular, the generators A, A
and Ky belong to the same class G(M, 3).

Proof. (i) Note that for any ¢ € W*(Z) we have M (¢)D C D. Now we prove that D
has a dense cross-section in X. To this aim, let t, € Z\ {0} and xy € X be fixed. Since
A is a generator in X, by the Yosida approximation it follows that

dom(A) 3 z¢ :=E(A+ &) 'wg — 20, as € — oo

Therefore, for any e > 0 there exists £ > 0 such that ||zg — xo||x < €. Let v € C>®(Z)
be such that ¢(0) = 0 and ¢ (ty) = 1. Then, g defined by ¢(¢) = (t)z¢ is in D and
lg(to) — zollx <.

Assertion (ii) holds by definition and assertion (iii) follows immediately from the
fact that dom(Dy) Ndom(.A) is dense in LP(Z, X') and that the operator Dy belongs to
the class G(1,0). O

Remark 3.9. In general, the operator /Eo = Do+ A must not be a closed operator and
the domain of /Cp may be larger than dom(Dy) N dom(A). Let

Owu(t) = —Au(t), u(0) =uo,

be the evolution problem associated to the densely defined and closed operator A.
Let us recall that if A satisfies the condition of maximal parabolic regularity, see e.g.
[1, 23, 24, 2|, then A has to be the generator of a holomorphic semigroup and the
operator IEO is closed. Hence, IEO = K. However, if A is the generator of a holomorphic
semigroup, then in general it does not follow that A satisfies the condition of maximal
parabolic regularity. This is only true for Hilbert spaces.

4. Existence and uniqueness of the solution operator of the
evolution equation

In this section we want to find the solution operator for the nACP (1.3) in the

sense of Definition 3.5. In particular, we show that the closure K of the operator
K = Do+ A+ B is a generator (cf. Theorem 3.7). In fact, we are going to prove that
K := Ko + B is an evolution generator.
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Note that since we deal with many generators, there is a need to investigate the sum
of them. To this aim we recall two results from the perturbation theory for semigroup
generators.

Proposition 4.1 (|15, Corollary 1X.2.5]). Let A be the generator of a holomorphic
semigroups and let B be A-bounded with relative bound zero. Then A 4+ B is also the
generator of a holomorphic semigroup.

The next result is due to J. Voigt [28]. It allows to treat perturbations with non-zero
relative bounds.

Proposition 4.2 (|28, Theorem 1|). Let {T'(t)}+>0 be a semigroup acting on the Banach
space X with generator A € G(Ma,7va). Let B be a densely defined linear operator in
X and assume there is a dense subspace D C X such that:

(i) D C dom(A) Ndom(B), T(t)D C D for t > 0 and for all x € D the function
t — BT (t)z is continuous,

(ii) There are constants 3; € (0,00] and fy € [0,1) such that for all z € D it holds
that

51
/ dt 4| BT(8)a]| < Bole]| -
0

Then there exists a unique semigroup {S(t)}+>0 and its generator C' is the closure of
the restriction (A 4+ B)D, with domain dom(C) = dom(A). Moreover, the operator
BD is AD-bounded and can be extended uniquely to an A-bounded operator B with
domain dom(B) = dom(A). For this extension one gets that C' = A + B. In particular,
if B is closed, then B is A-bounded and C' = A 4+ B. Moreover, the following estimate
holds

M 1+t/ﬁl
sl < ({24) et ez,
- P2

Lemma 4.3. Assume (A1), (A2) and (A3) for the operators A and the operator family
{B(t) }tez. Then, we get [|[BA™|| zzrz,x)) < Ca-

Proof. The claim follows directly using Lemma 2.6 and Lemma 2.10. O]

Proposition 4.4. Let the assumptions (A1), (A2) and (A3) be satisfied. Then K = Ky+B
is a generator in LP(Z, X), p € [1,00), with domain dom(K) = dom(/y).

Proof. We want to apply Proposition 4.2. Let D = dom(Dgy) Ndom(.A) Ndom(B). Since
dom(A) C dom(B), we have D = dom(Dy) N dom(A). Using Lemma 3.8, we conclude
that D is a dense subspace of LP(Z = [0,T], X), which is invariant under the semigroup
{e7™ )50

From Proposition 2.2 we get that for a fixed a € (0,1) and for any 7 € (0,7] = Z,
there exists a constant M2 (which depends only on «) such that ||A%~"4| < M2 /7.
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We prove conditions (i) and (ii) of Proposition 4.2. Let f € D = dom(Dyp) N
dom(A) C Cy(Z, X). Then for a € (0,1) and 7 > 0 we conclude that

B 1, = [ del B 01

g/IdtHB(t) AT I, <

(MA)
TN

MA
<essoup |BOA ™, oa 1718, < oL gy,
€

Then, we get ||[Be ™0 f||1» < Co MATYP7=% || f||1». Moreover, for f € D we have
IB(e™ = D)flun = | | Be Ko |1ndo =
0
:||/ Be " Ae P Ko f || prdo <
0

<IBA  ewxy | 1A% AeasaxndolKofla0 <

CoM2
1-—

<C M2 / — | Ko fl| oz x) = T Ko f iz,
0

that yields continuity in 7 = 0 and hence, the function Z > 7 +— Be ™0 f € LP(Z, X)
is continuous. Moreover, we get

a B | C, M4 .
/ 1Be™ ™0 f oz.xydr < CaM2| flls / L= " oz
0 o T (1—a)

Now, take a < ((1—a)/CoMZ) e, Hence, all conditions of Proposition 4.2 are
satisfied. So we conclude that the operator K = Ky+B with domain dom(K) = dom (/o)
is a generator. O

Now we can state the main theorem concerning the nACP (1.3).

Theorem 4.5. Let the assumptions (A1), (A2) and (A3) of Assumption 1.1 be satisfied.
Then the evolution problem (1.3) has a unique solution operator in the sense of
Definition 3.5.

Proof. The evolution problem is correctly posed since the set dom(Dy) Ndom(.A) has a

dense cross-section in X (cf. Lemma 3.8). Using Theorem 3.7 and Proposition 4.2 the
assertion follows. ]

Remark 4.6.
1. The existence result does not require that the operators B(t) are generators.
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2. The assumption 0 € g(A) is just for simplicity. Otherwise, the generator A can
be shifted by a constant > 0. Proposition 2.1 ensures that the domain of the
fractional power of A does not change either.

3. The assumptions (A1), (A2), (A3) imply that for a.e. ¢t € Z the operator B(t) is
infinitesimally small with respect to A. Indeed, fix t € Z, we conclude

dom(A +n) = dom(A) C dom(A*) C dom(B(t))

for n > 0 and so by Proposition 2.1 we have

— —a « - COCC
IBE)(A+n)" e < 1BOA™ e - 1A (A +0) " e < o g

_a'

And therefore for any x € dom(A) C dom(B(t)), we get

CoCo o1
B0l < S 1A+ el < CuCar (Sl1Asls + el ).
Since the relative bound can be chosen arbitrarily small by the large shift
n > 0, the perturbation Proposition 4.1 yields that A + B(t) is the generator
of a holomorphic semigroup. Hence, the problem (1.3) is a parabolic evolution
equation.

5. Stability condition

As we have already mentioned, the existence result holds even if the operators B(t)
are not generators. In the following, we are going to approximate the solution using a
Trotter product formula. To this end, we have to take into account the condition (A4)
from Assumption 1.1.

Remark 5.1.

(i) In (A2) we assumed that the function ¢ — B(t)x for x € dom(A) C dom(B(t)) is
strongly measurable. The assumption (A4) implies this property, which can be easily
obtained using the Yosida approximation. Using (A3), (A4) and dom(A) C dom(A%) C
dom(B(t)), assumption (A2) is not needed anymore.

(ii) Using Theorem 2.7, assumption (A4) implies that the induced operator B is a
generator in LP(Z, X).

Now, let us consider the operator sums A + B(t) and A + B.
Lemma 5.2. Let the operators A and { B(t) }+c7 satisfy assumptions (A1), (A3) and (A4)
and let A and B be the corresponding induced multiplication operators in LP(Z, X).
Then, C(t) := A+ B(t) is the generator of a holomorphic semigroup on X and it

induces the multiplication operator C given by C = A+ B, which is in turn a generator
of a holomorphic semigroup on LP(Z, X).
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Proof. Using Lemma 4.3 and Theorem 4.1, we obtain that C(¢) and C generate
holomorphic semigroups. O

A fundamental tool for approximation the solution operator (propagator)
{U(t,5)}t,s)ea of the evolution equation (1.3) is the Trotter product formula. The first
step is to establish a general sufficient condition for existence of this formula in the
case of evolution semigroups §3.1.

Proposition 5.3 (|7, Theorem II1.5.8]). Let A and B be two generators in X. If there
are constants M > 0 and w € R such that the condition

||(6—T/nA6—T/nB>n||£(X) S Me“™ ’ (51)

is satisfied for all 7 > 0 and n € N and if the closure of the sum: C = A + B, is in turn
a generator, then the corresponding semigroup is given by the Trotter product formula

e ™2 = lim (
n—oo

e T/mAeTTn By e e X (5.2)

with uniform convergence in 7 for compact intervals.

Remark 5.4. The condition (5.1) is called the Trotter stability condition for the pair
of operators {A, B}. It turns out that if the Trotter stability condition is satisfied for
the pair {A, B}, then the Trotter stability condition holds also for the pair {B, A}, i.e.
there are constants M’ > 0, and w’ € R such that

||<6_T/nB€_T/nA)nH£(X) < M '

for all 7 > 0 and n € N. In particular, the operators A and B can be interchanged in
formula (5.2) without modification of the left-hand side.

In the following, we consider two different splittings of the evolution semigroup
generator K, see §3.2:

IC:Do—l-(A-i-B) =Dy+C, and =Ko+ B .
For them we want to apply the Trotter product formula (5.2). Note that the Trotter
stability condition (5.1) can be expressed in terms of operators A and B(t).
Definition 5.5. Let X be a separable Banach space.
1. Let {C(t) }tez be family of generators in X. The family {C(t)}+cz is called stable
if there is a constant M > 0 such that

n<— )
— =8 0541 (¢—s))

€Ss sup (&

(t,s)eA

<M (5.3)

=t 2(X)

holds for any n € N.
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2. Let A be a generator and let { B(t) };e7 be a family of generators in X. The family
{B(t) }+ez is called stable with respect to A if there is a constant M > 0 such
that

€ss sup <M (5.4)

(t,s)EA

ﬁGj(t>S;n)

j=1

Z(X)
holds for any n € N where G,(¢, s;n) is defined by (1.6).

In both cases these products are ordered for index j increasing from the right to the
left. We recall that A = {(¢t,s) € Zy x Ly : 0 < s <t < T}.

Remark 5.6. There are different types of stability conditions known for the evolution
equations. This is, in particular, a condition of the Kato stability, which is equivalent
to the renormalizability condition for the underlying Banach space, see [19, Definition
4.1]. We note that below condition of the Trotter stability involves only the products
(5.3), (5.4), of valued for equidistant-time steps (¢ — s)/n. Therefore, it is weaker than
the Kato stability condition.

We warm the reader that we follow a convention (§2) that it is the operator A,
which is called the generator of a strongly continuous semigroup {e~4};>¢, see e.g.
[25, Section X.8]. Although in other sources this name is attributed to the operator
—A, see [15, Chapter IX,§1.3].

Proposition 5.7. Let A be a generator and let { B(t) }+cz be a family of generators in the

separable Banach space X. Let A and B be the multiplication operators in LP(Z, X)
induced by A and by {B(t) }+ez, respectively. Let Ko := Dy + A.

(i) If the operator family {C(t)}iez is stable (5.3), then the pair {Dy,C} is Trotter-
stable (5.1).

(ii) If the family {B(t)}iez is stable with respect to A (5.4), then the pair {B, Ko} is
Trotter-stable (5.1).

Proof. (i) The right-shift semigroup {S(7)},>o (§3.1) is nilpotent, and hence, the
product is zero for 7 > T'. We have

—n—1

(e = [T e Dalt-nft-7), teR
j=0

feLlP(Z,X),pe|0,00), where the product is increasingly ordered in j from the left
to the right. Let us introduce the left-shift semigroup L(7), 7 > 0,

(L(T)f)(t) == xz(t+7)f(t+7), t€Z, [felP(Z,X), pe][l,o0). (5.5)
Using this semigroup we find that
(L) (752" 1) () = (H e‘ﬁc“ﬂ‘%)) xalt +1)f(t), te,
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for f € LP(Z,X), p € [1,00). Therefore, the operator in the left-hand side is a
multiplication operator induced by

né—
{H e‘EC(H”)XI(t + T)} ]
teT

j=1
Using Proposition 2.11 and assuming that {C(t)}+cz is Trotter-stable (5.3), we obtain
the estimate

n<—

H e~ nC+iT)

j=1

|1L(7) (67%667%1}0)” | (Lr(z,x)) = esssup < M.

0<t<T—7

Z(X)
Since for 7 € [0,T") one has

| (77D

wCemm ) | 2wy = IL(7) (e77%e7n™)

"lewrax) (5.6)
this estimate proves the claim (i). In a similar manner one proves the claim (ii). O
Now, let us introduce the operator family:

T(r)=eT"Be ™0 7>0.

Note that if the family {B(¢)}cz is stable with respect to A (5.4), then
\T (7/n)" || 2@rz,x)y <M, for n €N and 7> 0. (5.7)

Lemma 5.8. If the operator family {B(t)}:c7 is stable with respect to A, then

|T (7/n)™ | 2wrz,x) <M
for any m € N, n € N and 7 > 0. In particular, we have

|T(T)"| 2(trz.x)) < M

for any m € N and 7 > 0.

Proof. After the change of variables: 7 = on/m, one proves the first statement since it
reduces to the estimate (5.7):

sup |T (/)" | 2r@x)y = sup | T (o/m)" | z@wrz,x)y <M .

on/m>0

Setting n = 1 we get the second statement. [
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6. Convergence in the strong topology

Theorem 4.5 yields the existence and uniqueness of a solution operator U(t,s),
(t,s) € A, for the evolution equation (1.3). This solution operator may be approximated
by the product-type formulae in different operator topologies under hypothesis from
Assumption 1.1 and stability conditions.

We start by the claim that the classical Trotter formula can be used to prove the
strong operator convergence in L?(Z, X) of the product approximants for the semigroup
generated by K.

Theorem 6.1. Let the assumptions (A1), (A3) and (A4) be satisfied. Let A and B be the
induced multiplication operators in LP(Z, X ). Define Ky := Dy + A and let K = Ko+ B.

(i) If the operator family {C(t)}+ez is stable, then

eT™® =5 —lim (e nPoe n BN — 5 _Jim

n—oo n—oo

(e—%(.A-l-B)e—%Do)n

in the strong operator topology uniformly in 7 > 0.

(i) If the operator family {B(t)}cz is stable with respect to A, then

e ™ =5 —lim (e e wF)" =5 — lim (e"nBe nko)n
n—oo n—o0

in the strong operator topology uniformly in 7 > 0.

Proof. The proof follows immediately from Proposition 4.4, Proposition 5.3 and
Proposition 5.7. O

Theorem 6.1 provides information about the strong convergence of the Trotter
product formula in LP(Z, X). Notice that two different operator splittings of the
operator K yield in Theorem 6.1 two different product approximations (i) and (ii).

Let {{Un(t, 5) }t,5))ea }nen be the operator family defined by (1.6) and let {U/(7)}->0
be the semigroup generated by K, i.e., e=™ = e77B+X0) = 1/(7). Then for any f €
LP(Z, X) one gets

((e=nBe=n oy ) () = Un(t,t — T)xz(t = 7)f(t —7), teT.
Since
(™)) = (eTETIf)(s) = UT) )(s) = Ut t = T)xz(t = 1) f(s —7)
we conclude that

({(e™ e oy — mEH0} 1) (1) = (6.)
={U,(t,t —7)=U(t,t —1)}xz(t —7)f(t —T) .
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Note that the product formula in a different order yields

({(e7n vemwB)" — e ™Y f)(t) =
= {U;@(tvt - T) - U(tat - T)} XZ(t - T)f(t - T) )

where the approximating propagator is given by
n—1<—

Ul'(t,s) := Gi(t,s;n), n=1,2...,
j[[o ! (6.2)

G(t,s;n) == e W AT WIBENSY) 5 20,1,2,...,n .

Note that for the case of Theorem 6.1 (i) the Trotter product approximations get the

form
n<— n—1«+

Vo(t,s) = [[e=FCCH5)  and VI(t,s) = H e~ OIS (6.3)

Jj=0

.
Il
—

for (t,s) e A,n=1,2,... and C(t) = A+ B(1).
Theorem 6.2. Let the assumptions (A1), (A3) and (A4) be satisfied.
(i) If the family {C(t)}cz is stable, then

T—1
= lim sup/ ds |{Vu(s+7,8) = U(s+7,s) x|
0

n—=00 rcT

T—1
= lim sup/ ds|{V. (s +7,5) —U(s +1,9)}z|% ,
0

n—=00 rcT

for any p € [l,00) and = € X, where the families {{V,(¢,s)}ws)eatnen and
{{V.i(t, 5)} ,5)en tnen are defined by (6.3).

(ii) If the family {B(t)}cz is stable with respect to A, then

T—1
0= lim sup/ ds |{Un(s +7,8) = U(s +7,5)}x||%
n=o0 reT Jo

_— (6.4)
= lim sup/ ds|{U, (s +7,8) = U(s +7,8)}z|% ,
0

n—00 rcT

for any p € [l,00) and x € X, where the families {{U,(t,5)}¢s)catnen and
{{U)(t, 5) }t,5)cn tnen are defined, respectively, by (1.6) and (6.2).

Proof. We prove only the statement for {{U,(t,s)}seca}nen. The other statements
can be proved similarly.
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Take f=¢p @z € [P(Z)® X = LP(Z,X) for x € X and ¢ € LP(Z). Then, we have

| (e~ 58 5Koyn — =7) fp, =
_ / ds [{Un(s,5 — 7) — Uls,s — ) pxals — ) f(s — 1)l =
_ / s {Un(s + 7, 5) — Uls + 1.8)} F(5)]1%

:/0 s [9(s)PI{UL(s +7,5) — Uls + 7. )}al

7 € Z, which proves the claim if ¢(¢) =1 a.e. in Z. O

Remark 6.3. We note that the corresponding convergences in Theorem 6.1 and in
Theorem 6.2 are equivalent.

7. Convergence in the operator-norm topology

In §6 we proved the convergence of the product approximants U,(t, s) to solution
operator U(t, s) in the strong operator topology. In applications, a convergence in the
operator-norm topology is useful, especially if the rate of convergence can be estimated.
Then in contrast to analysis in [3] we obtain a vector-independent estimate of accuracy
of the solution approximation by the product formulae. However, it can happen that
the convergence rate is better for “smooth” vectors.

In this section, we want to estimate the convergence-rate of for sup; o [|U(t, ) —
Un(t,5)|l#x) — 0, when n — oco. An important ingredient for that is to estimate the
error bound for the Trotter product formula approximation of the evolution semigroup:
SUp, -~ || (e™B/meTRo/mn — =K 41z xy) — 0, when n — co.

7.1. Technical Lemmata

Here we state and we prove all technical lemmata that we need for demonstration
of convergence and for estimate of the error bound for the Trotter product formula
approximations in the operator-norm in L*(Z, X).

Lemma 7.1. Assume (Al), (A2) and (A5). Then, the operator A~1B is bounded on
LP(Z,X) and the norm ||[A=1B| #rz.x)) < CF, p € [1,00).

Proof. Let x € dom(A) C dom(B(t)) and £ € X*. Then, it holds that
(A B(t)r, )] = |, BU) (A)6) < Callal €], ae.teT.

Since dom(A) C X is dense, we conclude that ess sup,c7||A71B(t)| #x) < Cf. Let
I' € LP(Z; X)*. By Proposition 2.3 (iii) we find

[(A'Bf) = / (AT'B()f(1), U(t))dt, [ € dom(B).

T
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Then the estimate ess sup,cz||[A71B(t)|| 2x) < Cf implies

l/p'
DA7BS)| < Gl ( JALCIE dt) ,

f €dom(B), I" € LP(Z, X)*, which yields
DA B < Cillf @l le@x)s,  f € dom(B).
Hence we get [| A Bf|| oz, x) < Cill fllzez,x), f € dom(B), which proves the claim. [

Remark 7.2. By assumption (A1) the operator A generates a holomorphic semigroup.
Note that the operator Ky is not a generator of a holomorphic semigroup. Indeed, we
have

(e f)(t) = (e e T () = e T f(t —T)xz(t —7), f€ELPTX).

Since the right-hand side is zero for 7 > ¢, the semigroup has no analytic extension to
the complex plane C.

We comment that in general, dom(Ky) C dom(.A) does not hold, but we can prove
the following inclusion.

Lemma 7.3. Let the assumption (A1) be satisfied. Then for a € [0, 1) one gets that
dom(Ky) C dom(.A?) . (7.1)

Proof. We know that the semigroup, which is generated by Ky, is nilpotent, i.e. e"™*0 =
0 holds for 7 > T'. Hence, generator Ky has empty spectrum. Since the semigroup is
nilpotent, one gets

00 T
Aa,co—lf — Aa/ 6—TlCofd7_ — / e—TDOAOée—T.Ade, f c Lp(z-7 X) '
0 0

For a € [0,1) and 7 > 0, we obtain || A% ™| < M2/7® and in addition:

/T . Tl—a
7% T = <00 .
0 l—-a

So, the integrand A%~ "Poe="™f for 7 > 0 is integrable on [0,00), that implies the
claim. =

Lemma 7.4. Let the assumptions (A1), (A2), and (A3) be satisfied. Then there is a
constant A, > 0 such that

Aq

7-06

||Aa6_T’C||g(Lp(I,X)) < , 17>0. (7.2)
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Proof. Note that the following holds

%G(TU)Koeole = (Koo K o (TR0 (_[C)emK £
= —e_(T_”)’COBe_”Kf .
So, we get
/ T A R
0
and hence

Aoce—’rle — Aae—TlCof . Aa / 6—(T—J)IC()B€—UICde_ )

0
Now, we estimate the two terms in the right-hand side. First we find that

MA

T

A% ™ flina < 1A% A=) < Il -

Now, let f € dom(K). Since dom(K) = dom(Ky) C dom(A*) (see Lemma 7.3), one
gets

Aa/ do e_(T_")’COBe_”'Cf:/ do A%~ Ko g=a fg2e=K f
0 0

There is a constant C, > 0, such that ||BA™*|| #(r(z,x)) < Ca (cf. Lemma 4.3). Then
we find the estimate for the sum of two terms:

. Mg
| A% KfHLP(Z,X) < — [f ez, )+
T

+/ [ A% T o oz xy) - IBA™ | 2oz xy) - A% fll ooz x)ydo <
0

MA T MA B
< —a||f||Lp(I,X)+Ca/ — || A% fll oz x)do

T o (T—o0)

Let ||f|lzez,x) < 1 and we introduce F(7) := || A% " f| 1»(z,x). Then the Gronwall-
type inequality [10, Theorem 2.25|

0<F(1) <7 %+ 02/ F(o)(T — o) %do,
0

is satisfied, where ¢; = M2 and ¢, = C, M. The Gronwall-type theorem states that the
estimate F(7)7* < 2¢; is valid for 7 € [0, 79|, where 79 = 0, - min {1/02, (1/02)1/(1_0‘)}
and o, depends only on «. Hence, we obtain

2M 4

J A% f|| < —a (7.3)
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for 7 € (0,7g]. Since =™ f = 0 for 7 > T it remains to consider the case 0 < 75 < T.
If 7 € (79, T}, then we find
2MA My

(I
where |[e™™ f|| < My for 7 > 0 and ||f||1»z,x) < 1. Here we have used that any
evolution semigroup is bounded. Hence

T QMAM]C EQM;?MIC

A% ™ f|| < [l A%e ™ e T f| <

A% ™l < 0 <
T 7§ T
for 7 € (70,T] and | f||1r(z,x) < 1. Setting A, := max {2MZ, (2MZ MicT)/75'} and
taking the supremum over the unit ball we complete the proof. O

Lemma 7.5. Let the assumptions (A1), (A3) and (A4) be satisfied . If the family of
generators { B(t) };ez is stable with respect to A, then there exist constants ¢; > 0 and
¢y > 0 such that

||T( )kAHz r(z,x) < — + k_’ >0, keN. (7.4)

Proof. For kt > T we have T(7)* = 0. Hence, one has to prove the estimate (7.4)
only for k7 < T. By Lemma 5.8 we get that ||T(7)"||.¢r(z,x)) < M for some positive
constant M. Let f € dom(A). Then

IT(7)" Afll
< II( ( )F = eV AS| e AS|

< ZT G (778 _ [)em U A f|| 4 | F R0 A |

<wy / e BBA~ | LA G0 f) 4 fletrRo A,
j=0 "0

where we have used [ —e™ ™ = [ do Be™75. We have ||e=7P|| < Mpe'57 < M5! =
M7, By Proposition 2.2 we get

A
jArree-tvk g < Mita g
— 14+ b

((G+ D7)
MA
—kTKo < a
JAe™Ro f < S]]
Therefore, one obtains the estimate:

MMM CaT

1 MA
T k < B (6] 1
T Afl < SRS St
A
o MMpMioCatlat D) ME
TQ kT
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where ¢(a+1) := 3772, 1/j*"" is the Riemann ¢(-function. Since T'(7)* = 0 for 7k > T
we find

MMM Col(a+1)

M
IT(r) Af < 1A+ =—lIfll, f € dom(A) .

Then estimate (7.4) follows by taking supremum over the unit ball in dom(.A) . O

Lemma 7.6. Let the assumptions (A1), (A3), (A4), and (A5) be satisfied. Then there
is a constant ¢ > 0 such that for 7 > 0 we have inequalities :

(T(1) — e ™) A gezx)y < er and [ANT(T) — e ™) | zoa@x) < cT .
Proof. (i) Using the representation
T(r)g—e ™ g=(e ™ —Ie™g+e™ —c g geLP(TX),
we get
I(T(r) —e™)AT | < (e = DA™ ™0 f| + [[(e7™0 — ™) A™f|| - (7.5)

fort>0,9g=A"%f and f € LP(Z, X). From the representation
(I—e )y = / e~*PB g ds, g € dom(B),
0

we obtain
I(I—e ™) A g < 7|BA|| Mpe” gl  gedom(B), 7>0.

Then setting g = e ™ 0 f, f € LP(Z, X), and using the estimate |[e=™0 f|| < M4, 7 > 0,
for the first term in the right-hand side of (7.5) one gets the estimate

I(Z — ™) A= ™0 f|| < 7Co Mp Mae™||f]l, 720, (7.6)

where we also used that e~ = 0 for 7 > T. To estimate the second term note that
T d T
e—TICg . e—TlCog _ / _{e—alCe—(T—a)lCo }ng’ _ / e—onge—(T—a)lCogdo_ :
o do 0
g € dom(Ky). Let g € A= *f, f € A*dom(Ky). Then
(eleC o 677,60)./47&]” — _/ e*JICBef(TfU)ICoAfade_ 7
0

which leads to the estimate

I(e™™ — ™) AT || < 7 CaMic Mallfll, 720, (7.7)
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f € A*dom(Ky). Since A*dom(K,) is dense in LP(Z,X) the estimate extends to
f € LP(Z, X). Taking into account (7.5), (7.6), and(7.7) we get the first of the claimed
in lemma inequalities.

(ii) To prove the second inequality we note that

HAfl(efrBefTICo . e*T’C)f”

7.8
< A = e )+ A e — e | i
f € dom(Ky) = dom(K). Using
AN — e ™B)e o f = / do A™*Be=Fe ™o f |
0
one finds the estimate for the first term in the right-hand side of (7.8):
AT — e )™ f|| < 7 CTMp Ma e ||f]l, 720 (7.9)
For the second term we start with identity
T d T
6771C0f . efrle — / _{efaKef(Tfo)lC}de_ _ / do 6701COB€7(7—70)ICJC 7
o do 0
which leads to
A*l(e*T’CO . efT’C)f — / do A*lBerICOe*(Tfo')ICf ’
0
for any f € dom(K) = dom(/Cy). Hence, we get the estimate
AT (e™™0 — ™) fIl < T CYMa M| fIl, 720 (7.10)

Summarising now (7.8), (7.9), and (7.10), we obtain the second of the claimed in lemma
inequalities. O

Lemma 7.7. Let the assumptions (A1), (A3), (A4), (A5), and (A6) be satisfied. If
B € (a, 1), then there exists a constant Z(3) > 0 such that

JANT(T) — e ™A\ gz xy < Z(B)T P, T>0. (7.11)
Proof. Let f € dom(Ky) = dom(K). Then identity

d d
_-T —(r—o)Kky — 2
do (o) / dae

- _ efaBgefalCoef(TfU)le . e*UBefaICOKOef(TfU)ICf_i_
+ 6—UB€—UIC0 Ke—(T—o)/Cf
— e—UBBe—UICoe—(T—U)ICf + e—aBe—UICOBe—(T—U)ICf

:e—UB{e—UICQBf o Be—oKo}e—(T—U)le7

708670K0€7(7'70')1Cf
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yields

T(r)f —e ™ f = /OT %T(U)e(TU)’Cde

. (7.12)
= / e Blem B — Be Koy (=K fg.
0
On the other hand we also have the following identity:
6—08 (e—UICOB . BG_U’CO) 6—(T—o)le
_ (G_UB . ]){G_JKOB o Be—oKo}(e—(T—J)IC _ 6—(7‘—0’)’C())f+
+ (e77B — I){e= B — Be=KoYe= (=Ko f 1
+ {e—O'ICOB . 66—0K0}<€—(T—0)K . e—(T—U)ICo)f+
+ {efalCOB . BefalCo}ef(‘rfa)lCof ’
which yields for f = A g
AflefoB (erICgB . BerICo) ef(Tfa)ICAfBg —
— A—l(e—aB . ]){6—U’CQB . BG—G’CO}<€—(T—O’)’C o e—(T—a)K0>A—ﬁg+
+ A e B — ) {e B — Be Koy g BTy
( 1 } g (7.13)

+ A—l{e—JICOB . BG—O'ICO}(G—(T—U)IC _ 6—(T—J)ICQ)A—,39+
+ A—1{<6—UIC0 . e—UD())B . B(e—alCo . e—JDO)}e—(T—U)KoA—Bg+
+ Afl (efo'DOB . BefaDo)Af,Bef(TfU)lCog'

In the following, we estimate separately the five terms in the right-hand side of identity

(7.13).
To this end we note that A and Ky commute. This implies that

(6—(T—U)IC o 6—(T—U)IC0)A—,39 — / dr e—(T—U—r)ICBA—Be—rICog .
0

Thus, for the first term we get
A_l(e_"B . [){e—UICOB . Be—alCo}(e—(T—a)lC . e—(T—o’)ICO)A—,Bg

= —/ dr A~'Be™ " [e_”KO,B]A_B/ dr Aﬂe_(T_"_T)KBA_ﬁe_mog ,
0

0

where

[e= 0 B]f := {7 B~ Be "0} f,  f € dom(Ky), T3>0,
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Then using Lemma 7.4, we obtain the estimate

HA—l(e—aB . I){e—oICOB . Be—aKo}(e—(T—a)K . 6—(T—0)’C0)A—,89H

T—0O 1
* 2 2 _vsT - -
< 0 205 CEAsMpM3e™ /D dr o Il (7.14)
B QC*CQAﬁMBMz VBT
<o(r—o)f — ﬁl—ﬁ = gl

for 0 € [0,7] and 7 > 0.
For the second term, one can readily establish the estimate

HA—l(e—aB o I){e—oICOB o Be—oKo}A—ﬂe—(T—o)KggH

7.15
< 0 20{Cy MM g (719
for o € [0,7] and 7 > 0.
Now note that by virtue of relation
e Tk _ gm(r=a)kop — / dre” =K Be=®op b e dom(KCy) |
0
one obtains for the third term the estimate
Afl 7UICOB . B —oKo —(r—o)K _ _—(t—0)Ko Afﬁ

< (7 —0) 2C1Cs MM |lgl|

for 0 € [0,7] and 7 > 0.
Moreover, using the equality

g
e oRo _emoPop — —/ dr e~ Ae= (0" Pop,
0

we get for the fourth term:
A—l{(e—alCo . e—cho)B . B(e—cﬂCo . e—UDo)}e—(T—a)ICOA—Bg —
<—/ dr e~ Roe=(e=nDog A5 AIB/ dr e’T’COAlfﬁe’(””")DO)ef(ng)Kog
0 0

which yields the estimate
HA—l{(e—olCo . e—aDO)B . B(e—U’CO . e—aDg)}e—(T—a)KOA—ﬁg”

* 7 1
< 0 CoMallgll + CTMa Mfl—ﬁ/ dr =5 Ll
0

C My M-
= (0 CaMa+o” 17”3) Il

(7.17)
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for 0 € [0,7] and 7 > 0.
To estimate the fifth term, we note that

(7B — Be™™) f = e "™ B() () = Bxz(- — o) f(- —0) =
=xz(- = 0)B(- =) f(- —0) = B()xz(- —0)f(- — o) =
=xz(- —o{B(- =) = B()}f(- —0),

and therefore, one gets

| A (=720 B — BP0y 4B (T=o)Ka g
—[| A" e "B — Be 7Py A By (7.18)
<esssup [A7H{B(t = 0) = B} |20 gl < Lao” gl
S

for o € [0, 7] and 7 > 0.
From identity (7.13) we deduce the estimate

| A~ te=oF (e"”COB — Be"”co) e~ (TR A=Ay
< AT (e — D) oB — Be oK} (e — - Ko g5
+ LA (€7 — D)8 — Bem oy AP~ g
AT (RO — B (oo — ==Ky g
+ AT (e — o P0) B — B(eoKo — o) }emr=okn AP
+ AT (e 7P B — Be o P0) AP (Tm)Kog|

for 0 € [0,7] and 7 > 0. Now taking into account (7.14), (7.15), (7.16), (7.17), and
(7.18) we find the estimate

||A—16—JB (6—UICOB . Be—alco) e—(T—cr)ICA—agH <
207 C2AgMpM?2eBT
< {o(r —oyre AT

1=p
Cy Mo M
(7 — 0) 20;Cs M3 My + o CsMa + o” % +0° Ly gl

+ 0 2C7CsMpM3e T +

for o € [0,7] and 7 > 0. Then setting

7. 207 CEAsMpM3ers”
1-— 1 — ﬁ
Zy :=2C7CsMpM3e™T + CsMy
Zy = 2C7Cy M3 My
C My M

Z4::T_5+L5
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we obtain
||A—16—UB (e—JICOB . BB_J’CO) 6—(T—U)ICA—ﬁg||

7.19
S{ZlU(T—U)l_B+Z2O-+Z3 (T—U)+Z405}||9||- 719

Now we remark that (7.12) gives the representation
ATNT(r) = eT™) Ay
= / do A~ e 7B {7 0B — Be_”Ko}e_(T_”)K.A_Bg ,

0

which yields the estimate
AT (1) — ™) A g
< / do [| A "B e 0 — Bem oo} K 4P|
0

The inserting (7.19) into this estimate and using

T 1
/ o(r—o0)Pdo = 73_’3/ z(1 —2)"Pde = 37PB(2,2 - B),
0 0

(where B is the Beta-function), we find for 7 > 0 the estimate

Zy + Z: Z
AT () = e ™A g < B2, 2= f) 70 4 Zo e T

and consequently
Zy+ 7,
AT () — e ™) A Fg|| < (213(2,2 _ By %Tlﬁ n 24) R

Since T'(7) = 0 and e~™® = 0 for 7 > T we finally obtain

Ly + s
2

|AY(T (1) — e ™A Py| < (213(2,2 — BT 4 -6 4 Z4> P+

which proves the lemma. ]

7.2. The Trotter product formula in operator-norm topology

Theorem 7.8. Let the assumptions (A1), (A3), (A4), (Ab), and (A6) be satisfied. If the
family of generators { B(t)},ez is stable with respect to A and § € («, 1), then there
exists a constant C, g3 > 0 such that

Co 8

H(ef‘rB/neleCo/n)n e

- eiT}CH.ﬁf(LP(I,X)) < (7.20)

forr>0andn=2,3,... .
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Proof. Let T(0) := e ?Be=7%0 and U(o) := =%, o > 0. Then the following identity
holds

T(0)" (T (0) = U(0)) + (T(0) = U(0))U(0)" '+

B oo -vionwier

=T(o)" TAA (T (o) = U(0)) + (T(0) = U(0)) A “AU(o)" '+

+> T(o)"" T AANT (o) = U(o) AP AU (o)™ .

It easily yields the inequality

1T(0)" = U(0)" || £ ez, x))
<|NT (o) HT (o) = U(o)|lzwrzxy + (T (o) =U(0)U(0)" zwr@x) +

+ Z IT(0)" " (T (o) = U(e))U(0)" |2(Lez.x)

< | T(o)" LAl vz x) AT (T(0) = U(0))||2rez,x) +
+ (T(0) = U(0) A 2wr @ x) AU (0)" M 2wr @ x) +

n—2

+ Y T (o) Al 2o z.xy AT (0) = U(0) A ey *

m=1
X ||ABU(U)m||g(Lp(LX)) .
From Lemma 7.5 we get for o € (0, 7] and n > 2 the estimates

C1 Co
o (n—1)o

T ()" YAl e z,x)) < (7.21)

Now, from Lemma 7.6 we find that
A (T (o) = Ulo))llzwr@xy < co and  [[(T(0) = U(0)A™ || zrrz.x) < co .

This implies that

- o C2C
17" T Al 2wr@.x)) AT (T(0) = U(@) |2y < creo'™ + 2 -
and
o o e cA, Cu
1(T(0) = U(0)) A~ 2zrz.xn AU (@) 2mr@.x) < T gl
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where we used also Lemma 7.4, (7.2). Since by Lemma 7.7
AT (o) — e~ )VA || 2@ xy < Z(8) a7, 7€0,m0) ,
one gets

|17 (o)== 1Al oz x)) AT (0) = U(0) AP | 2oz x)) AU ()™ | 2rnz )
l —« 1

"‘CQZ(ﬁ)AB(n_l_m)mﬂ .

<q Z(ﬁ)Aﬁ

This yields the following inequalities:

n—2

D T (o)1 All 2oz x) AT (0) = U(0)A™ || 2oy AU (0)™ || 2oz x))

—2 n—2

1
<aZ(B)hso” Z_ B As 2—1 (n—1—m)m?B
Z(B) A 8 _1a 20Z(B)As 1 In(n —1)

Summarising all these ingredients one gets the estimate

1T ()" = Ulo)" |l 2zr@x))

< 11—« ‘I’ Czc + CAC“ 11—«
= A T I T -1
a1 Z(B) Ag 18 10, 202Z(B)Ng 1 In(n — 1)
———F(n-1 « Z(B)Ag——+ .
+ 1-5 (n ) o + -3 (n—1)6+02 (5) ﬁ(n—l)ﬂ
If we set o := 7/n, then
[T(r/n)" = U(r/n)"|2wrz.x)
cre T« Lec cA, T
“(n—D n-1 (n—1)
Z(B)Ng T+ 1 200 Z(B)Ng 1 In(n —1)
R = R B e A Gy e

for 7 > 0 and n = 2,3,.... Hence, there exists a constant C, 3 > 0 such that (7.20)
holds. [

Corollary 7.9. Let the assumptions of Theorem 7.8 be satisfied. If 5 = 1, then for each
v € (o, 1) there exists a constant C, ., > 0 such that

Ca7’y

nr-¢«

H(e—rB/ne—rlCo/n)n i e_TICHf(LP(LX)) < : (7'22)

forr>0and n=2,3,....
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The proof follows immediately from Theorem 7.8. Note that in [17, Theorem 5.4| we
proved in a similar setup that the convergence rate has estimate O(n=1=%), o € (%, 1).
This is slightly sharper than (7.22).

Remark 7.10.

(i) It is worth to note that our result depends only on the exponent « for domains of
operators A and B(t) and not on their particular details.

(ii) Until now, error estimates in operator-norm for the Trotter product formula on
Banach spaces for the time-independent case is proven only under the assumption
that at least one of the involved operators is generator of a holomorphic contraction
semigroup, see [5]. Since the right-shift semigroup (Section 3.1) is nilpotent, it can
never be holomorphic. Therefore, although motivated by [5], the Theorem 7.8 is the
first result, where this assumption is dropped.

(iii) If the family of generators is independent of ¢t € Z, i.e. B(t) = B, then condition
(A6) is automatically satisfied for any 8 > 0. In particular, we can set 5 = 1. Since A
and B commute with D, we get

(e—TB/ne—TICo/n)n — (6—TB/n€—TA/n)n€—TDO, > 07 n € N. (723)

Now we comment that if one of the operators: A or B, is generator of a holomorphic
contraction semigroup and another one of a contraction semigroup on a Banach space
X, then from Theorem 3.6 of [5] we get the existence of constants b; > 0, by > 0 and
7 > 0 such that the estimate

In(n)

H(efﬂ'B/nefTA/nyz . eiTCHf(X) < (bl + b2717a>e7'n e

Y

holds for 7 > 0 and n € N. Applying this result to (7.23) we immediately obtain the
existence of a constant R > 0 such that

In(n)

nl—a

[(e=™B/mem TR0/ — &K oz xy < R

’

is valid for 7 > 0 and n € N. Note that this estimate is sharper than the estimate in
(7.22).

(iv) Let us reinforce assumption (A5).

(A5’) There is a 6 € (0,1) such that dom(B(t)*) 2 dom((A?)*) holds for a.e. t €
and
Cy = esi sIup | B#)* (A~ 2(x+) < 0.
€

Notice assumption (A5’) yields assumption (A5). Under the assumptions of
Theorem 7.8 and assumption (A5’) there are constants C7, ; > 0 and Cj, ;5 > 0 such
that the estimates

Ca
H(e—TICO/TLe—TB/n)TL i G_TK”.,%’(LP(I,X)) < nﬁ_,i 7 (724>
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and
1

Cas

||(e—TICO/Qne—TB/ne—TICO/Qn)n . e_T’CHff(LP(I,X)) S nﬁ__ya 7 (725)

are valid for 7 > 0and n=2,3,... .

7.3. Norm convergence for propagators

We investigate here the consequences of Theorem 7.8 for convergence of the
approximants, {Uy,(t,s)}¢sea, 7 € N, (1.6), to the propagator {U(t, s)}s)ea, which
solves the nACP (1.3).

Recall that by (6.1) one gets the relation

({58 HRoyn —e @40} 1) (1) — (7.20
= {Un(tat - T) - U(t7t - T)}Xl(t - T)f(t - T) )

for (t,t —7) € A and f € LP(Z,X), where the Trotter product approximation for
propagator U(t, s) has the form

—n

Un(t,s) ::szl e

is increasingly ordered from the left to the right.

Theorem T7.11. Let the assumptions (A1), (A3), (A4), (A5), and (A6) be satisfied. If
the family of generators {B(t)}c7 is stable with respect to A and 5 € («, 1), then
there exists a constant C, g > 0 such that

)

B~ (L) e AL

Cap
np-a’

€Ss sup HUn<ta 8) - U(t7 S) va(X) <
(t,s)eA

n=23,.... (7.27)

The constant C, g coincides with that in the estimate (7.20) of Theorem 7.8.
Proof. We set
Sp(t,s) = U,(t,s) = Ul(t,s), (t,s) €A, neN,
and
S (1) = L(t){(e”wBemnKoyr — e=m(B+KL . [P(T, X)) — LP(Z,X) ,

forr>0and n =2,3,... . Here L(7), 7 > 0, is the left-shift semigroup (5.5). Then
by (7.26) we get

(Sn(m)g)(t) = Spt+ 7, t)xz(t +71)g(t), te€Zy, gelLlP(Z,X). (7.28)
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Hence, for any 7 € Z and n € N, the operator & is a multiplication operator on
LP(Z, X) induced by the family {S,, (t+7,t)xz(t+7) }+ez of bounded operators. Applying
first (5.6) and then Proposition 2.11 for (7.28), one gets for 7 > 0 the equality
[(emBemwkoyn — e B0 yrair x)) = (7.29)
= | L(m){(e7wBemw o) — e TEFOY | ypaiz x))
= [|Sn(T) | 2(zr(z,x)) = ess Sup [Sn(t + 7, 8)xz(t + 7)||.2x)
teZo

= ess iup H{Un(t +7,8) = Ut +7,t) }xz(t + 7) || 2x)
tely

= esssup || Up(t +7,8) = U(t + 7, 1)|| 2x)
te(0,7—7]

Now taking into account Theorem 7.8 we find

C
esssup ||Upn(t+7,t) = U(t + 7,t) || 2(x) ,8”8’ >0, ne23,...,
te(0,7—7] nPF—e
which yields (7.27). O
Remark 7.12.

(i) The equality (7.29) shows that estimates (7.20) and (7.27) are equivalent.

(ii) We note that a priori for a fixed n € N the operator family {U,(t,s)}s)ea do
not define a propagator since the co-cycle equation is, in general, not satisfied. But one
can check that

Un(t,s) = Uy (t, s+ %(t — s)> Uk (s + %(t —3), s) :

is satisfied for 0 < s <t < T, n € Nand any k € {0,1,...,n}.
(iii) Using (7.24) one can prove that the estimate

C/
esssup U (t,s) — U(t, s) | ox) < —2, n=2,3,
(t,8)eA nﬁ_a
holds where {U](, 5) }ts)ea is given by (6.2).
From (7.25) we get
C’//
eSSSUpHUg(t, 8) _U(t7S>H$(X) < Lﬁa n:2737
(t,s)EA nf-e
where {U//(t,5)}@s)ea is given by
n—1<4
Ul(t,s) := H Gi(t,s;n), n=12,...,
j=1
" _t—_sA _t__sB(S_i_(j_,’_l)t__s) _=Sy .
Gi(t,s;n) :=e” 20 " n 22 ne 2 §=0,1,2,...,n—1,

(t,s) € A, with increasingly ordered product in j from the left to the right.
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8. Example: Diffusion equation perturbed by a time-dependent
potential

Here we investigate a mnon-autonomous problem when diffusion equation is
perturbed by a time-dependent potential. To this aim consider the Banach space
X = L), where Q@ C R% d > 2, is a bounded domain with C?-boundary and
q € (1,00). Then the equation for the nACP reads as

u(t) = Au(t) — B(t)u(t), u(s) =us € LYQ), t,se€Iy, (8.1)

where A denotes the Laplace operator in L9(€2) with Dirichlet boundary conditions
defined by the mapping

A : dom(A) = H2(Q) N HA(Q) — LI(Q).

Then operator —A is the generator of a holomorphic contraction semigroup on L9({2),
[21, Theorem 7.3.5/6], and 0 € p(A), see (Al).
Now, let B(t) denote a time-dependent scalar-valued multiplication operator given

(B(t)f)(x) = V(t,2)f(x), dom(B(t)) ={f € LUQ) : V(t,x)f(z) € L)},

V:IxQ—=C, V() eLYQ) .

_ Forany o € (0,1), the fractional power of operator —A is defined on the domain
H3*(9) by

(—A)* : H*(Q) — LY(Q).

Note, that for 2a0 < 1/g, it holds that Hga(Q) = H7*(2). The operator A* is dual to
A and it is defined on domain

dom(A*) = H2(Q) N HL(Q) € L7(Q) ,
where 1/¢ 4+ 1/¢' = 1. Since operators B(t) are scalar-valued, one gets that the dual
B(t)* = B(t) : dom(B(t)) € L7 () — LY (Q).

Remark 8.1. Note that the operator A = —A with Dirichlet boundary conditions
in L?(Q2), p € (1,00), fulfills the mazimal parabolic regularity condition, see [2|. In
particular this means that Ky = Dy + A is closed and hence coincides with its closure:
’Co - K:Q.

To prove the existence and uniqueness of solution of the nACP (8.1) and in order to
construct the product approximants for this solution, we have to verify the assumptions
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(A1) - (A6), see §1. In particular, we have to determine the required regularity of
V(t,-) € L2(Q) to ensure that assumptions (A3) and (A5):

dom((—A)%) C dom(B(t)) and dom(A*) C dom(B(t)"
or in other words that

2c 2
H;*(Q), Hy(Q) C dom(B(t)) , (8.2)
are valid. Note, that supposing (A3) the assumption (A2) is always satisfied for our
case of scalar measurable potentials.

Using the Sobolev embedding theory, one obtains a general description of the
embeddings

Y2 € 11, dcﬂl_/le if v €(1,d/s)

. (8.3)
Y2 € [y1,00), if v € [d/s,00)

HE () C L7 (Q) for {

For our case (8.2), we obtain H;*(Q) C L"(Q) and H3(Q) C Lr(), for some
constants 7, p € (1,00]. Hence, it suffices to ensure L"(2), L?(2) C dom(B(t)). The
parameters r, p define 7, p via

11 1 1 1 1

r-r q p p (g

and since the operator B(t) is a multiplication operator defined by V (¢, -), the regularity
of V/(t,-) has to be at least as

0 = max{7, p} .

Then the existence Theorem 4.5 yields the following statement:

Theorem 8.2. Let © C R be a bounded domain with C?- boundary, let ¢ € (1, 00) and
let @ € (0,1). Let B(t)f = V(t,-)f define a scalar valued multiplication operator on
LY(Q) with V € L>®(Z, L7(Q)). Let 7 € (1,00) be chosen from the above tables. Then,
the nACP (8.1) has a unique solution operator (propagator).

Proof. Using relation (8.4) and the Sobolev embeddings (8.3), one gets that
dom((—A)*) C dom(B(t)), i.e. the assumption (A3) holds. Therefore, summarising
our observations above we see that conditions (A1)-(A3) of Theorem 4.5 are fulfilled
and, consequently, it yields the proof. O

Remark 8.3. Note that in [24], the existence of solution operator for equation (8.1)
is shown assuming weaker regularity in space and time for the potential V' (¢, x). Our
assumption (A3) of the uniform boundedness of the norm || B(t)(—A)®|| #(x), is indeed
too strong, but important for further consideration.
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Now, we study the convergence of the Trotter product approximants of the solution
operator. We assume that the real part of potential V (¢, z) is positive:

Re(V(t,z)) >0, fora.e. (t,z)€Z xS .

Then, for any t € Z the operator V (¢,-) is a generator of a contraction semigroup on
X = L) (|7, Theorem 1.4.11-12]). Moreover, the assumption (A4) is satisfied.
Assuming V' € L>*(Z, L2(Q))), we find that dom((—A)%) C dom(B(t)) (assumption
(A3)) and dom(A*) C dom(B(t)*) (assumption (A5)).
To proceed with sufficient conditions for assumption (A6) we define the operator-
valued function:

F(t) = (=A) ' B(t)(=A) ™ : LYQ) — H2(Q) N H(Q) C L9(Q).

Let f € L9(Q) and g € LY(Q), where 1/qg+1/¢ = 1. Let also f := A~f € HQZO‘(Q) C
L7(©) and g := (A™")*g = (A*)"'g € HL(Q)N H;/(Q) C L*(Q), where r and p are
defined in (8.4). Then, we get for t € Z

(Ft)f,9) = ((=A)"'B(t)(=A)""f,9) =
= ((=2)"*f,Bt)"(-A")'g) = {f, B(t)"3) -

The boundedness of (f, B(t)*§) is ensured if V(t,-) € L7(R), where 7 € (1,00) is
defined by relation

11 1
S 4-=1. (8.5)
roT P
Since (8.4) implies r > ¢, it holds that 7 < p and hence, 7 < p = max{7, p}.
Therefore, the operators F'(t) are bounded for potentials V' (¢,-) € L™(2). If in addition
V is fB-continuous: V € CP(Z, L7(2)) for B € (a,1), then this potential ensures the
assumption (A6).
We are now able to estimate the product approximation of solution operator for
the nACP problem (8.1).

Theorem 8.4. Let Q C R? be a bounded domain with C2- boundary, let ¢ € (1,0),
a € (0,1) and 8 € («,1). Choose o, 7 € (1,00). Let B(t)f = V(t,-)f define a scalar-
valued multiplication operator in L?(2) with

Ve L™(Z,L4(Q) N CT, L™(Q)).

Moreover, let Re(V (t,z)) > 0 for t € Z and for a.e. x € Q.
Then, the solution operator U(t, s) of the nACP problem (8.1) can be approximated
in the operator-norm topology with the error bound estimate:

f(ﬁfa))

Y

sup(g gyen |Un(t, s) = U(t, 8)l (Lo = O(n
by the Trotter product approximants:

—n

Ut s) =] e FVCeTeitaeiza (8.6)

J=1
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Proof. Note that for the couple of operators A and B(t) from (8.1) the assumptions
(A1)-(A6) are fulfilled. The stability condition is also satisfied, since we deal with
generators of contraction semigroups. The esssup becomes indeed a sup since we
have continuous time-dependence for propagator’s approximants. Therefore, the claim
follows by virtue of Theorem 7.11. O]

We conclude this section by a number of remarks.
Remark 8.5.

(i) We focused on domains, which are compact and have C?-boundaries. Our
arguments can be extended to a more general domains.

(ii) Although the propagator approximants {U,(t,s)}usea defined in (8.6) looks
elaborate, they have a simple structure. The semigroup in L(R¢Y) generated by the
Laplace operator is given by the Gauss-Weierstrass semigroup (see for example [7,
Chapter 11,2.13|) defined via

_ _lz—y|?
(eu)(w) = (T(t)u)(x) = (4nt)~*? / Jdyem T u(y)
R
The factors e™™V%), j = 1,2,... n, in the product approximant (8.6) are scalar valued

and can be easily computed.

(iii) In [3], see Theorem 5.2 , the authors proved for the same approximation (called
there the sequential splitting procedure) a wvector-dependent convergence rate on a
subspace in L9(R?), where the potential V is bounded and its commutator with
Laplacian verifies a supplementary commutator condition.

Acknowledgements

This survey of results on the product approximation of solution operators for
non-autonomous Cauchy problems was motivated by my lecture: Solution of non-
autonomous Cauchy problem in normed spaces. The lecture was presented at the
conference “Equation of Convolution Type in Science and Technology”, 25-28 September
2019, Yalta — Miskhor, Russian Federation.

I am very grateful to organisers for invitation and for warm hospitality.

References

1. P. Aquistapace and B. Terreni. A unified approach to abstract linear nonautonomous
parabolic equations. Rendiconti del Seminario Matematico della Universita di Padova,
tome 78, 47-107, 1987.

2. W. Arendt, R. Chill, S. Fornaro, and C. Poupaud. LP-maximal regularity for non-
autonomous evolution equations. J. Differential FEquations, 237(1):1-26, 2007.

3. A. Bdtkai, P. Csomds, B. Farkas, and G. Nickel. Operator splitting for non-autonomous
evolution equations. Journal of Functional Analysis, 260: 2163-2190, 2011.

ISSN 0203-3755 duramuyaeckne cucrembl, 2019, rom 9(37), Ned



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

PRODUCT APPROXIMATION OF SOLUTION OPERATORS 365

A. Bdtkai and E. Sikolya. The norm convergence of a Magnus expansion method. Cent.
Eur. J. Math, 10(1): 150-158, 2012.

V. Cachia and V. A. Zagrebnov. Operator-norm convergence of the Trotter product
formula for holomorphic semigroups. J. Operator Theory, 46 : 199-213, 2001.

P. Cembranos and J. Mendoza. Banach spaces of vector-valued functions, volume 1676 of
Lecture Notes in Mathematics. Springer-Verlag, Berlin, 1997.

K.-J. Engel and R. Nagel. One-parameter semigroups for linear evolution equations.
Springer-Verlag, New York, 2000.

D. E. Evans. Time dependent perturbations and scattering of strongly continuous groups
on Banach spaces. Math. Ann., 221(3): 275-290, 1976.

J. Howland. Stationary scattering theory for time-dependent Hamiltonians. Math. Ann.,
207: 315-335, 1974.

J. K. Hunter and B. Nachtergaele. Applied Analysis. World Scientific Publishing Co.,
Singapore, 2001.

T. Ichinose and H. Tamura. Error estimate in operator norm of exponential product
formulas for propagators of parabolic evolution equations. Osaka J. Math., 35(4):751—
770, 1998.

T. Kato. Integration of the equation of evolution in a Banach space. J. Math. Soc. Japan,
5:208-234, 1953.

T. Kato. Linear evolution equations of “hyperbolic” type. J. Fac. Sci. Univ. Tokyo Sect.
I, 17:241-258, 1970.

T. Kato. Linear evolution equations of “hyperbolic” type. II. J. Math. Soc. Japan, 25:648—
666, 1973.

T. Kato. Perturbation theory for linear operators. Classics in Mathematics. Springer-
Verlag, Berlin, 1995.

H. Neidhardt. On abstract linear evolution equations. I. Math. Nachr., 103:283-298, 1981.
H. Neidhardt, A. Stephan and V. A. Zagrebnov. On convergence rate estimates for
approximations of solution operators for linear non-autonomous evolution equations.
Nanosystems: Physics, Chemistry, Mathematics, 8(2): 201—215, 2017.

H. Neidhardt and V. A. Zagrebnov. On Error Estimates for the Trotter-Kato Product
Formula. Letters in Mathematical Physics, 44: 169—186, 1998.

H. Neidhardt and V. A. Zagrebnov. Linear non-autonomous Cauchy problems and
evolution semigroups. Adv. Differential Equations, 14(3-4):289-340, 2009.

G. Nickel. On evolution semigroups and nonautonomous Cauchy problems. Diss. Summ.
Math., 1(1-2):195-202, 1996.

A. Pazy. Semigroups of linear operators and applications to partial differential equations.
Springer-Verlag, New York, 1983.

R. S. Phillips. Perturbation theory for semi-groups of linear operators. Trans. Amer.
Math. Soc., 74:199-221, 1953.

G. da Prato and P. Grisvard. Maximal Regularity for Evolution Equations by
Interpolation and Extrapolation. Journal of Functional Analysis, 58: 107-124, 1984.

J. Priss and R. Schnaubelt. Solvability and maximal regularity of parabolic evolution
equations with coefficients continuous in time. J. Math. Anal. Appl., 256(2):405-430,
2001.

ISSN 0203-3755 urammuyaeckue cucremsbr, 2019, Tom 9(37), Ned



366

25.

26.

27.

28.

29.

30.

31.

32.

V.A.ZAGREBNOV

M. Reed and B. Simon. Methods of modern mathematical physics, 1I: Fourier-analysis,
self-adjointness. Academic Press, New York, 1975.

H. Tanabe. Equations of evolution. Pitman (Advanced Publishing Program), Boston,
Mass.-London, 1979.

H. F. Trotter. On the product of semi-groups of operators. Proc. Amer. Math. Soc.,
10:545-551, 1959.

J. Voigt. On the perturbation theory for strongly continuous semigroups. Math. Ann.,
229(2):163-171, 1977.

P.-A. Vuillermot, W.F. Wreszinski, and V. A. Zagrebnov. A Trotter-Kato product formula
for a class of non-autonomous evolution equations. Nonlinear Analysis, 69: 1067—1072,
2008.

P.-A. Vuillermot, W.F. Wreszinski, and V. A. Zagrebnov. A general Trotter-Kato formula
for a class of evolution operators. J. Funct. Anal. 257: 2246—2290, 2009.

V.A. Zagrebnov, Topics in the Theory of Gibbs Semigroups, KU Leuven University Press,
Leuven 2003.

V. A. Zagrebnov, Gibbs Semigroups, Operator Theory Series: Advances and Applications,
Vol. 273, Bikhauser - Springer, Basel 2019.

Hoayvena 01.11.2019

ISSN 0203-3755 duramuyaeckne cucrembl, 2019, rom 9(37), Ned



unavuyeckue cucremsr, 2019, Tom 9(37), Ned, 367-389

VIIK 517.929.4

AcuMIiiITornyeckKkue CBOICTBA peH_IeHI/Iﬁ

B MO/J€EJIN XUITHUK-2KEePTBa C ABYM:A

3aIra3IbIBAHISTMN

M. A. CkBopiioBa

Nucruryt maremaruku uMm. C.JI. Cobosesa CO PAH,
HoBocubupckuit rocyiapcTBeHHbIN YHUBEPCUTET,
Hosocubupck 630090. E-mail: sm-18-nsu@yandex.ru

Awnnoramus. PaccmarpuBaercs cucrema juddepeHInalbHbIX YPABHEHUN C IBYMsI 3alla3IbIBAHUSI-
MM, OIHUCHIBAIONIAS B3aMMOJIECTBHUE IMOIYJISIUN XUIMHAKOB U 2KepPTB. Moje b yIuTbiBaeT BO3PacCT-
HYIO CTPYKTYPY MOIYJIANNA, IPU 9TOM IapaMeTphbl 3ala3/bIBaHUs OTBEYAIOT 33 BPEMsl B3POCJIEHUS
XHUIMHAKOB U YKEPTB COOTBETCTBEHHO. B paboTe M3ydaioTcs aCHMITOTHIECKIE CBOMCTBA PEIlleHnit pac-
CMaTPUBAEMOI CUCTEMBI. Y Ka3aHO MHOXKECTBO HAYAJIbHBIX BEKTOP-(PYHKIINNA, IPA KOTOPBIX PElIeHUsI
CXOJISITCSI K TIOJIO?KEHUIO PABHOBECHSI, COOTBETCTBYOIIEMY COBMECTHOMY COCYIIIECTBOBAHUIO ITOIYJISIITUI
XUITHUKOB W 2KE€PTB. YCTAHOBJIEHBI OIEHKU PEIeHUl, XapaKTepPU3yIoIue CKOPOCTh CTaOMIN3AINy Ha,
0GECKOHEYHOCTH K JIAHHOMY ITOJIOXKEHUIO PABHOBeCHsi. Pe3yIbTaThl Oy I€HbI C UCIOIb30BAHIEM MO/IU-
duruposanubix byuknuonaios Jlanyrosa — Kpacosckoro.

KuroueBbie ciioBa: MO/e/Ib XUIMHAK-KEPTBA, YPABHEHU C 3AIIa3bIBAIONINM aPIyMEHTOM, ACUMIITO-
THYECKas YCTONINBOCTD, OIEHKHU PEIeHUl, MHOXKECTBO IIPUTSKEHNUsI, MOIUMDUITNPOBAHHBIE (DYHKITHO-

naJsbl JIamynosa — Kpacosckoro.

Asymptotic properties of solutions in a predator-prey
model with two delays

M. A. Skvortsova

Sobolev Institute of Mathematics SB RAS,
Novosibirsk State University,

Novosibirsk 630090.

Abstract. We consider a system of differential equations with two delays, which describes the
interaction between predator and prey populations. The model takes into account the age structure
of populations, herewith the delay parameters denote the time that predator and prey individuals
need to become adult. In the paper we study asymptotic properties of solutions to the considered
system. We describe a set of initial vector-functions, for which solutions converge to the equilibrium
point corresponding to the coexistence of predator and prey populations. We establish estimates of
solutions characterizing the rate of stabilization at infinity to this equilibrium point. The results are
obtained using modified Lyapunov—Krasovskii functionals.

Keywords: predator-prey model, delay differential equations, asymptotic stability, estimates of
solutions, attraction set, modified Lyapunov—Krasovskii functionals.
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MSC 2010: 34K20, 34K25, 92D25
1. BBenenue

Hacrosimmast pabora sIBJIsSIeTCsl IIPOJIOJIZKEHHEM HCCJIEIOBAHUN aCUMITOTUIECKIX
CBOMCTB pelennii cucreMbl JnddepeHInalbHbIX yPaBHEHN C JBYMs 3alla3/IbIBaHU-
SIMU, OIKUCBIBAIONIEH B3aUMOJIefiCTBIE TIOMYJISIIUil XUIIHUKOB U KepTB |20]:

B(t) = ra(t —m)e™™ — ax®(t) — dya(t) — f(x(t), y(1)),
w(t) = ra(t) — re(t — m)e ™ — cpu(t), (1.1)
y(t) = nf(z(t —72),y(t — 72))e ™ — day(t), '
o(t) = nf(x(t),y(t)) — nf(x(t = 72), y(t — 72))e”>™ — cau(t),

fla,y) = — % b>0, ki ks> 0.

1 +k1$+k2y’

Baech x(t) — IMCIEHHOCTD HOIYJISIIUKA B3POCIBIX YKEPTB, U(t) — YUCICHHOCTH IIOILY-
JIAIAN MOJIOJIBIX 2KepPTB, Y(t) — UUCJIEeHHOCTD MOIYJISIIIUI B3POCJIbIX XUIIHUKOB, v (t) —
YUCJIEHHOCTD TOIYJIAMU MOJIOJBIX XUIMHUKOB. [lapamerpbl 3anazabiBanusg 71 > 0 u
To > ( oTBeYaAIOT 3a BpeMs B3POC/JEHUs YKEPTB U XUITHUKOB COOTBETCTBEHHO. Ko3-
(bI/IHI/IeHTbI CHUCTEMBI IIpeAIIoJIaraoTCd II0JIO2KUTE/JIbHBIMU. BOHee JeTaJIbHOE OIINMCaHNne
Mojien cozepxkures B [20).

OrmernM, uTo B padore [20] Takzke mogapobHO 06CY K IATUCH ACUMIITOTUIECKUE CBOM-
CTBa PENICHUH paccMaTpPUBAEMON CHCTeMbl. B 9acTHOCTH, ObLIM HOJIYYeHbl yCIOBUS
crabu/m3anuy permennii Ha 6eCKOHETHOCTH, & TAK¥Ke YCJIOBUSA aCUMITOTUIECKO# YCTOl-
YUBOCTU U HEYCTOMYMBOCTHU IIOJIOZKCHUI PaBHOBECUS.

Kak 65110 oTMedeno B [20], B 3aBucuMoctn ot Koadduimentos cucrema (1.1) nmeer
He 6oJiee TpeX MOJIOKEeHUH paBHOBecHsl (C HEOTPUIATELHBIMI KOMIIOHEHTAMHM ).

1) Ecyiu dy > re”“™ 10 y CUCTEMBI CYIIECTBYET TOJBKO OJHO MOJIOKEHUE PABHOBE-
cust: (z(t),u(t),y(t),v(t)) = (0,0,0,0).

2) Ecm dy < re @™ u ady > (re ™ — dy)(nbe~®™ — doky), TO y cucre-

MBI CYIIECTBYIOT JiBa ToJioxKeHus: pasHoBecusi: (x(t),u(t),y(t),v(t)) = (0,0,0,0) u
(@(t), u(t), y(t), v(t)) = («*,u",0,0), rae
1 ro*
* —— —C1T1 __ d * — 1 _ T )
x a(re 1), u _01 ( e )

3) Ecim dy < re™ @™ m ady < (re ™ — dy)(nbe=™ — dyk;), T0 y cucre-
MBI CYIIECTBYIOT Tpu mosiokenust pasrosecus: (x(t),u(t),y(t),v(t)) = (0,0,0,0),
(@(t), u(t), y(t),v(t)) = (¢%u*,0,0), u (z(t),u(t),y(t),v(t)) = (zo,uo,Y0,vo)- Ipn

ko #£ 0 BestmamHA T ONpeIessieTcs 1Mo popMyJie

1
Ty = 5(—3 + vV B? —|—4C),
nbe~ 2" — dgkl 1 _ d2
B = - an _ 4 C=_——>=
akone c2m a (re ); akone—c2m’
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npu ky = 0

dy
o = .
07 nbe—e2m — dyk,

Benuaunbr ug, Yo, vg ONPEIETIAIOTCS TaK:

Ty

ug=—(1—e 9™

0 c1 ( )7

—C2T2

Yo = —ne (T‘G_Clﬁ — d1 — (IZL‘())fE(),
do
d
vo = 20 (geam2 1)),
Co

[Monoxenne pasuosecust (0,0,0,0) cooTBETCTBYeT MOJHOMY BBIMUDAHUIO IIOILYJIsi-
it moJioxkenne pasuosecusi (¥, u*,0,0) cOOTBETCTBYET BBIKUBAHUIO TOJIBKO MOITYJIsi-
[N KEePTB, TI0JIOXKEeHNe paBHOBecHs (Xg, Ug, Yo, Ug) COOTBETCTBYET COBMECTHOMY COCY-
IIIECTBOBAHUIO TOIYJIAIUN KEPTB U XUITHUKOB.

[Ipu umcciaenoBaHUU ACUMITOTHYECKOIO ITOBEJIEHUS PEIIeHN BaXKHBIM BOIIPOCOM
TAKKe sIBJISETCS MOJIyUE€HUE OIEHOK PEIeHUil, XapaKTepu3yoIuxX CKOPOCTb CTabu/u-
zanun Ha OGeckoHedHOCTH. OTMETHM, UTO JIJId TOJIYUEHUs OIEHOK PENIeHUil CUCTEeM ¢
3aI1a3/IbIBAHIEM YaCTO UCIOIB3YIOTCA MOIUMPUITUTPOBAHHBIC (DYHKITMOHAJIBI JId1myHOBA —
Kpacosckoro (cMm., nanpumep, [2-9], [16-19]). [l usyuennsi cBOicTB penieHuil HEKO-
TOPBIX OHOJIOMMYECKUX MOJIeJIel Takoii 1moxo 1 npuMensiica B [10-14]. B wactrocTH, B
pabore [13| GbLIN yCTAHOBJIEHBI OIEHKH, XapaKTEPU3YIOIINe CKOPOCTH CTaOM/IN3aIlui
perrernii cucrembr (1.1) ma Geckoneunoctn K nosiokenusiMm pasrosecus (0,0,0,0) u
(x*,u*,0,0).

[ess HacTosieit paboThl — yKa3aTh MHOXKECTBO HAYAIBHBIX BEKTOP-DYHKIINI, TTPU
KOTODBIX periennst cucreMbl (1.1) cxoarces K M0JI0KeHII0 paBHOBeCHs (To, Ug, Yo, Vo), U
[OJIYIUTH OIEHKU PEIeHuil, XapaKTepPU3yIolne CKOPOCTb CTaOU/IM3aIuu Ha OECKOHEe-
HOCTHU K JAHHOMY TIOJIOYKEHUIO paBHOBecUs. TaKne OIeHKN aCUMIITOTUIECKOTO TOBEIe-
Husl periernii iyt cucremsl (1.1) OymyT nosydenst Biiepsbie. [Ipu nosryaennu pesysibra-
TOB MBI TaKKe OyJIeM HCII0JIb30BaTh MOAUMUIIMPOBaHHbIE (DYHKIIMOHAJDBI JIdmyHOBa —
Kpacosckoro.

ABtop BbIpazkaet Os1arogapuocts mpodeccopy I B. lemuienko 3a BHIMaHmE K pa-
oore.

2. IlocTpoenne moauduUIIMpoBaHHOTO (PYHKIIMOHAJIA,
JIsmmynoBa — KpacoBckoro

B namnom maparpade Mbl OyjeM IpeIojararb, 9TO BBIIOJHEHLI YCJIOBH,
pU KOTOPBIX y cucreMbl (1.1) cymecTByeT HeTpUBHAJBHOE IMOJIOKEHWE PABHOBECHS

(96’07 U, Yo, 00)3

dy <re 7 ady < (re” 7 —dy)(nbe” 2™ — dyky). (2.1)
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PaccMOTpuM TI0/ICHCTEMY, COCTOAILYI0 M3 IEPBOIO U TPETHEro ypPaBHEHWI cucTe-
Mol (1.1):

{510 2ot e e -l ) S0 0) 2.9
§(1) = nf (ot = ), y(t = m2))e ™ — dy(). |

B cucreme (2.2) caenaem 3amery
a(t) = xo+ (1), y(t) =yo+y(t), (2.3)
TOorJa IIOJIy49IrMM
T(t) = re= M (wg + T(t — 1)) — a(zo + T(1))?
—di(zo +Z(1)) — fzo +Z(t),y0 + Y(t)),
y(t) = nf(zo + F(t — 72), 50 + Yt — 72))e™*2" — da(yo + G(t)).
Kpartko 3Ty cucreMmy MOXKHO 3aIiCATh B BUJIE

d
a?

w0=(50). A= Z) m=(00) m=( ) @9

byo(1 + kayo)
(1 + kll’o -+ kgyo)z’

(t) = Ay(t) + Biy(t — m1) + Boy(t — o) + Fo(y(t)) + G(y(t — 12)), (2.4)

an = 2axo + dy + fi(xo,y0) = 2ax0 + di +

bxo(1 + kyxo)
L+ k1zo + kayo)?’
Yo da(1+ kayo)
zo (1 + k1o + kayo)’
da(1 + ki)
1+ k1zo + kayo)’

Ro) = (7T G- ) = (e

hy) = flxo+Z,y0 + ) — f(@0,90) — frlwo,%0)T — f, (0, %0)Y

b[<1 + k1o + kayo + Qkfﬂokzyo) TY — kyyo(1 + kayo)T* — kaxo(1 + k‘ﬂo)??]
_ ~ (2.6
[T+ FaCoo + ) + Falyo + DL+ o + Fogol? 20
B pabore [13] 6b1TH TOTyIEHBI TOCTATOIHBIE YCIOBHS ACHMITOTHICCKON yCTORIMBOCTH
HYJIEBOTO PelleHns cucTeMbl (2.4), KOTOpble TaKyKe ABJIAIOTCS TOCTATOYHBIME YCIOBH-
SMI ACHMIITOTHYICCKON yCTOMYMBOCTH MOJIOMKEHHUs paBHOBecHs (T, o) cucTeMbl (2.2).

Ay = dy, by =re 7,

12 = f:;(‘rOvyO) = (

bo1 = ne" " f (9, y0) =

bas = ne” 2™ f, (20, y0) = (

[TpuBejieM COOTBETCTBYIONINI PE3YJILTAT.
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Teopema 1. [Tycmov evinoanenv yeaosus (2.1) u ycaosue

a12bor < (a11 — b11) (a2 + baa). (2.7)

Tozda nososcenue pasnosecus (To,Yo) cucmemvr (2.2) ABAAEMCA ACUMNMOMUYECKU
YCmoUYUBHIM.

Samevarnue 1. B pabore [13] Takke 6bLIO0 HOKA3AHO, ITO PE3YIBTAT OCTAHETCS BEPHBIM
u B CJIy4dae a12b21 = (an — bll)(GQQ + b22).

Crenyromas Hallla e/ — IPU BbIoJHeHnn ycjosuit (2.1) u (2.7) mocrpours Mo-
mudunupoBannbiii pynkuuonan Jlsmynosa — KpacoBcKoro, KOTopblii B JaabHEHIIEM
OyJleT UCIIOJIb30BaH Jisl [OJIyYeHus OIeHOK pernenuii cucrembl (1.1), xapakrepusyto-
[IIX CKOPOCTH CXOJAMMOCTHU K IOJIOZKEHUIO paBHOBecUs (o, Ug, Yo, Vo)-

Brauase mpuseieM pesyabrar 00 aCHMIITOTHYECKON YCTONUUBOCTH HYJIEBOTO perre-
HUS JTMHEAHOM CHCTEMBI ¢ 3al1a3/IbIBAIOIIMM apI'yMEHTOM

d

pr (t) = Ay(t) + By(t — 1), (2.8)

BBITEKAIOIIHIT 13 paboTsl [3].

Teopema 2. ITycmwv cywecmeyrom mampuyv, H = H* > 0 u K(s) € CY([0, 7]) maxue,
d

umo K(s) = K*(s) > 0, d—K(s) <0, s €[0,7], npu amom
s

 (HA+A'H+K(0) HB
C=- ( B'H —K(T)) =0

Tozda nyaesoe pewenue cucmemvs (2.8) AGAACMCA GCUMNMOMUNECKY, YCMOTYUGHLM.

Sameuanue 2. Hepasencro H > 0 o3nagaer, 9To MaTpuiia H SBJISIETCS TOJOKUTETHHO
onpeaeeHHON.

[Ipu j1oKa3aTeIbCcTBE TEOPEMBI 2 UCIIOJIb30BAJICA MOIMMUITNPOBAHHBIN (DYHKITHOHAT
JIsamynoBa — KpacoBcKoro cjeyrorero Buia

t

V(t,y) = (Hy(t),y(1)) + / (K(t = s)y(s),y(s)) ds. (2.9)

t—1

BaxkHO OoTMETHTDH, UTO TPU BBLIOJHEHUN YCJIOBUIl TEOPEMBI 2 € TOMOIIBIO JIAHHOTO
dyuKIMOHAIA OBLIM TOJIYyYeHbI OIEHKH pereHnii cucreMbl (2.8), XapakTepu3yolie
cKopoCTh yObiBanus Ha GeckonednocTn. OyHKIOHAT (2.9) TaKKe MO3BOJISIET MOJIYYaTh
OIleHKH OOJIacTeil MPUTSYKEHNsT HYJIeBOIO PEIleHns] U OIeHKM CKOPOCTH YOBIBAHUS pe-
MIEeHUTT U JIJI HeJIMHEHHBIX CHCTEM C 3alla3 bIBAIONIUM apryMeHTOM (CM., HalpuMep, |3,

4, 7)).
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372 M. A. CKBOPIIOBA

Pesynbrarsr pabote 3] jerko 06obmaoTes Ha caydail HECKOJIBKUX 3alla3/ibIBaHuil
(eMm., nanpumep, [2]). B wactHocTH, eciiu cucremMa COIEPXKUT JBa 3ala3 bIBAHUST

d

ay(t) = Ay(l) + Biy(t — 1) + Bay(t — 72), (2.10)

TOrJ@ Jijisl aCUMIITOTUIECKOH yCTONUUBOCTU HYJIEBOrO pernenus cucreMbl (2.10) mo-
crarouHo norpeGoBarh cymectsosanue Marpul, H = H* > 0, Ki(s) € CY([0,71]) u
Ky(s) € CY([0, 7»]) rakux, uto

d
Kl(S) = KT(S) > 0, EKl(S) <0, se€ [O,Tl], (211)
) d
Ks(s) = Kj(s) > 0, £K2(s) <0, sel0,ml, (2.12)
npuyeM
HA+ A*H + K,(0) + K»2(0) HB,  HB,

B;H 0 —KQ(TQ)

JlokazaTesbCTBO 9TOTO IMMPOBOJUTCA € UCIOJIH30BAHIEM (DYHKIIMOHATIA

t

V(t,y) = (Hy(t), y(1)) + / (Ki(t = s)y(s),y(s)) ds

t—71

t

+/<K2(t—s)y(s),y(s))ds. (2.14)

[Ipeamonaras, aro cupaseyuBbl HepaBeHcrsa (2.1) u (2.7) m marpunst A, By,
B, unveror Bug (2.5), moctponm Mojmdunupoanubiii dynknnonas Jlsmyrosa — Kpa-
coBckoro (2.14) myst cucrembr (2.10) Takoii, uro BeimoHeHbl yciopust (2.11)—(2.13).
st sToro mojbepem coorsercTByomme Matpunsl H = H* > 0, K(s) € CY([0,7]),

K(s) € C1([0,72)).
hll h12
H:
(h12 hzz)’

[Tostoxkum
Kl(S) = 6_518(04.81‘31 + Ml), M, = Mik >0, a,k >0,
KQ(S) = G_HQS(ﬁB;Bg + Mg), My = M; > 0, 5, Ko > 0.
SamernM, uro BiH = Bfﬁl, B5H = B;?[Q, rje

T hir hio T 0 0
Hl_(o 0)’ H2_<h12 hgz)'
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CBOINCTBA PEHIEHUN B MO/IEJIU XUIIIHUK->KEPTBA 373

B stom ciyuaae marpura (2.13) 6yzer umers Bug C' =

— (HA + A*H + aBIB, + ﬁB;Bg) — M, - M, —H:B, _H3B,
—BiH, e~™T (aB} By + M) 0
— B3, 0 e~ (B3 By + My)

Beenem oboznauenue

R=-— (HA + A*H + aB:B, + BB,

1 7% 17 1 7% I7 i1 Ti2
k171 * k272 * —
b e H2H2) (m ). (2.15)
Torna marpura C npeobpa3yercst K BUILY
R — My, — M, 0 0
C = 0 e MM, 0
0 0 e "2 M,
1 TT* I7 7 1 KoTo TT* LT T
—eMT T H, —HiB, 0 Be *HIHy 0 —H3 B,
o ~
Tl —-BH,  aemBB, 0T 0 0 0
0 0 0 —B3H, 0 Be ™™ B;B,
R — M, — M, 0 0
> 0 e~ M, 0 . (2.16)
0 0 e "2 M,

Tem cambIM, Hallla 3aja4da CBEJIaCh K TOMY, 9TOOBI IOKA3aTh IOJOKUTEIHLHYIO OIIpee-
JIeHHOCTb MaTpuiibl K. B aTom ciy4ae jierko mojgobpars marputibl My u My Tak, 9T00bI
marpua C' Takzke OblLIa MOJOXKUTETHHO OIPEIeIeHHOM.

YunreiBas aBHbIi Bug Mmatpunt A, By, By, H, Hy u Hy, nosyanm ciemytomnime pop-
MYJIBI JIJII 9JIEMEHTOB MaTpHIlbl R:

( 1 1
2 2 K1T1 1,2 K2T2 1,2

1 1
r12 = a12h11 + (a11 + aga)his — Bbaibys — aemlhllhm — Be'{mhmhm, (2.17)

1 1
To9 = 2a12h12 + 2(122h22 - ﬂb%Q — 565171 h%Q — Bemmh%?

\

SamMeTuM, UTO B CHIYy OOO3HAYEHUI BEJIUINH (g9 U Doy MMEET MECTO HEPABEHCTBO (g9 >
bao. Hasee MbI OyjieM paccMaTpUBATD JIBA CIAYUAS: Qg > bog U ag9 = bos.
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374 M. A. CKBOPIIOBA

Cayd4aii asy > bos.
B stom ciryaae mostoxkum hip = 0, Tora

1
2 2 K1T1 1,2

T2 = aizhi1 — /Bb21b227

1
T'9g = 2&22}122 — Bb%Q — BBHQTQ}L%Q.
\

Benmuunny o BbIOEpeM Tak, 4TOOBI BeJIMYNHA 717 TPUHUMAJIA HAMOOIbINEE 3HAYEHUE.
Torna

Eeﬁm/?

bll

o =

Benmuauny hoo BbIOEpEM Tak, YTOOBI BEJIUUUHA 799 ITPUHUMAJIA HAUOOJIBINIEE 3HAUEHUE.
Torna

has = Bagge ™",

CrietoBaTesIbHO,
K1T1/2 2
ri1 = 2(ay — by ™™ hy — BbE,
ri2 = a12h1 — 55211922;
2 _ 2
T2 = Blayge ™™ — by,).

Onpenenure/b MaTpullbl R nMeeT BUI:

2
11722 — 7’%2 = 6(@326_”” - 532) (2(6111 - 51165171/2%11 - 5531) - (a12h11 - 5521522)

= 2ﬁ<(a11 - bne“mﬁ)(aée*”ﬁ - b§2> + algbglbgg) hll - 62(132b31€7ﬂ272 — a%zhfl.

ITosnaraga
B

2
ay

hiy = ((an - bllenmﬂ)(agzewm - 532) + a12b21b22),

2
OyeM uMeThb
62

2
2 K1T1/2 2 _—KoT 2 2 —KoT:
T1T22—T9 = e [((an — by e™ v/ )(%26 - b22) + a12b21b22) - (a12b21G22) e 2} .
12
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DJleMeHTBl MaTpHIlbl R 1peodpa3yloTes K BUILY

= é(an — bue™ %) (a3e T — by)
aio

_{_ﬁ ( —b K1T1/2\2 ,2 _—KoT2 __ —b K1T1/2 Do — b 2

02 aiy 1€ ) axe (ay1 1€ )22 — a12bo1 )
12

5 _

riz = o (an — bue™ %) (e — by),

\ T22 = B(‘@Qe—mm - bgz)-

st onpenenerroctn moyioxkuM [ = 1. [losoxkurenbHast onpe1e/leHHOCTh MATPUIbl R
SKBHUBAJICHTHA, YCJIOBHUIM

(90”22 > by
(2.18)
(a11 — b11e™™/?) (agee ™ 2™/% 4 byy) > ayabo;.

B cuny yenoBust agy > bae 1 ycaoBust (2.7) MOXKHO 10106paTh BeJUUUHbL k1 > 0 1 Ko >
0, Ipr KOTOPBIX 3TH HEPaBEHCTBa OY/IYT BHITOJHEHDBI. VTaK, OKOHYATE/IHHO MOy YUM

K171/2
e
o = az—bH((CLH — 611€H1T1/2)(CL3267H2T2 — b§2) + a12b21622> > 0, ﬁ = 1, (219)
12
1 K1T1/2 2 —KaTo 2
hll = CLT(<all — 6116 )(CLQQG — 622) + a12b21b22> > O, (220)
12
hlg =0, hgg = a22€—5272 > 0. (221)

B ciiygae ase > boy MommduimpoBanubiii pynkimonas JIsmynosa — KpacoBckoro 1o-
CTPOEH, MPH ITOM BBITIOJHEHBI ycsoBust (2.11)—(2.13).

CJIyqaf/i Q99 = b22.
Bocnonbpsyemea dhopMmyiaMm, HOMYYEHHBLIMU B HpeAbLIyIIeM ciaydae. lcmomn-
3yst (2.19)—(2.21) u yuuThiBasi, 9YT0 agy = bgg, TOJOKUM

b2261€1 T1 /2

CL2 b <a12b21 — (CLH — blleanl/Z)bgz(l — €7K2T2)) > 0, ﬁ = 1, (222)
12¥11

b
hi = % (a12b21 — (CLH — 6116){17—1/2)()22(1 — 6_5272)> > 0, has = b226_){27—2 > 0. (223)

ais

ISSN 0203-3755 /lunamuueckue cucremst, 2019, Tom 9(37), Ne4



376 M. A. CKBOPIIOBA

[MoxcraBum 511 BeuauHbl B (2.17), yauThIBast, 9TO dge = bao:

( b
21 K17T1/2
ri = —(2(@11 — by e™ v/ )522 - Cl12b21)
a2
2
- a? (all - b116mﬁ/2)2(1 - 6_52@) - 65272}1%27
12

b2
T2 = (a1 — bneﬁmm) (hm - 2(1 — 6@72)) )

a12
2 b HlT1/2h2
ra2 = 210> — Hpu? Mo (1 — e,
L 622 <a12b21 - (CLH - bue"‘”l/2)b22(1 — 6—527'2)>
Ilonmarasa ;
] (224
Q12
Oy/ieM UMeTh
( b
e OLi <2(a“ — b€/ )by — ambzl)
12
b2 — KT K1T Ko T
N |
ri2 =0,
(abar — ansbal1 — e52m) ) (1 — em)
o2 = '
L (a12621 - (CLH — b11€“171/2)b22(1 _ eﬂ{grg))

[TomoxkuTenbHAS OIIpeJIeJIEHHOCTh MaTpPUIIbI R sxBuBajenTna ycCJ10BUAM

[ 3,1 — e77) (2(an = bue™™/2)? + (e — 1))

N\

< ai2ba (2(&11 — D112 )by — a12621>, (2.25)

— KT
L allbgg(l —e "2 2) < algbgl.
B cuity yenoBusi age = by u yeaosus (2.7) MOXKHO 110J00parTh BequduHbl £ > 0 u
ko > 0, IPU KOTOPBIX 3TU HEPABEHCTBA OYJIyT BBIIOJHEHBI.

Taxzke HETPY/HO BUJIETh, UTO [IPH BBINOJHEHUN ycjioBuii (2.25) marpuria H sBis-
eTcs OJIOXKUTEIBHO onpenesernoil. leficrBuresnsho, u3 (2.15) BbITekaer, 9To

1 o~~ 1~
HA+ A"H = —R— aBB, — BBiBy — —¢™ ™ H*H; — Be@T?H;Hz <0,
(6]
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T. e. MaTtpuria H = H* gBidgercd peleHneM MaTpUYHOTO ypaBHenus JIsmynosa
HA+ A*H = =S, tne S = S* > 0. IlockoabKy Bce COOCTBEHHBIE 3HAYCHUS] MAT-
puiiel A cozepkarcst B Jieoii nosymiockoctu {A € C : Re A < 0}, orciona cieyer
HOJIOKATENIbHAST OIIPEJICIEHHOCT MaTpuibl H (M., mampumep, (1], rr. 1, § 4]).

Nrak, B ciiydae ase = bog MogudurmpoBanubiii (pynkmnuonas Jlsamynosa — Kpacos-
CKOT'O HIOCTPOEH, 1Ipu 9ToM ycsoBus (2.11)—(2.13) Takzke BBIIOTHAIOTCH.

3. OueHkKn a1 MOoANMPUITMPOBAHHOIO (PYHKIIMOHAJIA
JIsmynoBa — KpacoBckoro

B srom naparpacde Mbl 6y/ieM pernoiaraTh, 9To BBIIOJIHEHbL yeaoBus (2.1) u (2.7).
Kak y»ke 0TMedasioch, U3 9TUX YCJIOBHH BHITEKAECT ACUMITOTHYECKAS YCTONINBOCTD 110-
JIOZKeHUsI paBHOBeCHs (Xg, Yo) cucrembl (2.2). Takzke mpu BBINOJHEHUT TUX YCIOBUI B
HpeIbLIyeM naparpade ObLT MOCTpoeH MOAUMUIMPOBaHHbIN (dyHKIHOHA JIsamyHo-
Ba — KpacoBCKOro, ¢ uCIO/IL30BAHKEM KOTOPOI'O YCTAHABJIMBACTCA ACUMIITOTHIECKAST
ycroiunBocTh. B jannoM naparpade Mbl HOJYyYUM OUEHKH JJIs 9TOr0 (byHKIIMOHAJIA,
U3 KOTOPBIX OY/IyT CJIe/I0BATH OIEHKU PEIeHuii cucteMbl (2.2), XapaKTepu3yolye CKO-
POCTH CXOJMMOCTHU K HOJIOKEHUIO paBHOBecust (g, Yo) IpU t — 00.

Paccmorpum cucremy (2.2), Jijist KOTOPO# 3a/1a/[MM HAYAIbHBIC YCIOBHSI:

{ x(t) = Qp(t)’ te [_Tmaxvo]a $(+0) =@ )
y(t) =v(t), t € [~Tmax, 0], y(+0) =(0),

rie
Tmax = maX{Tlv 7-2}7

©(t), ¥(t) — 3amanuble HEOTPUNIATE/ILHBIE HEIPEPBIBHBIE (DYHKIMU. XOPOIIO U3BECTHO,
qTO pelleHne HadadbHON 3aMaun (2.2), (3.1) cymiecrByer U €JMHCTBEHHO, IIPU TOM,
Kak ObLI0 oTMedeHo B [20], pemmenune Oymer onpemeseHo upu Beex t > 0, u 6osiee Toro,
6yayT BBIOTHEHBI HepasercTBa x(t) > 0 u y(t) > 0 npu Beex ¢ > 0. Takxke MOXKHO
[OKA3aTh, YTO KOMIIOHCHTBI PEIICHHs HAYAIbHON 3aa4dr Oy/JyT OrPAHUYICHBI CBEPXY
npu Beex ¢ > 0 [13].

Kak 6b1710 oTMedeHO B IIpeaplayineM mHaparpade, 3agada 00 yCTONIMBOCTH ITOJIOZKE-
HUST PaBHOBeCHs (Xg, Yp) CHCTEMBI (2.2) CBOANTCS K 3a/ade 00 yCTONINBOCTH HYJIEBOIO
pertiernst ipu omoru 3amensbl (2.3). [Ipu sroit 3amene nHavanbHas 3aa4a (2.2), (3.1)
npeobpasyercs K HaYaJbHOIl 3a1ade Jjisi cucteMbl (2.4):

d

—y(t) = Ay(t) + Biy(t — 1) + Boy(t — 72) + Fo(y(t)) + G(y(t — 72)),
dt (3.2)

Y(t) = P(t), €€ [~Tmax, 0], G(+0) = 3(0),
rie

b= (2) w0 - vo- (7)) w=(1). 6
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Pacemorpum Moudurmposanubiit pynkiuonal Jlsamynosa — KpacoBckoro

t

V(t,y) = (Hy(t), y(1)) + / (Ka(t = 5)y(s), y(s)) ds

+ / (Falt — )5(s). 5 (s)) ds. (3.4)

rie

H = (ZE Z;Z) >0, Ki(s)=ae ™ BBy, «a,k >0,

Ks(s) = e "™*(BB3;By + M), My=M; >0, [,k >0.

Benuuanssl hyy, hig, hea, v, B, K1, Ko OlpeneseHbl B npeablayineM maparpade (dbop-
MyJbl (2.18)—(2.21) B ciydae agy > booy 1 dopmyiisl (2.22)—(2.25) B caydae agg = b)),
matpuria Mo Oyzer ornpejiesieHa HUKe.

st popMyJSIMPOBKH pe3yJIbTaTOB HaM IIOTPEOYIOTCS Cjeyionpe 000O3HaYeHU.
[Iycts ¢ > 0 — mauboJibiliee YUCI0 TAKOE, UYTO BBIMOJHEHO HEPABECHCTBO

(Ry.y) > c(Hyy), YeR, (3.5)

rje marpuna R > 0 oupenenena B (2.15). Herpyano nposeputh, 9to Beauuuna ¢ > 0
ompeessieTcs 10 popMyJIe

1

1
©= b 1)) <§<h1“‘22 + Aozt = Zhraria)

1
—\/Z(hnrm - h227“11)2 + (h117”12 - h127“11)(h227"12 - h127’22)> .

Jasee, mycts € > 0 Takoe, 9TO

2ne~ 221\ hyy 0 e27/% < ¢, (36)
e
1 1
= m §(h11p22 + haopi1 + 2|hia|pi2)
12
1
—i—\/i(hnpm — hasp11)® + (h11piz + |haa|pin) (haopiz + |haa |p22)> ' (3.7)

bk1yo(1 + kayo)
1 + klxo —+ kgyo)Q,

P = ( (3.8)
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b<1 + k1xo + kayo + 2k1$0k290>

= , 3.9
bz 2(]_ + k?ll'o + kgyo)z ( )
bk2$0(1 + klﬁCo)
- . 3.10
bz (14 k1zo + kayo)? (3.10)
[Tosoxxkum
My =moH, my=mne “?2uy\/ha0 e"272/2 (3.11)
Takzke 0003HaAYNM
e = min{c — 2ne "™/ hay e 2m2? i Kot >0, q=2v+/hi, (3.12)
rie
1 1
V= m Q(hnqm + hooqu1 + 2|hia|qi2)
1
+\/Z(h11Q22 — hooq11)? + (h11gaz + |hi2|q11) (haoqiz + |h12|Q22)> ; (3.13)

g1 = a+pi1, 12 =P12, Qo2 = P2o.
CrpaseyinBa, CJICAYIONAsd TeopeMa.

Teopema 3. ITycmwv evinoanenv, yeaosua (2.1) u (2.7). Tozda dasn pewenua yY(t) na-
waavnoll 3adavu (3.2) ¢ HAUAALHOIMU OGHHLLMU, YOOBAEMBOPAIOULUMY YCAOBUAM

@(t) Z —Zo, ¢(t) Z —Yo, te [_TmaX?O]a (314)

\/<H17J(t),t~b(t)> <6, tel-m0), (3.15)
~ g \/ V(O/;Z)
\/ V(Ov 170) ™ S 9, (316)
) ¢ <1 -2V V(07 {L))

V(O’ ’;'L) e—at/2

-4V 09)

M

CNPasedusa OueHKa

, t>0. (3.17)

(Hy(t),y(1)) < (

Jloxaszamesvcmeo. Pacemorpum MoaudunmpoBannbiii dpyukiunonas Jlsmynosa — Kpa-
coBckoro (3.4). duddepeniupysi ero BIoJib pellieHus: HadaabHOil 3a1a4un (3.2), moJty-
YHIM

%v@,g) — <H%§(t),§(t)> + <H§<t>, %@(t)>
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y(t) y(t)
= - <C (@(f - 71)) , (ﬂ(f - ﬁ)) > +2(Hy(t), Fo(y(t))) + 2 (Hy(t), G(y(t — 12)))
@(t—ﬁ) §<t—7'2)

t t
—#1 / (Kt —5)y(s),y(s)) ds — ko / (Ks(t = 5)y(s),y(s)) ds,
t—71 t—T1o
rie marpuma C' > 0 onpenenena B (2.13). IIpoBoss Te ke caMble pacCyKJICHUS, UTO 1
[pU [OJTy9eHnn HepaBeHcTBa (2.16), MBI IPUXOJUM K CJIEJLyTOIIEil OleHKe

SV(LF) < — (R M) 50) — e (Mt — 7). G — 7))

+2(Hy(t), Fo(y(1))) +2 (Hy(1), G(y(t = 72)))

t t

—K1 / (K1(t —s)y(s),y(s)) ds — ky / (Ks(t — s)y(s),y(s)) ds.

t—71

YauTeiBast HepaBeHCTBO (3.5), OyieM uMeTh

%V(t,ﬂ) < —c(HY(®), 5(1) + 2 (HY(t), Fo(H(1))

+2 (Hy(t),G(y(t — 1)) + (May(t),y(t)) — e ™™ (May(t — 72), y(t — 72))

—K1 / (K1(t — s)y(s),y(s)) ds — ky / (Kot —s)y(s),y(s)) ds.

Ouennm 2 (Hy(t), Fo(y(t))). YunrsiBas sBubIl By BekTOp-byHKImu Fy(y(t)), mo-

JIYHIUM OLIEHKY

2 (Hy(t), Fo(y(1))) < 2/ (Hy(1), y()) vV (HFo(y(t)), Fo(y(t)))

= 2/(Hy(t), g(0)) VI [a@ () + (G (D).

Herpynaso Bujers, uTo 1pu BBITOJHEHUH YCjIoBHR (3.14) KOMIOHEHTBHI peIlieHus Ha-
JasibHO# 3ajaqn (3.2) Oy/IyT yIOBAETBOPATH yesaoBusiM T(t) > —xg u y(t) > —yo upu
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Beex t > 0. IlosTomy u3 siHOTO mpeicrasienus (2.6) dynknun h(y(t)) BeiTeKaET Cite-
JIYIOIee HEPABCHCTBO

|aZ®(t) + h(G ()] < (a+pu)T(t) + 2pl T 1G] + p2y”(t)

=((“ o) (o)) (o)) ) = v w5,

rJie BeJIMYUHBL D11, P1a, Poo onpesesensl B (3.8)—(3.10), v oupezerneno B (3.13). Cuemo-
BaTeJILHO,

2 (HY(t), Fo(y(t))) < 2v/hay (HY (1), 5(1))** < qV*2(t,5),

rje g onpejeneno B (3.12). Orcrojia moJIydnM ONEHKY Ha MPOU3BOJIHYIO (byHKIIHOHAJIA

V(t,y):
SV (t,§) < —c (HFO,5() + V(1. 5)

dt
L2 (HF(), Gt — 7)) + (MG (), F(0)) — ™ (M (¢ — 72), Gt — 7))
iy / (Kt — $)(), §(s)) ds — my / (Kot — )5 (5), §(s)) ds.

Teneps onennm 2 (Hy(t), G(y(t — 72))). Uneem
2 (Hy(t), G(y(t — m))) < 2V/(Hy(t), y(t)) vV (HG(Y(t — 1)), Gy(t — )))

= 2/(HY(t), (1)) Voo ne*[(g(t — 7).

YuaureiBas HepaBeHCTBa T(t) > —xo, y(t) > —yo u upencrasienne (2.6), moayanm
OLIEHKY

(@t — 7)) < pu?(t = 72) + 2p1afF(t — R)[F(t — o) + P22 (t — 72)

(o rey (B2 () ) < w3t = m.

rJie BeJIMYUHBI P11, P12, P22 onpenesensl B (3.8)—(3.10), u oupenerneno B (3.7). Ciemo-
BATEJILHO,

2(Hy(t),G(y(t — 72))) < 2ne” "/ hoo/ (Hy(1),y(1)) (HY(t — 72), Y (t — 72)) .
Orcrosia Moy IrM OIEHKY Ha MpOM3BOjHYI0 dyHKnnonama V (¢, y):

d

ZV(.9) < —c(Hy(1).g(1) +V*1(t.9)

+2ne™" i/ hoo / (HY(1), §(1)) (HY(t — 72), Y(t — 7))
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+ Moy (1), y(t)) — e (May(t — 72), y(t — 72))
t t
i [ - FE T ds - [ (- 956D A (318)
t—71 t—7o
Brawase npenonozkum, 4ro ¢ € [0, 73]. B 9rom ciyuae B ety mepasencrsa (3.15)
Oy/iIeM UMEeTb OICHKY

V{HY(t—12),y(t — 1)) < 6. (3.19)

YauTeiBasi JaHHOE HEpaBeHCTBO 1 ompesenenne (3.11), uz (3.18) mosydnm oreHKy

SV (15) < —e H0).3(0) + vV (1.9)

ne= ™ i/ hoa 0 (2/CHY(0), 5O)/ HGE — ), 5 — 7))

e (H(E), G(1) — e (HY(E = ), 5t - 7)) )

t t

[ (= 95056 ds e [ (Kalt— 5(6),5(5) ds

t—71 t—T1o

< (e = 2nempuy/hay 0 22) (H(2), (1)) + V(1. 9)

t t
—K1 / (Ki1(t — 5)y(s),y(s)) ds — Ky / (Ka(t — s)y(s),y(s)) ds.
t—71 t—To
Orciofa HETPY/IHO HOJTYYUTH OLEHKY
d ~ - ~
%V@? y) < —€V(t, y) + qv3/2(t7 y)7

rje € onpejesiero B (3.12). VI3 naHHOll ONEHKH, UCHOJIB3Ysl HEPABEHCTBO | pOHyoJLIa
(eMm., nanpumep, [15]), ycranoBum oreHky

vig) < VOB .
(1_g V(O,{b))

YunreiBast onpefenenne (3.4) dyuknuonana V (t,y), 0TCIOIa HEIOCPEICTBEHHO BbITE-
kaer (3.17). Tem cambim, ipu t € [0, 72] onenka (3.17) mokazana.

Hanee npeanoyioxkum, 9to t € [19,273]. B arom ciyuae uz mepasencrsa (3.17),
ycranosiaensoro upu t € [0, 7], m u3 nepasenctBa (3.16) BbITeKaer orenka (3.19).
Torna, OBTOPSIsT paccy K IeHusl, IPUBEIeHHBIE BbIle, 13 (3.18) mosyunm onerky (3.17)
upu t € [, 27y).

Ornenka (3.17) mpu t € [m7e, (m+ 1)m], m € N, jerko ycranaBamBaercs M0 MHILYK-
AN,

Teopema j0xazana. ]
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Temepb TpuBeieM pe3ysibTaT I CHCTeMbl (2.2), HEMOCPEICTBEHHO BBITEKAIOIHUIL
U3 TEOpeMBI 3.

Teopema 4. [lycmov ewnosnens, ycaosusa (2.1) w (2.7). Toeda Oaa pewenua
(x(t), y(t)" navarvroti sadavu (2.2), (3.1) ¢ navasvromu darmvimu, Yoo6Aemeops-

OUUMY YCAOBUAM
o(t) >0, P(t)>0, t€E[—Tmax 0], (3.20)

\/<H(¢(t> - yo)u (’l,b(t) - y0)> < 67 te [_7-27 0]7 (3'21)

V0,9 —y) < 2, V0¥ —w) _, (3.22)
P TV w)

2de O onpedenero 6 (3.6), € u q onpedeservr 6 (3.12), cnpasedrusn. ouenru

h 12 V(0, % —
Iﬂﬂ—xd§< 2 2) q(’¢ Yo) a2 4 (3.23)
Iz =) (1= 1V 4~ o))
g
h V2 V(0,9 —y .
|M®—yd§<hil”}ﬁ) q( 0) et >0, (3.24)
whee =M/ (1= 10,9 —y,)

Jlokxazameavcmeo. Bocnosib3yemest Teopemoii 3. 113 onenku (3.17) u u3 HepaBeHCTB

hgg hll

() < —————— (Hy(t), y(t () < ———— (Hy(t),y(t
I()—hllhgg—h%2< y( )’y( )>7 y()—h11h22_h%2< y( )7y( )>
TTOJTY IUM
_ h 12 V(0,9
#(0)] < ( gy ) 28 s
Paihoz = iy 0_9 vmio
£
1/2 174 O,z,Nb
i < () 09 om
) 5 v0s)
YuaurbiBas 3ameny (2.3) u obosnavenus (3.3), 9TH HepaBeHCTBa coBIAnAOT ¢ (3.23),
(3.24).
Teopema jo0kazana. ]

4. Ouenku petenuii cucremsr (1.1)

B namnom mnaparpade Mbl M3yYNM aCHMITOTHYECKHE CBOWCTBA PEIIEHU CHCTe-
Mbl (1.1). MBI yKazkeM MHOYKECTBO HAYaJIbHBIX BEKTOP-(DYHKIHIA, P KOTOPBIX PeIle-
HUSI CXOJIATCS K IIOJIOZKEHHUIO PABHOBECH (Zo, Ug, Yo, Vo), ¥ HOJIYIUM OIEHKN DEIeHHI,
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384 M. A. CKBOPIIOBA

XapaKTePU3YIOINe CKOPOCTh CTAONIN3AIN HA OECKOHETHOCTH K JIAHHOMY ITOJIOZKEHIIO
paBHoBecust. Kak u pamee, Mbl OyjieM IIpe/oaraTh, 9TO BBIIOJHEHBI yciaoBus (2.1)
u (2.7), Upu KOTOPBIX IIOJIOXKEHHEe paBHOBeCUs (Xo, Ug, Yo, V) ABIACTCS ACHMITOTHIE-
CKH YCTOWYHMBBIM (CJI€JICTBUE TEOPEMBI 1).

st cucremst (1.1) BMecte ¢ HagaabHbIME yesoBusiMu (3.1) Ha dyukmun z(t) u y(t)
3a/1auM HavdaJbHble yerosusd Ha dyuxmun u(t) u v(t):

u(0) = u®,  v(0) =0, (4.1)

Pemenne magansnoii 3agaqn (1.1), (3.1), (4.1) cymecTByer u eUHCTBEHHO, IIPU ITOM,
ecsm BoIosteHbl yeaosud (3.20) u ycioBus

0 0
u® > /reclsgo(s)ds, v > /ne”sf(go(s),z/}(s))ds, (4.2)

TO BCE KOMIIOHEHTBI pellieHust Oyj1yT HeoTPUIATebHbL (CM., Hapumep, [13]).

Tenepsb nepeitiemM K U3y4eHnIo aCUMIITOTUIECKUX CBOHCTB perenuii cucrembr (1.1) B
OKPECTHOCTH TOJIOXKEHUs paBHOBecHst (g, Ug, Yo, Vo). OUEBUIHO, YTO IPU BBIIOJTHEHUN
ycsioBuii TeopeMbl 4 Jisi TIepBOR U TpeTheil KOMIOHeHT perterns x(t) u y(t) Hada b-
Hoit 3aa4u (1.1), (3.1), (4.1) cupasenymser onenku (3.23) u (3.24), xapakTepu3yromue
CKOPOCTH crabminzaimu Ha 6eckonednocTu. OcTanoch moayIuTh onenku Ha u(t) u v(t).

Teopema 5. [Tycmov evinoanenv, yeaosus (2.1) u (2.7). Tozda das emopoti u wemesep-
moti komnonenm pewenus (x(t), u(t),y(t),v(t))" navarvnot sadanu (1.1), (3.1), (4.1)
C HANAALHOMU danHbLMU, Ydosaemeopatouumy yeaosuam (3.20)—(3.22), (4.2), cnpa-
6e0AUBHL OUEHKU:

1) ecau t € [0, 7], mo

t—71
lu(t) — | < e [u® — g — / re®(p(s) — xo)ds
o

t

_ _ hee  \"*
e 1t /Te(cl /)3 s ( ) O(Y —yy): 4.3
/ h11h22 o h%2 (’l/" yO) ( )
2de £ onpedeaeno 6 (3.12),

V(07 ":b B yO)

- V0% )

O —yo) = ( (4.4)

2) ecau t > 11, mo

0
lu(t) —uo| < | ul® —uy — / re*(p(s) — xg)ds | e

—T1
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0

_ h v -
+ /m(q (=/2)¢ g¢ (M—22‘_h2> O — y,) e /2 (4.5)
12

T1

3) ecau t € [0, 73], mo

t—T7o

o06) = ol < e o — vy = [ ne (£l 0()) — Fans )

—T9

t t
peet | [ s | wotp —yy) e | [ e s | 007w - wy), (16)
0 0
2de
b |:y0(1 -+ k’gyo)\/ h22 + 23'0(1 + ]flﬂfo) V hll:| bw/h11h22

W= L o= ovihufes A7
(14 k1o + kayo)\/hirhas — h3, (h1thay — h3y) (4.7)

4) ecaut > 19, mo

o(t) — o] < | 0© — g / ne (F(p(s),(s)) — F(zo, yo))ds | e

0 0
+ /ne(c2_(€/2))§d§ wO(Yp—y,) e+ /ne(c2_€)§d§ cO*(p—y,) e . (4.8)

Jloxazameavcmeo. U3 Broporo ypasrenust cucreMsr (1.1), HCIoib3yst MeTOJ1 Bapuarun
IIPOU3BOJILHON IIOCTOAHHON, HETPYAHO II0JIyYUTh
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¢
tet / re®(x(s) — zg)ds.
t—71

Orcroza, ncnosb3ys HepaBeHCTBO (3.23), ¢ yueroM obo3nadenus (4.4) mosydum oreH-
ki (4.3) u (4.5).

U3 gerBeproro ypaBHenus cucteMbl (1.1), HCIob3yst METO/| BAPUAIN TPOU3BOJIb-
HOI IIOCTOAHHOM, HETPY/IHO IIOJIYYUTh

t—7o t

v(t) = e " | v(0) — / ne®® f(x(s),y(s))ds +6_‘:2'5/ne”sf(x(s),y(s))ds

e ! U(O)—/ne”sf(x(s),y(s))ds + e / ne®® f(xz(s),y(s))ds

CiteoBaTesibHO,

v(t) —vg = e " | v(0) — vy —

|
G\o
S
®
)
w
—~
~
—~
8
—~
w
N—
<
—~
)
S~—
S~—
|
-
—~
8
e
<
(=)
N—
N—
QL
%)

t

et / ne (f(2(s), y(s)) — £ (o, yo))ds. (4.9)

t—T7o

YunrbiBas sBHbl Bu yHKIuu f(x,y), moayanm

f(z,y) — f(wo,90) = f(xo + 7,90 +¥) — f (0, %0)

blyo(L + kayo)T + xo(1 + krz0)y + (1 4 kywo + k2yo)5?7]
[1 4+ k1xo + kayol[1 + Ei(xo + 2) + ka(yo + )]

OTKYyIa
byo(1 + kayo)
(1 -+ klxo + k’gyo)

|f(z,y) — f(zo,90)| <

bl’o(l —+ k1$0)
(1 + klﬂfo + k’zyo

Ucnonb3ys Hepasencrsa (3.23), (3.24) u yunteiBast obosuadenus (4.4), (4.7), ycrano-
BUM OIEHKY

£ (@), y() — f(z0,0)| S w O —yo) e ? + 0 O*(ap — y,) e~

U3 sroit ornenikn u pasencTBa (4.9) moxyunm orenkn (4.6) u (4.8).
Teopema j0kazaHa. O]

|z — 2]

)|?J—yo| + blx — xol|ly — yol.
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Annsortamus. B pabore paccMaTpruBaioTCs BaXKHbIE JJIs IPUJIOKEHUN HEJTUHEHON OIITUKN MaTeMAaTHU-
qecKre MOJEJN B BUJIE HEJUHEHHBIX (PYHKITMOHAJIBHO-ANMMEPEHITNAIbHBIX YPABHEHNN apado Imie-
CKOI'O THIIA ¢ OOPATHOM CBA3BIO U IIPEOOPAZ0OBAHIEM IPOCTPAHCTBEHHBIX IIEPEMEHHBIX (KOTOPOE 331a8T
oneparop unsosonun ). CBOACTBO o1epaTopa MHBOJIONUY (II0BOPOT, OTPaXKEHUE) TI03BOJIAET CBECTH UC-
XOJHOE ypPaBHEHNE K CHCTEeMe ypaBHEHUl 6e3 mpeodpa3oBaHus MPOCTPAHCTBEHHBIX ITepeMeHHbIx. MHo-
JKECTBO DeIeHnil TAKUX yPABHEHUII OIPeesIseTCs IByMs [apaMeTpaMu: MajbiM — K03(hOUIUEHTOM
auddy3un u 60IbITIM —K03MDMUITNEHTOM HHTEHCUBHOCTH MOTOKA. Y paBHEHNE 33/1a6TCsI Ha, KOJIbIEBO
00JIaCTH C YCJIOBUSIME TPETHEr0 POJia B Kjlacce rmepuoaundeckux pyHKIimit. Vceeayores BasKHbIE 9acT-
HBIE CJIyYad CTAIlMOHAPHBIX W HECTAIIMOHAPHBIX pertenuii. [[jist CTarmoHapHOro PenreHusi, 3aBUCHIIETO
TOJIBKO OT YIJIOBOW KOOPJWHATHI IMOJAPOOHO UCCIIEILYETCS XapaKTeP TOYEK IMOKOsi U WX yCTOWIUBOCTD.
Muoroobpazue peleHnii YacTHBIX YPaBHEHUN HaCaeIyeTcs U B o0meM caydae. Haiimenmbe qacTHbe
PDeIIeHNs UCIIOIB3YIOTCS [IJIsl HOCTPOEHHUST aCHMITOTHYECKUX PEIeHI I NCXOIHBIX ypaBHeHuii. B pabore
[IPUBOJISITCS. COOTBETCTBYIOIINE CCHLIKU HA IIyOJIMKAIUUd aBTOPOB.

KimroueBbie cjioBa: OITHYECKHE CUCTEMBI, HEJUHEHbBIE CPEIbI KEPPOBCKOIO THUIIA, TapabOJInIecKue

HeJIMHeHble ypaBHEHUs, OIIePATOP MHBOJIOIUN,YyCTONYNBOCTD YaCTHBIX PEIIeHHit.

Functional-differential equations of parabolic type
with the involution operator
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Abstract. In this work, mathematical models important for applications of nonlinear optics are
considered in the form of nonlinear functional differential equations of parabolic type with feedback
and a transformation of spatial variables (which defines the involution operator). The property of
the involution operator (rotation, reflection) allows us to reduce the original equation to a system
of equations without transforming the spatial variables. The set of solutions of such equations is
determined by two parameters: a small one — diffusion coefficient and a large one — coeflicient of
flow intensity. The equation is given on a ring domain with conditions of the third kind in the class of
periodic functions. Important special cases of stationary and non-stationary solutions are investigated.
For a stationary solution that depends only on the angular coordinate, the nature of the stationary
points and their stability are studied in detail. The variety of solutions of particular equations is also
inherited in the general case. The particular solutions found are used to construct asymptotic solutions
of the original equations. The work cites corresponding references to publications of the authors.
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BBeagenue

N3BecTHO, YTO MOJEIUPOBAHUE ONTUYECKUX CHCTEM, COCTOSMIINX W3 TOHKOI'O
CJI0s1 HEJIMHEWHON cpesibl KEPPOBCKOI'O THIA W PAa3JIMYHBIM 00pa30M OPraHU30BaH-
HOTO KOHTypa OOpaTHON CBA3M, TPUBOIUT K MapadOJIMYECKUM (DYHKIIMOHATIHLHO-
b depeHImaIbHbIM yPaBHEHUAM € ITPeo0pPa30BaHueM apryMeHTOB HCKOMOI (DYyHKITUH,
9T0 oTparxkeHo MoHorpadusx [2, 3, 14, 17| u MHOrOYMCIEHHBIX TyOIUKAIIUSIX.

BosneiicrBre Ha HEJIMHEHHYIO TUHAMUKY CUCTEMBbI, OKa3bIBa€MO€E BHEITHUM KOHTY-
poM 0O6paTHO CBA3M MPU TOMOIIHU YIIPABIIEMOro peodpa30BaHusd TPOCTPAHCTBEHHBIX
IIePEeMEHHbBIX, BBIIIOJHSIEMbIX IIPU3MaMH, JUH3aMH U JAPYTUMHU YCTPOHCTBaAMU, IIPUBO-
JAAT K BO3HMKHOBCHUIO HIMPOKOI'O CIIEKTPA ABJICHUN HEJIMHEHHON BOJIHOBOU JUHAMUKU
— MHOT'OJIETTECTKOBBIX U POTAIMOHHBIX BOJIH, ONITUYECKUX CIUpAJIeil, BOJIH MepeK/TIovIe-
Hust u ap. [2, 21].

Ucnonb3ys crienuaibHyIo MOJIETb JUHAMUAKHA BHY TPUPE30HATOPHOIO T0JIA, KOTOpasd
YUUTBIBAECT JUGPAKIUIO IPH CBOOOIHOM DPACHPOCTPAHEHUH TI0Jis B pe3oHaTope B [7]
IpeJIozKeHa TeopeTuiIecKas MOJEeb, COCTOAIIad U3 ypaBHEHN, KOTOPbIE OMUCHIBAIOT
BPEMEHHYIO JIMHAMUKY (ha30BOil MOJIYJIAIMN CBETOBOM BOJIHBI B HEJMHEHHON cpeje u
KOMILJIEKCHOM aMILIUTY/IbI CBETOBOI'O IIOJISI BHYTPHU PE30HATOPA C YIeTOM JU(ppPaKIIIN.
B pesysibrare 4nuc/IeHHOrO MOJIETMPOBAHUS 110 TEOPETHYECKON MOJIE/IN TTOKA3aHO CYyIIe-
CTBOBaHME «COOCTBEHHBIX» IIPOCTPAHCTBEHHBIX CTPYKTYP pPe30HATOpA.

JList Ipon3BOJILHONM 00/IaCTH U NTPOU3BOJILHOIO HEBBIPOXKJIEHHOI'O IJIAIKOTO ITPE00-
pasoBanus B [18] pazpaboranbl METO/IbI TIOCTPOEHUsI MIepHOIIecKux perennii. Ha oc-
HoBe Teopun 6udypkanuu Auaponosa-Xorda, Hanpumep B [15], 1ano maremaTuaeckoe
obocHOBaHME HAOIIOIAEMbIX aBTOBOJIHOBBIX SIBJICHHI JjIsi IIpeoOpa30BaHmsl IOBOPOTA
Ha (bUKCHPOBaHHBI yroa B Kpyre mwin kosbie. B [10, 14| nokaszano, 4ro mpu onpej-
JIEHHOM BBIOOpE IapamMeTpoB B (pa30BOM IIPOCTPAHCTBE HEKOTOPOIT OECKOHETHOMEPHOI
JIMHAMITYECKON crcTeMbl peasmsyercst (penomen 6ydeprocru. B paborax [4, 5| mis wc-
cae0BaHus OndypKaluii BpaIlaioIuxcs CTPYKTYP B KOJIbIIE U KPYyTe JJId CIydast IOBO-
poTa, a TakxKe B Kpyre Jjs Ipeobpa30BaHms ITOBOPOTa COBMECTHO C PAIUAIBLHBIM CXKa-
THEM OBLT UCIIO/IE30BAH METO/ IEHTPAJILHBIX MHOr0OOpasuii. Jjis onucanus uHaMuKn
Oerymumx BOJIH U MeJIJIEHHO MEHSIONUXCs CTPYKTYP apabondeckoro (pyHKIMOHATEHO-
muddepeHImaibHOro ypaBHeHusl ¢ MOBOPOTOM B |9] mpuMeHsieTcst MeToJ[ KBa3HHOD-
MaJIbHBIX (DOPM.

st HemmHeHOro (byHKIIMOHAIBHO-IMIEPEHITNAILHOIO ypaBHEeHN Tapadomde-
CKOT'O THUIIA, MOJEIUPYIONIErO ONTHIECKNAE CUCTEMbI ¢ (Dyphe-DUIbTPOM B KOHTYpe 00-
paTHOil cBsA3K B [16] 1moKa3aHO cyIecTBOBaHMe, ¢IMHCTBEHHOCTh U HEIIPEPHIBHAS 3aBH-
CAMOCTH OT BXOJIHBIX JIAHHBIX pelleHns] HadaTbHO-KPAeBBIX 3a/lad B SHEPTETUIECKOM
KJIacce, JIOKa3aHO CYyIIECTBOBAHUE ONTUMAJILHBIX (Dypbe-(hUIBTPOB.

B paborax [1, 19| uccienosana napabosmyeckas 3aa4a ¢ npeobpasoBaHueM OTpa-
JKEHUs IIPOCTPAHCTBEHHON IIepeMeHHON Ha Kpyre, a TaKxKe HailJleHo aCUMIITOTUYECKOe
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IIpeJICTaB/ICHUE PEIeHNs JIMHEAPU30BaHHON M COOTBETCTBYIOIIEH HeTmHeliHoi mapabo-
JIMYECKON 3a/Ja9M ¢ UCIOIb30BanneM GpyHKINN ['prHa u cBeJIeHNs K HeJIMHEWHOMY WH-
TerpajbHOMY yPABHEHHUIO OTHOCUTEIHHO (PYHKIIUU C IPe0OPA30BAHIEM OTPAXKEHUS.
Hecmorps mHa obure myOmKaruii, octaéTrcs psiJi HepelneHHbIX BolpocoB. Heobxo-
JIMa CUCTEMATHU3aIlus MoJIesieil, TOCTAHOBOK 3a/at 10 sIBJIEHUSIM, CTPYKTYpaM, 3aBH-
CUMOCTSIM OT HAPaMEeTPOB, 00/IacTIM, XapakTepy oOpaTHoii cBa3u. Vepapxus mo/ieeit
3a/1a4 I HEeJIMHEWHBIX Napabo/IMdYecKnX YpaBHEHUN ¢ 0OpaTHOM CBA3BIO W Ipeobpa-
30BaHUEM apryMEeHTOB OIPEJIE/ISeTCs XapAKTePOM peleHui (CTPYKTYD, SABJIEHHIl ), MMe-
IONUX aHAJOTH B PEAJbHBIX MPUKJIAIHBIX 3aja4dax. llenbio paboThl sABIsgeTCS HMCCIIe-
JIOBaHME YACTHBIX CJIYYaeB HEJIUHEHHOro mapaboMYecKoro ypaBHEHHS C OIepaTOPOM
UHBOJTIOIMH [8], KOTOpPbIE MCIOJIB3YIOTCS JIJIsI ACUMIITOTUYIECKOTO aHA/IN3a YPABHEHUIA.

1. ITocTanoBka 3ajja4un

PaccmarpuBaerca mapabosmmdeckoe (pyHKIMOHAJILHO-IU(depeHnaabioe ypaBHe-
HHUE B KOJIbLEe S:

0
a—?—l—u:uAu%—K(l—i—fycosQu), ri<r<ry, t>0, pu>0, (1.1)

KOTOPOE OIMCBhIBAET JAUHAMUKY (hazoBoit Moayssiuun u = u (r,6,1) cBeTOBON BOJIHBI,
[IpoeAlIell TOHKUNA CJI0M HeJIMHEHHOU Cpelibl KePPOBCKOI'O TUIlA, B OIITUYECKOI cucTe-
Me B KOHTYpe 00paTHoii cBs3u |2, 17| ¢ onmeparopom uHBoIOIMN (), KOTOPBI 0018/18€T
coiicTBoM Q™ = [ (Hampumep, ¢ IpeobpasoBaHueM OBOPOTA Ha yroJ h = %”), ¢ ycJIo-
BUAMM IIEPBOr0, BTOPOI'O WJIM TPETHEI'0 poJa Ha I'PaHUIIe B 3aBUCUMOCTHU OT I1apaMeTPOB
ai, as, bl, bg

du(ry,0,t
a1% + biu(ry,0,t) = g1(0,1),
Du(ra, 0.1) (12)
(y 2" — byu(ra, 0, 1) = ga(6,1),
or
Ha4daJIbHbIM YCJIOBUEM
U (Tu ‘97 O) = Up <T7 6)) (13)
n yCJIOBHUEM II€PpUOUIHOCTU
u(r,d+2m,t) =u(r,6,t), (1.4)

A ?u  10u n 1 0%u
3J1eCh U= —+-——+—=—
. or?2  ror  r206?
creme KOOD/IMHAT, >0 - KO3 purmenT b dy3un JaCTHIL
HEJTMHEUHON CpeIbl, Q - onepaTop OBOPOTA HA yToJI h = %”
(Q™ =1 [8]), K > 0 — xoadduruenT, TponopiuoHaIbHbIii HHTEHCHBHOCTH BXOIHOTO
noss, Y(0 < v < 1) — kosddurmenT BUAHOCTH (KOHTPACTHOCTH) UHTEPGhEPEHITMOHHOIT

KapTUHBI.

— omneparop Jlamnaca B mosgpHOil  cu-
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JIemma. ITycmo w = w(r,0,t) — 0dro us pewenut 3adavu (1.1) - (1.4), u = w+wv, 2de
v =wv(r,0,t) — nosas neussecmmuan Pyrkyus. Tozda ypasnenue (1.1) ommocumenrvro
v npumem euod

%—i—vzu&u—K’ysian~Qv+f(Qv,Qw)7 r <r<ry t=>0, (1.5)

f(Quw,Qu) = K (cos Qu(cos Qu — 1) — sin Qu(sin Qu — Qv)) (1.6)

¢ YCAOBUAMU MPEMBE20 POOG HA 2PAHUUE

0 0,t
al—”('ral, d ) + blv(rl,e,t) = 0,
ov(r r@ t) (1.7)
a2% - bQU(T% 9>t) = Oa
HAUANDHBM YCAOBUEM
v (r,0,0) =0, (1.8)
U YCAOBUEM NEPUOOULHOCTIU
v(r,0+2mt)=v(r6,t). (1.9)

Zloxazameavcmeo. [leficTBUTEIBHO, TaK KaK

cos(w + v) = cosw cosv — sinwsinv =

= cosw(cosv — 1) — sinwsinv + cosw,
To BbIpazkenne K [1 4 v cos Qu] npumer Bu:

K[1+~vycosQu] = K[1 4+ ycos Q(w +v)| =
= K [1 + 7(cos Qu(cos Qu — 1) — sin Qw sin Qv + cos Qw)| =
= K [1 4+ v (cos Qu(cos Qu — 1) — sin Qu(sin Qu — Qv) +
+ cos Quw — sin Qu - Qu)| =
= K [1 + v cos Qu] — Kvsin Qu - Qu+
+ K (cos Qu(cos Qu — 1) — sin Qu(sin Qu — Qu)) =
= K [1+vycos Quw] — Kysin Qu - Qu + f(Qw, Qu),

rjae

f(Quw,Qu) = K (cos Qu(cos Qu — 1) — sin Qu(sin Qu — Qu)) .

B upeamosoxkenuun, €TO HMCCACAYETCA DPENIEHUS U B OKPECTHOCTH U3BECT-
HOW (DYHKIIMU W, MOXKHO TOJYYUTH PsAJi MOJEJbHBIX 3aJad, COXpaHdsd HECKOJIb-
KO wWIEeHOB paszyiokenust dyukmuit  f(Qw,Quv) B psjg mo cremensMm v. Jlei-
CTBUTEJILHO, YUYUTBIBAas pa3JIOKEHWe COSU U SiNvU 10 CTENeHSM v, DPa3jIoKeHue
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nesneiinoit  gyukiun  f(Qu, Qw) B pAj 1O CTeleHAM v HadMHAeTcd ¢ 02 U

f(Quw,0)=0:

FQu, Qo) = Ky [cos Qu o

2(n 1)
+(=1)"" ) ) +...>—

2(n—1)!
: Qu)®  (Qu Qu o1 (Qu)*r !
—sin Qu (—< 3!) + ( 5!> ( 7!) S+ (=1) ﬁjL)}

( L (@)t (Qu)°
1 (Qu)n
(n —

]

B [11]-[13] paccMaTpUBaIMCh — BOIPOCHI  CYINECTBOBAHUS  IIPOCTPAH-
CTBEHHO  HEOJHOPOJHBIX  peIleHWil  3aja4du (1 1)-(1.4) g OKpyKHOCTH

(ri = 7) B ciydae mOBOpOTa Ha Yroa T Wu § U KBaJipaTa, KOTOpble Ou-

bypIEMpyIOT U3 IPOCTPAHCTBEHHO — OJIHOPOJHOIO — CTAIMOHAPHOTO  DeIleHus
sagaan  (1.1)-(1.4) w = const. Ucnonp3ys meron lanépkuHa, TPOBEIEHO WCCIIE-
JIOBaHUE ACUMIITOTHYCCKON (POPMBI U YCTOMIUBOCTU yKA3aHHBIX PEIICHMUIT.

st 3apaan (1.1)-(1.4) Ha OKpy2KHOCTH ObLIIM OGHADYKEHBI METAYCTONIUBBIE CTPYK-
TYPBI, KOTOPBIE MOPOXKIAIOTCH KACKaJIAMU CEJJI0-y3JI0BbIX OndypKaImii.

B pabore uccnenyrores pemenns 3agaqan (1.1)-(1.4) B 3aBUCHMOCTH OT MPEJIITOJIO-
JKEHUI O pElIeHun W.

BO3MOXKHBI CJIEJIYIONIIE YACTHBIE CJIydan 3aJlauu, KOTOPbIE 3aBUCAT OT PO~
raeMoro perneHus:

1) perienne cranuoHapHOE, PABHOE HOCTOAHHOM: U = w = const;
2) pellieHne CTallMOHAPHOE, 3aBUCAIIEE TOJIBKO OT 7 U4 = w(r);
3) pellleHne CTAIMOHAPHOE, 3aBUCIIEe TOJBKO OT 0: u = w(h);
4) permenne cranuoHapHoe, 3aBucsiiee oT r u 0: u = w(r,0);
5) HecTalMOHAPHOE pEIlleHIe, 3aBUCINee TOJbKO OT t: u = w(t);
6) HecTanumoOHApHOE pelllenue, 3aBucsIiee ot t u r: u = w(r, t);

) HecTaIOHAPHOE pellieHue, 3apucsiiee ot ¢ u 0: u = w(0,t).

UccneioBanne perennsi B OKPECTHOCTH OJHOTO U3 YACTHBIX DPEIIeHHH CBOIUTCS
K (1.5)-(1.9) orHOocHTenbHO QYHKIMH v. 3aMETHM, YTO BCE PEIICHHS MOXKHO HCCJIC-
JIOBaTh B OKPECTHOCTH W = CONSt.

2. Pemenns 3aJiadm B 3aBUCUMOCTH OT IIPEJIIIOJIOXKEHUI O
peleHnn

[Tpocrpancreenno opnopojHoe pertenne 3agaan (1.1)-(1.4) w = const — oupee-
JISIeTCsl ypaBHEHUEM
w=K(1+ycosw). (2.1)

Hucso perrennit ypasuenus (2.1) 3aBucur or mapamerpos K u ~y. Ilpu Bo3pac-
TaHuu 3HadYeHus K, MpomcxoauT yBesmdeHnue uncia pemennit. B nakere Wolfram
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Mathematica ocrpoena 6udypkarnuonnast uarpamma st (2.1) (em. puc. 1), u3 Koro-
poii BHJIHO Kak BO3pacTaer Yuc/Io perteHuil ypasHenus (2.1).

2‘,6 2.‘8 3‘.0 3‘,2 3.‘4 3‘.6 3‘,8
Puc. 1. Budypkanuonsas auarpamma pemtenuit ypasaerns w = K (1 4y cosw)

B GosbrmmacTBE paboT HCcaemyeTcs moBejeHue perrenns 3agadn (1.1)-(1.4) B
OKpecTHOCTH w = const npu yciaosun, 910 1 + Ky sinf # 0.

2.1. Pemenns, 3aBucdIinme ToJbKO OT BPeMEHU

[Iycts w = w(t), rorma Aw = 0 u moly9aeM ypaBHEHHE C PA3IC/ISIONUMUICS Tepe-
MEHHBIMU:

d
d—zf—i-w:K(leycosw),w(O) = wp. (2.2)

Torya pemienue (2.2) MOXKHO 3anucarh B Buje [1]

/w ar —t4+C
K(1+~cost)—7 ‘

wo

[Ipu ¢t = 0 3naugenue u(r,0,0) = ug(r, ), Ho Tak Kak u = w(t) He 3aBucut OT 7 U 0,
o w(0) = const = wy. Caenosaresnsho, C' = 0.

Ha pucynke 2 upejcrasiensl rpaduku perienuit ypasaennst (2.2) npu v = 0,5 u
pa3/InIHbIX 3HAYeHusAX K.

8 K=10

K=100

501
K=9

K=90
[ e 40} K=80

' I
[ K=7 K=70

3of
_ ket - K=60
¥ 4r
Kes K=50
20f
/ ke K=40

K=3 10 K=30

wt

K=2 K=20

( 20 a) ) b>
Puc. 2. ITpubimzxénnsle pertenns ypasaenus (2.2) upu v =0,5: a) upu K =1,2,3,4,5,6,7,8,9,10;
b) upu K = 10, 20, 30, 40, 50, 60, 70, 80, 90, 100.

°
@
st
a
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2.2. Pemenns, 3aBucdinme oT pa/JIMaJbHO KOOPANHATHI

Pacemorpum pemenue ypasuenus (1.1)-(1.4), 3aBucsiiee oT pajnabHON HepeMeH-
Hoit w = w(r).

st onpesiesienust (pyHKIUU w MOJIYIUM yPABHEHUE BTOPOI'O MOPSIIKA

w'(r)

r

o (w”(r) + > —w(r)+ K(1+ycosw(r)) =0. (2.3)

C Kpa€BbIMHI YCJIOBUAMU

a1w'(r) + byw(ry) = g1,

asw'(ry) — baw(rz) = go.

[pubmmkénnpie  pemenns  3agaqdn  (2.3)-(2.4) g p=0.1, ~=0.5
K =1,2,3,4,5,10 u pa3IuuabIX KPaeBbIX yCJIOBUI MPEJICTABIEHbI Ha PUCYHKAX 3-5.

12f 12
10} s 10l K=5
\ K-18 8 \ K-16
— — K=4
< 6 T s \\\
= K=4 = _
s \ 4 —_\ 2
_ K=2
2 \ K=3 2 \\
Y K2 K=T
o K=1 off
i " T s " 2o 1.0 1.2 1.4 1.6 1.8 2.0
. a) r b)

Puc. 3. Ilpubimkénnsle pertenre 3aga4u (2.3)-(2.4) ¢ kpaeBbiMu yeaoBusivu: a) w(l) = 0; w(2) = 0;
b) w(l) =0, w(2)=1.

141 14¢

K-10 k=10
12 12f
10 10f
© 8r T 8r
= 6 K=4 = 67__// K=4
. Ke5 K=5
K-3 Ar K-3
s K=2 of K=2
K-1 K=1

Puc. 4. Ilpubnmxkénnsie pemenne 3agadn (2.3)-(2.4) ¢ kpaesbivMu yesopusivu: a) w' (1) = 0; w’(2) = 0;
b) w'(1) =0, w'(2) = 10.
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N
T

]
IN
]
® B N W A U O
T T T T T T

Puc. 5. Tlpubmuzkénnsie pemenue 3amadan (2.3)-(2.4) ¢ kpaesbiMu yenopusivu: a) w(l) + w'(1) =0,
w(2) —w'(2) =0; b) w(l) + w'(1) =0, w(2) — w'(2) = 10.

2.3. Pemienus, 3aBucdinue oT yrjoBoOii KOOP/IUHATHI

[Iycts w = w(f) — crammonapnoe perenne (1.1)-(1.4). Torna dyukmusa w = w(6)
OIPE/IEJISIETCST yPABHEHIEM

pw” (0) — w(f) + K(1 +~cos Qu(f)) =0 (2.5)

C YCJIOBUEM IEPHOJUIHOCTU
w(f +27) = w(6),

rae Qu = w(f + h) n Q"w = w.

Pemenne ypapuenus (2.5) B 3aBUCHUMOCTH OT OmepaTropa () MOKET ObITh CBEJIEHO
K PaBHOCHUJILHOM cucteme m jJudpdepeHimaibHbIX ypaBHEHUl BTOPOro mopsjika.

B uacTHOCTH, IIpH M = 2 BbIIOIHAeTCH paBeHcTBO Q*w = w. O6ozHaIMM Wy = W,
Qu = Quy = wi, Q*w = wy u nepeiiaéM K HopMaJbHOI cucTeMe 1uddepeHnnaIbHbIX
yPaBHEHUU BTOPOT'O HOPSIJIKA!

wi =~ (wo — K (1 +7ycosuy)), (2.6)
wi =~ (w — K(1+ 7 cosup)) . |

Cucreme (2.6) MOXKHO COIOCTABUTH CHUCTEMY YETBHIPEX JiudDDEPEHINATbHBIX yPaB-
HEeHUIl IepBOTO MOPIJIKa

wy = Vg, Wy = vy, @7
vh = Hwy — K(1+vycoswy)), v} = p H(w; — K(1 + 7 coswy)), '
IIOJIO?KEHNsT PABHOBECUS KOTOPOIi SIBJIAIOTCS PENIEHUsIMI CHCTEMbBI Y DABHEHHUIA
pwH(wy — K(1+~ycoswy)) =0, p(w; — K(1+7coswy)) =0, vg =0, v; =0. (2.8)

I3 (2.8) crenyer, uto K (1 —v) <w; < K(1+7),j=0,1

Ha pucynke 6 mug v = 0.5 u snadenuit K = 1,2,3,4,5 0b603Ha9CHBI TOYKAMUI
COOTBETCTBYIOIINE TPUOIMKEHHBIE PelleHnst cucTeMbl (2.8) B MJIOCKOCTH MEPEeMEHHBIX
wop, w1 (Hampumep, Toukoii A 06o3HaUEHO MpUO/INKEHHOE pemenne it K = 1).
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398 A.A. KOPHYTA, B. A. IVKbAHEHKO

----- K=1
- K=2
‘| - = K=3
- K=4
—— Ks5

Puc. 6. Pemenns cucremsr (2.8) upu v = 0.5, K =1,2,3,4,5

Ha pucynkax 7 a)-10 a) g v = 0.5 u K = 1,3,5,10 Toukamu 0603HAUEHBI [TPU-
OIMKEHHBIE perieHnst cucreMbl (2.8) B IUIOCKOCTH MEPeMEeHHBIX Wy, wy. Ha pucyHKax
7b)-10b) mna v =0.5u K = 1,3,5, 10 uzobpazkenbl (hpa30Bble TPACKTOPUH U [TOJIOZKE-
HUsI paBHOBeCHUsI cucreMsl (2.7).

y =0.5, K=1 y =0. 5 K=1
' ' T (1187, 11@7)

/

0.6 0.8 1.0 1.2 1.4 ,8 2

W a) wo b)

wi
[=)

0.8 0.8F

0.6

0.6

Puc. 7. Pemenue (a) u dasossiii noprper (b) cucremsr (2.8) upu v = 0.5, K = 1.

y =05, K=3 y=0.5,K=3

(1.501; 3.105) (2.163; 2163) ' (31051501;
45F 1
4.0

3.5r

3.0p

251

Puc. 8. Pemenue (a) u daszossriit noprper (b) cucremst (2.8) npu v = 0.5, K = 3.

45F

4.0

35F

(1.501; 3.105)
3.0r

wq
wq

R\(2-163; 2.163)
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y =0.5, K=5
(6.039; 7.426) XX

g

(7.426:6.039) K

w1
o

3 4 5 6 7 2 3 4 5 6 7 8

wo a,) wo 6)

Puc. 9. Pemenue (a) n daszosbiii noprper (b) cucremst (2.8) npu v = 0.5, K = 5.

y =0.5, K=10 y =05, K=10

Puc. 10. Pemenne (a) u dasosbiii noprper (b) cucremsr (2.8) npu v = 0.5, K = 10.

YCTOIYUBOCTh CTAIIMOHAPHBIX PeIIeHu
Jtst meesteioBaHmsi yCTORIMBOCTH MTOJIOYKEHUI paBHOBecust cucTeMbl (2.7), onpejie-

JIeMbIX cucTeMoii (2.8), cocraBuM MaTpuity JuHeapusanuu J(vg, U1, W, W1) B OKPECT-
HOCTH yYKA3aHHBIX ITOJIOXKEHN PaBHOBECHSA:
10 0 0
01 0 0
= . 2.
J(vo, v1, wo, w1) 0 0 1 Ky sinw, (2.9)
0 0 Krysinwy 1

Eé coberBennbie 3nayennda

M2=1, A3a=1% Kvyy/sinwysinwy. (2.10)

Ucxong u3z (2.7) mia wy € (2mn,m + 27wn), wy € (27n,m + 27n) wim
wo € (7 + 2mn, 21 + 27n), wy € (74 2mn, 21 + 27n), n € N :

Asa =14 v/ (wo — a)(B —wp)(wy — a)(B —wy); (2.11)
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400 A.A. KOPHYTA, B. A. IVKbAHEHKO

st wo € (2mn, ™+ 27n), wy € (7 + 2wn, 27 4+ 27n) wm wy € (7 + 27n, 2w + 27n),
wy € (2mn, ™ + 27n) :

)\374: 1:|:Z'{1/(IUQ—O[)(5—U}Q)(U)1 —a)(ﬂ—wl), (212)

rie = K(1-7), 8=K(1+7).
Nmeer MmecTo ciaeayroilad TeopeMa.

Teopema 1. B cucmeme (2.7) 8 naockocmu nepemertul Wy, Wi Peasu3yomes cAedyro-
wue COCMOAHUA NOKOA:! HEYCmoUuuusull doryc, Heycmolivusvil dukpumudeckuli y3ea,
cedno u 8upodHcIennvlll cayyatl, K020a Heycmotiuusble MouKy NoKOA 3ANOAHAIOM HEKO-
mopy10 NPAMYIO.

Jlokasamenvcmeo. Ilycrs (w§, w}) — nomoxkenne paBHOBecHs CHCTEMBI (2.7) B IIOCKO-
CTU TIePEeMEeHHBIX W, w1. ObozraunM J*(wp, w1) MATPUIYy yCTONIUBOCTH:

N - 1 Ky sinw,
J* (wo, wy) = ( Ky sinwg 1 ) : (2.13)

B zaBucumoctn or 3nadenuit K, v, wj, w] B IJIOCKOCTH IEePEMEHHBIX W, W) BO3-
MOYKHBI CJIETYIOITUE CJIyYau.
1. ITycrs w§ = wi. Torga coberBennbre 3nadenus Marpunsl J*(wp, wy) :

12 = 1 £ Kysinwy.

1.1. Ecim w§ = mn, n € N, 1o cobcrBennble 3Hadenust MaTpuibl J*(wg, wi) pas-
HBI 1, ceoBaTe IbHO, COOTBETCTBYIOIIEE TOJI0KEHNEe PABHOBECUsI €CTh HEYCTONIMBDI
JUKPUTUYECKUN Y3el.

47
Hanpumep, mpu v=0,5 K = 5 OJlHA M3 OCOOBIX TOYEK MMeeT KOOPIUHATHI

(27;27) (em. puc. 11 a)). CoberBennble 3HavYeHust MaTpuripl J*(wg, wy) B JaHHO TOYKe
1 = A5 = 1. ®azoBble TPAEKTOPUN UCXOIAT U3 0COOON TOUKe KazKJasl 110/ CBOUM COO-

CTBEHHBIM yIJIOM. /[JIsT BCSIKOrO HEHyJIEBOIO BEKTOpPa, MPUJIOKEHHOTO K 0COOON TOUKe,

CYIIECTBYET €JIMHCTBEHHAsI TPAEKTOPHsl, KACAIOIIeecs IToro Bekropa (cm. puc. 11 6)).

1.2. Ecn BBIIOTHAIOTCS yCJIOBUSA

1
K>1, E<7<1’ K—+VEK?? —1<w;< K+ +K?92 -1,

TO COOCTBEHHBIE 3HAYEHMsT MATPUIIL J*(Wp, wq) JefiCTBUTEIbHbIE  UMEIOT Pa3Hble 3Ha-
KU, CJIeJIOBATEIbHO, 0cODasd TOUKA SABJISAETCH CEJJIOM.

Hanpuwmep, nmpu K =3, v=0,5 ocobasg Touka mmeer KoopjuHaThl (2,16;2,16)
(cm. puc. 12 a)). CoberBenuble 3HaUeHns MaTpuibl J*(wp, wy) B JaHHOH TOYKE MMe-
10T IIPOTUBOIIOJIOXKHBIE 3HAKI: A\] = 2,24, A5 = —0,24. B6ym3u ocoboit Touxn, aBjisd-
IoITefics ce/IJIOM TI0 JIMHEHHBIM YJIeHaM, CYIIECTBYIOT JIBe TPAeKTOPUU, CTPEMSIIIIECS
K 0c000i1 TOUKe, KacasgCh COOCTBEHHOI'O BEKTOPa ¢ OTPUIATEILHBIM COOCTBEHHBIM 3Ha~
YeHUEM, U eIlé JIBe TPAEKTOPHUH, CTPEMHAIINEc K 0000l TOUKe, KacasiCh COOCTBEHHOTO
BEKTOpA C MOJIOKUTEIbHBIM COOCTBEHHBIM 3HadeHneM (cM. puc. 12 b)).
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05K4n

y =0.5, K=—

3 T
)

! (o 2m

@

(\%

7.

o

6.

wy
2

.

it

55 6.0

wo a.) "o b)

Puc. 11. (a) Ocobas Touka (27; 2m) cucremst (2.7); (b) dasosbie TpaekTopun cucremsr (2.7) B OKpecT-

HocTH 0c060i Touku (27;27) upu v = 0.5, K = %”.

y =0.5, K=3 y =0.5, K=3

e
) /// %

. . N . L 5| . . . .
15 2.0 25 3.0 3.5 4.0 45 15 2.0 25 3.0

" a) o b)

Puc. 12. (a) Ocobast Touka (2,16;2,16) cucremst (2.7); (b

B OKpecTHOCTH 0c060i Touku (2,16;2,16) npu v = 0.5, K

45F

4.0

~_

3.5

wq

3.0r

wq

201

- (2.163; 2.163)

) dasosble TpaekTopun cucreMsl (2.7)
3.

1.3. Ecitm ipu K > 1 BBIIOJIHAIOTCA yCJIOBUS

1

7 - K,
TO cOOGCTBEHHbIE 3HAUEHUsT MATPUIBL J* (W, w1) JefiCTBUTEIbHbIE PA3INIHBIE, TPUIEM
OJIHO W3 HHUX ITOJIOKUTEJILHOE, & BTOPOE PABHO HYJIO. DTO O3HAYAET, 9TO B JAHHOM
caydae BCs IpsAMasd, MPOXOJdInas depe3 JaHHyI0 TOUYKY W HalpaB/jeHHas BJOJIb COO-
CTBEHHOTO BEKTOpa, COOTBETCTBYIOIIEIO HYJIEBOMY COOCTBEHHOMY 3HAUEHUIO, COCTOUT
3 ToueK paBHoBecus. PazoBble TPACKTOPUH IPEJACTABISIOT COOOM JIydu, HapaJiie/ib-
HbI€ BTOPOMY COOCTBEHHOMY BEKTOPY, JIBUKCHUE TIPU STOM ITPOUCXOIUT B HAIIPABICHUN
OT TIPAMOIA.

1
wy =K — K72 —-1 nm ?<'y<1, wy =K £ /K%y —1,

2
Hanpumep, pu v = = K = — cobcrennble 3Ha4eHns MaTPHIE! J*(wy, w1 ) B TOY-

Ke TIOKOsI (E —) (cm. puc. 13 a)

T
272

= )3

paBHBL A} = 2, A} = 0. ®a30Bble TpaeKTOPUN IIPE/I-
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402 A.A. KOPHYTA, B. A. IVKbAHEHKO

cTaBJIeHbl HA pUCyHKe 13 b).

2 K i 2 K bad
y=—K=— =—, K=—
b1 2 i i Y bid 2

(2; )

2.

o

‘\\*\///////// //’//,
NS / .
‘j‘— 7‘\////////(/;4

20

0.5+
1:0 1j5 2‘,0 2:5 05 1.0 15 2.0 25

W a) o b)

Puc. 13. (a) Ocobas Touka (g, g) cucremsl (2.7); (b) dasosblie TpaekTopuu cucreMsl (2.7) B OKpecT-

. T 2

HOCTHU 0CODOI TOYKM (7; 7) npu y=—, K =
2°2 T

1.4. Ecmn ipu K > 1 BbINOJIHAETCS OJIHA U3 CUCTEM HEPABEHCTB:

1 *
O<v< =, a<uw;</p;

K’
1
7= a<wy < K—+K?*¥? -1 mwm K-—+/K?v—-1<w;</pf;
1
E<7<1, a<wi<K—-—+vK>7?2 -1 nm K+ VK272 -1<w;<p,

e o = K(1—7),8=K(1+7), mb0 0 < K <1, T0 cOGCTBEHHBIE 3HAYEHUST MATPUITHI
J*(wo, W) MOJOKUTEIBHBIE U PA3JIUIHBIE. DTO O3HAUAET, YTO HOJIOKEHUE PABHOBECUS
SABJISETCS HEeyCTOMUNBBIM y3710M. Pa30Bble TPACKTOPUHU KACAIOTCS IPAMOIl, KOTOpast Ha-
paBJ/ieHa BJI0JIb COOCTBEHHOTO BEKTOPA, COOTBETCTBYIONIET0 MEHBIIEMY 110 aOCOIIOTHO
BeJIMINHE COOCTBEHHOMY 3HAYEHMUIO.

Hanpuwmep, nmpu v = 0,5, K = 0,5 mouka (0,692;0,692) sABAAOTCS TOYKOI MOKOSI
cucrempr (2.7) (em. puc. 14 a)). CobcTBeHHbIe 3HAUEHUS MATPUIILI A* B OKPECTHOCTH
JlaHHoil Touky paBHbl A} = 0,84, A5 = 1,16, cienoBaTesibHO, TOYKA IIOKOA — HEYCTO-
quBbIi y3es(cm. puc. 14 b)).

2. Ilycrs w§ # wi. Torma cobcrBenHble 3HaUeHHA A] = A3, A5 = Ay, rye A3, Ay
onpenensaiorcsa pasencreamu (2.10)-(2.12).

2.1. Ecm wy = mn nma wj = mn, n € N To coOCTBeHHBIe 3HAYEHHA MaTPUILBI
J*(wg,wy) paBHbBL 1, cJIe0BATEIBHO, COOTBETCTBYIONIEE MOJIOKEHNE PABHOBECUS €CTh

HEYCTOMYUBLIN IUKPUTUYIECKUN Y3eJl.
s s
Hanpuwmep, pu v = 0,5, K =7 Touku | —;7 ) u (m; = | ABISAIOTCA OCOOBIMU TOY-
) Y ) 2 ’ ’ 2

kamu (cMm. puc. 14 a)). CoberBenuble 3uadMenuss MaTpunbl J*(wp, wi) B OKPECTHOCTH
Kazk10i1 13 HuX A} = A5 = 1. dPa30Bble TPAEKTOPUU UCXOAAT U3 0COOOI TOUKE KazKiasl
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_ y=05,K=05 _ ‘ y=0.5,K=0.5
- " (0692,0692)

r

wo a) Wa b )

0.7
(0.692;0692) .*
0.

3
N

06

o

0.5F

wq
wq

041

0.3F

Puc. 14. (a) Ocobas Touka (0,692;0,692) cucremsr (2.7); (b) daszossle TpackTopun cucreMs (2.7)
B OKpecTHOCcTH 0coboit Touku (0,692;0,692) upu v =0,5, K =0,5.

1101, CBOUM COOCTBEHHDBIM YIJIOM. ﬂﬂﬂ BCAKOI'O HEHYJIEBOI'O BEKTOpPa, IIPpUJIOZKEHHOI'O

K 0C000iI TOUKe, CYIIECTBYeT eIMHCTBEHHAs TPACKTOPHs, KaCAIOIIeecs STOr0 BEKTOPa
(cm. puc. 14 b)).

y =0.5, K=t y =0.5, K=t
T T T T 24 T T

wq

TR
.

Wo a) Wo b)
Puc. 15. (a) Ocobble Toukn (%;7‘(‘) , (71'; g) cucremsl (2.7); (b) daszossle TpaekTopun cucremsbl (2.7)
B OKPeCTHOCTH 0Cc000it TOYKHU | 7} g) upu v = 0.5, K =m.

2.2. Ilycers w§ n wi upuaagaexar (2mn, 4+ 2mn) win (7 + 27n, 21 + 27n), n € N,
Torma AT u A\j onpeensiorest paserctBamu (2.11). Vexoag u3 cucremst (2.8) u ycioBust
K(1—7)<w,; <K(1+%),1,j=0,1, nogkopennsre Bopakenus B (2.11) Gosbmre 1.
CremoBaresibHO, COOCTBEHHBIE 3HAYEHHs MATPUIbl J*(wp, w1) UMEIOT MPOTUBOIOJIOK-
HbIe 3HAKH. DTO 03HAYAET, YTO COOTBETCTBYIONIAS TOUKA MOKOs SIBJISIETCS CEJIJIOM.

Hampmmep, mpu K = 8, v = 0,5 cobcrBennble 3uadeHust MaTpuribl J*(wg, wy )
B Toukax mokos (10,26;5,31), (5,31;10,26) (cm. puc. 16 a)) A\f = 4,13, X = —2,13.
B6smmsu 0coboii TOUKH, SABJISIONIEHCs CeJJIOM 110 JINHEHHBIM WICHAM, CYIIECTBYIOT J[BE
TPAEeKTOPHUHU, CTPEMSIINecss K 0coboil TOUKe, KacasCh COOCTBEHHOIO BEKTOPA C OTPH-
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1aTeJbHbIM COOCTBEHHBIM 3HAUYEHUEM, U €IIE JIBe TPAEKTOPUM, CTPEMSIIIECs K 0CODOI
TOYKE, KacasCh COOCTBEHHOI'O BEKTOPA C IOJIOKUTEJBLHBIM COOCTBEHHBIM 3HAYECHUEM

(em. puc. 16 b)).
e

5.0

4.5+

Puc. 16. (a) Ocoboie Touku (5,312;10,259), (10, 259;5,312) cucremst (2.7); (b) dazosbie TpaekTOpun
cucremsl (2.7) B okpectHOCTH 0coboit Touku (10,259;5,312) npu v = 0.5, K = 8.

2.3. Ilycrs w§ € (2mn,m + 27n), wi € (v + 2mn,2r + 27n) wum
wy € (m+ 27n, 2w 4 2mn), wi € (2mn,m + 2mn), n € N. Torna A} u A} onpezesor-
cst paBencrBamu (2.12). Torma mist JTr06BIX JOIMYCTUMbIX 3HAYEHUH napamMeTpoB K u 7y
cOOCTBEHHbBIE 3HAYEHHsI MATPUIILT J* (wq, W1 ) KOMILIEKCHBIE C OJIOKUTEIbHOI JIefcTBY-
TEJILHOW YacCTbIO, 9TO O3HAYAET, YTO COOTBETCTBYIOIIUE MOYKH IIOKOsI OY/yT HEyCTON-
YUBBIME (DOKYCAMU.

Hanpumep, mpu K =5, v=0,5 oana u3 o0coObIX TOYEK HMEET KOOPIUHATDHI
(7,426;6,049) (cMm. puc. 17 a)). CoberBennble 3HaueHust MaTPUIBL J*(wy, w1) B JTAHHOI
TouKe A, = 1 4 141,17. Pa30Bble TPAGKTOPHUH MPEJICTABIAIOT OO0l PACKPY TMBAIONTH-
ecst 3 0coboit Touke crmpasu (cm. puc. 17 b)).

y =05, K=5

(6.039; 7.426)

y =0.5, K=5
) (7.426; 6.039) )

.

L L L L
7.35 7.40 7.45 7.50

3 4 jo 6 7 a) v b )

Puc. 17. (a) Oco6bie Touknu (7,426;6,049), (6,049;7,426) cucremsr (2.7); (b) dasossie TpaekTopun

cucreMsl (2.7) B okpectHOCTH 0c000it Toukm (7,426;6,049) npn v = 0.5, K = 5.

" (7.426,6.039)

wy
o
5}

o
S

.

{
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Takum obpasom, B cucreme (2.7) peasn3yroTcs CJIeLyOIne COCTOSTHUS MOKOSI:
HEYCTONYUBBIN JUKPUTUIECCKUN y3€e/1, HEyCTONIUBbIi POKYC, HEYCTOWIUBDBINA Y3€JI, CeJl-
JIO ! BBIPOXKJIEHHBIN CJIy4ali, KOr/la HEyCTONUMBbIE TOUKHU IOKOH 3aIl0OJIHAI0T HEKOTOPYIO
PAMYIO. [

2.4. Pemenus, 3aBucdIinue OoT yrjoBOil KOOP/IMHATHI 1 OT BpeMEHU

[Iycrs u = u(f,t) — pemenue (1.1)-(1.4). Torna dynknus u = u(f,t) onpeensercs
ypaBHEHHEM
ou p 0%u
E—Fuzr—%w—FK(l—i—"}/COSQU), t >0, (2.14)
¢  HadaigbHbIM  yegoBueM  u(0,0) = ug(f) w  ycsoBmeM — IEPHOMIHOCTH
u(0 4 2m,t) = u(6,t), vne Qu = u(0 + h,t).

B cirygae y3koro kosbiia. T. €. d = 1o —1r; << 1 IpUXoJ M K 3a/1a9e Ha OKPY2KHOCTHU
2

u
¢ oneparopoM Jlarmiaca 202 u ko3 durmentom aucddysun D = %,
,

0
CTAIMOHAPHBII BapUaHT KOTOPOI nccsesoBan B 11.2.3. Anasoruano pabore 13|, mosry-
UM COOTBETCTBYIOILYIO TeOpeMy i YIPOMmEHHON Mojenn 3agaun (1.5)-(1.9) orro-
cutesbHo U = u(f,t) u XapakTepa perieHnil B OKPECTHOCTH CTAIMOHAPHOTO DEIeHNST

rage rp < rog < o,

u:w:const,u:w+vnpﬂv:‘/%U,A<—1,h:7T,Qw:w:

2
88_(15] VU= D%TZ +AQu + QQU)? + (QUY, >0, (2.15)
e QU = U0+ m,t), A = —Kysinw, Q = — %ctgw.

Teopema 2. Ilycmv A < —1, moezda cywecmeyem & > 0, maxoe wmo oaa A100bLT
aHnavenut napamempa D ydosaemeopsarowux nepasencmey —A—1—0 < D < —1—A,
cywecmsyem pewenue @1(0, 1) ypasnenus (2.15), onpedessemoe pagencmeom

©1(0, D) = (zcos O + 2205(0, D) + 2°03(0, D) + z*a4(0, D)+
+2°05(0, D) + (2,0, D)) |.==(D),

2de
Q 1 cos 20 19
7273 (1 At 2n 2n o AQ) LTI M) B =)
Q ( 502 N ¢ ) N
g =

P21 A ) \2(1—A+2)0)7 42N — A2

0 3¢ § ¢
_ 20

T = ) (@ — ) (2(1 TAY2N) 20M —hy) 2 — AQ) €os 0

_|_

{2 < — § cos 40
420 — M) (AN — Ag) \2(2\1 — XNy) 3\ — A3 ’
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1 302 30?2
7575020 — ) (BM — Na) K T8N — ) 20— A+2n)
302 £Q?
21— AF20) (AN — X)) (I—A+2X0)(BM\ — Xs)
¢ £ £
T2 =) =) 20 — ) Bh =) T 2BM — )@ — )
3¢0? Q2 3¢ >
- - — cos 30+
4201 — A2)(BA1 — A3)  4(2A — A)(AA1 — Ay)  8(3A1 — A3)
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. 3 02 02 ,
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Pewenue o1(0, D) — sxcnonenyuasvno yemotiuueo.

3akJroyeHue

B pabore mosyuenbl pentenns /i 9acTHBIX CJIydaeB HeJTUHEHHOTO mapabomIecKo-
IO ypaBHEHUs C OIepPaTOpOM WHBOJIONNU, KOTOPBLI COOTBETCTBYET ITPEOOPA30BAHUIO
IIPOCTPAHCTBEHHBIX IepeMeHHbIX. Takue ypaBHeHUsI BOSHUKAIOT B HEJIMHEHHON ONTHKE
IIPX MOJIeJTMPOBAHUY ITPOXOZK/IEHNS TTIOTOKA Uepe3 HeJIMHENHYIO Cpely KEPPOBCKOTO TH-
11a B KOHTYpEe ¢ 00paTHON CBA3BIO U IIPEOOPa30BaHUEM ITPOCTPAHCTBEHHBIX KOOD/IMHAT.
UccnenoBana yecTOMINBOCTS MHOTOOOpA3HsI TOUEK IOKOS JIJI CTAIMOHAPHOI'O CJIydast
ypaBHEHUs, 3aBUCAINEIO OT YIVIOBOH IIepeMeHHOI B 3ajlade JIjIs KPYTOBOI'O KOJIBIIA.
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Jlst sTOTO Cilyvas JoKasaHa peasu3allisi CJIEIYIONIX COCTOAHUI MOKOs: HEYCTOW N~
BOI'O JIMKPUTHIECKOTO Y3714, HEYCTONIMBOrO (hOKYCa,HEYCTOWIMBOIO y3JIa, CeJjIa 1 BbI-
POXKIEHHOTO CJIydast, KOrja HeyCTONUINBbIE TOUKHU ITOKOS 3AII0JHAIOT HEKOTOPYIO IIpsi-
MYIO.

B pabore npusejieHo mmpeobpaszoBaHHOE ypaBHEHUE B OKPECTHOCTU PACCMOTPEHHBIX
YACTHBIX PEIeHUil, KOTOPbIE UCITOIB3YIOTCS JJIs JTaJIbHERIIEr0 NCCIeI0BaHUST HCXOTHO-
ro ypaBHeHHUs. B dacTHOCTH, /I ypaBHEHUsI, 3aBUCSINEr0 OT YIJIOBON KOODPIMHATHI 1
BPEMEHH I10JIyIE€HO ACUMIITOTHIECKOE IIPE/ICTaB/ICHIE PEIIeHUs] B OKPECTHOCTU CTAaIlAO-
HapHOTO perlenust w = const ¢ onepaTopoM uuposonuu @ : Q? = I (moBopoT Ha yroJ

h = ).
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Metona opToronajamn3annui U ero IIpuMeHeHne B
TEOPUN CBA3U

A. H. lerrsapesn

CeBacTOIMOIBCKUI TOCYIAPCTBEHHBII YHUBEPCUTET,
Cesacrornonb, 299053. E-mail: degtyaryov1966Qyandez.ru

Annoramusa. PaccmarpruBaeTrcss METOL OPTOrOHAJIMSAINH, OCHOBAHHBIN Ha OIIPEJIEJIEHIH BECA OPTOIO-
HaJILHOCTHU. Y Ka3aHHBIN BeC MOXKeT ObITh 3HAKOoNepeMeHnHoit dyuknueit. HemporuBopeunBocTh MeTOIA
M3BECTHBIM TIOJIOXKEHUSIM TOKa3aHa Ha IpuMepe NoJuHOMOB JebbimeBa u Dpmura. [lomyuensr opro-
TOHAJIBHBIE C BECOM CHCTEMbI SKBHUIUCTAHTHBIX yHKnwmii. [lokazano, uro 6a3mc, cOCTABJIEHHBIN U3
CMEITEHHBIX Ha KPATHbIE MHTEPBAJIbI BDEMEHU NMITYJIbCHBIX XaPAKTEPUCTUK (PUUIECKHU PEATUZYEMBIX
JINHENHDBIX CUCTEM, SBJISIETCS KBA3NOPTOTOHAJILHBIM. YCTAHOBJIEHO, 9TO IIPE0OPA30BAHIE HOPMUPOBAH-
HOTO (PUIBTPA-TIPOTOTUIA B (DUIBTPHI HUKHUX YACTOT M B IOJIOCOBbIE (PUIBTPHI C 33/ ]AHHBIMU Xa-
PaKTEepPUCTUKAMY He HapyIIaeT OPTOrOHAJBHOCTh 6a3uCcHBIX (pyHKIWMIL. [lokazaHo, 9TO HCIIOIB30BaAHME
6a3uca, COCTABJIEHHOI'O M3 MMITYJIbCHBIX XaPAKTEPUCTUK JIMHEWHBIX CHCTEM IIO3BOJISET CHU3UTH yPO-
BEHb MEKKAHAJBHBIX W MEKCHMBOJIBHBIX IIOMEX IIPU Iepegade COOOIEHMT M0 KAHAIAM CBA3M.

KitoueBbie cjioBa: MeTOJ OPTOrOHAJIM3AINN, CUCTEMbBI OPTOIOHAIBHBIX (DYHKITHIT, TIOMEX0YCTONIN-

BOCTb CUCTEM IIepe/iavdun I/IH(bOpl\IaL[I/II/I.

Orthogonalization method and its application in
communication theory

A.N. Degtyaryov
Sevastopol State University, Sevastopol 299053.

Abstract. The analysis of the reasons leading to the emergence of intersymbol and interchannel
interference in information transmission systems is carried out. It is shown that the indicated
interference occurs due to the fact that physically realizable elementary signals with the help of
which information is transmitted are not orthogonal. It is established that, within the framework of
the existing communication theory, the considered interference can not be simultaneously eliminated.
It is shown that the known methods for obtaining systems of orthogonal functions do not satisfy
the requirements for systems of physically realizable functions that approximate elementary signals.
An orthogonalization method based on determining the weight of orthogonality is proposed. The
peculiarity of the method is that it does not distort the shape of the original functions. The indicated
weight may be an alternating function. The condition that the norm of functions is non-negative follows
from the conditions of orthogonality. The concept of weight energy is introduced. It is shown that a
weight satisfying the minimum energy condition is a quadratic form of orthogonalizable functions. The
consistency of the method to the well-known propositions is shown by the example of chebyshev and
hermite polynomials. It is shown that the weight functions known for classical orthogonal polynomials
satisfy the condition of minimum weight energy. We obtained systems of equidistant functions that
are orthogonal with weight, consisting of reference functions raised to an integer degree. For the
transmission of messages, it is proposed to use the impulse response of physically realizable linear
systems that are offset by multiple time intervals. It is shown that a basis composed of such functions
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is quasi-orthogonal. Quasi-orthogonality consists in the fact that the conditions of orthogonality can
be strictly fulfilled only if the number of initial functions is equal to the order of the linear system. For
the remaining equidistant functions, the orthogonality condition is satisfied with an error sufficient
for practice. It is established that the conversion of the normalized prototype filter into lower-pass
filters and into band-pass filters with specified characteristics does not violate the orthogonality of the
basis functions. To evaluate the accuracy of representing signals in the form of orthogonal series, two
criteria are proposed. One criterion is used to approximate the transmitted signal side by side, and the
second — for the receiver to make a decision about the values of the coefficients of the series. Analytical
dependences of the probability of error when receiving a message symbol for the case of transmission
of information by opposite signals are obtained. It is shown that the use of a basis composed of
equidistant biased impulse characteristics of linear systems can reduce the level of interchannel and
intersymbol interference when transmitting mes-sages over communication channels.

Keywords: orthogonalization method, systems of orthogonal functions, noise immunity of information
transmission systems.

MSC 2010: 42C05
BBenenue

B GosbimmacTBe BHICOKOI(MDMEKTUBHBIX ITUMPOBLIX CHCTEM IepeIadn HH(MOPMAIIHT
(CILyTHHKOBBIE, paJOpesIeiiHble U KaDeIbHbIE CUCTEMbI) JUCIEPCUsl CJIyJaiiHON MexK-
cumBosibHON naTepdepernnn (MCU) nmn caygaiinoit mexkkananbaoit momexu (MKIT)
CYIIIECTBEHHO ITPEBBINIAET MOITHOCTD IIyMa B KaHAJe CBSI3M.

MCU obOyciioBieHa HaJIOKEHHEM BO BpEMEHH OTKJIMKOB JIMHEHHBIX YCTPONCTB KaHa-
nodopmupyioriero obopynosarus (KO) Ha pasimdnbie s7ieMeHTaApHBIE CUTHAJIBI, HECY-
e nH(OPMAIMIO O MePeJaBaeMbIX CUMBOJIAX, B Pe3y/bTaTe Yero Ha PaciiudpoBKy
OJIHOT'O CUMBOJIA OKA3bIBAIOT BJIMSIHUE HECKOJILKO IMPEJIbIIYIINK, & B KaHajaaX ¢ 00Jib-
IITIM TPYTIIIOBBIM BpEMEHEM 3alla3/bIBAHU eIlle U Moc ey tonux cumBoioB. MCU Tak-
JKe BOBHUKAET B PE3Y/IbTATE MHOTOJIyYEBOIO PACIPOCTPAHEHHUS PA/IMOBOJIH.

[Ipuuaunoit MKII sBisercs nponnknoBenue Ha Bixo KO ojHOro kanasa curuaJjos
COCETHUX KAHAJIOB M3-3a IMEPEKPLITHS 110 9aCTOTEe aMILIUTY/IHO-9aCTOTHBIX XapaKTepu-
cruk (AYX) dunsrpo KO kanasos.

B [1] mokazano, uro nosnoe ycrpanerne MCU mpu ogHOBpeMeHHON MUHHMHI3a-
MU JIUCIIEPCUN &/ IUTUBHOTO IIyMa JOCTHUTAETCsl, €CJIU MPUEeMHBINH (DUIBTP COCTOUT
U3 KACKaIHOI'O COeJMHeHNs (PUJIbTPA, COIVIACOBAHHOIO C IIPUHUMAEMbIM CHIHAJIOM, U
TPaHCBEPCAJIBLHOrO GUIbTPa (IKBaJIA3epa), copepKaiiero 6ECKOHETHOE TICI0 OTBOJIOB
C COOTBETCTBYIOIUME BECOBBIMU KO pUImenTamu.

JIunus 3a71epKKn (pU3NIECKH peanu3yeMoro dKBasiaiizepa mMeeT KOHEYHOEe FHCJIO
OTBOJIOB |, CJIeJ0OBATE/IbHO, MOoHOCTRIO yerpanuTth MCU meposzmoxkuo. Ha mpakTuke
[IPOM3BOJIUTCA ONTUMMU3AINS SKBaIali3epa M0 KPUTEPUsIM MUHUMYMa, ITTKOBOTO 3HAYe-
aust MCUY wim Mmunumyma cpeaeksajparudeckoro suadenus MCH [1]. B obmiem ciry-
Yae ONTUMAJIBHBIN 10 YKa3aHHBIM KPUTEPUSIM SKBaJIaii3ep He SBJISICTCS ONTUMATIBHBIM
110 KPUTEPUIO MUHUMYMa BEPOATHOCTH OIIMOKM, T.K. OH HapyIIaeT YCJOBUE COIJIACO-
BaHHOCTH ITPUEMHOTO (DUIBTPA C CUTHAJIOM.

Hapsy ¢ ymmneitnoit oopadborkoii curnaJa jiig kommencaruu MCU B oTcueTHbie MO-
MEHTBI BpDEMEHU UCIOJIb3YIOT U HeJIMHEHHYIO 00pabOTKY, B YaCTHOCTH, IIPUEM ¢ 0OpaT-
HOIT CBsA3BIO 110 perennio [2|. Ha ocHoBe perennii o mepeanHbIX CUTHAJIAX U CBEJICHHI
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00 oTkJIMKe TpakTa popMmupyercsa curaas, KommeHncupyomuit MCU 3a cuer npeapity-
IIIIX CUMBOJIOB. DTOMY METO/Ly HMPHUCYIIE SBICHHE PA3MHOXKEHUS OIMMNOOK.

Ecnn mocie tyoriye cuMBOJIBI CO3/IAIOT 3HAYUTEbHBIN ypoBernb MCU, To simnelinas
U HesnHelHasg 06pabOTKU UCIIOIb3YIOTCS COBMECTHO [2].

B cucremax ¢ Hem3MeHHBIMU BO BpEMEHU ITapaMeTpaMU IIPUEMOTIEPEIAIONIEro TPaK-
Ta JINHEWHBIN BLIPABHUBATE/Ib B BUJIE TPAHCBEPCAJILHOTO (PUIBTPA IIPEIyCMaTPUBACTCS
B MojtyssiTope [9).

Ecin mapameTpbl TpakTa B IIPOIECCe SKCILIYATAIUN T10IBEPYKEHbI N3MEHEHUSIM, TO
€r0 XapaKTePUCTUKU JOJIZKHDBI IEPUOIUICCKY ITOJCTPANBATHLCA. 1aKast MOJACTPORKA OCY-
IIECTBJISIETCS MCIOJIb30BAHNEM Ha IIPHEMe aJIallTHBHON KOPPEKIMN TpakTa [2].

CHimKeHne yPOBHS MEKCUMBOJIbHON MHTEPQEPEHINN, BOSHIKAIOIIEH B pe3y/ibTare
MHOTOJTy9€BOI0 PAaCIPOCTPaHEHUs PAJNOBOJIH, JTOCTUTAETCS IyTeM aJIallTUBHON KOp-
PEKIINU TPaKTa, & TaKyKe MPUMEHEHUEM TPOCTPAHCTBEHHO-BPEMEHHOM CeJIeKTUBHOCTU
curnajios [3]. Ormerum, uro gaunbiit Tun MCU 10 cBoeMy BJIUSHHIO Ha KAYECTBO MIPU-
HUMaeMOT'0 COOOIIEHNST aHAJIOTUY€EH TTOBTOPHOI TTOMEXe.

Camxenne yposass MKII mocturaercs nosbimernem nsbuparenbHoctu KO u BBe-
JIEHWEM 3alUTHOTO YaCTOTHOTO MWHTEPBAJIA MEXKTy COCETHUMU KaHAJIaMU CBS3M.

Opnnospemennoe cumxkenne yposaeit MCI u MKII B pamkax cymiectByromeit Teo-
pun zHeBo3MoxKHO. [Ipu cumzkenun yposus MCU nossimaercs yposenb MKII u mao6o-
por. Ha npaktuke npuxonurcs uckatb napamerpbl KO, onTtumasibHble IO KPUTEPUIO
MUHUMAJBHON cymMMmapHOil omubku, obycaosiaernoit jgeiicreuem MCU, MKII u myma
B KaHaJIe CBA3U.

Hesozmozknocts onnoBpeMennoro carmkenns: yposaeit MCU u MKII obyciioiiena
[IPUHSATON B COBPEMEHHOI TeOpHH CBA3M, OCHOBBI KOTOPOii pazpaboranbt K. [llennonom
u B. A. Kore/IbHUKOBBIM, MOJIE/IBIO [T€PEIaBAEMOTO 110 KaHAJIY CBsI3W CHUTHAJIA.

Tax, B TudpoBbIX cUCTEMAaX CBA3U U Mepeiadn NHMOPMAIMH HENTPEPBIBHBIN CUTHAJT
UCTOYHHMKA COOOIIEHUS KOHKPETU3UPYETCs 110 BPEMEHU U Ipeodpasyercs B 1udPoBOii
KOJI, KOTOPBIM OCYIIIECTBJIETCS MOJIYJISINS HECYIIEro KoJIeOaHus.

Jluckperusanus HEPEPHIBHOIO CUTHAJIA TPOM3BOIUTCH B COOTBETCTBHUY C TEOPEMOI
oTcueToB, jokaszanHoil B. A. Kore1bHUKOBBIM.

Teopema orcyeros [4]. Curnas s(t), OrpaHHYEHHBIN [0 CIEKTPY HAUBBICIIEH da-
CTOTOM Wy, = 27 frn, MOXKET OBITH TPEJICTABJIEH PSJIOM

s(t) = f: s( n )Sinwm <t_2fim> = f: s(nAt) sin cw,, (t — nAt), (1)

2fm Wi (t _ QfLm) et

rae At = 1/(2f,,) — narepBan guckperusarmn byuxiwn s(t), s(nAt) — BeIGOPKN
(orcuersr) dyukun s(t) B MOMEHTH BpemeHn nAt.

Bamernm, 9T0 GYHKIUH SN Cw,, (t —nAt) IpeacTaBasor coboit HMITYJILCHBIE XapaK-
TEPUCTHUKH UIeATHHOTO (PUIbTPa ¢ IpsaMoyroabaoit AYX u qactoramu cpe3a +w,,, cMe-
IIeHHble Ha HHTepBasbl BpeMenn nAt. [Ijis Toro, 9T00bl BOCCTAHOBUTDH HEIPEPHIBHBIN
curnan s(t) U3 JUCKPETHOrO, JOCTATOTHO IIOCJIEI0BATEIHHOCTE €ro OTCIeToB s(nAt)
[I0/IATh HA YKa3aHHBIN UJIeaTbHbI (DUIBTD.

n=—oo
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[Ipu pazpaborke Teopum cBsa3u K. Illennonom ObLia mpUHATA MOJIENH, COIJIACHO
KOTOPOIT OTpaHMIEHHBII 110 YaCTOTE CUTHAJI, UMEIOIuil jyimTebHOCTh AT, MOXKeT ObITh
[peJICTaBIIeH B Bujie KoHeuHoit cymmbl psna (1), comepxkameit N = 2 f,, AT ciaraembix.

OjHako, Takas MOJIE/Ib IPUBOJUT K IPOTUBOPEIUBOCTU TEOPUU CBSI3U U BOZHUKHO-
BEHUIO CUCTEMATUIECKUX MTOT'PEITHOCTEH TPU TEXHUYECKON peau3aliiil TeOPETHICCKIUX
IIOJIOZKEHU .

Bo-niepBbix, npemnosioxkenne 00 OrpaHUYeHHOCTH CUTHAJIA IO JTUTETHHOCTA U IO
JaCTOTE IIPOTUBOPEUUT CBOMCTBAM HPSIMOro U obparHoro mpeodbpaszosanuii Oypoe.

Bo-BTOpBIX, JI/IsT TOYHOIO BOCCTAHOBJIEHUS] HEIIPEPBIBHOI'O CUTHAJA 110 €TI0 BBIOOD-
KaM TpedyeTcst ujeaabHbIil PUIBTP, KOTOPHIi, corylacHo n3BecTHOi Teopeme P. I1smm n
H. Bunepa dbusnaecku He peajnsyeTcs W MPOTHBOPEUUT IPUHIIUIY TPUIHMHHOCTH [5].

[Ipu Texumyeckoit peaymzanun KO ykazanHnble IpOTUBOPEYNs TPUBOJIAT K TIOSBJIE-
uuio MKIT u MCU, a B cirydae HEOOXOAMMOCTA BOCCTAHOB/IEHUS HA IIPUEMHOM KOHIIE
HEIIPEPBIBHOTO CUT'HAJIA — K TOTPENTHOCTH BOCCTAHOBJIEHUS.

Kpome Toro, ctrout orMeTHTDb, 9TO CXeMa yCTPOMCTBO OOPAOOTKU CUTHAJIOB ITPUEM-
noit gactu KO omnpesessier KoBapuammio KaxJ0ro curaasa aadaBuTa ¢ IPUHAMACMOIT
CMECBIO CHT'HAJIa U IyMa. 1.e. BBIMOJHATL TPeOOBAHUE MTOJTHOTHI CUCTEMbI OA3UCHBIX
byHKIU HET HEOOXOIUMOCTH.

MKII BozHUKAIOT B pe3yJibTaTe TOrO, YTO CUTHAJIDLI, IIEPeIlaBaeMble B COCETHUX Ka-
HaJIaX CBA3MU, W3-3a HewmgeaabHocTn AYX KaHAJIOB TIepecTaioT ObITh OPTOTOHAJBHBIMH.

MCU saBngercs ciencTBUEM OTEPU OPTOrOHATBLHOCTU CUTHAJIAMU, C TIOMOIIHIO KO-
TOPBIX MEPEIAIOTCS CHMBOJIBI COOOITICHUSI.

Boobririe roBopsi, MHOTHE 381491 HAYKN U TEXHUKHU CBI3AHBI C PA3JI0KEHUSIME (DYHK-
nuit B psapl. Hambosiee mMMPOKO TPUMEHSAIOTCH pa3jiokeHus (DYHKIUNA B PAIbI 110
cucTeMaM OPTOTOHAJbHBIX (PYHKIW, 1Mo BeiiBieram, pasjoxkenue Kapynena-J/loesa-
[Tyrauesa (K-JI-II-pasnoxenue).

[Ipu ananuze oOMIUX CBOWCTB CUCTEM OPTOINOHAJIBHBIX (DYHKIUI U JIJI TIOJTY YCHUST
TAKUX CUCTEM HCIIOJIB3YIOTCS TEOPUsl CHEIUATBHBIX (PYHKINI U TEOPUst JIMHEHHBIX WH-
TerpajbHbIX ITpeobpa3oBaHMil.

Meto/1 nccienoBaHusg OPTOrOHAJIBHBIX PSJIOB, TpeJjiaraeMblil TeopHeil CIerna b
HbIX (DYHKIIMI, OCHOBAH Ha n3ydeHuu JuddepeHImajibHbIX CBOMCTB Beca OPTOrOHA T b-
Hoctu 3rux dbyukuumit [6]. B coorBeTcTBUM ¢ JAHHBIM METOJIOM TEOPHs CIEIUATBHBIX
dbyHKIuUil cTpouTcs ciegyionmM obpaszoM. Hepes auddepeHnnaibHOE YpaBHEHUE Be-
ca OPTOTOHAJBHOCTH BBOJUTCS IOHATHE KJIACCUYECKUX OPTOTOHAJBHBIX ITOJIMHOMOB.
Beisogures dpopmyna Poapura — nuddepennuaibHoe ypaBHEHHE, PEIIEHUEM KOTOPO-
ro SABJISIOTCH KJIACCUYECKHe OPTOTOHAJIbHBbIE MOTUHOMBI. [lyTem 00o0mienus dbopmy-
sl Ponipura Ha neresible 3HaYeHUs CTEIIEHN U KOMILIEKCHbIE 3HadYeHus Koddduiimen-
TOB YpaBHEHUsI B pacCMOTpeHue BBOJUTCA auddepeHnnaibioe ypaBHEHIE TUIIEPreo-
METPUYeCKOro Tuna. PerenneM JaHHOrO ypaBHEHUs ABJISAIOTCA TUIIEPIreOMETPUIECKHE,
BBIPOKJICHHBIE rutiepreomerpudeckue GyHkimn u Gynkinun Ipvuta. C ITOMOIIBIO 3a-
MeHBbI MePEMEHHBIX YCTAHABINBAETCH CBA3b yPABHEHUIl T'MIIEPreOMeTPUYIECKOrO THIIA
¢ OOOOITEHHBIMY yPABHEHUSIME TUIIEPIEeOMETPUYECKOr0 THIIA, IIPU PEIIeHNH KOTOPBIX
[OJTYYaIOTCs UJIMHIPUIECKUEe U TUIIepreoMeTpuieckue (DyHKITUN.
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B coorBercTBUN ¢ yKazaHHOI Teopueil BEC OPTOrOHAIBLHOCTH JOJIZKEH OBITH HEOTPH-
aTe/JIbHOM (DYyHKIIAEI.

B rteopun crnenuasbubix QyHKIUNE OOOCHOBBIBAETCS METOJ[ OPTOTOHAJIU3AIIIH
'pamma-ITImMurra, KOTOPBI MO3BOJISET U3 CHCTEMBI JIUHEITHO HE3ABUCUMBIX (DYHKITHIT
MIOJTyYUTH aHCaMOJIb OPTOTOHAJIBHBIX (DYHKITUIA.

VKazaHHasi TeOpUs MO3BOJISIET BBIYUC/ISITH OPTOTOHAIBHBIE (DYHKITMH 110 M3BECTHO-
My Becy, HO He OTBeYaeT Ha BOIIPOC, KaK OIPEJIENTh BEC OPTOTOHAJIBHOCTH JIJIS Y2Ke
U3BECTHBIX JIMHEHHO He3aBUCUMBIX (yHKIWMiI. Kpome Toro, mMeros oproronajimsarun
'pamma-ITImuara He j1aeT BO3MOXKHOCTD B TOJIHOM MEpE UCIIO/IH30BAThH IPEUMYIIECTBA
MHOTHX JIMHEHHO HE3aBUCUMBIX (DYHKIUH, MMOCKOJIBKY IIOJIyYaeMble OPTOrOHAJIbHDBIE
dyHKIIMU 110 POpMe OTIMYAIOTCHA OT MCXOJHbIX. Hampumep, Oosbieil 4acTbiO CUCTE-
MBI BEB/IETOB TPEICTABIAIOT COOOI CUCTEMBI JIMHEWHO HE3ABUCUMBIX HEOPTOTOHAIb-
HBIX (pyHKIMA. Psapl 1o BefiBreTaM cXomdaTces ObICTPO, MMOCKOJIbKY Oa3ucHble (DyHKIINH
«IIOXOKU» Ha PacKJajpiBaeMyio dyHKIwio |7]. Mcnop3oBanue yKazaHHOIO METOJA OP-
TOTOHAIU3AIUN TPUBOJIUT K CHUKEHUIO CKOPOCTHU CXOJIMMOCTH PSIJIOB.

B Teopun jinHeiiHbIX HHTEIPAIBHBIX IPEOOPA30BAHUI JIOKA3BIBACTCS, ITO COOCTBEH-
Hble (PYHKIUU TUX TPEoOPA30BaAHUI OPTOrOHAJILHBI.

YacTHbIM c/TydaeM JTUHEHBIX MHTErPATbHBIX TPe00pPa30BAHMI SIBJISIIOTCS THIBOEP-
TOBBI TIpeobpasoBanus ¢ BocrpousBosamum aapom (ITIBL). g npocrpancts dyHK-
Ui, ONMUCHIBAEMBIX ¢ TIOMOIILIO cobcTBeHHbIX (dyukiuit ['TIBS, nokaswiBatoTcs: Teope-
MbI oTc4eToB. Hanbosiee usBectrast u3 Hux teopema orcderos B. A. KorenbHuKOBA.

[Ipu ucciemoBanuu ciaydaiinbix mporeccoB paccmarpuBaercd K-JI-1I-pazioxkenue.
JlokasbiBaeTcst, ITO KOODJIUHATHBIE (DYHKIINNA JAHHOTO PA3JIOKEHUS SIBIAIOTCA COO-
CTBEHHBIMH (DYHKITUSMHI JTUHEITHONO WHTErPAJIbHOTO MPeoOPa30BaHUs € SIPOM B BU-
Jie KOPPEeJIAMOHHON (DYHKITIMH UCCJIelyeMOro cIydaiHoro mporecca. Jucrepecnn koad-
durnmrenToB pasjioKeHus CJAYIafHOrO MPOIEecca M0 TAKUM (DYHKIUSM IIPEICTABIISIOT
co00i1 cOOCTBEHHDbIE YUCIA JAHHOTO MHTErpaabHOro npeobpaszoBanusd. KoaddurmenTot
K-JI-II-pazioxkenus 0Ka3bIBAIOTCS HEKOPPEJIUPOBAHHBIMU MEK/ Ty cO0Oil, ciie/IoBaTe /h-
HO, TTOJTy9aeMbIil P CXOAUTCA OBICTPO.

Ojmako, mpakTUJIeckoe rpruMenenne pasioxkenns Kapynena-J/loesa-Ilyradesa cBs-
3aHO C OOJIBINIUMY BBIYUC/IUTEIHHBIMU 3aTPATaMU IIPHU OIPEJIEJIEHUN KOOPIMHATHBIX
dyHKIHIA.

B 2010 romy Ilerpossim 1. A. 3amuimiena auccepranus [8], B KoTopoit pazpaboTaHbl
MaTeMATHIECKIE METO/Ibl CUHTEe3a KOHETHOMEPHBIX, JIMCKPETHBIX 000OIEHHBIX OA3MUCOB
Beitng-T'eitzenbepra ¢ 3aiaHHBIMUI ITapaMeTpaMu, 0018 1af0Ie XOPOIIeil TOKaIu3aIuei
OJIHOBPEMEHHO U B YACTOTHOI 1 BO BpEMEHHOIT 001aCTH. Y Ka3aHHbIe Oa3UChI MTOJTYYai0T-
Csl CMEIEHNEeM Ha KPaTHbIe HHTEPBAJIbI BpDEMEHU HEKOTOPOi (hopMupyoteit (byHKITIH.
[Tokazamno, uro dpopmupyiorias dyakius 1o dopme 6yin3ka K pyukiun [aycca. Toka-
3aHbl YCJIOBUSA OPTOrOHAJBLHOCTH 0000IeHHbIX OasucoB Beitng-leitzendepra, chopmy-
JINPOBAHHBIE B BUJIE CIEIMAJIBHBIX YCIOBUI Ha (DOPMUPYIONTYIO (DYHKINIO U KPUTEPUN
OTCYTCTBHS MEXKKAHAJIBHON U MEKCUMBOJIbHON nntepdepenrun. OHaKO, aBTOP pabo-
TBI CaM IIPU3HAET CJIOXKHOCTD TOJIYUeHUs PACCMATPUBAEMbIX OA3UCOB, U OTMEYAET, UTO
OPTOrOHAJILHOCTD 0Oa3uca BO3MOYKHA IPU OIPEJIEICHHBIX YC/JIOBUSX, CBA3AHHBIX C MU3-
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MeHeHueM (opMbl (popMEUPYIONIeil (DYHKIIME 1 UHTEPBAJIOM CMEIIeHUsT (PYHKIHH JIpyT
OTHOCHUTEJILHO JIPYTA.

CytiecTBytomast HayIHast TPOOIeMa 3aKTI0IAETCS B CJIELYOIIEM.

C o/HOII CTOPOHBI, CYIIECTBYIOIIAsI TEOPUs CBA3U, MOCTPOEHHAS C IIOMOIIBIO MaTe-
MaTHYECKOTO alllapaTa KJIaCcCUIeCKON TeOPUU OPTOrOHAJIBHBIX (PYHKITUI He ITO3BOJISIET
onaoBpeMento cHu3uTh yposan MCU u MKII. C apyroit cTopoHbI, TpakTHvIecKas pe-
aJIM3alldsd ONTUMAJIBHBIX 110 KPUTEPUIO MAKCUMAaJLHOTO MPAaBIONOI00Us TPUEMHUKOB
CUTHAJIOB HECTPOT'O UCIOJIB3YeT MOHATHE TOJTHOTHI OPTOTOHAJIBHBIX (DYHKIINI, ITO 1103~
BOJIsIET BBEJIEHUEM JIONMOJTHUTE/IBLHBIX YCIOBUN MOBBICUTH YACTOTHYIO 3(hMEKTUBHOCTD
CUCTeM Tiepeadu NH(MHOPMAIIIH.

Taxum obpaszoMm, /I YBeJIUIeHUsT IIPEeJIeIbHON CKOPOCTHU Iepeaain CUI'HAJIOB HeoO-
XOJIUMO BBIATH 3a pamku Teopembl B. A. KoreabHukosa, st yero copMupoBaTh HO-
BYIO cuctemy (bYHKITUIN, JIJIsT KOTOPO#l ¢hOPMYINPOBATH YCJIOBUS, AaHAJIOTUIHBIE YCJIOBH-
sIM OPTOTOHAJTBLHOCTHU. [e/1bio paboThI ABJIAETCA CO3/IAHUE METO/1a OITUCAHNS CUTHAJIOB,
KOTOPBI# no3BoJiger cHu3uTh Biugaue MCU n MKII na npaBuibHbII 1IpreM cooOIie-
HUII B CUCTeMaX CBS3M C YACTOTHBIM pa3jejieHueM abOHEHTOB.

Jlnst bopMupoBaHusi HOBOI cuUcTeMbl (DYHKIUI Oy/IeM HCIIOJIb30BaTh METOJI OPTO-
roraJim3aiun GyHKINE, OCHOBAHHBIN Ha OIpe/IeIeHUN Beca OPTOTOHAJIBHOCTH, TIPEJIIO-
JKeHHbIii B padore [9)].

1. ObocHOBaHUE MeTO/Ja OPTOrOHAJIN3AIINN JIMHEITHO
He3aBUCUMBIX (pYyHKINIIA

Pacemorpum cucremy N HecaydailHBIX JIMHEHO He3aBUCHMBIX (QyHKIHA ¢y (1),
Ga(t), ..., on(t) [9]. Breaem B paccmorpenne GyHKImIO A(t) TAKyI0, 9TO BLITOIHSIIOTCS
YCJIOBUS:

[sweonea={ 5127 @)

rje (t1,ty) — HHTEPBAJ BBIIOIHEHUA YCIOBHI (2).

MozkHo roBopuTh 0 TOM, uTO (byHKIWMU ¢1(t), Po(t), ..., dn(t) siBIISIFOTCH OpTOTO-
HAJILHBIME ¢ BecoM h(t) na unrepsase (t1, t2).

Hopwma nosrygaemMoro ¢pyHKITMOHAILHOTO ITPOCTPAHCTBA

1/2

léi(0)]] = / SOhnd) >0

CYIIECTBYET, MMOCKOJIbKY B COOTBETCTBHUM C yCJIOBUSIMU (2) BbIpasKeHHE 10| 3HAKOM KOD-
Hsl IPUHUMACT IOJIOKUTEILHBIC 3HAYCHNUS.
JIemma 1 [9]. Ilycrp 3a/aHbl cuCTEMBI JIMHEHHO HE3aBUCHMBIX (DYHKIWA ¢ (1),
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Go(t), .oy ON(E) m 1y (L), l2(t), ..., lg(t), Torma cucrema uz k = N(N + 1)/2 ypaBuenuii

/gbl ()1 (t dt+b2/¢1 (t)lo(t)dt + .. +bk/¢1 (t)I(2)

bl/¢1 Vo2 ()11 (t)dt + .. +bk/¢1 o ()i (t)dt = 0,

bl/¢§V(t)l1(t)dt+b2/¢§v(t)l2(t)dt+...+bk/¢?v(t)lk(t)dt =

MMeeT pellieHre OTHOCUTENbHO b, To dbyuKIms h(t) = z b;l;(t), siBIsIeTCst BecoM Op-

ToroHaJbHOCTH MYHKIWH ¢ (1), Pa(t), ..., o (). AJIFOpI/ITM OPTOTrOHAJIN3AINN, BHITCKA-
oMMl U3 JleMMbl 1, Heyn06eH TeM, 4TO JjIs OIpeIesIeHus Beca OpTOroHajbHocTH N

byukuumit ¢1(t), ¢2(t), ..., on(t) HE0Ox0MMMO BBOUTL K = N (N + 1)/2 dynkumit [ (1),
lo(t), ..., lk(t), cocrapasionux 5Ty BecoByio dyHKmo. Kpome Toro, ducaeHHbIH 9KC-
[EPUMEHT TIOKA3BIBAET, YTO B 3aBUCUMOCTH OT TOro, Kakue dynkiun [;(t) BbIOpaHbI,
MOYKHO HOJIyIUTh PA3JINIHbIC 3HAYCHNS BETHTHHBL

to

I= / h2(t)dt, (4)

t1

HA3bIBAEMOU SHEPrUen Beca.
Jlemma 2 [9]. Bec, onruMmasibHbIN 110 YCJIOBHIO MUHUMYMA, SHEPIUH, [TPEICTABIIAET
co00# KBJIPATHIHYIO POPMY OT OPTONOHATM3YEMBIX (DYHKITHIA.

3D Nt () (t). (5)

m=—0o0 N=—00

st Toro, 9ToOBI OLIpeeInTh MHOXKUTEN JlarpaH:Ka, JI0CTaTOIHO TO/ICTABUTDH BbI-
pazkenue (5) B ypaBHeHus (2).
Dueprus Beca (4), paBHa cymMMme

I = i Ann-

n=—oo

2. Anpobaruss MeTo/1a OpTOrOHAJIN3AITNN

Onpenennm BecoBble (DYHKIIMH OPTONOHAJIBHOCTH HOJIHHOMOB ebbIeBa.
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Nssectro, aro mosmuomel Uebbimesa T, (x) = cos(n arccos ) opTOroHAJIBHLI Ha
_ 1
mrepsase (—1,1) ¢ Becom h(z) = ——;. Cormacuo npeoxKeHHoMy METOy OpTO-

POHAJIM3AIUN OIITUMAJIBHBIA 110 YCIOBUIO MUHHMYMa 3HEPIHMH BEC OPTOIOHAJILHOCTH
dyukmumit T, (z) gomken umersb BuJy

h(x) = X Ti(x)Ty(x). (6)

i=j j=0

YuursiBag CBOMCTBA IIpOU3BEICHNA IIOJIMHOMOB q€6bIIHeBa, nMeeM

Ti(x),5 =0,
Ti(2)Tj(x) = %Tj+i(x) + %Tj—i(x)aj # 0. "

OTKyma mosrydaem

M) =3 BuTu(a), (8)

rae (3, — HEKOTOpbIe ITOCTOsTHHBIE KOI(MDMUITUEHTDI.
Herpyaso 3aMeruThb, 9TO 9UC/IO N ABJISETCA YeTHBIM. Takum obpaszom, h(x) sBis-
eTcs deTHON dyHKImeid. 3amnuiieM ycaoBust oproronaiabaoct T, (z) ¢ Becom h(z):

1

/ T2(2)h(z)dz = co,

[Ipesienibl MHTErPUPOBaHUS B JIAHHOM CJIydae 3aJal0TCd O0JIACTBIO OIpe/IeIeHIs
dbyukmnun arccos(x). [lpuanmast BoO BHuMaHme cBOiiCTBa POU3BEICHUS TTIOJNHOMOB He-

6biieBa (7), cucremy ypasHenuii (9) nepermiiieM B BUjie:
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1

To(x)dz + Zﬁn/Tn(x)d:c = ¢y,
n=1

-1

Bo
(10)

1

1
1 00
| i

1

J
32
n=0
1

[Tockonbky [ cos(narccosz)dr =
1

_14(=n"

5 u n — deTHoe 9ucio, n3 (10) noryvaem
n2-1 v

Co
) 1 1 _7]{;:07
> 2
2% L(n—kﬁ TP s : 0.k £0 ()

Mozkuo mokasarb, uro cuctema (11) paspemunma OTHOCHTEIBHO KOI(DMUIMEHTOB
By METOJIOM DPEJLyKITHH, IIOCKOJIBKY CXOJUTCS IIOCJIE/I0OBATE/IbHOCTD PEIIeHUil YaCTHBIX
cHuCTeM ypaBHeHHil, oy deHHbIx 13 (11) orpanudennem dncia HensBecTHbIX. [losydae-
Mble BeCOBbIe (DYHKIUH [IPU yBeJnUeHnr qucia mognaoMoB T, () cxomgares Kk dyHKImmn
1/(mv/1 — 22), KoTOpasi B TaKOM CJIydae sBJISIETCS] BECOM, ONTHUMAJILHBIM 10 YCJIOBHUIO
MHUHUMYMa SHEPIruu.

AHajIornvaHbIe BBIYUACICHUST MOXKHO ITPOBECTHU I TOJUHOMOB DpmuTa. Bec opro-
FOHAJLHOCTH TIOJIMHOMOB DPMUTA HEOOXO/IMMO HCKATH B BUJIE

W) =Y > AjHi(x)H; (). (12)

i=j j=0

HOCKOJIbe IIpousBeJIcHue 1I1oJIMHOMOB SpMI/ITa MeeT BUJL

min(m,n)
k=0
riae
n! m!
— 0<k < —— 0<k<
=L =R = ok ) By T

0,0<n<k, 0,0<m< k.

nMeeM

h(z) =) AHg(). (14)

Pemenne ypaBHeHuit OTHOCUTETHEHO Ar METOJIOM PEJIyKIIUU IIPUBOJUT K U3BECTHOI
o _ 2
BECOBOI (pyHKIINM e~ 7 .
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3. HoBble cucTteMbl OPTOTOHAJIBHBIX (DYHKITHI

JIemma 3 [9]. BeckoneunomepHbiii 6asnc, ¢ KOOPJUHATHBIME (DYHKIUSIMU BI-

_ sinw(t—an)
ma on(t) = “r{i—an)  KOTODBIC OPTOrOHAIBLHBI C BECOM, HMMECIOIJIM MUHHMAIL-

HYIO SHEpPIHi0, CYIIECTBYeT IPU IEJbIX « (YTO COBIAJAaeT C TeopeMOil OTCYeTOB
B. A. KoresbuukoBa), Heresbix o > 1 u He cymiecTByer npu a < 1.

sin?7(t—n)
n2(t—n)?
Jie TIOJTHY10 OPTOHOPMEPOBAHHYIO CUCTeMY ¢ BecoBoit byHkmmeit Bua h(t) = 3—4sin’nt.

Jlemma 5 [9]. @ynxuun ¢, (t) = sinc®w(t — n) Ha 6GeCKOHETHOM MHTEpBaJIE U3Me-

HEHHs apTyMeHTa OPTOrOHAJBHBI ¢ BecoM h(t) = %Coszwt — %sin‘%t.

Jlemma 6 |9]. Oynkiuu ¢, (t) = sinc®n(t — n) na GecKoHETHOM HHTEPBAJIC U3ME-

HEHWsI apTyMEeHTa OPTOIOHAJBHBI C BECOM DaBHBIM h(t) = 2—70 — %Sin%rt.

Jlemma 7 [9]. Oyukuuu Buga ¢, (t) = sinc"w(t — m), rue n — 1eI0€ UHUCIIO,
OPTOrOHAJIBHBI HA OECKOHEYHOM HHTEpBaje M3MEHEHHs aprymMeHra ¢ Becom h(t) =
—1
1+(7i)7b +1
> a;(sin7t)

=1
JIMHOMa..

JIemma 4 |9]. Oyukiwn Buga ¢, (t) = 0bpa3yoT Ha GECKOHETHOM HHTEPBa-

n
2

.14 (-1t
@ 2 ), rae a; — K03 UIneHTbl TPUTOHOMETPUIECKOrO 10~

4. Kputepum olleHKI TOYHOCTH IIPeJICTaBJIEHUsI CUTHAJIOB B
BH€ OPTOTrOHAJIbHBIX PsiJIOB M CBOICTBAa OPTOHOPMUPOBAHHOTO
0as3uca

[Iycrs curnas x(t) npubJIMzKEHHO OIMCHIBACTCA KOHETHON CyMMOIt

2(t) = 3 yadald).

Omubka AIIIIPOKCUMaIl CUT'HaJIa MOZKET ObITH BbIpazK€Ha JIBYMA Pa3/IMIHBIMU

KPUTEPUSIMU:
T

L =M / [2(t) = > yndu(Oh(t)dt 5 | (15)

L= [l = Y monoPary. (16)

riae M {...} — omeparop MareMaTH4ecKOro OXKuJIaHus.

Ha npakruke mo0uBatoTcss MUHHEMYyMa OJHOIO U3 (PYHKIMOHAIOB [ mim I, ompe-
JleJigs ONTUMAJIbHBIN Oasuc. B Kimaccmdaeckoit Teopun OpTOrOHAIBHBIX PSIJIOB JIOKA3bI-
BAaETCs, UTO €CJIU BEC OPTOIOHAJLHOCTU OA3UCHDBIX (PYHKIUH ABIACTCA IMOJTOXKHUTE/ b
Holt byukimeii, To kpurepun (15) u (16) coBnasatoor. B pacemarpuBaemom cirydae Bec
h(t) MoXkeT HpUHUMATH KaK [TOJOXKUTEIbHbIE, TAK U OTPUIIATETbHBIC 3HAUCHS, TO9TO-
MY HEOOXOJIMMO OIIPEJIe/NTh IPAHUIBI IPUMEHEeHHs KazKk1oro Kpurepus. [Ipu mepegade
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420 A.H. IEI'T4{IPEB

CUTHAJIOB TI0 MM POBBIM KaHAJIAM CBSI3W PA3JIMIaiOT JIBa IIPOIECcca: IMepeIady JaHHbIX
U TIepeJiady HElPEPBIBHBIX COOOIICHUI.

[Ipu nepemade naoOpMAIUN CYIIECTBEHHBIM SIBJISETCS HaubOoJ1€e TOTHOE IIPEeICTaB-
JIEHWEe CUTHAJIa CyMMOM, TTIO3TOMY HEOOXOIMMO J00uBaThcd MuHnMyma Io. Ha mpuemuom
KOHIIE PEelIeHne O TOM, KaKOil CHMBOJI OBLT IE€peJiaH, MOYKeT ObITh HMPUHSTO IO BEJIU-
qrHe KOIPDUIMEHTOB Pa3/I0KeHUs 110 OPTOTOHAJILHOMY 0a3MCy MepeIaHHOIO CUTHAJIA,
U, CJIeJIOBATE/IHHO, HEOOXOIMMO MUHUMHU3UPOBATD 7.

5. OcobeHHOCTH OpTOroHAJM3AIMN (PUBNIECKHN PeaJim3yeMbIxX
dyHukImit

Ha mpakTuke oCyIIecTB/ISIIOT allIPOKCUMAINIO WJieabHbIX XapakTepuctuk KO u
repexoddaT K dumiabrpam edniesa, Barrepsopra, Beccens u smunrunaeckuM Guiib-
rpaM nopsiaka N. Ilepenarodnble (pyHKIMN YKa3aHHBIX (DUIBTPOB

1
KcDHtI(S) = K@HqN—,

1;[1 (s —pj)

(Konu — xoabduiment ycmienns GUIbTpa) IMEOT IPOCTbIe HOJIOCHL P;H, CJIEI0Ba-
TeJIbHO, UMITY/IbCHBIE XapaKTePUCTUKU BHIA

N/2
dol(t) = 1(t) > Ape™ " sin(wyt + V), (17)
k=1
ecsim N — 4derHoe YUCJIO;
%
¢0(t) = 1(t)A0€00t + Z Akegkt sin(wkt + 19k)7 (18)
k=1

ecim N — meuernoe uncyo, rie 1(t) — dyuknus Xesucaiina, Ay, Ag, Jx — HEKOTOPBIE
HU3BECTHBIC IIOCTOAHHbLIE BCJIMYNHDBI, 0) U WE — BE€IIECTBEHHAad W MHHMad YaCTU k’—I‘O
nostoca nepegarounoit pyukmun KO:oy + jwr = py.

Brejsiem B paccmorpenue cucremy (GYHKIUNA, TOJTYICHHBIX IIyTEM CMENIEHUs HM-
nynbcHoOM xXapakTepuctukun @HY na Bpemennoit naTepBas o

Dmt) = L(t — ma)go(t — ma), (19)

B pabore [9] mokazano, 910 COBIIOCTH yCIOBUSI OPTOTOHATBLHOCTH MOZKHO JIIIb JIJIsT
nepbix N dyuknumii ¢,,(t), T.e. cucrema (byHKIMA, cOCTaBIeHHAs W3 IKBU/UCTAHT-
HO CMEINEHHBIX NMITYJILCHBIX XapakTepucTuk KO, MoxKeT ObITh TOJBKO KBa3HOPTOIO-
HaJIbHOI crcremoit. [loBbimenne mopsijika (GUIbLTpa IPUBOJAUT K CHUMKEHHIIO ITOTPEITHO-
CTH yCJIOBHI OPTOrOHATIBLHOCTH. B KadecTBe nmpuMepa B |9] paccMaTpuBanCh CHCTEMBI
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pyHKIHI, cocTaB/I€eHHbIE U3 CMEIEHHBIX UMITYIbCHBIX XapPaKTEPUCTHK HOPMUPOBAHHBIX
dunbTpoB Barrepropra.

6. YcaoBus coxpaHeHUsI OPTOTOHAJIBHOCTH SKBUIUCTAHTHO
CMEIIIeHHBbIX NMITYJIbCHBIX XapaKTEePUCTUK IIPU IMpeoOpa3oBaHUN
HOPMUPOBAHHBIX (PUJIBTPOB

Ha npakrtuke pacaer KO ocyrectsiisiercs myreM mpeodpa3oBaHusi XapaKTEPUCTUK
HOpMEUpOBaHHOTO dbusbrpa-npororuna (HPIT).

Hopmuposanusiii duasrpapororun (HPIT) MoxkHO 0XapakTepru3oBaTh JJTUTEIbHO-
CTBIO TIEPEXOHOTO TIporiecca t,, = 5Ty, Tlie Tp — MAaKCUMAaJIbHAs IIOCTOSHHAA BPEMEHH,
COOTBETCTBYIOIAAd MUHAMAJBbHOMY 3aTYXaHUIO 0k, KOTOPOE, B CBOIO OYepe/lb, COOTBET-
CTByeT k-OMY TIOJIIOCY P

TOFL[& HHTEpBaJI CMelleHnd ¢ UMITYJIbCHBIX XapaKTEPUCTUK, KOTOprfI II0O3BOJIAET
MOJIyYUTh KBa3UOPTOTOHAJIBHYIO CUCTeMY (DYHKIINI, OIPEJIe/IsieTcst KaKk

57’k 5

o bue 9Tk O
N N  oyN’
Nnnynsenas xapakrepuctuka ¢(t) HOII samucsBaercs B Buye (17).
[Tpeobpaszosanue nepenarounoii dyuxmun HOIT Kyen(p) B nepegarounyo dbyHK-
o PHY Kepy(p) ¢ gacroroil cpe3a w,. 1m0 ypoBHIO 3 1B OCYIIECTBIISIETCS IIyTEM

dopmaspHOll 3amensr p Ha L-. B pabore [9] mokazano, aro npeobpasosanme HOII n

.
®HY ¢ yacroroii cpe3a w, MO YpoBHIO 3 1D He M3MEHdeT YC/I0BUSA OPTOrOHAJIHLHOCTU
QKBUAUCTAHTHO CMEIICHHBIX UMITYJIbCHBIX XapPaKTEPUCTUK.

[Ipeobpaszosanue nepenarounoii dyukmun HOIT Kyen(p) B nepegarounyo dbyHK-

o 11osiocoBoro unbrpa (I1P) K (p) ¢ mosocoit nporyckanus Aw 1o ypostio 3 1b
P’ tuwg

1 IIEHTPaJIbHOU 9aCTOTOU Wp OCYIIECTBJIAECTCA IIyTEM (bOpMaJIbHOI/I 3aM€EHbI P Ha Awp

BameruMm, 910 Aw = 2W,.
B stom cirygae nopsijiok [IO Npgp = 2N, a KOPHIO pi XapaKTEPUCTHIECKOT'O ypaB-
nenusg HOII coorBeTcTBYeT /1Ba KOPHSA Pr1 M Pro XapakTepuctudeckoro ypapuenus [1D.
Pacdernr nokassiBatoT, aTo npeobpazopanne HOII B TP ¢ nostocoit nmpomnyckanus
Aw, onpeesiseMoii 110 ypoBHIO 3 1B, He U3MeHseT yCJIOBUsT OPTOrOHAJIBLHOCTH SKBUIU-
CTAHTHO CMEIICHHBIX UMITYJILCHBIX XapakTepucTuk. [Ipu aTom Heobxommumo cobtroieHne
YCJIOBUM

e & — WHTEPBAJ CMEIIEeHUd UMITYJILCHBIX XapakTepuctuk [ID, t,, — aauresbHOCTDb
repexoaHoro mporecca [1P.
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7. ObocHOBaHMEe MeToaa OOPbOBI C MEXKCUMBOJIbLHBIMU U
MeEXKKaHaJbHbIMI IIOMeXaMUI

PaccmoTpuM oTHOIIEHME CUTHAJ/TIIYM Ha BBIXOJIE KOPPEJISITOpa KJIACCUIECKON CH-
crembl niepejaan uudopmanuu (CIIN), npuanMaromero cumMBosr ag.
[TepeaBaeMblii CUTHAJ 3aIIUCHIBAETCS KaK

s(t) = aodo(t) + > andn(t). (20)
e
C ygerom peasm3ariuu 6eJIoro Imyma n(t), BXOJIHOW CHUTHAJ KOPPETATOPa UMEET BUJL

o0

T(t) = aOCbO(t) + Z angbn(t) + n(t) (21)

n#0

BruixoHolt curnas KoppeasTopa IMeeT BHT

z= ao/r(t)gf)o(t)dt:ag/qbg(t)dt—i—ao/gbo(t) Z an(bn(t)dt—l—ao/n(t)(;ﬁo(t)dt:

n#0

oo
2
= agFoo + ag E anFon +n,
n=—00

n#0
rjae T — uHTEpBaJ OpTOroHAJbHOCTH (DYHKIMA ¢, (1), N — KOMIOHEHTa, 00YCIOBIIEH-
Hasl BJAMSAHHUEM rayCCOBCKOro myMa, Eo = [ ¢§(t)dt, Eo, = [ O\t) b (t)dt — BesmraHa
T T

obycsioiennas najuaneM MCU, Boznukaromeit BejeacTBrue OTepu OPTOrOHAIBHOCTH

byHKIIAMEI P (1).
Dueprust MoJAe3HONH KOMIIOHEHTBI IIPUHIMAEMOTO CUTHAJIA PABHA,

2
E = CLOEO(),

ap = \/EEOO (22)

o? = M{n*} — M*{n} =M ag/n(t)qﬁo(t)dt/n(T)gbo(T)dT =

II03TOMY

Jlucriepcusi BeJIUIUHBI N paBHA

= g2 / / M{n(t)n(r) Yo (t)do(r)drdt.

T T
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3/1ech yuTeHO, YTO CJIyvaiiHas BEJIUUINHA N UMEET HyJIeBOe CpejiHee 3HAUCHME.
[TockoJibKy raycCOBCKMIA CIYYalHbBIN ITPOTIECC ABJISIETCS JIeJIbTa KOPPEJIUPOBAHHBIM,
TO

Min(tyn(r)} = ~2(t — 7).

N, N, NoF
02:“(2)//70 (t —7)o(t)Po(T )det—ao /% —a()?OEOO— ; )

e % — CIIEeKTpaJibHad IIJIOTHOCTH MOIITHOCTH 6eJIoro mryMma.
CpeLLHee KBa/I[paTUYICCKOC 3HAYCHNUEC BEJIMYUHDBI 17 OICHHUBaCTCA KaK

N E
5

g =

C ydeToM NpuBeIeHHBIX COOTHOIIEHNH OT[EHKa BBIXOIHOT'O CUTHAJIA KOPPEIITOPa 3alli-

meTrcd B BUJC
00

E ) NE
P= B n:Zoo sign(a,) Eon + 1/ =5
n#0
Irjie KOMIOHEHTa Eioo > sign(ay,)Ey, obycrosnena sausauem MCH, sign(z)- dbynk-
a0

st 3HaKa. B Xyjiiem ciiydae OTHOIIEHIe CUTHA /TITYM Ha BBIXOJIE KJIaCCHIeCKOro KOp-
pensaropa ¢ yaerom MCU nmeer Bu

o0

E + ELOO n:z—oo sign(a,)FEoy, N
. n#0 . .
poven = S | 2 et |
2 n#0

rae po = 4/ ?VE — OTHOIIIEHNE CUTHAJI/IIYM Ha BBIXOJe Koppessitopa 6e3 yaera MCU.

BepogTHocTh ommbOKM IIprieMa CUMBOJIA dg, IIPU YCJIOBUH, 9TO MHMOpMAaIs I1epe-
JTaeTcs IIPOTUBOIIOIOKHBIMIA CUTHAJIAMU, OIPEJIEJISIeTCsT U3 COOTHOIIEHU s

Eoo

1 (E + mgn(an)EEOn)
—_ — — X — —=
2m ; o\ 2 P 202

2m Z Q {EOO Eo() + Egn81gnan)}
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rJIe M — YUCJIO YIUTBIBAEMbBIX UHTEP(PEPUPYIONIUX CUMBOJIOB

Qo)== [

Vo

x

Pacemorpum Bosmozknoctsh cumkennsi yposag MCU u MKII nyrem ncrosib3osa-
Hus 6aswca, JIjId KOTOPOTo BBIOJIHAIOTCS cooTHOIenus (2). B arom ciayvae npuemnas
YaCTh CUCTEMBI Ilepe/iadn HHMOPMAINU JOZKHA CO/IePKaTh HECKOILKO KaHAJIOB, B CO-
CTaB KOTOPBIX BXOJAT KOPPEJAATOPLI JJId IIpHUEMa OTAE/IbHBIX CHUMBOJIOB COO6H_I‘€‘HI/151.
B nJieaJIbHOM CJIy4dae€ 3JIEMEHTapHbIMU CUT'HaJIaMHU, C IIOMOIIBIO KOTOPLIX II€PEIat0TCd
CHMBOJIBI cO00IIEeHNs, sBIsioTcs dynkiwm Bujga (19). Onpegenny BeposgTHOCTD Ommb-
K Ha BBIXOJIe KOPPEIATOPa OJHOIO U3 KaHAJIOB HPUEMHOM YacTH CHCTEMBI Hepe/adn
nadopmaiun. Byjgem canrarh, 9TO 3TOT KOPPEIATOD CJYZKUT Jiist IpreMa nH(pOpMa-
I[OHHOI'O CHMBOJIA (.

[TepemaBaembrii curaas 3amuceiBaercst B Buje (20). C ygerom peasmsaimm 6e10ro
mryma n(t), BXOJHON CHrHAJ Koppessitopa umMeer Buj (21).

B cuity oproronaiibHocTu ¢ BecoM h(t) dyHKIwmii ¢, (1) BBIXOJHON CUIHAI KOppPeJIsi-
TOpa UMeET BH/L

on = do / r(t)bo(H)h(E)dt = a2 / SO h(#)dE + ag / n (8 (H)h(t)dE —
T T
= CLSAOO + np,

r7e Ny, — KOMIIOHEHTa, 00yCIOBJIEHHAs BJINSHAEM T'ayCCOBCKOTO IIyMa.
Jlucniepcusi BeJIMIUHBI Nj, PaBHA

o, = M{ny} — M*{n;} = M aﬁ/n(t)%(t)h(t)dt/n(T)%(T)h(T)dT =

//Mm ) }o0(t)(E)0(r)h(r)drd.

3/1eCh yUTEHO, YTO CJIyvaiiHas BEeJIUYMHA N UMEET HyJIEBOE CPeJiHee 3HAYEeHUE.
[TockoJIbKy raycCOBCKMIA CIyYallHBIN ITPOTIECC ABJISETCH JICJIbTa KOPPEJIUPOBAHHBIM,
TO

ﬁ:ﬁ/ %wpﬂ%wwww»UMﬁ—%Q/% () dr =

T T
re H = [ @3(7)h*(7)dr.
T
C yuerom (22) nucniepcust o3 IPeJICTABIAETCSA B BHJIE

yo o A ENy
" By 2
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OTHOIIIEHNE CUTHAJI/IITYM Ha BBIXO/IE paCCManI/IBaeMOFO yCTPOHCTBA COCTABUT
Aoz Eoo Ago

No E \/ EOO
V \/ Eoo

BeposTHOCTh OMMOKKM TIpueMa CUMBOJIA (g, IPU YCJIOBUM, YTO WHMOPMAIUS Tepe-
JlaeTcsd MPOTUBOIOJIOKHBIMI CUTHAJIAMU, OIPEIEeIAeTCs] COOTHOIEHNEM

pr=Q {P oo }
= ———— » .

vV EowH
Pacemorpum ko3 durment ipu pg.

AOO 7[ (b

= . (23)
00 T)dT T
vl \/f¢2< )7 [ G} (r)d
T
Ha ocnosanun nepasencrsa Bynskosckoro-IlIBapra mosy4daem
[émmmar < | [amar [ s
T T T
CJIe/I0BATETHHO p

0 _ <. (24)

vVEwH —
PaBencrBo B BbIpazkeHun (24) A0CTUTaeTCs TOJBKO B KJIACCHICCKOM CJIydae, KOrJa
h(r) = 1.

Taxkum obpasoM, paccmaTpuBaeMblit Koppessitop pu orcyrcrBun MCH mact MeHb-
Iree OTHOIIEHUE CUTHAJI/TIyM, deM Kjaccudeckuit. OHaKO, B cirydae JeHCTBUSA MeXK-
CHMBOJILHOM MHTEPMEPEHINN MOKET ObITH HOJIy9eH HEKOTOPLIH BLIUTIPLIII 10 IOMEXO0-
YCTORYMBOCTU. DTOT BBIUT'PBIII B OOJIBINEH CTEIEHH OIpeIe/isieTcs OTHOmeHneM (23).

Bec oproronasibHOCTH KpOMe BBINOJTHEHUsT YCIOBUI (2) J0KeH obecrieanBaTh MaK-
cUMaJIbHOE 3HaUeHue OTHOIeHns (24).

[Tycrs B cocenux KaHaJaxX CBs3M UHMOpPMAIHs IEPeIaeTcst ¢ IOMOIIbIO CUIHAJIOB
Drn(t) = Qox(t — Z%)s Gr1n(t) = op—1(t = I%), Prs1n(t) = Pop+1(t — Z*). Curnansl
Gr—1,n(t) B Ppr1,(t) cocentmx KanajaoB He OYJAyT BIUATL Ha IIPUEM CUTHAJIOB ¢ (%)
OCHOBHOI'O KaHaJIa, €CJIU BBIITOJIHAIOTCS yCJIOBUST

AOO) n = 07

Jik = / Do AWAE=0 0 g

J/ak—l:/ébko )Or—1.n(t)h(t)dt =0,

Jr k1 = /¢ko )Pr+1.0(t)R(t)dt =O0.
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[IpoBeieHHbIE YMC/IEHHBIE SKCIIEPUMEHTBI, TTO3BOJIAIOT CJieJIaTh BBIBOJ, O TOM, 9TO,
HECMOTPS Ha MTOTPENTHOCTH OPTOTOHAIN3AINN (PU3UIECKH PeaTH3yeMbIX dJIEMEHTAPHBIX
CUT'HAJIOB, MOYKHO TI0JI00PaTh Bec, KOTOPHIil o3BossgeT cHu3uTh Biausgaue MCU u MKII
Ha IIPABUILHBII IIPUEM CHUMBOJIOB COOOIIECHU, U CKOJIb YIOJHO OJIM3KO MPUOIU3UTHCS
K PaBEHCTBY B BbIpazkeHHn (24).

Cnoucok mUTUPpyEeMbIX UCTOYHUKOB

1. BwxoA. I'. TlomexoycroiiunBoctb 1 3hMEKTUBHOCTL CUCTEM Tiepeadn uHbopManuu /
A.T. 3woko u ap. — M.: Paguo u csasp, 1985. — 272 c.

Zuko A.G. Noise immunity and efficiency of information transmission systems /
A.G.Zyuko et al. — M.: Radio and communications, 1985. — 272 s.

2. Kaosckui, /[. /. Umxenepnas peammsarus paguorexnndeckux cxem / [1. JI. Kinosckwnii,
b. 1. Hukomaes. — M.: Cssasb, 1975. — 200 c.

Klovsky,D.D. Engineering implementation of radio schemes / D.D. Klovsky,
B.I. Nikolaev. — Moscow: Svyaz, 1975. — 200 p.
3. Jhobonwmos, B. C. Komnencamyust Me;KCUMBOJILHON UHTEP@EPHIUU B IUQPPOBBLIX KaHa-

JIaX Ha OCHOBE JIPOOHO-UHTEPBAJILHON IPeABAPUTEIbHON KOPPEKIIUK: JUC. . .. KAHJ. TEXH.
nayk: 05.12.13 / Jlio6onsiros Biaaguvup Cepreesnd. — Ya, 2013. — 188 c.

Ljubomirov, V. P. the Compensation of the intersymbol interference in digital channels
based on a fractional-interval pre-correction: dis. ... Cand. tech. Sciences: 05.12.13 /
Liubomirov Vladimir Sergeevich. — Ufa, 2013. — 188 p.

4. Tonoposckut, U. C. Pagnorexundeckue nenu u curaanst / 1. C. Fonoposckuit. — M.: Cos.
Panwno, 1971. — 672 c.

Gonorovsky I. C. Radio circuits and signals / 1. S. Gonorovsky. — M.: Sov. Radio, 1971. —
672 p.

5. Cubepm, Y. M. Uenu, curnamnel, cucrempr: B 2 4. / Y. M. Cubepr. — M.: Mup, 1988. —
Y. 2. - 359 c.

Siebert, U. M. Circuits, signals, systems: in 2 h. / U. M. Siebert. — Moscow: Mir, 1988. —
CH. 2. —359 p.

6. Huxugopos, A.®. OcuoBbl Tteopun crenuaibibix ¢yukmuit /A, ®. Hukudopos,
B.B. ¥YBapos. — M.: Hayka, 1974. — 304 c.

Nikiforov, A.F. Fundamentals of the theory of special functions / A.F.Nikiforov,
V. B. Uvarov. — Moscow: Nauka, 1974. — 304 p.

7. Acmagvesa, H.M. BeiiBier-anajn3: OCHOBbI TEOPUU U HPUMEPbI HPUMEHEHHs /

H.M. AcradbeBa // Venexu dbusmdeckux nayk, 1996. — T. 166. — Ne 11. — C. 1145-1170.

Astafyeva, N. M. Wavelet analysis: fundamentals of theory and application examples /
N. M. Astafyeva // Advances in physical Sciences, 1996. — T. 166. — No. 11. — Pp. 1145-
1170.

8. Ilempos, /J[.A. CuHTe3 XOPOIIO-JIOKATM30BAHHBIX KOHETHOMEPHBIX 6a3ncoB Beits-
leitzenbepra u ux npuMeHEHUE JJjis MOCTPOEHUS BBICOKOI(MD(MEKTUBHBIX aJTOPUTMOB 00-

pabOTKHU CUTHAJIOB: JUC. ... JOKT. dus.-mar. Hayk: 05.13.18 / ITerpos Imurpuit Anape-
esud. — M., 2010. — 144 c.

ISSN 0203-3755 duuamuyaeckne cucrembr, 2019, Tom 9(37), Ned



METOZ OPTOI'OHAJIN3AIIMN U ET'O IIPUMEHEHUE B TEOPUN CBA3U 427

Petrov, D. A. Synthesis of well-localized finite-dimensional Weyl-Heisenberg bases and
their application for the construction of high-performance signal processing algorithms:
dis. ... Doct. Fiz.-Mat. Sciences: 05.13.18 / Petrov Dmitry Andreevich. — M., 2010. —
144 p.

Jeemapes, A. H. Oproronanusarus (GyHKINN U MOBBINIEHNE TTOMEXOYCTONINBOCTH BBICO-
KOCKOPOCTHBIX cucreM nepenaqn uudopmaryu / A. H. derrspes. — M.: Mndpa-M, 2015. —
152 c.

Degtyarev, A.N. Orthogonalization of functions and increase of noise immunity of high-
speed information transmission systems / A.N. Degtyarev. — Moscow: Infra-M, 2015. —
152 p.

Hoayvena 06.04.2019

ISSN 0203-3755 /lunamumueckue cucremst, 2019, Tom 9(37), Ne4



428

ABTOPCKIM YKA3ATEJIb 3a 2019 r.

N. B. Ampilova (cm. G.S. Osipenko). Ne2, 116-132.

G. S. Osipenko, N. B. Ampilova. On the entropy of symbolic image of a dynamical
system. Ne2, 116-132.

A.S.Petrov (cm. G.J.Soderbacka). Ne3, 273-288.

O. Pochinka, S.Zinina.Dynamics of topological flows and homeomorphisms with a
finite hyperbolic chain-recurrent set on n-manifolds. Ne3, 289-296.

G. J.S6derbacka, A.S.Petrov. Review on the behaviour of a many predator—one
prey system. Ne3, 273-288.

V. A. Temnenko. Classical electrodynamics with non-point charge: big computational
difficulties generated by small parameters. Nel, 73-81.

V. A. Zagrebnov. Product approximation of solution operators for non-autonomous
Cauchy problems. Ne4, 321-366.

S. Zinina (cm. O. Pochinka). Ne3, 289-296.

O. B. Anamikun, H. /1. KonaueBckuii, B. A. JIykbssHenko, M. A. MypaToB,
. B. OpJos, I'. C. Ocunieako, B. H. Uexos. [lamaru Bukropa Ajekcanjaposuya
[Lnucca. Nel, 95-96.

M. C. BuuyusioBa (cMm. B. A. Teprosckuit). Nel, 67-72.

. B. BoiikoB. AHa/mTHYeCcKie U YUCICHHBIE METOJbI PEIeHUsT TUIePCHHTYIAPHBIX
UHTErpajbHbIX ypaBHenuit. Ne3, 244-272.

B. A. Bogaxosa, ®. M. Haxymesa, A.I. E3zaoBa, JI. B. KanykoeBa. Buyrpen-
HEKpaeBasl 3a/lava il ypaBHEHUs CMEIIAHHOTO TUIA C HEeIJIaJKON JuHueil mapabo/iu-
4ecKoro BbIpokaeHusd. Nel, 57-66.

A. ®. BopoHuH. YpaBHeHUsI B CBEPTKaX 1-T0 W 2-TO pojia HA KOHEYHOM HHTEpBaJe
U KpaeBble 3aJ1a9u Jijid aHauTudeckux pynkimit. Ne2, 103-115.

A.H. IertsapeB. Metoj opTOroHAIN3AIMKA U €TI0 IPUMeHeHre B Teopun cBsa3n. Ned,
410-427.

A.T. E3zaoBa (cum. B. A. Bomaxosa). Nel, 57-66.

H. C. UBsneBa. 3a1a4n ¢ OBICTPO OCIUJLINPYIOMNUMA JJaHHbIMEI. [[Ba mpuMepa mocTpo-
ennst acumnToTuk.  Ne3, 297-310.

JI. B. KanykoeBa (cm. B. A. Bonaxosa). Nel, 57-66.

H. /1. KonayeBckwnii. K nmpobsieme MaJibix KoJieOaHuit CUCTEMBbI U3 JIBYX BAZKOYIIPYTHX
JKUJIKOCTEI, 3aI0/THSIIONMX HEMOJIBUKHBIN cocy (MojiesibHast 3aj1a4a). Ne3, 213-243.
A. A.Kopuyra, B. A. JIlykbsgHeHKo. DyHKImoHaIbHO-IUMEPEHITHATIBHBIE YPaB-
HeHUs 1MapadoJIMIecKoro Tuiia ¢ orneparopom uaosmornmu.  Ne4, 390-409.

FO. JI. KyapsimmoB. Iloctpoenue J-caMOCONPSAXKEHHON JTUIATAIIMA JTUHEHHOIO Ollepa-
topa. Ne2, 190-200.

A. C. Kynemos, U. 1. YaaroBckasi. 9bdekT TpaHcrpeccuu B 3a/a4e O JIBUKEHIH
IIOYTH TOJOHOMHOrO MadTHuKa. Ne2, 154-159.

A.B. JIaBpos (cum. B. C. Cusukos). Ne2, 169-177.

B. A. JIykbsinenko (cm. O.B. Anamkun). Nel, 95-96.

B. A. JIykbsinenko (cm. A. A. Kopryra). Ne4, 390-409.

ISSN 0203-3755 duramuyaeckne cucrembl, 2019, rom 9(37), Ned



ABTOPCKNUU YKA3ATEJIb 429

B. B. Magasiruna, K. M. UyausoB. O6 ycmoBusX OCHULISINN pereHnii auddepen-
nUaJbHBIX ypaBHeHuit ¢ mocieaeiicteuem. Ne2, 133-146.

M. A. MyparoB (cm. O.B. Anamkun). Nel, 95-96.

®. M. Haxymesa (cMm. B. A. Bonaxosa). Nel, 57-66.

.B.Opmaos (cm. O.B. Anamkun). Nel, 95-96.

I'. C. Ocunienko (cm. O. B. Anamkumn). Nel, 95-96.

A. 1O. IlepeBaproxa. MojieiupoBaHue CIOHTAHHOIO TEPEXOja OT KPUTHIECKoi K-
€MKOCTH K aJIbTePHATUBHBIM aCUMIITOTHICCKUM COCTOAHUAM Totrysiuu. Nel, 82-94.
A.N. llecuanckmii. Unrerpaibibie n uHTErpo-1uddepennuaibHble ypaBHeHUs TUTIa
KpuBosimHeitHo# cBepTku. Ne2, 160-168.

O. . Pyaauukwuii. Kanonuveckue cucreMbl 0A3MCHBIX MHBAPUAHTOB KOHETHBIX TPU-
MHUTHUBHBIX IPYIIT OTPAXKEHUI YeThIPEXMEPHOTO YHUTAPHOTIO TIpocTpaHcTBa. Nel, 46-
56.

B. C. Cuzukos, A. B. JlaBpoB. O MeTo/ie MPOU3BOIHBIX pasjieeHns 00IbITOro Iuc-
JIa IEPEKPBIBAIOIINXCS KOMIIOHEHT Ipu Hajmaun myma. Ne2, 169-177.

M. A. CkBoproBa. AcUMITOTHYIECKIE CBOWCTBA PEIIEHN B MOJIE/IN XUITHUK-KEPTBa
¢ aByMd 3amazjbiBanuavu.  Ne4, 367-389.

®. C. CroHgKnH. AHaj0or KBaIpaTUIHON UHTEPIOJAIMA JIJIs CIEINaILHOI0 KJIacca,
HerIaIKuX (QYHKIIMOHAJIOB U OJIHO €ro IMPHUJIOYKeHNne K aJIAlITUBHOMY METOJLY 3epKaslb-
noro crycka. Nel, 3-16.

B. A. Tepuosckuii, M. C. BuuysnoBa. 3aMKHYTOCTh 0a3MCHBIX TOBEPXHOCTEH, MH-
BapUAHTHBIX OTHOCUTEJIBHO Tpymmt Az u Bs.  Nel, 67-72.

B. H. Txaii. O6men sHeprueil B pe30HAHCHBIX OOPATUMBIX MEXaHUIEeCKUX CHCTEMax.
Nel, 17-25.

. . Yasarosckas (cm. A. C. Kyremos). Ne2, 154-159.

P. A. XauarpsiH. O perennsx juddepeHImajibHbIX BKIIOYEHUN ¢ MTOYTH BBIITYKJIOMN
npaBoit yactoio. Ne2, 147-153.

. O. LIBeTkoB. Kojiebanus uiaea/ibHOM cTpaTUOUIMPOBAHHON YKUJIKOCTHA C YIIPYTOit
Mmembpanoit. Nel, 26-45.

B. H. YexoB (cm. O.B. Anamkun). Nel, 95-96.

K. M. Uyaunos (cm. B. B. Masbiruna). Ne2, 133-146.

A. J1. FOnakoBckmii. MojieiupoBanne BEICOKOYACTOTHBIX MOJIeil B HEPETYISIPHBIX BOJI-
HOBOJIAX Yepe3 rpaHuvnble moreHnuasnl.  Ne2, 178-189.

ISSN 0203-3755 urammuyaeckue cucremsbr, 2019, Tom 9(37), Ned



430

PEOEPATHI

VIIK 517.9

V.A.ZAGREBNOV. IIpubsun>kenusi pa3perniamIiero oneparopa HeaBToHoMmHoi 3amaqu Ko-
um popmynamu npousBeseHuit (anrimiickuit) // Junamuaeckue cucrembl, 2019. — Tom 9(37), Ned. —
C. 321-366.

B pab6ore mnpejicrasien meron XoJiaHga-dBaHca-Haiiaxapaa ajs HpubJIMKeHUl pas3pelaromniero
oneparopa HearoHoMHOM 3aa1n Komu (HeA3K) B BanaxosoMm npocrpancTBe hoOpMy/IaMu IpouBe/ie-
uuii. OCHOBHAS UJesl 3aK/II09aeTcs B mepedOpMYyJIMPOBKE MCXOIHON 3a]a4uu B paciuimpeHHoM banaxo-
BOM IpocTpancTBe TakuM o6pazom, aro HeA3K cranosurcst A3K, mopokaorneii 3BOTIOIMOHHY IO T0-
JIyTPYIILY OIepaTOPOB HA PACITHPEHHOM IIpOCTpaHcTBe. MeTos yeTaHABIMBAET B3aMMHO-OTHOZHATHOE
cooTBeCTBHE MeXKy pasperaionm orneparopom HeA3K u sposmormonnoit mosyrpymmoit ASK. ITlo-
cJIeJIHEe TI03BOJISIET KCIIOJIB30BaTh JIJIsl IPUOJINYKEHNI Pa3peIIaiolero oneparopa XOpollo Pa3sBUTYIO
TeXHUKY (DOPMYJI IPOUBEIEHUI JIJIsi OLIEPATOPHBIX MTOJIYTPYII. DTOT MMOJXO JAET TAKKE BO3MOXKHOCTh
YCTAHOBUTH CKOPOCTh CXOIMMOCTH MpubJMKeHuil pazpemaioriero oneparopa neA3K B omeparopHoit
TOIOJIOTUU UCXOJHOIO BaHaXOBOM MPOCTPAaHCTBA.

Kirouessbie cioBa: Popmysa npoussenenns T porrepa, CKOPOCTh CXOIUMOCTH, AIITPOKCAMAIIIS, 9BO-
JIIOIMOHHBIE YDaBHEHNsI, OIIEPATOP PENIeHNs], TEOPUS PACIINPEHNI, TeOPUs BO3MYIIEHN, OIIEpATOPHOE
paciienseHue

Bubsmorp. 32 nass.

YIK 517.929.4

M. A. CKBOPIIOBA. AcumiitoTuyeckue CBOMCTBA PeIleHui B MO XUIIHNK-2KEePTBa C ABY-
Ms 3anasabiBaHusaMu (pycckuii) // Junammudeckue cucrenmsl, 2019. — Towm 9(37), Ned. — C. 367-389.

PaccmarpuBaercst cucrema jndpepeHIMabHbIX YPABHEHAN C JIBYMs 3alla3/IbIBAHUSIMU, OIUACHI-
BAIOIAsl B3aMMOJIEHCTBIE TOIMYJIANNi XUITHUKOB U 2KepTB. Moe/lb yIuThIBAeT BO3PACTHYIO CTPYK-
TYpy HOIMYJISAIAN, TPU ITOM TapaMETPhI 3ala3/IbIBAHUS OTBEYAIOT 38 BPEMsI B3POCJIEHUS XUITHUKOB U
JKEPTB COOTBETCTBEHHO. B paboTe n3ydarorcss aCHMOTOTHIECKHIE CBOMCTBA PENIeHi PAacCMaTPUBaEMOit
CHCTEMBI. ¥YKa3aHO MHOXKECTBO HAYAJIBHBIX BEKTOP-(PYHKIINN, IPU KOTOPHIX PEIIEHUsI CXOIAATCA K I0-
JIO’KEHUIO PABHOBECHSI, COOTBETCTBYIOIIEMY COBMECTHOMY COCYIIECTBOBAHUIO MOIYJISIIIII XUIMHUKOB M
JKEPTB. YCTaHOBJIEHBI OIEHKU PEIeHMil, XapaKTePU3YOIIue CKOPOCTh CTabMIN3aIuu Ha, OECKOHEYHOCTHI
K JAHHOMY ITOJIOYKEHUIO PABHOBeCHs. Pe3ysIbTaThl MOy YeHbl C UCIOJIb30BAHNEM MOIUMUIINPOBAHHBIX
dyurnmonasios JIsmyrnosa — Kpacosckoro.

KitioueBbie cjioBa: MOJIEIb XUITHUK-2KEPTBA, YPABHEHUS C 3AI1a3/IBIBAIOIINM apr'yMEHTOM, aCUMIITO-
THYECKasl YCTOWINBOCTD, OIIEHKHU PEITeHUil, MHOYKECTBO MPUTSXKEHUS, MOAUMDUIIMPOBAHHBIE (DYHKITHO-
nasbl JIamynosa — Kpacosckoro.

Bubsmorp. 20 na3zs.

VIK 517.957+517.312
A.A.KOPHVYTA, B. A.JIVKbAHEHKO. ®yukimuonaabHo-guddepeHInaIbHbie YPaBHEHNS

napaboIMvecKoro TUIA C OIepaTopoM MHBoIOIMH (pycckuii) // JTunamudeckue cucremsr, 2019. —

Tom 9(37), Ned. — C. 390-409.

B pabore paccmarpuBaioTcs BazKHbIE JJIs IPUJIOKEHNI HEJIMHEWHOM ONITHKN MaTeMaTHIECKAe MO-
JIeJI B BUJE HEJIMHEHHBIX (DYHKIMOHAIBHO-IU(dEPEHITNATBHBIX YPABHEHUI 1apaboIMIecKoro THia,
¢ 00paTHOM CBA3BIO U MPeOOpPA30BAHUEM IIPOCTPAHCTBEHHBIX IIEPEMEHHBIX (KOTOPOE 3aaéT orepaTop
unaBosnorun). CBOCTBO omepaTopa HHBOJIONKA (IIOBOPOT, OTPAYKEHHUE) MO3BOJIAET CBECTH UCXOIHOE
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ypaBHeHMe K CHUCTeMe ypaBHeHHuil 6e3 mpeobpa30BaHusl IPOCTPAHCTBEHHBIX IT€PEMEHHBIX. MHOXKECTBO
pellleHnil TaKuX yPaBHEHWIT OIpeessieTcsi JIByMs MapaMeTpaMu: MaJibiIM — KoM UIUEeHTOM Tud-
dy3un u GombuM —KO03MDMUIMEHTOM UHTEHCHBHOCTH IMOTOKA. ¥ DPABHEHHUE 3aaéTCS Ha KOJIBIEBOMI
00JIACTH C yCJIOBUSIMU TPETHETO POJIa B KJacce neproandeckux pyHkimit. Mccireayrores BasKHbIe 9acT-
HbIE CJIyYal CTAIIMOHAPHBIX W HECTAIIMOHAPHBIX pereHuii. [l cTaroHapHOro perenusi, 3aBUCSIIErO
TOJIBKO OT YIJIOBOW KOOPJMHATHI ITOJPOOHO UCCIIEYETCS XapaKTep TOYEK IIOKOsl U UX yCTOWYUBOCTD.
MHoroobpasue perreHnil YaCTHBIX ypaBHEHUIT HACeLyeTcs U B o0IieM ciydae. HailleHHbIe YacTHBIE
PeIeHNs UCIOIB3YIOTCS JIJTst HIOCTPOEHMS aCUMITOTHIECKUX PEIIEHN NCXOMHBIX ypaBHeHuii. B pabore
MIPUBOISATCS COOTBETCTBYIOIINE CCHIIKU HA IIyOJIUKAINN aBTOPOB.

KurouyeBbie cjioBa: onTuYecKne CUCTEMbI, HEJIMHEWHBIE CPEebl KEPPOBCKOIO THUIIA, MAPAbOJIMIeCKue
HeJIMHeHble ypaBHEHUS, OlIePATOP MHBOJIOIUN,YCTONYNBOCTD YaCTHBIX PEITeHHIt.

Wax. 17. Bubauorp. 21 nass.

VIIK 621.391

A.H. JETTAPEB. MeTo/; OpTOrOHAJIN3AIMK U €ro IPUMeHEeHNEe B TEOPUHU CBA3U (pycckuii) //
Hunamuueckne cucremsl, 2019. — Tom 9(37), Ned, — C. 410-427.

PaccmarpuBaercs Meron oproronasm3aiui, OCHOBaHHBIM Ha OMpPEIEJCHUH BECa OPTOTOHAJIBHO-
cTu. YKa3aHHBIA BeC MOXKET OBITh 3HaKomepeMmeHHON dyukiueil. HenmporuBopeunsocTs Meroma us-
BECTHBIM TOJIOYKEHUSIM TOKA3aHa Ha IPUMepe TMOJMHOMOB UebbimeBa n dpmuta. [logydeHsr opro-
TOHAJIBHBIE C BECOM CHUCTEMbI SKBUJIUCTAHTHBIX GyHKIwmii. [lokazano, aTo 6a3uc, COCTaBICHHBIN U3
CMEIIeHHBIX Ha, KPATHbIE MHTEPBAJIbl BDEMEHU UMILYJIbCHBIX XapPaKTEPUCTUK (DUUIECKU PEATU3yEMBIX
JINHEHHBIX CUCTEM, SIBJISIETCS KBA3MOPTOTOHAJBHBIM. YCTAHOBJIEHO, 9TO TPe00pPa30BaHIe HOPMUPOBAH-
HOTO (DUIBTPA-IPOTOTUIIA B (DUIBTPHI HUKHUX 9aCTOT W B ITOJIOCOBBIE (DUJIBTPHI C 33 IAHHBIMHU Xa-
PAKTEPUCTHKAME He HAPYIIAeT OPTOrOHAJIBLHOCTH 6a3ucHbIX GyHKImiA. [lokazaHo, 9T0 HCIOJb30BAHIE
6a3mca, COCTABICHHOTO U3 UMILYJIHCHBIX XapPAKTEPUCTUK JIMHEHHBIX CUCTEM IO3BOJISIET CHU3UTH YPO-
BEeHb MeXKKaHAJbHBIX M MEXKCUMBOJIbHBIX IIOMEX IIPU IIepejade COODIEHMIT 110 KaHaIaM CBs3U.

KurogyeBbie ciioBa: MeTO/I OPTOrOHAJIM3AINY, CUCTEMbI OPTOIOHAJIBHBIX (DYHKIHI, IIOMEX0yCTONYIN-
BOCTb CHCTEM Iepeadu MHMOPMAIUN.

Bubsmorp. 9 mass.
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ABSTRACTS

MSC 2010: 34G10, 47D06, 34K30, 47A55

V.A.ZAGREBNOV. Product approximation of solution operators for non-autonomous
Cauchy problems (English). Dinamicheskie Sistemy 9(37), no.4, 321-366 (2019).

Studying product approximations of the non-autonomous Cauchy problem (nACP) solution operator
in a Banach space X we use the Howland-Evans-Neidhardt approach. The main idea is to reformulate
this problem as an autonomous Cauchy problem (ACP) in an extended Banach space LP(Z,X),
p € [1,00), of X-valued functions on the time-interval Z. A fundamental observation is the one-to-one
correspondence between solution operators of nACP on X and the evolution semigroups of ACP on
LP(Z, X). We show that this relation allows to apply a full power of the operator-theoretical methods to
scrutinise the nACP, including the proof of the product approximation formulae for solution operators
with operator-norm estimate of the rate of convergence.

Keywords: Trotter product formula, convergence rate, approximation, evolution equations, solution
operator, extension theory, perturbation theory, operator splitting.

Ref. 32.

MSC 2010: 34K20, 34K25, 92D25

M. A.SKVORTSOVA. Asymptotic properties of solutions in a predator-prey model with
two delays (Russian). Dinamicheskie Sistemy 9(37), no.4, 367-389 (2019).

We consider a system of differential equations with two delays, which describes the interaction
between predator and prey populations. The model takes into account the age structure of populations,
herewith the delay parameters denote the time that predator and prey individuals need to become
adult. In the paper we study asymptotic properties of solutions to the considered system. We describe
a set of initial vector-functions, for which solutions converge to the equilibrium point corresponding to
the coexistence of predator and prey populations. We establish estimates of solutions characterizing
the rate of stabilization at infinity to this equilibrium point. The results are obtained using modified
Lyapunov—Krasovskii functionals.

Keywords: predator-prey model, delay differential equations, asymptotic stability, estimates of so-
lutions, attraction set, modified Lyapunov—Krasovskii functionals.

Ref. 20.

MSC 2010: 35K10, 35K55

A.A.KORNUTA, V. A.LUKIANENKO. Functional-differential equations of parabolic type
with the involution operator (Russian). Dinamicheskie Sistemy 9(37), no.4, 390-409 (2019).

In this work, mathematical models important for applications of nonlinear optics are considered
in the form of nonlinear functional differential equations of parabolic type with feedback and a
transformation of spatial variables (which defines the involution operator). The property of the
involution operator (rotation, reflection) allows us to reduce the original equation to a system of
equations without transforming the spatial variables. The set of solutions of such equations is determined
by two parameters: a small one — diffusion coefficient and a large one — coefficient of flow intensity.
The equation is given on a ring domain with conditions of the third kind in the class of periodic
functions. Important special cases of stationary and non-stationary solutions are investigated. For a
stationary solution that depends only on the angular coordinate, the nature of the stationary points
and their stability are studied in detail. The variety of solutions of particular equations is also inherited
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in the general case. The particular solutions found are used to construct asymptotic solutions of the
original equations. The work cites corresponding references to publications of the authors.

Keywords: optical systems, nonlinear Kerr type medium, parabolic nonlinear equations, involution
operator, stability private solutions.

Fig. 17. Ref. 21.

MSC 2010: 4205

A.N.DEGTYARYOV. Orthogonalization method and its application in communication the-
ory (Russian). Dinamicheskie Sistemy 9(37), no.4, 410427 (2019).

The analysis of the reasons leading to the emergence of intersymbol and interchannel interference
in information transmission systems is carried out. It is shown that the indicated interference occurs
due to the fact that physically realizable elementary signals with the help of which information is
transmitted are not orthogonal. It is established that, within the framework of the existing communication
theory, the considered interference can not be simultaneously eliminated. It is shown that the known
methods for obtaining systems of orthogonal functions do not satisfy the requirements for systems
of physically realizable functions that approximate elementary signals. An orthogonalization method
based on determining the weight of orthogonality is proposed. The peculiarity of the method is that
it does not distort the shape of the original functions. The indicated weight may be an alternating
function. The condition that the norm of functions is non-negative follows from the conditions of
orthogonality. The concept of weight energy is introduced. It is shown that a weight satisfying the
minimum energy condition is a quadratic form of orthogonalizable functions. The consistency of the
method to the well-known propositions is shown by the example of chebyshev and hermite polynomials.
It is shown that the weight functions known for classical orthogonal polynomials satisfy the condition
of minimum weight energy. We obtained systems of equidistant functions that are orthogonal with
weight, consisting of reference functions raised to an integer degree. For the transmission of messages,
it is proposed to use the impulse response of physically realizable linear systems that are offset by
multiple time intervals. It is shown that a basis composed of such functions is quasi-orthogonal. Quasi-
orthogonality consists in the fact that the conditions of orthogonality can be strictly fulfilled only if
the number of initial functions is equal to the order of the linear system. For the remaining equidistant
functions, the orthogonality condition is satisfied with an error sufficient for practice. It is established
that the conversion of the normalized prototype filter into lower-pass filters and into band-pass filters
with specified characteristics does not violate the orthogonality of the basis functions. To evaluate
the accuracy of representing signals in the form of orthogonal series, two criteria are proposed. One
criterion is used to approximate the transmitted signal side by side, and the second — for the receiver
to make a decision about the values of the coefficients of the series. Analytical dependences of the
probability of error when receiving a message symbol for the case of transmission of information by
opposite signals are obtained. It is shown that the use of a basis composed of equidistant biased impulse
characteristics of linear systems can reduce the level of interchannel and intersymbol interference when
transmitting mes-sages over communication channels.

Keywords: orthogonalization method, systems of orthogonal functions, noise immunity of informa-
tion transmission systems.

Ref. 9.
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